Variants of Arnold’s Stability Results for 2D Euler Equations

MICHAEL TAYLOR!

ABSTRACT. We establish variants of stability estimates in norms somewhat stronger than
the H'-norm, under Arnold’s stability hypotheses on steady solutions to the Euler equa-
tions for fluid flow on planar domains.

1. Introduction

Let Q be a smoothly bounded planar region and u®(¢,z) solutions to Euler equations
on R x €,

(1.1) Ou® + Vyeu® = Vg, dive® =0, u°l 09,

with initial data u®(0) = u§. Assume u’(¢, ) = u,(z) is a smooth, steady solution to (1.1).
V. Arnold found conditions on us guaranteeing the stability estimate

(1.2) s () — sl i) < Cllus — wallz oy, VEER,

at least as long as the right side of (1.2) is sufficiently small. The analysis was based on
use of conserved quantities of the form

(1.3) H(u) :/[%|u|2—|—go(w)}dA+Zaj/u-dx.
Q L

Here w = rotu and I'; are the connected components of J§2. The function ¢ is obtained
as follows. Set ws; = rotus and let ¥; denote the stream function of ug, satisfying

(1.4) us = JViy,

where J represents counterclockwise rotation by 90°. Assume

(15) ws = q)(ws),

with ® smooth and monotone, and take ¢ such that

(1.6) ¢'(A) = 2(N).
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We can assume ¢’ linear for A large (positive or negative). It is then possible to specify
a; € R such that u, is a critical point of H. A calculation gives

(1.7) D?*H (uy)(v,v) = /[[1}\2 + (rot v)?¢" (ws)] dA,
Q
or equivalently D?H (us)(v,v) = Q(v,v), with

(1.8) Q(v,v) = ||Jv||2: + (rot v, &' (w,) TOt V) 12.

For more details, see pp. 89-94 of [AK] or pp. 106-111 of [MP].
The form D?H (us) = Q is positive definite on

(1.9) VIQ) = {ve H (Q,R?) : dive = 0,v]|0Q},
provided
(1.10) & (ws) > K >0 on Q.

On the other hand, D?H (us) is negative definite provided ( is simply connected,
(1.11) —®'(ws) > K >0,

and, for some ¢ > 0,

(1.12) V|72 < (K —0)|A¢[|Z2, Vo € H?(Q) N Hy ().
In either such case, we have
(1.13) |H (u®) — H(us)| & [|u® — ||,

provided the right side of (1.13) is sufficiently small, and one has the stability result (1.2).
(We mention that JVi, = —V11),, as defined in (2.12) of [MP], which accounts for an
apparent sign difference between (1.10)—(1.11) and the results stated there.)

Our goal in this paper is to estimate u®(t) — us in stronger norms, under hypotheses on
us that imply (1.2). In §2 we first establish a stability estimate for ||u®(¢) —us|| -, valid for
all ¢, and then a slow growth estimate on || rot u®(¢) —rot us|| L, i.e., growth at most linear
in |t|, with rate roughly proportional to ||[uf — us||g: (cf. (2.12)). We then deduce such a
slow growth estimate for u®(t) — us, in the norm of the Zygmund space C}(Q), and also
in a bmoj-norm. These are slightly weaker than the C(2)-norm, but nevertheless have
implications for the flow generated by u®(t). Going from estimates in these slightly weaker
norms to a C'*(Q)-estimate seems to involve a “phase shift” in the stability estimates, which
shoot up to exponentially increasing in time, and further shoot up to doubly exponentially
increasing for higher norm estimates. These matters are discussed in §3.
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One ingredient in the analysis in §2 is an estimate similar in flavor to estimates of Brezis,
Gallouet, and Wainger ([BG|, [BW]). We discuss such variants in Appendix A.

ACKNOWLEDGMENT. Thanks to an anonymous referee for insightful comments.

2. Stability /slow growth in stronger norms

As in §1, we assume that € is a smoothly bounded planar region and u, € C* (2, R?) is
a stationary solution to (1.1), satisfying stability hypotheses that lead to (1.2). We assume
uf§ has additional smoothness, and we desire to obtain long time estimates on u®(t) — us
in other norms. Let us set wy = rot u, and

vE(t) = us(t) —us, vG=ug— us,

2.1

(2.1) we(t) =rotu(t), Q(t) =w(t) — ws.

We assume [|u — us||g1 = ||v§]| g2 is small enough that (1.2) holds. This implies
(2.2) 195(@)lz2 < Collegllm, ¥ieR.

We next want to estimate the L>°-norm of v*(t). We use the following inequality:

AJlQ| L

1/2 R R
W> 195 ()] 2 + Cllv°(t) ]| 2.

(2:3) o @)l < C(1og

This is similar to estimates arising in [BG] and [BW]. See Appendix A for a discussion of
this estimate. Note that conservation of vorticity implies

(2.4) 125 (@) < flw (D)L + llwsllze = [lwpllzee + [lws | oo

Note also that

1/2 1\1/2
(2.5) O<f<a, <1= <log %) 8 < (loga)t/?8 + (1og B> 3.

Hence we have

g g 1/2 g
lo*(8) 1 < C(log AlJwllze + lwollz=]) 15 @)lIz2
(2.6) -

1/2
+C(log 12° (1) ]122 + Cllo® (®)] 22,

: )
1922 ()] 2
provided [|Q°(t)||z2 < 1. We now assume

(2.7) Collvg || g < e V2,
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which then fits into (2.2). Noting that

1\ 1/2

(2.8) <log —) y /, for 0<y<e V2
Yy

we deduce that

1/2
o (@)1~ < C(log Al + lwslle] ) o5

+Ctog ——) il
& Mogll /0N

(2.9)

for all ¢t € R, noting that the term C||ve(¢)|/z2 in (2.6) can be absorbed.

The estimate (2.9) is complementary to but not stronger than (1.2). An advantage of
(2.9) is that it gives us the ability to exploit the vorticity equation Oyw® + V,ew® = 0 as
follows. We have

(2.10) 01 4+ Ve QF = —Vyews, Q°(0) = wj — ws,
so Q°(t, z) is obtained by integrating —V ,cw, along integral curves of d; + V,=. Hence

(2.11) 127 (@) | < 1€2°(0)|lzoe +C sup [v™(s)]|Le - 2,
0<s<t

for t > 0, with an analogous estimate for ¢ < 0, so bringing in (2.9) gives the following
conclusion:

Proposition 2.1. Under hypotheses such as (1.10) or (1.11)-(1.12), and assuming the
right side of (1.2) is sufficiently small, one has

(2.12) 1@ [ < llwg — wsllLe + CK (ug, us)||v5l[mr - [t], ¢ E€R,
where

1/2 1 1/2
(2.13) K (us, uy) = (logA[HwSHLoo + stum]) + (1og —)

+ [[v§ || 2

REMARK. Of course, for large |t| one has the bound ||Q°(¢)||p < [|w®(t)||L= + [|ws|| L= =
|w§|| Loe +||ws || o= - The content of (2.12) is that for given (small) § > 0, if ||w§ —ws]|| L= < 9,
then ||Q°(¢)||L~ < 26 for a time interval of length

) 1 1/2
~C—-, p=|ug—u 1<log—> .
o Pl sl (o e
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To proceed with further estimates on v*(t) = u®(t) — us, we use the fact that since
ve(t) € V(Q) and rot ve(t) = Q°(t), we have

(2.14) v (t) = JVATIQ(t) + Pove(t),

where A~! solves the Dirichlet problem and P is the orthogonal projection of L?(£2,R?)
onto a finite dimensional space of harmonic vector fields in C*°(2,R?). Cf. [T], Chapter
17, Lemma 3.5. (P = 0 if Q is simply connected.) Given the estimate (1.2) on |[v¢| g1, we
have global control on Pve(t) in quite strong norms. To estimate JVA ™0 (¢) via (2.12),
we note the following mapping property of A~!:

(2.15) AT L®(Q) — C%(Q),

where C%(Q) is a Zygmund space; cf. [T], Chapter 13, §9. Combining (2.12)-(2.15), we
have:

Proposition 2.2. In the setting of Proposition 2.1,

(2.16) [o° ()l er @y < Cllws — wslle + Clivgll e + CK (ug, ws)[[vpl ar - [2]-

One significant aspect of such an estimate as (2.16) is the log-Lipschitz modulus of
continuity possessed by elements of C}(Q):

1 1
(2.17) lvo(z) —v(y)| < Clog I =yl olles, |z -yl <5

Because of this modulus of continuity, Osgood’s theorem applies to show that the t-
dependent vector field u(t) generates a uniquely defined flow, though estimates on such a
flow are not as good as they would be if the C}(Q) estimate could be replaced by an equally
strong C1(Q) estimate. In §3 we will obtain C*(Q) estimates, but the upper bounds will
be larger than they are in (2.16).

Work of [CDS] produces a result a bit sharper than (2.16). By Theorem 5.8 of that
paper,

(2.18) la] <2 = ED*A~': L*®(Q) — bmo(R?),

where for a function f on €, one sets Ef(z) = f(z) for z € Q, 0 for x € R?\ Q.
Consequently, (2.16) is sharpened to

(2.19) [EVO" ()] [bmo(r2) < Cllwg — wsllLe + Cllvgllar + CK (ug, us)l[vgllar - [2]-

While (2.19) is stronger than (2.16), it does not yield a modulus of continuity estimate
stronger than (2.17).

REMARK. In addition to applicability to results on flows generated by the velocity field u®,
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another advantage of the estimates in Proposition 2.1 over the H!-estimate (1.2) arises from
the following consideration (pointed out by the referee). One does not have a uniqueness
result for weak solutions to the Euler equation (1.1) with initial data u§ in V(), defined
by (1.9). However, under the additional condition that rot uf belong to L>°(£2), one does
have global existence and uniqueness; cf. [K], [Y].

3. C! and H* estimates

We desire to complement the estimates in §2 on v°(t) = u®(t) — us with estimates in the
C! norm and in H* norm. A major ingredient will be estimates in these norms of u®(t),

given as in (1.1). A crucial connection between these estimates is given by the estimate of
[BKM] type:

Allu|| g

lwe | o

established in the context of bounded regions in §3, Chapter 17, of [T]. As we have seen,
conservation of vorticity gives

(3.1) Vel < C(1+log et e + ClIVu?| 2,

(3.2) |w®(t) ||~ < C.
A standard attack on estimating ||u®(t)|| g+ starts with

d
(3.3) Sl e = —2(PV e, 0

where P is the Helmholtz projection. Then an integration by parts and use of Gagliardo-
Nirenberg-Moser estimates gives

(3-4) |(PVueu,u) o] < Clluf]| o [|ufllps

cf. (3.24) in [T], Chapter 17. It follows that
d €112 € el12
(3.5) gl e < Cllullen|lul-

Let us set G¢(t) = ||u®(¢)[|3,,. Using (3.1)—(3.2) we see that, if k > 3,

(3.6) %Gi (t) < O(1+log™ G5(1)) G5 (1)

Gronwall’s inequality then yields an estimate

(3.7) us ()| e < €©°7", 0 <t



Taking k = 3 and using (3.1)—(3.2) again, we have

(3.8) |Vuf (t)||p~ < Ce®t, 0<t.

REMARK. The estimates (3.1)—(3.8) are valid for any smooth initial data u®(0, ) = ug(x),
not necessarily producing a stationary solution at € = 0.

Now assume u’(t, ) = u,(z) is a stationary solution satisfying either the hypotheses
(1.10) or (1.11)—(1.12), so we have estimates on v® = u® — us and on Qf = rotv® given in
(1.2), (2.9), and (2.12). Parallel to (3.1), we have

AHUEHH3)|

(3.9) V|| e < O (1 + log S0 NH2
( 1€2¢ | Lo

’Q€||Loo + CHV'U€||L2.
Since ||v¢]| gr < [|u®||gr + ||us|| g+ we can use (3.7) to deduce that

(3.10) [Ve (&)1 < C(Ce + log — N Dl + CITvE ()]l 2.

o
=@l

We can insert (2.12) and (1.2) into this estimate, to obtain

(311) Vo D)l < CeM(fluwf — wille + CK (ug, ) [vGlm - [1]).

It would be interesting to know whether one could replace the exponential factor el

by something smaller. Such estimates are obtained in [GJRS], in a related setting, but
with dissipation (and small forcing) added to (1.1) (and with € replaced by a torus). For
estimates there, dissipation plays a crucial role.

A. Discussion of the BGW-type estimate (2.3)

We discuss the estimate (2.3), i.e.,

Allwl|

1/2
W) w2 + Cllul| L2,

(A1) |l e < c<1 +log

and variants, which are similar to estimates arising in [BG] and [BW]. (The slight difference
in appearance between (2.3) and (A.1) can be accounted for by adjusting A.) Here w €
L>(Q), where Q is a smoothly bounded planar domain, and w = rotu, with u € V1(Q),
defined by (1.9). One has, as in (2.14),

(A.2) u=JVA 'w+ Pu,
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where A™! solves the Dirichlet problem and P is an orthogonal projection of L?(£2,R?)
onto a finite dimensional space of harmonic vector fields, in C*°(Q,R2). In particular,
|ul| g =~ ||w||z2 + |||l L2, and for any given r € (0,1), |lul|cr < Cllw| L + C||u|/z2. Hence
(A.1) follows from

A U| cr 1/2
(A.3) lullz < €(1+10g ||QL||IL )l

given u € HY(Q) N C"(Q), 2 a smoothly bounded planar domain. Standard extension
maps allow us to work instead on TZ2.
More generally, working on T", we claim that

(A4) fullse < €1+ 1og YT
lwllgn/ep

given 1 < p < oo.
To get this, take ¥ € C§°(R), with W(s) =1 for |s| <1, 0 for |s| > 2, and write

(A.5) u=Y(EeD)u+ (I —¥(eD))u.
There is the elementary estimate
(A.6) (I = ¥(eD))ul|p= < Ce" [luflcr-
We claim that

1\1-1/p
(A7) |¥(EDyullz= < C(log =) llullnms-

Given this, picking € such that

(AS) e — “uHH"/P!P
[ullor

then gives (A.4).
The estimate (A.7) is equivalent to

(A.9) (DA 0]l < COlog 1) ollen

where A = (1 — A)/2. We have A=*v = J, x v where, for 0 < s < n, J, € C°(T™\ 0) and
(A.10) Js(z) ~ Clz|*™™, |z| < 1.

It follows that

(A.11) U(eD)A v = K cv,



where

(A.12)

|Kse(x)] < Ce®™™, x| <e,
Clz|*™", |z| >e.

It then follows that

1
| Ko ]|%, < Cetlsmmen +/ pa(s—n)n—1 g

(A.13) .
:C—I—C'logg, if gs—qgn+n=020.
Note that
1 1 1 1
(A.14) S:E, —+—:1:>qs—qn+n:nq<——1—|——>:0-
p p q p q

Thus, with ¢ = p/,

(A.15)

|9 (DA 70| < [ Kojpe

Lal|vllze

1\1/a
<O(log =) " ollzr,

which yields the asserted estimate (A.9). The proof of (A.4) is complete.
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