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ABSTRACT. Pseudodifferential operators on R" in OPS7, are built out of smooth families
of convolution operators on R”. Similarly important classes of operators can be built out
of smooth families of convolution operators on a noncommutative Lie group G. When the
representation theory and harmonic analysis on GG are well understood, one can construct a
noncommutative symbol calculus. This paper develops some aspects of the resulting non-
commutative microlocal analysis. Chapter I treats operators on general Lie groups. The
details of the symbol calculus depend on the particular representation theory of the group
G, and such a theory is worked out for the Heisenberg group in Chapter II. In Chapter
IIT this theory is applied to a systematic study of operator classes on contact manifolds,
including parametrices for naturally occurring subelliptic operators, heat asymptotics, and
a study of the Szego projectors.

AMS (MOS) subject classification (1970): 35H05



Noncommutative Microlocal Analysis, Part I

Introduction

The theory of pseudodifferential operators has provided a very powerful and flexible tool
for treating problems in linear partial differential equations. For example, it provides a
framework for “pasting together” parametrices for “frozen” constant coefficient operators
(obtained by Fourier analysis on R™) to produce parametrices for general variable coeffi-
cient elliptic equations. Using the theory of Fourier integral operators, one can impose a
translation symmetry on operators with simple characteristics and real principal symbol
and obtain rich information on such subjects as strictly hyperbolic equations.

In dealing with operators with multiple characteristics, in cases where the geometry
of the characteristics can be put in standard form via a homogeneous canonical trans-
formation, one is often led naturally to a problem in noncommutative harmonic analysis.
The connection between the Kohn Laplacian and analysis on the Heisenberg group was
exploited by Folland and Stein [F4]. More general hypoelliptic operators were studied via
analysis on more general nilpotent Lie groups by Rothschild and Stein [R5]. These papers
and numerous subsequent ones developed operator calculi for certain classes of pseudo-
differential operators. However, they do not exploit harmonic analysis on a nilpotent Lie
group in the same way that the most popular approach to pseudodifferential operators on
R™ does, by the group Fourier transform and associated symbol calculus. Some aspects of
such a symbol calculus were presented by Dynin in [D2] and [D3], which gave considerable
inspiration to this paper.

The sort of operators we deal with arise on a Lie group G from a smooth family of
convolution operators on G in the same fashion that classical pseudodifferential operators
on R™ arise from a smooth family of Fourier multipliers (convolution operators) on R™.
In the first section of Chapter I, we develop a general study of such operators and the
calculus: adjoints, products, pseudo-locality, etc. This theory proceeds along the lines of
what is now a standard treatment of pseudodifferential operators on R™ with symbols in

oo (0 =0). The symbol of such an operator is defined on G x G, where G is the set of
equivalence classes of irreducible representations of GG; the symbol takes values as operators
on the associated representation spaces. The first chapter presents much of its results in
a general framework, though it also focuses on some phenomena special to nilpotent Lie
groups with dilations, and occasionally specializes to two-step nilpotent Lie groups.

The second chapter develops the tools to implement symbol calculi on the Heisenberg
group H". Our goal here is to develop harmonic analysis on the Heisenberg group far
enough to construct suitably powerful classes of right invariant pseudodifferential operators
on H" and understand them through their symbols. We describe the basic representations
of the Heisenberg group and analyze the image of a convolution operator under such a
representation as an operator in the Weyl functional calculus, which has reached a high
degree of development in [H10]. Other approaches to harmonic analysis on H™ have been



pursued, particularly by Geller [G2], [G3], [G5], [C3], and others. A more elementary
treatment of harmonic analysis on H", having some overlap with the one here, is given in
the first chapter of the monograph [T5]. We develop a class of pseudodifferential operators
on H" containing both the convolutors on H" with the dilation properties stressed by
Folland and Stein and the algebra OPSY of classical pseudodifferential operators. Thus
there is available classical microlocalization via elements of the algebra.

The methods of Chapter I allow one to apply the theory of Chapter II to the study of
classes of pseudodifferential operators on a contact manifold M, including parametrices
for hypoelliptic pseudodifferential operators on M doubly characteristic on a certain sym-
plectic variety A C T*M \ 0 (defined by the contact structure), satisfying the condition
of subellipticity with loss of one derivative, given originally by Sjostrand [S6], Boutet de
Monvel and Treves [B13], and Boutet de Monvel [B7]. The approach here is in straight-
forward analogy with the construction, via symbol calculus for OPS™, of parametrices
for elliptic operators. Our noncommutative symbols are operator valued, a property in
common with part of Sjostrand’s construction in [S6]. In our case, it is apparent that
the parametrices obtained are pseudodifferential operators of type (1/2,1/2); in fact they
are obtained in operator classes that are strict sub-classes of Boutet de Monvel’s operator
classes in [B7]. Next we construct a parametrix for the “heat” equation determined by
such a subelliptic operator, in the case when it is a self-adjoint, semibounded, second-
order differential operator, in direct analogy to the construction of a parametrix for the
heat equation on a Riemannian manifold. Parametrices have been constructed in greater
generality by Menikoff and Sjostrand [M8], and subsequent papers, using harder work; the
approach here is simple enough to proceed from the principal term in the trace of the heat
kernel to a complete asymptotic expansion. Finally, we show that the symbol calculus
developed in Chapter III gives a very straightforward construction of the Szego projector,
for the boundary of a strictly pseudoconvex domain in C™. The constuction of Boutet
de Monvel and Sjoéstrand [B12] lends itself to greater generality, but the treatment via
noncommutative symbol calculus seems very natural in this context. The fact that Fourier
integral operators are avoided has some advantages, e.g., for L” estimates.

On the other hand, Fourier integral operators greatly add to the flexibility of pseudo-
differential operators as a tool, and will probably play a more crucial role in exploiting
harmonic analysis on other groups, in situations modeling other types of symplectic geom-
etry than just a contact line bundle in 7" M. It was originally my intention to include more
chapters, discussing applications of harmonic analysis on certain other classes of groups,
but the present manuscript has grown to a point where a break is necessary. We will not
go into the contents of the projected second part, beyond a few references in the text to a
fourth chapter. Let us point out the works of Melin [M4] and of Beals and Greiner [B6],
which develop cetain operator calculi on spaces more general than contact manifolds. The
operator algebras treated there are not amalgamated with the classical pseudodifferential
operators, so further work would be required to microlocalize them.

This paper ends with two appendices. The first gives a brief discussion of some aspects
of the Weyl calculus. The second develops a more general sort of Weyl calculus and
applies it to a proof of a result of Howe [H11] on an isomorphism between a certain algebra
of pseudodifferential operators on R", which also arises naturally in Chapter 1I, and an
algebra of Toeplitz operators on the unit ball in C”.



Remarks on the revised version

The original version of this paper was published in 1984 as an AMS Memoir. Since
then I have given away all my free copies and most of the batch I purchased, so it seemed
to be a good idea to put out a version in TeX, replacing the product of an old-fashioned
typewriter.

I have made some minor changes in the course of retyping this paper in TeX. In par-
ticular, the introductions to the various chapters have been amplified, in hopes that the
reader can obtain a better outline of the results presented therein by perusing these intro-
ductions. To the original bibliography I have appended a handful of references to papers
that have appeared since 1984 and bear on the subject treated here. I have also taken the
opportunity to reorganize some of the material, splitting up several long, rambling sections
into shorter, more focused parts. The following table identifies how old sections were split:

Chapter 1
61 — 661 — 2
Chapter 11
82 — §62 — 3
63— 884 — 5
Chapter IIT
61 — 8§61 — 2
§2 — §63 — 4

There have not been many mathematical changes. A little further material on the
Neumann operator (I for the 9-Neumann problem has been added in Chapter 111, §4, but
not much else.

Further revision: July 2013
I have added a seventh section to Chapter III:

7. Further material on Szego operators



Chapter I. Noncommutative approach to pseudodifferential operators

Here we produce various classes of pseudodifferential operators on Lie groups in a fash-
ion parallel to the way pseudodifferential operators with symbols in S}, are produced

from convolution operators on R". To a group GG and a Frechet space X of distributions
singular only at the identity element of G, we associate a class of operators OPX. We
discuss products and adjoints of such operators, as operators in OPX, under appropriate
hypotheses. A great deal of the resulting operator calculus arises smoothly in close analogy
to the development of pseudodifferential operators on R", for very general classes of Lie
groups.

In §2 we specialize to groups with dilations, and consider some special classes of opera-
tors tied to these dilations. Operators that arise in Chapters II and I1I will be of this sort.
We consider in particular operator classes
(0.1) OPH(G,a,m) and OPHY,
of convolution operators homogeneous with respect to the family of dilations a(t), and
partaking of homogeneity with respect to both «(t) and the Euclidean dilations §(t),
respectively, and also the “variable coefficient” extensions, OP%(G, a,m) and OPJ%Z’(;“ .

In §3 we associate a symbol to an element & € OPX. This will be a function og(z, 7),
defined for x € G and an irreducible unitary representation 7w of G, as an operator on
the representation space for 7 (or at least on a certain dense subspace). The discussion of
symbols in this chapter is brief, as this aspect of the study is strongly tied to the particular
representation theory of the group at hand.

We will use the following definition of the Euclidean Fourier transform on R™:

(0.2) a(€) = (2m)~"/? / w(z)e= " da.
Then the Fourier inversion formula is
(0.3) u(x) = (2m) /2 /ﬂ(f)em'5 dé.

The author will be found guilty of lapses in the text regarding factors of powers of 2m,
which may be omitted from many formulas.
Another convenient symbolism we will use is

(0.4) ©) = (141622,

for £ € R™.



1. Convolution operators and pseudodifferential operators on Lie groups

In this first chapter we show how to build operators out of convolution operators on

a Lie group, in a fashion analogous to constructing pseudodifferential operators out of

convolution operators (Fourier multipliers) on Euclidean space. For orientation, let us

recall the definition of certain classes of pseudodifferential operators on R™. We set

() pla.D) = (2) % [ bl )a()e’ de
Suppose the amplitude p(z, ) belongs to S;%, which is to say

(1.2) [DIDEp(x,6)| < Caple)™FlaltolPl,

We say p(z, D) € OPS]s. In the particular case 6 = 0, we can characterize elements of

OPS s as follows. The space of Fourier multipliers in S7:

(13) p(D)u=pru=(2m) "2 [ ple)a(e’=< dg
forms a Frechet space Sg%é, with seminorms

(1.4) [Pla,m,p = sup (&)l Dep(e)].

Now we can think of p(z,&) € S}, as being a smooth family of elements of S

(1.5) P (&) = p(x,§),

and if P(y) is the operator of Fourier multiplication by p, (&), we have

(1.6) p(z, D)u(x) = P(z)u(z).

The operator calculus for such pseudodifferential operators is given as follows.

p(z,D) € OPS}'s and q(x, D) € OPSY 5, then, as long as 0 <6 < p < 1,

(1.7) p(x, D)q(x, D) =r(x,D) € OPS;?;“,
with

ol
(1.8) r(@,€) ~ Y - DEp(x,€) Diq(a,©).

a>0

If
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Note that the general term in this asymptotic expansion belongs to S"f; n=lp=o)lel " pig
result is given in Hormander [H6]; see also the books [K10], [T2], and [T7] on pseudodif-
ferential operators. The result (1.7) is also valid in case p = 0 < 1, but in this case (1.8)
does not give an asymptotic sum, so we do not have a convenient formula for the principal
symbol of a product in this case.

Now let G be a Lie group. Since we intend to work locally, we impose a local coordinate
system on a neighborhood of the identity element e € (G, such that e is the origin 0; we could
use exponential coordinates, identifying a neighborhood of e € G with a neighborhood of
0 in g, the Lie algebra of G. The Fourier multipliers (1.3) are replaced by convolution
operators on G:

Ku(z) = k+u(z) = / k(y)uly ™) dm(y)

(1.9) — [ Hayu(y) dmy

where dm(y) stands for left-invariant Haar measure, A(y) the modular function. We
suppose k € £'(G) is in some Frechet space X of distributions that are singular only at the
origin. Consequently the Fourier transform l%({ ) belongs to X, a Frechet space contained
in C*°(g’), where g’ denotes the linear dual of g. We will suppose that X C ST, for some
m € R, p € (0,1]. We say K belongs to OPX.

If k(y,€) = [k(y,z)e € dx is a smooth function of y with values in X, for y in a
neighborhood of e € G, then K(y), defined by

(1.10) K(y)u(z) = / k(y, 22 Yu(2) A1) dm(z),
G

is a smooth function of y, taking values in the Frechet space OPX. We then associate the
operator

(1.11) Ru(z) = K(x)u(z),
and we say R € OPX.

Oe thing we can say about these operators is that they are pseudodifferential operators
in the usual sense. Indeed, we have the following simple result.

Proposition 1.1. If R € OPX with X C S;”#, then, modulo a smoothing operator,

(1.12) fu(z) = / / a(z,y, )V Cu(y) dy d,
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for an amplitude a € S}, _,, i.e., such that

(1.13) DI DEDEa(x,y,€)| < Cag, (€)™ Pl A=+,

Proof. We can write the group law as
(1.14) vyt =®(z,x —y), ®(x,00=0 (e=0).

If Haar measure is given by dm(y) = H(y) dy and Hy(y) = A(y~1)H(y), then

fu(e) = [ Kooy~ yulo) (o) dy
(1.15) = /U(y)k(%@(x,x —y))Hi(y) dy
= / / u(y)e'™ e k(a, ) Hy (y) dC dy.
Rn
Now by (1.14) we can find a smooth invertible matrix function ¥(z,y) such that, near the
diagonal,

(1.16) O(z,2—y) = (x—y) U(x,y)'C

Hence, modulo a smoothing operator,

(117) Rulw) = // V@D (o Y H (y) Dz, y) dy d,

where D(z,y) is supported near x = y and equal to 1 on a small neighborhood of = = y.
If we make the change of variable

£=9(z,y)'C,

then we can write

¢ =(x,y)8,

with ¢/ smooth, and B
D(z,y)d¢ = D(z,y) dg,

S0
) fule) = [ [ < v, )€ H ) Dl y)uly) dy e,
so we have the form (1.12) with

(1.19) a(z,y,€) = k(z, ¥(z,y)€) Hi(y)D(z,y).
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It is routine to verify that the hypothesis X C S, yields (1.13).

In the special case of convolution operators, this result was noted by Strichartz [S10].
If p > 1/2, then the multiple symbol a(z,y, &) can be reduced to a simple symbol, and we
have

(1.20) ﬁww=i/M%@J“M®d&
with
1]
(1.21) p(.€§) ~ > D D3alw.y.€)],_,.
a>0

See, e.g., [T2], Chapter 2. In the case p = 1/2, one can still write £ in the form (1.20), as
shown in Beals [B2], but (1.21) is no longer asymptotic, and one does not obtain a neat
formula for the principal symbol.

In the case when G is a step 2 ninpotent Lie group, we can obtain the form (1.20) in the
general case, rather directly, as follows. In exponential coordinates, Haar measure coincides
with Lebesgue measure, and A(y) = 1. Also, by the Campbell-Hausdorff formula, we can
express the group law as

(1.22) zy~! = La(z —y),

where L, = I — (1/2)ad x is a smooth family of invertible linear maps on g. Thus, in this
case,

Ru(z) = /u(y)k(z, L,(x— y)) dy
(1.23) = / / u(y)ets@=v (2, &) dy de
— [ b Log)e=<a(e) de
where L, = (L!)~'. Thus we directly obtain (1.20), with

(1.24) p(,€) = k(z, L.€),

which gives & € OPS)";_ ). This argument is given in Nagel and Stein [N3] for the case of
convolution operators on the Heisenberg group.
From Proposition 1.1 we can conclude, by the Calderon-Vaillancourt theorem, that if

X C S?/Q#, then & € OPX is continuous on L?, and on any Sobolev space H*. For

R C SS# with 0 < p < 1/2, application of Proposition 1.1 yields only weak continuity
results. In fact, it is apparent from first principles that, given any M, if N > 0 is large

enough and X C Sp;év, 0 < p < 1/2, then any & € OPX maps H® to H**™. Sharper

continuity results will be considered in the next two sections.
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A point we wish to emphasize is that, even though Proposition 1.1 has some uses
(it shows K is microlocal, for example), if p < 1/2 it is not an incisive analysis of K. In
particular, formulas for compositions of such operators are not obtained in a usable fashion
from Proposition 1.1, even in case p = 1/2. We now give an account of compositions of
operators of the form (1.11).

Suppose that for m € R (or one might restrict attention to m € Z), X™ is a nested
family of Frechet spaces (X™ D X# if m > p) with the following properties:

(1.25) xXm c Spl for some p € (0,1], m >0,
(1.26) xmc Sy iftm <0, for some o€ (0,1].
(1.27) A€ OPX™, B e OPX" = AB € OPX™*,

the product in (1.27) being continuous. The hypothesis (1.27) is an hypothesis on the
composition of two convolution operators. Verifying it for particular classes X™ is often a
problem in harmonic analysis on G. Some cases of particular importance are considered
in §2. Let us note that all these hypotheses are satisfied in the case X™ = 51”72 ” (even
easier, in case X™ = S7, with p € (1/2,1]); in all these cases we can take o =1 in (1.26).
Now suppose

(1.28) A€ OPX™, BeOPX"

Say

(1.20) Au(a) = A(w)ule) = | ae. oy uly) Hi(v) dy
and

(1.30) Bu(r) = B(x)u(z) = /b(m,xy_l)u(y)Hl(y) dy.

For the composition, we have

(L.31) ABu(r) = Ql(/ b(z, zyy Hu(yr)Hi(y1) dy1>

— [ a0 bl o ) s (1) s () i e
Let us compare this with the operator €, defined by
(1.32) Cu(x) = A(x)B(z)u(x).

By hypothesis (1.27), C(y) = A(y)B(y) is a smooth function of y with values in OPX™**,
so € € OPX™*#, We have the formula

(1.33) Culx) = / / o, 2y Yo,y Yulyn) Hy () Hi (y2) dyn dy.
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Note that the only difference between (1.31) and (1.33) is in the first argument of b. This
suggests making the expansion

(1.34) b(ya,2) = Z o~ (2yy )by (0, 2) + Z o~ (zyy s (2, Y2, 2).
V<N IvI=N

Here, using exponential coordinates, we take

(1.35) er(y) =y

Thus by (z,2) = b(x, z), and each b,(z,2) is a smooth function of = with values in xn.
Furthermore, by Taylor’s formula with remainder, 7. (z,y2,-) is a smooth function of x

and yy with values in X#. Thus we have

(1.36) ABu(z) = | XQN AVN(@) By (z)u(z) + Ryu(z),
where W

(1.37) AP y)u(e) = [ aly. sV (o ulw) Ha o) de
(1.38) By)ue) = [ bylysow ) o) d

and Ry is given by

Ryu(z) = a(@, 2y )y (@yy )y (@, 52, y2y1 ")
(1.39) mgzv //

u(y1)Hi(y1)Hi(y2) dyr dys.

Suppose u € H?® is compactly supported. Then crude considerations give M = M (u),
independent of v, such that

/m(m,yz,yzyl1)U(y1)H1(y1) dy1 = v(z,y2)

is a smooth function of = taking values in the Sobolev space H*~M | as a function of ys. It
will be convenient to switch the order here; pick K large and regard v as an H*~M function
of yo, taking values in the Sobolev space H¥ (functions of x). Thus Ryu(z) = wy(z,z),
where

wn(@) = 3 / oz, 255 oy (2uy Yoy, y2) Ha (1) dy
|v|=N

(1.40) = Y AM(@)u(y,2)

lv|=N

= Z A0y (y, 2).

lv[=N
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Here the operator 2 is applied to the H*-valued fuction v (of ). For N large, the
integral operator AN has a very weak singularlty, so wy (z,y) will be in H¥ for any
given K if N is sufficiently large. Consequently we can interpret (1.36) as an asymptotic
expansion

(1.41) ABu(z) ~ Y A (z)u(z).

v>0

As already noted, Bp,j(z) is a smooth function of z with values in OPX*. As for A (x),
in view of (1.37) and (1.35), if X C Sy, (with v = m for m > 0, mo for m < 0), then

ADl(z) is a smooth function of  with values in S -?! Thus the terms in (1.40) become

highly smoothing for large |y|. To obtain results Wlthin the framework of OP%*, we add
the following hypotheses to (1.25)—(1.27):

(1.42) P(¢) € X™ = Dgp(¢) € x™7Iol,
for some 7 € (0, 1], and

(1.43) K; € X™ ™ = 3 K €X™ such that, for any M,

if N is sufficiently large, K — (Ko +---+ Kxy) € S,;é”.
It follows from these hypotheses and from (1.27) that the ~-term in (1.41) belongs to
OPX™+r=71l, We summarize the result we have obtained:

Proposition 1.2. Let X™ be a nested famzly of Frechet spaces satisfying the hypotheses
(1.25)=(1.27) and (1.42)-(1.43). If A € OPX™ and B € OPX", then AB € OPX™

and, with € € OPpxXm+tH given by (1.33), we have AB — € € OPX™ =T More precisely,
the asymptotic expansion (1.41) holds.

We turn to the analysis of adjoints of elements of OPX™. If & is given by (1.10)—(1.11),
we have

(1.44) fro() = / K# (g, 2y~ Yo (y) Ha (y) dy,

where
K (y, 2) = k(y, 271).
We compare this with &%, defined by

(1.45) A*u(z) = / K# (2, 2y~ Yo(y) Ha (y) dy.

We see that &% € OPX™ provided X" satisfies the condition

(1.46) p(§) € X™ = p(¢) € X™.
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The formula (1.45) differs from (1.44) only in the first argument of k#, so, in analogy with
(1.34), we make the expansion

(1.47) K (y, 2) = Z gov(a:y_l)k?f(x,z) + Z gow(xy_l)rf(x,y,z).
Iv[<N IvI=N

In this case, r#(m,y, z) is a smooth function of x and y, taking values in Xm. It follows
that

(1.48) Kv(z) = Z K (z)v(z) + R (),
[vI<N
where
(1.49) Kiop(:)o(w) = [ K ey )i oy )ol) H () dy,

and 9‘{% is given by

(1.50) Aoz = 3 / 7 (2, 2y~ s 2y~ Yo(y) Hy () dy.
IvI=N

We see that k% (z,z) is a smooth function of x taking values in L/%m, and hence, granted
hypothesis (1.42), the map R¢,} given by R, v(z) = K} (z)v(z) belongs to opxm—hl,
Meanwhile, an analysis very like that of iy shows that 9%% is arbitrarily smoothing if N
is sufficiently large. We have established the following result.

Proposition 1.3. Let X™ be a nested family of Frechet spaces satisfying the hypotheses
(1.25)-(1.27), (1.42)—(1.43), and (1.46). If R € OPX™, then the adjoint &* belongs to
OPX™, and one has the asymptotic expansion

(1.51) fo(z) ~ Y Ky (@)o(x).

720

As we have noted, the hypotheses giving Propositions 1.2 and 1.3 are satisfied by X =
SZ;#, if 1/2 < p < 1. Incase 1/2 < p < 1, OPX™ is a strict subclass of OPSZ?l_p. It is
useful to note that for p = 1 these two classes coincide.

Proposition 1.4. If X™ = 57, then, locally and modulo smoothing operators, we have

(1.52) OPX™ = OPST",.

Proof. We already have OPX™ C OPSTy. For the converse, let p(x, D) € OPSTY,. Then,
guided by (1.19) and (1.21), we define k(z,€) by

(1.53) p(@,€) = k(z, ¢ (w, 2)€) Hy (x) D(x, z),
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where ¢, Hy, and D are defined in the proof of Proposition 1.1. It is routine to verify that
this does indeed define k(x, &) as a smooth function of x with values in S7. Now define

Ry € OPX™ by

(1.54) Rou(z) = /k(x,xy_l)u(y)Hl(y) dy.

The proof of Proposition 1.1 shows that & € OPSTYy and p(z, D) — R = p2(z,D) €

OPSYy ! Inductively, we obtain R € OpPxm™=i , which asymptotically sum to R € OP%m,
and p(z, D) — K is a smoothing operator. This finishes the proof.

We next derive a simple abstract hypoellipticity result from the operator calculus de-
veloped so far. In the Euclidean case, this is the regularity theorem for elliptic operators.

Proposition 1.5. Suppose R € OPX™ has the form R = R + R, with Ky € OPX™-T
and Riu(x) = Kq(x)u(z). Keep the hypotheses on X" used in Proposition 1.2. Assume
that

(1.55) Ei(z) = Ki(z)™! is smooth in x with values in OPX™™.

Then R is hypoelliptic, with a parametriz in oPxX—™.
Proof. By (1.55), we can define & € OPX™™ by

(1.56) G u(x) = Ey(z)u(x).

Then Proposition 1.2 gives

(1.57) CGR=1I-NR, NReOPX .
Hence
(1.58) T+R+R2 4+ +RV Heg=T-R", ®¥ecorPx "

Taking N arbitrarily large we deduce R is hypoelliptic, with parametrix
E~ (14+R+R>+--)¢.

We now take a look at the behavior of such operators as considered above under a
change of variable. That is, if ¢ : G — G is a O diffeomorphism (not necessarily
a group automorphism) with inverse v, and A € OPI%’", we want to understand the
nature of the conjugated operator ¥*Ap* (where p*u(x) = u(p(x)). In many cases the
class OPX™ will not be invariant under general diffeomorphisms ¢. For example, when

G=R" X™ = Sg;ﬁ, 1/2 < p < 1, we have OPX™ = OPS;}}O, but the classes invariant

under diffeomorphisms are OPS

o1—p; unless p =1, OPX™ is not invariant under general
b
diffeomorphisms in this case.
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Nevertheless, X in many cases is defined by special properties (e.g., quasi-homogeneity)
associated with a certain structure on G (e.g., a contact structure, discussed in Chapter
III), and oPx™ may be invariant under those diffeomorphisms preserving such a structure.
Results along these lines depend strongly on particular cases, but we will outline some
general features of the phenomena here, which will apply to special cases, as in Chapter
I11.

If an operator A is given by

(1.59) Au(zx) = /a(x,xy_l)u(y)Hl(y) dy, = €@,

the conjugated operator B = ¢* Ap* is given by

Bu(z) :/a(w(ﬂﬁ),w(w)y_l)U(sO(y))Hl(y) dy
(1.60) ~ [ aw(@) v@)w)Yun) A dy
:/b(éva\If(af,y,:vy‘l))U(y)ﬁ(y) dy,

where
b(x,2) = a((z),2), U(z,y,xy ") =p(@)P(y) "

There is some freedom in the construction of ¥, and we can arrange that, in exponential
coordinates, ¥(z,y, z) is linear in z, with

(1.61) U(x,z,z) = Dip(x)z = ¥(z)z,

where D1i)(z) is the derivative of the map v, as a linear map on g. The next natural thing
to do is to make a power series expansion of b(m, U(z,y, xy_l)) in the third argument, vy,
about y = z, in analogy with (1.34). We get

(1.62) b(x, U(x,y, xyil)) ~ Z Cony (xyil)w“’ bi+) (ac, \Il(m)(acyfl)),

720,|o|>]v]

1 is given in exponential coordinates by

where b(,)(z,2) = D)b(x,z). Here, if w = 2y~

w = (wy,...,wy), and if v = (71, ...,7n), we set w? = w]" ---w)». Now we would like the
summands in (1.62) to be smoothing of high order if |v| is large. Denote the partial Fourier
transform of b(x, w) by b(z,€). With w = 2y~ in (1.62), the partial Fourier transform of

a general term in (1.62) with respect to w is

(1.63) Cory DIT7E7b (2, U (2)'€).
If, for example, 5(9@,5) is a smooth function of z with values in ST, then such a term
is a smooth function of x with values in Sg;'gl - S&_M. Modulo estimating the er-

ror term when (1.62) is truncated to a finite sum, this retraces the proof that OPSTY
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is invariant under coordinate changes. On the other hand, if 5(3@,5) is a smooth func-
tion of z with values in S77,, with 1/2 < p < 1, then the term in (1.63) belongs to

m+(1—p)|v|—plo] m—(2p—1)||
Sp,l—p C Sp

with values in S;n
As mentioned, we will pursue further the question of behavior under changes of variables
later on.

, which is not the same as being a smooth function of x

—(2p=1)]|
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2. Operator classes for groups with dilations

Having worked on the level of general Lie groups in §1, we now specialize a bit. Let G be
a simply connected Lie group with a one-parameter family «(t) of automorphisms. Denote
also by «(t) the automorphisms induced on the Lie algebra g. We make the assumption
that these are dilations. In other words,

(2.1) s=Po

beB
where B is a subset of (0,00) and
(2.2) at)X =X, X g,
Note that
(2.3) 965 9c] C Gote-

Hence g must be nilpotent. Thus exp : g — G is a diffeomorphism, taking Lebesgue
measure on g to Haar measure on G.

Definition. E(G, a,m) is the space of distributions u on G such that

(2.4) ue C>®(G\0),
(2.5) u=1uj +uz, u; € E'(G), uy € S(G), the Schwartz space,
(2.6) t € (0,00) = e”ta(t)*u — e "u € S(G),

where e?* is the factor by which a(t) expands volumes in G. If d; = dim gy,

(27) o = ijd]

Here, for v € S(G), a(t)*v(z) = v(a(t)x), v € G. Then «(t)* extends uniquely to
a continuous linear map on S’'(G). In words, we say u is approximately homogeneous
of degree —(m + o). We can characterize the space (G, «, m) of (Euclidean) Fourier
transforms of elements of 5(6’, a,m) as follows.

Proposition 2.1. The tempered distribution u belongs to 5(G,a,m) if and only if u(§)
satisfies

(2.8) ieC=(g),
where we identify G and g, and
(2.9) Bt)a—e™ue S(g), Vte (0,00),

where B(t) = a(t)*.

Proof. Since the Fourier transform of «(t)*u is given by e~ 7'S(t)*d, (2.9) and (2.6) are
equivalent. Clearly (2.5) implies (2.8). That (2.8) and (2.9) also give (2.4) follows easily
from the following observation.
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Proposition 2.2. Suppose t € C*(g’'). Then (2.9) is equivalent to the existence of
veC>®(g'\0), such that

(2.10) v(B()€) = e™v(€) on g\ 0, Vte(0,00),
and
(2.11) x(©[a(€) —v(§)] € S(g'),

where x (&) is smooth, equal to 0 for & in a neighborhood of 0, and equal to 1 for & outside
a compact set.

Proof. Clearly (2.10) and (2.11) imply (2.9). Conversely, suppose
(2.12) a(B(1)8) — e a(€) = h(€) € S(g").
Then, replacing £ by 5(j)§, we have

(B + 1)) — e™a(B(7)8) = h(BG)E).

Hence

so let
(2.13) Z e ™R h(B(k)E) + u(€).

Since h € S(g'), v belongs to C’O"( \ 0), and (2.12) implies

Ta(B(5)§) — v(€), as j— oo
Using increments of $(1/N) instead of 5(1) and passing to the limit, we have
(2.14) e ™a(B(t)€) — v(), as t— oo.

It follows that v satisfies (2.10). Furthermore, (2.13) easily yields (2.11), so the proof is
complete.

So we see that, for u € .6(G,oz,m), @ differs by a rapidly decreasing function from
a homogeneous function. However, it is not always the case that u differs by a smooth
function from a homogeneous function. Consider the case G = R, «a(t)z = e‘z. Then

(2.15) p(x) log |z| € H(R,e', 1),

where ¢ € C§°(R) is equal to 1 near the origin.
Now OP$H(G, a, m) is the set of convolution operators

Ku =k xu, k;ES%(G,oz,m).

We have the following result on compositions of such operators.
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Proposition 2.3. If K; € OP$(G,a,m;), then

(2.16) K1Ks € OPH(G, o, mq + ma).

Proof. We have K;u =k; xu, k; € 5%(6’, a,m;). It suffices to show
(2.17) ki % ke € H(G, o, my + my).
This is very simple. Since «(t) is a group of automorphisms of G,
(2.18) a(t)*(ky * ko) = 7" at) Ky * a(t) k.
Now, for each ¢ € (0, 00),

a(t)yk; =e "tk 4 by by € S(G),
and since it is elementary to show

kj * he, hexk; € S(GQ),

under these circumstances, we have, for each t € (0, 00),
(2.19) a(t)*(ky * kg) = e tmitm2=o) ks ko mod S(G).

This completes the proof.

As we have said, an element k of :F_)\(G, a,m) need not be equal to a smooth function
plus a homogeneous function. However, for some range of m this turns out to be the case.
It is useful to note the following simple results on the behavior of elements of $(G, a, m).

Proposition 2.4. Ifk € 5%(G, a,m), then
(2.20) k=ki+ ko

with ko € C*°(G) and k1 homogeneous, satisfying

(2.21) a(t)*ky = e Mtk
provided
(2.22) m> —o.

Proof. The point of the hypothesis (2.22) is precisely to guarantee that the homogeneous
function v(&) of Proposition 2.2 be locally integrable in a neighborhood of the origin. This
guarantees that v(§) defines a homogeneous distribution in S’(g’). We can set k; equal to
the inverse Fourier transform of v(¢), and (2.20) follows easily.
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We take a look at the mapping properties of convolution operators in OP$H(G, «,0).
As is well known, such operators are bounded on LP(G), for 1 < p < oo. This follows
from the general theories of Coifman and Weiss [C4] and Koranyi and Vagi [K8|, which
were exploited in [F4] and [R5], and which are given a nice exposition in Goodman [G7].
We give a brief description of the situation. We can define a “homogeneous norm” on G
(identified with g via the exponential map) by

(229 x| = (S 1),

where
X = ZXz', Xi € Ob;
and || X;|| is a Euclidean norm on gp,. Note that

(2.24) la(t)X] = | X].

If £ € S%(G,a,O), then pick k; and ko as in Proposition 2.4, so k; is homogeneous of
degree —o and smooth outsied the origin. We claim k7 must have mean value zero in each
region

(2.25) A ={X eg:r<|z| <2r}.
In fact, we can pick a unique constant C' such that
(2.26) ki (X) = K (X) + C1X|7°

for X € g\ 0, where kfﬁ does have mean value zero on each A,. Then k?& defines a
principal value distribution, homogeneous of degree —o (cf. [G7]). We can deduce that C
in (2.26) is equal to zero if we know that | X|~7 cannot be extended to a distribution that
is homogeneous of degree —o, i.e., whose Fourier transform is homogeneous of degree zero
with respect to (t). In fact, not only does |X |~ just fail to be integrable near 0, it also
just fails to be integrable near infinity. If a cut-off x(X) is used, x € C*°(g), x = 0 near 0,
X = 1 outside a compact set, and 0 < x(X) <1 for all X, then x(X)|X|~? is smooth, > 0,
and not quite integrable at infinity. A simple regularization argument shows its Fourier
transform must blow up at the origin. However, such Fourier transform must differ by
a smooth function from the Fourier transform of a homogeneous distribution extending
| X|79, if such exists, and this is not compatible with homogeneity of order zero for its
Fourier transform.

Consequently, each K € OP$(G, «,0) is convolution by a k, which differs by a smooth
function from a ki, which defines a principal value distribution, homogeneous of degree
—o, plus a multiple of the delta function concentrated at 0. As shown in [G7], convolution
by k1 is continuous on LP(G), 1 < p < co. Thus we have:

Proposition 2.5. If K € OP$H(G,,0), then K : LP — LP, for 1 < p < 0.

From OP$(G,a,m), we can pass to the classes of “variable coefficient” operators
OP%(G, a,m), where, as usual, 8 € OP%(G, a,m) is given by Ru(x) = K(x)u(x), where
K(x) is a smooth function of x with values in OP$(G, o, m). It follows that if &; belong
to OP%(G,a,mj), then £;8, is in OP%(G,a,ml + ms2) and R € OPS%(G,a,mj). We
also have LP continuity for elements of OP$(G, a,0):
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Proposition 2.6. If & € OP%(G, a,0), then

(2.27) R:LP,  —> LF

comp loc?

for 1 <p<oo.

Proof. Using Proposition 2.4 we can deduce that, modulo a smoothing operator, R is given
by
Ru(z) = kg * u(z),

where k, is a smooth function of y taking values in 5%0(6’ ,a), the space of principal value
distributions, homogeneous of degree —o, smooth on g\ 0. Working locally, we can suppose
k(y,x) = ky(x) has compact support in y. Now write

Ky, z) = / 0, @)™ dn,

where

tln.2) = (2m) " [ ga)e 7 dy = b (o)

Then 7 is a rapidly decreasing function of n, taking values in the space 50(61Y , ) of principal
value distributions. It follows from Proposition 2.5 that L,, defined by L,u = ¢, * u, is
bounded on LP(G), with

Lyl ecrey < On(p)(L+ |n))~ Y.

Since the operator of multiplication by €**7 has operator norm 1 on LP, the identity

Ru(z) = /em'77 Lyudn

shows that (2.27) holds.

We now discuss an amalgamation of a given operator class OP%(G ,a, m) with the clas-
sical pseudodifferential operators OPS™. For this, we will assume G is a simply connected,
step 2 nilpotent Lie group. In this case the Fourier integral representation for an oper-
ator constructed from convolutions takes the simple form (1.23)—(1.24). In particular, if
Ku = k *xu, then

(2.28) Ku = p(z,D)u, plz, €)= k(L,E).

This enables us to establish the following result, following Phong and Stein [P3], who noted
it for operators on the Heisenberg group.

Proposition 2.7. Suppose G is a step 2 nilpotent Lie group. If Ku = k *x u defines a
convolution operator in OP$H(G,a,m) and Lu = ¢ x u defines a convolution operator in
OPS", then

(2.29) LKu= Pu=pxu,
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where p(§) has an asymptotic expansion of the form

(2:30) (&) ~ R(EE) + > az(€)b;(€).
j=>1

Here,

(2'31) aj(é) € 'ﬁ(G7 «, mj)> bj(é) € 5t (9/)7

with

(2.32) m; <m, pj <p, mj+p;<m-+p, andm;+ pj — —00,as j — 00.
Also
(2.33) KLu= Piu=p *u,

where p1(€) has an expansion similar to (2.30), with the same leading term k(£)0(€).

Proof. By (2.28), convolution operators are characterized by

Au= A, Dyu = [ Aw,€)ie)e < .

with

Az, €) = a(Laf).

If we put K in this form, we have
(2.34) Ku= K(z,D)u = / K (x, €)a(€)e™ € de.

with o
K(z,§) = k(L)

Now if k € $(G, o, m), it follows that
(2.35) k(€) € 2,
with p = p(by,...,b;) > 0 and

M =m max b;, m >0,
J

2.
(2.36) M =m min b;, m <0.
j

The pseudodifferential operator calculus as worked out in [H6] allows us to apply

(2.37) L = L(z,D) € OPS*, L(x,¢)={(L,E)
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to (2.34), to get

(2.38) LK = P(z,D) € OPS)"™"
with
1
(2:39) P(,€) ~ ) — L' (2,6) DI K (w,€).
a>0

Since LK is a convolution operator, P(x,§) = P(Ly€) = P(0, imf), so evaluating (2.39) at
x = 0 gives (2.30). The analysis of KL is the same.

Proposition 2.7 motivates considering the following classes of symbols.
Definition. We say

(2.40) p(§) € 9%

provided p(§) has an asymptotic expansion

(2.41) p(&) ~ > a;(&)b; (&),

320
where
(2.42) a;(§) € H(G,a,my),  b;(§) € 2 (g),
and
(2.43) mj <m, ;< p, My 4y —> —00 as j — oo.

Here ¥# denotes the subspace of SY’ 4 consisting of b() € St » with asymptotic expansion
b(&) ~ > b;(&), b; homogeneous of degree u — j in &, with respect to the homogeneous
dilations

(2.44) 5(t)€ = e'e.
From now on, OPY* will denote the set of convolution operators Lu = ¢ x u that belong
to OPS*.

The pair of subscripts «, d in (2.40) stands for the pair of dilation groups in effect here.
Proposition 2.7 shows that, for G nilpotent of step 2,

(2.45) K € OPH(G,a,m), Le€OPY = KL and LK € OP§}".

We have the following converse result.
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Proposition 2.8. If G is a step 2 nilpotent Lie group and P € OP$""}', then P has an
asymptotic expansion

(2.46) P~) KL

720

in the sense that the difference between P and a sufficiently large partial sum is smoothing
to arbitrary order, where

(247) Lj € OPﬁ(G,CL, mj), Lj € OPYHI,
with
(2.48) m; <m, p; <p, and mj+ p; — —oo.

Proof. We can reduce our problem to considering

(2.49) P(E) = ko(6)0o(€), ko € H(G,a,m), [y e XF.

Then Kou = ko * u defines an operator Ky € OP$H(G,a,m), and Lou = ¢y x u defines
Ly € OPX#. 1f we apply Proposition 1.12 to KoLy we see that KoLg € OPﬁZ’(;“, and the
principal term in the expansion is given by (2.49). Applying the same reasoning to the
remainder terms and iterating repeatedly, we get (2.46).

This result enables us to obtain the following LP boundedness.

Proposition 2.9. If G is a step 2 nilpotent Lie group and P € OPSBZ’%, then

P:ILP—IP 1<p<oo.

Proof. By (2.46), this follows from Proposition 2.5, which gives
K;:LP - LP, 1<p<oo, if K; € OPH(G,a,mj),m; <0,
(the result for m; < 0 being elementary), together with the well known result

Ljin—>Lp, 1<p<oo, if LjEOPSMj,IUjSO.

This result was proved by Phong and Stein [P3], in the context of convolution operators
on the Heisenberg group. They also treated the harder problem of weak type (1,1) prop-
erties, which are not necessarily preserved by taking compositions, as are LP continuity
properties.

The operator classes OPﬁZ’(;“ have the following properties for compositions and ad-
joints:
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Proposition 2.10. If G is step 2 and P; € OPSﬁmJ’“” then

(2.50) PPy € OP§ bt
and
(2.51) P e OPH 5™,

Proof. Apply (2.46) to P;. Then P, P, is a sum of terms
(2.52) KyLy K, L, K€ OPH(G, a,myg), K; € OPH(G,a,m},), etc.,

where my, < mq,m) < mg, etc. Now (2.45) implies Ly K, € OPﬁmk’”’“, and hence, by
Proposition 2.8,

(2.53) LKy~ Kpy L.
v>0

If we substitute (2.53) into (2.52), we see that (2.50) holds for P; P,. The same sort of
argument yields (2.51).

We now pass from the classes of convolution operators OPﬁm’“ to their “variable co-

efficient” versions OPJF) . Since 53 “ does not have a Frechet space structure, we make
the special definition that an operator Ru(z) = K(x)u(z) belongs to OPﬁa,S if
(2.54) Ry, &) ~ D a;(y, )bi(y, €),

320

where a;(y, &) is a smooth function of y with values in (G, «, m;), b;(y,§) is a smooth
function of y with values in ¥#i, and, as in (2.43),

(2.55) mj <m, p; <p, mj+p; — —00, as j — o0o.

The meaning of this is that, for any K, if IV is large enough,

(2.56) E(y,©) = > aj(y,Obij(y,€) € S,4°,  smoothly in y,
J<N
where p is some number in (0,1]. The basic operator calculi developed so far apply. We

have the following consequences of Proposition 2.7 and Proposition 2.8.

Proposition 2.11. If G is step 2 and *B; € OPﬁmJ’“J then

(2.57) P1Pa € OPHLTTTHE
and
(2.58) B e OPﬁmJ””.

We are also able to obtain the following, in parallel with Proposition 2.8:
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Proposition 2.12. If G is step 2 and P € OP%Z’(S“, then S has an asymptotic expansion

(2.59) P~ /L,
520
where
(2.60) R; € OPH(G,a,mj), £, € OPSH,
with
(2.61) mj <m, gy <y Mg L = =00,

Proof. This goes like the proof of Proposition 2.8. We can reduce our problem to consid-
ering

(2.62) Dy(E) = By (0,9, ky() € H(Graum), 4,(6) € B,

Then fou = k, * u(z) defines an operator £ € OP$H(G, o, m) and Lou = ly *u(z) defines
£9 € OPS*. If we apply Proposition 2.11 to £7£y we see that £7£y belongs to OPEZ’(;“
and the principal term in the expansion is given by (2.62). Applying the same reasoning
to the remainder term and iterating repeatedly, we get (2.59).

As in Proposition 2.9, we deduce the following LP boundedness.

Proposition 2.13. If G is step 2 and R € OPJ%Z”%, then

(2.63) P:LP [P

comp loc?

1 <p<oo.

Proof. Using the decomposition (2.59), it suffices to invoke Proposition 2.6 and the well
known L? boundedness of OPSY .
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3. Symbols

In §§1-2 we have developed what one would call an “operator calculus.” We want to
elevate this to a “symbol calculus.” The symbol of an operator in OPX™ will be described
in terms of the irreducible unitary representations of G.

Let G denote the set of (equivalence classes of) such representations. The symbol of a
convolution operator Ku = k x u will be defined as

(3.1) ox(z,7)=n(k), z€G, med,

where

(3.2) m(k) = / k(y)m(y)dm(y).
G

As before, dm denotes Haar measure on G; in local coordinates dm(y) = Hy(y)dy. At
least if k € L'(G), (3.2) is well defined as a bounded operator on the representation space
H, of m. We briefly set up machinery to define 7(k) for more singular k € £'(G).

A vector v € H is called a smooth vector (we write v € H2°) if the function ¢, (x) =
m(x)v is C* from G to H,. Following Rockland [R2], we call v weakly smooth (and write
V e HX") if the function ¢, . (x) = (7(x)v,w) is C* on G for each w € H . As is well
known, H2° contains the Garding space {7(¢) : ¢ € C§°(G)} and consequently is dense
in H,. Clearly H* C H2°". As a matter of fact, these two spaces coincide:

(3.3) H>® = H®v,

To see this, let ®(x) be a function from an open set U C G (which we identify with a ball
in R™) to H, that is weakly C''. Thus we have 9;(®(z),w) = ¥;(x,w) defined and linear
in w, and continuous in x for each w. In particular (®(x),w) is Lipschitz in x for each
w e H,ie.,

O(z)—

( () (y)7w)
[z =y

is bounded on U x U, for each w € H. The uniform boundedness theorem then implies
that there exists L < oo such that

[ (x) = 2(y)]l

(3.4) =]

<I,

i.e., ® is strongly Lipschitz. Since

U,(r,w) = }1L1_>II%) A ((®(z + hey) — @(2)), w),
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(where eq, ..., e, is the standard basis of R™) we deduce that
10 (2, w)|| < Lijwll,

hence
Ui(r,w) = (¥Y;(z),w), ¥,;:U—H.

Furthermore if ® is weakly C* then each W¥; is weakly C*~1, hence strongle Lipschitz, if
k > 2. Continuing this argument we see that ® is strongly C*~! whenever it is weakly C*,
and this gives (3.3).

Now, given k € £'(G), we define

(3.5) w(k): HX — H,
by
(3.6) (m(k)v, w) = (pu,w, k).

It is routine to check that this is well defined. Also, for v € H°, w € H,

(r(@)m (K)o, w) = (Pv,w; puk),

where p, k(y) = k(z71y) for k € C5°, extending to k € £'(G), and this makes it clear that
m(k)v € HX™. In view of (3.3), we have

(3.7) n(k): HX — HX, for ke&'(G).

It is routine to verify that, for k1, ke € £'(G), k1 * ko € E'(G) and

(3.8) (k1 * k) = w(k1)7(ka),

and, if kY (z) = k(z~1) for k € C$°, then k +— kY extends to k € &', and
(3.9) m(kY) = m(k)*.

With these preliminaries out of the way, we define the symbol of an operator

(3.10) fu(e) = [ Kooy uly) () dy
for k(z,-) a smooth function of = with values in £'(G), by
(3.11) og(z,m) = m(ky),

with k. (y) = k(x,y). Thus, loosely speaking,

(3.12) os(a,m) = / Kz, y)m(y) dm(y).

G
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By (3.8), we have the following formula for the symbol of the term €,
(3.13) ¢ u(x) = AP (2) By, (2)u(x)
in the expansion (1.41) for a composite map 2AB:
(3.14) e, (z,m) = 7(AM (@) (B}, (2)).

Thus we can rewrite (1.41) as

(3.15) oass (2,7) ~ Y (AP (2))7(Byy) (2)),

=0

and in particular
(3.16) oe(z,m) = oz, m)on(z,7), AB— ¢ OPXTH T

Similarly, on the symbol level, we can write the asymptotic expansion (1.51) for the
adjoint £ of R € OPX™ as

(3.17) g+ (z,m) ~ ZW(K{W}(CC)).

720

In this case we have
(3.18) oas(x,m) = og(z,m)*, £ — /% cOPX™ .

The problem that remains in producing symbol calculi is to specify classes X", satisfying
(1.25)—(1.27), (1.42)—(1.43), and (1.46), and to describe such classes in terms of their
symbols. Important classes of such symbols will arise in the next chapter.

We make some further remarks about the continuity of operators on L?. If G is a
unimodular type I group, there is a Plancherel measure y on G such that

(3.19) ul2s 0 = / ()| dpor)-
G

Consequently, a convolution operator Ku = k x u is continuous on L?(G) if and only if the

operator norms of 7(k) are uniformly bounded, as 7 ranges over the support of u in G.
As for operators of the form (1.10)—(1.11), we have the following result:

Proposition 3.1. Let X be a Frechet space such that for each convolution operator Ku =
kxu, K € OPX, the operator norms ||7w(k)| are uniformly bounded as m runs over G.
Then each & € OPX is continuous on L?, provided G is a unimodular type I group.

Proof. We can regard

(3.20) Rou(r) = K(y)u(xr) = v(y, z)
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as a convolution operator on G from scalar functions to functions taking values in the
Sobolev space HX(G,), with K picked arbitrarily large. Since the operator norms of

m(Dyk(y,-)) are uniformly bounded as 7 runs over G, and y runs over a neighborhood of
e € G, for each «, it follows that

(3.21) Ro: LX(G) — L*(G, HF).

If K is picked large enough to apply the Sobolev imbedding theorem, we deduce that for
u € L?, Ru(x) = v(x, ) also belongs to L?, which completes the proof.

Let us note that, if G is a type I unimodular group, the Plancherel formula (3.19)
polarizes to give

(3.22) (u, v) = / Tr (n(0)*(w)) du(r).

If we let v be an approximate identity and pass to the limit, and if we have control over
the trace norm of m(u), we obtain the inversion formula

(3.23) u(z) = / Tr (n(2)*n(u)) du(n), € G.

G

Now, since 7(k * u) = w(k)m(u), we get the following formula for the operator 8 given by
(3.10)—(3.12) (granted that, for u € C§°(G), ||w(u)|1 is under control):

(3.24) Ru(z) = /Tr (m(z)og(z, m)m(u)) du(r).

G
Note the direct parallel with the formula for a pseudodifferential operator on R™:
(3.25) pla. D)u(w) = [ e pla,a(6) e
R™

Actually, however neat this parallel is, we will not make much direct use of the formula
(3.24).
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Chapter II. Harmonic analysis on the Heisenberg group

The Heisenberg group H" has the simplest representation theory of all noncommutative
Lie groups. We develop several classes of right invariant pseudodifferential operators on
H™. A point worth emphasizing is that we give a unified treatment of convolution oper-
ators with the type of homogeneity related to certain automorphisms of H” and also of
the classical pseudodifferential operators, with the usual Euclidean homogeneity. Using
harmonic analysis on H" to study this last class is not as direct as studying OPS™ via
Fourier analysis on R”, but once one puts forth the effort to do it this way, one is rewarded
with natural amalgamations of classes of operators with different types of homogeneity.
This facilitates doing microlocal analysis on the Heisenberg group.

In §1 we define the Heisenberg group, as R***! parametrized by (¢,q,p) with t €
R, q,p € R™, with a particular group law. We describe the irreducible unitary representa-
tions of H", consisting of the one-parameter families 74 of infinite dimensional represen-
tations and the 2n-parameter family 7, ,) of one dimensional representations. We study
the images of convolution operators under these representations. In particular w4 (k) is
given in terms of the Weyl calculus. To Ku = k * u we associate the symbols

(0.1) o (EN)(X, D) = mar(k) = k(£X, £AV2X,A/2D).

The Weyl calculus plays a central role in the work in this section. A brief treatment of
this subject is given in Appendix A, at the end of this paper.

In §2 we study convolution pseudodifferential operators, homogeneous with respect to
the dilations on H" of the form a(s)(t,q,p) = (0%t,0q,0p), 0 = e°, which are group
automorphisms. These operators we denote OPU{*; they are the same as OPH(H", o, m),
which made an appearance in Chapter I, §2, in a more general context. Their symbols
satisfy

(0.2) ox(£N)(X, D) = X204 (+1)(X, D),

and we characterize which operators can be put on the right side of (0.2) to actually define
symbols of operators in OPWV{". This characterization is a crucial tool in the development
of our symbol calculus for OPV{" and its natural extension, OP¥™, involving lower order
terms. We develop this symbol calculus and use it in §2 to produce a hypoellipticity
criterion for operators in OPU™, including in particular the Heisenberg Laplacian £y and
variants, L, = Lo + iaT.

In §3 we study the class OPX™ of convolution operators that are classical pseudodiffer-
ential operators, via their symbols. We have OPX™ = OP$H(H", d, m), where d(s) is the
family of Euclidean dilations of H"™. Then we study amalgamations of OP¥* and OPY*.
We define the class

(0.3) OPQ™F,
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related to a class of operators studied by Boutet de Monvel. These classes are somewhat

larger than the classes OPﬁZ’;’“ /, introduced (for more general 2-step nilpotent groups) in
Chapter I, §2.

In §4 we study functions of the Heisenberg Laplacian Lj, including fractional powers
(—Lo)?, the “heat” semigroup e*~°, and the Poisson semigroup e=s(=£0)'? Ip 85 we
produce some results on the Heisenberg wave equation 92u — Lou = 0. We conclude this

chapter with §6, discussing a hypoellipticity result of Rothschild.
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1. Convolution operators on the Heisenberg group

The purpose of this section is to achieve a basic understanding of the symbol = (k)
of a convolution operator Ku = k % u where k is a compactly supported function (or
distribution) on the Heisenberg group. The material in the first half of this section is well
known; we collect it for use in the next section. We begin with a brief description of the
Heisenberg group H" and its irreducible unitary representations. For a more complete
discussion, see the first chapter of [T5].

As a O manifold, H" is R?"*!. Let us denote a point in H" by (¢,q,p), with t €
R, q,p € R™. The group law is given by

(1.1) (t1,q1,p1) - (t2,q2,p2) = (b1 +ta+ 2 (p1- @2 — q1 - P2), @1 + G2, P1 + P2)-

The Lie algebra h™ of H™ is spanned by the right invariant vector fields

0 0 p; O 0 q; O )
1.2 7=2 =2 B9 Y G iy
(1.2) o T aq 2ot 9T ap 2o SIST
Note that
(1.3) [Lj, Mj] = —[Mj,L;] =T,

all other commutators being zero.
For \ € (0, 0), irreducible unitary representations of H" on L?(R™) are given by

(14) Tia(t, q,p) = e EMEN?aX+21%p-D)
where ¢ - X is the multiplication operator defined by

and p - D is the differential operator given by

1 ou
1.6 D)u(z) = =5 2%
0 (b Dyu(x) = 7> p; D
An alternative formula, equivalent to (1.4), is
(1.7) Tia(t, ¢, p)u(z) = ei(:l:)\t:lz)\l/2q.g;:|:)\q.p/2) u(z + )\1/2]9).

There are also one-dimensional representations 7, ., for (y,n) € R2", given by

(1.8) Tyt @, p)v = e'watnr)y  y e C.
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It is the content of the Stone-von Neumann theorem that any irreducible unitary repre-
sentation of H™ is unitarily equivalent to one of those just described.
The Plancherel identity on H" is

(1.9) / ju(@)? de = e / s () [ A dA,

Hm R\0

where ||T||%4g = Tr (T*T) is the squared Hilbert-Schmidt norm of 7. (Haar measure on
H" coincides with Lebesgue measure on R?"1.) A proof of (1.9) will be given below. In
particular, the set of one-dimensional representations (1.8) has Plancherel measure zero.

Given a compactly supported function (or distribution) &£ on H", we want to understand
74 (k) and 7, (k). Indeed (1.4) gives

(1.10) mx(k) :/k’(t,q,p)ei(i”ﬂl/Qq'X“l/Qp'D) dt dg dp

= k(X £AYV2X AV2D),

where k(7,y,n) denotes the Euclidean space (inverse) Fourier transform

~

(1.11) k(r,y,m) = /k(t, q,p)e’"THIVIIP) 4t dg dp,
and the operator a(X, D) is defined by the Weyl functional calculus:
(1.12) a(X,D) = /&(q,p)e“q'“”'m dq dp,

a(q,p) denoting the Fourier transform of a. Such operators have been studied by several
people, including Grossman, Loupias and Stein [G11], Voros [V3], Hormander [H10], and
Howe [H11]; see also Nelson [N4] and Anderson [Al]. Background material on the Weyl
calculus is collected in Appendix A at the end of this paper. Here we mention that a few
manipulations of integrals give the following formula for a(X, D):

(113) (X, DYu(e) = (2n) " [ [ e oo+ ). €)uty) dy e
To restate (1.10), we have

(1.14) tia(k) = o (EN) (X, D),

where

(1.15) i (EN) (2, &) = k(EN, £AY 22, XV/2¢),

or equivalently

(1.16) l%(iT,y,n) = UK(iT)(iT_l/Qy,T_1/27)), 7> 0.
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The behavior of 7(, (k) is given simply by

iy (k) = / k(t, q,p)e’ 117 dt dg dp

= k(0,y,7).

(1.17)

Regarding the associated representation of the Lie algebra h™ of H", we have

(1.18) TiA(T) = £iX, 7wia(Lj) = iz)\l/ij, mia(M;) = )\1/2%,
J

and

(1.19) T(y,m) (T) =0, W(y,n)(Lj) = 'L'yj’ ﬂ(ym)(Mj) — inj-

We now show how formulas (1.10)—(1.13) give a proof of the Plancherel formula (1.9).
Note that the squared Hilbert-Schmidt norm of an operator Au(u) = [ A(z, y)u(y)dy is
[[|A(z,y)? dz dy. Thus (1.10) and (1.13) imply

callmin (k) |2s = / (A, A 20 N2 2 da de
RZn

(1.20)
— [ RGN P dydn,
R2n
SO
(121 on [ Imls A dx = [ By )P dhdy

R2n+1

Now (1.9) follows from this, together with the ordinary Euclidean space Plancherel theo-
rem:

(1.22) / k()P dz = / (g, m)|? dAdy di.
Hn

R2n+1

This completes the proof of (1.9). Note that polarization of (1.9) gives

— 00

(1.23) /f(z)@dz =cy /OO Tr(ma(g) ma(f)) A" dA.
Hn»

If we replace g by a sequence in C§°(H™) tending to the delta function and pass to the
limit, we get the inversion formula

(1.24) fz)=cyp /00 Tr(ma(2) ma(f)) A" dA.

— 00
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We can use the Plancherel formula to estimate the L?-operator norm of a convolution
operator Ku = k % u. In fact, (1.9) implies

(1.25) 1Kl z(z2) = sup lox (£M) (X, D),

where the latter norm is the operator norm on L?(R™). We can estimate this operator
norm via the following special case of the Calderon-Vaillancourt theorem. Suppose a(z, &)
satisfies the estimates

(1.26) D3 ealz,§)| < A, o] < K(n),
where K (n) is sufficiently large. Then
(1.27) la(X, D)|| < C(n)A.

A proof of this can be found in Appendix A. In light of (1.25) and (1.15), this implies the
following estimate on || K||:

(1.28) IK|lzz2y < C(n) sup  sup A\al/2|ng1%(iA,y,n)|.
A Yn || <K(n)

In particular, K : L2(H") — L%(H") if k € S?/Q#, where we recall from Chapter 1 that

ke SI’}Q# means

(1.29) |D$‘7y7,7f€(7',y, M| < Ca(l+[7]+ |yl + )™ 1%,

Note that Proposition 1.1 of Chapter I implies K € OPS?/2 1/2 in this case, so the L?

boundedness of K when k € S? o4t also follows directly from the Calderon-Vaillancourt

theorem for OPS? /2,120 88 already noted in Chapter I.

One significant structure that accompanies the Heisenberg group is the family of dila-
tions

(1.30) aix(t, g, p) = (£, X2, X 2p), A > 0.
These are all automorphisms of H™. Note that

(1.31) Tea(w) = m(apaw), w e H".

If we let af act on C§°(H™) (or on &'(H™) and other spaces) by
(1.32) asu(w) = u(aw),

then

(1.33) ma(atu) = |77 Ty ().



40

We make a few remarks on the Schwartz space S(H™) of functions that, together with
all their derivatives, are rapidly decreasing on H" = R?"*!. Note that we could equally
specify that X --- Xju be rapidly decreasing for any right invariant vector fields X;. It is
easy to see that S(H") is a convolution algebra:

(1.34) u,v € S(H") = uxv € S(H");

here we use the Heisenberg group convolution. If u € S(H"), then a(7,y,n) € S(R**+1),
and vice-versa. Note that

Taa(u) = a(EN, £AY2X AY2D)

is hence a rapidly decreasing function of A\ with values in OPS; * as A — oo, where we
define the class S to consist of a(z, ) such that

IDIDga(x,€)| < Cap(L + |a| + [¢))™ 11711

There is a slightly delicate matter of specifying whether u belongs to S(H™) purely in
terms of

(1.35) ma(u) = o, (EN)(X, D),
namely to specify adequately the behavior of w1 (u) as A — 0. Of course, since
(1.36) (N, y,m) = ou(FN) (FAT 2y, ATH ),

we could simply specify that the right side of (1.36) define an element of S(R*"*1), but
this is not very explicit. We call the reader’s attention to work of Geller [G3], describing
S(H™) via w4z (u).

We now describe a certain transform of u € S(H"™), which struck the author as unex-
pected and amusing. This transform also helps to establish a certain technical point later
in this section. To u € S(H™), associate x(u) defined by inverting the paramater A:

(1.37) Or(u) (EN) (X, D) = 0 (EX)(X, D).

This is equivalent to saying

—

k(u) (27, y,m) = 0(ET,y,n) = (7L 77y, 77}

n),

or
W(EN Y ) = LENTL Ay, A ).

Thus it is clear that £ = k(u) is a well defined element of S’(R***1). Indeed, as we will
see, it is quite a special element.

If we first restrict attention to @ on the upper half space A > 0, we see that @ coincides
with the restriction to {A > 0} of an element of S(R2"*1) if and only if ¢(r, y,7), restricted
to 7 > 0, is equal to 4 (7,y,n), with the following three properties:

(1.38) 04 (7, y,m) € ST (R,
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(139) é—‘r(’r?yﬂ?) ~ Z@(T’yﬂ?),

Jj=0
with éj homogeneous of degree —j in (7,y,7n), and
(1.40) (i(r,y,m) =0 for 7<0.

Note that (1.38) in particular says £ (7,y,n) is smooth in all of R2"1  so (1.40) implies
E(T, y,mn) vanishes to infinite order at 7 = 0, for 7 > 0. In addition we see that & on A <0
coincides with the restriction to {\ < 0} of an element of S(R?"*!) if and only if / = /_
on 7 < 0, where (_ satisfies (1.38), (1.39), and, instead of (1.40), we have

(1.41) {_(t,y,n) =0 for 7>0.

To see whether 4 satisfying both these conditions is actually in S(R?"*!) we need to
know whether all the appropriate compatibility conditions hold at A = 0. It is simplest to
state these if we break up @ into its even and odd parts:

(1.42) @ = e + o,

(143) ae()‘7y777) - ﬂe(_/\7y7n)7 ﬂo@\;yﬂ?) = _ﬁ'0<_>\7y7n)'
Clearly the compatibility conditions are equivalent to

(1.44) Diﬁe(o,y,n) =0 for j odd,
. Diﬁo(o,y,n) =0 for j even,

the latter case including 7 = 0. The associated decomposition

(1.45) Ur,y,m) = Le(r,y,m) + Lo(T,y, )

stores up these conditions in the form

T Y, 77 Zgzj T,Y,M
(1.46) 72"

o(Tym) ~ D o (T y,m),
7>0

where £ (7,,n) is homogeneous of degree —k in (7,y,n). If we let k1(u) denote the
operator of left convolution by k(u), these observations produce the following:
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Inversion Trick. The transformation u — k1(u) is an isomorphism of S(H™) onto the
class of right invariant pseudodifferential operators on H", in OPS?, of the form Lf = {x f
(0 = k(u)) with £ characterized by (1.38)—(1.41) and (1.45)—(1.46). If only (1.38)—(1.41)

are considered, we get the isomorphic image of the “piecewise” elements u of S(Ri”+1) +

SR*™ Y. Furthermore, these isomorphisms are isomorphisms of convolution algebras:

(1.47) k(uxv) = k(u) * k(v).

Note that (1.47) follows directly from (1.37). Note also that x(u) € S’'(H™) is singular
only at the origin (the identity element of H") and is equal to an element of S(H™) outside
any neighborhood of the origin. Let us denote by OPC the set of convolution operators
Lu = { % u with ¢ satisfying (1.38)-(1.41) and by OP¢, those that also satisfy (1.45)-
(1.46). Thus OP¢, is the image of the convolution algebra S(H™). It follows that OP¢, is
a convolution algebra. It is clear that O P€ is a convolution algebra; hence the set of u with
u a piecewise element of S(R?"*1) with simple jump across A = 0, is also a convolution
algebra; let us call this convolution algebra Sp(H™).

Let us note that 4(r,y,n) € S(R***1) vanishes to infinite order at (\,y,n) = 0 if and
only if @(7’, y,m) € S?# vanishes to infinite order along the rays (£7,0,0), 7 — co. We can
restate this:

Corollary to inversion trick. The map u — k1(u) sets up an isomorphism between the
set of u € S(H™) such that u(\, y,n) vanishes to infinite order at (A\,y,n) = 0 and the
subalgebra of OP&y consisting of pseudodifferential operators whose full symbols vanish to
infinite order on the conic subset of T*H™ \ 0 which is the right invariant set whose fiber
over the origin is generated by dt.

This line bundle A, which is being intersected with T*H"™\0, furnishes a contact structure
on H", and will arise in other contexts later. We remark that the property of a pseudo-
differential operator in OPST(£2) (or even more general classes) of having its complete
symbol vanish to infinite order on a closed conic subset of 7*(2) \ 0 is invariant.

Let us record the following definition:

u € Spo(H") < (7, y,n) vanishes to infinite
(1.48) -
order at the origin.

We will use the corollary, characterizing the image under x of Soo(H™), to study the action
on Spo(H™) of convolution operators Lu = ¢ % u, where /s singular at the origin, so
L does not map S(H") into itself. This will be useful in streamlining some results to
be developed in the next section. We begin by observing that u € Spo(H"™) if and only if
u € S(H") and (u, p) = 0 for every polynomial function on H" = R***1. Since the translate
py(z) = p(y~'z) is a polynomial in z for each y € H" whenever p(z) is a polynomial, we
see that if u € Spo(H"), then so is u,(z) = u(y~'x). This easily gives:

(149) u €< SQQ(H”)7 le gl(Hn) —l*xu € Soo(Hn),
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and
(150) UGSO()(H”), KES(H”) :K*UGSOO(HH).

Of course, (1.50) can also be obtained from the corollary to the inversion trick, since
L; € OPC implies that LiLy € OP¢, has full symbol vanishing to infinite order at A
provided either factor does.

We now want to study Ku = ksxu for u € Soo(H™), where k(7,y, ) satisfies the following
conditions:

(1.51) ke C®(R*™1\ 0),

(1.52) k(s 522y, s1%0) = s™2k(£N,y,n), s> 0.
Note that (1.52) implies

(1.53) ox(£N)(X, D) = X204 (+1)(X, D).

Now if x(y,7n) is a smooth cut-off, equal to 1 for |y| + |n| < o, 0 for |y| + |n| > 20, and if
() is a smooth cut-off, equal to 1 for |A| < o, 0 for |\| > 20, write

k= ki + ko = xvk + (1 — xv)k.

Thus k; is supported on |A| < 20, |y|+|n| < 20, while ky € S}y vanishes near 0. It follows

that ko is the sum of an element of S(H™) and an element of &' (H™), so, by (1.49)—(1.50),
kou € Spo(H™) if u € Spo(H™). Now we look at ky x u, for u € Spo(H™). Note that, if

0= k(ky *u),

we have, for Lf =/« f,
L € OPS°(H™),

since the full symbol of k;(u) vanishes to infinite order at A. Hence,
L e OPC.

This implies that k; * v has Euclidean Fourier transform piecewise in S on Ri_”“ and

R+ In fact, the full symbol of L vanishes outside a small conic neighborhood of A, if o
is chosen small, and this implies the Fourier transform of k1 *u vanishes to infinite order as
+7 — 0, for |y|+ |n| > o', where ¢’ is small if ¢ is. It follows that Ku = kq % u + ko * u has
R2_n+1

Euclidean Fourier transform piecewise in § in Ri"“ and , and these functions in the
upper and lower half spaces match up at 7 = 0 to be smooth, provided (y,n) # (0,0). But
the origin cannot carry any singularity, so in fact Ku € S(H"). Furthermore, since the full
symbol of L = k1 (k1 * u) vanishes to infinite order at A, it follows that k1 * u € Spo(H"™),
so finally we have

(1.53) u € Spo(H") = kxu € Spo(H"™), if k satisfies (1.51)—(1.52).
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Let us renotate the decomposition k = k1 + ko by
(1.54) k=k°+ kb

Here, k° is singular only at the origin, and equal to an element of S(H™) outside a neighbor-
hood of the origin, while k? is C>, with k’(r, y, 1) supported in |7| < 20, |y|+|n| < 20. If k;
satisfy (1.51)—(1.52) with decompositions k; = k;’%—kg asin (1.54), set K, f = KJ‘-’f+K§’f =
ko s f + kb« f. Note that K9 : S(H") — S(H") and K?: £&'(H") — C>~(H"). Now

(1.55) Kg(u—xu):k:i’*l{:g*(u—xu)—i—k‘f*ki’*(u—xu)
' + kb % kS x (u— xu) + kb x kS * (u — xu),

where K3 is defined by

(1.56) 0Ky (EN)(X, D) = ok, (EN) (X, D)ok, (M) (X, D),
and xu is given by

(1.57) XU = *u

where 12(7', y,n) is a smooth function, with compact support, equal to 1 for |7| < 20, |y| +
In| < 20. Note that the second and third terms on the right side of (1.55) represent convo-
lution of u — yu by C* functions. This identity generalizes to more general distributions,
in particular to u = §. We have

(1.58) K3(0 — x0) = KK+ kb« k5 % (6 — x0) + ¢, @€ C™.

Now, under the transformation x1, we get from k% x kS * (§ — x8) the operator product of a
pair of right invariant pseudodifferential operators with symbol supported in a certain conic
neighborhood of A, with a right invariant pseudodifferential operator whose full symbol
vanishes on a conic neighborhood of such support. Such a product is a smoothing operator,
and hence belongs to the image under k1 of an element of S(R?"*1). In other words,

(1.59) K36 = KOKSS + 3, ¢ € C®(H").

This enables one to manipulate some classes of pseudodifferential operators symbolically,
in a clean fashion, without worrying too much about the necessity to smooth out the
singularity of their symbols at the origin. Compare the remarks at the end of the proof of
Proposition 2.6, in the next section.
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2. Right invariant pseudodifferential operators on H", I: a-homogeneous operators

Having made a basic study of convolution operators on H", we now determine some
classes of operators that deserve the exalted title of pseudodifferential operators. One
important class is generated by the study of the “Heisenberg Laplacian”

n

(2.1) Lo=) (Lj+ M),
j=1
a second-order nonelliptic (but hypoelliptic) operator. Note that, by (1.18)—(1.19),
(2.2) mea(Lo) =AY (55 —a3).
j=1 """
and
(2.3) (y.m (Lo) = Z y] +779
7j=1

We define the following classes:

Definition 2.1. The class Vi consists of functions I%(T,y,n), smooth except at 0, such
that, for T > 0,

(2.4) k(£7,y,m) = 7 2k(£1, 772y, 771/ 2p).

Neglecting the singularity of the symbol at the origin, elements of ¥ belong to 517”/’2 " if
m > 0 and to Sl/éi ifm<0. Ifk € Ui, wesay K € OPVYg', with Ku = k*u. Proposition
1.1 of Chapter I implies OPY{* C OP51/2 1/2 for m > 0, OPS;% 12 for m < 0. In fact,

using the dilations a(s)(t,q,p) = (0%t,0q,0p), 0 = e*, we see that, modulo smoothing
operators,

OPY' = OPSH(H", a,m),
a special case of a class studied in Chapter I, §2. From (1.15), we have K € OPU{
provided k(7,y,n) is smooth away from (7,y,n) = 0 and, for A > 0,

(2.5) ox (N (z,8) = X 20k (£1)(, €).
Thus (2.2) gives

(2.6) Loy € OPVZ.

Note also that

(2.7) w1 (T) = Li),

and hence

(2.8) T € OPV.

The following is a convenient characterization of W{'. For a related result, see Geller

G2).
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Proposition 2.2. Let ay(z,&) € C°(R?™). Then (2.5) defines an element of W', with

G'K(:t]_)(fl}, g) = ai(l', S)a
if and only if ay(x,§) have the compatible asymptotic expansions
(2.9) ay (ry,rn) ~ Zrm_2j(il)jg0j(iy,n), r — 400,
Jj>0
for [y? + > =1, ; € C(5*"71).

Proof. We have X
k(T y,m) = 7 2ay (Fr7 2y, 07 2),

for 7 # 0. The only problem is to specify when this extends to a function smooth at
=0, (y,n) # (0,0). Writing
k(£m,y,m) ~ > ()05 (y, )
320
— 720 (7 Y2y, 2y,

1/2

and changing variables, setting » = 77 /<, makes the characterization (2.9) apparent.

A characterization equivalent to (2.9) is
(2.10) o (£1)(2,€) ~ Y (1) i (£2,€), |a? + ¢ — oo,
720

with ¢;(x, &) homogeneous of degree m — 2j in (x,&). Note from (1.17) that

(2.11) Ty, (k) = wo(y, ).

In other words, m(, (k) is the principal symbol of the operator o (+1)(X, D), evaluated

at (y,n)-
Note in particular that if ox (£1)(x, ) € S(R™), the Schwartz space of rapidly decreas-

ing functions, then (2.5) defines an element of OPV{".
Since w11 (Lo + iaT) = Y 1 (0*/0z3 — x7) T o, we have
(2.12) oo rior(£1)(x,) = —[¢* — |2 F o,

which is consistent with (2.10).
Proposition 2.2 motivates us to make the following definitions.

Definition 2.3. We say a(z,€) € H* if a(x,§) is smooth and has the asymptotic expan-
si0m
(2.13) a(@,€) ~ Y ¢i(x,€), |a> + > = oo,

720

where @;(x,&) is homogeneous of degree m — 2j in (z,§).
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Definition 2.4. We say the pair ay(z,&) belongs to H™ if both ay(x,§) and a_(x,§)
belong to H;*, and if furthermore their expansions are compatible, in the sense that

(2.14) at(z,§) ~ Z(il)jwj(ixag)'

j=0

The content of Proposition 2.2 is hence that K € OPWY{" precisely when (2.5) holds and
ok (£1)(z,£) € H™. Note that if L € OP¥{, then

(2.15) oxL(EN)(X, D) = A/ 26,4 (£1) (X, D)or (£1)(X, D), X > 0.

Thus, to deduce from Proposition 2.2 that the composition KL belongs to OPW[" ™ we
need to discuss compositions of operators in the Weyl calculus. This theory has been
worked out, in enough generality for our needs, in [G11], and in much more generality in
[H10]. we state some results here, referring to these sources for proofs. See also Appendix
A of this paper for further discussion of the Weyl calculus.

The class H;" of symbols is a subset of the class S, which we define to consist of
a(z,§), smooth, such that

(2.16) DY Dga(w,&)] < Cap(1+ || +[g])™ =17

If a(z,&) € ST, we say a(X,D) € OPSY"; similarly if a(z,§) € H}*, we say a(X,D) €
OPH;*; finally, if ay (x,&) € H™, we say ax(X,D) € OPH™. Now if a(X,D) € OPS"
and b(X, D) € OPSY, then

(2.17) a(X,D)b(X,D) = ¢(X,D) € OPS]" ",

and c(z, ) has the asymptotic expansion

(2.18) (w,€) ~ 3 +{a, bl (@, 9).

=07
where {a,b};(z,€) is defined by
(2.19) {a;b}o(z,€) = alx, E)b(, £),

and, for j > 1,

(2.20) {a,ub(x,g)zz(%%)j{gi;(ayf;£k<— axiznk)}ja(x,éﬂwy,n)

y=a.n=¢

Note that if ax(x,§) and be(z,&) are homogeneous of degree k and ¢, respectively (not
necessarily integers), then {ax, be};(z,§) is homogeneous of degree k+¢—2j in (z,£). This
shows that if a(X, D) € OPH}* and b(X, D) € OPHY, then a(X, D)b(X, D) € OPH,;" ™.
Furthermore, we have:
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Proposition 2.5. If a1 (X, D) € OPH™ and by (X, D) € OPH", then

(2.21) a+(X,D)b+(X,D) = c+(X,D) € OPH™H.

Proof. We know that c, (X, D) and c¢_ (X, D) belong to OPH," ™ and

(2.22) cx(,8) ~ Y .l,{ai7bﬁ:}j($7£)~
iz0 7"
Let us say
(2.23) fi(@,€) € H™F & fr(w,&) ~ Y (E1) 0 (Lx,8),
ik

with 1, (x, £) homogeneous of degree m — 2j in (z,£). Note that H™* C H™ NS ?* and
formal series of elements of H™*, k = 1,2,..., asymptotically sum to elements of H™.
Now the jth term of (2.22) is seen to belong to H™ 1+ so the proof is complete.

An immediate consequence of Proposition 2.5 is:

Proposition 2.6. If K; € OPY]', Ky € OPUY, then K1 Ky € OPY]"™™" | and

(2.24) ok 1 (EN) (X, D) = o, (EN) (X, D)ok, (£A) (X, D).

In view of the discussion at the end of §1, leading up to (1.59), we have a similar result
for the operators obtained by regularizing k; near the origin.

Similarly we can discuss adjoints. It follows from the Weyl calculus that if a(X, D) €
OPST", then a(X, D)* = a*(X, D) € OPS]", and

(2.25) a*(x,&) = a(z,§).

This formula shows that if a(X, D) € OPH}" then a(X, D)* € OPH;" and furthermore if
at (X, D) € OPH™ then a4 (X, D)* € OPH™. Consequently we have:

Proposition 2.7. If K € OPY{', then K* € OPV{, and

(2.26) o (£N)(X, D) = o (£))(X, D)*.

Our next task is to examine K € OPW{" in the case when the operators ox (+1)(X, D)
are elliptic. In general, whenever a(X, D) € OPST" is elliptic, there exists a parametrix
b(X,D) e OPS;™.
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Proposition 2.8. Ifay (X, D) € OPH™, with both operators elliptic, having parametrices
by (X, D), belonging a priori to OPS;™, then by (X,D) € OPH™™.

Proof. The content of this proposition is that

(2:27) by (w,6) ~ > (1) ¢ (£, ),

=20

with ¢, (£x, £) homogeneous of degree —m —2j in (x,§). If we assume (2.14), pick B4 (z,§)
smooth, with

(2.28) Be(2,€) = po(£z, )7, |a|* +[¢]° large.

Then clearly Sy (x,&) € H™™. By (2.17)—(2.18), we have

(2.29) B4(X,D)as(X,D) =1 +r4(X,D),
with
(2.30) ri(z, &) € HOL.

A simple extension of Proposition 2.5 is that
(2:31) rj (X,D) € OPH™ ™ = r{f (X, D)ry (X, D) € OPH™Hmatuthe,

In particular,

(2.32) r+(X,D)* € OPH"* c OPS 2.
Consequently
(2.33) by ~ (I —ry(X,D)+ry(X,D)*> —--)B+(X,D)

belongs to OPH ™™, as asserted.
Suppose that K € OPVY{" and that ox(£1)(X, D) are elliptic. Then denoting para-

metrices by or(£1)(X, D), we obtain an operator L € OP¥;™. It does not follow that
KL —1 or LK — I is smoothing. Rather, one has

(2.34) orxr(EN)(X,D) =1+ ry(X,D),

with ry(z,£) € S§*°. An operator R € OPV§ with

(2.35) or(£XN)(z,§) € S

will be said to belong to OP\Ifg’OO. More generally, we have the following notion:
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Definition 2.9. We say R € OPY;"" if R € OPYY with
(2.36) or(£1)(X, D) € OPH™",

We denote meOOP@$’k by OPW ("™,

In order to construct a (left or right) parametrix for K € OPV{* with ox(£1)(X, D)
elliptic, it is necessary to assume o (+1)(X, D) has a (left or right) inverse. As shown,
e.g., in [B4] or [G12], the following are equivalent if a(X, D) € OPS]" is elliptic:

(2.37) a(X,D) has a left inverse in OPS; ™,
(2.38) a(X, D) is injective on the Schwartz space S(R"),
(2.39) a(X, D) is injective on the space S’(R™).

Similarly, the following three conditions are equivalent:

(2.40) a(X,D) has a right inverse in OPS; ™,
(2.41) a(X, D) is surjective on S(R"),
(2.42) a(X,D)* is injective on  S(R").

Our regularity result is the following.

Theorem 2.10. If K € OPY{' has the property that o (£1)(X, D) are elliptic, then K
has a left inverse L € OPYy™ if and only if ox (£1)(X, D)* are injective on S(R™), and
such a right inverse if and only if ox(£1)(X, D) are injective on S(R™).

Proof. In light of the discussion above, this is an immediate consequence of Proposition
2.8.

Corollary 2.11. If K € OPVY{ has the property that ox(£1)(X, D) are elliptic and
injective on S(R™), then K is hypoelliptic.

In the case of scalar differential operators, the hypoellipticity is proved by Miller [M10],
using somewhat different arguments; see also Rockland [R2]. A more general result has
been proved by Helffer and Nourrigat [H3], by different means. This result was also
announced by Dynin [D2]; his announcement did not include proofs, but it is fairly likely
that his argument was similar to that given here. If K is scalar, with ox(4+1)(X, D)
elliptic, then, as observed by Grusin [G12], the operators ok (£1)(X, D) are Fredholm of
index zero, so one-sided and two-sided invertibility coincide. The propositions above also
work for k x k matrices of operators, in which case o (+1)(X, D) may have nonzero index.
As a counterpoint to Corollary 2.11, we have:

Proposition 2.12. If K € OPY}' has the property that o (£1)(X, D) are elliptic but
not both injective on S(R™), then K is not hypoelliptic.

Proof. Say ox(+1)(X, D) has a nontrivial kernel. Such a null space must be a finite-
dimensional subspace of S(R™), so the orthogonal projection of L?(R™) onto this null
space is (X, D) with r(z,&) € §;*°. Then

(2.43) os(+N)(X, D) = r(X, D), os(-\)(X,D) =0,
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for A > 0, defines an element S € OP\IJS’OO, and KS = 0. Since S is right invariant
and not smoothing, v = S¢§p is not smooth; it is smooth except at the origin. Since
Kv =0, K is not hypoelliptic on any neighborhood of the origin. By right invariance, K
is not hypoelliptic on any open set.

Let us apply these results on hypoellipticity to the well known important example
Lo + iaT, first treated by Folland and Stein [F4], by a different method. By (2.12), we
have

(2.44) 0rotiar(F1)(X,D) = A — |z* F

which clearly gives an elliptic pair in OPH?2. We determine the spectrum of A — |z|2.
In fact, as is well known, —d?/dx? + x?, acting on functions on R, has discrete spectrum
consisting of the eigenvalues 25 + 1, 7 =0,1,2,..., all simple. Indeed the complete set of
eigenfunctions of d?/dx? — x? is given by the set of Hermite functions

(2.45) hﬂx):[whﬂzgq—UQ(éé-x)ﬂr$”2, (é?;—aQ)hxw>=-—@j%-Dhﬂ¢)

It follows that, on L?(R"), A — |x|? has spectrum consisting of all the negative integers
of the form —n — 2k, £k =0,1,2,.... Thus Theorem 2.10 and Proposition 2.12 yield the
result of Folland and Stein:

Proposition 2.13. For a € C, Ly +iaT is hypoelliptic on H" if and only if

(2.46) —~(nta)¢{0,1,2,...}.

If (2.46) holds, Lo +iaT has a two-sided inverse in OPVYS 2. If (2.46) fails, there exists a
non-smoothing element S of OP\Ifg’OO such that (Lo + iaT)S = 0.

For a large class of homogeneous second-order polynomials Q(z,§), the spectrum of
Q(X, D) is completely specified by the following result; see Sjostrand [S6], Hérmander
[H8], Grigis [G10].

Proposition 2.14. Let Q(z,&) be a second-order homogeneous polynomial in (x,£). Sup-
pose that () takes values in a cone of the form

(2.47) I'={z€C:|Imz| < KRez}.

Denote by ip; the eigenvalues in I'\ 0 of the Hamilton map F' of Q, defined by
(2.48) Qv,v') = o(v, Fv'),

where o is the symplectic form on R?":

(249) U(<x7§)7('r/751)) = _€_I'§/’
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and Q(v,v') is the bilinear form polarizing Q. Let Nog C C?™ be the space of generalized
eigenvectors of F' associated to the eigenvalue 0. Then « is not in the spectrum of Q(X, D)
if and only if

(250)  —a+ Q)+ Y (2k;+ 1) #0, Yve Ny, k; €{0,1,2,3,...} =Z".
J

In particular, if Q(x,§) is positive-definite, the spectrum of Q(X, D) consists of

(2.51) {Z(Qk:j 1)k € Z+}.

J

The result on the spectrum of (X, D) in the positive-definite case is older; using the
metaplectic representation, one can reduce it to a simple result in linear algebra, plus the
analysis of the harmonic oscillator d?/dx? — x? described above. Compare the calculations
in (4.55)—(4.64) of this chapter, and those in (3.56)—(3.65) of Chapter III. See also Chapter I
of [T5] for an exposition of this case. For certain homogeneous polynomials of degree 3, the
spectrum of Q(X, D) has been analyzed by Helffer [H1]. For general Q(X, D) € OPH™,
it would be out of the question to explicitly describe the spectrum, though qualitative
studies of the spectrum have been made; see [H2] and references therein.

Here we mean the operator Q(X, D) to be defined by the Weyl calculus, of course. In
particular,

o X D i Ou 9
Q,€) = 26 = QX D)u(x) = 5 ;5 + 5 (aju)).

The fact that hypoellipticity of an element K of OPV{* depends not just on the ellip-
ticity of ox(£1)(X, D) but also on the invertibility of these operators, is closely related
to the essential non-commutativity of OPVY. In fact, if L € OPW}, then the commutator
[K,L] = KL — LK has symbol

(2.52) o1, (EN) (X, D) = AN/ 204 (£1)(X, D), o, (£1)(X, D)].

Clearly this is not the symbol of an operator belonging to OP\II?J”‘ ~!. In fact, the result
one has is the following; recall Definition 2.9:

Proposition 2.15. If K € OPY* and L € OPVY, then

(2.53) (K, L] € OPy 1,
More generally, if K € OP\IJg"k, Le OP\IIS’E, then
(2.54) (K, L] € OpWptmhtitt

Proof. Tt suffices to show that, if a1 (X, D) € OPH™* and by (X, D) € OPH**, then
(2.55) [a+ (X, D),b+(X, D)] € OPH™ #F+FL

This follows from the formula (2.18) for the symbol of a product, along the same lines as
the proof of Proposition 2.5.

We now want to pass from operators in OPW¥g" with homogeneous symbols to nonho-
mogeneous operators given as asymptotic sums. We define the class OPU™ as follows.
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Definition 2.16. We say a convolution operator K belongs to OPY™ if

(2.56) K~Y K;, K;c0Py;™,

720

where (2.56) means K — 3. Kj is arbitrarily smoothing for N picked sufficiently large.

In order to fit OPY™ ‘into the frameWO}"k of Chapter I, we make U™ into a Frechet
space as follows. We say k(7,y,n) € ¥™ if k is C* and

(2.57) koY ki(mym), as [rP+ [y + > — oo,
§>0

where /%j satisfy the homogeneity conditions

~

(2.58) kj(rr, v 2y, 7t 2n) = r (M= 2k (1 y, ).

Here, (2.57) holds in the sense that, if ¢(7,y,n) vanishes near 0 and is 1 near oo,
A N A
k-9 kjes 2
j=1

Since we have required k to be C °°, even at the origin, strictly speaking (" is not contained
in U™ but altering k on a compact set in (7,y,n) space changes a convolution operator
by a smoothing operator, so, modulo smoothing operators OPY{" is contained in OPU™.

Now to describe the Frechet space structure on W™, we first pick a large compact
neighborhood of the origin and use the €V norms of k on this neighborhood. For the rest,
take (7,y,n) € S?*, and define

(2.59) k(s,7,y,m) = s™ k(s 21, sy, s7ly), 0<s<1.

Then k € U™ if and only if k € C™ and k € C([0, 1] x $2™), so we transfer the seminorms
of this Frechet space to obtain a complementary set of seminorms on W,
It is a simple consequence of Proposition 2.6 that

(2.60) K; € OPY™ = K K, € OPY™*™2 K* € OPY"™.

Note the remark following the proof of Proposition 2.6. We also easily obtain the following
result.

Theorem 2.17. Let K € OPVY™. Suppose Ky, in the expansion (2.56), satisfies the
conditions that ok, (£1)(X, D) are elliptic and both are injective (resp., surjective; resp.,
invertible) on S(R™). Then K has a left (resp., right; resp., two-sided) parametriz L &
oprPv—m™,
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Proof. Take the case that ok, (+1)(X, D) are injective. Then Theorem 2.10 gives Ly €
OPVY,™ such that LoKy = I. It follows that

(2.61) LoK=1+8;, S €0PV !
Then we can construct L € OPVY~"™ such that
(2.62) L~ (-8 +8;—--)Lo,

and then LK = I modulo a smoothing operator. The other assertions of this theorem
follow similarly.

For example, Lo + iaT + P, with P € OPU!, has a parametrix in OP¥ 2 provided
« satisfies the condition (2.46). In the case of scalar differential operators, the regularity
result contained in Theorem 2.17 was obtained by Miller [M10], via energy estimates,
rather than a symbolic construction of a parametrix.

Unlike the situation in Proposition 2.12, if K € OPY™ as in Theorem 2.17, with
ok, (£)(X, D) elliptic but not injective, it is still possible for K to be hypoelliptic. We
consider the following example due to Stein [S7]; see also Rothschild [R4]. Let

(2.63) K =Ly +iaT + B € OPV?,

where « is chosen to be an integer such that the condition (2.46) for hypoellipticity of
Ky = Ly + iaT is violated, and we take g € C. Let S € OP\Ifg’OO be the projection
produced by the proof of Proposition 2.12. Then, as in (2.34), we have Ey € OP¥~? such
that

(2.64) Eo(Lo +iaT) =1 -8,

while

(2.65) S(Lo + iaT) = 0.

Then, if 8 # 0,

(2.66) (Eo + B'9)K = (Eo + B78) (Ko + 8) = I + BEj.

Note that R = fEy € OP\IIE2. It follows that
(2.67) E~({I—-R+R?>—---)(Ey+p'S)c OPY’

gives a left parametrix for K, so the operator (2.63) is hypoelliptic, with loss of two
derivatives, whenever 3 # 0. A generalization, in the case of right invariant differential
operators on H", was given by Rothschild, and will be discussed in §6 of this chapter. We
will look at further generalizations of this phenomenon in Chapter III.

The machinery summarized in Theorem 2.17 and Proposition 2.14 is particularly ef-
fective in examining hypoellipticity and constructing parametrices for a second-order dif-
ferential operator P (right invariant) on H", which is doubly characteristic on the set
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A C T*H"™ of characteristics for £,. Note that A is characterized as a line bundle which is
translation invariant and its fiber over the identity 0 € H" is the linear span of dt. Suppose
the principal symbol of P is positive and vanishes to exactly second order on A. It follows
that the principal symbol of P must agree with that of

2n
(2.68) Y apX;Xp = P,
G k=1
where we have set
(269) Xj = Lj, Xj+n = Mj 1 S] <n.

The matrix (aj)) is symmetric and positive definite. Since L;, M; € OP¥{, by (2.5), it
follows that

(2.70) P =) apX;X,+iaT+ B, BeOPV,
gk

for some o € C. The sum of the first two terms belongs to OPW¥Z, and we have

(2.71) 0pytiar(£1)(2,6) = =Y ajx;xe F o,

where we have set

(2.72) Xi =5 Xj+n=2E, 1<j<n

In particular, the ellipticity hypothesis of Theorem 2.17 holds, and Proposition 2.14 applies
in a straightforward fashion to the question of invertibility. Non-translation-invariant

generalizations form a very important class of operators, which will be investigated in
Chapter III.
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3. Right invariant pseudodifferential operators on H", II: /-homogeneous op-
erators and amalgamations

In order to achieve a genuine microlocal analysis, we want to amalgamate the operator
classes OPY™ and their non-right-invariant extensions, with the classical operator classes
OPS™. We begin by considering right invariant operators in OPS™ from the point of
view of the representations of H". We shall discuss connections with Propositions 2.7-2.13
of Chapter I in §1 of Chapter III.

Definition 3.1. We say k € 2 provided k(r,y,n) is C*° away from (0,0,0) and
(3.1) I%()\T, Ay, An) = )\m];(T, y,m), A>0.
In such a case, we say Ku = k xu defines K € OPX{". If

(32) ]AC ~ Z ]Afj, ]Afj € 26n7j7

320

we say kex™ and K € OPY™.

The proof of Proposition 1.4 from Chapter I immediately implies that, modulo smooth-
ing operators, OPX" is identical with the class of right invariant operators in OPS™.
Note that (3.1) is equivalent to

(3.3) or(EN) (2, 8) = N (£1) (A2, A71/2%¢),

Parallel to Proposition 2.2, we have the following simple result, whose proof we omit.

Proposition 3.2. The formula (3.3) defines an element of X7 if and only if ox (£1)(x, &)
are smooth with asymptotic behavior

(3.4) o (E1)(@,8) ~ ) (£ pm—j(Ea,€),

Jj=0
where @m_j(x, &) is homogeneous of degree m — j in (z,€).

Of course the operator calculus for OPS™ gives us that if P; € OPX™J, then PP, €
OPYy™+tm2  We want to perceive this via the representation theory of H". The argument
proving Proposition 2.6, on products of elements of OPWY™i will have to be modified,
since, in (3.3), the argument of o (£1) is (A\~1/2z, A=1/2¢). In fact, in this case, letting
A — 0 causes technical problems we wish to avoid. One way to avoid this problem is to
restrict attention to operators defined by (3.3) with o (1)(x, &) € C§°(R?™). It is clear
that this subset of OPS™ contains operators that agree with any right invariant operator
in OPS™, microlocally on a conic neighborhood of the line bundle A (characteristic set of
L) discussed in §2. That this is a sufficiently rich class for our purposes is guaranteed by
the following result.
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Proposition 3.3. If K € OPY™, then, microlocally on the complement of any conic
neighborhood of A C T*H" \ 0, K belongs to OPS™.

Proof. Given the formula (1.23) from Chapter I, analyzing K as a pseudodifferential op-
erator, we see this is a simple consequence of the following observation. If ]%(T, y,m) € Wi
then, on the complement of any conic neighborhood of {y =7 = 0} in R?"*+1\ 0, k agrees
with an element of ¥™.

Let us now consider the symbolic calculus applied to a product of A € OPX' and
B € OPXl, with

(35) O-A(:tl)(xvg) = CLi(ZIZ’,f), O'B(:l:l)(xvg) = b:l:(£7§) € C(())O(Rzn)
Let us denote
(3.6) ax a(z,§) = ai()fl/Q:U, )\*1/25),

with by x(z,§) similarly defined. Consequently,

(3.7) oaB(EN)(X, D) = X" THey (), X, D),
with
(3.8) +(\x, &) = Z az, beati(e, &) + + A NREN 2,€).

Recall that {a,b}; is given by (2.20). To see that we can avoid considering A — 0, note
that, if A’ is defined by

(3.9) oa (EN)(X, D) = p(Noa(£N)(X, D),

where ¥ () is smooth, equal to 1 for |A| > 1, and to 0 for |A|] < 1/2, then A and A’
differ by an operation of convolution by w, where w(7,y,n) has compact support. Hence
w € C®°(H"), so A and A’ differ by a smoothing operator. Hence, in (3.7)—(3.8), we can
restrict attention to |A| > 1. We can rewrite (3.8) as

(3.10) +(\, X, D) Z)\ TeF(ATV2X,ATY2D) + AV Ry (A, X, D).

Results of [H10] imply that R% (), X, D) is bounded in OPS? (defined by (2.16)), for
|A| > 1. To see that the remainder in (3.10) makes a contribution that is smoothing to
a high degree when N is large, consider the following. The operator T € OPY} has the
symbol

(3.11) or(£N) (X, D) = £i.
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Thus A(BT*) has a form similar to (3.7), (3.10), with A™*# replaced by (44)* A" +#+k: in
fact,

N
O ABT* (:l:)\> (X, D) = (ii)k)\m+,u+k Z )\*jeji()\fl/Q‘X'7 /\71/2D)
=0
+ (:I:Z)k)\m—’—ud‘_k_NR]ﬂ\:]()\,X’D)

(3.12)

Consequently, (3.7) and (3.10) give AB as a sum
N

(3.13) AB =) E;+ Sy,
j=1

where E; € OPYJ"™* 7 and Sy has the following property:
(3.14) T" SNTF2 : L2(H") — L*(H"), for N >m+ pu+ ki + ko.

Since Sy is certainly an operator in OPS™™# whose symbol is essentially supported near
A, and since T € OPS! is microlocally elliptic near A, this implies that Sy is arbi-
trarily smoothing for N large. Consequently (3.13) is an asymptotic relation, so, for
A € OPXy', B € OPXY, we have AB € OPY™"# and

(8.15) oaB(EN)(X, D) ~ XY AT (X ATHED).
3=0

Note that

(316) ef)t(x7£) = (li(.ﬂf,&)bi(il)’,&),

which verifies that (for scalar operators)
(3.17) [A,B] = AB — BAc OPY™tH-1,

Of course, examining products of operators in OPX"™ via the Heisenberg group har-
monic analysis involves a bit more work than just appealing to the O PS™ operator calculus.
The point is that it does work to produce a symbol calculus for such operators, whereas
commutative harmonic analysis does not work to produce a symbol calculus for OPY™.
The calculations just done can be viewed as a warm-up for what is to come.

Now let us consider products PK and K P, given K € OPY*, P € OPY{', the symbol
of P being supported near A. Thus

(3.18) opi (EN)(X, D) = X"/ 2 (A7Y2X A2 D)Yas (X, D).
As above, we can restrict attention to |A| > 1. As in the analysis of (3.7), we have

(3.19) opr (FA)(X, D) = ey (N, X, D),
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where, with py \(x,&) = pi()\_l/Qa:, )\_1/25),

(3.20) er(\z,8) = Z P axdi(2,6) + A7 NEREN, z,6).
j= O

This time, R (), z,€) is bounded in St for [A| > 1.
In this case, the formula (2.20) for {a,b}; gives

N K(j)

(321)  ex(Nz, &) =D > A pE AT 2e A2 0 (1,€) + AV PRE(N 2,6),
=1 k=1

where

(3.22) pkij(a:,f) € C§°(R*™), a,fj(:c,é) e HE.

The same argument as before shows the remainder in (3.21) contributes a term smoothing
to high order. To summarize, we have:

Proposition 3.4. If K € OPVY and P € OPX[, the symbol of P being supported near

A, then
(3.23) opi (EX)(X, D) ~ X™TH2N " NTI2eE ()N X, D),
Jj=0
where
(324) 63:()‘73375) :pj:(>\_1/2117, )\_1/2€)ai(l’,€),
and generally
K(j)
(3.25) ST, 8) = Z P (A2 A28 ai (2, €),

with (3.22) holding. In a similar fashion we have

(3.26) ok p(EN)(X, D) ~ XN ATI2 5N X, D),
720

where

(3.27) fy = e

and fjjE (N, x, &) has an expression similar in form to (3.25).

Note that this analysis gives for the commutator [P, K]:

(3.28) o1px] (EN) (X, D) ~ XN " XTI (N, X, X) — f5(A, X, D)].
jz1

Inductively, from the representation (3.23)—(3.25), we obtain:
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Corollary 3.5. If K € OPVY*, P € OPX{" are as above, then

K(j)
(3.29) [P,K]~) > PyjAyj, Py € OPE™, Ay € OPTH,

i>1 k=1

It is worth noting that more precise statements can be made about PK when K €
OPUH°°  Of course, elements of OPWUH* > have special properties, one of which is the
following.

Proposition 3.6. If K € OPVE™, then, microlocally on the complement of any conic
neighborhood of A, K belongs to OPS™°.

Proof. In view of the analysis of K as a pseudodifferential operator given in Chapter I,
Proposition 1.1, this follows from the observation that, if k(7,y,n) € V5™, then k(7,y,n)
is rapidly decreasing outside any conic neighborhood of {y = n = 0} in R?**+1\ 0.

Now, if P € OPX™ is as above and K € OP¥"™, the formulas (3.18)—(3.22) hold, and
in addition we have

(3.30) a,fj(sc,é) € S(R*™).

We can expand p,fj ()\*1/2:1:, )\*1/25) is a power series, in powers of A\™1/2. Indeed,

(3.31) P& (AP, ARG = i %ﬂ/z Q' pii(,€,0,0) + AN G (N 3, 6),
=0

where

(3.32) Qp(z,&y,m) = (2,8) - Vymp(y,m),

and

(3.33) rkijN()\,x,&) is bounded in SV, for A > 1.

Since the factors akij (x,€) in (3.22) belong to S(R?*™) = S *° in this case, we have

(3.34) opr(E£N)(X, D) = A"/ 2e (X X, D),

with

(3.35) ex(\, X, D) ~ Y N72eH(X, D), ef(x,€) € SR™).
j=0

Note that

(3.36) e (2,€) = p+(0,0)a(0,0).

We have proven the following result.
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Proposition 3.7. If P € OPYX™ and K € OPU})™, then PK € OPW?™T1>°_ Moreover,
modulo a smoothing operator, PK = L, with

(3.37) oL (N (,8) ~ Y NI e (1, €),
Jj=0

with eji(x,f) € S(R*") and

(3.38) ey (,€) = pL o (£1)(x, ).

The factor pY. is equal to the principal symbol of P, evaluated at the point +dt lying in the
fiber of T*H" owver the origin. The product KP € OPW?™ 1 has q similar behavior.

Note that, in light of Proposition 3.6, we need not make the assumption that the symbol
of P is essentially supported near A. From Proposition 3.7 we obtain the following simple
corollary.

Corollary 3.8. If K € OPU*> then there exists A € OPYX*/? such that
(3.39) K = AKy, Ky€ OPU»>,

It follows that elements of OPWUH>° enjoy stronger continuity properties on Sobolev
spaces than general elements of OPU#, if u > 0.

We now consider a certain synthesis of the classical (right invariant) pseudodifferential
operator classes OPY* and the operator classes OPV*. We will first consider a class
of operators that are microlocally supported in a small conic neighborhood of the line
bundle A in T*H™ \ 0. In light of our calculations involving one-parameter families of
pseudodifferential operators on R”, the following class is quite natural.

Definition 3.9. We say a right invariant operator A belongs to OPQZn’k provided the
symbol by (N, x,&) = oa(£N)(x,&) satisfies the following two conditions:

(3.40) by (N, x, &) is smooth and supported on x|+ |¢&] < CAY2, X > ',
and
(3.41) N —m Dibi()\, -,-) is bounded in S¥, for A € RT.

Recall that the symbol class ST is defined by (2.16). Hence (3.41) is equivalent to
(3.42) IDADIDEbL(N, 2,€)] < Clap N7 (14 || + |€))F 111,
If Au = a * u, then, according to (1.16), we have
(3.43) a(x7,y,m) = by (1, 2772y, 771/ 2p).
Hence we see that the support condition in (3.40) is equivalent to:
(3.44) a(t,y,n) is supported on |y| + |n| < C|7|, |7| > C".

As for the content of (3.41), we have the following.
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Proposition 3.10. The hypothesis (3.41) is equivalent to the following estimate on a:

DD} Dyya(r,y,n)| < Capr™ I 7H2 (712 4 Jy| + )11~V

(3.45) m—j—(la 2 —1/2 —1/2_\k—lal-|B]
= Clap ™™™ (lal+181)/ (1+|r 12y| + | /77’) ‘

Proof. 1t is straightforward to differentiate the right side of (3.43) with respect to y and
1. We get

|D5D,‘;‘d(7,y,n)| — 7= (el+151)/2 |D5D°‘bi(7 iT_l/Qy 7_1/2n)|

3.46
( ) SCTm—(|aH—|ﬁ|)/2( +lr 1/2y|+| —1/2 ’)k—\al—IBI’

thereby verifying (3.45) in case j = 0. Since it is not so easy to apply D to the right
side of (3.43), we proceed more carefully. Let us say that by (\, z,&) belongs to Q(m, k) if
(3.40) and (3.41) hold. now applying one 7 derivative to (3.43) gives

D by(T, iT_l/zy,T_l/Qn) = Dyby(T, iT_l/zy,T_l/Qn)
(3.47) T Lr3/2y Db (7, 72y, 712
17'_3/277 Deby (T, :|:7'_1/2y,7'_1/2?’]).
Now, note that
ce(\,z,8) € Qm, k) = Dyce, N 'z Dycy, )\_1§D£ci € Q(m—1,k).
We deduce that, if by (A, z,&) € Q(m, k), then

Dby (T, :|:7'_1/2y,7'_1/2 Zcei T, 2Ty, T 1/277),

with coy (A, x, &) € Q(m — 1, k). It follows by induction that

DZ_bi(T, iT_l/ _1/2 Zcﬂi T, k77 y,T_1/277),

with
Cjﬁi(Aa z, g) S Q<m - j7 k)

In view of this, the estimate (3.46) shows that (3.45) follows from (3.41). The converse
result is proven by a similar argument.

The estimates (3.45) show that

(3.48) a(r.y.n) € 875", k= max(k,0),

and, outside any conic neighborhood of {y = n = 0}, a satisfies the estimates for mem-

bership in Sm+k/ Recalling the support condition (3.44), we deduce the following from

Proposition 1. 1 and (1.23) of Chapter I.
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Proposition 3.11. If A € OPQ?’k, then

(3.49) A€ OPS3hE k= max(k,0).

Furthermore, A belongs to OPSTSFWQ microlocally outside any conic neighborhood of the

line bundle A C T*H" \ 0, and, outside a certain conic neighborhood V of A, A is microlo-
cally in OPS™°.

The following result on the symbol calculus for OPQZn’k follows easily from the proper-
ties of OPST.

Proposition 3.12. If A € OPQZ”’/IC and B € OPQ;”I’H, then, modulo a smoothing oper-
ator, AB € OPQZHm,’kJFkl. Also A* € OPQZ)”’]“.

Proof. We have AB € OPSln/L;Tln//;(RJm/)/Z, and

(3.50) oa5(EN)(X, D) = 0.4 (N (X, D)op(£N) (X, D).

It is clear that oap(+\)(x, &) satisfies the condition (3.41), with m replaced by m + m’
and k replaced by k+k’. The support condition (3.40) is not quite verified, but since both
A and B are microlocally in OPS™°° outside V, by Proposition 3.11, so is their product,
so one can subtract a smoothing operator from AB to recover the support property (3.40).
The proof for A* is immediate.

In view of the material developed above, it is reasonable to introduce the following
classes of operators.

Definition 3.13. We say a right invariant operator A belongs to OPQ™* provided that
A coincides with an element of OPQ,T’k microlocally on some conic neighborhood of A and

A belongs to OlDASTLOJrk/2 outside any conic neighborhood of A.

A straightforward amalgamation of the symbol calculus (3.50) and the usual operator
calculus for OPSTY) handles adjoints and products of operators in OPQ™*. We should
point out that, in view of the characterization (3.45), OP)™* is contained in Boutet de
Monvel’s class

(3.51) OPS™Hk/2k (@ ).

See Boutet de Monvel [B7] for a development of these operator classes. In fact, OPQ™F*
coincides (modulo smoothing operators) with the set of right invariant operators in Boutet
de Monvel’s class. However, when the machinery of Chapter I is implemented to produce
OPQ™Fk (see Chapter IIT), this class will be a strict subclass of OPS™k/2:k(H" A), and
will have the advantage of possessing the symbol calculus we have developed.

Let us note the following inclusions of operator classes (which are all evident):

(3.52) OPI™ Cc OPQ™/ 2™,
(3.53) OPI™* c opm/2m=k | >,
(3.54) OPY™ C OPQ™*", = max(m,0).

The classes OPQ™* have associated hypoellipticity results, extending Theorem 2.17. We
will postpone discussing such results until Chapter III.
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4. Functional calculus for the Heisenberg Laplacian and for the harmonic
oscillator

In §2 we considered inverses of the operators

(4.1) Lo = Lo +iaT,
where
(4.2) Lo=) (Lj+ M)

is the “Heisenberg Laplacian.” We saw that £, is hypoelliptic, with inverse in OPW¥ 2
provided « avoids the set

(4.3) {..,—mn=2,—n—-1,—n}U{n,n+1,n+2,...}

Here we would like to understand the behavior of more general functions f(L,). There is
some overlap between the material of this section and the material presented in Chapter 1,
§7, of [T5], but here we will concentrate more on the technical aspects having to do with
the theory of pseudodifferential operators. Recall that

(4.4) or. (FN) (X, D) = —A(—A + |z|* + ).
It follows that

(45) 01(em(EN(X, D) = F(-A(A + |2 £ a)).
Thus we need to understand

(4.6) f(H), H=-A+|z?

for a general class of functions of the harmonic oscillator H = —A + |2
We begin by computing the Weyl symbol of the operator semigroup

(4.7) e = h(X, D).

Formula (4.8) below was given by Peetre [P1]; see also Unterberger [U1].
Proposition 4.1. We have

~

(4.8) hi(q,p) = C'n(sinh )y~ e—(lql2+|p|2)(00tht)/4
and

(4.9) he(z,€) = (cosh )™ e~ (12> +Igl*)tanht,
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Proof. As a first step, note that, by commutativity,

—tH —tH; .

e =e —tHn

. 6 N

where )

8
Thus he(x, &) = he(z1,&1) -+ he(zn, &), and ht(q,p) satisfies the analogous multiplicative
condition. Since the right sides of (4.8) and (4.9) are also multiplicative, it suffices to prove
the proposition for H = —d?/dx? + 22, acting on functions of one variable. Now the Weyl
symbol h(z, &) is related to the integral kernel of the operator e *#, defined by

(4.10) e My /Kt ,y)u(y) dy,
by
(4.11) Ki(z,y) = /ei(“r”_y)£ ht(%(ac + y),S) dg.

Consequently, the identity (4.9) (for n = 1) is equivalent to
(4.12) K (z,y) = (2r) "2 (sinh 2t)~1/2 exp{[—2(cosh 2t)(z* + y*) + zy| /sinh 2t },

which in turn is equivalent to Mehler’s generating function identity
(413) D b))t = m V2 (1=12) 712 exp{ [2ayt — (52 + 4212/ (1—12) } &= /20"/2
7=0

for hermite functions; see Lebedev [L4], pp. 61-63. This proves (4.9), and (4.8) follows by
taking the Fourier transform.

A different proof of Proposition 4.1, making use of the Weyl calculus, is given in Ap-
pendix A of this paper; see (A.18). Yet another proof, closer to that of Peetre, utilizing
the Bargmann-Fok representation of H", is given in Chapter 1 of [T5].

Now we can make an analytic continuation of (4.7)—(4.9) to Re ¢ > 0, and pass to the
limit as ¢ becomes purely imaginary. In that way we get formulas for the Weyl symbol of
e ¢t ¢ R. We have

(4.14) e = E,(X, D)
with
(4.15) Ey(z,€) = (cost) ™" e~iltan D {a*+1el)

at least when ¢ is different from a half-integral multiple of m. At such singular values of ¢,
Ey(x,€) achieves a limiting value in S’ (R?").

One simple consequence of (4.15) is the following analysis of a general class of operators
as pseudodifferential operators.
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Proposition 4.2. Let f()\) € S}, i.e., suppose IfON] < Ci(L+ M), If1)2 <
p <1, then

(4.16) f(H)=F(X,D) € OPS}", p =2p—1,

1.€.,
|DEDEF(,8)| < Cap(1+ |z] 4 [¢])>m ¢ UIH15D,

Furthermore,

(4.17) F(z,6) = f(lz)> + |€]?) + r(|=* + |€)%),
with

(4.18) r(zf? + |€]?) € Si;fﬂ—Q(Zp—l).

Proof. If f(A) € S74(R), we can write f = fi1 + fa where f1 € &(R) is supported on
lt| < 7/4 and fo € S(R), the Schwartz space of rapidly decreasing functions. Hence
f(H) = f1(H) + fo(H). Now

(4.19) fo(H)=H " fo,(H), farx(A) =N fa(N).
It follows that fo(H) is a smoothing operator, and

(4.20) IH* fo(H)|| < sup [A* f2(M)].

As for f1(H), we have

(1.21) fit) = [ et

and, using (4.15) with |t| < w/4, we have f1(H) = F1(X, D), with

(4.22) Fy(z,§) = 2_"/f1(arctan s)(1 4 2)/ 2t +IE) g g

Here the distribution fl(arctan s) is written formally. Thus

(4.23) Fi(z,8) = ¢(lz* + [€]*),
with
(4.24) o) = 2_”/f1(arctan $)(1 + s2)V/ 26t ds.

We see this is equal to the symbol (at s = 0) of a pseudodifferential operator obtained by
applying a change of variable to fi(Ds) € OPS],(R). Thus, if p > 1/2,

(4.25) p(\) — f(A) € Si Y,
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Our conclusions (4.37)—(4.38) follow immediately from this.

If p > 1/2, a complete asymptotic expansion can be given for ¢(A). Note in particular
that, if f(A\) has an asymptotic expansion

(4.26) FO)~ D i (N,

=0

with f,,—; homogeneous of degree m — j, then

(4.27) F(z,6) ~ fl2[> +16%) + D rom—25(x,€) € HP™.

j>1

It is well known that, if F'(z,&) € S? o(R™), and in particular if F(z,£) € S7, then F(X, D)
is continuous on LP(R™), for 1 < p < oco. See, e.g., Nagase [N2] or Stein [S8]. As a
consequence we deduce that, if f(\) € S?#, then f(H) : LP(R™) — LP(R"™), for 1 < p <
oo. This result was proven by Mauceri [M2] by different means, involving setting up a
Littlewood-Paley theory based on the semigroup e *.

Proposition 4.2 is a special case of a result proven by Helffer and Robert [H4|, by
different means. The method of proof here, via

(4.28) f(H) = / F(ye dt,

is a modification of the method used by the author to derive a functional calculus for first
order elliptic self-adjoint pseudodifferential operators; see Chapter 12 of [T2], and also
[T3]. Compare also some of the arguments in Appendix B of this paper.

One class of operators that Proposition 4.2 helps us analyze is the class of fractional
powers of —Ljy. Note that, for a € R,

(4.29) O(— o) (FAN)(X, D) = X*H".

Now Proposition 4.2, together with (4.27), gives

(4.30) H® ¢ OPH}*,

if we let f(A) be an even element of ST, equal to [A|* for A > 1/2 and smoothed out for

|A| < 1/2. Since |A] < 1/2 does not intersect the spectrum of H, we have H* = f(H).
Now, we claim

(4.31) H® = Po(X, D), Pa(x,8) ~ Y pa(lz] +1¢[),
>0

where ¢, 0(A) = A* and ¢, ;(A) is homogeneous of degree aw —2j in A; in other words, the
odd terms in (4.26) are absent.
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To prove (4.31) we may as well suppose o < 0, since (4.31) could then be deduced for
general a by multiplication by integral powers of H. In that case, we have H® = F (X, D)
mod OPS; >, with F; (X, D) given by (4.22) and
(4.32) f1(arctan s) = t(s)|arctan s|*=* = ¢ (s)|s|* 7% g(s?),
where ¢ € C§°(—7/4,7/4), ¥(s) = 1 for |s| < 7/8, say, and g is analytic. Since the factors
(1+s%)"/2 and g(s?) are both analytic in s?, for |s| < /4, the result (4.31) follows. This
gives
(4.33) 0oy (£1)(X, D) = H* € OPH?,
and hence Proposition 2.2 applies, to give the following result:

Proposition 4.3. We have
(4.34) (—Lo)* € OPY2™,

For more complicated functions of L, Proposition 4.2 is not such an incisive tool, since
it is not so effective in studying f(AH) for a large parameter A, unless A factors out, as it
does in (4.29). However, using the identities given in Proposition 4.1, we can analyze the
solution operator

(4.35) esko

to the “Heisenberg group heat equation”

(4.36) % = Lou.

In fact, we have

(4.37) "0 (t,q,p) = ks(t,q,p)
with

]235(:{:7', Y, 77) = O, (:l:T)(:i:Til/Qy’ 7_71/277)
= hsT(i7_1/2y, 7_—1/27]),
where h¢(z,€) is given by (4.9). Hence, if

(4.38)

oo

(4.39) (Fiks)(A, 4, p) =/ e " k(t, q,p) dt,

— 00

we have, by (4.8),
(Fiks)(7.q.p) = cu" (sinh s7) " exp[—(7 coth s7)(Ja|* + |p|*) /4],

SO
ks(t, q,p) =cns‘”‘1/ e”(t/s)< — )nexp[—(fcothf)(IQIQ+Ip|2)/48] dr
oo sinh 7

(4.40) P

— 77171]{: A T

S 1<87 \/57 \/§>7
where
_ T R L 2 2

(4.41) kl(t,q,p)—cn/_ooe (=) expl=(rcothr)(lql* + pf?) /4] dr.

Let us state this formally.
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Proposition 4.4. For s > 0, we have

(4.42) e*£080(t, q,p) = ks(t,q,p),
with

e t q p
4.43 kso(t,q,p) =5 "ty (-, —=, =),
(4.43) (t,q,p) = s 1<S\/§\/§>

and k1 € S(H™) given by (4.41).

This result was obtained by Gaveau [G1] by a different method, utilizing a diffusion
process construction. It was also obtained, from a representation theory point of view, by
Hulanicki [H14] and in the Ph.D. thesis of Geller [G4]. From (4.40)—(4.43) it is a simple
matter to calculate the kernel

_ Ce(—L)/2
(4.44) (—Lo) M2 (£ 50(t, q,p) = Ps(t, q,p),

using the subordination identity
o0
(445) y_le_my = 71'1/2/ e_x2/4'U€_'Uy2,U—1/2 d/U,
0

valid for x,y > 0. We obtain

oo

(4.46) Pi(t,q,p) = cﬁl/ ( T >n[%32 + (rcoth 7)(|q|* + |p|*) — itT)

oo \Sinh T

—n—1/2

dr.

We have developed certain aspects of the functional calculus for Ly. It is useful to treat
more general operators, of the form

(4.47) P =Y ajX;Xy +ial = Py +iaT,

with (a;i) real and positive definite, whose hypoellipticity was discussed in (2.68)-(2.72),
as a consequence of Proposition 2.14. To construct the heat kernel, we can proceed as in
(4.37)—(4.41), provided we know the Weyl symbol A% (z, ) of

(4.48) etRND) — @ (X, D).

Here Q(x,&) =Y ajrX;jXk, as in (2.72). Now, if Q(z, ) takes the form

(4.49) Qz,&) = (e + &), >0,

which is equivalent to having

(4.50) Py=7) (L3 + M),



70

then the proof of Proposition 4.1 gives

n n

(4.51) he (xz,€) = H(coshtu] exp( Z T} +§ tanhtw)).
7j=1

j=1

Consequently, for Py of the form (3.50), we have

(4.52) 65P05O<t;Q7p) = k?(ta%p)v
with

o t q
4,53 KOt g p) =5 (5L, )
( ) S ( 7q7p) S 1 57 \/57 I

where k2 € S(R2"*1) is given by

¥
\/E
(4.54) k2(t,q,p) = cn /_OO itT f[(sﬂlh o ) exp(— i(T coth ,ujT)(qu +p§)>d7.

j=1

Now, given any Py of the form Y a;,X; Xy, we can pick a symplectic basis of R?"
diagonalizing the quadratic form Q(x,&) = > a;rx;Xx%- The resulting automorphism of
H™ puts Py in the form (4.49), so the formula (4.54) for the heat kernel is valid generally,
upon applying an automorphism to H". If a;x(y) depends smoothly on a parameter y,
automorphisms of H™ putting Py(y) into diagonal form may not be chosen to depend
smoothly on y, so it is desirable to express the kernel (4.54) in an invariant form. We
do this using the Hamilton map F( associated with the quadratic form @, as defined in
(2.48), i.e

(4.55) Q(u,v) = o(u, Fou),

where Q(u,v) is the symmetric bilinear form such that Q(u,u) = Q(u). The eigenvalues
of F are of the form +ip;, where p; are as in (4.49), so

(4.56) det sinh (7/i)Fg = <H sinh p;7 ) ,
and hence

= T _ : . —1/2
4. (— =(—172" h F, .
(4.57) H sinhun') (=77 det sinh (7/4)Fy)

j=1 J
Now let

(4.58) Ag = (—F§)'?,
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the unique square root of —Fé with positive spectrum. Then, with

(4.59) (¢,p) = 2,

we can write

n

(4.60) —T Z(coth 1T +p7) = —TQ(AEQI cothT7Agz, z).
j=1

Consequently we can write the heat kernel (4.54) invariantly as

(4.61) kS (t, 2) = cn/ e ®g(r,2)dr,
with
(4.62) Dq(r,2) = (—7*"det sinh (7/i)Fg) _1/Qexp[—rQ(Aél cothTAgz2, 2)].

Note that, if P, = Py + iaT’, then

esp‘léo(t, q,p) = espoéo(t +isa, q,p)
4.63
( ) :s_"_llf?(E + i, 4 ,—p ),
NERVE

where k2 (t +ia, ¢, p) is defined from (4.61) by analytic continuation as long as

1
(4.64) |Rea| <) pj = 5 Trdo.
j=1
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5. Remarks on the Heisenberg wave equation

Here we derive some results on solutions to the Heisenberg group wave equation

0%u

(5.1) o

—,C()U =0.

We can analyze this by analytically continuing (4.46). First, with z = g+ ip € C", we can
rewrite (4.46) as

(5.2) Put,2) = e / ()" [ + gan()] ",

sin T
¢

where the path ~ is the imaginary axis, from —ioco to +ioco, and
(5.3) ga,B(¢) = B( cot (+ AC, A=4t, B=4|z]*

We can analytically continue Ps(t,z) to Re s > 0, and pass to purely imaginary s,
by deforming the contour ~. If v is deformed to +' in such a way that its image under
ga,p hugs part of the positive real axis, then singularities of the deformed path 4’ (where
ga g = 0) will correspond to singularities in the solution operator

(5.4) (—Lo) /25— L0)"?

to (5.1) (with appropriate initial data). We refer to Chapter 1, §8 of [T5] for details on
this, but record the result here. Such a result was first obtained by Nachman [N1], by a
different method.

Proposition 5.1. The fundamental solution of the wave equation
(5.5) (—Lo)~Y2eis(=£) 501, 2)

has singularities only where, for some j

(5.6) s? = gA,B(a:j(A,B)),

where ga B () is given by (5.53) and the points x;(A, B) are the real zeros of gy p(7).

Such a result is also a special case of results on propagation of singularities proven by
Melrose [M6] and Lascar [L1] for §%/9s* — P when P has symplectic characteristics of
codimension 2 (including (5.5) on the three-dimensional Heisenberg group) and Lascar
and Lascar [L2] in greater generality. These results imply the group ei5(=£0)""* moves the
wave front set of a distribution by the unique continuous (not smooth) extension of the
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Hamilton flow defined by the symbol of (—£()/? on the complement of the characteristic
set. In particular, if P is any pseudodifferential operator on H", the conjugate

(5.7) e is(=L£0)'? peis(=Lo)'* — pys)

must preserve wave front sets; WF'(P(s)u) C W F(u) for any v € £'(H™). It is consequently
of interest to analyze the conjugated operator as some sort of pseudodifferential operator,
thus generalizing Egorov’s theorem, which would describe such a conjugated operator if
Ly were elliptic. We will look at some examples here where P is a convolution operator on
H™. We will see that such conjugated operators are outside the classes of pseudodifferential
operators we have defined so far, and further classes of operators will arise.

To start with what seems to be the simplest example, suppose P € OPV;"™ | so

(5.8) op(£N)(X,D) = \"Ay, Ay € OPS™.
It follows that P(s), given by (5.7), satisfies
(59) Up(s)(zl:)\)(X, D) — )\me—is)\l/QHl/QAieis)\l/QHl/Q _ )\mB:t(S,)\).

Note that, for any integer k, the operator norm of H*B. (s, \)H* on L?(R") is bounded
independently of A, so, for 0 < A\ < 0o, By (s, \) is bounded in OPS; > (as s runs over a
bounded interval). If we take A-derivatives, we see that

(5.10) DIBy(s,\) = N/ 2e N PH P [(_aq HY/2)i (Ay))et N THY L

where the finite number of lower order terms in (5.10) all involve lower order powers of A.
Hence, for general Ay, M/2eisA'/?H'/? D} By (s, \) e~ A PHY? tonds to a nonzero limit as
A — 00, so the best that can be said is:

(5.11) \/2 DiBi(s, A) is bounded in OPS; >, for 1 < A < oc.

Note that cutting off (5.9) on some bounded A-interval alters P(s) by a smoothing operator
in this case, so we need only worry about |[A| > 1. Note that (5.11) is weaker than the
hypothesis (3.41), in case k = —o0, so P(s) does not belong to OPQ™ >,

This example suggests the following class of operators. We say the right invariant
operator A belongs to OPQ"™ % provided by (X, ,€) = oa(£)(x, €) satisfies the conditions

1/2b
(5.12) ba(\ x, &) is smooth and supported on |z| + |¢] < CAY2, A >,
and
(5.13) N/2=mDIp (N, -,-) is bounded in S¥, for A € RY.

Note the parallel with the conditions (3.40)~(3.41), defining OP$Q;". The analysis proving
Proposition 3.10 shows that, for Au = a % u, the hypothesis (5.13) implies

(5.14) [DIDEDEa(r,y,n)| < Cjapr™ /2= alHBD/2 (1 4 |7=1/2y| 4 |p=1/2y) -l =181,
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Thus we see that

(5.15) OPQ" c OPQTIN C OPSTY2 k= max(k, 0).

Also, in view of (5.14), it is reasonable to say a right invariant operator A belongs to

OPQT/’Qk if it can be written as a sum of an element of OPQT)’ka and an element of

OPSy""/?. 1t follows that

(5.16) OPQ™F c OPQYIY C OPSIY2, k= max(k, 0).

We should remark that OPQT/’; is not contained in Boutet de Monvel’s class of operators

OPS™tF/2E(H" A). If we let

m,—oo m,k
OPQl/Z = mk>—OOOPQ]_/2 )

then what we have seen is that

(5.17) P € OPU™> = P(s) € OPQ), ™,

where P(s) is given by (3.71). More generally, one sees without much trouble that

(5.18) P € OPQ}), ™ = P(s) € OPQY), ™.

The assertions (5.17) and (5.18) follow directly from (5.10) and its natural generalization
with A4 replaced by Ay (), in view of the fact that

(5.19) E € OPS;™ = ¢~ H'? peisH'” g hounded in OPS;™, s € RT.

That this is true follows from the fact that a complete set of seminorms defining the
topology of OPS; ™ is given by the sequence of L?-operator norms

(5.20) Py(E) = |H*EH"|, k=0,1,2,...,

each of which is invariant under conjugation by e?*H 2,
For finite k, it does not seem that P € OPQT/’; implies P(s) € OPQ?}’: . To see what

sort of operator P(s) is, we need to understand
(5.21) E(t) = eitHl/QEoe_itHl/Q, t=sAY2,

given Ey € OPSF. We need to have an analysis as |t| — oo as well as for finite t. A good
analysis for |¢| bounded is provided as follows. Set

(5.22) Ey(t) = Ey,
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and, for j > 1, let E;(t) be defined by

(5.23) % _AHY2 B, (1)), E;(0) = 0.

Then, by induction, wee see that

. i 4 A
(5.24) E;(t)=E#, E;= %(ad H'/?)iEy € OPSF.
If we write
N .
(5.25) E(t)=Y_ Ejt/ + Ry(t) = Fx(t) + Ry (1),
j=0

we see that

dFn

(5.26) -

= i[HY? Fy(t)] — itN[H'Y?, Ey],

from which it follows, by Duhamel’s principle, that

Z‘N—l—l

t
(527) RN(t) — i / e7;SH1/2[(ad}II/Q)]\f—i—l . Eo]e—iSHl/Z (t . S)N ds.
: 0

Let us introduce the following notions. Set

(5.28) D, = H*/*(L*(R")),

and say

(5.29) TeO(m)<T:Ds—Ds, VseR.
Note that

(5.30) OPST* C O(m),

so we have E; € O(k — j) if Eg € OPSY, and, for each N,
(5.31) (1+|t)" " 'Ry(t) is bounded in O(k — N), VteR.

This is not a very incisive result, due to the blow-up of Ry (t) as [t| — oo.
We can do a little better by using a geometrical optics approach. Note that, if e(¢, z, £)
is the full symbol of E(t), it satisfies

Oe 2i
5 ~ Hee t >, —lg.els;
j>3,0dd

(5.32)
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where {g, e}; is given by (2.20) and g is the symbol of H'/2:
(5.33) g(X,D)=HY?

We have g € H}; in fact, by (4.31),

(534) g($,f)~gl($,f)+gg(l‘,£)+ ’

with g14;(z,§) homogeneous of degree 1 — 45 and

(5.35) g1(z,8) = (Jaf* + €)%,

We produce

(5.36) e(t,xz,&) ~ Zej(t,m,f),
j=0

with eg(t, z, §) satisfying
860

(5.37) B = Hg eo, €e(0,2,8) = Ey(z,§),
SO
(538) eﬂ(ta $7€) = EO (X(t)(x7§))7
where
(5.39) (t) = exptH,, = ex izi.

. X - p g1 — p 91 80] )
here

0 1

generates a group
0

of rotations on R?", and

(5.42) eo(t,z,§) = Eo (p(t/gl)(x,ﬁ))-
Note that eq(t, x, ) satisfies estimates of the form
(5.43) [DEDEeo(t, 2,€)| < Cap(1+ [a] + [l 17171 (1

Ll
g1

) |a]+]3]
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Then

(5.44) %(f, X, D) —i[H'Y? eo(t, X, D)] = Ai(t, X, D),

where A;(t,z, &) satisfies estimates of the form

5 lal— | 3+lal+18l

One can hence solve for ey (t,x, ) the equation

0
(546) % - Hglel = _Al(t7x7€)7 61(07$,§) =0,

and continue in this fashion, to get a more accurate approximation to e(t, X, D) = E(t).
Such an approach still does not give an incisive analysis of (5.7) for P € OP‘I’S”’k, with &
finite, but it does allow one to analyze (5.7) in case P € OPX™ has symbol vanishing on
a conic neighborhood of A. In that case we are reduced to understanding (5.21) when the
symbol of Ej is supported on

(5.47) MTINY2 < (|2 + 1€%)1? < MAV2,

and, as the right sides of (5.43) and (5.45) indicate, the growth in ¢ does not present a
problem in this case. Since the symbol of P is supported where Ly is elliptic, in this case,
this analysis merely reproduces standard results of geometrical optics, so we will not dwell
on it.

The correct class of (not necessarily right invariant) pseudodifferential operators, in-

is(=Lo)'/?

variant under conjugation by such unitary operators as e , and the corresponding

extension of Egorov’s theorem, remain to be achieved.
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6. A hypoellipticity result of Rothschild

As we saw in §2, if Ky € OPY{" has the property that the operators o, (X, D) are
elliptic but not both injective, Ky will not be hypoelliptic, but it is possible for Ko+ K7 to
be hypoeliptic, for some K; € OP¥~1. In [R4], Rothschild proved the following surprising
result, giving a complete analysis for such operators that are differential operators.

Proposition 6.1. Let K be a right invariant differential operator on H™. Suppose K =
Ko + K1 with Ko € OPYT', K1 € OPY™ ! and ok, (£1)(X, D) elliptic. Suppose fur-
thermore that, for some M,

(6.1) ok (EN)(X, D) is injective, whenever X > M.

Then K 1is hypoelliptic.

This section will be devoted to a proof of the following natural generalization of Propo-
sition 4.1.

Proposition 6.2. Suppose K € OPVY™ is a pseudodifferential operator given by a finite
sum

(6.2) K=Ky+K +--+K, K;cOPU7.

Suppose o, (£1)(X, D) elliptic, and suppose (6.1) holds. Then K is hypoelliptic.

The proof of Proposition 6.2 will be along the same lines as Rothschild’s proof, with
some simplifications, due to the use of the machinery developed in §2.

Of course, the hypoellipticity of K fails to follow from Theorem 2.17 only in the case
when at least one of the operators ok, (£+1)(X, D) has a nontrivial kernel. Let 71 denote
the orthogonal projections of L?(R™) onto these kernels. (One of these operators might be
zero, but not both.)

We make some preliminary simplifications. First, we can assume K is self-adjoint, since
the hypoellipticity of K*K implies the hypoellipticity of K, and hypothesis (6.1) for K
implies the same sort of hypothesis for K*K. Thus each K; in (6.2) is self-adjoint, and

ok, (£A)(X, D) is formally self-adjoint. Now, if we define Ko € OP¥{" by

(6.3) (£A)(X, D) = ok, (£A)(X, D) + A\™/ %7,

%,
then K, o has an inverse éo € OPY;™, and we obtain a new operator

E=GoK = GoKo + -+ GoK,,

(6.4) ;
—Ey+Ei+---+E, € OPY°,

with F; € OPY I, To prove hypoellipticity of K, it will suffice to construct a parametrix
for E. Note that

(6.5) op,(£1)(X,D) =1 — 7.
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By the observation above, to construct a parametrix for F, it suffices to do so for E*F, so
we can assume without loss of generality that

(6.6) E € OPY° is self-adjoint, with expansion (6.4),
and the operator we have still satisfies (6.5), and, in addition:
(6.7) og(+A)(X, D) is invertible, for A > M.

Consequently, we are reduced to constructing a parametrix for £, under assumptions (6.5)—
(6.7). Note that w1 are projections onto finite dimensional subspaces of S(R™) and hence
are operators in OPS; °; this follows from general results on the kernel of an elliptic
operator in OPHY) C OPSY; see Grusin [G12] or Beals [B4].

Note that, if

(6.8) og,(+1)(X,D) = AT € OPH ™/ C OPS;”,
then
“ .
(6.9) op(EN)(X,D) =T -7y + > AN 7/247.
j=1

The operators Ajt in (6.9) are all compact and self-adjoint. Now, if we set
(6.10) e=\"Y2 el < MTY2
then, according to (6.9), og(+\)(X, D) is equal to

I
(6.11) Pi(e)=I-me+ Y AFel =1—ms+A%(e),
j=1

an analytic function (in fact, a polynomial) in e, taking values in OPH°. Our hypothesis
(6.7) states that the operators Py (g) are invertible on L?(R™), for sufficiently small . We
wish to study these inverses.

Clearly A*(¢) has small operator norm if |e| is small, so the spectrum of Py(e) is
concentrated near the points 0 and 1, say within a distance 1/4. Let -y denote the circle
of radius 1/2 centered about 0, and set

(6.12) Fale) = 5 [ (€ Pale) e
and
(613) Qu(e) =1 - Fule) = 5 [ (= Pule) e

where + denotes the circle of radius 1/2 centered about 1. The operators 74 (¢) are analytic
in ¢, taking values in £(L?(R™)), and are all projections. Note that 74 () — 74 in operator
norm as € — 0, so all are projections onto finite dimensional spaces, of dimension equal to
the range of w4, for € small. Let us write

(6.14) T+(e) = Z /<L;I:€j, KE =Ty,
j=0

SO n;-t are bounded operators on L2(R™).
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Lemma 6.3. We have
K, € OPS™.

Proof. The operators Q4 (g) are analytic in ¢ with values in OPH?, all with principal
symbol equal to 1, so in fact 74 (¢) are analytic in ¢ with values in OPS; 1 and hence

7~Ti(€) = %j;(&)N

is analytic in € with values in OPS; N for each N € Z*, which yields the desired result.

Suppose that W4 (¢) inverts Py (e) on the range of 74 (¢), and
(6.15) Wi(e) = me(e)Wi(e) = Wi(e)ms(e).
This uniquely characterizes W (). Then
(6.16) (I+Wx(e)Pele) =T+ (Fe(e) — ) + AX(e) = T + A%(e),

where A%(g) is an analytic function of e, with values in OPS; . In fact,
(6.17) A*(e) =) A¥el, AfeoPH,
j=1

by (6.8) and Lemma 6.3. Consequently, if we define an operator W by
(6.18) ow(EN) (X, D) = ¢Y(e)Wi(e), e=A"12

where () is smooth, with small support, and equal to 1 for € very small, we have

(6.19) (I+W)E =1+ A,
with
(6.20) oA(FN)(X, D) = A*(e), e=A"Y2 small,

and hence, in light of (6.17),
(6.21) Aecopruv

The following information on W will be central for our parametrix construction.
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Lemma 6.4. We have

(6.22) W € OPT">,

for some k € ZT.

Proof. To prove (6.22), it suffices to show that for some x

(6.23) "Wy (e) is analytic in €, with values in OPS] ™.

We transform the analysis of W4 (¢) to a finite dimensional problem. Consider the opera-
tors

(6.24) Ur(e) =meme(e) + (I — ) — 71 ().
It is easy to see that
(6.25) Ui(e): R(%i(s)) — R(my),

where R(T) denotes the range of the operator T'. Also,
(6.26) ker Uy () = ker T4 () N R(ms) ® R(7+(e)) Nkermy = ker Uy ()"

Furthermore,

(6.27) Ur(e) =1+ T +2ny)ps(e) =1+ Ki(e),
where

(6.28) px(e) = Te(e) — ma,

and it is easy to verify from (6.26) that ker Uy (¢) = ker Uy (¢)* is spanned by the +1 and
—1 eigenspaces of K (g). However, ||Ki(e)| is small if ¢ is, so consequently Uy (g) is
invertible for small €, and hence the map (6.25) is bijective. It follows that

(6.29) Wi(e) =Us(e) ' X1(e)Ux(e),
where X (¢) is the inverse, on the range of w4, of
(6.30) Yi(e) = Us(e)Pe(e)Us(e) ™.

Note that Uy (g) and Ux(e)~! are analytic functions of ¢ with values in OPSY.

Now, on the range of m, Yi(e) is an analytic family of Ly x Ly matrices, where Ly
is the dimension of the range of 1. Since Py (¢) is a polynomial in ¢, and since Uy (¢) is
invertible, uniformly as € — 0, it follows that these matrices have determinants that are
analytic functions of ¢, and, being not identically zero, they vanish to finite order, say to
order x, at ¢ = 0. Thus Cramer’s rule applied to the construction of their inverses yields
meromorphic matrix valued functions with poles of order at most x at € = 0. This proves
the assertion (6.23) and establishes the lemma.

Now I + A, arising in (6.19), has a parametrix I + B, B € OPV~!, and hence
(6.31) (I+B)(I+W)E =1,

modulo a smoothing operator. Since (I+8)(I+W) € OPW¥*, this proves the hypoellipticity
of E. In fact, we obtain the following more precise version of Proposition 6.2.
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Proposition 6.5. If K € OPY™ satisfies the conditions of Proposition 6.2, then K 1is
hypoelliptic, with a parametriz of the form

(632) Ll + L27
where
(6.33) L1 € OPU™™, [L[?c QPU oo,

Finally we show that the condition (6.1) is necessary for hypoellipticity, granted the
other hypotheses of Proposition 6.2. Indeed, passing from K to E € OPU° as before,
we can still obtain the L1 x Ly matrix valued analytic function X4 (¢), given by (6.29),
making a slight change in the argument in Lemma 6.4 if F is not assumed to be self-adjoint.
(The self-adjointness was used in a minimal way, in (6.26), and can be avoided.) Now, if
the hypothesis (6.1) does not hold, then either X, (¢) or X_(¢) must have determinant
identically zero (for small ). Now we have the following result.

Lemma 6.6. Assume X () is an analytic L X L matriz valued function, near € = 0, with
determinant identically zero. Then there is an analytic function u(e) with values in C*
such that u(0) # 0 and X (¢)u(e) = 0.

Proof. Replacing X (¢) by X (£)* X (g), we can suppose that X (¢) itself is self adjoint. Then
the result follows from Theorem 1.10, p. 71, of Kato [K1].

So if X (¢) (say) has determinant identically zero, for |¢| small, define V() to be the
orthogonal projection onto such u(g), thought of as an analytic function of ¢ with values

in R(r,) € S(R™) € L2(R™), and let Vi (e) = Uy () 'V, (e)Uy(¢), an analytic function
of € with values in 8] *°. Then define Sy € OPW¥%>:

(6.34) 05,(\)(X, D) = p (N Vi (]A|7?),

where ¥(A) =1 for A > 2M, (X)) = 0 for A < M, M picked sufficiently large. Then we
see that Sy is not a smoothing operator, but clearly

(6.35) KSy=0, mod OPS™".

This establishes the following converse to Proposition 6.2.

Proposition 6.7. If K € OPVU™ is of the form (6.2) with ok, (£1)(X, D) elliptic, then
the hypothesis (6.1) is necessary as well as sufficient for hypoellipticity of K.
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Chapter III. Pseudodifferential operators on contact manifolds

A contact structure on a manifold M, of dimension 2n+1, is given by a line bundle A in
T*M that is symplectic in 7*M \ 0, i.e., the symplectic form on 7% M \ 0 is nondegenerate
acting on tangent vectors to A. An alternative characterization is the following: for a local
nonvanishing section a of A, we demand that aAdaA---Ada # 0, where there are n factors
of da. Darboux’ theorem implies that any two contact manifolds of the same dimension
are locally diffeomorphic via a map preserving these contact structures, i.e., preserving «
up to a scalar factor.

The Heisenberg group H" forms a convenient local model for a contact manifold of
dimension 2n + 1, as was emphasized by Dynin [D2], following Folland and Stein [F4], who
used H" as an “infinitesimal” model for constructing kernels on certain CR-manifolds, such
as the boundary of a strictly pseudoconvex domain in C"*'. The contact structure we
put on H" is the line bundle, invariant by right translations, whose fiber over the identity
in H" is spanned by dt, in the coordinates on H™ used in Chapter II. This is also the
characteristic set of the “Heisenberg Laplacian” Ly, discussed in that chapter.

In the definition of a contact manifold M, associated with the line bundle A there is the
orthogonal bundle B C T'M, of fiber dimension 2n. A CR-manifold (of maximal complex
dimension) with nondegenerate Levi form, is a contact manifold with a family of complex
structures on the fibers of B, which satisfy a certain integrability condition. For example,
if M is a hypersurface in C"*!, B, consists of the vectors v € C"*!, tangent to M at z,
such that 7v is also tangent to M. In this case T, M is naturally identified as an R-linear
subspace of C". The nondegeneracy condition a A da--- A da # 0 is equivalent to the
nondegeneracy of the Levi form. On such a CR-manifold is a sequence of Kohn Laplacians
[y, some of which are hypoelliptic with loss of one derivative, in the strictly pseudoconvex
case. The analysis of such operators via analysis on H" provides a nice tool for constructing
parametrices of [, in such cases. Such parametrices lie in classes of operators determined
by the contact structure on M. As concerns the ease of constructing such parametrices,
we are fortunate that they lie in classes of operators rather insensitive to the finer CR-
structure, since two CR-manifolds need not be locally isomorphic, and classifying these
structures may be hopeless. (On the infinitesimal level, one does have the Moser normal
form.)

In §1 we develop several classes of pseudodifferential operators on contact manifolds. We
use the Heisenberg group as a model. Operator classes studied include OP(Ime, OP\T/m’k,
of pure Heisenberg type, the classical operators OPY™ = OPS™, and amalgamations,
OPQ™* and OPﬁZ’(;” . We establish invariance of these operator classes under contact
diffeomorphisms, to conclude that they are naturally defined on contact manifolds. Section
2 gives some technical results on the expansion of the symbol of a product.

Section 3 constructs parametrices for a natural class of subelliptic operators on contact
manifolds, with double characteristics on the contact line bundle A. Second order subel-
liptic differential operators, such as the Kohn Laplacian [J,, have parametrices in OPY—2.
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More general operators P € OPS™, doubly characteristic on A, are seen to be hypoel-
liptic, under a certain condition on the subprincpal symbol. We obtain parametrices in
OPQ~—m+1.-2 Ty 64 we look at 1, the Neumann operator for the 9-Neumann problem:;
here O € OPSY (M) with M = 00O, where O C C" is a strongly pseudoconvex domain,
and OV is doubly characteristic on one componentA™ of A\ 0. We show that (0" has a
parametrix E € OPS%;?&J, which is a more precise result than E € OPQ%~2. In fact, we

obtain an even more precise analysis of E, as a sum of three terms, in OPY%1 OpU—1,
and OPﬁg’ygl.

In §5 we construct a parametrix for the heat semigroup e*’, when P is a negative, self-
adjoint second order subelliptic operator on a contact manifold M, doubly characteristic
on A and with an appropriate restriction on its subprincipal symbol; the case of the Kohn
Laplacian on the boundary of a strongly pseudoconvex domain is included. We obtain an
asymptotic expansion for the trace of e!*’, which yields eigenvalue asymptotics.

In §6 we study the Szegd projector S, the orthogonal projection of L?(00) onto the
space of boundary values of holomorphic functions on O, a strongly pseudoconvex domain
in C". We show that S € OP¥%> and examine its symbol. We draw conections with
other studies of S, particularly of Boutet de Monvel and Sj6strand [B12].
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1. Operator classes on contact manifolds

Since we are interested in a local analysis of pseudodifferential operators on a contact
manifold M, we can implement Darboux’ theorem and suppose M = H", with the contact
structure given by the right invariant line bundle A = char £, discussed in Chapter II.
Thus our operator classes will be obtained from the classes of convolution operators devel-
oped in Chapter II, via the machinery fashioned in Chapter I. Recall that we developed in
Chapter II the classes OP¥™, OPY™, and OPQ™*. Thus the theory of Chapter I gives
us the following operator classes:

(1.1) OPU™, OPU™F OPY™ OPQ™*.

We also make a further study of the classes OP?)ZL”(;“ , introduced in Chapter I, §2, now
specialized to G = H"™. Of these, the class OPY™ has a transparent behavior. Indeed, the
proof of Proposition 1.4 of Chapter I gives immediately:

Proposition 1.1. Locally, and modulo smoothing operators, we have
(1.2) OPT™ = OPS™.

The other classes require further study. Of course, in light of (2.4) of Chapter II and
the discussion following it, we have

(1.3) OPU™ C OPS}), /5, ifm >0, OPST)} , ifm <0,
as a corollary to Proposition 1.1 of Chapter I. Similarly, (2.18) of Chapter II implies
(1.4) OPQ™F OPS?};T;;, k = max(k,0).

Now, the whole point of our analysis is not to make such use of the rather weak results
(1.3) and (1.4), but to develop symbolic operator calculi for OP¥™ and OPQ™F. In order
to do this, we need to verify the hypotheses that figured in Propositions 1.2, 1.3, and 1.5
of Chapter I; these hypotheses are given in (1.25), (1.26), (1.27), (1.42), (1.43), and (1.46)
of Chapter I. We recall them here:

((1.25)) xXmc Sy, forsome pe(0,1], m >0,

) xmc Sy if m <0, for some o € (0,1],

) A€ OPX™, Bec OPX" = AB € OPX™"H,

) p(§) € X = Dgp(§) € xm=7lel for some T € (0,1],

1.43)) K;ex™ W —=3KeX", K~Ky+ K1+,

((1.46)) p(§) € X™ = p(§) € X™.

In the cases of W™, U™k and Q"% all these results are either immediate from the
definitions or taken care of explicitly in Chapter II, §2, except for ((1.42)), which we take
care of now.
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Proposition 1.2. If k(t,y,n) € Ui, then

] 7 m—2j— —
(1.5) DiD) DY k(r,y,m) € Uy~ al=lr2l

Proof. This is an immediate consequence of differentiating the identity
(A 72y, 7 2n) = 772 k(N, y,m),
which defines membership in W{’.
Proposition 1.3. If k € Q"™F, then
; > m—j— (71 |+ |72 ]) /2, k|1 |-
(1.6) DIDY D) k(r,y,m) € Q™7 (Ival+v2l) /2 k=7l =l2] |

Proof. This follows immediately from the characterization (3.45) of Q™ * given in Chapter
II.

If K(w) is a smooth function of w = (t,q,p) € H™ with values in one of these classes,
we denote the symbol of

(1.7) Ru(w) = K(w)u(w)
by
(1.8) og(w, £N) (X, D) = 7L\ (K(w)).

Using Proposition 1.2 and the machinery of Chapters I and II, we deduce the following;:

Proposition 1.4. If A € OPY™, B € OPUH, then AB € OPU™ 1, [f C € OPUm+r
is defined by

(1.9) oc(w, £A)(X, D) = o 4(w, +A)(X, D)og(w, £))(X, D),
then
(1.10) AB —C € Opym™tr—1,

To apply Proposition 1.3, note that

(1.11) Quv/2k—v — Quk A ghv/2+RW)

1/2,1/2 ,  K(v) = max(k —v,0),

and that a formal series

(1.12) > P, P,cOPQrr/2kEY
v>0

asymptotically sums to an element of OPQ**. Also
(1.13) Qr-l/2k k=t

Hence we have:
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Proposition 1.5. If A € OPﬁm’k, B e OPQ“’E, then
(1.14) AB € Qmtmkt,
Furthermore, if C' is defined by (1.9), then
(1.15) AB — C € OpQmtH-1/2k+t=1,
We turn to a consideration of the invariance of OP¥U™ and OPQ™F under coordinate

changes. Let ¢ : H® — H" be a C°° diffeomorphism that preserves the contact structure,
with inverse denoted . If A is an operator on functions on H" given by

(1.16) Au(w) = /a(w,wz_l)u(z) dz, w,zeH",
then B = ¢)* Ap* is given by formula (1.60) of Chapter I:
(1.17) Bu(w) = /b(w,\Il(w,z,wz_l))u(z)f[(z) dz,

where b(w, z) = a(¢(w), z) and ¥(w, z,y) is linear in y, in exponential coordinates (which
for H" are the standard coordinates on R?"*!). In the formal expansion

(1.18) b(w, U(w, z,wz"")) ~ Z Coy (w277 b0y (w, U(w)(wz"1)),
720,l0|=[7]
if we set v = (v0,71,72) and
Db(r,y,n) = DD} DY*b(r,y,m),
then the Fourier transform of the general term in (1.18) is

(1.19) O,y D90 D101 P2t [T”Oy’“ n2b(w, ¥(w)* (7, y, n))] :

Now the hypothesis that ¢ preserves the contact structure on M = H" is equivalent to
the hypothesis that

(1.20) U(w)" = Dy(w)" preserves the space {y =n = 0}.

We claim that, in this case, if A € OP\T/gL, then (1.20) is a smooth function of w € H"
with values in W™—200—lo1l=lo2| — gm=I7l This follows from Proposition 1.2 if we know
that

l;(w,\Il(w)t(T,y,n)) cun,
for each w, which follows easily from (1.20). Similarly, using Proposition 1.3, one sees that
if Ae OPQ™*, then (1.19) is a smooth function of w with values in

Qm—oo—(lo1l+loz2])/2,k=[o1|=|o2| ~ m—|7]/2:k
If the sum in (1.18) is restricted to 0 < |y| < N, |y| < |o] < 2N, it is not hard to see that

the remainder term represents an arbitrarily smooth kernel if NV is sufficiently large. We
have the following result.
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Proposition 1.6. Let ¢ : H" — H" be a diffeomorphism that preserves the contact struc-
ture, with tnverse 1. Then

A€ OPI™ = * Ap* € OPU™

and
A € OPQ™* —s y* Ap* € OPQ™".
We now turn our attention to OP.%ZZ’({‘ ,
Lie groups in Chapter I, §2. In the case G = H", a(s)(t,q,p) = (e2°t,eq, e°p), we can
say a bit more. Recall that to say Pu(w) = P(w)u(w) defines P € OPE)Z’; is equivalent
to saying that P(w)u(w) = py * u(w)|y=, and that p(w, () = p,(¢) has an asymptotic
expansion

which was studied gor general 2 step nilpotent

(1.21) plw, ) ~ > aj(w, ¢)b;(w, ),
Jj=0
where
(1.22) a;j(w,¢) € ¥, bj(w,() € " (smooth in w),
with
(1.23) my <m, g <y My i — —00.

As shown in Proposition 2.12 of Chapter I, 3 € OP.%ZL’(S“ if and only if

(1.24) mNZngj,
Jj=>0
with
(1.25) R; € OPY™i, £, € OPS",

and my, pi; satisfying (1.23). In the case G = H", recall that, outside any conic neighbor-
hood of A C T*H™ \ 0, elements of oPy™ belong to OPS™. Thus, microlocally away
from A, OP%Z’(S“ coincides with OPS™"#, In order to understand such operators better
near A, we can use Proposition 3.4 from Chapter II. This yields:

Proposition 1.7. If K € OPU™ and L € OPS*, the symbol of L being supported near
A, then

(1.26) oxr(w, £XN)(X, D) ~ XN "N 26 (w, ), X, D),
j=0
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where

(1.27) et (w, \, x,€) = o (w, £1)(x,€) op(w, £1) (A" 22, \V2¢),

and for j > 1
K(j)

(1.28) e (w, Az, ) = > pp;(w, A\, A7) a (w, @, 6),
k=1

with

(1.2 pkij(w, x,&) € C*, compactly supported in (x,§),

afj(w,x,f) c M.

In a similar fashion we have

(1.30) oLk (w, £N)(X, D) ~ XN " XTI 5 (w, A, X, D),
j=0

where

(1.31) fy =ep

and fji(w,)\,x,f) has an expression similar in form to (1.28)-(1.29).
In light of the characterization (1.24)—(1.25) of OPJ%Z’(;“, we have:

Corollary 1.8. Let the symbol of B be supported near A. Then P € OP%ZL”({L if and only
if op(w, £X)(X, D) has the form

(1.32) oy (w, £A) (2, ) ~ NPT DN e (w, A, 3, €),

720

where e;-t(w,)\,x,ﬁ) has the form (1.28)-(1.29).

This result makes precise the inclusion
(1.33) OPHIH C OPQ™/>mm,

We also remark that, in light of the characterization (1.24)—(1.25), Proposition 1.6 extends
to A€ OPH{.
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2. More on symbol expansions of products

In this section we will derive further results on the expansion of a product

(2.1) ABu(z) =Y AM(z) By (z)u(=),

v>0

derived in (1.41) of Chapter I. This material will be useful in some analyses of Szegd
operators and Toeplitz operators, in §6. We desire to obtain explicit information on the
major terms after the principal term. In particular, we will look at the cases

(2'2) Y= (1’()’0)7 and Y= (07’71772)7 |’71| + |72| =1 or 2

We want to understand Al on the symbol level. Recall from (1.37) of Chapter I that,
if Au(z) = a *u(x), then APy = ol % u with

(2.3) abl(¢) = D).

In case G = H", with coordinates (t, q,p) and dual coordinates (7, y,n), this reads

—

(24) CL[’Y](T, y?”) = DzODleZZd(Tvya 77)5 Y= (’70771772)‘

Now recall that

(2.5) a(E7,y,n) = oa(Er)(Er 12y, 771 2),
and
(2.6) oa(EN)(z, &) = a(£N, £AV 22, A 2%¢).

It follows easily that
(2.7) 0 A0 20 (EN) (2, €) = A"V2(£D,) 1 Do a(£) (2, €).
In particular,

D;l = ij = 0 A1(0,71,0)] (X7 D) = :t)\_1/2 <DmUA)(:l:)\) (X7 D)

2.8

( ) = A" 1/2[ jvo-A(:t)\)(X7D)]7
and

2.9) DY = Dg; = 0 400,21 (X, D) = A7/ (Dg;04) (£A) (X, D)

= \V2[X;, 04(£N) (X, D)).
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Equivalently, for right invariant A on H", we have, in case (2.8),
(2.10) AlOOl — =1 (a7 A],
and in case (2.9),
(2.11) Al — =1 4.

Recall that L; and M; are the right invariant vector fields generating the Lie algebra of
H™, and T spans its center.
Next we look at Al1L0:9] From (2.5) we have

(2.12) o100 (EXN)(2,€) = [-3A (@ - Dy 4+ € - D) + Dy]oa(EN) (2, €).
In particular, if A € OPY{,

a0 (EN(E,6) = —3N e Dy + € De — m)ra ()5, 6)
(2.13) 1

0
= —5)\*1 (ra — m)aA(j:/\)(x,S),
where r denotes the radial variable; r? = |z|? + |£|2. Note that the principal term in

oa(£A)(z, &), homogeneous of degree m in (x,¢), is annihilated by r9/0r — m.
We turn now to B, (y), given by

(2.14) Biy(y) = — DY B((expw)y)|,

N y € HY,

=0’

in light of the formula (1.34) of Chapter L. If |y| = 1, the right side of (2.14) clearly involves
a right invariant vector field; we have

(2.15) D' = Dy; = Bj(o.4,.0)(y) = (L B)(v),
and
(2.16) D¢* = Dg; = Bj(0,0,)) = (M;B)(y)-

To simplify notation, let X, = L; in case (2.15) and X, = M in case (2.16), so we get
(2.17) 70 =0, 7] =1= By (y) = (X5 B)(y)-

To complete the analysis of B,(y) for |y| = 1, note that

(2.18) 7= (1,0,0) = By (y) = (T'B)(y)-

Let us now look at By, ,)](¥) in case |y1]+|7y2] = 2. We can write (0,71,72) = v+
with |y| = |7/| =1, so both v and +’ satisfy the condition (2.17). Note that

(2.19) XX B(y) = DZ;,DZUB((eXp w)(expw’)y)]

w,w’=0"
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If we use the Campbell-Hausdorff formula
(2.20) (expw)(expw’) = exp(w + w' + L[w,w']+ )

and plug the right side of (2.19) into

(2.21) B((expw)y) ~ Y w” By (y),

720
we get

2By 141 (y) = X X, B(y) — 51X, X, | B(y)

(2.22) )
= §<X7/X7 —|— X7X7’>B<y)

Note that, precisely when 7' and ~y are complementary, e.g., D) , = Dy, D;/g = D¢, , we
have [X/, X,] nonzero, and then this commutator is £7.
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3. Subelliptic operators on contact manifolds

Our main goal in this section is to show that the classes of operators considered in §1
contain the parametrices of classical pseudodifferential operators on a contact manifold M
that are doubly characteristic on the contact line bundle and satisfy a certain condition,
which will be given below, that will guarantee hypoellipticity with loss of one derivative.
As we have seen, we can use local diffeomorphisms preserving the contact structure, and
assume M is H", with the right invariant contact structure described in the introduction
to this chapter.

First consider a second order differential operator on H", with nonnegative principal
symbol vanishing to precisely second order on A C T*H" \ 0. Then we have (generalizing
(2.70) of Chapter II):

(3.1) P = Zajk(w)Xij +ia(w)T + B(w, D,,), w € H".
Jk

Here, a;i(w) = ag;(w) is a smooth function of w, forming a positive definite, real matrix,
a(w) € C*°(H"), and B = B(w, D,,) is a first order differential operator on H" whose

principal symbol vanishes on A. Hence B € OPU!. The vector fields X ; are as in (2.69)
of Chapter II. Our first result follows immediately from Theorem 2.17 of Chapter II and
the machinery of §1 of this chapter.

Theorem 3.1. Suppose that, for all y € Q@ C H", the symbols
(3.2) op,(£1)(X, D)

are elliptic in OPH? and invertible on L*(R™), where Py(y) is the right invariant differ-
ential operator

(3.3) Pa(y) = Y aju(y)X;Xi +ia(y)T,
.k

which is to say, +a(y) avoids the discrete set determined by the spectrum of the second
order operator Q(y, X, D) associated with the quadratic form derived from the double sum
in (3.3). (See Proposition 2.1/ of Chapter II.) Then P, defined by (3.2), is hypoelliptic on
Q, with parametriz in OPV~2.

Proof. Let A € OPU~2 be defined by
(3.4) oa(w,+A)(X,D) = A" op, ) (£1)(X, D)~
The Proposition 1.5 yields

(3.5) PA=I+Ry,, AP=I+R,, R;cOPU"
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From here the standard construction of a parametrix for P goes through.

We remark that the analysis above works if in (3.1) a(w) and B are matrix valued, as
long as a;i(w) are scalar. The condition for hypoellipticity is then that all eigenvalues of
+a(y) avoid the spectrum of Q(y, X, D), for all y € Q C H". Such a result applies to Oy,
the Kohn Laplacian, on the boundary of a strictly pseudoconvex domain, in cases where
one has hypoellipticity with loss of one derivative.

We take the space to explain here the phrase “hypoellipticity with loss of one derivative.”
If P € OPS™ is elliptic, we have the regularity result

Pu€ Hf = uc H ™.

loc

Now, in the case covered by Theorem 3.1, since OPYU~2 C OPSl_/l2 120 We have

(3.6) Pue Hf_ = ue€ H,
rather than u € Hf:g? This result cannot be improved, and this explains the terminology.

We now consider the more general situation, where P € OPS™ is a classical pseudo-
differential operator on M = H" whose principal symbol is nonnegative and vanishes to
exactly second order on A. We assume the Hessian of p,, transverse to A is nondegen-
erate. For the purpose of constructing a parametrix, we can compose P with an elliptic
operator in OPS?~™ and suppose without loss of generality that P € OPS?. We want to
construct a microlocal parametrix belonging to OPQ_L_Q, under appropriate hypotheses.
In the following, AT denotes a particular connected component of A. We will be working
microlocally near A™.

First consider the case when P is right invariant on H". We can find operators (A4,) €
OPY°, whose symbol at a point of AT is a positive definite, real matrix, and B € OPX!,
such that

(3.7) P=> AjX;X;+B.
J.k

Here X; are as in (3.1). Now write
(3.8) Ajk = aji + Bjg,

where a;j, are real constants and Bj, € OPX have symbols vanishing on A*. Similarly,
write

(3.9) B=iaT+Y» B;jX;+ By, B;€OP’, 0<;j<2n.
Thus we have

P=> ajX;Xy+iaT+ Y BjyX;Xp+ Y B;jX;+ By
(3.10) ik
=Po+ Y BiuX;Xi+ Y B;X;+ By.



95

Recall that B;, Bjr € OPY?, and the symbols of Bjj vanish on AT. Since by hypothesis
P is elliptic off A*, to construct a parametrix in OPQ~%~2, it will suffice to construct a
parametrix for (3.10) where Bjj, B;, and By are cut off to have symbols supported in a
small conic neighborhood of A™.

The operator

(3.11) Po =) ajuX; Xy +iaT
gk

belongs to OPW2. Suppose a avoids the appropriate discrete set, so there is

(3.12) Pyl cOPY,?  P,P;' = P;'P, =1 microlocally near A™T.
Now look at
(3.13) Q=PP;'=1+> ByX;XpP,'+) B;X;P;' +BoP, "

Its symbol is
oQ(EN(X, D) =T+ Y b (A2X,A7/2D) a3, (X, D)

(3.14) +)\—1/2ij?$()\—1/2)(,)\—1/21)) a;-t(X, D)
A ENY2X, ATY2D) oE (X, D).

Here

(3.15) b%(x,€), b3 (x,€) € CO(R™)

and

(3.16) ajik(a:,f) e H°, aa—L(:c,ﬁ) e H 2, af(m,&) cH ™t j>1.

We deduce that

(3.17) oo(XN(X,D)=1+r+(\, X, D)

where

(3.18) ri(\ x, €) is supported in |z| 4 €] < C1IAY2, A > O,
and

(3.19) A DEry(),-,-) is bounded in SY, for A > 1.

Since we are working microlocally near A", we could drop the & subscripts, but we will
instead retain the + notation.
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Now, in (3.19), we can suppose 74 (A, z,€) is small. In fact, if Bj; are cut off sufficiently
near A, we can suppose, the gy picked small

(320) sup ‘T:I:<)‘7$7£)| < C’0(50 + )‘_1/2)a
w7€

and, for a > 0,

(3.21) sup [D2 ¢ (AN, 2,8)| < CoA™ /2,
x7£

An operator norm estimate proven in Appendix A implies

(3.22) |re (X, X, D)|| < Cleg + A"Y2).

Thus, for X large, I + r4()\, X, D) is invertible on L?(R"), so we can define

(3.23) [+5:(\X,D)=(I+r+(\X,D))"".

We now undertake to show that si (A, xz,&) satisfies the conditions (3.19)—(3.21) and a

slight midification of (3.18).
As a preparation for the analysis of sy (A, x,€), let us define o (A, z,&) by the identity

(3.24) l4oe(hz,8) = (14+re(Az,8) ", A large.

It is easy to see that o4 (), x, ) satisfies (3.18)—(3.21). In particular, the L? operator norm
|lo+ (A, X, D)|| is small, for X large. Thus we have

(3.25) (I 472\ X, D) + 04\ X,D)) =1 — pi(X\ X, D),
with
(3.26) lpx (A, X, D)|| small, for \ large.

Also p+(\,z,€) € S;'t, and more generally
(3.27) N D¥pi(X,-,-) is bounded in S;t, for X large.

Furthermore, p1 (A, x, £) satisfies the estimate (3.20). Using p4 () as shorthand for p4 (A, X, D),
we have

(328)  (I—prN) " =T4pLN) 4+ ps N+ pe (NI = pr (V) Fpr (N,
for 0 < ¢ < k. It follows that

(3.29) (I—psN)t=T+7:(\X,D)
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with A*D¥7. (), -, ) bounded in S;* for X large, and 74 satisfies (3.20)~(3.21). Since
(3.30) I+5:(\X,D) = (I+0s(\X,D)I +7:(\ X, D)),

we see that si (A, X, D) satisfies conditions (3.19)—(3.20).
We proceed to modify s4 (A, z,§) to obtain (3.18). Note that (3.23) is equivalent to

(3.31) Si()\,X, D) = —?“:t()\,X,D) - T’:t</\,X,D)S:|:(/\,X, D)

Since 7+ (), X, D) satisfies (3.18), we can find x € C§°(R?") with x(A~Y22, \"1/2¢) = 1
on supp r+ (A, z,§), and then

(3.32) r+ (M X, D)x(A\Y2X, A7Y2D) — (N, X, D) = v (N, X, D)

with Dfvy (A, 2,€) = O(A™>°) in 8] >, for large A, with a similar result for the products
in the reverse order. Thus if we set

(3.33) 5+(\ X, D) = s+ (N, X, D)x(A\™V2X, \"V2 D),

formula (3.31) shows that

(3.34) 5:(\ X, D) = —r+(\, X, D) — 7+ (\, X, D)4 (\, X, D) + 94 (), X, D),
with D504 = O(A=>°) in S; *°. This is equivalent to

(3.35) (I +reO\ X, D) +35.(\ X, D)) =1 +6.(\, X, D),

with 04 (A, z,&) = O(A™°) in S; *°. Thus

(3.36) op(EN) (X, D) = 52 (A, X, D)()\)

defines a smoothing operator on H", where () is a smooth cut-off, equal to 1 for large
A, 0 for small X\. Now §1 (A, X, D) defines an operator S € OPQg’O by

(3.37) oz(£N)(X, D) = 5:()\, X, D),
and (3.17) and (3.35) yield
(3.38) PP;Y(I+8)=1I+D,

with D a smoothing operator on H". A similar argument yields a left parametrix for P,
and the two are seen to be equal, modulo a smoothing operator, so a two-sided parametrix
for P is given by

(3.39) E=P;'(I+5)e0opPQ b2

Given this work on the right invariant case, we can now easily obtain the following
general result.
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Theorem 3.2. Let P € OPS™ have nonnegative principal symbol, doubly characteristic
on the variety A C T*H"™ \ 0, satisfying the condition

Pm(2,€) = CI¢|™ 2 dist((2,C), A)*.
Write P in the form
(3.40) Pu(w) = P(w)u(w)

where P(y) is a right invariant (convolution) operator in OPS™, for each y € H". Con-
struct, for each y € H", the second order differential operator P,(y), according to the
prescription (3.7)-(3.11). Suppose that, for each y € Q@ C H™, the operator P,(y) satisfies
the condition for hypoellipticity (microlocally near A™ ) given in Theorem 3.1. Then P has
a parametriz on 2, microlocally near AT :

(3.41) ¢ cOpPQ T2,

and consequently P is hypoelliptic on 2, microlocally near AT,

Proof. The argument just given leads to E(y), a smooth function of y with values in
OPQ~™+L=2 such that E(y) is a parametrix for P(y), for each y. Define ¢, € OPQ~—™+1,—2
by

(3.42) ¢u(w) = E(w)u(w).
Then, by Proposition 1.5, especially (1.15), we have
(3.43) ¢,P=I+R ReOPQ />

Since OPQ~1/2-1 ¢ OPSI_/IQ/ f /o B has negative order, so the Neumann series yields a

parametrix in OPQ%° for Ip:

(3.44) (I+R)'=I+5 SeopQ /21
Then a parametrix for P is given by

(3.45) ¢ =(I+9)¢,.

This finishes the proof.

Since OPQ~"m+1.-2 OPSI_/’;J{/IW we get the regularity results

(3.46) Puc Hf = uec HZt" 1,

loc

as in (3.6), i.e., hypoellipticity with loss of one derivative. It is useful to complement this
with a couple of other results. If € € OPQ~™% 172 then, since X; € OPW¥}, we have

(3.47) X;€ € OPQ /2=t c OPS TR,
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and

(3.48) X;X,€ € OPQ "0 C OPS T

Thus, in addition to (3.46), we have

(3.49) Pue H{, — Xjue HS'™ 2 X, Xpu e HS™ 2,

providing the condition for hypoelliptiticy in Theorem 3.2 is satisfied.

We next want to restate the condition for hypoellipticity with loss of one derivative
given in Theorem 3.2, for an operator P € OPS™, doubly characteristic on A C T*H" \ 0,
more explicitly in terms of its symbol. We will produce some invariants associated with
the symbol of such an operator. These quantities played a role in the papers of Sjostrand
[S6], Boutet de Monvel [B7], Ivrii and Petkov [I1], Hormander [H9], and others, and they
are also discussed in Chapters 13 and 15 of [T2]. For the purposes of this discussion, we
shall assume m = 2, which involves no loss of generality.

If P € OPS? has principal py, nonnegative and vanishing to second order on A, with
nondegenerate transverse Hessian, then, microlocally near any given point of A, we can
write

(3.50) pa(2,8) =) a;(x,€)?,
j=1

where a;(z,§) are real, homogeneous of degree 1, vanishing on A, with da; linearly inde-
pendent at each point of A. Hence

"
(3.51) P =) aj(z,D)’+B(z,D), BeOPS"
j=1

On the set A, we have

Biw,&) = pi(w,6) — = 3 al® (@,6) a0 (1,

|a]=1

i 9 py
_pl(mag) + 5 zy: 6513,/661,’

(3.52)

The right side of (3.52) is called the subprincipal symbol of P, and is denoted
(3.53) subo(P)(x, §).
It is easy to see that, for any A C OPSY, with principal symbol a(x, £),

(3.54) subo(AP) = subo(PA) = a(zx, &) subo(P)(z,£), on A.
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Furthermore, if J is an elliptic Fourier integral operator with associated canonical trans-
formation J, then

(3.55) subo (JPJ ) (T (z,€)) = subo(P)(x,€), on A.

For two proofs of this, see Chapter 15 of [T2].

Also, at each point (z¢,&p) € A, we define a Hamilton map F', which is associated to the
Hessian of pa(z, &) at (z9,&p); see the process by which a Hamilton matrix is associated to
a quadratic form on a symplectic vector space, as described in Proposition 2.14 of Chapter
II. 1t is straightforward that, for the special case

(3.56) P=>Y pi(L3+M)+ialT +B =Y pj(X;+X?,,)+ial + B,
j=1 j=1

where B is a first order differential operator whose principal symbol vanishes on A, we
have (with (7,y,7n) denoting dual coordinates to (¢,q,p)), on AT,

(3.57) subo(P)((t,q,p), (1,y,1)) = —alT|,
and
(3.58) speci™'F = {dp;|r|} = {£u7},

the last equality serving to define ,u;%. In particular, if we denote by Tr™ F the sum of the
positive eigenvalues of F'/i (counting multiplicities), we have

(3.59) TrF =) pylrl.

In this case Theorem 3.2 reduces to a special case of the analysis of the right invariant
operators in (2.70) of Chapter II. The hypoellipticity condition derived there, in light of
(3.57)—(3.58) of this section, is equivalent to the following condition: for all nonnegative
integers «,,, the quantity

(3.60) subo (P) + Y (20, + 1)pff

is nonvanishing on A; here {7} is the set of positive eigenvalues of F'/i. More generally,
if P is the second order right invariant differential operator

(3.61) P =Y ajpX;Xy +iaT + B,

where B is a first order differential operator whose principal symbol vanishes on A, then
there is a linear map on H", given in fact by a symplectic transformation on R*" = {(q, p)},
which takes P to the form (3.56). Such a transformation is a group automorphism of H".
By the preceeding discussion, the quantity (3.60) is invariant under this transformation, so
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Theorem 2.17 and Proposition 2.14 of Chapter II imply that the right invariant differential
operator (3.61) is hypoelliptic on H", with parametrix in OP¥ 2 if and only if the quantity
(3.60) is nonvanishing on A.

Now let us pass to general P € OPS?, p, > 0, vanishing on AT, with nondegenerate
transverse Hessian. Then P has the form (generalizing (3.7)):

(3.62) Pu(z) = ZAjk(z)Xiju +ia(z)Tu+ Bu, z=(t,q,p) € H".

Here, A;x(2) is a smooth function of z with values in OPY?, o € C*°(H"), and B € OPS!
has principal symbol vanishing on A™. If we work microlocally on A", which is a ray
bundle over H", we can write

(3.63) Ajr(2) = aji(2) + Bjr(z)

where aj;, € C°°(H") and Bjx(z) is a smooth function of z with values in right invariant
operators in OPS' whose principal symbols vanish on AT. It is easy to show that, for
(z,¢) e AT C T*H™\ 0,

(3.64) subo(P) = subo(P)(z, (),
where P € OPS? is defined by
Pu(z) = Z a;r(2) X; Xpu +io(z)Tu.

In fact, we have the stronger statement: at (z9,{p) € AT,

(365) suba(P) (Zo, C()) = SubO’(PZO)(Zo, C()),

where f’zo is the right invariant differential operator
(3.66) P u(z) = Z ajr(20) X Xru(z) + ic(z0)Tu(z2).

Furthermore, the Hamilton matrices for P and IN’ZO have the same eigenvalues at (zp, (o) €
AT. Consequently, Theorem 3.2 implies the following result.

Theorem 3.3. Let P € OPS? have principal symbol pa > 0, vanishing to second order
on the variety AT C T*H™ \ 0 defining the contact structure for H"™. Let (29,(o) € AT
and suppose that, for all nonnegative integers v, the quantity (3.60) is nonvanishing
at (20,Co). Then P is microlocally hypoelliptic on a conic neighborhood of (zo, (o), with
microlocal parametriz in OPQ =12,

The microlocal hypoellipticity of P, with loss of one derivative, is a special case of a
more general result proved by Sjostrand [S6] and Boutet de Monvel [B7], and Boutet de
Monvel and Treves [B13]:
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Theorem 3.4. Let P € OPS? have principal symbol po > 0 on T*Q\ 0, vanishing to
second order on a conic set X, assumed to be a symplectic submanifold of T*Q\0. Assume
a nondegenerate transverse Hessian. Then P is hypoelliptic with loss of one derivative
provided that, at each point of X, for all nonnegative integers «,,, the quantity (3.60) is
nonvanishing.

These authors also prove that (3.60) is necessary for hypoellipticity with loss of one
derivative, as well as sufficient, granted the other hypotheses of the theorem. In [B7], a
parametrix F is produced with

E € OPS™%7%(Q,%) COPS,, ,,().
As mentioned in Chapter II, §3, if (€2, X) = (H", A), we have
OPQ~""2 c OPS~>2(H", A).

Hypoellipticity of P with loss of one derivative, under more general conditions, when X
need not be symplectic, is studied in detail in [B10], [H8|, and other places, but we will
not go into it here.

We do want to show that “half” of Theorem 3.4 follows from Theorem 3.3.

Proposition 3.5. Suppose 2n is the codimension of ¥ in T*Q\ 0. Then, if
k=dm Q<2n+1,

Theorem 3.3 implies Theorem 3.4.

Proof. The proof will utilize the following result in symplectic geometry. If ¥; are conic
submanifolds of 7%, \ 0, if dimQ; = dimQy and dim ¥; = dim X5, and if 3; are both
symplectic submanifolds, then, given p; € X;, there exists a homogeneous symplectic
diffeomorphism from a conic neighborhood U; of p; to a conic neighborhood Us of po,
taking 37, N U; onto Y5 N Us. First consider the case

(3.67) dimQ =2n+1 = codim¥ + 1.

In this case, with Q; = Q, ¥; = X, we can take 5 = H", ¥5 = A, and get ¥ locally
symplectically equivalent to A. If we implement this local transformation by an elliptic
Fourier integral operator J, we see that JPJ~! satisfies the hypotheses of Theorem 3.3
on its principal symbol. Since the quantity (3.60) is invariant under conjugation by .J,
it follows that the condition for hypoellipticity of P in Theorem 3.4 is equivalent to the
condition for hypoellipticity of JP.J~! given in Theorem 3.3.

This establishes Proposition 3.5 in case dim €2 = codim ¥ + 1. Now suppose that

(3.68) codim +1=dimQ+/¢, £>0.
Let us form Q = Q x R, and let P=P®I. If

(3.69) Pu=f
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we have

where a(z,y) = u(z), 2 € Q, y € RY, and f is similarly defined. Note that W F(@) and
WF(f) are contained in {n = 0}, if (¢&,7) are dual to (z,y) € Q x R, P is not quite a
pseudodifferential operator, but its symbol is smooth near { = 0}, so we can treat it as

a pseudodifferential operator, when analyzing (3.70). Note that, if Y is the characteristic
variety of P, then near {n = 0} we have

Y ={(z,y.&n): (z,§) € T}.

Thus codim ¥ = codim ¥ = dim Q + ¢ — 1 = dim Q — 1. Note that, if (3.60) is nonvanishing
for P at (zo,&) € X, then it is nonvanishing for P at (z0,Y0,&0,0). Thus the previous
argument applies, to give hypoellipticity for ﬁ, which implies hypoellipticity for P. This
proves Proposition 3.5.

Note that, generally, 2 < codim < 2 dim. If 2 < codim¥ < dim{) — 2, then
Theorem 3.4 can be proved using analysis on the group H” x R¢, the Cartesian product of
a Heisenberg group and an abelian group. It has been my intention to give the details of

this in a future publication, but the reader is not advised to wait with baited breath for
this.
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4. The Neumann operator for the J-Neumann problem

There is a pseudodifferential operator (07 € OPS!(M) that arises on the boundary
M = 99 of a strongly pseudoconvex domain 2 C C"*!, which is doubly characteristic
on half the contact line bundle, A* € T*M \ 0, and which arises in the study of the 0-
Neumann problem. We discuss this here. First we briefly indicate how (I arises and how
it is related to the Kohn Laplacian [J,. We will be sketchy on this, referring to Greiner
and Stein [G9] and to Chapter 12, §9 of [[T]] for further details. Then we show that the
construction of a parametrix for (07 is much simpler than the general construction used
for Theorem 3.2, and the resulting parametrix has a simpler structure; it lies in OPﬁ;f;’l,
which is smaller than OPQ%~2.

We consider the following O-Neumann problem:

(4.1) Ou=0 on Q oz (z,v)u=0, o5z, v)Ou = f on Of).

Here Ou = 88 u+09 du = —(1/2)Au. We want to produce u in terms of a solution to the
Dirichlet problem

(4.2) Ou=0 on €, “‘89 =g,

ie., u=Plg.
One ingredient involves the Neumann operator N for the Dirichlet problem:

ou

(4.3) ./\fg:@, u=Plg.

The operator N is an elliptic operator in OPS(M), whose structure is well understood.
One has

(4.4) N =—\/-Ay+B, BecOPS"(M),

and the principal symbol of B is given in terms of the second fundamental form of M C
R27+2. (Cf. (9.31) in [[T]], Chapter 12.)
After some computation (cf. (9.8)—(9.24) of [[T]], Chapter 12) one obtains

(4.5) 8f =N +iY)g+ Cg.
Here Y is a certain vector field tangent to M = 0f2, namely
(4.6) Y =J(Vp)

where M is defined by {p = 0} and |Vp| = 1 on M, and J gives the complex structure
on R?"*2 ~ C**!. Furthermore C € OPSY(M), and its principal symbol on AT involves
the Levi form. (Cf. (9.25)-(9.29) in [[T]], Chapter 12.) We define "¢ to be the right
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side of (4.5). The operator (07 is the Neumann operator for the d-Neumann problem. Its

principal symbol is given by

(4.7) oo+ (x,8) = —[§] + (¥, €),

which vanishes to second order on A' and is elliptic elsewhere. We can also write
(4.8) —Ot =+/=Ay —iY + By, By =-B-C e 0OPS°(M).

One can express the principal symbol of B; on AT in terms of the Levi form.
Now, if we define 0~ € OPS*(M) by

(4.9) —0" = /—=Apn +iY + By,

then a certain choice of By € OPS?(M) yields

(4.10) 00" =-Ay+Y?—ia(x)Y + R=0, + R,
with o € C*°(M) given in terms of the Levi form and

(4.11) R e OPSY (M), ogr(x,&) =0on A.

Cf. (9.36)—(9.44) of [[T]], Chapter 12. The operator

(4.12) Op = Ay + Y2 —ia(2)Y

is the Kohn Laplacian on M = 0€). The hypothesis that () is strongly pseudoconvex
implies that [J, satisfies the condition for hypoellipticity given in Theorem 3.1, except for
the case of (0,1)-forms on © C C2. In this case the Kohn Laplacian fails to satisfy the
condition for hypoellipticity with loss of one derivative. However, microlocally this failure
occurs only on the component A~ of A, where (07 is elliptic, so the construction described

below will still provide a microlocal parametrix for (O even in this case.

So let Db_l € OPU~2 denote a parametrix for O, (appropriately modified away from

AT in case  C C?). In view of (4.11), write
(4.13) R=> X;R;+ Ry, R;e€OPS°

We have

(O,'07)Or =1+ 8,
(4.14) . .

S=> 0,'X;R; + 0, ' Ry.

Note that Db_lXj € OP\TI_l, SO
(4.15) Seors. i
Hence a left parametrix for (J7 is given by
(4.16) E~(1-S+8—..0,/'0.

We are in a position to establish the following result.
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Theorem 4.1. If Q C C™*! s a strongly pseudoconvexr domain, the Neumann operator
Ot for the -Neumann problem on (0, 1)-forms is hypoelliptic, with parametriz

(4.17) E€0PH. 5"
More precisely, we can write E = Ey + Ey + E3 with (microlocally near A™)
(4.18) E, € OPU™, B, c OPU™Y, E3 e OPRY;.

Proof. The result (4.17) is an immediate consequence of (4.16) and the operator properties
of OPH_y", given in Proposition 2.11 of Chapter I. To obtain (4.18) we argue as follows.

Let us set O° = Oy + Oy, with O; having essential support near AT and 0] having
order —oo near A™. Then

(4.19) (I—-S+8%—..)0,'0; e OPS™(M).

To analyze the rest of E, let us write (microlocally near A™)

(4.20) Oy =TMy+ > X;A;+ Ay, A;j € OPS°, o€ C®(M),
and expand this further by setting (microlocally near A™)

(4.21) Aj=M,, + ZXkBjk +C;, 0<j<2n,

with

(4.22) ¢; € C®(M), By, C; € OPS™

SO

Oy = TM,+ Y X;My, + > X;Xi By

29 +3° XG5+ My, + S X3 By, + Co.
We have
(4.24) 0,'0p = Fy + Fa + F,
with
P o=0;'TM, € OPY,
(4.25) F=> O,'X;M, +0,'M,, € OPY !,

Fy = (0,'X;X0)Bjr + Y0, X;(Cj + Boy) +0,'Co - € OPHY
Similarly the operator S given in (4.14) can be written (microlocally near A™)
(4.26) S=So+51, So€OPYU™! S e0PH;.
Putting together (4.19), (4.25), and (4.26), we obtain (4.18).

Note that the operators E; are equally strong away from A™, each being microlocally in
OPS~! but E; carries the strongest singularity and E5 the second strongest singularity
on A*. Note that (parallel to (3.47)-(3.48))

—1/2 —
(4.27) By €OPSY)y1 )5, E2€OPS YT, Bs€OPS, .
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5. Heat equations and spectral asymptotics for subelliptic operators

Suppose M is a compact contact manifold, of dimension 2n + 1. Let —P be a positive
self adjoint second order differential operator, with principal symbol ps > 0, vanishing to
exactly second order on A C T*M \ 0, the span of the contact form on M. Assume

(5.1) lsubo(P)] < Trt F on A,

where F is the Hamilton map of py, and Tr™ F is the sum of the positive eigenvalues of F/i.
It follows from Theorem 3.4 that P is hypoelliptic. Note that P C OPV?; its parametrix
belongs to OPWU~2. In particular, P has compact resolvent, since

(5.2) A—=P)"t: LA(M) — HY (M),

so P has discrete spectrum. We aim to study the spectral asymptotics of P, by means of a
study of the “heat semigroup” e!’ and an asymptotic analysis of Tre!* as t — co. Menikoff
and Sjostrand [M8] have made such studies in more general contexts. However, the method
used here is shorter and simpler. It also has the advantage that we produce a complete
asymptotic expansion for this heat trace, whereas [M8] produces only the principal term.
We note that Metivier [M9] has results on spectral asymptotics for P of the form X?,
X, vector fields, using analysis on nilpotent Lie groups. Also Fefferman and Phong [F3]
have estimates on the spectrum of subelliptic operators in very general contexts. We also
mention Iwasaki and Iwasaki [I2].

Locally, on an open set U C M, mapped diffeomorphically to an open set in H",
preserving the contact form, we can write

(5.3) Pu(z) = P(z)u(x),
where, for each y, P(y) is a right invariant second order differential operator on H". For

y fixed, we have analyzed the semigroup e!*’) on H” in Chapter II, §4. We have, for
yeU, (s,z) e H",

(5.4) e W) 5y(s,2) = e ky(y; 5, 2), >0,
where
(5.5) k(y; s, 2) = k2™ (s + ita(y), 2),

the right side of (5.5) being given by (4.61)—(4.62) of Chapter II. Here we suppose

P(y) = a(y)X; Xy +ia(y)T + b(y),
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as in (2.70) of Chapter II, and Q(y) is the quadratic form determined by (a,;x(y)). Note
that

A _ 4—n—1 f i
(56) kt(y7872) =1 kl <ya t? \/%)7

and k1 (y; -, -) is a smooth function of y with values in S(H™). Thus, for (s, z) # (0,0), k:(y; s, 2)
vanishes to infinite order as t \, 0. Define k¥ (y;t, s, z) by

k* (yit, s, 2) = ki(y;s,2) for t >0,
0 for t < 0.

(5.7)

Note that (5.6) yields
(5.8) K (y;rt, s, 7“1/22’) = r "L EF (st s, 2).
Also, k¥ is smooth for (¢, s, z) # (0,0,0). Let us set

(5.9) ky(yit,s,2) = x(t, 5, 2)k% (y; 1, 5, 2),

where x is a compactly supported cut-off, equal to 1 near (0,0,0). Then ky is a smooth
function of y with values in $H(G, a, —2), where

(5.10) G=RxH", alp)=(r*t,r’s,rz), r=ce", tcR, (s,z)cH".
Note that a(p) expands volumes by a factor of 727+4 = e(27+49)r_ Let us denote
(5.11) o =9H(G,a,m),

with G and a given by (5.10), and let X consist of asymptotic sums of elements of
X077, j=0,1,2,.... We see that, if & is defined by

(5.12) Rou(t,z) = kp(t,x; ) xu(t,z), (t,z) € R x H",
where ky, = ek, then
(5.13) Ry € OPX2.

In view of results of Chapter I, we have

(5.14) (% - P> Roult,z) = (I — R)u, ReOPX L.

Note that both &y and QR have the evolution property: if v(t,z) is defined on R x H™ and
vanishes for t < T, so do v and Pv. Also, so does any iterate 93¥. Proposition 1.8 of
Chapter I implies

(5.15) R¥ e OPXF,
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and
(5.16) RoRF e OPX 27,
Thus (90/0t — P) has a left parametrix
(5.17) R~ Ro+ RoR+ KRR+ =Ko+ /i + R+,

satisfying the evolution property, and similar considerations show R is also a right parametrix.
Now if

(5.18) Rou(t,z) = K(t,x;-) xv(t,x), (t,x) € R x H",
the convolution being on R x H™, we have K (t,z;t',2") independent of ¢ and
(5.19) efs,(x) = K(0,z;t, 2 'p), t>0,

modulo an error smooth in E+ x M. Thus

(5.20) Tret? = /K(O,x;t,O) dVol(x) + A(t),

with A € O (@+). Now, by (5.17), upon rearrangement, we can write
(5.21) K(t,z;t', x") ZKtxtm
j>0

where K (t,z;t',2’) is smooth in (¢, z) and approximately homogeneous of degree —2n—2+
jin (¢, 2"), with respect to the group of dilations given in (5.10). According to Proposition
1.9 of Chapter I, subtracting a smooth function from K, we can suppose

(5.22) K;(t, z; r2t s, ry) = 202 K;(t,z;t' a'),
provided
(5.23) j<om+2.

In particular, modulo a smooth function of ¢,
(5.24) K;(0,2;t,0) =t ™"~ 149/2 K(0,2;1,0), for j < 2n+2.

For j > 2n+2,say j =2n+1+k, k > 1, we can apply Proposition 1.9 of Chapter I
to Df, K, the kernel of an element of OPX~277%2k and conclude

(5.25) DEK;(0,z;rt',0) = r=1/27*/2 DEK;(0, 251, 0).
Integrating, we see that K; must be given by a smooth function plus

(5.26) K;(0,2;t,0) = C;t*~V/2 K;(0,2;1,0), if k> 0 is even,
and

(5.27) Clt* D2 K(0,2;1,0) + C (2)t* /2 logt, if k > 1 is odd,
where

(5.28) k=j—2n—12>0.

From (5.20), we have our conclusion:
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Theorem 5.1. If P is a second order differential operator on a compact contact manifold,
satisfying the hypotheses of the first paragraph of this section, then

(5.29) Tret? 17" (Ag + Bot'/? + At + Byt*? 4+ Apt" + Bt T2 4 )
. + (A logt+ Al ot logt + ).

The asymptotic expansion (5.29) together with Karamata’s Tauberian theorem (for a
proof see p. 341 of [T2]) implies the following result on the eigenvalue asymptotics for P.
Suppose

(5.30) spec P ={-X\;:j>1}, A 7,
and
(5.31) N(X) =#{-)j €specP: \; < A}

Corollary 5.2. Under the hypotheses of Theorem 3.1, we have

Ao
32 li TN =
532 N A )

Our construction of a parametrix for 9/9t — P on R x M could have proceeded along
lines more directly analogous to the construction of a parametrix for P in §3, utilizing a
symbol calculus on R x H™. The infinite dimensional irreducible unitary representations
of this group are of the form

(5.33) o (t,8,¢,0) = ei”twi,\(s,q,p), oceR, A€ (0,00),

where t € R, (s,¢q,p) e H". If k € &'(R x H"), Ku = k * u,

oar(k) = k(o, £, £N/2X 2\/2D
(5.34) o2 (k) = k(o )
=0

K (0, £A)(X, D),
which implies
(5.35) k(o,+7,y,n) = ok (o, £7) (7 Y2y, 771/2p).
We are interested in l;:, smooth on (o, A,y,n) # 0 and homogeneous:
(5.36) k(ro, A, 7%y, 7%0) = 77/ %k(o, N, y,m), T > 0.
This homogeneity is equivalent to

(5.37) ox(ro, £7 ) (2, €) = 72 0k (0, £N) (2, €), T > 0.
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It would be convenient to have a result parallel to Proposition 2.2 of Chapter II, charac-
terizing when o (0, £)) given such that (5.37) holds gives k, via (5.35), which is C°° on
the complement of the origin. In setting down (5.4)—(5.5), to construct the parametrix
R of /0t — P, we have exploited the explicit calculation from §4 of Chapter II, rather
than such a general theory of harmonic analysis and pseudodifferential operator calculus
on R x H™, whose construction we will not pursue here, but merely mention to the reader
as one sort of direction in which to extend the theory developed in this chapter and the
preceding one.

We point out that Melin [M4] has developed an operator calculus and parametrix con-
struction (but not a symbol calculus) in a context that contains R x M here as a special
case.

REMARK. Work of R. Beals, P. Greiner, and N. Stanton [[BGS]] has produced an expan-
sion more precise than (5.39). They are able to show that all the B; are zero and all the
log terms are absent. See also a related study of Stanton and Tartakoff [[ST]].
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6. Szeg6 operators, Toeplitz operators, and hypoellipticity with loss of two
derivatives

Let M be a compact contact manifold, with contact line bundle A, and let A, denote
one of the two connected components of A\ 0. As in §5, let P be a self-adjoint, second
order differential operator (or pseudodiferential operator) whose principal symbol psy is
> 0, vanishing on A but with Hessian nondegenerate transverse to A\ 0.

We have seen that P is hypoelliptic with loss of one derivative provided that, for all
nonnegative integers «,,, the quantity

(6.1) subo (P) + ) (20, + 1)y

is nowhere vanishing on A \ 0. See Theorem 3.3. Here we shall consider a case where this
condition is violated uniformly on A,; we will suppose it holds on the other connected
component A_. More precisely, we will suppose (6.1) vanishes when «, = 0:

(6.2) subo(P)+Tr" F =0 on Aj.

The best known case when this happens is when P is the Kohn Laplacian Dl()o) on functions
(0-forms) on the boundary of a strongly pseudoconvex domain @ C C*. In this case, if
S is the Szegd projector of L?(00) onto the subspace of boundary values of functions
holomorphic on O, then DZEO)S = SI:II(JO) = 0. Now there are holomorphic functions on O
with singularities at any given point of 00, hence singular elements of the range of .S, so
DI()O) is certainly not hypoelliptic. However, many zero order perturbations of D,()O) turn
out to be hypoelliptic.

One of our goals in this section is to analyze the structure of the Szego projector for Dl()o)
mentioned above. Also we will examine the relationship between an operator P € OPS?
having a Szegd operator and certain zero order perturbations of P being hypoelliptic with
loss of two derivatives. First, some definitions. An operator P € OPS? will be said to
have a Szeg6 operator S and complementary parametrix F provided the following three
conditions hold:

(6.3) E € OPS 5,5 S€OPS)5 s,
EP+S~1,

SP ~ 0,
where we say
(6.6) A~B<= A—-—BecOPS™ ™.

If these conditions hold microlocally in some conic open set I' C T*M \ 0, we say P has a
Szegd operator S and complementary parametrix £ microlocally on I'. One might want to
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weaken the hypotheses in (6.3); however when we show such operators exist we will want

to obtain them in smaller operator classes, such as OP¥~2 and OP@O’W, respectively, in
favorable cases. It is also useful to weaken hypotheses (6.4)—(6.5), to

(6.7) EP+S8=1+Ri, SP=Ry, R;€O0PS,,,

for some € > 0. A pair (5, F) satisfying (6.3) and (6.7) will be called a weak Szego operator
with complementary parametrix.

The following result generalizes the argument of Stein [S7], which we discussed in (2.63)—
(2.67) of Chapter II.

Proposition 6.1. Let P € OPS? satisfy the hypotheses of the first paragraph of this
section, and assume (6.2) holds, while (6.1) is always nonzero on A_. Suppose P has a
weak Szegd operator S with complementary parametric E. Consider P, = P + A, with
A € OPSY. Then P; is hypoelliptic, with loss of two derivatives, provided the principal
symbol of A is nonvanishing on A .

Proof. Since P is assumed to satisfy the condition for hypoellipticity with loss of one
derivative away from A, we can suppose S is essentially supported in any given conic
neighborhood of A, . Let B € OPS® be a parametrix for A, microlocally near A, . Then
BS is well defined, mod OPS™°°, and we have

(E + BS)P, = (E + BS)(P + A)

(6.8) =]—-S+R+BRy+BSA+FEA
=1- R37

where

(6.9) R3 =S5 —BSA— Ry —BRy —EAcOPS ;5.

It follows that the Neumann expansion yields a parametrix for I — Rj:

(6.10) Fr~I+Ry+R3+---€OPSY )y ),
SO
(6.11) F(E+ BS)P, ~ 1.

Thus P, has a left parametrix in OPS? /2,122 and the proposition is proven.

We will next show that, when a Szego operator S and complementary parametrix E
exist, microlocally, they are microlocally unique. One use of this is to reduce the global
construction of Szegd operators to microlocal constructions.
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Proposition 6.2. Let P € OPS? be self-adjoint. Suppose (6.3)—(6.5) hold on an open
set I' C T*M\ 0. Then, on T,

(6.12) S~ S* ~ 5%

and, if S1 € OPS(I)/Q’I/2 satisfies

(6.13) S1P ~ 0,

then

(6.14) S~ 518.
Furthermore, if there exists E1 € OPS;/1271/2 such that
(6.15) E\P+ 5, ~1,
then

(6.16) S1~ S,

and, provided E and E1 are normalized so

(6.17) ES ~0~ E51,
then
(6.18) E ~ Ej.

Finally, granted the normalization (6.17), we have

(6.19) E ~ E*.

Proof. If P = P*, then (6.4) implies
(6.20) PE*+S5* ~ 1.
If we multiply on the left by S, we get
S~ SS*.
Since this implies S* ~ SS*, this gives (6.12). If we multiply (6.20) on the left by S,

hypothesis (6.13) implies
S1~ 8157,
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and, in light of (6.12), (6.14) follows. Now, if (6.15) holds, then, as with S, we have
Sy~ 8 ~ 5% and S ~ SS;. Combining with (6.14), we have

Sy ~ SF ~ S*S; ~ Sy ~ S,

so (6.16) is proven.

Note that, if (6.4) holds, it also holds with E replaced by E(I — S) (assuming (6.5)
holds), so the normalization (6.17) may be assumed for E. If F; enjoys the same sort of
normalization, since S ~ S, we have

(B —E1)P ~0,
and hence, by (6.14), in conjunction with (6.17) and its analogue for E,
E—E ~(E—E)S ~0,
so (6.18) is proven. Finally
(I — S)E* ~ EPE* ~ E(I — S),

and hence, if ES ~ SE* ~ 0, we obtain (6.19).

Suppose P € OPS? is a self-adjoint operator on a compact manifold M, satisfying the
conditions of this section, such that one can construct microlocally on a conic neighborhood
of each point of T*M \ 0 a Szegd operator S with complementary paramterix E. By
the uniqueness result of Proposition 6.2 it follows that there exist global operators S &

OPS?/ZJ/27 E € OPSI_/I2 12 on M such that (6.4)—(6.5) hold. It then follows that (6.12),
(6.17), and (6.19) hold globally on M. One can replace S by (S + S*)/2, altering S by a
smoothing operator, and achieve S = S*. From the relation $? — S € OPS~> we deduce

that S can be altered further by an element of OPS~°, so that
(6.21) S*=S8 and S=57

i.e., S is an orthogonal projection. We still have SP ~ PS ~ 0, of course. However, it is
not necessarily true that S can be taken to be the orthogonal projection onto the kernel
of P. If the orthogonal projection of L?(M) onto ker P does satisfy the condition to be a
Szegd operator, we say it is the Szegd projector (associated with P).

The orthogonal projection of L?(0) onto the space of boundary values of functions
holomorphic on a strongly pseudoconvex domain @ C CF is indeed a Szegd projector
associated to the Kohn Laplacian Dl()o). We will discuss this in a moment. On the other
hand, it follows from an example of Nirenberg [N5] that there is a P on a three dimensional
M such that ker P consists of constants, and the orthogonal projection fails to satisfy
(6.3)—(6.5)

We turn now to the analysis of the orthogonal projection S of L?(90) onto the space of
boundary values of functions holomorphic in O, given © C CF strongly pseudoconvex. We
begin with some observations of Boutet de Monvel and Sjostrand [B12]. We first consider
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the case dim O > 5, so k > 3. We have the dy-complex; see, e.g., Krantz [K9]; and S is
the orthogonal projection of L?(00) onto ker DI()O), where Ellgo) = 5:517 on 0-forms. More

generally, we have Dlgj ) = 5:51) + 51)(‘_3: on sections of certain vector bundles Ej; 0y maps
sections of E; to sections of F;, ;. Note that

(6.22) 9,0 = 8,0,0, = O\ D,
As long as k£ > 3, the Kohn Laplacian Dél) on sections of FE; satisfies the criterion for

hypoellipticity with loss of one derivative, as in Theorem 3.1 and Theorem 3.3 of this
chapter; cf. [F4], [G9], or [[T]], Chapter 12. Consequently, there exists

(6.23) L, € OPU2
such that
(6.24) Lo =0V, =1-8), 8Ly =1,8 =0, Ly=L}

where S is the orthogonal projection onto the kernel of D,()l), which is a finite dimensional
space of smooth sections of Ey. Thus EbEZLl is the orthogonal projection onto the image
of 03 and EZngb is the orthogonal projection onto the orthogonal complement of ker 0.
Hence S is given by the following formula:

(6.25) S=1-38,L0, € OPY.
This formula for S was derived in [B12]. If we set

(6.26) E=08,L%0,(I - S) € OPU2,
we see that

(6.27) S0 =0, EO® =1-5 ES=0,

so S is a Szegd operator for Dl(,o) with complementary parametrix F.

The formula (6.25) is not wholly satisfactory. For example it hides the fact that S
belongs to OPS™° outside any conic neighborhood of A, which is an automatic con-
sequence of the fact that S DI()O) = 0 together with the hypoellipticity of Dl()o) away from
Ay. We will proceed to analyze S as an element of the smaller operator class OPEJO’W,
and produce an explicit formula for its leading term. This will produce an analysis of the
leading singularity of S alternative to, and in some respects simpler than, that of Boutet
de Monvel and Sjostrand [B12].

In this case, in local coordinates identifying a patch of M with a neighborhood of the
identity in H"” (dim M = 2n + 1), we have Dl()o) of the form

(6.28) Pu = P(z)u(z) = Z ajr(2)X; Xpu + ia(x)Tu + Z bj(x)Xju+c(x)u, «eH".
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We have shown that there exists a Szegd operator S € OPU° and complementary parametrix
E € OPY~2. Say

(6.29) Su(x) = S(x)u(z), Eu(zr)= E(x)u(z),

where S(x) is a smooth function on H" with values in OPW¥? etc. According to Proposition
6.2, the complete symbols of S and E are uniquely determined by the properties SP ~
0, EP+ S ~ I. Let us proceed to derive their principal symbols.

Now the hypothesis (6.2), which is satisfied by P = Dl()o), implies that, for each 2y € H",
the right invariant operator

(6.30) Py(x0) = Y _ aji(x0)X; Xy, + ic(zo)T

fails to satisfy the condition for hypoellipticity that op,(,,)(+1)(X, D) be invertible. In-
deed, this self-adjoint operator has a one dimensional kernel, varying smoothly with xg,
and consisting of elements of S(R™). Let mg(xo) denote the L?-orthogonal projection onto
this kernel. Now define

(6.31) Sy € OPUO>

by

o B
Similarly define

(6.33) Ey € OPU 2

by the requirement that og,(z, \)(X, D) be the inverse of op,(z,\)(X, D) for A < 0, and
for A > 0 it should annihilate the range of my(z) and should invert op, on the kernel of
mo(x). Now since

(6.34) P(z) (z) + Y _bj(2)X; + c(z) = Py(z) + B(x),

with B(z) smooth in OP¥! we see from the symbol calculus of §1 that Sy and E must
be the principal parts of S and E:

(6.35) S—S,e0PV', E—EyecOPU 3
That Sy belongs to OPU%> and not merely to OPU is a hint of the following;:
(6.36) S e OPUO>,

To see this, note that the relation .S DE(,O) = 0 together with the fact that Dl()o) is hypoelliptic
off Ay implies S belongs to OPS™> microlocally outside any conic neighborhood of A .
Thus (6.36) is a consequence of the following.
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Lemma 6.3. Let T € OP@m, and suppose that, away from any conic neighborhood of
AL CT*MN\ 0, T belongs to OPS™°. Then T € OPY"™°.

Proof. If Tu(z) = T(z)u(z), the hypothesis implies each right invariant T'(z¢9) € OPY™
belongs to OPS~°° outside A ;. Set

9~ 1)

with |
or,(z,£A)(X, D) = A" 2 75 (2 X, D).

We have
or;(z,=A)(X,D) =0 for A>0,

for all j. Now, the characterization of OP\Ifgn_j given by Proposition 2.2 of Chapter 11
implies o7, (2, +A)(X, D) € OPS; >, for A > 0, for each j, and this completes the proof.

A general element of OPU™> belongs to OPS™> away from A\ 0= A, \0UA_\ 0.
If T € OPY™ actually belongs to OPS~™° away from A, , we will say

(6.37) T € OPY"™,

We now tackle the task of specifying the complete asymptotic expansion of S and E for
0. We have Sy € OPU%™ and E, € OPU~2 such that

(6.39) SoP = Ry € OPUL™® EyP + Sy —1=Qy € OPY™L,

We will produce by induction

(6.40) S; € OPU 7™ E; e OPY 277,

such that

(6.41) (So+ -+ Sk)P = Ry, € OPT,75>

and

(6.42) (Bo+E1+ -+ E)P+(So+ -+ 8Sk) — [ =Q € OPU™17F,

We also want E'S ~ 0, which is equivalent to
(6-43) (Bo+ -+ + Ex)(So + -+ + S) = Wy € OPT 47K,

Suppose we have Sp, ..., S, and Ey,..., Ey. We will specify Skt and Ejyq. Let R#
and Qk# denote the prmmpal parts of R, and ), belonging, respectively, to OP\I/1 00

and OP\IJ 1=k Similarly let WZE denote the principal part of Wj. We have

Rfu(z) = R (z)u(z), zcH",
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where Rk#(y) is smooth in y with values in OP‘IJ(l)_k’OO, and similar formulas for Qk#, etc.
Now for (6.41) to hold with k replaced by k4 1, it is necessary and sufficient that, for each
y € H",

(6.44) Skr1(y) Pa(y) = —RY ().

We note that a necessary and sufficient condition for there to exist Si41 € OPEIO_ k=100
such that this holds is that the quantity

(6-45) T (Rﬁ (?J)S()(y)) = URZ&(y)sO(y)("*‘l)(X, D)

vanish for each y. For a general P of the form (6.48) this might be expected to be a
nontrivial condition. However, for P = D,()O), we know that S and E exist, in the operator
classes OP\II(J)F’OO and OPW¥ 2 so the vanishing of (6.45) is automatic. It follows that

(6.46) Sk+1(y) = —RY (v) Eo(y) + art1(y)So(y),

where a1 1(y) is a smooth function of y with values in OPW; "~ which remains to be
determined. In view of the formulas of Chapter I, §1, applied to the symbol of a product
SoP>, we have

(6.47) REW =Y SO y) Poo e + 3 65 (1) S0 (1) X
[v1[4+]v2|=1

Specifying aj41(y) will be a byproduct of the study of Eyy1, to which we turn. For
(6.42) to hold with k replaced by k + 1, it is necessary and sufficient that, for each y,

(6.48) Ejt1(y)Pa(y) = —Skt1(y) — QF (v).

Now, for (6.48) to be solvable for Ej11(y), it is necessary and sufficient that

(6.49) ™1 ([Ske1 (v) + QF )] So(v))
vanish. This vanishing is equivalent to

1 (a1 (y)mo(y) = —m1(QF (¥))mo(y),
so we can replace (6.46) by

(6.50) Ski1(y) = —RY (v)Eo(y) — QF ()So(y).

With this granted, we have

Epi1(y) = —[Sk+1(y) + Qk#(y)]Eo(y) + Br+1(y)So(v)

6.51
(6:51) = [RF (v)Eo(y) — QF ()] Eo(y) + Brr1(v)So(v).
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Here, the factor B4 1(y) is a smooth function of y with values in OPW %3 that remains
to be specified. This specification is a result of (6.43), with k& replaced by k + 1, which
requires

Eo(y)Sk41(y) + Eri1(y)Soly) + Wi (y) = 0.

If we plug in (6.50) and (6.51), we see this is equivalent to

(6.52) Brr1(y)So(y) = ~W¥(y) + Eo(y) R} () Eo(y) + Eo(y)QF (4)So(y).

Again this apparently nontrivial identity is a consequence of the existence of S and F' in
OPVYY and OP¥ 2, and it uniquely specifies 8x+1(y)So(y), since the other terms in (6.52)
have already been specified. We can rewrite (6.51) as

Er1(y) = [RF () Eoly) — QF (1) Eo(y)

6.53
(53) + Eo()[RY () Eo(y) + QF (1)So(y)] — W/ (v).

To summarize, for k£ > 3, we have proven the following result. We note that a result
along these lines was suggested by Dynin [D2].

Theorem 6.4. Let O C C* be a strongly pseudoconvexr domain, with smooth boundary
M = 00O. Then the Szegi projector S, the orthogonal projection of L?(M) onto the space

of boundary values of holomorphic functions, is an operator belonging to OP\IJ(J);OO, whose
complete symbol is given by (6.32) and (6.50).

The construction of the Szeg6 projector for Déo) based on (6.25) does not quite work
for k = 2, i.e., dim 9O = 3. In that case, the hypoellipticity of Dl()l) fails on A_, though

not on A;. Hence we can pick Ly € OPU~2 to be a parametrix for Dgl) microlocally away
from A_, and if we define S, and E, by (6.25)—(6.26), we see that

S, € OPV°, E, € OPYU 2,

and
S0 =4, EOV+S,=I-B, E,S,=C,

where A € OPU2°, B € OPU°, and C € OP¥ 2> belong to OPS™ outside any conic
neighborhood of A_. In analogy with (6.37), and with Lemma 6.3 in mind, we write

A€ OPU*>>®  BeOoPY*>® (CecoPU_>>,

The important point is that, microlocaly on a conic neighborhood of A, S, and E, furnish
a Szego operator and complementary parametrix for Dl()o). Since Dl()o) has a parametrix in
OPY~2 away from A, this shows that in the case dim 00 = 3, we have a Szegd operator

S’ and complementary parametrix E’ for Dl(jo) on 00, and the complete symbol of the
Szeg6 operator is still specified by (6.32) and (6.50). Once one has this result, it is possible
to deduce that the Szegd projector in this case is equal to S’ mod OPS~°°, using Kohn’s
estimate for the O-Neumann problem. This argument is carried out in detail in Boutet
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de Monvel and Sjéstrand [B12]. It relies heavily on M = 9O being embedded in C* as
the boundary of a strongly pseudoconvex domain. The Szegd projector for more general
strongly pseudoconvex CR-manifolds has been studied by Kohn [K6]. We also mention
another approach to the analysis of the Szegd projector, of Kerzman and Stein [K3]. The
Szegd projector is related to the Bergman kernel function; see [B12], and also the paper
[B1] of Beals, Fefferman and Grossman for a description of this and of Fefferman’s original
analysis of the Bergman kernel function.

Let us take a closer look at what sort of operator S was produced by the preceding
construction. First look at Sp, defined by (6.32). Take the case where

(6.54) Py(y) = Lo +inT,

on H"™. Then 7wy = my(y) is the orthogonal projection onto the lowest eigenspace of H =

—A + |z[2, which is spanned by e~1#I*/2. From the formula (1.13) of Chapter II relating
an operator to its Weyl symbol, we readily obtain

(6.55) o = mo(X, D), mo(x,§) = cpe 1z 1el,
Now if we write

(6.56) Sou(x) = s * u(x)

in this case, the formulas

So(1,y,m) = mo(r 2y, 771/ %)

(657) =cp e_(|y‘2+|77|2)/7" T > 07
§0(T7y777):0 T<07
give
o™ /1 1 -1
) t =c _<_ 24 Zpl? 't)
(6 58) 80( 7q7p) Cn ot 4|Q| + 4’29’ +1 5

a formula derived in Folland and Stein [F4].
In the more general case

(6.59) Py(y) = au(y)X; Xp + ia(y)T,

under the hypothesis on a that follows from (6.2), we see that my(y) is the orthogonal
projection onto the lowest eigenspace of Q(X, D) = Q(y, X, D), where

(6.60) Qx,€) = an(y)xsxe,

and

(6.61) Xj=Tj, Xj+n=2¢&, 1<j<n.
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If we choose a symplectic basis of R?" to diagonalize Q(z,&) and exploit metaplectic
covariance, we see that my(y) = mo(X, D) with

(662) 7‘-0('77; 5) — C(Q) e—w(Q,w,£)7
where (@, z, &) is a positive quadratic form in (x,¢), given explicitly by
(6.63) P(Q,,6) = Q(AG¢,C), ¢ = (x,9).

Compare formula (A.31) of Appendix A, or formulas (4.51) and (4.60) of Chapter II. Now,
if we write Sp(y) as a convolution operator:

(6.64) So(y)u(x) = soy * u(x),
we have

§Oy(7-’ Y, ?7) - CTL(Q) e_w(va/q)/T’ T > O,

6.65
( ) 0, T <0,
and hence
6.66 soy(t,q,p) = b e~V Qum/T giy-atinptitt gy, dp dr.
y
0

Now the Fourier transform of a Gaussian is another Gaussian:
(6.67) // e~ V(@ ym)/T Siy-atinp dy dn = C'(Q) e—dﬁ&’k(Q,q,p)r7

where, if we use the natural coordinates on R?" to represent the quadratic form ¥(Q, z, £)
as a 2n X 2n matrix,

w(Q7x7£) = C ' quC?

we have

(6.6 VH@Qap) = (205" 2= (a.p)

Hence the distribution sg, in (6.64) is given by

(6.69) sopltaap) = C"(Q)

e [WH(Q,q.p) +it] .

Using (6.65) or (6.69), it is possible to analyze Sy as a Fourier integral operator with
complex phase, associated with a certain positive almost complex canonical relation €, and
of order zero:

(6.70) So € I°(M, M; €).
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See Melin and Sjostrand [M5] for the theory of Fourier integral operators with complex
phase. Inductively from (6.50) one obtains

(6.71) S; € I71/2(M, M; ).

Thus S is a Fourier integral operator “adapted” to the contact structure of M = 00, in
the sense of [B11], Appendix A. We omit the details of passing from (6.65) to (6.70)—(6.71),
which do not differ essentially from the model case analysis given in [B11] and [B12].

It may be tempting to ask if the order of the elements in the expansion of S actually
drops by integers rather than by half-integers. To see that this does not necessarily happen,
consider

We will construct the Szego operator for this right invariant operator on H". With S ~
So+S1+---, S; € OPY,7"™, we see that Sy must be the operator defined by (6.55)—
(6.58), the Szegd operator for Ly + inT = P,. If S; exists, it must satisfy the identity
(6.44), which in this case becomes

(6.73) S1Py = —i50X;.
The condition for solvability,
(6.74) 71 (S0 X150) =0,

is seen to hold; all elements of the (one-dimensional) range of m1(Sy) are even; applying
X1 makes them odd, hence orthogonal to the range of m(Sp). In this case, we have

(6.75) S1 = —150X1Eg — i FyX1Sp.
If S, exists, it must satisfy
(676) SQPQ = —ilel — SO = —S()XlEoXl — E()XlSoXl — So.

Note that m (Lo + inT) acts as the identity operator on the range of m(X15p), so
SoXlEoXlso = S()XlQSQ. Now

™1 (SOX%SO) = - 7T1(So)

with
_ [ x2e~17” dz
T ekl 4y
This guarantees that then the right side of (6.76) is multiplied on the right by Sy, the
product vanishes. Indeed, the exact Szegd operator for (6.72) is given by

=1.

(6.77) S=50+581+S,, S0PV (S; el ?M, M;¢)),



124

and the term S7, given by (6.75), is not zero.
We note that the operator P in (6.72) is unitarily equivalent to Ly + inT’; a simple
calculation shows

(6.78) Lo+inT +iXy — 1 = ei/DT " Xusr (£0 4 inT) e~ (/DT Xosa

Microlocally near A, ¢I'~'X, ;. is a pseudodifferential operator in OPSY, and so is its
exponential. Thus the operator (6.72) is microlocally conjugate to an operator of the form

D,EO) near the characteristic set. In particular, the Szegd projector (6.77) is microlocally
conjugate to the Szegd projector Sy, given by (6.56)—(6.58).

As shown by Boutet de Monvel and Sjostrand [B12], any two Szegd operators are mi-
crolocally conjugate, via a Fourier integral operator.

Given a Szegd operator S acting on D'(M), one defines a Toeplitz operator (of order
m) as an operator of the form

(6.79) T =SQS, Qe OPS™M).

As noted above, any two Szeg6 operators are microlocally conjugate, via a Fourier integral
operator, so microlocally one is reduced to studying (6.79) when S = Sy is the Szegd
projector for Ly + inT on H™ (or any other local model). We will not develop the basic
theory of Toeplitz operators as a consequence of the operator calculus for OP\Tlim’oo.
Instead we refer to Boutet de Monvel and Guillemin [B11], where the basic theory is
worked out from a different point of view. We mention the following three results, proven
in the first chapters of [B11].

Theorem A. IfQ € OPS™ has principal symbol vanishing on A, then SQS is a Toeplitz
operator of order m — 1.

Theorem B. Any Toeplitz operator (6.79) can be written in the form T = SQ'S, where
Q' € OPS™ commutes with S. If T is self-adjoint, then Q' can be taken self-adjoint.

Theorem C. If Ty and Ty are Toeplitz operators, of order m1 and mo, respectively, then
T, T5 is a Toeplitz operator of order mi + mso.

We remark that Theorem C follows from Theorem B and that Theorem A is used to
prove Theorem B. Theorem A might seem surprising, in light of (6.77), and we will say a
little more about it below. This result is strongly related to a result of R. Howe, which
we will discuss in Appendix B, which sets up a natural isomorphism between the space
OPH}™ of pseudodifferential operators on R™ and the space of Toeplitz operators of order
m on the unit sphere in C". Our discussion of this in Appendix B will also make use of
Theorem B above. Another use of Theorem B is to set one up to study spectral asymptotics
for Top = SQS in case Q is elliptic and self-adjoint, by studying e**7e@ = § ¢*Q" S, Much
of [B11] is devoted to studying the composition of Fourier integral operators like /5@’
and operators like S, and applying this to obtain deep information on the behavior of the
spectrum of Tg.

Let us take a look at the symbol of a Toeplitz operator (6.79), as an element of
OP\iim’w, in the case S = Sy, the Szegd projector for Ly + inT on H™. Recall that
we have

(6.80) o5, (\)(X, D) = mo(X, D), A>0,
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with 7o(x, ) given by (6.55). If Q € OPf]g“,. then, from our operator calculus, we have,
for w € H",

1
(6.81)  0qs, (w, A)(X,D) ~ A" HA"“/Q (X -V, +D-Ve)*q(w;0,0) m(X, D),
k>0

where
(6.82) oq(w,\)(z,8) = ANq(w; A2z, A712¢), A > 0.

Consequently, we can obtain the symbol of SoQ.Sy = T, since Tou(w) = To(w)u(w) with

(6.83) ~ 3" 57QS),

v>0

Note that, after the principal symbol, which is
(6.84) A" q(w;0,0)mo(X, D),

the next highest order symbol (defining an element of OP\flzm_l’oo) is

(6.85) A 200(X, D)Y(X -V, + D - Ve)g(w; 0,0)m0(X, D)
(6.86) +am12 ST 0Dl DY g . gy (w5 0,0) mo(X, D).
[v1|+]v2|=1

Now (6.85) always vanishes since X; and D; map even functions to odd functions. As
for (6.86), if the principal symbol of @) vanishes everywhere on Ay, then ¢(w;0,0) = 0
on H" and its w-derivatives g, ,)(w;0,0) also vanish on H". Hence Tg belongs to

Opqlimd’oo in this case, which is consistent with Theorem A.
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7. Further material on Szego operators

As we have seen in §6, if M = 0O is the boundary of a smoothly bounded, strongly
pseudoconvex domain in C*, then the Szegd projector S has the property

(7.1) S € OPUL™.

We want to deduce further properties of S from (7.1), particularly the following.
Proposition 7.1. If S is such a Szeqo projector, then

(7.2) S:H*P(M)— H*P(M), VseR, pe(l,0).

To establish this, we recall from Proposition 2.13 of Chapter I that
(7.3) P €OPHYS = P:LP - L, Vpe (1,00).
As noted in (1.24)—(1.25) of this chapter, in this setting we have

PeOPHIY <P~ KiL;,
(7.4) >0
K; e OPU™ L; € OPS", mj <m, p; < p, mj+ p, — —00.

Hence, for S as in (7.1), S € OP¥Y C OP‘%SJ,%- This gives (7.2) for s = 0. Next,
Proposition 2.12 of Chapter I gives

(7.5) Pj € OPHIGM = P1Py € oyt matntie,
In particular, given

(7.6) A € OPS*(M), A ?°€OPS™*(M),
we see that

(7.7) P € OPUY™ = A*PA™ € OPH)S.

This gives (7.2) for all s € R, p € (1,00), and proves Proposition 7.1.
While (7.7) suffices to prove (7.2), we claim the following more precise result:

~0,00 —S S ~0,00
(7.8) P e OPUY™ = A*PA® € OPUS™.

We establish the following, which yields (7.8). This extends Proposition 3.7 of Chapter 11,
and is implicit in arguments given in §6.
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Proposition 7.2. We have

(7.9) Q € OPU]™, P € OPS" — QP,PQ € OPU[+,

Proof. We can assume the symbol of P is supported near A*. By Proposition 1.7, we have

(7.10) oqp(w, £A)(X, D) ~ AN "N e (w, A, X, D),
j=0

where

(7.11) e(jf(w, Nz, &) =og(w, £1)(z,§)op(w, +1)(A" Y22, X"V2¢),

and, for j > 1,
K(j)

(7.12) ef(w, A2, &) =Y pirs(w, A7z, X128 (w, 2, €),
k=1

with

pkij(w, x,§) € C°°, compactly supported in (z, &),

(7.13) N
akij(w,x,f) €S ™.

Given this, (7.11)—(7.12) yields QP € OPU™ 24 The argument for PQ is similar.
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Appendix A. The Weyl calculus

In our development of harmonic analysis on the Heisenberg group, we made considerable
use of the Weyl calculus, which is defined as follows. Given a(zx,§), we set

(A1) o(X,D) = (2m)" / / 6. ) @ X D) gy iy

where (4 X+P-D) ig given by (1.5)-(1.7) of Chapter IT and a(q, p) is the Fourier transform
of a(z,£). A few manipulations of integrals give

(A.2) a(X, D)u(z) = (27)~ / / (L(z+y), &) u(y) dy de.

This defines a kernel in §’(R™ x R™) and hence a map a(X, D) : S(R*) — S’'(R"), for any
a € §'(R?"). We will touch on only a few properties of the Weyl calculus here, referring
to the papers [H10], [G11] for a complete treatment. See also [[T]], Chapter 7.

One important class of symbols a(z,§) is S}, defined to consist of smooth a(z, ) such
that

(A.3) IDEDZa(a,€)] < Cap(1 + || + [¢])mPelHAD,

If a(z,§) satisfies (A.3), we say a(X, D) € OPS}"; generally p € [0,1]. If p > 0, we have
the following:

aj(X, D) S OPS;”; - al(X, D)CLQ(X,D) S OPS;RI—FmQ,

and the the symbol b(x, &) of this product has the asymptotic expansion

(A.4) Z  {a1,02}5(2,9),

J>0

where

{a1,a2}j(5’77§)
(A.5) _ (%)]{;(ayfagk - mfank)}Jal(:c,&)az(y,n) ezt

In particular {a;,a2}1 = {a1, a2} is 1/2i times the Poisson bracket. The meaning of (A.4)
is that the difference between b(z, £) and the sum of the right side of (A.4) over 0 < j < N
belongs to 871172727 We refer to [H10] for a proof of results containing (A.4).
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Note that, if a1 (z, &) or as(z, &) is a polynomial in (x, &), of degree d, then all the terms

in (A.5) are zero for j > d. In fact, in this case, (A.4) is not merely asymptotic; we have
the identity

d
(A.6) b, &) =S %{al,azw,s),
7=0

if either aq(x,&) or as(z,§) is a polynomial of degree d in (x,£). The proof of (A.6) is
elementary, since one of the factors a;(X, D) is a differential operator. In particular, if
either a;(z, &) or as(x,§) is a quadratic polynomial, we have

b, €) = on (2, E)ar(w,€) — S{ar, a2} (2, 6)

n 2 2
a é{2<8yf6£k B 8:1:(2377/@)}2%(%6)&2(%”) y=a.n=¢

k=1

(A.7)

If we compare the symbol of as(X, D)ay (X, D), we see that only the middle term changes
(by a sign), and so, whenever Q(z,&) is a quadratic polynomial, the commutator

[Q(X, D),a(X,D)] = C(X, D)
has the symbol
(A8) C(:C,f) = _{Q7a}(x7§>'

We can use (A.8) to analyze the conjugate of an operator a(X, D) by ¢’QX:P) | with
Q(x, &) quadratic. We claim

(A.9) e~ QX D) (X, D)D) = (g0 g,)(X, D),

where g5 € Sp(n,R) is the one parameter group of symplectic linear maps on R™ generated
by the Hamilton vector field

_y (9@ 9 0@ 9
<A10) HQ N Z(&v] 8&7 85] 5’@)’
le.,
(A.11) gs = exp(sHg).

To prove (A.9), we note that it is equivalent to the operator differential equation

(A.12) %(aogs)(X,D) = —i[Q(X,D),a 0 gs(X, D)].
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Now the left side of (A.12) is clearly equal to {Q,a o gs}(X, D), so (A.12) is equivalent to
(A.13) {Q,a}(X, D) = —i[Q(X, D), a(X, D)].

But this follows from (A.8), so we have proved (A.9).

The set of quadratic polynomials Q(z, ), with the Poisson bracket, is naturally isomor-
phic to the Lie algebra sp(n,R) of the symplectic group Sp(n,R). The map @ — Q(X, D)
gives a Lie algebra representation of sp(n,R) by skew-adjoint operators. This generates a
representation of the universal cover of Sp(n,R):

(A.14) w : Sp(n,R) —> S(L2(R™)).
We deduce from (A.9) that, if j : SA’];(TL, R) — Sp(n,R) is the natural projection, then

(A.15) (a05(9))(X, D) = w(g) ™ a(X, D)w(g).

As a matter of fact, one can reduce (A.14) to a representation of Mp(n,R), the 2-fold
cover of Sp(n,R), known as the metaplectic group. See Chapter 10 of [T5] for a discussion
of this.

We now want to use the identity (A.7) to derive a formula for the Weyl symbol of

(A.16) e =n(X,D), H=-A+|z)>=Q(X,D),
where
(A.17) Q(z,€) = |z|* + |¢]*.

We will show that
(A.18) he(x,€) = (Cosht)—ne—(tanht)(lx|2+|§|2),

thus providing an alternative proof of Proposition 4.1 of Chapter II. First, we can see
by symmetry that hy(z,€) is a function of |z|? + |€|?. Indeed, the unitary group U(n) is
naturally contained in Sp(n,R), and it acts transitively on spheres, so this is a consequence
of (A.15), since cetainly w(g) for j(g) € U(n) commutes with all functions of H. Thus, if
we set

(A.19) bi(X,D) = H hy(X, D),

then (A.7) implies

(A.20) bi(2,€) = Q(a, ha(w, ) — 7 Z( k)ht@:,g).

35
Note that the Poisson bracket vanishes in this case. Hence, h¢(z,£) must satisfy the
equation

2

3

oh

a20) GO = (P + e+ § 3 (5 + g i)
k
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If we write

(A.22) he(2,€) = 9(t,Q), Q= [z +[¢f,
then (A.21) becomes

99 _ 0% , Og
(A.23) a9 —Qg + QTQQ + n@

Now (having peeked at (A.18)) we will make the “inspired guess” that
(A.24) he(z,€) = a(t) el)(lf)(lr\24r|£\2)7 ie., g(t,Q)=alt) Q.

Then the left side of (A.23) is (a’/a+ V' Q)g and the right side is (—Q + Qb* +nb)g, so the
identity (A.23) is equivalent to

(A.25) ) _p@), and B = 1— b(1)?.

We can solve the second equation for b(¢) by separation of variables. Since ho(z,&) = 1,
we need b(0) = 0, so the unique solution is easily seen to be

b(t) = — tanht.
Then the equation a’/a = —ntanht, with a(0) = 1, immediately gives
a(t) = (cosht)™™.

This completes the proof of the identity (A.18).
We can also analyze the Weyl symbol of

(A.26) e tRXND) — pQ(X | D)

for a general positive-definite quadratic form Q(x,&). If

(A.27) Q.8 =Y pij(z3+&),

with p; > 0, then the proof of (A.18) also gives

n

(A.28) he.0) =]

j=1

exp(— 3 (tanhtp;) (23 + 53-)).

coshtp; -

We can express this in invariant form, as follows. Use the Hamilton map Fi associated
with @, given by

(A.29) o(u, Fou) = Q(u,v),
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where o is the symplectic form on R?" and Q(u,v) is the symmetric bilinear form polarizing
the quadratic form Q(u), u = (z,€). For @ positive definite, a basic result of symplectic
algebra is that Fi has spectrum {+ip;}, 1 < j <mn, u; > 0; see, e.g., Chapter 1, §6 of
[T5]. Given this, we have

det coshi™'tFg = (ﬁ coshtuj>2.
j=1
Also, if we set
(A.30) Ag = (-F3)'?,
the unique square root of —Fé with positive spectrum, we obtain (with ¢ = (z,&))
Z(tanht,uj)(x? + 532) = Q(Aél tanhtAq , ¢),

and hence

e—Q(Ag_,1 tanhtAg ¢,C)

A.31 he (&) = :
( ) (8) (det cosh (t/i)FQ)1/2

Since any positive-definite form Q(z,&) can be put in the form (A.27) via a symplectic
change of coordinates, the identity (A.15) implies that (A.31) is valid for a general positive-
definite quadratic form Q(x, &), as the formula for the Weyl symbol of e tRX.D)

We turn to a study of L? boundedness of operators a(X, D). We will show that a(X, D)
is bounded on L?(R™) if a(z, &) € 8. This is a result of Calderon and Vaillancourt [C1];
see also [H10]. The approach we take is due to Cordes [C6] and Kato [K2], in a slightly
different context. A related approach is given in Howe [H11]. The proof starts with the
following two simple operator-theoretic results, whose proofs can be found in Chapter 13
of [T2], or the reader can try them as exercises.

Lemma A.1. LetY be any o-finite measure space and U(y) a weakly measurable family
of bounded operators on a Hilbert space H such that

(A1) [1wwsaPay<clsPlol?. .gen
Y
If b€ L>=(Y), then for any trace-class operator G on H,
(A.33) B =G} = [ b)) CU)dy
Y
satisfies the operator bound
(A.34) |B]| < Clb]| o< [| G}t
In our case, we take Y = R2?" with Lebesgue measure, y = (2,£). We let H =

L*(R™), X;u(z) = z;u(z), Dju(zr) = —idu/dz;, and
(A.35) Uy) = Uz, &) = & XtieD,
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Lemma A.2. IfU(y) is given by (A.35), then (A.32) is satisfied.
The way in which (A.33)—(A.34) will be implemented is described as follows.
Proposition A.3. Leta=0bxg, G =g(X,D). Then

(A.36) a(X,D) = / / b(z, &)t XD Gem & X¥iwD gy ge.

Proof. Clearly the superposition principle gives

o(X.0) = [ [ b2, 09X ~ .0 - &) du e
Thus (A.36) is equivalent to the observation that
(A.37) g(X —z,D — &) = & X—iwD g(x D)X tivD

which is elementary (and which complements (A.9)).

We shall apply (A.36) to the case
(A.38) b(w,&) = (1= Ay — Ag)*a(z,€), g(x,6) = (1 - Ap — Ag) ™",

so G(q,p) = (1 +|q|> + |p|?>)~*. We will pick k = k(n) sufficiently large below. In such a
case, the hypothesis

(A.39) D3 caz, §)| < A, a] < K(n),

implies b(z, &) € L (R?*"), provided K (n) = 2k(n). It remains to ensure that G = g(X, D)
is trace class. Note that

(A.40) Gulw) = [ K(w.g)ulw) dy

where

(A4) K@= [0 (@t dE = Loy b+ )
Note that

(A.42) P DED]L () = [ €7 E DDy, de.

Now the definition of g(x,&) given in (A.38) implies that g € C°°(R?*" \ 0) and g(x,§) is
rapidly decreasing together with all its derivatives, as |z| + |¢| — oco. Also g is C* in a
neighborhood of the origin, if k(n) > ¢ 4+ n/2. Thus (A.42) is bounded and continuous for
lal, |85 |7]5 |0] < peif € > 2p. On the other hand, it is easy to verify that, for y = u(n) large
enough, such a condition implies K is the integral kernel of a trace-class operator. Thus
for G = g(X, D) defined by (A.38) with k = k(n) sufficiently large, G is of trace class.

Now the first two lemmas and Proposition A.3 yield the following Calderon-Vaillancourt
theorem, which was stated in Chapter II, §1; see (1.26), (1.27).
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Theorem A.4. If the estimate (A.39) holds, with K(n) sufficiently large, then
(A.43) a(X,D): L*(R") — L*(R"™), |la(X,D)| < C(n)A.

In particular, A is bounded on L? if A € OPSY. The class S coincides with the class
S0.0» where we say a(x, &) belongs to S} if and only if

(A.44) IDEDga(x,€)] < Cap(1+ |€[)mPlol+alAl,

A more general version of the Calderon-Vaillancourt theorem is that a(X, D) is continuous
on L?(R") provided that, for some p € [0,1), a(z,&) € S) . This result is particularly
important in the case p = 1/2. We will not give the proof of this, but note that it can be
deduced from Theorem A.4 via the Cotlar-Stein lemma; see Beals [B2] for this argument,
in a more general context.

We now show how the identity (A.18) for the Weyl symbol of e 7*#  with H = —A+|x|?,
helps one to prove a sharp Garding inequality. That one could do this was pointed out by
Unterberger [U1], which concerned itself not with sharp Garding inequalities, but rather
with further generalizations of the Calderon-Vaillancourt theorem. We seek conditions
under which a symbol p(x,£) > 0 defines an operator which, if not positive, is at least
semi-bounded:

(A.45) (p(X, Dy, u) > =K |Jul[72.
Now what the identity (A.18) implies is that

t n
(A.46) u(z,€) = <;) e tzPHE®) & (X, D) >0, 0<t<1,

since clearly e~* is a positive operator for any s > 0. Now operators can be synthesized

from oy (X, D) and various other operators unitarily equivalent to it, and these will provide
a sufficiently rich class of positive operators to enable us to obtain the following sharp
Garding inequality.

Proposition A.5. The semiboundedness (A.45) holds for all p(x,§) such that
(A.47) p € St

Proof. Consider the operator p;(X, D), where p; = p* ay. Then, as in (A.36),

Consequently (A.45) follows from the fact that
(A.49) p1—pESY,

in view of Theorem A.4. The result (A.49) in turn is straightforward, and we leave it as
an exercise.

A somewhat more complicated variation of the argument given above can be used to
show that the semiboundedness (A.45) holds for all p(z,&) > 0 when p € Sj 3. Proposition
A5 has the appearance of a weak form of the Fefferman-Phong inequality, to the effect that
the semiboundedness (A.45) holds when p(z,€&) > 0 and p € S7,, if p is scalar; cf. [F1].
This result is more powerful than Proposition A.5, in the scalar case. However, Proposition
A.5 holds for systems.
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Appendix B. Toeplitz operators and more general Weyl calculus

A principal goal of this appendix is to discuss the following result of R. Howe: there
is a natural unitary map from L?(R™) to L (B™), the space of holomorphic L? functions
on the unit ball B C C", which sets up an isomorphism between the algebra OPH;" of
pseudodifferential operators on R™ and the algebra of Toeplitz operators on B" of order
m/2. This elegant result was given in [H11] and also discussed in [G15]. Since these
references confine the proof to a sketch, we shall take the space to provide a full proof
here. The proof will arise as an application of a more general sort of Weyl calculus than
that dealt with in Appendix A.

The unitary isomorphism of L*(R™) with L3,(B"™) starts with the unitary transformation
intertwining the representation m; of the Heisenberg group H™ on L?(R") (given in Chapter
IT, §1) with the Bargman-Fok representation, which we will now define. The representation
[ acts on the Hilbert space

(B.1) H = {u(z) holomorphic on C™ : /|u(2)|26_|’z|2/2 dVv(z) < oo}
Then, for (t,q,p) € H", the unitary operator 5(t,q,p) on H is defined by

(B.2) B(t,q,p)u(z) = et TiatI=V2=(a 40 o (2 4 i(q — ip) /v/2).

Note that, on the Lie algebra level,

(B.3) B(T)=il, B(L;)= ﬁ(% + Zj)a B(M;) = %(% - Zj)-

Recall that, for the Schrodinger representation 7 of H™ on L?(R"™),

0

= 3
8a:j

(B4) Wl(T):iI, Wl(Lj) 7T1<Mj) :Z.TJ

The unitary operator W : L?(R") — H intertwining m; and f3 is given by

Wi(z) = / (@)K (z, 2) de,

_ 2
K(z,z) = exp(ﬂz-x - %)

(B.5)

Now there is a natural unitary isomorphism

(B.6) V:H — L3,(B"),
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which arises as follows. An orthonormal basis of H is

2
(B.7) Ug = Au2%, Qo =\ —

(see, e.g., [T5], Chapter 1), while an orthonormal basis of L%, (B™) is given by

!
(B.8) Vo = bz, b = M
al
See Rudin [R7]. Now we define V' by Vu, = v,, ie.,

ba !
(B.9) V2% =742% Ao=—= —(n+ la])

Qo 2 = 7‘04'

Now we want to analyze the operators Z; and £;, defined by

)
(B.10) Z,=VyuVl L=V . VL
J

In fact, (B.9) shows that

1 0
2,0 = Jaltt z;z%, L;z% = ol =1 on‘.
Vel Na| OZj

In particular,

(B.11) Ziz% =/|la] +n+1z;2%

The operator 2* — |a|z% can be extended to C°°(B") as u(z) + i~ Xu, where X is the
real vector field on R?" = C" generated by the flow z — e’z on C". If we set D =i 1 X,
a first order differential operator, we get

(B.12) Z; = 2z\/|D|+n+1.

Since z; and 9/9z; are adjoints of each other on H, the adjoint of Z; on L3 (B") is L;.
Thus, if v is the unitary representation of H" on L2 (B™) defined by

(B.13) v(g) =VB(gV™', geH"
then, with 7 denoting the orthogonal projection of L?(B™) onto L% (B™), we have

v(T) =il, v(L;)=in(z(|D|+n+1)Y2+ (D] +n+1)"%z)r,

B.14
( ) V(Mj):ﬂ(zj(|D|+n+1)1/2—(|D|+n+1)1/2§j)7r,
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on L3,(B"). This was derived in [H11] and [G15]. Here 7 is the orthogonal projection of
L?*(B™) onto L3,(B™).

Alternatively, we can regard 7 as the orthogonal projection of H~1/2(8?"~1) on L%, (B"),
which we identify with a closed linear subspace of the Sobolev space H~1/2(§?*~1) via the
Poisson integral. The projection 7 is then essentially the Szego projector. We can write

(B.15) v(L;) =ir®;mw, v(M;)=inrX;m,
where

D; = 2 (|D]+n+ D)2+ (|D| +n+1)/z,

(B.16) X — 2. /2 _ 1/2%.
iX; =z (|ID[+n+1) (ID[+n+1)77z;.

Now ©; and X; are not quite pseudodifferential operators. But note that, for all u €
D'(S?"~ 1), mu has wave front set in A, a ray bundle in 7*S52"~1\ 0 defining the contact
structure, and the differential operator D is noncharacteristic on A, and so elliptic on a
conic neighborhood of Ay. Thus, when analyzing ®; and X;, we can treat these operators
as pseudodifferential operators on S?"~1, belonging to OPS'/2. Note that, on A,

(B.17) ox,;(w,§) = (Rew;)|€|1/2, 0p,(w,§) = (Imw;)[€]Y2, mod S~1/2,
where w = (w1, ...,w,) € S?"~1 c C".
We will now alter X; and ©;, making use of Theorem B from Chapter III, §6, to
operators X; and ©; that commute with 7. The map
U=VW:L*R") — L3,(B")
is unitary, and under it, a pseudodifferential operator a(X, D) is taken to
(B.18) Ua(X,D)U™! = na(X, D),

where a(X,®) is a function of the self-adjoint operators X1,...,%X,,91,...,9,, defined
by the Weyl calculus:

(B.19) a(X,9)=(2m)™" // d(q,]o)eiq'j@”'*""53 dq dp,

where ¢- X =) ¢;X;and p- D =) p,;D;.

With this in mind, we will consider the Weyl calculus in the following more general
context. On a compact manifold, take L1, ..., Li self-adjoint operators,
(B.20) L; e OPS*, 0<a<l.

We suppose L; have scalar principal symbol. We also suppose

(B.21) L=L3+---+ L} € OPS* is elliptic.
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We want to analyze the operator a(L), defined by the formula

(B.22) a(L) = /d(s) el ds,
as a pseudodifferential operator, given a(1,. .., &) € S, ie.,

(B.23) ID%a(€)] < Co(1 + [¢])mrlel.

In (B.22), we take s - L = s;Ly + --- + s3Ly, s € R¥. Note that (B.23) implies a(s) is
C* outside the origin and rapidly decreasing, with all its derivatives, as |s| — co. We can
localize the analysis of a(L) under the following hypothesis:

(B.24) a € S(R*) = a(L) € OPS™.

We will go into cases where (B.24) is sure to be valid shortly. Granted this hypothesis, in
(B.22), we can suppose a(s) is supported on a small set |s| < e. We will use the method
of geometrical optics to obtain a parametrix for e=*'L, for |s| < e. In fact, let A € OPS®
be some real linear combination of Ly, ..., L, and we represent ¢4, for |t| small, in the
form (in local coordinates)

ufe) = [ aft,z,€) 0O (6) de

Here, the phase ¢ satisfies the eikonal equation

Oy
ot

where A;(x,§) € S* is the principal symbol of A € OPS®. Thus, for small ¢ we can solve
for ¢, real valued in S®. We get a sequence of transport equations for a ~ > a;, yielding
a(t,z,&) € SO with a(0,z,£) = 1. Writing A = >_ s;L;, the functions ¢ and a depend
smoothly on their parameters on some set |s| < sg, [t| < tg. We can freeze t at ¢y and
rescale s, to write, for |s| < e,

= A1(z, £+ Vi), ¢(0,2,8) =0,

(B.25) e Lu(x) = / b(s, x, £)eVSTEOTTE 4 (8) e

Here b(0,z,&) = 1, b€ S°, and ¢ € S° is real valued and satisfies

o

B.2 —
(B.26) s

(071.75) :O'Lj(l',f), ’Qb(ovx?g) =0.
Returning to (B.22), we have, for a € S} such that a(s) is supported on [s| < ¢,
// b(s,x,§) W(S’”’”’g)em'£ (&) dé ds

(B.27)
= / (Dy)(be™)|,_, e de.



139

Now we can use the stationary phase method to evaluate a(D,)(be’¥) provided we know
Vst #0 at s = 0. In view of (B.26), this is equivalent to the hypothesis (B.21). Thus we
obtain, for a € S}, provided 1/2 < p <1,

(B.28) a(D,)(be™) = Be',
where
(B.29) Be Sy,

has an asymptotic expansion

(B.30) B(s,z,&) ~ b(s,z,8)a(Vs)) +

In particular,
B(0,x,&) ~ a(ULl(:U,S), ce s 0L, (x,f)) +
Now (B.27) gives

(B.31) a(Lyu = / (0,2, €)™ €a(€) de,

and this implies a(L) is a pseudodifferential operator. In particular, for a € S7", we have
a(L) C OPST, and

(B32) O'a(L)(xvg) = CL(Ll(.CC,f), s aL/f(x7€)) mod S{T,loa_a’

where L;(z,€) is the principal symbol of L;.

In general, one might not have (B.24), but the operator calculus (B.31)-(B.32) still
holds for a € S such that a(s) is supported in a small neighborhood of 0. This can still
be quite useful, as we will see below. One case where we can guarantee (B.24) is when
Lq,...,L; all commute. In that case, one has

— /nga(a) et ds,
/ Ai(a) e ds

is bounded on each Sobolev space H*(M) for all j. Since L is elliptic, this implies A(L) €
OPS~, if a € S(R¥). In this commutatice case, the analysis of the functional calculus
given here is equivalent to that given by the author in [T3], and in Chapter 12 of [T2].
Other approaches to functional calculi in the commutative case were given by Strichartz
[S9] and Colin de Verdiere [C5].

This argument can be pushed to yield (B.24) as long as

and hence, if a € S(R¥),

(B.33) D, et = Bj(s)e'™ L + L;e*™,
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where each B;(s) is a polynomial in s with values in OPS%~¢, for some € > 0. A favorable
case is L; € OPS'/? and Bj;(s) polynomials in s with values in OPS°. Since 7X;7, 7@ 7
satisfy the same commutation relations as X, D, we see that such an identity holds in this
case, SO

(B.34) a €S = ma(X,D)r is smoothing.

Thus the geometrical optics analysis applies, to give

(B.35) ma(X,D)r = wP,m,
where
(B.36) a €S = P, € OPS}"*(5*1).

Suppose a € 8™, i.e., a(z,§) ~ Y a;(x, &) with a; homogeneous of degree m—j in (x, §).
In this case, since X;,®; € OPS 1/2 (microlocally near A, ), we see that the phase function
Y(s,x, ), obtained as a solution to an eikonal equation, is asymptotic to ¢y + g + -+ -,
with 114, homogeneous of degree 1 — k/2. Also the amplitude B(s,z,§) is asymptotic to
bo + b1 +ba + - - -, with b; homogeneous of degree —j/2 in £. It follows that (B.35) holds,
with

(B.37) a$€8y=P,~Py+P +P+---, PjcOPS™*I/2

Now, if a(z,€) is equal to a function homogeneous of degree m for |z| + |£| large, the
expansion above for P, can be improved. In fact, if we use our class of symbols

(B.38) Hy' = {a(:z;,f) ta o~ Z a;, a; homogeneous of degree m — Qj},
J=20

then we will prove the following.

Proposition B.1. If a(z,¢) € HI?, then (B.35) holds with P, € OPS™/2, so

(B'39) Po~Py+P+P+---, PjGOPSm/Q—J"

The content of this proposition is that for a € H}", the terms in the expansion (B.37)
vanish for j odd. The amplitude B(0,z, &) in (B.31) arises by an inductive construction,
and such a construction does not lend itself easily to proving this infinite sequence of
identities. We will take a different approach, one involving the Weyl functional calculus in
a context not quite covered by hypothesis (B.20).

Namely, we need a functional calculus for the quadratic forms in X and D occurring in
the metaplectic representation (on the Lie algebra level). Thus, with sp(n,R) ~ P, the
linear space of second-order homogeneous polynomials Q(z, ), we pick a basis @; for this
vector space and set

(B.40) p(Q1(X,D),...,Qn(X,D)) = / p(s) e 1@ XD FisnQn(XLD) g g
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where N = dim sp(n,R) = n(n + 1)/2. To write it in a more invariant fashion, let Q
denote the linear map from sp(n, R) to self-adjoint operators on L?(R™) given by

(B.A1) 9(Q) = Q(X, D),
and set
(B.A2) p(Q) = / HQ)e 2@ dQ = / HQ)e D) dq.

We will parallel the analysis of (B.22), via a representation of e'QX.D) a5 a Fourier integral
operator and use of stationary phase, as in (B.27). Our next order of business is hence to
represent e’?(X:P) ag a Fourier integral operator for Q € Ps.

That this can be done is related to the fact that commutators of operators in O PS™"
belong to OPS™+m2=2 50 operators in OPS? behave for many purposes like pseudodif-
ferential operators of order 1 on compact manifolds. The Fourier integral representation of
e'QX.D) can be derived by the method of geometrical optics (see, e.g., Helffer and Robert
[H4]), but we will derive it from the identity (A.31) of Appendix A, which says that, for
Q(x,&) € Po, positive definite,

(B.43) e tRXND) — p%(X | D),
with

e—Q(AC’Ql tanh tAg ¢,¢)

(B.44) he (&) = 75
(det cosh (t/i)Fg)

Here, ¢ = (x,&), and Q(u, v) is the bilinear form such that Q((,¢) = Q(¢). Recall that Fg
is the linear transformation on R?" defined by

(B.45) Q(u,v) = o(Fou,v),

and Ag = (—Fé)l/Q. Compare (4.55)—(4.60) of Chapter II. If we set
(B.46) 0(t) =t~ tanht,

which is an even function of ¢, we can write (B.44) as

o —tQO(tFQ)¢.Q)

(B.47) he (a,€) =
(det cosh (t/i)Fg)

1/2°

We can analytically continue to imaginary time, and, with

(B.48) I(t) =t~ tant,
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we get

etQI(tFQ)C,()
(det cos (t/z’)FQ)l/Q.

Consequently we have the Fourier integral representation

(B.49) he(z,6) =

(B.50) eiQ(X,D)u(x) - /G(Q)ew(Qé(m+y),£)+i(w—y)~€ u(y) dy de,
where

(B.51) p(Q,x,8) = —QI(FQ)¢,C), (= (x,),

and

(B.52) a(Q) = (det cos Fg/i)~1/2.

Now (B.50) was derived under the hypothesis that Q(z,&) was positive definite, but it is
clear that the resulting formula is valid for all @ € B5. The amplitude a(Q) and phase
¢ have singularities at @) € P, for which Fg/i has (k + 1/2)m as an eigenvalue for some
integer k, but formula (B.50) is valid, with a(Q) and ¢ smooth, for @) in a neighborhood
O of the origin.

If p € 8™ and p is supported in O, then (B.42) and (B.50) give

= ///ﬁ(Q)(a(Q)GW(Q,%(m+y),§))ei(r—y)~£ u(y) dy d¢ dQ
_ / p(DQ)(a(Q)e""P(Q’%(ery)"g)) ‘onei(m—y)f u(y) dy de.

Now, in view of (B.51), we see that Vop(0,z,8) = Q(x,§), so the Q-gradient vector of ¢

(B.53)

is nonvanishing for (z,¢) # , and hence the stationary phase method yields
(B.54) / / (@4 y), €)@V y(y) dy de = b(0, X, D)u(x),
where
(B.55) b(Q. 1@ +9).&) = ¢ #p(Dg) (a(@)c'¥).
If p € 8™, we obtain the asymptotic expansion
(B.56) Q2,8 =) b;(Q,x,8),

3>0

with b;(Q,z,&) homogeneous of degree 2(m — j) in (z,£). (Note that b;(Q,x,&) =
b;(Q, —x,—¢).) Thus

(B.57) p€S™ = p(Q) € OPH;™,

if p is supported sufficiently near the origin, and we have

(B.58) opa) (2,€) = p(Q(x,€)), mod HF™ 2.
Here we define Q : R2" — B, the linear dual of PBs, by

(B.59) (Q(x.,6).Q) = Q(z,€).

Using (B.57) and (B.58), we will establish the following.
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Lemma B.2. Let q(x,§) € H}* be even, i.e., q(z,§) = q(—x,—&). Then there exists
p € S8™? such that

(B.60) p(Q) — ¢(X, D) € OPS; ™.

Proof. We begin with the observation that if ¢(z,£) € H}" is even, there is a smooth

function py € S™/? such that po(@(x,é“)) is equal to ¢(z, &), outside some neighborhood
of the origin. This follows from the result of A. Schwartz [S2]; see also Mather [M1]. This
argument was noted in another context in [G15]; see the proof of Lemma 6.14 there. One
can truncate pg, preserving evenness, so pg is supported near the origin. This alters pg by
an element of S; *°. For such py, (B.57)—(B.58) give

(B.61) po(Q) — ¢(X, D) € OPH;" 2.

Now an inductive argument yields p;(Q) € OP”HZFQJ‘ such that, if p ~ ) p;, (B.60) holds.
We return to our analysis of

(B.62) ma(X, D) = Ua(X,D)U™*

for a(x, &) € H}'. Recall that we have

(B.63) wa(X, D)7t = wP,m

with P, € OPSTO/2 being asymptotic to ) P;, P; € OPS™/?~i/2 Now suppose a(z,£) €

y* is even. Then, by Lemma B.2, we can write

(B.64) a(X,D) =p(Q), mod OPS;*,

where p € S™/2. Now if we define a linear map ¥ from Bs to self-adjoint operators by
(B.65) Q) = Q(X,D),

we have, modulo a smoothing operator,

(B.66) ma(X,0)r = mp(X)T.

Note that, by (B.16)—(B.17), for each Q € By, Q(X,D) € OPS! microlocally near A,
and the functional calculus for p(L), L; € OPS! developed above applies to p(X). In
other words, on a conic neighborhood of A, C T*(S?"~1)\ 0,

(B.67) peS™?— p(x) e OPS™?,
at least as long as p is supported near the origin. Consequently we have proved:
(B.68) a(z,&) € H* even = ma(X,0)r = nP,m, P, € OPS™?2

We are now in a position to prove Proposition B.1. In fact, the weak result (B.37)
implies that the correspondence a(X, D) — P, is “microlocal,” and in analyzing P, on a
microlocal level there is no loss of generality in supposing a(z, ) is even. From Proposition
B.1 easily follows the more rounded out statement of affairs whish we record here:



144

Theorem B.3. With the unitary map U given above, the correspondence
(B.69) a(X,D) — Ua(X,D)U™! = ma(X,D)r

sets up an isomorphism between OPH;" and T2 where

(B.70) T™/2 = {xPr: P € OPS™/?(S$*"1)}.

Proof. We need only check the surjectivity. If mPm € 7™/2, the construction above pro-
duces ao(X,D) € OPH}" whose image in T™/2 is wPyw, where P, € OPS™/2 has the
same principal symbol as that of P on Ay. Now we appeal to Theorem A, stated near the
end of §6, Chapter III. The difference 7(P — P;)7 is a Toeplitz operator of order m/2 — 1.
Inductively we obtain a;(X, D) € OP"HZFQ]‘ which asymptotically sum to a(X, D), whose
image differs from 7 P7 by a smoothing operator, which in turn is readily absorbed. The
proof is complete.

Note that Theorem B.3 implies an equivalence between index theorems for elliptic op-
erators in OPH" (contained, e.g., in [H10]) and the index theorem of Venugopalkrishna
[V2] for Toeplitz operators on B". Boutet de Monvel [B8| has index theorems for general
strongly pseudoconvex domains. Also Theorem B.3 implies an equivalence between results
on spectral asymptotics for elliptic operators obtained by Helffer and Robert [H4|, Shubin
[S5], Chazarin [C2], and others, and results on spectral asymptotics for elliptic Toeplitz
operators on B™. Such results on spectral asymptotics, for elliptic Toeplitz operators
on general strongly pseudoconvex domains, have been proved by Boutet de Monvel and
Guillemin [B11]. Also, Guillemin and Sternberg [G15] analyze spectral asymptotics for
a(X,D) € OPH;", in the special case when a(z, ) is even, using a different “compactifi-
cation.”
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Index of symbol classes

For pseudodifferential operators on R™, we have an operator p(z, D) associated to a
symbol p(z,§), via formula (1.1) of Chapter I. In this case, symbol classes of particular

importance include S}, consisting of p(x, &) such that

IDEDEP(x,€)| < Cap(L + [¢])mrlel+IAl,

and the subclass S™ of ST, consisting of p(x, ) with an asymptotic expansion

2,6) ~ Y pm—j(2,€)

J=0

where, for [£| > 1, py,—;(x, ) is homogeneous of degree m—j in . A large number of other
classes of “symbols” has arisen in this paper, to which operators have been associated, by
various rules. We provide a list of these classes here, for convenience. We list the chapter
and numbered formula at (or near) which each listed symbol class is defined.

Symbol Class Defined at: Symbol Class Defined at:
sm, I(1.4) QpF IT (3.41)
9(G, a,m) I(2.6) Qmek IT (3.51)-
Hos I (2.40) Sk (H™, A) IT (3.51)
o 1T (2.4) Q?{}; 1T (5.13)
H 1T (2.13) gm 111 (1.1)
H™ 11 (2.14) gk 111 (1.1)
Sm 1T (2.16) »m I (1.1)
Hmk 1T (2.23) Qmk I (1.1)
gk IT (2.36) e IIT (1.1)+
g IT (2.56) g7 111 (6.37)
=0 IT (3.1) Sy (A.3)

nm II (3.2) Sm (B.36)+
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Index of other notations

The following is a list of other special symbols, and the chapter and formula number at
(or near) which each is introduced.

Notation Defined at: Notation Defined at:
p(x, D) I(1.1) Fo IT (4.55)
OPX I(1.11) Ao 1T (4.58)
og(x,m) I (3 1) subo (P) I1T (3.53)
H"™ IT (1.1) O+ I1T (4.7)
h" II (1.2) Oy 111 (4.12)
7T:|:)\(t,q,p) ( ) 8(, 111 (6.22)—
T IT (1.8) Sp(n. R) (A14)-
a(X, D) IT (1.12) L% (B") (B.8)-

ok (£N)(z, &) IT (1.15) a(X,D) (B.19)

Co I (2.1) p() (B.42)
{a,b};(x,€) IT (2.20) Tm/2 (B.70)

A IT (2.68)-
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