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Abstract

We examine distributions on T! = R/(27Z) whose Fourier coeffi-
cients are of the form (logn)~!, and variants. These distributions are
smooth except at # = 0, and the nature of their singularities at § = 0
turns out to be much more complex than those of their counterparts
that involve positive powers of logn. We also study related Fourier
transforms. We move from one dimension to higher dimensions, where
a wider variety of phenomena arise, and more subtle analytical tech-
niques are called for.
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1 Introduction

The series

= 1
Z sin nf (1.1)
= logn

appears in [3] as an example of a trigonometric series that converges point-
wise for each § € T' = R/(27Z) but is not the Fourier series of an L'
function. The convergence can be demonstrated using the Dirichlet test for
convergence of an infinite series (cf. [11], §2.31), and also as a special case
of Riemann localization (given (1.2) below, cf. [9]). In the parlance of that
time, it was said that (1.1) was not a Fourier series, a conclusion repeated
in [11] and in [14]. Since the work of L. Schwartz, we say (1.1) is the Fourier
series of a distribution, call it ur, and we can say quite a bit about this
distribution. For example, as we will see below,

up, € C°(TH\ 0). (1.2)

Furthermore, methods from Chapter 5 of [14] yield that, for small |6],

1 1
ur(0) = _Hlog\ﬁ\ * O(]0|(10g ]9])2) (1.3)

The principal term on the right side of (1.3) is not in L', but it defines a
principal value distribution, and we can say of the distribution uy, that

1 11
PV eLl([—fﬁD. 1.4
Lt 0 log |6 2°2 (14)

Our primary goal in this paper centers about obtaining a much more
precise description of the asymptotic behavior of ur(f) as § — 0, as well
as that of related distributions. We will see that the behavior is quite com-
plex, much more complex than the behavior of the slightly more singular

distribution
o0

v = Z(logn) sin nd, (1.5)

n=2
which also belongs to C°(T* \ 0).
To describe the behavior of ur (6) as § — 0, we use the following class of
special functions, of a sort introduced by B. Ziemian (cf. [12], [13], and also
[6]), whose work was brought to our attention by R. Mazzeo. We set

Ko(z) = /01 ®(s)z°ds, for Rez>0, ®e C([0,1]), (1.6)
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and, more generally, for b € (0, c0),
b
Kos(2) :/ B(s)2*ds, Rez>0, deC(0,b).  (L7)
0

As this introduction proceeds, we will discuss successive further generaliza-
tions, from integrating along paths in the complex domain to allowing ®(s)
to take values in a topological vector space. Integration by parts in (1.6)

yields
1

Ka(2) =~ (2(0) - e(1)z) - oK (2), (1.8)
and more generally
Ka(z) = _103; (2(0) - o)) - 10; K (2). (1.9)

These operations can be iterated, producing asymptotic expansions involv-
ing powers of (logz)~!, as z — 0.
Our first improvement of (1.3) is

ur(6) = 55u(6]) + O((log 16) ™), (1.10)

where
P(s) =T(1—s) sing(l —s)=T(1-s)cos %S (1.11)

Note that ¢ € C*°([0,1]). Further improvements will be described below.
We find it convenient to work with Fourier integrals instead of Fourier
series, so take

a€O7R), al)=-a(=8), alO)=qoFlr 22
a(€) =0 for [£] <1,

and consider

Ur(z) = /000 a(§) sinz€ dE, (1.13)
Up(z) = % / " a(€)ei de. (1.14)

This integral is not absolutely convergent, but it exists as an oscillatory in-
tegral. In more detail, the function a(£) in (1.12) is a tempered distribution,



i.e., a € §'(R), and the Fourier transform maps S’'(R) to itself, so (1.14)
defines Uy, € §'(R). Further structure follows from the fact that

a®)(€)] < Cr(1 + €))7, (1.15)
and b e
UL (2) = % / a®) (£)eiS de, (1.16)
? —0o0
and more generally
d\* & I e it
() v =5 [ e, (1.17)
SO N
k>042=— ((%) kaL(a:)’ < Che < o0 (1.18)

It follows that Uy, is C* on R\ 0 and rapidly decreasing, with all its deriva-
tives, as |z| — oo.

With these estimates in hand, we can use the Poisson summation formula
to write

urp () = i UL (0 + 27k), (1.19)
k=—0o0

and see that(1.2) holds and that the singularity of uy at 6 = 0 coincides
with that of Uz. In particular, (1.10) is equivalent to

Us(@) = ~Ky(lel) + O((logl) ), (1.20)

as x — 0, with ¢ as in (1.11).
A key ingredient in the proof of (1.20) is the identity

| e (1 2) sinatde = TR (1.21)
— —)sinzx =— x|), .
o log€\' ¢ z Y
with ¢ as in (1.11), which we prove in §2. A tempting approach from here
is to replace 1 — ¢~ by 1 — 7% for large k. A difficulty arises because the
resulting integrand is then not Lebesgue integrable on [0, 1].

One way around this difficulty is to integrate over £ € [1,00). It is of
interest to consider more generally, for 0 < a < b,

Fab(x) _ /100 1025 (gfa _ 54)) PR d¢

= ab(x) - Z'Sab(x)a

(1.22)
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where

Cu() = /1 N oo (=€) cosaa,

Sunl) = /1 h 10; (670 - ¢ ") sinag e

As with (1.13), these integrals exist as oscillatory integrals, which are C'*
on R\ 0. Note that Spi(z) differs from (1.21) by the Fourier transform of a

distribution with compact support, hence by a C*° function. We also replace
(1.7) by

(1.23)

b
Kuas(s) = [ @(5)2*ds, (1.24)
a
for Rez > 0, ® € C*°([a,b]). In such a case, integration by parts yields

1
log =

Kpap(2) = (@(a)2" ~ o(b)2") Kyaplz),  (125)

B log =

and this can be iterated, producing asymptotic expansions involving powers
of (logz)~!, as z — 0. We will show the following.

Theorem 1.1 Assume 0 <a <b and a,b¢ {1,2,3,...}. Then

b
Fo(z) = |1:c|/ (1 = s)e U=/ ]2 ds, (1.26)
a
1.€.,
1
Sap(z) = ;Kd),a,bﬂx‘)’
. (1.27)
Cab(x) = ngp,a,b(LrD?

with ¥ as in (1.11) and

o(s) =T'(1 —s)cos 7T(12_8) =TI'(1—s)sin %S (1.28)

Here we use the notation

f(x) =g(x) (1.29)

to mean that f — g is C*° on a neighborhood of z = 0.

Note the following complication. Namely @ and ¢ are not smooth on
[a,b] in general. In fact, ¥ and ¢ are meromorphic in s, with simple poles
at

{2,4,6,8,...} and {1,3,5,7,...}, (1.30)



respectively. In light of this, we take (1.24) to mean we integrate from a to
b along a path 7, from a to b in C that avoids these poles. If 7,4 is another
such path, a residue calculation shows that the two integrals differ by a
function that is a polynomial in z. In this more general setting, integration
by parts still works to produce (1.25), with ® given by ¢ or .

Recalling our initial interest in (1.1) and its associate (1.13), we see that
an analysis of

_ > 1 —a —ixé
Falw) = /2 gt ¢ K (1.31)
= Cy(x) — 1Sa(x)

is of primary interest, so of course it is useful to realize that
F, — Fy € C*(R), provided b >k + 1. (1.32)

Hence (1.27) for large b captures the behavior of the singularities of S,(x)
and Cy(z) near x = 0. Clearly Uy, in (1.13) satisfies

Up(z) = So(x). (1.33)

Thus the result for Sp,(x) in (1.27) refines (1.20). Also, (1.27) with a = 0
complements this with

/100 10;5 (1 a fib) cos z& d§ = Cop()
1

= —K

2] eb(l2]);
with ¢ as in (1.28) and K4 as in (1.7), again interpreted as an integral over
a path from 0 to b in C that avoids the poles of ¢(s). Note that ¢(0) = 0,
while

(1.34)

T
P(0)= -2, (1.35)
so an iteration of (1.9) gives
/2 1
= ——— — 1.
o) = Ltogtan? * ©afiagery.) (30

accompanied by a further asymptotic expansion involving higher powers of
(log ).

The reason for the restriction on a and b in Theorem 1.1 is that since
the path 745 needs to avoid the poles of 1(s) and ¢(s), given by (1.11) and
(1.28), its endpoints must also avoid these poles. More precisely, the result



(1.27) for Sup(x) requires a and b to avoid {2,4,6,8, ... }, and its counterpart
for Cyp(x) requires a and b to avoid {1,3,5,7,...}. For this reason, (1.21)
fits into (1.27), but the analysis for Cy;(x) needs more work. Of course, in
view of our discussion about (1.31)-(1.32), we generally envision taking b
large, and do not care about whether it is an integer.

On the other hand, we do care about Siy(z) and Cyp(z), for positive
integers k (and b > k). To get useful information on these functions, we can
use the identities

é+1,b+1(37) = Cap(7), Cé+1,b+1(fc) = —Sap(), (1.37)

integrate, and then proceed iteratively from Cp,(x) and Sop(z) to Ckprr(x)
and Sy p4x(2), where b > 0 (and is not an integer). Examples start with

51,b+1($) = (sgnz)K. 1, s(|z]),

(1.38)
C1 o1 (2) = logllog |z|| — Ky, p(|z]) — 1i(|z["),
where
ails) = 2 ) = MU e = [

and 1 and ¢ are asin (1.11) and (1.28). See §6 for more on this. We mention
parenthetically that if @ > 0 and ¢ > a is a positive integer, one can analyze
Cue(z) and Sge(z) by picking a non-integer b > ¢ and using

Fo(x) = Fop(z) — Fp(). (1.40)

As advertized, we establish the identity (1.21) in §2. More generally, we
show that

> 1 5\ . - 1 )
/0 log € (1 —¢ ) sinzfdf = —Kyp(|af) if 0<b<2, (1.41)
and that
/0 log & (1 —< )Cosxfdf = nga,b(!wD if 0<b<l, (1.42)

where 1 and ¢ are as in (1.11) and (1.28). We also show that (1.41) implies
(1.10).

Methods of §2 need to be modified for larger b, since then the integrands
in (1.41) and (1.42) are not Lebesgue integrable on [0, 1]. As mentioned, this



motivates us to switch attention to the functions in (1.22)—(1.23), obtained
by integrating over £ € [1, 00).
One approach to extending (1.41)—(1.42) is to work with the identities

Cap() / — §,ix cos—(l —s)|z|* ds,
el 2 (1.43)
Sap(x )_a:/ (1 —s, za:)81n2(1—s)|x]3ds

a

where I'(z,iz) is the complementary incomplete gamma function, given by

oo
[(z,ir) = / e 't*"1at, (1.44)
1T
which is an entire holomorphic function of z for each x € R\ 0. In this
approach, the major task is to pass from (1.43) to (1.27). The approach via

(1.43) can be made to work, but it is not the approach we take here.

One reason we do not use (1.43) is that this approach seems not to
generalize beyond one dimension, while, as described below, we also aim for
higher dimensional results in this paper. The approach we take is amenable
to higher dimensional extensions. The key is to make use of the fact that
the functions

€17 and (sgn&)[¢]", (1.45)

which belong to L{ (R) for Res < 1, have meromorphic extensions to func-
tions of s with values in §’'(R), with a discrete set of poles, namely

|£|7° holomorphic for s ¢ {1,3,5,...},

] | (1.46)
(sgné)|€|™® holomorphic for s ¢ {2,4,6,...}.

These results are discussed in §3, together with higher dimensional ex-
tensions, including the following, with r(z) = |z|, = € R™. Namely, given
a € C®(S" 1), w = z/|z|, a(w)r~*, which is in L] . for Res < n, has a
meromorphic extnsion. We have

r~% holomorphic for s ¢ {n,n+2,n+4,...},

Zj

1.47
—r~% holomorphic for s¢ {n+1,n+3,n+5,...}. (1.47)
,

More generaly, if hy(z) is a harmonic polynomial on R", homogeneous of
degree ¢, then we have a meromorphic extension of hy(w)r—=:

he(w)r™® holomorphic for s ¢ {n+ ¢, n+¢+2,n+L+4,...}, (1.48)



in the sense that s +— hy(w)r~* is a meromorphic function of s with values

in §'(R™), with such poles. It follows that the Fourier transform F, defined
on S(R™) by
Fu(§) = (277)’"‘/Q/fu(:lﬁ)ei:"'£ dx, (1.49)
R”
and extended by duality to F : §'(R") — S'(R"™), yields a meromorphic
family of tempered distributions F(hy(w)r~*), with poles as in (1.48). Fur-
ther results, established in §3, yield that, for each a € C*®°(S™"1), a(w)r—*

is meromorphic in s with values in §'(R™), and with the exception of such
poles (and another technical exception),

Fla(w)r™%) = Ap(s)a(w) r", (1.50)

where A, (s) is a meromorphic function of s with values in the space of
linear operators on C*°(S™~1), of a sort given a rather precise analysis in
§3. We present A, (s) as a product of a unitary Fourier integral operator
(independent of s) and a pseudodifferential operator on S"~! of order —s +
n/2.

In §3 we also consider cut-offs,

(1 —p(x))alw)r™, (1.51)

with ¢ € C§°(R"), ¢(z) = 1 for |z| small. Then (1.51) is an entire holo-
morphic function of s with values in &’(R™), and so is its Fourier transform.
Away from the poles that arise for a(w)r~*, this Fourier transform has the
same singularity at the origin as (1.50), and at the poles logr factors arise.
We derive a uniform analysis of the singularity for F((1 — ¢(x))a(w)r™*),
for s in a neighborhood of such a pole, bringing in

r? —1

qO' — bl (152)
g

an entire function of o with values in §'(R"), satisfying go = logr, which
will be useful in §8.

Results of §§2-3 are used in §4 to prove Theorem 1.1. We continue to
obtain one dimensional results in §§5-7. In §5 we derive a number of useful
properties of the functions Kg 4, in preparation for §6, which extends the
analysis of F to include the cases a = k € N, bringing in additional special
functions, such as seen in (1.38). In §7 we extend the scope of our study of
F, to

_ > 1 —a —ix€
Fale) = [ Gogyeé e e e (1.5
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for £ € N. The techniques brought to bear in §§6-7 strongly use the one-
dimensional structure, and different techniques are developed in the follow-
ing sections to handle higher dimensions.

Section 8 provides higher dimensional extensions of Theorem 1.1 and
subsequent results, such as (1.38). Theorem 8.1 establishes a formula that
reveals the small |z| behavior of

- he(©) (- b iz

o ”/2/(5 @ _ e b)e i€ e 1.54

(2) Tog €] € =18l (1.54)
]Rn

where £ = ¢//¢], in terms of a function of the form (1.24), provided a and b

avoid the poles described in (1.48). A key ingredient is the identity of (1.54)

with

b
/ Ap(s)p(2)|x|* ™™ ds, (1.55)

with A, (s) asin (1.50), p = hy, and the integral taken along a path in C that
avoids such poles. The behavior of (1.54), with a cut-off 1 — ¢(&) thrown
in, fora =n+¢+2k, k€{0,1,2,...}, is given in Theorem 8.2, and, as
in (1.38), brings in also log|log|zv” and li(|z|?), this time with 8 = b — a.
Whereas (1.38) was derived from Theorem 1.1 by integrating in x, the proof
of Theorem 8.2 requires a different technique. We use the uniform analysis
of the Fourier transform of (1.51) for s near a pole of (1.50), mentioned
above.
More generally than (1.54), we analyze

2m 2 [ B (1o -l ) e e (1.56)

Rn

for general p € C°°(S™~1), in §8. This is also given by (1.55), assuming a
and b are not poles of A, (s)p and we integrate over a path from a to b in
C that avoids such poles. This leads to one further expansion of the notion
of K¢ q4(2), from that given in (1.24). Namely, ®(s) can be a meromorphic
function of s with values in some Frechet space, in this case C°°(S"~1) (one
might imagine other classes of complete, locally convex, topological vector
spaces), assuming a and b are not poles of ®, and we integrate from a to b
along a path in C that avoids these poles. In this setting, (1.56) is equal to

|z| " Ko.qp(|z]), P(s) = An(s)p. (1.57)

Making use of Theorem 8.2, we also treat the case when a is a pole of A,,(s)p,
in Proposition 8.3. This involves throwing a factor of 1 — (&) into (1.56).

10



In §9 we move from (1.56) to

T —n/2 o p(é) —a __ |¢|—b e—i:r;{
(2) R[u 6 o (J7 —J )¢, (159)

with k& > 2. We show that this has the form

mKwk,a,b(lx\), mod C™(R"), (1.59)
with
Wi(s) = (s — a)* " Au(s)p, (1.60)

provided b > n+m and b ¢ Z. Here Ky, 45(|x|) is treated in the framework
of (1.57).

In §10 we replace log|¢| by log A(€), where A is smooth, positive, and
homogeneous of degree one on R™ \ 0, so \(§) = q(£)|£| for a positive q €
C> (5"~ 1). We analyze

emy e [ 101;(52@ (MO = MO ) e d, (1.61)

Rn
and show this is
2] " Ky ap(al), U(s) = An(s)(pg ), (1.62)

for a,b ¢ &, 4, the set of poles of A,(s)(pg—*), which is a subset of {n,n +
I,n+2,...}. Methods of §9 can be extended to replace (log A(¢))~! by
(1 — (&) (log (€))% in (1.61), but we omit the details.

Results of this paper put one in a position to treat variable coefficients,
allowing p(€) and A(€) to be replaced by p(z, €) and A(x, €) in (1.56), (1.58),
and (1.61). From here, we can envisage deriving precise asymptotics near
the diagonal for the Schwartz kernels of operators such as

<1og \/myl, (1.63)

and related operators, where Aj; is the Laplace-Beltrami operator on a
compact Riemannian manifold M. We expect to be able to derive from
such analysis results such as the following. Let L denote the operator in
(1.63). We claim that

L: M(M)— L' (M), (1.64)

11



where M(M) denotes the space of finite Borel measures on M. For general
A € OPS(M), AL fails to have such a mapping property, but we claim
that AL? does have it. In case M = T" is a flat torus, and A is translation-
invariant, such assertions follow from results of §§8-10. We plan to take
these issues up in a future work.

This paper ends with some appendices. Appendix A gives a direct proof
of the weak asymptotic result (1.3), using an argument adapted from Chap-
ter 5 of [14].

Appendix B derives the asymptotic behavior of (1.5) for 6 — 0. We
show that

1 1 .
Vi, — (Pvglog 0] — 4 PV 5) € O ((—m, ), (1.65)

where v is Euler’s constant.

Appendix C provides some technical analysis of the operators A,(s),
introduced in (1.50), of use in the proof of the results in §8.

We make some further comments about how (1.65) contrasts with the
behavior of uz. Such vz, as in (1.65) belongs to a space of polyhomogeneous
distributions, which can be defined as follows. We will work on R and use
the variable x. First, if a € C and Rea > —1, we denote by H,(R) the
space of finite linear combinations of functions of the form

(w4)*(log |z, ((=2)1)*(oglz])', €€zt ={0,1,2,...},  (1.66)
where 2, = x for x > 0, 0 for z < 0. We then say u € H, (R) if
u = d*v/dz* for some v € Hy(R). We say u € S'(R) is polyhomogeneous if

w~ Y uy, oy € Hy (R), (1.67)
Jj=0

where Reaj /" +00 as j — oo. (We might require o;j = a9 + j.) Here “~”
means that, for each k, there exists n such that

n
u— u; € CHR). (1.68)
=0
The two terms in (1.65) belong to H_;(R), since
1 d 1 1d
PV-=_—1 PV -1 =-—(1 2. 1.
Vo= Dioglal, PV loglel = L Cloglel’. (169)

The phrase “polyhomogeneous symbol” appears in §18.1 of [1]. These
symbols have the form

a(w,&) ~ Y aj(x,9), (1.70)

>0
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with a;j(z, &) smooth on R™ x R", and homogeneous of degree m — j/k for
|€] > 1, for some m € C, k € N. These have also been called “classical
symbols,” especially when &£ = 1. Note that log terms do not appear here.
However, log terms can appear in the Schwartz kernels of the associated
pseudodifferential operators, i.e., in the Fourier transforms of such a(¢),
considered as elements of §’'(R™), in the z-independent case. This occurs,
for example, is P(&) is an elliptic polynomial on R", of order m < n, and
a(€) = (1 — p(&))P(&)7L, for an appropriate cut-off ¢(¢). Then one has
(cf. [8], Chapter 3, Proposition 9.2)

E = a(x) ~ S (Ee + pela) log o), (L.71)
>0

with E; € S'(R™) N C*°(R™ \ 0) homogeneous of degree m — n + ¢ and
pe(z) a polynomial homogeneous of degree m — n + ¢, the latter making an
appearance only for £ > n — m. The extended notion of polyhomogeneous
cononormal distributions appears in [4].

Distributions such as urp, Uy, Fy,C,, and S, are not polyhomogeneous.
The analysis of their singularities, discussed above, requires expansions much
different from (1.67). An appropriate parallel to (1.67) is

1
Sa(x) ~ ;Kw,a,b(’*rba b — 0. (172)

In this formulation, the special function (1/z)Ky 4p(|x|) is analogous to
Z?:o u; in (1.68). On the other hand, the asymptotic expansion of Ky, 4 5(|z|)
derivable from (1.25), when substituted in, leads to a relatively weak result,
for example

Up(z) ~ —1+Z(“j.. (1.73)
Jj=>2

xlog |z| z(log |z])?

in this case, one has a result about the difference between Uy, and

1.74
xlog|x\+]z:;xlog]a:| (1.74)

that is much weaker than (1.68), even much weaker than (1.20). In light of
this, we recognize (1.72) as a different paradigm for the sort of asymptotic
expansion relevant to our study of such a “nonclassical” conormal distribu-
tion.

13



2 First key identities, and proof of (1.10)

We start with the elementary identity

(2.1)
_ g—a _ g—b
log &
valid for a < b, £ > 0 (suitably interpreted for £ = 1), and insert it into the
identity
5786 —iz€ df / €+Z:E 56 df
/0 (2.2)

= (e +iz)*7'T(1 — ),
valid for € > 0, s < 1, to get

/OOO oot (5 o g—b)e—ese—mé de = /bF(l (et in)lds,  (23)

provided also b < 1. We next pass to the limit € N\, 0. Note that, for
x e R\O,

(8 + 1'113)871 — (52 + :1:2)(371)/261'(371)tan_l(x/€)7 (24)
SO '
h\r‘% (8 + i.’L‘)S_l _ (Z.’B + O)s—l _ ‘x|s—1em(sgnx)(s—l)/2’ (2.5)
€
and hence
> 1 —a —b\ —ix€
f el )e e
(2.6)
|x‘ / e (sgnz)(l—s /2‘$‘s ds,

for 0 < a < b < 1, the left side being a priori a tempered distribution on R.
Taking real and imaginary parts yields

/OOO o e (5 a_ g*b) cos z€ dE
]m\ / ) cos —(1 —8)|z|*ds (2.7)

Kgo,a b(’x‘)

" el

14



and

/0 h 10; : (g—a - ,5—”) sin z€ dé

= 1/bF(l—s) s1n2(1—5)|m|5d8 (2.8)

xT

1
= ;Kw,a,b(lﬁl)y

for 0 <a<b< 1, with and ¢ asin (1.11) and (1.28). Taking a = 0 yields
(1.41)-(1.42). We can pass to the limit b " 1 in (2.8), obtaining (1.21).
However, when b 1 in (2.7), both sides diverge.

Taking a closer look at (2.8), we note that both the first and the second
integrals there are convergent, near £ = 0 and on s € [a, b], respectively, as
long as 0 < a < b < 2. To pass from our demonstration of their equality
when 0 < a < b < 1, to equality in this more general case, we can note that
both integrals are well defined for complex b, with a < Reb < 2, and are
holomorphic in b, so the identity (2.8) analytically continues. Specializing
to real b, we have it for 0 < a < b < 2.

Using this, we can establish (1.20) (hence (1.10)) and some refinements,
as follows. The function Uf(z), defined by (1.14), differs by a smooth, odd
function of x from

>~ 1
sin z€ d¢, 2.9
| st e (29)
and (2.8), (with a = 0) differs by a smooth, odd function from
> 1
1—¢7%)sinaéd 2.1
| o (1-67) sinace, (2.10)
whenever 0 < b < 2. Hence
U = Lgalel) + [T smagag 0al), 1)
1(z) = —Kyp(e i loggsmx z|), .

for each b € (1,2). Meanwhile, taking b = 1+ 3, 0 < 8 < 1, and using
|sinz| < |z€| for |z€| < 1, we have

A

1/|95| £ 5 00 5—1—3 (2.12)
d
<l ’/ loge /mx loge ©

< Clz)?,

b
sin € dg‘
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for |x| < 1/2. Consequently, for |z| < 1/2,
1
Ur(z) — —Kyp(|z])| < Cplz[P™t, for 1<b<2. (2.13)
x

To go from here to (1.20), we merely note that, for 1 < b < 2,

Ky p(l2]) = Ky (|2]) + Ky p(|2]), (2.14)
and, by (1.25),
Clzx
| K1 6(|2])] < 2l (2.15)
|log |||

3 Meromorphic families of tempered distributions

Here we study some classes of functions u(s), taking values in the Schwartz
space S'(R™) of tempered distributions, that depend holomorphically on s,
except for some poles. We start with some families that are homogeneous,
of a degree that varies with s.

We recall some well known facts about homogeneous distributions, which
can be found, for example, in Chapter 3 of [8].

The dilation group D(t)f(z) = f(tx) (t > 0) extends to distributions,
and we say u € D'(R") is homogeneous of degree m if D(t)u = t™u for all
t > 0. Here, m € C. We set

Hm(R") = {u € D'(R") : u is homogeneous of degree m},

(3.1)
HI(R™) = {u € Hn(R") : u € C°(R™\ 0)}.
We have H,,(R") C §'(R"™), and
F:Hn(R") — H_p—n(R"), (3.2)

F:HER™) — HE,,_(R").

If we set r—*(z) = |z|7%, then =% € L] (R™) for Res < n defines
a holomorphic function from {s € C : Res < n} to S'(R"), satisfying
r=% e Hi(R") for such s. By (3.2), F(r™*) € Hf_n(R") for such s. The
fact that F commutes with the natural action of the orthogonal group O(n)
on §’(R™) inplies F(r~—%) = ¢(s)r™ ™ provided Res < n and Re(n — s) < n,
and a computation that involves testing against a Gaussian (cf. [8], Chapter
3, (8.32)~(8.35)) yields

F(rs) = 2"/2*5r(%)r<f)_1r8*", (3.3)
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for 0 < Re s < n. Equivalently,

— -1 s\ —1
23/2F(n S) -5\ _ 2(n—s)/21-\<7) s—n 4

22 Ee ) e (3.4
for such s. Now I'(z) is meromorphic in z, with poles at {0, —1,—2,...} and
no zeros, so I'(z) ! is entire, with zeros at {0, —1, —2,... }. It follows that the
left side of (3.4) is holomorhic in {Re s < n} and the right side is holomorphic
in {Res > 0}. Thus both sides have entire analytic continuations, and this
defines

e HE,(RY), for s¢ {n,n+2,n+4,.. .} (3.5)

as a meromorphic function of s with values in S’(R™). We note paren-
thetically that if s = —2k is an even, non-positive integer, then r—%
polynomial, so the left side of (3.4) is a linear combination of derivatives
of the delta function § and consequently so is the limit as s — —2k of
[(s/2) trs—.

Turning to the case n = 1, we note that (2.2), (2.4), and (2.5) yield

is a

/ €| 5 e dg = 2<sin g)l“(l —8)|z[*71, (3.6)
R

and
/(sgn{)\ﬂ_se_“’f d¢ = —2(COS 7%8>F(1 — s)(sgna)|z|*1, (3.7)
R

for 0 < Res < 1. The equivalence of (3.6) to (3.3) when n =1 (and Res <
1) follows from standard identities for the gamma function. As for (3.7),
the left side is holomorphic for Res < 1, and the right side is holomorphic
for Res > 0, except for poles of (cosms/2)['(1 —s) at s = 2,4,6,... (the
poles of I'(1 —s) at s = 1,3,5,... being cancelled by zeros of cosms/2). The
upshot is that we get a meromorphic continuation of (sgn§)[¢|~*, yielding

(sgné)lg|~* € HP(R), for s¢ {2,4,6,...}. (3.8)
This result can also be deduced from

d
dfg\flﬂ+1 = (1= s)(sgn)[¢]7, (3.9)

and the n = 1 case of (3.5) (with s replaced by s — 1), except for the case
s = 1, where we have instead that (d/d¢)log|¢| = (sgné)[¢|~t = PV 1/¢€.
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Moving to higher dimensions, we claim that (z;/r)r %, which is in L] (R")
for Re s < n, has a meromorphic continuation satisfying

%r_se’}-(i(R"), for s¢ {n+1,n+3n+5,...} (3.10)

In fact, parallel to (3.9), we have

83'7“*5“ =(1- s)ﬂrfs, (3.11)
r

which yields (3.10) as a consequence of (3.5), except for s =1 and s =n—1,
and both of these cases are elementary since then (z;/r)r=* € LL (R™)
(given n > 1). Note that

f(xjr_s_l) = 718]-.7-"(7"_5—1), (3.12)

and if we apply 0; to (3.3), with s replaced by s + 1, we get

]_—(%T—s) _ i2n/2—s—1r<n -5 1)r<s * 1)718]-7”5“_”, (3.13)

2 2
and, since
—s—1 — 1
(s+1-mr("——) = —ar (P10, (3.14)
we get
F(Hr) = =iz (= : 1>F(S er 1>_1ﬁ”87"- (3.15)
r r

As a check, (3.10) implies the left side of (3.15) has poles at {s = n +
1,m+3,n+5,...}. As for the right side, the numerator in the quotient of
gamma functions has poles at {s =n+ 1,n+3,n+5,...}, and the factor
(xj/r)r*~" has poles at {s = —1,—3,—5,...}, which are cancelled by the
poles of T'((s +1)/2).

Without using (3.10), we see that it is elementary that both sides of
(3.15) are holomorphic in s for 0 < Re s < n, that the left side is holomorphic
on Res < n, and the right side is holomorphic for Res > 0, except for the
polesat {s=n+1,n+3,n+5,...}, so we are again led to (3.10).

One can continue along this line, using

TjTl _g

T i # ke (3.16)

The left side is holomorphic on s ¢ {n+2,n+4,n+6,...},soif j # k

0,0k t2 = (2 — 5)(1 — s)

r2

18
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except possibly for s = 1 and s = 2. However (z;z/r?)r e (R™)
for s =1if n > 1 and for s =2 if n > 2. The case s = n = 2 will be taken
care of below. One can also compute the Fourier transform of (3.17) using a
device parallel to that applied to compute (3.15). Rather than pursue this,
we will move up to a greater level of generality.

Namely, we let hy(z) be a harmonic polynomial, homogeneous of degree

£, and consider

r ¥ =hy(w)r ®, w=-—. (3.18)

This is in L] (R") for Res < n, and it is a holomorphic function of s with
values in §'(R™), and we have

ho(w)r= € H7 (R"), (3.19)

for such s. If also Res > 0, then its Fourier transform, which is in H?  (R™),
is in L{ (R™). In particular, it has the form

ag(w)r™™?, (3.20)

for some a;, € C°°(S"!). We may as well assume n > 2, since the case
n = 1 is thoroughly covered by (3.6)—(3.8).

Let us denote by Hix(R”) the space of elements of H” (R™) of the
form (3.19), where hy is some harmonic polynomial, homogeneous of degree
£. For Re s < n, we have a direct sum decomposition

M7 (R") = P H, (R"), (3.21)
>0
coming from
C®(S" ") = B Ens, (3.22)
>0

where E,, ¢ is the eigenspace of the Laplace-Beltrami operator Ag on Sn—l
with eigenvalue \y = —¢(¢ +n — 2) (cf. [8], Chapter 8). Now the orthog-
onal group O(n) acts on C*°(S™"~!), commuting with Ag and hence pre-
serving each eigenspace F, ¢, so it acts on Hi(R”), preserving each space

Hi ,(R™). Furthermore, as we have noted before, 7 commutes with the
action of O(n). Therefore

FHP (R — HE (R, (3.23)
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In addition, O(n) acts irreducibly on each eigenspace E, ¢, provided n > 2.
It follows via Schur’s lemma (at least for 0 < Res < n, for now) that

F(he(w)r™®) = cpe(8)he(w)r*™", Vhe € Epy. (3.24)
To compute the coefficients ¢, ¢(s), we take
he(z) = (21 + iza)", (3.25)
and use the identity
F(he(w)r=) = F(he(z)r=>")

(3.26)
= iz(ﬁl + ’L'aQ)Z]:(T‘_S_é),
together with (3.3) with s replaced by s+ ¢, i.e.,
—s—0y _ ogn/2—s—¢ n—s—{ s+O\~1 s+0—n
Fr =2 r( . )F( ; ) e (3.27)
Note that
(D1 +102)r7 = o (w1 + ixa)r7 2, (3.28)

and (01 + i02)(z1 + iz2)? = 0, so, inductively,
(01 +i02)f 17 =0(0—2)--- (0 — 2(k — 1)) (21 4 da)kro—2F, (3.29)
Hence
(61 + ’L'82)£’I“S+Z_n

:(s+€—n)(s+€—n—2)-~(s+€—2—2(5—1))(@)67"8_".

(3.30)
We can use this to apply (01 +id2)* to (3.27). Note that
—s5—/ —0— — 40— — (-
CEPTITI 50
=I(——-).
2
It follows that
Cni(s) = (—i)f2"/2—sr(” _25 * £>F<S ;r 5)71. (3.32)

To summarize, for all h, € E,, 4, we have

Flhelw)r=) = (=2 /2r (122 + E)r(s ;“ 5)_1hg(w)r8*", (3.33)
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at least for 0 < Res < n. Now the left side of (3.33) is holomorphic
in Res < n. As for the right side, hy(w)r®™™ is clearly holomorphic in
Res > 0. The factor I'((n — s 4+ ¢£)/2) is meromorphic in s with poles at
{s=n+ln+L+2,n+L+4,...}. It follows that hy(w)r~* analytically
continues to be meromorphic in s, and

he(w)r—* € Hi’é(R"), for s¢{n+Ln+L+2,n+0+4,...}. (3.34)

Also the identity (3.33) analytically continues (with the standard adjustment
when s+ ¢ is an even non-positive integer). These results contain (3.3)—(3.5)
for £ =0, (3.10) and (3.15) for £ = 1, and (3.17) for £ = 2 (also treating the
case n = s = 2).

For each n and s, as £ — +o00, Stirling’s formula gives

— ~1 n/2—s
() O e
See Appendix C for a proof. Consequently, if we have
a(w)r—* € H¥ (R™), (3.36)
so a € C%®(S" 1), we get
F(a(w)r™) = bs(w)r* ™", (3.37)

with

bs(w) = Ap(s)a(w) € C=(S™ ),

3.38
for s¢{n,n+1,n+2,...} U{0,—-1,-2,...}, ( )

where
Ap(s) : C®(S"1) — ¢=(S" ), for s¢ {n,n+1,n+2,...} (3.39)

is defined by
Ap(s)he(w) = cpp(s)he(w). (3.40)

In fact, by (3.35), if H*2(S"!) denotes the L?-Sobolev space of functions
on S" 1, of regularity degree k,

An(s): HR2(S™71) — HFFs=n/2(gn= 1) s ¢ {n,n+1,n+2,...}. (3.41)
Parenthetically, we note that (3.32) implies

Au(n = 8)An()he(w) = (=) he(w), (3.42)
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for s as in (3.38), which is consistent with the identity
Fu(z) = u(—x). (3.43)

For another perspective on the family of operators A4,(s), let us set

€ OPS'(s™1), (3.44)

(n—2)2)1/2 - n—2

A= (-as+ ;

an elliptic, self-adjoint, pseudodifferential operator satisfying

Ahy = Chy, Y hy € Eny. (3.45)
Then
A, (s) = 2M275e ™A 2P (A), (3.46)
e o (e)—r(”_sw)r(SM)_l (3.47)
e 2 2 ’ '

which, by (3.35), or more precisely (C.17), (cf. [7], Chapter 12) yields
B o(A) € OPST*T2(S" 1) for s¢ {n,n+1,n+2,...}, (3.48)

elliptic, and invertible if also s ¢ {0, —1,—2,...}. Also, e"™*/2 is an elliptic,
unitary, Fourier integral operator, of order 0.

We return to (3.37)—(3.38) and discuss what can happen when s =
—k, k€{0,1,2,...}. Of course, the left side of (3.37) converges as s — —k
to an element of Hf(R”), and the right side converges to an element of
Hﬁ%n(R”), equal to F(a(w)r¥). Also, as s — —k, it follows from (3.46)—
(3.47) that A,(s)a(w) — A,(—k)a(w) in C®°(S"71). Furthermore, taking
into account the analysis behind (3.33)(3.34), we have A, (—k)a(w)r=*" ¢
Hﬁék_n(R"). However, instead of equality, we can in general just conclude
that

Fla(w)rF) — Ap(—=k)a(w)r™* ™ is supported on {0}, (3.49)

i.e., it is a linear combination of derivatives of the delta function. The case
k = 0 is of particular interest for developments in §8, so we mention that
the analysis in (3.33)(3.48) yields for a € C*°(S™1) that

/ a(w)dS(w) =0 = F(a(w)) = An(0)a(w)r™". (3.50)
Sn—l
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In this case, (3.46) holds with s = 0, and

B 0(0) :r(”ﬂ)r(g)_l. (3.51)

The hypothesis of (3.50) implies that b(w) = A, (0)a(w) integrates to 0, and
the conclusion can be written

Fla(w)) =PVbw)r ", b= A,(0)a. (3.52)

For another perspective on the right side of (3.52), take

be Co(s™h, / b(w) dS(w) =0, (3.53)
Snfl

and consider b(w)r~*, which is in L] _(R™) for Re s < n. If we take ¢ € S(R™)
to be radial, with ¢(0) = 1, then, for f € S(R"),

/ b(w)r* () di = / b(w)r—*[f (x) — [(0)p(x)] da, (3.54)

Rn Rn

for Res < n. However, the right side of (3.54) is absolutely integrable for
Res < n+ 1, hence extends b(w)r—* to being holomorphic on Res < n + 1.
This is independent of the choice of such ¢ as described above, and from
this one gets b(w)r—° € Hi(R”), for Res < m + 1, given that b satisfies
(3.53). Compare (3.10) for the case b(w) = wj.

This is part of the £ = 0 case of the following result, which follows from
(3.34) and the analysis of A, (w). Assume

a€C>®(S" ™), alE,; for 0<j</. (3.55)
Then
An(s)a € C°(S™ 1) is holomorphic for (3.56)
s¢é{n+l+1n+l+2n+0+3,...}. '
Furthermore,

a(w)r™® is holomorphic for s ¢ {n+{+1,n+L+2,n+L+3,...}, (3.57)

and

Fla(w)r™®) = Ap(s)a(w)r®™"

3.58
fors¢{n+l+1n+0+2...}U{—4—-1,—0—-2—0—-3,...}. (3.58)
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Having studied various meromorphic families of homogeneous distribu-
tions, we now introduce cut-offs. Take

p eGP (RY),  o(x) =¢(-x), ¢x)=1"for|z] <1, (3.59)

and consider
(1 —¢(x))a(w)r2, (3.60)

with @ € C°°(8"~1). This is clearly an entire holomorphic function of s, with
values in S’'(R™). In fact, at each s € C, we get a symbol in S, 4°*(R™). Tt
follows that applying F to (3.60) yields an entire function of s with values in
S'(R™), and standard arguments, parallel to (1.15)—(1.18), imply that these
are all C* on R™\ 0, and rapidly decreasing as |z| — co. We have

F(1 = p@))alw)r™) = (I — (D)) An(s)a(w)r*™", (3.61)

whenever s satisfies (3.38). Now we want to see how applying I — (D)
removes the poles of Ay (s)a(w)r®™" that might arise at s € {n,n+ 1,n +
2,...} (depending on the nature of a(w)).

We start with the case a(w) = 1, for which (3.67) specializes to

F(0 - @) =22 (P (3) 1o (362)

for s ¢ {n,n+2,n+4,...}. To see what happens near s = n, let us set
s =n+ o, so (3.62) becomes

g

2

F((1 = p(a))r0) = 2—”/2—Ur( )r(” + ") = (D). (3.63)

2

Now (D)1 =1 (in fact ¢(D)p(z) = p(x) for every polynomial p(x)), so

LI (D) = (1 - (D)L

(3.64)

We see that
ro —1
4o =

(3.65)

g

is an entire holomorphic function of o, with values in &’'(R"), having the
convergent power series

o0 k
o
¢o(x) = logr + kg i+ 1) (logr)k+L. (3.66)
—1
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Hence we can rewrite (3.63) as

n-+o
2

g

.7:((1 — gp(:c))r_”_o) = 2_”/2_"0F<7§>F(

) (1~ ¢(D))ar, (3:67)

manifestly without a pole at o = 0. Also ¢(D)q, is an entire holomorphic
function of o with values in C*°(R").

More generally, to examine (3.62) near s = n+ 2k, we set s = n+2k+o,
and rewrite (3.62) as

F((1 = pla)r )

B 3.68)
— o9—n/2=2k—op( _1. _ g n+2k+o\-! o 2k+o (
2 F( k 2>r< > ) (I — (D))t
We have ¢(D)r?¢ = r?* so
L1 = (D)7 = (1 — (D)) ()
o o (3.69)
= (I — (D) (r* o),
again with ¢, as in (3.65)—(3.66). Thus, parallel to (3.67), we have
F((1 = ) )
(3.70)

= oe/z-tienor (<= T)r(ME2EET) (D) (),

again manifestly without a pole at ¢ = 0. As with (3.67), ¢(D)(r**¢,) is an
entire function of o with values in C*°(R").

We move on to the case a(w) = hy(w), where hy is a harmonic polynomial,
homogeneous of degree . Then (3.61) specializes to

F((1 = p(@))he(w)r™)

= 2o (PN e (D T - et

(3.71)

for s ¢ {n+ln++2,n+¢+4,...}. To see what happens for s near
n+ {0+ 2k, we set s =n + ¢+ 2k + o, and rewrite (3.71) as

F((1~ pla) he(r =)
= (_i)€2*n/27572k7¢7r<_k _ g

2
X (I = (D)) (he(w)r+?+7).

)F(n+€+2k+a)—1 (3.72)

2
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Note that
ho(w)rtH2R 0 = hy(z)r?*toand (I — o(D))(he(z)r?*) =0, (3.73)
hence

(= (D) (@) 2+7) = (1 = (D)) (he(a)r?qy). (3.74)

g

Thus, parallel to (3.67) and (3.70), we have
F((1 = p(a))he(w)r—m270)

— (_i\to—n/2—L—2k—0 .9

(—i)"2 O'F( k 5
% (I = ¢(D))(he()rq5),

yet again manifestly without a pole at ¢ = 0. As in (3.67) and (3.70),
(D) (he(x)r**q,) is an entire function of ¢ with values in C*°(R"). Con-
sequently we have an explicit description of the singularity at x = 0 of the
left side of (3.75), valid uniformly for o near 0:

)1“(%) ! (3.75)

2

_ \YWo—n/2—4—2k—0c (_ N g) (n—i—€—|—2k+a
2 I'(—k I'f—mm—m
(=) 7 2 2
We return to the general setting (3.60), with a € C°°(S" 1), take M €
(0,00), and we want to obtain a precise analysis of the singularity of F((1—
o(z))a(w)r™®), valid locally uniformly for 0 < Res < M. To get this, pick
{eZ, £ > M, and write

>_1hg(x)r2kqa. (3.76)

a(w) = hi(w) + -+ he(w) + agi(w), (3.77)
hj € Eyj, a; L E,;, for 0 <j <UL
Then (3.56)—(3.58) hold for a,, and, as in (3.61),
F((1 = p(@))ar(w)r™) = (I — ¢(D))An(s)ar(w)r™", (3.78)

for 0 <Res < M, and ¢(D)A,(s)ag(w)r*~" is holomorphic in s with values
in C*°(R") for such s, so the singularity of the left side of (3.78) is given by

An(s)ag(w)r™™", (3.79)

locally uniformly for 0 < Res < M. On the other hand, for 0 < 5 < /|
F(hj(w)r~*) is meromorphic in s, with poles in {n+j,n+j+2,n+j+4,...},
and we have (3.33), with j in place of . We have

F((1 = p(@)hj(w)r™) = (I — (D)) An(s)h;(w)r*™", (3.80)
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away from these poles, and, away from such poles, ¢(D)A,(s)h;(w)r*™" is

holomorphic in s with values in C*°(R"), so again the singulary of F((1 —
o(x))hj(w)r™®) is given by

An(s)hj(w)rs", (3.81)

locally uniformly in s, away from these poles. Meanwhile, the behavior near
each such pole n + j + 2k is given by (3.75)—(3.76), with ¢ replaced by j.

4 Proof of Theorem 1.1

Our first order of business is to extend the scope of the identities (2.7)—(2.8),
beyond 0 < a < b < 1,and 0 < a < b < 2, respectively. To do this, we
use material from §3, including the facts that ||7° and (sgn&)|¢|~° have
meromorphic continuations, yielding

|£]7° holomorphic for s ¢ {1,3,5,...},

4.1
(sgn&)|&|™® holomorphic for s ¢ {2,4,6,...}. (4.1)

Thus we can define tempered distributions

1 —a -b) _ ’ —s
IOg |£‘ <‘§| - ‘§| ) - /a |£’ dS? (42)
a,b¢ {1,3,5,...},

and

B (g7~ 1e™) = [ e~ s

log [¢] (4.3)

a,b¢ {2,4,6,...}.

The integral in (4.2) is taken along any path -, from a to b in C that avoids
{1,3,5,...}, and the integral in (4.3) is taken along any path o, from a
to b that avoids {2,4,6,...}. If 4 and G4 are two other such paths, the
resulting integrals differ by distributions supported at {0}, i.e., by finite
linear combinations of derivatives of §. Thus (4.2) and (4.3) are defined
and holomorphic on the universal covering spaces of C \ {1,3,5,...} and
C\ {2,4,6,...}, respectively.

While it would suffice to work with these compound objects, it is natural
to take a = 0 and use the resulting identity to define

1
log [¢]

—b _ 1 _ ’ -5
A R AL (1.4
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for b ¢ {1,3,5,...}, and

sgné oy osené [0 —s
pogle = Bl — [ (s s (4.5
for b ¢ {2,4,6,...}. Both sides of (4.4) and (4.5) have classical PV singu-
larities at & = +1.

Now we apply the Fourier transform F : 8'(R) — S'(R) to both sides
of (4.2) and to both sides of (4.3), using (3.6)—(3.7), which, as noted in
§3, are valid for s ¢ {1,3,5,...} and for s ¢ {2,4,6,...}, respectively,
with due attention to taking the limit of (sinms/2)|z|*~! as s — —2k €
{0,—2,—4, ...} and taking the limit of (cosws/2)(sgnx)|z|*~! as s — —2k—
1e{-1,-3,-5,...}. Applying F to (4.2) yields

[ (e =)< ae

R
= 2/b<sin %S)I‘(l — s)\xjs_l ds (4.6)

2
= ngo,a,b(‘ﬂ)a

with ¢(s) =I'(1 — s)sin7ws/2, as in (1.28), provided
a,b¢{1,3,5,... }. (4.7)

Meanwhile, applying F to (4.3) yields

J e (R T Bt

J log¢]
sgnx b( 7rs> s (4.8)
=-2 cos — |JI(1 — s)|x|® ds
] Ja 2
= 2 Kyapla)
- z ,a,b\|T] ),

with ¢ (s) =T'(1 — s) cosmws/2, as in (1.11), provided
a,b¢ {2,4,6,...}. (4.9)

Now the left sides of (4.6) and (4.8) differ from 2C,;(x) and 2S4,(x), respec-
tively, by Fourier transforms of compactly supported distributions on R, so
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the respective differences are C°°. Consequently the results (4.6)—(4.9) give
(1.27) and hence prove Theorem 1.1.

In fact, we have extended Theorem 1.1 a bit. The conditions (4.7) and
(4.9) on a and b are more precise than the conditions stated in Theorem 1.1.
Also, here we do not require 0 < a < b; in fact a and b can be complex. As
is natural, the definition (1.24) of K¢ 45(2) extends to the case of complex
a and b, provided ® is meromorphic on C and the integral is taken along a
path from a to b that avoids its poles. As long as these poles are contained in
N ={1,2,3,...}, results of choosing two different such paths give versions of
K3 4,5(2) that differ by a polynomial in z. In the case (4.4), this difference is
an odd polynomial in |z|, which when multiplied by |x|~! yields a polynomial
in 22. In the case (4.6), the difference is an even polynomial in |z], i.e., a
polynomial in 22 (with no constant term).

5 Useful properties of Ky,

Recall that for b > 0, K¢ () is defined by

b
Kgp(2) :/ ®(s)z°ds, Rez > 0. (5.1)
0

We work in the following setting, to accomodate the functions ¢ and ¢
given by (1.11) and (1.28). We assume & is meromorphic on some complex
neighborhood O of [0, b], with a finite number of poles, all contained in (0, b),
and the integral is taken along a path g, in O from 0 to b that avoids these
poles. If ® has no poles in [0, b], we can simply integrate over the interval
[0,0]. As mentioned in §1, asymptotic behavior as z — 0 is derived from

1

Kay(e) =~ (@(0) - <I>(b)zb>

1
log z

Ko p(2) (5.2)

and iterations. Here we record some further results, which will prove useful
in §6.
First, applying d/dz to (5.1) gives

d 1
@K@)’b(Z’) = ;KS@’Z)(Z). (53)
Thus integrating gives
1
/ ;ngb(r) dr = Kop(x), x>0. (5.4)
0

29



Note that, by (5.2), with ®(s) replaced by s®(s), we have

1 (b
Kq>+s<1>/7b(T) + ( )Tb

qu),b(r) = _IOgT

- (1((I)>g(?"))2 + O((loglr)3)’ re (0’ %)’

guaranteeing integrability of the left side of (5.4).
A useful companion to (5.4) is

T z b
/ Ko p(r)dr = / / O(s)r*dsdr
0 0o Jo
b x

log r

s+1

= P d
| ot as
= 2 Kg/(s41)5(7),

for x > 0. Going further, for j € N|

T z rb
/ ij@J,(T) dr = / / ®(s)r ds dr
0 0 0

psti+l

b
= b(s)————d

| ot s
= M Ky (41 (@),

for x > 0.

6 Analysis of [, fora=keN

(5.6)

(5.7)

As mentioned in §1, to analyze Fy(x) = Cip(z) — iSkp(x) for k € N, we

make use of the identities

Crr1p1(®) = =Sw(x),  Spi1p41(2) = Cro(),

(6.1)

and then integrate, working up from the formulas for Cpy(x) and Spp(x)

established in Theorem 1.1, to wit

1 1
Sop(2) = ;Kw,b(@l% Cop(z) = mK@,b(!wl)a

with ¢ and ¢ as in (1.11) and (1.28), i.e.,

P(s)=T(1-s) sing(l —35), @(s)=T(1-s) cosg(l — 5).
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As noted in (1.36), thanks to the fact that ¢(0) = 0, Cpp is absolutely
integrable on a neighborhood of x = 0, so

St p+1(z / Cop(r

/0 TKSO b\T d?“ (64)

= (sgna) Ky, p(|2]),
the last identity by (5.4) and the oddness of S} 441(z). Here

on(s) = gp(ss) (- S)sinzs/Z.

(6.5)

This establishes the first part of (1.38). For the other half, since Sy is not
integrable near x = 0, we pick a small zg > 0 and write, for x > 0,

T

Crpri(x) =— [ Sop(r)dr
0 (6.6)

1
—/ wa’b('r) dr.
0 r

Now 9 (0) = 1, so we can write

U(s) =1+ sPi(s), ¢1(0) =T'(1). (6.7)
Then
KT/%b(T) = K1+s¢1(s),b(T)
b —1 (6.8)
= K
IOgT =+ swl,b(r)7
so, for small z > 0,
T A T Tb_l
= — dr — K . .
Cronte)= [ = [ = Kanala) (6.9
Now,
T odr
= log |log z| — log | log xg. (6.10)
20 rlogr

As for the second integral on the right side of (6.9), we have, for b > 0,

T ,rbfl
/ dr = Mp(x) — Mp(x0), (6.11)

o logr
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where

T ’I“b_l
A = d
() /0 log r "
B /xb dt (6.12)
~Jo logt
= li(2b),
where li(z) is the logarithmic integral:
Todt

li(x) = —.
i@) o logt

(6.13)

Putting these results together, and keeping in mind that C py1(z) is even,
we have

Crpi1 () = loglog [zl — Koy, o(|a) — li(|]?), (6.14)

which is the second half of (1.38).
Note that, for small |z|,

o0
li(|z]) = —/ t~le~tat. (6.15)
log 1/|z|
Integration by parts yields
[e.e] e—u [e.e]
/ t e tdt = — —/ t~2e "t dt, (6.16)
u U u

and iterating shows that, as * — 0, li(Jz|) has an asymptotic expansion of
the form

li(|z|) ~ 10§||x| (1 + Z a;(log \a:|)73) (6.17)
i>1

Having taken care of k = 1, we proceed to k = 2, again using (6.1). We
have, for x > 0,

Copt2(x) = —/ K, p(r)dr
0

(6.18)
= —2Ky, /(s41)5(T),
by (5.6). Recalling that Cyp42(x) is even in x, we get
Cop2(7) = —[2| Ky jsy1)p(l2])- (6.19)
Next, .
So.pt2(x) = /0 Ch,p41(r) dr, (6.20)
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which leads us to integrate each term on the right side of (6.14). First, for
small x > 0,

/ log]logr|dr:/ (logt)e "' dt
0 1

ogl/x
oo
= zlog |log z| +/ t~le tat (6.21)
logl/z

= zlog|log x| — li(z),

the second identity by integration by parts. Next, by (5.6),

[ Kot dr = o) (6.22)
Finally,
/ /y dy dr
0o Jo g
b
// drdy
0 Yy 10
/I (z — y)y (6.23)
1 y
0 Ogy

T b
—x/ Y dy—/ i dy
o logy o logy
= zli(z?) — (2P,

the first and last identities by (6.12). Putting together ((6.21)-(6.23) and
recalling that S5 p41(x) is odd, we have

Szp+2(7) = wlog|loga|| — (sgna) li(lz]) — 2Ky, /(s11)(I2])

by, (6.24)

— 2 1i(|z]®) + (sgn z) li(|=

Proceeding to the case k = 3, we see that (6.19) gives, for small z > 0,

Sansala) = = [ 1 enalr) (6.25)
and hence, by (5.7) and oddness,
S3,p+3(x) = (sgna)z* Ko, (s11)(s12)(17])- (6.26)
Meanwhile -
C3’b+3(x) = —/ 52,b+2(7') dT’, (627)
0
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leading to integrating the terms in (6.24). The primary term is (for small
x> 0)

/ rlog|logr|dr:/ (logt)e 2t dt
0 1

ogl/x
1 1 [
= ——(log t)e_%‘oo + / t~le™2 dt
2 t=log1/z 2 log1/z (628)
1 210g |log 2| + 1 /x "
= —z“log|logx| + = r
2 108 2 Jo |logr]|
= 13:2 log | log x| 1li(acz)
leading to
1 1.
Cspr3(z) ~ 5902 log|log ||| — B li(a?) 4 - . (6.29)

Another approach to the asymptotics of Cy(z) and Skp(z) for small x is
contained in the analysis in §8; see Theorem 8.2.

7 Replacing (log¢)™! by (log&)~*

The analysis of F,(z), given by (1.31), can be extended to

Fia(z) = / % e, 7.1

%] (=) 2 (log f)k (7-1)
Here we concentrate on the case k = 2, and for notational simplicity we set
Go(z) = Frop(z) = / e e, 7.2

To start, we see that Fy,(z) = Fjjj,(7) satifsies

. _ > 1 —a d —ix€
iwFy(x) = —/2 log§£ d—ge d¢

* d 1 ~ 2-¢ ,
— el —a\  —ix€ de — =2 —27,x_
/2 df(logfg )6 $ " Togat

d 11
d¢ logé  &(log€)?’

(7.3)

Now
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SO

ixFy(x) = —/ g lemiml e
2

2
—a —a—le—izg ge.
L et .
In other words,
Gat1(x) = —ixFy(z) — aFay1(x). (7.6)
On the other hand,
a1 () = —iGa(x), (7.7)
so we can differentiate (7.6) and get
Go(z) = Fy(z) + 2F)(2) — iaF, ,(z). (7.8)

Recall from (1.32) that F,(x) differs from F,(x) by a fairly smooth
function if b is large. Meanwhile, by Theorem 1.1,

1 )
Fule) = 71K paalleh) = £ Ko an(fa): (7.9
Hence
/ — 1 / 1
ab(l‘) = . Lp,a,b(| |) | | <P,a7b(|x|)
Z. Z. (7.10)
!
mKw,a,b(L’UD + ;Kw,a,b(lx!%
SO 1
aFy(x) = K q(|2]) - ngo,a,b(M)
4 (7.11)
. 1
—i(sgna) Ky, o (|2]) + ~Kyap(lzl),
and therefore
Fup(x) + aFg(x) = K 4 5(17]) — i(sgn ) Ky, o (|2]). (7.12)
Now (5.3) generalizes to
d 1
T Beap(2) =~ Kseap(2), (7.13)
SO ) ,
i
Fop(x) + xFpy(a) = mKs«:,a,bﬂl‘l) = Ky ap(la]). (7.14)
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Note that the right side of (7.14) is obtained from the right side of (7.9)
simply by taking ¢ — sp and ¥ — s.
If we specialize to a = 0, we get, for

[%S) 1 ]
_ —iz€
Go(z) = /2 (log{)Qe dg, (7.15)
the result ) )
7
Go(z) ~ mKsap,b(‘l’D = sy p(l2]), (7.16)
where we use
f(z) = gp(x) (7.17)

to indicate that the difference is as smooth as one likes near x = 0, provided
b is sufficiently large. Note that the factor s in s¢ and si) makes Gy(x) more
regular at = 0, by a factor of (log|z|)~}, than Fy(z).

One can continue along these lines. For example,

: _ [T d
Gulw) = = [ o g

= -2 — e e,
| gogepe e
SO o 1
2/ 76—i$f dé’ = GO(I’) + $G, (ZL‘)
o (log&)? 0 (7.19)
1 i :
~ mKs%,b(m) - ;Ks%,b(\»ﬂ)-
Inductively,
RO o—me W dEm K 'k . 2
/2 (log €)F+1° § 2] sk p(12]) = — Kory p(|2]) (7.20)

See §9 for another approach to this asymptotic analysis, valid in higher
dimension.

8 Asymptotics in higher dimensions

To begin, we recall from §3 that, parallel to (4.1), if p € C>(S™~!), then

p(w)r~*, which is in L%OC(R”) for Re s < n, has a meromorphic continuation,

p(w)r™® holomorphic for s ¢ &,, (8.1)
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with values in §'(R™), where £, C N depends on the choice of p. Specific
examples include (3.5), (3.10), and (3.34), with further results described in
(3.55)—(3.58). We can then define tempered distributions on R",

b
fo(gz (r % —r7% = /a plw)r~°ds, a,b¢é&,. (8.2)
The integral in (8.2) is taken along a path v, from a to b in C that avoids
Ep. If A4p is another such path, the resulting integrals differ by a distribution
supported at {0}, i.e., by a finite linear combination of derivatives of §. Thus
(8.2) is defined and holomorphic on the universal covering surface of C\ &,
with values in §'(R™). We can take a = 0 and define

p(w) —b_p(w) _ b D)5 ds
IOgTT ~ logr /Op() ds, b & (8.3)

Both sides of (8.3) have a classical PV singularity on S" ! = {r = 1}.
Now we can apply the Fourier transform F : 8'(R") — S'(R™) to both
sides of (8.2), using (3.37)—(3.40). We get

T —n/2 p(é) —a __ |¢|—b e—ix-{
m ™ [ Bttt e
Rn (8.4)

b
_ / An(3)p(@) "~ ds,

for a,b ¢ &, where A,(s) : C®(S"1) — C>(S"1) is given by (3.43)-
(3.47). Here,

“ § . T

i TR &
In (8.4), the integral on the right side is taken over any path 7, from a to
b in C that avoids &,.

If we specialize (8.4) to p(w) = hy(w), where hy(x) is a harmonic poly-

nomial on R", homogeneous of degree ¢, then, by (3.40) and (3.32),

n—s+€)r<s+€

An(s)he(w) = (—i)fzn/Hr( ; ;

>_1h4(w), (8.6)

for
s¢&y,={n+ln+l+2n+0+4,...}. (8.7)

We have the following.
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Theorem 8.1 If hy is a harmonic polynomial on R™, homogeneous of degree
£, then

ery e [ held) (Ig17 = le1™") e~ ag

log [¢]
R”
b _ - (8.8)
— (—i)fon/2 - n—s+t s+ )71 5 s—n
(—i)2 / 2o (O (250 (@) el ds
= (=) 2" 2hy(@) || " Ky, an(l2]),
where Ly N
e (M — S s -
Unels) = 27T (A )0 (55=) (.9)
and we assume
a,b ¢ &,. (8.10)
In case ¢ = 0, we can take ho(x) = 1, and then the result of (8.8) is
222" Ky, 0.a0(]2]); (8.11)
where .
e (M — S S\~
Yno(s) =2 r( 5 )F(2) . (8.12)
We see that 1, 0(0) = 0, so if a = 0, we get (via (1.25))
C 1
272 x| " Ky, o (%)) = L——+0 : 8.13
A Eoeas = g * O ppogas) 1)

which is therefore in L. (R™). Compare (1.36) for the case n = 1.

In case £ = 1, we can take hi(z) = z;, and then the result of (8.8) is

on/2 Lj -n

—1i2 /2 ‘?]’ |.7}‘ K¢n,1,a,b(|x‘)7 (8'14)

where 41 T

e (M — S 5 -
Yna(s) =2 F( . )F( . ) . (8.15)

This time v, 1(0) = 7~ /2T((n +1)/2) # 0, so, if a = 0, we get

—i 22 2 Ky, () = O 2L +0 . (8.16
o 1 () = O o O o ) 619)

The remainder term belongs to Llloc, but the principal term does not. The

left side (which, recall, is in C*°(R™\0)) is a PV distribution near the origin.
Compare (1.3) for the case n = 1.
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We now bring in cut-offs. Take ¢ € C§°(R") as in (3.59). Then, given
pE COO(Sn_I),

pw)
1- 1
(1= pla) s (817)
is an entire holomorphic function of s, with values in §'(R"), and
p(w) —a —by __ b —5
(1=l 20 =) = [ plahpt)rds, (819

for all a,b € C. We can apply the Fourier transform F to both sides of this
identity. If a,b ¢ &, and the integral on the right side of (8.18) is taken
along a path that avoids &,, then we can deduce from Theorem 8.1 that

202 (- ()
Rn

= (=) 2"2(I — (D))he(&) || " Ky, 1.0(]])-

(ler7— el *)ei=ag -

Furthermore, ¢(D)hy(2)|z|™" Ky, ,ab(|z]) is holomorphic in a,b € C\ &,

with values in C*°(R"™), which retrieves the elementary fact that the left side

of (8.19) has the same singularity as the left side of (8.8), for such a and b.
We now want to focus on the situation that

a=n+0+2ke&, ke{0,1,2,.. 1} (8.20)

We also assume
b>a, bé¢é&,, (8.21)

and that the path =, from a to b over which we integrate in (8.18) avoids
En,, except at its initial point a. Setting s = n + £+ 2k + o, we have (8.18)
(with p = hy) equal to

B
/0 (1 — (@) he(w)yr " *%ds, B=b-a. (8.22)

By (8.21), 8 > 0. Now applying (3.75)—(3.76) gives

-n/2 _ hf(é) —a __ |¢|-b) ,—izé
(2) R/ (1= (€ o (Je77 =l )< e
8 .
= (—i)fp /2t o O\p 2kt oy
= (—i)fon/? Zkhg(x)\x]%/o ar( k 2>F< 5 ) 4o do,

(8.23)
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where, recall, f = g means f — g is C"° on a neighborhood of 0 € R", and

_ e 1

Go(z) = ———, (@) =log|z], (8.24)

is an entire holomorphic function of o with values in &’'(R™). The change of
variable from s to o takes a path 74, that avoids &, (except at s = a) to
a path from 0 to 8 in C that avoids the poles of the integrand on the right
side of (8.23). To analyze (8.23) further, we look at

L+ 2k -1
U, 1e(0) = aF(—k: - i)r(u) , (8.25)
o 2 2
which has poles at
o=2k—2j, je€{0,1,2,...}, j£k (8.26)
Note that
1_/m+L0+2k\-1d 1
U, 0.000) = :—fr(7> il 8.27
#e(0) = Cnje = =3 2 dzT(z) 2=k (8.27)
is nonzero. We can write
Uy, k0(8) = g + G (), (8.28)

where (, 1 ¢ has the same poles as ¥,, , o. Then (8.23) is
= (_i)Ean/2f£f2kzhe(x)’x‘Zk

X [Oémk’g /Oﬂ gs ds + /Oﬁ Cne(s)(r® —1) ds]. (8.29)

The quantity in square brackets is a sum of two terms, the second of which
is

= K¢, 0.8(])). (8.30)
The first is a1 ¢ times
B s _1q
Qs(r) :/ L= s (8.31)
0 S
Note that
Q'()—/B iy =01 (8.32)
s\ = OT S_rlogr’ '
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and Qg(1) =0, so

Q<r>—/Tpﬂ_1dp (8.33)
g 1 plogp '
As in (6.12),
/ e ’) (8:34)
dp =1Li(r"), .
o logp (
given 8 > 0, r < 1. Also
T d log1/r d
/ P :/ « = log | log |, (8.35)
1/e plogp  Jy u
o
Qs(r) = —log|logr| + 1i(r?) + 7(3), (8.36)

with 7(/3) independent of . We have established the following.

Theorem 8.2 If hy is a harmonic polynomial on R™, homogeneous of degree
l, and

a:n+€+2k€5’hé, biﬁghl, b>a, (8.37)
and ¢(&) is as in (3.59), then

2m 2 - el ea)
Rn

= (_i)€2—n/2—£—2khé(x) |33‘|2k

X |ange(—ogllog ]| +1i([2["™) + K, , po-a(lo])]

(lg/m — eI e =< ag
(8.38)

with o, ke given by (8.27) and Gy e(s) given by (8.28).

For £ =k =0 and n = 1, (8.38) has the same form as (6.14). For ¢ =1,
k =0, and n =1, (6.24) appears to have two terms of a form different from
those in (8.38). These sum to

—(sgna) (li(|z]) — L(|z[*th)), B=b—-a. (8.39)
Note, however, that
2l 1 — pf

li(|z]) — Li(]z|Pt! :/
(Jz]) — L(lz|"7) . Tozp
/Iw/ﬁ S ded
= — s
o Jo P P (8.40)

Jé) s+1
= / i ds
o S + 1

= _|x’K1/(s+1),ﬁ(|x’)a
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and (sgnx)|z| = z, so (8.39) can be absorbed into the last term in square
brackets in (8.38).

Let us return to the general formula (8.4), under the hypothesis that
a,b ¢ £,. Then there is a path from a to b in C such that

Ap(s)p has no poles on 7gp. (8.41)

where we treat A, (s)p as a meromorphic function of s with values in C°°(S™1).
In such a case, (8.4) can be written as

—n/ p(é) —a _ (¢ —ix- _ —n
(2) 1[ D (e — e ) e = ol " Kanlla),  (842)

where ® is a meromorphic function of s with values in C°°(S"~ 1), namely
O(s)(w) = An(s)p(w)- (8.43)

As in §1, we define
b
Ko ap(2) = / P(s)z*ds, Rez >0, (8.44)

the integral over a path -, that avoids the poles of ®(s), this time taking
this as the integral of a function with values in a Frechet space (namely
C> (58" 1)). Asin §1, we can integrate by parts in (8.44), obtaining

1

Ko qp(2) = “logs (@(a)za — q)(b)zb)

— Ko ) 8.45

o Kvana. (849
and iterate this, to produce an asymptotic expansion involving powers of
(logz)~!, as 2 — 0. For example, if a =0 and b € RT \ &, in (8.41), we get

1
[ log ||

1
AOp@+0( LY s
(0P + O g al? (8:40)
as the leading part of an expansion in powers of (log |z|)~!. By (8.6), A,(0)
annihilates the constant term in the spherical harmonic expansion of p, but
not the higher terms.
We now turn to a treatment of

R [ (R T R X

R
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with ¢ as in (3.59), when a € &, (still assuming b ¢ &,), say
a=n+¢ (€{0,1,2,...}. (8.48)

We can write
¢
p=p*+> hj, hj€En;, p* LE,; for 0<j<L. (8.49)
=0

We can apply Theorem 8.2 to each term arising from (8.47) with p replaced
by hj, 0 < j < {. As for what one gets with p# in place of p in (8.47), we
can apply the following (with p* in place of p).
Proposition 8.3 Assume p € C*°(S"1) satisfies
pLE,; for 0<j<Ut. (8.50)
Then (8.42) holds for
abg{n+l+1n+l+2n+0+3,...}. (8.51)

Proof. The argument used to prove Theorem 8.1 applies, suplemented by
(3.55)—(3.58). d

9 Passing to (log|¢|)™* in multi-D

We start with the identity

L
[ (e~ 16177 da

@) [P B
= ([t da— 3 -ole ) (9.1
_ p(é) —a _ 178 _(B—a P(é) -5

On the last line, each term has a classical PV singularity at |£| = 1, which
could be erased by multiplying by 1 — ¢(&), with ¢ as in (3.59) and (8.17).
Here, as usual, p € C*°(S™"1). We assume

o, B ¢ &, (9.2)
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parallel to (8.2), and the integral in (9.1) is taken along a path from a to g
in C that avoids &,. By (8.4), the Fourier transform of the left side of (9.1)

is
/ / Z)|z|* " dsda
/ / An(s)p(2)|z]* " dads (9.3)

:/ (5 — a) An(s)p(@)]a"~" ds.

It follows that

(27) R/ 2 (e~ )< ae

log [¢])?
’ S\ [ |S— T (9.4)
:/ (s — @) An(s)p(2)|z|* " ds
p(w) B
+HB-a)F (logr )( ),
when (9.2) holds. As for the last term, we have, by (8.3),
f(ifgzr—ﬁ) c CFR™), for B>n+k, B¢EE. (9.5)

so the first term on the right side of (9.4) reveals the nature of the singularity
of the left side of (9.4), if 3 is taken large enough, assuming (9.2).

In fact, we can loosen the hypothesis (9.2) on a. Of the two terms on
the right side of (9.4), the second is holomorphic in 5 ¢ &, and linear in
a. We know the first term (the integral) is holomorphic in o ¢ &, for each
B ¢ &y. Now suppose a € &, and the integral from a to [ is taken along a
path from o to [ that avoids £, except at s = o. Then the pole of A,(s) at
s = « is cancelled by the factor s — « in the integrand, so in fact this is a
removable singularity.

One can iterate this process. To do this, it is convenient to bring in the
factor 1 — p(§). Extending (9.1), we have

00 [ o2 (e~ 167) o

log [¢])*~1
p(d)
= (1= () o ey (1617~ 1617) (9.6)
_(1_ (ﬁ—a)p(é -8
(1= () qog e T 1677
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and, from here, inductively,

- —n/2 _ p(é) —a _ |¢|—B e—ix'f
(2) gfu o(6)) g e (J17 = €17 g
- - (D))/ﬁ( — )" A (s)p(@) 2" ds + (B~ )R
= o ® i s — n(8)p(Z)|x s )Ry 5(z),
(9.7)
with
Rep=F ((1 - @)(loz(ﬁlr“’) (9.8)

as smooth as one likes, if 3 € R is sufficiently large, provided (9.2) holds.
As in our analysis of (9.4), the singularities at points o € £, are removable
in the integral from « to 3 on the right side of (9.7), as long as k > 2.

In case p(w) = hy(w), where hy is a harmonic polynomial, homogeneous
of degree ¢, by (8.6) the integral in the right side of (9.7) is equal to

(—i)fon/? /j(s — o)t teoer (P * K)r(s + g)”fw(gz)ms—” ds

2 2
(= 52n/2h P 7nK
= (—1) @)z Ky, 4 0,8(]2]),

(9.9)

where
Uy 0k(8) = (s — a)f ey, o(s), (9.10)

with 1y, ¢(s) as in (8.9).
Generally, for p € C*°(S"~1), we can represent the integral on the right
side of (9.7) as
2" Ky () (9.11)

where
Dp(s) = (s — ) 1A, (s)p (9.12)

is a meromorphic function of s with values in C*°(S™ 1), and results parallel
to (8.45) apply.

10 Replacing log [£| by log A(£)

Let A € C°°(R™\ 0) be > 0 and homogeneous of degree 1. Then there exists
q € C*(S" 1) such that ¢ > 0 on S"~! and

A =q(w)r. (10.1)
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Hence log A = logr + log q, so if log A were in the numerator of a symbol,
there would be no additional problem. Since for us it is in the denominator,
we need to work a little harder. Parallel to (2.1), we can take

b
log A(§)

for Rea, Reb < n. We want to extend the scope of this, since we partic-
ularly want to take b large, so we need to extend results of §3, obtaining a
meromorphic continuation of A™% from Res < n. Clearly A% = ¢~%r~*° for
Res < n, and, as in (3.37)—(3.40),

(o -x@) = [ @ e (10.2)

f(q(w)*srfs) = A, (s)g(w)r*™", (10.3)

first for 0 < Res < n. Now the left side of (10.3) is holomorphic for
Re s < n, and the right side is holomorphic for Re s > 0, except for the poles
of A,(s)q(w)™*, which is a subset of {n,n+1,n+2,...}. More generally,
if pe C(S" 1,

F(pw)A™%) = An(s)(pa~")r* ™", (10.4)
first for 0 < Re s < n, and then both sides analytically continue to
seC\ &y, (10.5)

where &, 4 is the set of poles of A, (s)(pg™*), a subset of {n,n+1,n+2,...}.
In particular, we have a meromorphic continuation of p(w)A™*, holomor-
phic for s as in (10.5), all of whose poles are simple, and we can define

b

ﬁ)(;))\ <A_a - A_b) = /a pw)A*ds, a,b ¢ Epg, (10.6)

for A as in (10.1). As in (8.2), the integral in (10.6) is taken along a path
Yap from a to b in C that avoids &, 4, and if 7,5 is another such path, the
resulting integrals differ by a distribution supported at {0}. Thus (10.6)
is defined and holomorphic for a and b in the universal covering surface of
C\ &4, with values in S'(R™). Parallel to (8.3), we can take a = 0 and
define )

ﬁ) (g“’iAb - i(;”; - /O pW)A " ds, b Epy. (10.7)

Both sides have a classical PV singularity on {\ = 1}.
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Now we can apply the Fourier transform to both sides of (10.6), using
(10.4). We get

-n p(é) —a — —ix-
em " [ s (o = Aot
R™ (10.8)

b
- / An(s) (p(2)q(2) ™) [x]*~" ds,

for a,b ¢ &, 4, again the last integral taken over a path 7, from a to b that
omits & 4.

REMARK. The left side of (10.8) can be written

—n p(é)‘](é)ia —a Fa— — —ix-
(2) /QR[ b (e — g )e=<ae. (109)

Note that a ¢ &, 4 provided that A, (s)(pg~*) does not have a pole at s = a.

Now, given a,b ¢ &, 4, we can write the right side of (10.8) as
2| 7" Ky ap(|2)), (10.10)
where U is a meromorphic function with values in C®(S™"~1), given by
U(s) = An(s)(pg"), (10.11)

and results parallel to (8.45) apply. For example, if a = 0 and b € R\ &, ,
we get

L ANOp(®) + e (A4,(0)p() — 4(0) (p(2) log a(2))

“larlog ] " @l (log [a])2
1
O -
* (|wrn<1ogrx\>3)’
(10.12)

The leading term is just as in (8.46). The behavior of ¢ € C*°(S™~!) figures
into the next term in the asymptotic expansion.

A Alternative proof of (1.3)

Here we provide a direct proof of (1.3). The argument we use is parallel to
that used for the proof of Theorem 2.17 in Chapter 5 of [14], except that
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we deal with Fourier integrals, rather than Fourier series, which allows for
some simplifications of the details.

In fact, the comparison of uy with U in (1.13)—(1.19) readily implies
that (1.3) is equivalent to the result

1 1
[ Al
50(2) = = 1ogat * O (os o) (A1)
as x — 0, with
o q '
So(z) = /2 T sin x€ d¢, (A.2)

introduced in (1.31). Since Sp(x) is odd, it suffices to treat it for x > 0.

Note that © 1 g
xSp(z) = —/2 log € &€ cos x€ d€
cos 2x

&0 1
=— ————cosxfdf + ——,
/2 {(log¢€)? log 2
the latter identity by integration by parts. Compare (7.5), with a = 0. Now,

for u > 1,
© g g 1 1
- - d¢ = A4
/u £llog &)? / a€ Toge © = Togu (A4)

so (A.3) yields

(A.3)

e 1 1 —cos2z

xSo(x) = / ———— (1 —coszf)d§ — ——
2 {(log&)?

Assuming 0 < z < 1/2, we break this integral into an integral over [2,1/z]

and an integral over [1/x,c0), and we separate out the terms in the integrand

of the latter integral, obtaining

log 2 (A.5)

1 — cos2x
xSo(fL‘) + W

l/x 1
= /2 7§(log§)2(1 — cos x&) d€
© 1 (A.6)

1/x 5(10g 5)2

[e.o]

 Jija €(log€)?
=ri(z) +v(x) — ro(z).

cos x€ d€

48



By (A4), for0 <z <1,
1

v(z) = log1/z° (A.7)
Next, since
11— cosz€| < 226? for |z€| <1, (A.8)
we have
<ot [l
ri(z) <z —
' 2 (log&)?
1 1/x
<Og?. = .1~ A9
<Cw z (logl/x)? (4.9)
B C
- (log1/z)?’

the second inequality because the integrand is monotonically increasing for
large £. It remains to treat

1 [° 1 d .
rale) =g /W Ellog&)? de NIk

1 /OO d 1 sin 26 d€ + sin 1 (A.10)
= —— — ——— S1 N EEPEEREGE
z J1/z d€ £(log§)? (log1/x)?
the latter identity by integration by parts. A computation gives
d 1 ‘ C
el < , A1l
& Eoxep| = Eener S
which readily yields
C
< — A.12
‘T2(x)‘ = (10g1/1’)2 ( )
This proves (A.1), so we have (1.3).
Similar analysis can be done on
Si0) = [ o sinads
x) = sinz
' » Elogé
1 /> 1 d
= — — (1 —coszf)d
2 ), Eloge iglt ~eose 0
- (A.13)
_1/ [ 1 + 1 (1 —cosxg)d¢
z )y L€logg  €2(logé)?

l 1 — cos2x
x 2log?2
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If we split the last integral into an integral over [2,1/|z|] and an integral
over [1/|z],00), and apply (A.8) to the first integral, we get

C

< — .
T

(A.14)
From this and (1.21) one readily deduces (1.20), hence (1.10). (This argu-
ment is different from the one in §2, using (2.9)—(2.15).) One can go further,
splitting the integral over [1/|z|, 00) into two terms by splitting 1 — cos z&,
obtaining for Sj(x) the first term in the asymptotic expansion in powers of
(log |z|)~! arising from (1.38). We leave the pursuit of this to the reader.

Of course, results obtained in this way are less precise than those given in
(1.27) and (1.38).

B Asymptotics for (1.5)

By similar reasoning as used in (1.12)—(1.19), the distribution vz, on T! given
by (1.5) belongs to C*°(T!\ 0) and has the same singular behavior at 6 = 0
as does

/ (log &) sin x€ d€ (B.1)
0
at x = 0. This is minus the imaginary part of
W)= [ oggpe e, (B2)
0
which is seen to satisfy
d A B
— (W) = lim e d¢
dzx eN\0 0
(B.3)
.11
= lim - —,
e\l 7 T — 1€
hence )
W = lim - log(x — ic) + const. (B.4)

e\ ?

Note that ReW is even and Im W is odd, so RexW is odd and ImaW
is even. Consequently, up to a purely imaginary additive constant, W is
given by

1
- log|z| + gsgnx. (B.5)
i
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To evaluate the constant, we use
oo
ImW(1) = —/ (log &) sin & d€
0

! d o d
= —/0 (log &) d—§(1 —cos&) dé + /1 (log€) diﬁ cos & d€ (B.6)

B 11 —cosé¢ _ > cos§
- e [ e

=7

where v is Euler’s constant. See p. 41 of [2] for the last identity here. It
follows that

1
W = ;(log |z| — ) + %sgn:c, (B.7)
S0
o ™ 1
/ (log&) coszfdé = - PF —, (B.8)
0 2 ||
and - . )
/ (log&)sinzé dé = PV . log|z| —yPV e (B.9)
0

C The family of operators A,(s)

In §3 we produced the family of operators A,(s), acting on C*(S"71) as
follows:

ot = O ()

for s¢{n+n+0+2n+0+4,...},

when hy is a harmonic polynomial on R™, homogeneous of degree ¢. Equiv-
alently, with A € OPS'(S" 1) as in (3.44), an elliptic pseudodifferential
operator satisfying Ahy = £hy,

A, (s) = 22757 ™A 29, (A). (C.2)
See (3.46)—(3.47). From the asymptotic relation (3.35), i.e.,
n—s+/{ s+0\—1 ON\n/2=s
F( 2 )F( 2 ) N(Q) ’ (G-3)

as £ — 400, given s € C, we have
Ap(s) : C®(S™H — C*°(s™ 71,

. (C.4)
holomorphic for s ¢ {n,n+1,n+2,...}.
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Our goal here is to prove (C.3), and also to derive a more precise result,
needed to estabish (3.48), i.e.,

®, . (A) € OPS™5TM2(S" ) for s¢ {n,n+1,n+2,...}. (C5)

Before getting to this, we mention some refinements of (C.4), which follow
from (C.1) and (C.3). Namely, if C,,(S"™1) and C25,(S™1) denote the
spaces of smooth functions p(w) satisfying, respectively p(—w) = p(w) and

p(—w) = —p(w), we have

An(S) : Ceoxfen(snil) - Cg\?en(snil)ﬂ

C.6
holomorphic for s ¢ {n,n+2,n+4,...}, (C.6)
and . .
An(s) : C3Ra(S™) — CaRa(s™), o
holomorphic for s ¢ {n+1,n+3,n+5,...}. '

Also (for £ =0,1,2,...), if
O™ ) ={peC¥(s" ") ip L By, YLk}, (C.8)

with E, ¢ as in (3.22), then
Aals) s CH(S™) — CR5 (571, o)

holomorphic for s ¢ {n+k+1,n+k+2,...}.

To establish (C.3) and refinements, we use Stirling’s formula, in the
following form:

1 1
logT(z) = (z - 5) logz—2z+ 5 log 27 + w(2), (C.10)

for Re z > 0, where

w(z) = /000 (% — % + ! )}e_tz dt, (C.11)

et -1/t

the Laplace transform of a smooth, bounded function on [0, c0), which has
an asymptotic expansion

w(z)~> Pz ! 200, Rez > 0. (C.12)
k>0
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See [2], §1.4 for a derivation, and [11], §12.33 for a related derivation, with
a different formula for (C.11). See also [10]. Applying (C.10) to the left side
of (C.3) yields, for £ > Res —n and ¢ > Re(—s),

os(r("5 ) (5) )

_ n—s—2}—€—110g<n—(29+£> _ s—l—g—llog(s;—E)
()

n_22€log(n_2s+€>+S+§_1log<1+n€;is)

R

Now, for ¢ such that [{ + s| > |n — 25|,

“ﬁ—%ogw;iv=“z*i<-1,z’“l<z;?>’“

(C.13)

Hence, for ¢ sufficiently large,
F(n - s+€)F<s+£)—1
2 2

= (€+72l_S>n/2_sexp(§:ak(s)(€+s)k+w(n_;+€> _w<s;€ )
(

= C.15)
By (C.12), .
(55 (1) .
2 2k+1 2\ 2k+1 )
N’;()Bk[(f—l—n—s) _(€+s) ]

We deduce that, as { — +o0,
(G G RO (5 N R

for certain 7y ,(s) € C. This is a more precise version of (C.3). It implies
that the left side of (C.17) is a classical symbol (in ¢) of order n/2 — s, as
long as either s € C\ [n,00) or £ > s—mn. The expansion (C.17) yields (C.5).
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