Hardy Spaces and bmo on Manifolds with Bounded Geometry

MICHAEL TAYLOR!

ABSTRACT. We develop the theory of the “local” Hardy space h'(M) and John-
Nirenberg space bmo(M) when M is a Riemannian manifold with bounded geome-
try, building on the classic work of Fefferman-Stein and subsequent material, partic-
ularly of Goldberg and Ionescu. Results include h* — bmo duality, LP estimates on
an appropriate variant of the sharp maximal function, h* and bmo-Sobolev spaces,
and action of a natural class of pseudodifferential operators, including a natural
class of functions of the Laplace operator, in a setting that unifies these results
with results on LP-Sobolev spaces. We apply results on these topics to some in-
terpolation theorems, motivated in part by the search for dispersive estimates for
wave equations.

1. Introduction

The theory of the Hardy space H!(R™) of functions on Euclidean space R™ and
its connection to the John-Nirenberg space BMO(RR™) were highly developed in the
classic paper [FS]. One characterization of H*(R™) given there goes as follows.

(1.1) H'(R") = {f € Lio(R") : Gf € L'(R")},

where

(12) 07() = swp_sup | [ (o= ) f0) .
0<r<oo peF

with

(1.3) pr(z) = 17"p(r ),

and F a collection of functions that can be rather flexible. For example, one could
take

(1.4) F={peCy(B1): Ve~ <1},

or one could take

F ={¢},
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2
consisting of a single function ¢ € S(R™) such that [ ¢(x)dz = 1. (Cf. Theorem
11 of [F'S], and also [Sem].) Such flexibility in specifying F is itself a useful tool in
the study of H!(R").
One of the major results of [FS] was the proof of the duality
(1.5) H'(R") = BMO(R"),
where the right side is the John-Nirenberg space, defined by
(1.6) BMO(R") = {f € Lio.(R") : f# € L*(R")}

(modulo constants), where

#(r) — sup _
(17) A= s o B/ 7) ~ foldy,
with
(1.8) B(x) ={B,(z):0 < r < oo},

B,.(z) being the ball centered at z of radius r, and
(1.9 fo= o [ f)d
. B — V(B) y y‘
B

There are variants giving the same space. For example, one could use cubes con-
taining x instead of balls centered at = (as did [JN] and [F'S] in their original works),
and one could replace fp in (1.7) by ¢p, chosen to minimize the integral. The flexi-
bility afforded by the equivalence of these different characterizations is again useful
(as we will see, in a related context, in §3).

A number of variants of these spaces have been studied. In [G] “local” spaces
h1(R™) and bmo(R"™) were defined, as follows.

(1.10) ' (R") = {f € Lio(R") : 6F € L (&)},

where

(1.11) 0" 1(e) = sup sup | [ (o~ ) f0) ]
0<r<1 peF

with ¢, and F as described above. It was shown in [G] that (1.5) implies

(1.12) b'(R™) = bmo(R™),



where bmo(R") is defined as

(1.13) bmo(R") = {f € L},.(R") : N'f € L>(R")},
where
1
14 Nf@) = s / 10~ Sol+ gy (/ Vil

with (in place of (1.8))
(1.15) Bi(x) ={By(z) : 0 <r <1}

As shown in [G], the spaces h1(R™) and bmo(R") are invariant under the action of
multiplication (f +— af) by nice functions, and more generally invariant under the
action of pseudodifferential operators p(x, D) € OPSRO(R”), where we recall

Z(ﬁc—y)f
(1.16) p(x, D) f( (2m)~ // x,&)f dy d§
p(x,€) € STH(R") & \D£D§p<x,5)| < Cag(1+ &)™

and then say p(z, D) € OPST(R"). Invariance under a class of diffeomorphisms
on R™ is also established, allowing one to define h!(M) and bmo(M) whenever M
is a smooth, compact manifold. An alternative approach to h*(M) for such M had
been given in [Strl].

n [CKS], a theory of local Hardy spaces was developed on smoothly bounded
domains, and applied to some elliptic boundary problems.

In another direction, [CW1]-[CW2] have studied H'(X) and BMO(X) when X
is a space of “homogeneous type,” a metric space (or more generally a quasi-metric
space) with a measure satisfying a doubling condition.

Another class of spaces on which many people do analysis is the class of symmet-
ric spaces of noncompact type, such as n-dimensional hyperbolic space H". Despite
the fact that these are homogeneous spaces, they are not spaces of “homogeneous
type,” since balls of large radius grow too rapidly in volume, a fact that influences
analysis on these spaces in many ways. In the course of studying some Fourier
integral operators on H™ (and other noncompact symmetric spaces of real rank 1)
[I] defines BMO and develops basic properties. Somewhat parallel to (1.6)—(1.8),
[1] takes

(1.17) BMO(H") = {f € Lioe(H") : f* € L¥(H")},

where

(1.18) fA@) = sup % B/ () — foldV(y),

BEBl(m)
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but, in contrast to (1.8), By (z) is as in (1.15). This contrast makes it problematic to
produce a unified theory of the spaces H*(M) and BMO(M) for a class of manifolds
including both M = R" and M = H".

Our goal in this paper is to produce a unified theory of the “local” spaces h* (M)
and bmo(M), whenever M is a complete Riemannian manifold with bounded ge-
ometry. We define “bounded geometry” as follows. First we assume there exists
Ry € (0,00) such that for each p € M, the exponential map

(1.19) Exp, : T,M — M
has the property
(1.20) Exp, : Br,(0) — Bpr,(p) diffeomorphically,

where B,.(p) = {x € M : d(z,p) < r}, d(z,p) denoting the distance from x to p.
Furthermore, the pull-back of the metric tensor from Bpg,(p) C M to Bpg,(0) C
T,M, identified with Bg,(0) C R™ (n = dim M), uniquely up to an element of
O(n), furnishes a collection of n x n matrices Gy () = (g5, (x)) satisfying

(1.21) {Gp:pe M} isbounded in C*(Bg,(0), End(R")).

We also require that

1
(1.22) £-Gp(z)€ > §|§|2, Vp € M,z € Bg,(0),£ € R™,
and that
(1.23) Bpgr,(p) is geodesically convex, Vp € M.

Such is a complete Riemannian manifold with bounded geometry. Given this, we
find it convenient to multiply the metric tensor of M by a constant, if necessary, so
we can say the properties above hold with

(1.24) Ro = 4.

Having (1.20)-(1.24), we can pick px, € M, k € Z*, such that
(1.25) {B1)2(pr) : k € Z*} covers M,
while, for some K = K(M) < oo,
(1.26) Vp e M, at most K balls Ba(py) contain p.
We can then form a partition of unity >, ¢r = 1 such that

(1.27) supp ¢x C B1(pr), ¢k o Exp,, is bounded in C3°(B1(0)).
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We call such {py : k € ZT} a tame partition of unity, and the collection {B(py) :
k€ Z"} a tame cover of M.

The structure of the rest of this paper is as follows. In Sections 2 and 3, re-
spectively, we define h*(M) and bmo(M), when M has bounded geometry, and
establish some basic properties, starting with showing that

(1.28) febi (M), g€bmo(M)= af € h'(M), ag € bmo(M),

for a class of functions a containing L°°(M) N Lip(M). Having these results, we
then show that

£ lgr(ary = Z [(¢rf) o Exp,, [lp1(®n),
(1.29) k
||9Hbmo(M) ~ SI;P [(vx9) o Exp,, ||bmo(Rn),

where {p : k € ZT} is a tame partition of unity, as in (1.27). The spaces h(R")
and bmo(R"™) are as in (1.10)—(1.15). This enables us to make use of the results of
[G] (and, by extension, those of [F'S]). Doing this, we show in §4 that

(1.30) b (M) = bmo(M)

whenever M has bounded geometry, extending (1.12).

In §5 we discuss the atomic theory of h1(M). We relate this to the “ionic theory,”
developed in the context of Lipschitz surfaces in [MT]

In §6 we show that when M has bounded geometry,

(1.31) (A — A : bmo(M) — bmo(M),

with an exponential bound, provided A > A\g(M) is sufficiently large. We also get
such bounds on h'(M) and on LP(M), for p € (1,00). We show that the operators
in (1.31) belong to a class of pseudodifferential operators on M denoted W9, (M),
given W < /), where W (M) consists of operators of the form

(1.32) P = P# 4 P?,

of the following nature. The Schwartz kernel of P# is supported near the diagonal
in M x M and in local exponential coordinates centered at p € M, P#, acting
on functions supported in By(p) (identified with a ball in R™) belongs to the class
OPST,(R™) of classical pseudodifferential operators on R", with bounds indepen-

dent of p. Meanwhile P® has integral kernel K°(z,y), satisfying estimates
(1.33) K (2, y)| < Cr(1 + d(z,y)) Fe V4V Vi ezt
plus such estimates on all its derivatives. Generalizing (1.31), we get

(1.34) Pec ) (M), W > Ky= P :bmo(M) — bmo(M),
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and also bounds on h!(M) and on LP(M), p € (1,00). Here Kj is a geometrical
constant; cf. (6.16). We also show that
(1.35)

P e W (M), Py e \P%2+K1 (M), K1 > Ky = PP, PP, € \Iﬂv?/ﬁ_mQ(M).

These results will be of further use later on.

Another fundamental circle of results in [F'S] involved interpolation, showing for
example that if 7 : L?(R") — L?(R") and also T : L>®(R") — BMO(R"), then
T :LP(R™) — LP(R™) for each p € (2,00). A key ingredient was an LP estimate on
f in terms of f#, defined by (1.7). In §§7-9 of this paper we establish analogous
results for manifolds with bounded geometry, involving bmo(M). In §7 we obtain
local estimates for || f||z» on a cube @Q, in terms of f#|q and || f||r1(q). We apply
this in §8 to obtain estimates of the form

(1.36) | fllerary < CpllN fllzeary, 1<p < o0,

when M is a manifold with bounded geometry and N f is defined as in (3.4). The
interpolation result is then established in §9.

Section 10 introduces L?, Hardy, and bmo-Sobolev spaces on M and discusses
some basic properties. We begin with definitions of

(1.37) HSP(M), §5H(M), 55> (M),
when k € N, and then define
(1.38) H*P(M), b>'(M), by5>°(M),

for s € R. Our first order of business is to show the definitions of (1.38) are
equivalent to those of (1.37) when s = k£ € N. Results on ¥}, (M) from §6 are
useful here, together with the fact that

(1.39) (A — A)~™/2 ¢ W™ (M)

when m € R and A > v/W. One result of §10 is that

(1.40) Pe Uy (M), W>Ky= P:h>(M) — h*"™>(M),

and corresponding results for the action of such P on h*1(M) and on H*P?(M) for

p € (1,00).
In §11 we establish further interpolation results, of the following nature. Given

(1.41) R:L*(M)— L*(M), R:LYM)— b5>>(M),

we have, for § € (0, 1),

(1.42) R:LP(M) — HO=9=2" (pr)
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together with associated operator norm bounds. Such results are applicable to
estimates on

sin tv/—A

(1.43) S == 75

for which one has bounds

(1.44) [S@) fllare < Au@[fllL2,  [1SEflly-c-n/200 < Ao fllLr,

at least under certain additional geometrical hypotheses on M. We can apply
(1.41)-(1.42) to R(t) = (M — A)Y/2S(t), with A > K2. The resulting operator
estimates on S(t) (known as dispersive estimates) have potential application to
nonlinear wave equations on various classes of Riemannian manifolds, such as hy-
perbolic space. These matters will be taken up elsewhere.

In Appendix A we study the space vmo(M ), which is the closure in bmo(M) of
C§° (M), in analogy with VMO(R™), introduced in [Sar| as the closure in BMO(R™)
of C§°(R™). As shown in [Sar],

(1.45) VMO(R™)" = H'(R™).
We show that, when M has bounded geometry,
(1.46) vmo(M)" = h(M).
We also show that, under the hypotheses of (1.34),
(1.47) P : vmo(M) — vmo(M).
In Appendix B, we introduce another class of pseudodifferential operators:
(1.48) U (M) C Wi (M).

It is of some interest that functions of the Laplace operator, such as discussed in
§6 and §10, actually belong to this smaller space, particularly in view of the fact
that elements of W9, (M) have sharper LP-operator estimates. These results tie in
closely with results of [T3].

In Appendix C, we point out some special geometrical and analytic properties
of symmetric spaces of noncompact type. We extend LP-Sobolev space bounds on
operators of the form (1.39) to the result that

(1.49) (=A)Y™/2 HP(M) — H*"™P(M),

for m,s € R, p € (1,00), in the special case that M is a symmetric space of
noncompact type. We indicate how this leads to an extension of the dispersive
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estimates on operators of the form (1.43) described in §11 to dispersive estimates
on €V~ in this setting.

REMARK. We call attention to the recent work [CMM], developing a theory of H*
and BMO for certain nondoubling measured metric measure spaces. This paper
takes the approach to H! and BMO of [I] and extends its scope considerably. Our
paper, emphasizing the “local” spaces h' and bmo, is to some degree complementary
to [CMM], though these two papers deal with a number of common themes.

2. The space h'(M)

We take M to be a complete Riemannian manifold, of dimension n, with bounded
geometry, as defined in the Introduction. As described there, we scale the metric
tensor (if necessary) to arrange that the properties (1.20)—(1.24) hold. Given f €

Li (M), we define the following maximal function:
(2.1) Gf(x) = sup G f(x),
0<r<1
where
(22) 6,(2) = suw{| [ ) W V)| ¢ € FB @)},
with
(23) F(By(#) = {0 € C(Bo())  lellp < 7 -
. r 0 r . ip > pntl
We then set
(2.4) b (M) = {f € Lioo(M) : 6"f € L' (M)},
with norm
(2.5) 1£llor = 11G" fl 2

REMARK. One could replace C3(B,(x)) by {¢ € Lip(M) : suppy C B,(x)} and
get the same result.

A comparison with (1.10)—(1.11) shows that when M = R", the space h*(M)
defined above coincides with the space h!(R™) defined in the Introduction.

It is convenient to know that h1(M) is a module over Lip(M)N L% (M). In fact,
a more precise result holds. Let o be a modulus of continuity, and say

(2.6) a€C’(M) <+ la(x) —a(y)| < Lo(d(x,y)), for d(x,y) <1,

for some L € [0,00). Define ||a||ce to be the smallest L for which (2.6) holds (this
is a seminorm). We then have the following result.



9

Proposition 2.1. Let o be a modulus of continuity satisfying the Dini condition

(2.7) D(o) = /01 —=dr < oo.
We also assume o(r)/r is monotonically decreasing on (0,1] (or constant). Then
(2.8) a€ L®(M)NC° (M), feb'(M)= af € h*(M).

The proof is quite similar to that for the Euclidean case, but for the sake of
completeness we give the details.

Take a and f as in (2.8). To estimate G®(af)(z), we compare G, (af)(z) with
a(x)G, f(x). Take ¢ € F(B,(x)), and note that

(2.9) o€ F(Bu(x) = gl < -

Hence

[ e aw)f) - a@) )] avo)

B, (z)

(2.10) < Ja(@) () [ 1ot 17wl ave)

<llalle- 22 [ 15wl av).

B, (z)
That is to say,
(211) 6. (01)(e) — )6, 1) < lale- 2D [ \r1av.
B.(z)
Hence, by (2.1),
(2.12) G*(af)(x) < la(z)|G°f () + llallo-R? f(x),
where
o)
Ref) = s T [ if1av
B, (z)
(2.13) < / Wﬁ(y)ldwy)
B (x)

_ / K (2, )| £ ()] dV (1),
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where the last identity defines K?(x,y). Note that K7 (z,y) > 0 and

/ K (z,y)dV(z) = / MW(@
M

d(x,y)n
B1(y)

1
§C/ Mc1l7°,
0

r

(2.14)

with C' < oo depending on the geometrical bounds for M. Consequently
(2.15) IR? fllLr < CD(o)| £z,

and we have the desired estimate for (2.12), yielding

(2.16) 1G°(af)ler < llallL=lIG° fllx + CD(o)lall el £ L1

This proves Proposition 2.1.

Using Proposition 2.1, we can establish the following.

Proposition 2.2. Let {¢r : k € ZT} be a tame partition of unity. Given f €
Li (M), we have

(2.17) fep (M) <= llerflly < oo,
k
and
(2.18) £l = D llpnfllpe-
k

Proof. The inequality || f|[sr < D>, [[¢xfllgr is elementary. For the converse es-
timate in (2.18), we argue as follows. We can partition the set {py : k € Z*}
mentioned in (1.25)—(1.27) into Ky = K31 (M) subsets Si,...Sk, such that

(2.19) pjs Pk € Suy § # k= d(p;,px) > 20.
For convenience, if p, € S, we also write k € S,,. For each v € {1,..., K1}, set
(2:20) T,.f= ) el

keS,

We apply Proposition 2.1 to a = a, = Ekes,, i and deduce that

(2.21) T, -5 (M) = b (M), T, fllyr < Cllfllyr, 1<v<Kr
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On the other hand, by the degree of disjointness of the supports of {¢y : k € S, },
a direct check of the definitions gives

(2.22) Qb(z wf) = > G"(erh),

keS, keS,

for each v, and (again by disjointness)

(2.23) Y16 ek Nl = G T £l
k:GSu

ie.,

(2.24) > lertlyr = IT0fllyr-
kESV

Summing over v € {1,..., K;} then gives

(2.25) > lerflye < CELlf e,
k

proving (2.18).
Proposition 2.2 combines nicely with the following elementary result.

Proposition 2.3. We have, uniformly in k € Z™,

(2.26) ek fllorar) = ([ (prf) o Exp,, (g1 mn)-

We recall that there is an isometric isomorphism of the n-dimensional inner
product space T, M with R™, determined uniquely up to the action of O(n).
Corollary 2.4. In the setting of Proposition 2.2,

(2.27) £ llorary = D ll(prf) o Expy, llp: ).
k

The following result is occasionally useful.
Proposition 2.5. The space C§°(M) is dense in h*(M).

Proof. Take f € h*(M). Via Proposition 2.2, it suffices to approximate each term
orf in hl-norm by an element of C§°(Ba(pr)) ~ C5°(B2(0)). This reduces matters
to treating the case M = R"™. In this case, the result is proven in [G], p. 35.

We record some other useful facts. First, the Lebesgue density theorem imme-
diately gives

(2.28) |[f ()] < CG°f (),
a.e. on M, for each f € L (M), with C = C(M) < co. We also have the following:

loc
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Proposition 2.6. Assume f is a locally finite Borel measure on M. Define G° f(x)
as the natural variant of (2.1)-(2.1). If G°f € LY*(M), then f € L} (M), hence
febi(M).

Proof. Let J. be a mollifier, with integral kernel supported in {(x,y) : d(z,y) < €}.
Then f. = J.f € C®°(M) and f. — f weak* in Myo.(M). Since (¢, f-) = (JXp, f),
we have, for € € (0, 1],

G'f-(x) <C sup G f(x)
(2‘29) 0<r<l4e

< CG° f(x) + Ci(x),

where C1(x) is the total variation of f on By(z), a locally bounded function. We
can apply (2.28) to f. and get

(2.30) |fo(2)| < CG° f(z) + Cr(x),

again with C' < oo, C1(z) locally bounded, independent of € € (0, 1]. The uniform
estimate (2.30) implies f € Li (M), so we are in the setting of the definition of

loc

hl(M) given at the beginning of this section.

3. The space bmo(M)

As usual, M is a complete Riemannian manifold, of dimension n, with bounded
geometry, and with the properties (1.20)-(1.24). We set up the following maximal
functions. Given f € L (M), let

loc

(3.1) P = s o B/ f fslav,
where
(3.2) fB= % /de,

4
and
(3.3) B(x) = {B,(z): 0 <r < 1}.
Then define

(34)  Nf(@)= f*(0) + Nof(a), Nof(x)zm / fldv.
B (x)
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We set

(3.5) bmo(M) = {f € Lie(M) : N'f € L*(M)},
with norm

(3.6) [fllbmo = IV fl Loe-

In case M = R", the definition of bmo(M) given here is clearly equivalent to
that of bmo(R"™) given in the Introduction.

It is useful to make note of some equivalent norms. For example, in place of f#,
consider

(3.7) f?(z) = sup inf —/|f—cB|dV

BeB(x) ¢BEC V(B

Given B € B(z) and taking cp to realize this infimum, we have

B V(B
(88) < 75 /|f—cB|dv
< F(a),
and hence
B9 g 1~ FoldV < g [05 = el +1fs ol aV < 27°(2)
B ;
Consequently,
(3.10) fo(x) < fH(a) < 2f°(x).

It is also useful to note that one can fix a,b,c € (0,00), with a < b, and replace

B(x) by
(3.11) B(z)={Q%=x):0<r<1,ac A},
where Q% () is a family of measurable sets with the property that for each r € (0, 1],

V(Q%(x)) > cV(By(x)), Q% (x) C Bp-(x), forall o, and

(3:12) B (z) C Q% (x), for some a.
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One gets functions comparable in size in (3.7) and hence also in (3.1). In connec-
tion with this, we recall that the original treatments in [JN]| and [F'S] used cubes
containing z in place of balls centered at x. One consequence of this observation is
that the John-Nirenberg estimate, proven in [JN] for functions defined on a cube in
R™, is applicable in our current situation. We have, for each ball B C M of radius
<1,

1
Nl _ - alf-fal <
(3.13) VB)/e dv <=,
B
with
B
(3.14) a=———  [3,7 constants.
| f{lbmo
Cf. (3") of [JN].
We next aim to show that
(3.15) a € Lip(M)NL>(M), f€bmo(M)= af € bmo(M).

In fact, we will obtain a much more precise result, which can be compared with
Proposition 2.1. To begin, note that

(3.16) No(af)(z) < llallL=No(f)(x),

so it suffices to estimate (af)®(z). For B € B(z), we take cg = a(z)fp. Then we
have

/ a( () 5] AV (y)

(3.17) < gy [ el 1F = 51V + s [ la(w) = a(o)] - ol aV )
/ B/
< llallz= f# (@) + (sup la(x) = a(y)|)|f5l-
yeB

Let us assume that a € C7(M), defined in (2.6). The last term in (3.17) is bounded
by

(3.18) lallceo ()| 5], if B = B(x).

We use the John-Nirenberg estimate (3.13)—(3.14) to estimate |fg|. With « as in
(3.14), B = B,(x), 0 <r < 1,
ol fsl/2 (1 ol 5172 gy

\/

D m— W—

_ ol i=(r=1m)1/2 gy

1
(3.19) ~ V(B)

<
(B)

<

<;

1
alf| alf—fB|
e“Vadv + _V(B) /e av,
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where B; = Bj(z). The estimate (3.13) applies to the second term on the last line
of (3.19). To estimate the first term on that line, we have

/ealfl dV = /ealf—fBlJrfBll dv

B, B

(3.20) < colfs] /ealf—fBll qv
B,

< AV (By)elfal
<YV (By)e’,

the penultimate inequality by (3.13) and the last inequality because

| < V(By)~! /B 1AV < 1 lomo-

Using this in (3.19) we get (for some constant ;)

2 gi!
21 alfsl/2 « Ly < Zog
(3:21) ¢ < vpy henee Il s Jlos gy

Recalling that our goal is to estimate (3.18), we have

2 72

< — log —

o(1)|f5 < Zo(r) log 2
2n

= 5 1 lhmo o(r) log 2.

We have the following sharpening of (3.15).
Proposition 3.1. Ifa € L>®(M)NC?(M) with

(3.22)

(3.23) o(r)= (log %>_1, 0<r< %,
then
(3.24) f € bmo(M) = af € bmo(M).

REMARK. Note that the Dini condition (2.7) just barely fails for o(r) given by
(3.23). We discuss this further after establishing h!-bmo duality in §4.

We can use Proposition 3.1 to establish the following counterpart to Proposition
2.2.
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Proposition 3.2. Let {¢r : k € ZT} be a tame partition of unity. Given f €

Li (M), we have

(3.25) f € bmo(M) <~ sgp |k f lbmo < 00,
and

(3.26) | f1lbmo = sup I8 f |bmo-

Proof. The Lipschitz bounds on ¢ yield

(327) ||90kf||bm0 < C”bemO?

with C' independent of k, by Proposition 3.1. The converse inequality

(3.28) 1 llmo < € s 9l

follows directly from the identity

K
(3.29) F=0uf=>_Y ¢l
K

v=1keS,

with S, as in (2.19), the support conditions on {yf}, and the definition of the
bmo-norm.

From here we easily have the following counterparts to Proposition 2.3 and Corol-
lary 2.4.

Proposition 3.3. We have, uniformly in k € Z7,

(3.30) ok fllbmoary = || (erf) © Exp,, lbmo(®n)-

Proof. This follows via the equivalence between the use of (3.1) and (3.7), and the
equivalence between the use of (3.3) and (3.11)—(3.12).

Corollary 3.4. In the setting of Proposition 3.2,

(3.31) 1f lbmo(ar) = sup [(or.f) o Exp,, [lbmo(rn)-

4. h' — bmo duality

As before, we take M to be a complete Riemannian manifold with bounded
geometry, of dimension n. Here our aim is to prove the following extension of
(1.12).
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Proposition 4.1. We have

(4.1) b (M) = bmo(M).

Proof. To begin, we take f € h'(M) and g € bmo(M) and show the pairing (f, g)
is well defined. Let {¢y : k € ZT} be a tame partition of unity, as in (1.25)—(1.27).
Also take a bounded family ¢y, € C3°(B2(pr)) ~ C5°(B2(0)) such that ¢, =1 on
supp pr. We attempt to define (f, g) as

(4.2) (f,9) = (frtbrg),  fe=ouf

k
By Proposition 2.2 we have
(4.3) fi = fr o Exp,, € b'(R"), R" =T, M,
and as in Proposition 3.2 we have
(4.4) gk = (Yrg) o Exp,, € bmo(R").
The volume element on By(px) C M pulls back to
(4.5) A € C°°(B4(0)), bounded uniformly in k.

Hence we can set

(4.6) (fir¥rg) = (Arfr i),

the pairing on the right side defined by the duality h*(R™)" = bmo(R"), proven in
Corollary 1 of [G] (making essential use of the result H!(R")" = BMO(R") from
[F'S]). We have

(s ¥eg)| < 1Ak Fillor @) |Gk lbmorn)

(A7)
< Ol frllor ) 191l bmo(a1)

the last inequality by Proposition 2.1 (with M = R™, applied to fr — Agfi),
together with Propositions 2.3, 3.1, and 3.3. Then we apply Proposition 2.2 to see
that the series (4.2) converges and

(4.8) [ < Clifllor lgllbmo-

This shows that bmo(M) C h1(M)'.
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For the converse, we let w be a continuous linear functional on h*(M), and take
up the task of associating an element g,, € bmo(M). To start, we apply Proposition
2.2 and for f € h1(M) write

(4.9) w(f) =Y wlenf) =>_ wr(f),
p

k

where wi (f) = w(prf). Another appeal to Corollary 1 of [G] and arguments similar
to those done above give

(4.10) wi(f) = (f, 9x)
with
(4.11) supp gk C B1(pk), |9k llbmo(ary < Cllwkllor(ary < C'llwllpr (ary -

The properties listed in (4.11) (in concert with (1.26)) in turn give

(4.12) Yo = ng € bmo(M), |gwllbmo < Cllwllgr(ary,
k

satisfying

(4.13) w(f) = ([, gu)-

This completes the proof of Proposition 4.1.

REMARK. From Proposition 4.1 we deduce that the multipliers f — af on h!(M)
given by Proposition 2.1 are also multipliers on bmo(M ), and the multipliers on
bmo(M) given by Proposition 3.1 are also multipliers on h!(M). This is of some
interest, since the classes of multipliers treated in these two propositions are slightly
different.

5. Atomic theory (ionic theory) of h(M)

In the theory of H!(R™), an atom is a function a satisfying, for some p € R", r €
(0, 00),

(5.1) suppa C B,(p), |lallp=~ <777,

and

(5.2) /adm =0.
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It is not hard to show that for such a

(5.3) |Gal|» < C, independent of p,r,
and hence
(5.4) f= Z)\jaj, a; atoms = || f||g: < CZ 1A ]

The converse result is that each f € H'(R™) has such an atomic decomposition;
cf. [St] for a treatment, due originally to R. Coifman for n = 1 and R. Latter for
n > 1. In [G] the atomic decomposition of h!(R™) was given in terms of atoms
which, this time, satisfy (5.1)—(5.2) for » <1 but only (5.1) for r > 1.

Note that if a is an atom satisfying (5.1)—(5.2) and ¢ is Lipschitz, with ||¢]| g~ < 1
and ||¢||Lip < L, then b = pa satisfies

(5.5) suppb C B,(p), ||bllp~ <777,
and
(5.6) ‘/bdm‘ < V(Bi(p)) L(r A1),

Adapting material from Appendix A of [MT], if » € (0, 1], we call such b an ion.
More generally, if b satisfies (5.5)—(5.6), we can write

(5.7) b=a+h,
with
(58) h = bBT(p)XBT(p)v |bBT(p)| < AnLrl_nv

with a satisfying (5.1), up to a factor of 1+ A, L. For such a function it is not hard
to show that

(5.9) |Gh||;r < CL, C independent of p,r € (0,1].
In concert with (5.3) this gives
(5.10) 1G%b|| ;1 < C(L +1).

Hence, for ions satisfying (5.5)—(5.6) (with fixed L < oo and with r € (0, 1]), we
have

(5.11) F=" Ny, by doms = ||l < CL A1) Y AL
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The existence of an ionic decomposition of a general f € h1(R") follows from the
atomic decomposition of [G] mentioned above.

We move now to the setting of a complete n-dimensional Riemannian manifold
M with bounded geometry (and with metric tensor satisfying (1.19)—(1.24)).

DEFINITION. An ion (of ionic norm < 2) is a function b on M satisfying the
following properties:

suppb C B,.(p) for some pe M, r € (0,1],
[l Loe <777,

‘/bdv‘ <r.

The results discussed above in concert with the results of §2 yield the following.

(5.12)

Proposition 5.1. If {b; : j € Z"} are ions, then

f:Z)\jbj, Z‘)\]‘ <0 —

(5.13)
fep (M) and |flly <CO N

Conversely, if f € h' (M), then there exist ions b; and \; € C such that

(5.14) F=S" 0t SISl

6. Action of (\] —A)" and other pseudodifferential operators on bmo, h!,
and LP

We take M as in §§1-5, particularly enforcing (1.19)—(1.24). Our first goal is to
prove the following.

Proposition 6.1. With M as above, let A be the Laplace-Beltrami operator on
M. There exist \g = Ao(M) € (0,00) such that whenever A > Ao,

(6.1) (A — A)* : bmo(M) — bmo(M),
with uniformly bounded operator norms for |t| < 1, hence, with C = C(M, X),

(6.2) IAL = 2)" fllomo < Ce“ ) flbmo.

To begin the analysis, we write

(6.3) (M — A =d_; \(V-A),
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where
(6.4) it (Q) = (C2+ W)™,

Results of [CGT] apply to analyze the integral kernel K; x(z,y) in
(65 (L= 8)f(@) = [ Kualr.0)F ) V(o).
M

They are described as follows. Given W > 0, m € R, we say
(6.6) deSp

provided @ is holomorphic and even on the strip

(6.7) Qw ={CeC:|[Im(| < W}

and satisfies ST, estimates on Qyy:

(6.8) 29O < C; A+ )™, ¢ € Qw.

Compare [CGT], Definition 3.1. As shown in §3 of [CGT] (cf. (3.45)), with an
improvement given by (1.12) of [T3], if K¢ is the integral kernel of ®(v/—A),

(6.9) ® € S = |Kg(x,y)| < Crd(z,y) Fe VI@V)  for d(z,y) > 1, ke Z*,

when M has bounded geometry. Here C' depends on M and finitely many of the
constants in (6.8). Now ®_;; », given by (6.4), satisfies, for each ¢ € (0, A),

(6.10) D_isx € SYmps

uniformly in ¢t € [—1,1], so we deduce that the kernel K; ) in (6.5) satisfies the
estimate

(6.11) Ky a(z,y)| < Ce VA0 for d(z,y) > 1,

with C' = C(M, A, d), independent of t € [—1, 1].

The near diagonal behavior is covered by the following result. To state it, first for
each p € M, use Exp,, : T, M — M, satisfying (1.19)-(1.24), to identify B4(p) C M
with B4(0) C T, M, further identified with B4(0) C R", uniquely up to the action
of O(n). Thus functions supported on Bs(p) C M are identified with functions
supported on B4(0) C R™. With this convention in place, we state the result,
which, by (6.10), is a special case of Theorem 3.3 of [CGT].
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Proposition 6.2. Given p € M, take ¢; € C5°(B4(0)) =~ C3°(B4(p)), and set
My, f =@;f. Then, for each A > 0,

(6.12) My, (M — A)* M, € OPS] ,(R™),

with uniform bounds fort € [—1,1], p € M.

Having these results, we now take f € bmo(M) and estimate g; = (A — A)* f.
It suffices to show that for each p € M, with By = By (p),

(6.13) 197 |2 (B1) < Cllfllbmos N9l L3(m1y < CIIS o

with C independent of p and of ¢ € [—1,1]. We also set B, = B,(p). Take
p € C§°(M) such that

(6.14) =1 on By, suppy C Bs,
and write
(6.15) f=ef+1-0)f

We first estimate (A — A)¥(1 — ¢)f on By. To do this, we use (6.11) together
with the following well known volume estimate. (See [CGT], Proposition 4.1, for a
stronger result.)

Lemma 6.3. Given a Riemannian manifold M with bounded geometry, there exists
Co = Co(M), po = po(M), and Ky = Ko(M) such that for eachp € M, r € (0,00),

(6.16) Vol B,.(p) < Co(1 + r)roefor,
Making use of this, we have

ve B = | [ Kialw)( - o) 1) V()

<c / e VA@D GV () || £ lomo

M\ B,

< C/ rho g(Ko=VA=0)r g, Il f 1| bmo-
1

(6.17)

The first inequality in (6.17) results from (6.11) plus the fact that [, |f|dV <
C| fllbmo, uniformly for all unit balls B C M. The last line in (6.17) is < C|| f||bmo
provided A > K2 + . Thus, to make Proposition 6.1 work, we require

(6.18) o > K},
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In such a case, we have an L> estimate on By for (Al — A)¥(1 — ¢)f.
It remains to estimate (Al — A)%pf on B;. Let us fix po € C5°(B3(0)) ~
C§°(Bs(p)) such that ¢o =1 on supp ¢. Then we can apply Proposition 6.2 to get

(6.19) My (A — A)* M, € OPSY ((R™),

with uniform bounds for p € M, t € [—1,1]. Theorem 4 of [G] implies this family
of operators is uniformly bounded on h!(R™), and by duality we get

(6.20) l2 (AT = A) ¢ f[lbmo < Cll2f llbmo < C”l1f lbmo;

where we also use Proposition 3.3. This completes the proof of Proposition 6.1.

A similar argument also proves:

Proposition 6.4. In the setting of Proposition 6.1,

(6.21) (M — A Y (M) — pY(M).
Furthermore, we have
(6.22) (M — A)*: LP(M) — LP(M), 1<p< co.

REMARK. In fact, (6.22) is known in a much more general context; cf. [St0].

To put the results just established in context, and for use in later sections, it is
useful to identify some distinguished classes of “pseudodifferential operators” on M
and record some of their mapping properties. To make the following definition, we
retain the identification made in the statement of Proposition 6.2 of functions in
C§°(B4(0)), where B4(0) C R™, and functions in C§°(B4(p)), where B4(p) C M, via
the exponential map. Let p; € C°°(B4(0)) =~ C§°(Ba(p)) be as in that proposition,
and assume ¢; = 1 on By(0). Given an operator P : C5°(M) — D'(M), we will
say

(6.23) P e Wy (M)
provided the following conditions hold. First, we assume its Schwartz kernel Kp €
D'(M x M) satisfies
supp Kp C {(z,y) € M x M : d(z,y) < 1},
sing supp Kp C diag (M x M) = {(z,z) : x € M}.
Next, we assume that for each p € M,
(6.25) My, PM,, € OPST,(R"™),

with uniform bounds, independent of p € M. These conditions define (6.23).

In case m = 0, the condition (6.25), with uniform bounds, implies uniform
operator bounds for M, PM,, on h*(R™) and bmo(R") (by Theorem 4 of [G] and
duality), and on LP(R™) for 1 < p < oo (by Calderon-Zygmund theory). From here
we get as before the following.

(6.24)
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Proposition 6.5. We have
Pe Uy (M)= P:p"(M)— b (M),
(6.26) P : bmo(M) — bmo(M),
P:LP(M)— LP(M), 1<p<oc.
To proceed, given W € (0, 00), we say
(6.27) P e Uy (M),
provided we can write
(6.28) P = P# 4 P?,

where P# ¢ U7 (M) and P? has the form

(6.29) P f(z) = / K (e, 9)f () AV (y),
M

where K°(z,y) € C°(M x M) satisfies
(6.30) K" (2, y)] < Ce(1 + d(w,y)"Fe™ V0, Wk e 27,

and also such estimates hold for all z and y-derivatives of K°(x,y) (say in local
exponential coordinate systems). When (6.29)—(6.30) hold, we say

(6.31) PP e Wy o(M).

The main result in §3 of [CGT] can be summarized as follows:

Proposition 6.6. For W € (0,00), m € R,

(6.32) P € Sfp = ®(V-A) € U (M).

We recall that the proof of this result in [CGT] began with the representation

O(V-A)f
= /OO ®(t) costv/—Af dt
— 7 B)w(t) costV=Af dt + /OO B(#)(1 — (1)) costv/—Af dt

O (V=A)f + D°(V-A)f,
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where in the second identity we take ¢ € C§°(R) such that ¢(t) =1 for [t| < 1/4, 0
for [t| > 1/2. As shown in [CGT], we have ®#(y/—A) € Wi (M), defined as

in (6.23)-(6.25), and ®°(v/=A) € U,;>°(M). The result #(v/-A) € V(M)
is established via finite propagation speed and a parametrix construction for the
solution operator costy/—A to the wave equation. (The slightly greater precision
of having the factors Cj(1 + d(x,y)) % arises as in (1.12) of [T3].) Related results
are also discussed in [T1] and in Chapter 5 of [T2].

As for boundedness on function spaces, given the estimate (6.16), we claim that
if P’ satisfies (6.29)—(6.30), i.e., P* € W;>°(M), then

W > Ko = P’: ' (M) — b (M),
(6.33) P? : bmo(M) — bmo(M),
PP LP(M) — LP(M), 1<p < oco.

In fact, one has the following. Let {(y : k € ZT} be a tame partition of unity, as
in (1.27). Given p,q € [1, o], say

(6.34) f e L) <= (lprflra) € 07,

Note that LEg%(M) = LP(M) for p € [1, 0], and

(6.35) bmo(M) C L3y (M), L) (M) c b (M).

The following results are straightforward, and imply (6.33):

PP € Uy (M), W > Ko = P*: L) (M) — L) (M), ¥p € [1,00]

(6.36) — P LY (M) — p1 (M) and

PP : bmo(M) — L>(M).
Together with Proposition 6.5, (6.33) gives:
Proposition 6.7. Given Ky as in (6.16),
W > Ko, P e U, (M) = P:yl(M) - hi(M),

(6.37) P : bmo(M) — bmo(M),

P:LP(M)— LP(M), 1<p< .

In particular, these mapping properties hold for ®(/—A), given ® € S),, W > K.

REMARK. A sharper LP-boundedness result on ®(1/—A) was demonstrated in [T3],
namely, for p € (1, 00),

(6.38) oeSh,, W ‘%—%) Koy = ®(V_A): LP(M) — LP(M).
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In fact, the following more general result is proven in [T3]. Suppose A > 0 and
(6.38A) Spec (—A) C [A,00) on L*(M).

Then, for p € (1, 00),
11
(6.38B) @ € 8%, W > )5 - 5) ‘Ko, L=A+A= &(V_L): LP(M) — LP(M).

The condition (6.38A) holds with A > 0 for hyperbolic space and other symmetric
spaces of noncompact type. See Appendices B and C for more on this.

For later use, we establish the following result on composition.

Proposition 6.8. Given W > K, we have

(6.39) Py e U/ (M) = P1P, € U0 (M).
Proof. Write P; = P]# —|—ij with P]# € \Ilzj (M) and P;’ € U7 (M). Furthermore,

arrange that the Schwartz kernels of Pj# are supported in {(z,y) € M x M :
d(xz,y) < 1/2}. We claim that

(6.40) PIPy € Ut (M),
(6.41) PFPy, PYPY € Uy (M),
(6.42) PPy € Wy o (M).

These results imply (6.39).
Of these results, (6.40) follows from standard Euclidean space pseudodifferential
operator calculus, especially the composition results

(6.43) OPST§(R™) x OPST3(R") — OPST{ ™2 (R™).

The first result in (6.41) follows from the fact that

(6.44) Kpfpg(Wy):Pl#KPg(Wy)a

plus standard pseudodifferential operator estimates, and the second part from the

first, by passing to the adjoint.
This leaves (6.42). Note that

(6.45)  |Kpppp(@,y)l < Ci /(d(x72)>_k<d(z7y)>_k6_W[d(x’Z)+d(z’y” dV(z).
M
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Write
M=AuUBUC, C=M\(AUB),
(6.46) A={ze M :d(x,z) d(z,y)},
B={ze M :d(y,z) d(z,y)}.
Since d(x, z) + d(y, z) > d(z,y) and (d(z, 2)){d(z,y)) > C{d(x,y)), we have

1
<3
1
<3

(d(z, 2)) " (d(z, y))~Fe”WdEAHEV gy ()

IA IJ>\

(6.47) )) Fe=Wdlz:y) Vol (A)

)) —k+uoe—(W—Ko/2)d(ﬂﬂ,y),

{d(
{d(

the latter estimate by (6.16). There is a similar estimate on [ p- Finally, since
d(z,y) = d(z,y)/2 on C,

Ck x,y
Ck z,y

IN

[t ) ey e M v ()

C

< Oy {d(,y)) ~H2emWdlau)/2 / (d(x, 2)) /2= W2) gy (2)
M\ A

< Ck<d(l’,y)>_k/26_Wd(m’y)/2/ <T>M0—k/2e—WreKor dr

d(z,y)/2
= Cild(a,y)) /2= (W Ho/Dlew),

(6.48)

provided W > K (taking k large enough). Similar estimates hold for derivatives
of Kpype(x,y). This completes the proof.

The following variant of Proposition 6.8 will also prove useful.

Proposition 6.9. Given W > 0, we have
(6.49) P eV (M), Py € \Il%zJFKO(M) = PP, PP, € \IJ”MI}J””?(M).

Proof. With P; = P]# + P} as before, the results (6.40)(6.41) are readily verified,
together with their analogues with the subscripts 1 and 2 interchanged. In place of
(6.42), this time we claim

(6.50) P'P}, PYP} € U, >°(M).

We treat PP P?; a similar argument will handle the other product. In place of (6.45),
we have

(6.51)

| K pvpy (2, y)| < Ck / (d(z,2))*(d(z,y)) ke~ Wld@2)+dEw)] o~ Kod(zy) gy (2).
M
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Using again the observations below (6.46), we see that the right side of (6.51) is

< Cyld(z,y)) M 2eWelew) /(d(z,y»_k/ze_Kod(z’y) dV(z)
(6.52) M

< Crld(a,y)) "2~ W),

the latter estimate by (6.16). There are similar estimates on derivatives, giving
(6.50).

7. Local LP estimates

The purpose of this section is to obtain a local version of the L? estimates in
Theorem 5 of [FS], which will allow us to obtain global L? estimates in §8.
Here, let

(7.1) Qi={reR":0<2; <1, 1<j<n}CR"

For this section, we set

# r)= §su L xTr) — Xz
(72) FH@ = s V(Q)Q/m) folds,

where V' is Lebesgue measure, as usual, fg is the mean of f over fg, and

(7.3) Q(z) ={Q C Q1 : Q cube, Q> z}.

Our goal is to prove the following.

Proposition 7.1. For p € (1,00), there ezists Cy, , < oo with the following prop-
erty. Given f € L'(Q1) such that

(7.4) £l <10 1 llern < 1,

it follows that

(7.5) Ifllze @) < Cnp-

To begin the proof, for a € [1,00), subdivide @; dyadically, into 2" cubes of
edge 1/2, and denote by Qf any such cubes for which

1 n
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For those dyadic cubes for which (7.6) fails, subdivide these dyadically, retaining
those for which (7.6) holds, and continue this process, obtaining a family {Q§} for
which (7.6) holds. Note that

(7.7) |lf(z)] <a ae on Q) UQJO‘
J
Note that if 5 > a the cubes in {Q?} are sub-cubes of cubes in {Q$}. Set
(78) pa) =D _V(QF).
J
Parallel to (4.4) of [FS], we aim to show that
2

. < . f# @ — —n—1
(7.9) u <V({zeQu: ff@) > S+ Jue ),
whenever
(7.10) a>2"M 0 A>1

a/2"

The proof is similar to that of [F'S]. Fix a cube Qo = @
cubes QF C Qp. Consider two cases:

o and look at all the

Case I: Qo C {z: f#(x) > a/A}. In this case,

(7.11) > v@) <v(Qon{e: f@) = 5}).
QY CQo

CAsSE II: Qo ¢ {z : f#(z) > a/A}. In this case,

1 o
. - < —.
(7.12) iy | @ fadr<
Qo
Now (7.6) implies both |fg,| < a/2 and |f|Q? > «. Hence

(7.13 [17@) = sl = SviQp)
P

for each QF C Qo of the form described above. Now sum (7.13) over all such cubes
and compare the result to (7.12). This yields, in Case II,

(714 > V@) < 1V(Qo).
QY CQo
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Now sum over all the cubes g, i.e., over all the cubes in {Q?/2n+l}, taking into
account the estimates (7.11) in Case I and (7.14) in Case II, to obtain the asserted
estimate (7.9).

Next, parallel to (4.8) of [FS], we bring in

(7.15) Ma)=V({zeQr: Mf(x) > a}),
where

1
(7.16) Mf(x)= Qzlggm) WQ/ |f| dx.

Clearly M f(z) > a whenever x € QF, so

(7.17) pla) < AMa), Vaell,).

We next aim to prove

(7.18) AM(1+8")a) <2"u(e), Vace[l,o0).

To get this, we bring in the following notation. Given a cube Q), let (:j and @ denote
the concentric cubes dilated by factors of 2 and 4, respectively. Now, take {QJO‘} as

above, and consider x € Q7 \ Ujéjo.‘. Let Q € Q(z), defined by (7.3). Consider

(7.19) / ()] dy = / ()] dy + / F)]dy.
Q

QN(U;Q2) Q\(U;Q%)

Since |f| < @ on @\ (U;QF), the last integral in (7.19) is < aV(Q). For the first
integral on the right side of (7.19), we use the fact that

(7.20) Givenz € Q\QY, QNQS#0=Q ¢ QS

= Q% C Q.
Hence
fldy< Y /|f(y)|dy
QN(U; Q%) QsCcQ Qg
(721) < Z QHQV(Q?)
Q7@

< 8"aV(Q).
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Thus, in (7.19), we have

(7.22) [1rwldy < 1 +8Mav(@.
Q

Since this is true for all Q € Q(z), we deduce that

(7.23) zeQ\|JQF = Mf(z) <(1+8a, Ya>1.
j

Hence

(7.24) {reQi:Mf(x)>1+8a}c|JQY, Vax1,

j

and (7.18) is established.
Moving on towards the proof of (7.5), we will actually estimate ||[Mf| rr(q,)-
Note that

o) N
12) Ml =p [ " N@)da= tim p [ ar @) do

N—oo

Furthermore, for N > 16711,

16™t! N

oI\ () do +p/ o\ (@) da.

16n+1

N
(7.26) p/ P \(a) da = p/
0 0
To estimate the first integral on the right, we use
C
(7.27) Ma) < — I fllr,

which follows by weak (1,1) boundedness of f +— M f, to obtain

(7.28) p/O

16n+1 16n+1

o \(a) da < Cp/ o2 do || | 2
0

Cp . (nt1)(p—
= ——16"DED | £ 1.

p—1
To treat the second integral on the right side of (7.26), we bring in (7.18). We have

N/8n+1

N

p[ e N@da=pst i [0 gt g) ag
16m+1 on+1

(7'29) N/8n+1

<p2sir [ g ds,

2n+1
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Having this, we follow [FS] and study, for M > 2n+1,

M
(7.30) Iy = p/ o () da.
2

n+1

Using (7.9), we have

Iy gp/;:: ap_l‘/({x cQ: fH(x)> %}) do

2 M
(731) +op / P (2" a) da

2n+1

9 M/2nt?
< AN g+ 527 [ () ds

Provided M > 4"!, we write the last integral as

(7.32) /1

Since u(B) < A(B), we have as in (7.28) the estimate

2n+1 M/2n+1

871 () df + / 87 () d.

2n+1

2n+1

C
(7.3 [ e < S e g,
: -
while the last integral in (7.32), multiplied by p, is < I;. Hence (7.31) yields
2C _ 2. 2(n+1p
(130) Ty < APNF, S T2 O =Sy

This holds for each A > 1. Take A = 4 - 2+ {5 obtain

1

(7.35) gIm < AP\ FFND, + Copll flip, VM >4mt

From here on, C,, , denotes various (unevaluated) constants. Bringing in (7.25)—
(7.30), we deduce

IMFIE, < Cupllfllzr + Jim Coplus
< Cop(IF#155 + 11120,

the last inequality by (7.35). This holds under the hypothesis (7.4). Hence the
conclusion (7.5) is established, and Proposition 7.1 is proven.

(7.36)

The following is a straightforward corollary.
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Corollary 7.2. Given p € (1,00), if f € L*(Q1) and f#* € LP(Q,), then f €
Lp(Ql)7 and

(7.37) 1flze@) < Crp(1F7 ey + 11 fllz@n))-

8. Global LP? estimates

We return to the setting of a complete Riemannian manifold M with bounded
geometry, and as in (3.1)—(3.4) define the following operators:

(8.1)
NF(z) = 1#(z) + Nof (a),
(8.2)
P = s ﬁ B/ F— faldV, B(x)={B.(r):0<r <1},
(8.3)
Nof(w)Zm / flav,
Bi(z)

which in turn define the bmo-norm:

(8.4) [fl[bmo = IV f[ Loe-

It is clear that

3
(8.5) Nf(z) <3Mif(z) = 0221 WB(/) |f1dV,

and the Hardy-Littlewood estimates
(8.6) [IMiflleeary < Apllflleeary, 1 <p<oo,
are readily established when M has bounded geometry. Thus

(8.7) £l zrary < CpllN fllLear

for p € (1, 00).
Our next goal is to establish the converse:
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Proposition 8.1. Assume 1 < p < oo, f € LL (M), and Nf € LP(M). Then
feLP(M), and

(8.8) £l ze(ary < BplIN fll Lo (ar)-

In connection with this, we recall the following results. First, Theorem 5 of [FS]
gives

(8.9) 1 fl 2oy < Bollf# lneary, 1<p< oo,

for M = R™, but when f# is given, not by (8.2), but by (1.7)-(1.8). Second,
Proposition 1 of [I] gives (8.9) for M = H", hyperbolic space, and more generally
when M is a rank one symmetric space of noncompact type. It is noted in [I] that
(8.9) fails for M = R™ when f# is defined by (8.2). For a counterexample, [I]
mentions the family of characteristic functions of large balls in R™. Of course, such
a family of functions does not furnish a counterexample to (8.8) in case M = R™.

In order to interface with the results of §7, we next obtain some estimates on
Nof. Note that f € Li (M) = Nyf € C(M).

loc

Lemma 8.2. There exist C = C(M) < oo and K = K (M) < oo with the following
properties. For each x € M there are points y1,...,yx € Bi(x) such that

(8.10) {Bi2(y;) : 1 <j < K} covers By(x),

and for each f € Li (M), there exist Y; € B1/2(y;) such that

loc

(8.11) Nof(y;) < ClINof | (B, (2))-

Proof. The existence of K and y; satisfying (8.10) follows from the bounded geom-
etry conditions on M. One can furthermore arrange that

(8.12) V(Bi/2(y;) N Bi(x)) > co,

for some ¢y = co(M) > 0. Then Chebycheff’s inequality guarantees the existence
of €' < oo (independent of f) and y; € By/2(y;) (depending on f) such that (8.11)
holds.

The definition (8.3) implies

K
(8.13) Nof(@) <3 Nof (),

j=1

so we have:
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Corollary 8.3. In the setting of Lemma 8.2,

(8.14) V(B1(2) M flli(Bra)) = Nof(x) < CK|Nofll 218, ()

For notational simplicity, let us replace CK by C, and furthermore denote by C'
various constants C'(M) in the estimates below.

Lemma 8.4. Let {B1(qx) : k € Z*} be a tame cover of M, i.e., assume (1.25)-
(1.26) hold. Then there exists C = C(M) < oo such that

(815) Z ||f”121(B1(qk)) < C”NOf”;zp(M)
k

Proof. Starting with (8.14), we have

Z ||fHZ£1(Bl(qk)) < Cl Z HNOinl(Bl(qk))
k k
(8.16) < Cq Z ||N0f||IL)p(Bl(qk))
k
< C”NOJC”;Zp(M)?

the last inequality via (1.26).

In order to interface with §7, it also helps to recall from (3.7)—(3.10) that we can
replace f# in (8.2) by f*, defined by

S B 1 1 J—
(8.17) P)= s g B/ f —epldV,
since
(8.18) f*(@) < fH(2) < 20 (a).

Furthermore, as in (3.11)—(3.12), we can fix a, b, ¢ € (0, 00), with a < b, and replace
B(z) by

(8.19) B(z)={Q%=x):0<r <1, ac A},

where Q% () is a family of measurable sets with the property that for each r € (0, 1],
(8200 V(Q(@) > V(B,(), Q2(r)C By(s), forall a,

and

(8.21) Bar(z) C Q% (x), for some a.
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We can make the replacement first in (8.17), and then, by another application of
(8.18), we can also make this replacement in (8.2). Furthermore, if we denote

1
(8.22) f7(x) =sup —— [ |f = fBldV,

where B(z) is a family of the form (8.15), satisfying (8.20), but not (8.21), we still
have

(8.23) fo (@) < Cf#(a).

This allows us to bring in the result of §7 as follows. Assume f € LL (M), Nf €

loc

LP(M). Given z € M, let @Q be the cube in T, M, of edge 1//n, centered at
0 € T, M, identified with a subset of M via Exp, : T, M — M. Then the function
(flo)*, with # defined as in §7, has the form f9]|q, for a certain class B(z) for
which (8.23) holds, with f# given by (8.2). Hence (dilating the cubes as needed)
Corollary 7.2 (plus (8.23)) yields

(8.24) 1£16200y < C(IH 100y + 1121 ) )-

Summing over a family of such “cubes,” tamely covering M, and taking (8.15) into
account, we have the proof of (8.8).

9. An interpolation result

In this section we establish the following variant of Corollary 2 in [FS]. As usual,
M is a complete Riemannian manifold with bounded geometry.

Proposition 9.1. Given p € (1,00), assume

(9.1) T:LP(M) — LP(M), ||Tfllr < M|l fllze-
Assume also that

(9.2) T:L*(M) — bmo(M), [T fllbme < Mol| f[| -
Then, for q € (p,o0), i.e., q=p/0, 6 € (0,1), we have

(9.3) T:LY(M) — LYM), |ITfllzs < OM7M;~ |l f] Lo

Proof. Take f € L1(M) and produce a holomorphic family f,, for z in

Q={2€C:0<Rez <1},
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with values in LP(M) + L (M), such that

(9.4) fo=fo If:llps <CIfle. a(2) = oz a=

Thus we have L*> bounds on f;; and LP bounds on fi44, t € R. For example, we
can take f, = (f/|f])|f|?/?. Now set

(9.5) F, = eZQTfZ.

To proceed, it is convenient to mollify F, as follows. Pick ¢ € C§°(R), ¢(t) =1
for [t| < 1/2, 0 for |t| > 1, and set ¥ () = ¢(e dist?(z, o)) for some fixed zy € M.
Then set

(9.6) G.(x) = Gi(2) = Yo (2)e" 2 F(2).

We drop the € and denote the family of functions on M by G, for notational
simplicity. We will obtain estimates for G that are independent of e.

Now, taking a cue from [F'S], we let z — B(x) be a measurable assignment to
each z € M of a ball B(x) € B(x) (defined by (3.3)), we take

(9.7) ne€L*(MxM), |nzy)l=1,
and we set
N
o8 6= yrpgy (/) G- (4) ~ (G20 0l ) AV (v).
Then
(9.9) G¥(z) = sup |GD"(x)],
B,n

the sup over B,n as described above, when G7 is defined as in (8.2). In addition,
for n as in (9.7), set

(9.10) NJG (x) = W / G- (y)n(z,y) AV (y).
Bi(x)

We have

(9.11) NoG(z) = sup [Ny G ()],

the sup being over 1 as in (9.7), with Ay defined as in (8.3).
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Now we have the following estimates on G

(9.12) IGE " < |Gz < [|Gitllbmo < CMol|f|La,
B’
(9.13) IGT e < NGYiller < CollGagitllze < CMi||f] za-

The second inequality in (9.12) follows from the definition of bmo, and the second
inequality in (9.13) holds because of (8.5)—(8.6). From here, the standard interpo-
lation inequalities for the L4-interpolation scale yield

(9.14) IGg " ILe < CMIMy™°| f|La,

with C independent of x — B(z) and of . Hence we have

(9.15) 1GF lze < CMYMg™°||f || o

Similarly we have the following estimates for NJG.:

(9.16) [Ny GitllL~ < [INoGitll e < [|Gitllbmo < CMol| f] L4,
(9.17)
Ny GrtitllLe < [[NoGryitller < Cl|Gryitllr < CMy||f]|La.

Again standard interpolation gives

(9.18) INgGollLe < CM?My~°| f]| La,
with C' independent of the choice of 1, hence

(9.19) INoGollza < CMY My~ °||f| s

We are almost done with the proof of Proposition 9.1. Combining (9.15) and
(9.19) yields

(9:20) INGollLa < CMIME™| £l 10,
and then Proposition 8.1 gives an estimate on |Gyl rq, yielding
(9.21) e Tfl| e < OMY My ™| f s,

with C independent of ¢ € (0, 1]. Taking ¢ \, 0 then proves (9.3).

10. L?, h', and bmo-Sobolev spaces
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As usual, M is a Riemannian manifold with bounded geometry, satisfying (1.19)—
(1.24). We want to define and study the spaces H*P(M), h*1(M), and h*>°(M)
of functions (or distributions) with s derivatives in LP(M), h*(M), and bmo(M),
respectively. Related results can be found in Chapter 7 of [Tri].

Here is one natural definition of these spaces when s = k is a positive integer.
Let V(M) denote the space of smooth vector fields X on M with the property
that, in each exponential coordinate system Exp, : T,M D B;(0) — Bi(q), there
is a uniform bound (independent of ¢) on the coefficients of X and, for each k, a
uniform bound on all the derivatives of these coefficients of order < k. Let V¥(M)
denote the set of linear combinations of operators of the form L = X --- X, with
X, € VI(M) and j < k. Then we can define

(10.1) HYP(M) = {ue LP(M) : Lu € LP(M), VL € V*(M)},
(10.2) b (M) = {u € b1 (M) : Lu € b (M), VL € VE(M)},
(10.3)

hEo (M) = {u € bmo(M) : Lu € bmo(M), VL € V*(M)}.

There are alternative characterizations of these spaces. For one, let {B1(py) : £ €

Z*} be a tame cover of M and {y, : £ € Z"} a tame partition of unity, as defined
in (1.25)-(1.27). Given a function v on M, set

(10.4) ug = (peu) o Exp,,,,

a function supported on By(0) C 1), M, which we can identify with B;(0) C R",
uniquely up to the action of an element of O(n). Then (given p < c0)

k, le'
(10.5) we HMP(M) &Y > Dl 5, 0)) < 00
L o<k
(10.6) we bt (M) Y Y D%y < oo,
L o<k
(10.7) u € bk"X’(M) & sup Z [ D% || bmo(ary < 00
la| <k

Of the results just stated, given the definitions (10.1)—(10.3), the result (10.5) is
straightforward, and (10.6)—(10.7) follow readily from the results of §52-3, partic-
ularly Corollary 2.4 and Corollary 3.4.

We next define these Sobolev spaces for arbitrary index of regularity s € R, as

(10.8) H*P(M) = (M — A)~/2LP (M),

(10.9) b (M) = (M — A)~*/p! (M),
(10.10 ) b5 (M) = (M — A)~*/2bmo(M),
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where we take A as in Proposition 6.1, i.e., a sufficiently large positive number.
More precisely, as in (6.18), take A > K2, where Kj is as in (6.16). From here on,
we work under the condition

(10.11) 1<p<oo.

Of course, we need to show that when s = k is a positive integer, (10.1)—(10.3)
are equivalent to (10.8)—(10.10). Before tackling this, we first need to show that the
right sides of (10.8)—(10.10) are well defined. This will follow from results obtained
in §6. To begin, we write

(10.12) (A —A)™/2 =3, (V-A),
where
(10.13) DA (C) = (CC+ N2

With S, defined as in (6.6)—(6.8), we have

(10.14) D,y €Sy, YW <V
Hence, by Proposition 6.6, given A > 0,

(10.15) (A = A) 2 e U 5(M), YW < VA

We can now establish the following.

Proposition 10.1. Given A > K2,

(10.16) (M — A)Y7*/2. LP(M) — HRP(M),
(10.17) (M = A) 72 gt (M) — p™1 (M),
(10.18) (M — A)7*/2 . bmo(M) — p*>° (M),

where the spaces on the right are defined by (10.1)-(10.3).
Proof. Note that V¥(M) C \IIISZ&(M) Hence, by (6.40)—(6.41),

(10.19) LeVF(M)= LM - A)F2ec (M), YW <V

As long as we can take W > K, we can apply Proposition 6.1 to conclude that
such L(AI — A)~*/2 is bounded on LP(M), p € (1,00), on h* (M), and on bmo(M),
establishing (10.16)—(10.18).

At this point, we have the spaces defined on the right sides of (10.8)—(10.10)
contained in the spaces defined in (10.1)—(10.3), when s = k is a positive integer.
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To proceed, it will be convenient to know that
(10.20) M = A2 =A)32f = (M= A)~0+9)/2f vr s eR,
whenever f € LP(M), 1 < p < oo, or f € hY(M), or f € bmo(M). The result

(10.20) for f € L?(M) is a well known consequence of Hilbert space spectral theory.
In that case, the self-duality of L?(M) extends to produce the duality

(10.21) (o - A)—S/2L2(M))' _ (AT — A)Y2L2(M), VseR,

Now, given that (A\I — A)~*/2L2(M) is contained in H*2(M) as defined by (10.1),
or by (10.5), we have

(10.22) (M — A)F2L2(M) € Lo®(M), Yk > g
and hence, by duality,
(10.23) LY(M) C (M — AF2L2(M), V> g

from which it follows that whenever k > n/2,

LP(M) c (M — A*2L2 (M), Vpe(1,2],

(10.24)
b (M) c (A — A)/2L2(M).

We can now prove:

Lemma 10.2. The identity (10.20) holds for all f € LP(M), 1 < p < oo, for all
f € bht(M), and for all f € bmo(M).

Proof. We have seen that (10.20) holds for all f € L?(M). The result (10.24)
implies (10.20) holds on h*(M) and on LP(M) for p € (1,2]. The facts that (10.20)
holds on bmo(M) and on LP(M) for p € (2, 00) follow by duality.

We are now prepared to prove:

Proposition 10.3. If s = k is a positive integer, the spaces defined by (10.1)-
(10.8) coincide with those defined by (10.8)-(10.10) (assuming p € (1,00)).

Proof. We have one set of inclusions. For the converse, assume u has the property
(10.25) u, X1---XjueX, Viji<k, X,eV{(M),
where either X = LP(M), 1 < p < oo, or X = h*(M), or X = bmo(M). We claim

(10.26) f=W =AMy ez
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If so, then, by (10.20),
(10.27) w= (A — A)7F/2f,

and we are done.

The result (10.26) is elementary if k = 2j is an even integer. Then (A — A)7 is
a differential operator, and it is a finite linear combination of operators of the form
appearing in (10.25). Now suppose k = 2j + 1. The same argument shows that

(10.28) v=(\ —A)u

has the property

(10.29) v, XveX, VYXeVi(M).

If we can show that for such v,

(10.30) (M — A%y e &,

we will be done. To get this, write

(10.31) (M — A0 =07 (V=A)o+ 2" \(V=A)v,

with @7, | (vV=A) € WL (M) and ®° ,(V=A) € Wy (M), for all W < VA,
Estimates in (6.33) give

(10.32) o, \(V-A): X — X,
for such spaces X. It remains to show that
(10.33) o7 (V=Aw e X,

whenever (10.29) holds. Indeed, since P = (pi,)\(\/_A) € WL, (M), as defined in
(6.23), pseudodifferential operator calculus allows us to write

N
(10.34) P=Qo+ Y QX
j=1
with
(10.35) Xi,...,. Xy e VM), Q; €V (M).
Hence, if v satisfies (10.29),
N
(10.36) Pv=Qu+ Y Q;(Xv)€X,
j=1

for X = h1 (M), bmo(M), or LP(M), 1 < p < oo, by Proposition 6.5.

Having identified the spaces (10.1)—(10.3) with their counterparts in (10.8)—
(10.10) when s = k € N, we next show that for general s € R, the spaces (10.8)—
(10.10) are independent of the choice of A, as long as A > K2.



43

Proposition 10.4. Let X = LP(M), p € (1,00), or X = b1 (M), or X = bmo(M).
Then, for each s € R,

(10.37) A > K2 = (M — A)752% = (uI — A)~*/?%.

Proof. Note that

2\ s/
(1038) (T — A2 = A)~/% = oy (V=) e m(C) = (‘; I gz) g

and v, € S}y for all W < min(u, \). Hence
(10.39) (I — A2 = A)~*/? . % — %,

by Propositions 6.6-6.7, with inverse ¢ x ,(v/—A), so (10.39) is an isomorphism
for each such X. This gives (10.37).
We next record how elements of Wi}, (M) act on these Sobolev spaces.
Proposition 10.5. Take m,s € R and assume W > Ky. Then
PeVy(M)= P:H*(M)— H*""™P(M), Vpe(1l,00),
(10.40) P h*H (M) — b*7" (M),
P p>% (M) — §>7 "% (M),

Proof. The results in (10.40) are equivalent to the existence of A > K¢ such that
(10.41) Q= (A —A)ET™/2Pp(A] — A)~3/2
has the mapping properties
Q: LP(M) — LP(M), p e (1,00),
(10.42) Q:b'(M) — b (M),
Q@ : bmo(M) — bmo(M).

To get this, take A > (W + K)?2, so (A — A)7/? € Uk, (M). An application of
Proposition 6.9 gives P(A — A)™%/2 € U7"*(M), and a second application gives
Q € V9, (M). Then the mapping properties in (10.42) follow from Proposition 6.7.

11. Interpolations of type (p,p’)

Our goal here is to establish the following interpolation result, of potential use
for dispersive estimates in PDE.
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Proposition 11.1. Take s € R. Assume we have a bounded operator

(11.1) R:L*(M) — L*(M), R:L'(M)— (M),
satisfying
(11.2) [Rfll2 < Mullfllez,  IRfllgsoe < Mollf[|L1-

Then, for 6 € (0,1),

/ 2 2
(11.3) Rz LPO(M) — HUZO2O (M), p(0) = 5=, p(0) = 5.
and (with Cy € (0,00) independent of R and of f),
(11.4) IRl fra-ore.p0r < CoM{ My~ | f]| oo

The proof combines methods of §9 and Sobolev results of §10. To start, set
(11.5) N={2z€C:0<Rez<1}.

Given 6 € (0,1), f € L?2=9(M), take f.(x) holomorphic in z € ©, bounded and
continuous on Q with vaules in L'(M) + L?(M), satisfying

2

(11.6) fo=1 Ml < Cllfllw, p(2) = 55—

Note that f;; € L*(M) and fi14 € L2(M), for t € R. Now take A > K2 and set
(11.7) F.(z) = e* (M — A)*0-2)/2R¥, (z).

The hypotheses (11.1)—(11.2), plus results of §6 and §10, give

(11.8) Fy € bmo(M), Fipy € L3(M),
and
(11.9) [ Fitllbmo < C Mol fll oy [[Figatllne < C My fll o).

To proceed, it is convenient to mollify F, as follows (parallel to the construction
leading to (9.6)). Pick v.(z) = p(ed(z,z0)?) as in (9.6), and set

(11.10) G.(z) = G5 (x) = Y (x)e* 2 Fy(z),
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with F,(z) as in (11.7). We often drop the £ and denote the family of functions
on M by G, for notational simplicity; we will obtain estimates for G¢ that will be
independent of ¢.

With G, defined as above, take n as in (9.7), let x — B(x) be a measurable
assignment, with B(z) € B(x), and define GB' as in (9.8). As in (9.9), we have

(11.11) G#(z) = sup |GB"(z)|.
By

Next define NG, as in (9.10), so, as in (9.11),

(11.12) MG (x) = sup |NJG,(x)].
n

In the current setting, we have the following variants of the estimates (9.12)—(9.13),

B’
1Gi "Iz < N1GT Nl < [Gitllbmo < CMollf[l1oo,

(11.13) . .
Gl e S NGT il < ClGryat|lne < CMy|| fl| Lo,

for the same reasons used to justify (9.12)—(9.13). Then standard interpolation
gives

(11.14) GG | ooy < CMYMG™°| f pocor,

parallel to (9.14), with C independent of z — B(x) and of 1. Hence
(11.15) NGH | ooy < CMY MG f pocor-

We also have the following variants of (9.16)—(9.17):

NG GitllLe < [INMoGitll e < [|Gitllbmo < C Mo f |l Lecor,

(11.16)
NG Grvitllz2 < [[NoGryitlle < CllGryiellz < CMu||f|l Lo

Again standard interpolation gives

(11.17) ING Goll ooy < CMYMy=°| £l Locor,
with C' independent of the choice of 1, hence

(11.18) IN6Goll oo < CMEME| fl|poco.
Combining (11.15) and (11.18) yields

(11.19) INGoll ooy < CMY M| fll oo
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Then Proposition 8.1 gives an estimate on ||Gg||»), yielding

(11.20) e (AL = D) COP2RE Loy < CMY Mg ™" f pocor,
with C independent of ¢ € (0, 1]. Taking £ \, 0 gives

(11.21) (A = A)*A=0/2R ¢ e PO (pr),

with norm estimates, implying (11.3) and (11.4).
We illustrate Proposition 11.1 by considering estimates on

sintv —A
Ve

In general, if there are no pairs of conjugate points in M (and under some additional
technical hypotheses),

(11.22) S(t) =

S(t): L*(M) — HY*(M),

(11.23) S(t) : Ll(M) N b_(n_l)/2’oo(M>,

where N = dim M. The first mapping property holds by spectral theory and the
second by the parametrix construction for solutions to the wave equation; it is this
second part that requires the absence of conjugate points. Let us assume we have
estimates of the form

1S fllare <A@ f 22,

11.24
24 1S@) flly-n-1/2.00 < Ag(@)]I |11

It is well known that
M=R" = A;(t) =a(l+ |t]),

11.25
( ) Ao(t) _ bn|t|_(n_1)/2.

This estimate for A;(t) is universally valid, by the spectral theorem. On the other
hand, for some manifolds with bounded geometry, one can do better. Namely, the
following might apply:

(11.26) Spec (—A) C [B?,00), B> 0= A(t) = ap.

While the estimate on Ag(¢) in (11.25) is typically sharp for |t| < 1, for general M
with bounded geometry (and, say, with sectional curvature < 0), sometimes there
can be faster decay as |t| — oc.

To apply Proposition 11.1, it is convenient to pick A > K3 and consider

(11.27) R(t) = (\ — A)Y25(t).



Then (11.23)~(11.24) yield

R(t) : L* (M) — L*(M),

(11.28) R(t) : LY (M) — = (+D/200(ppy,
and
(11.29) IR(®) fll2 < CAL(®)| £l L2,

[R(@) flly-crnrrzee < CAo(D)]I 22
Then we can apply Proposition 11.1 to get, for § € (0, 1),

2 2

(11.30) R(t) : LP(M) — H-0O0HDB2 () p= o= = 2

with operator norm bounded by CyA;(t)? Ag(t)!~?. Returning to S(t), we have

/ 2 2
(11.31) S(t) : LP(M) — H'=U=00FD/ 20 (An) - p = s =5
with
(11.32) ISE) fll gr1—a—oymsnyszr < CoAr()? Ao () =) fll Lo-
For example, we can pick 6 so that
n+1 n—1
11. 1—(1-— = i.e. = —
(11.33) (1-10) 5 0, ie., 6 1
and obtain
sinty/—A / n+1 n+1
11.34 ——  LP(M LP (M =2 [ =2———
with
sinty —A
11.35 ‘ siv_2 H < C Ay (£) =D/ D) g0 ()2 0D £
(1.3 A2, < e ORI TP
In case M = R", we obtain (with p,p’ as in (11.34)) the well known result
sinty —A
11.36 ) el S H < Ot~ (n=1/(n+1) -
(11.30 Nl Iz
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at least for || < 1, but then a simple scaling argument gives (11.36) for all ¢. For
non-euclidean manifolds M, scaling is not available. In many cases one gets an



48

estimate of the form (11.36) valid for || < 1, and in some cases one might get a
better estimate for |¢t| > 1.

In case M is hyperbolic space H", results stronger than those obtained in (11.35)
via (11.23) are possible, along the following lines. In such a case, (11.26) holds with
B = (n—1)/2. One can set

(11.37) L:A—<";1>2,

write

sinty/—A sintv/—L
— = = %) +51(t), So(t) = —=—,

VvV-A v—L
and estimate [|So(t)f||gi-sp, § = (1 —0)(n + 1)/2, via arguments leading to
(11.32) (obtaining stronger estimates), while applying other techniques to estimate
151 (t) f|l g1—s.0r- Work on this will be taken up elsewhere.

(11.38)

A. The space vmo(M)

Given a Riemannian manifold M with bounded geometry, we define vimo(M) to
be the closure in bmo(M) of the space C (M) of continuous functions vanishing at
infinity. This is parallel to the characterization of VMO(R"™), introduced in [Sar],
as the closure in BMO(R") of C,(R™). There are equivalent characterizations of
vmo(M), e.g., the closure in bmo(M) of C3°(M). We set

[fllvmo = [ fllbmo  if f € vino(M),

(A1) oo if f ¢ vmo(M).

It readily follows from Proposition 3,1 that
(A.2) f € vmo(M) = af € vino(M)

as long as a € L*>°(M) N Lip(M), or more generally a € L>°(M) N C? (M), with o
given by (3.23). From here, an argument parallel to the proof of Proposition 3.2
gives:

Proposition A.1. Let {pr : k € ZT} be a tame partition of unity. Given f €
Li (M), we have

loc

(A.3) f € vmo(M) < SL;p lok fllvmo < 00, and klirrgo |lokfllvmo = 0.

In [Sar] it was proven that
(A.4) VMO(R™)" = H'(R™).

Our next goal is to prove the following analogue:
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Proposition A.2. If M is a Riemannian manifold with bounded geometry,

(A.5) vmo(M)" = h(M).

The proof of Proposition 4.1 yields a natural map Z : h(M) — vmo(M)’, which
is clearly one-to-one. To show that 7 is surjective, we will construct the inverse
J :vmo(M)" — pt(M).

Before tackling this, we note that Proposition 4.1 implies there exists Cy =
Co(M) such that

(A.6) Co lIflgr < sup{{f,g) : g € bmo(M), [|lgllbmo < 1} < Coll fly1.
Part of the content of (A.5) is that

(A7) Co £l < sup{(f,g) : g € vmo(M), |lgllvmo < 1} < Col flg1-

Of course the second inequality in (A.7) follows from its counterpart in (A.6). Our
task is to prove the first inequality in (A.7). We start with the case

(A.8) T" = R" /27 Z".

Lemma A.3. The result (A.7) holds when M = T™.

Proof. As mentioned, we need only establish the first inequality in (A.7). Fix
f ebl(M). Given § > 0, pick g5 € bmo(T") such that

(A.9) 195lbmo <1, [Ifllgr < Co(1 + 0){f; gs)-

Now

<f7 eEAg5> = <68Af7 95>
= <fvg5> - <f - 65Af7g5>7

and, since C°°(T") is dense in h(T™),

(A.10)

(A.11) [(f = e F.95) < CIIf = e Fllpl|gsllbmo < n(f€),
where n(f,e) — 0 as € \, 0. Hence

1

(A12) (F.e205) 2 s

£l =n(f;€).

Now ef2gs € C°(T") C vmo(T") for each € > 0, and [[e**gs||vmo < 1. Taking
positive € and ¢ arbitrarily small yields (A.7), for M = T".



50
We now prove Proposition A.2 in case M = T™. Thus, let
(A.13) w:vmo(T") — R
be a continuous linear functional. Also set, for € > 0,
(A.14) we(f) = w(e2 f).

Clearly we have a unique g. € C*°(T™) such that

(A15) ws(f) = <f= ga) = [ fg-dz.
/

By Lemma A.3, we have

(A.16) 19llgr < Collwell < Collwll < oo

Now we have (perhaps passing to a subsequence € =¢; \, 0)

(A.17) g: — g weak” in M(T"),

where M(T™) denotes the space of finite Borel measures on T", and
(A.18) w(f)={f.9), Y [feC(T").

To conclude the proof of Proposition A.2 for M = T", it remains to show that
(A.19) g € hH(T™).

To see this, note that

(A.20) GPg(x) / G'g(x) as p\0,

where, for p € (0, 1),

G g(x) = sup G'g(x)
r€[p,1]

—sw{l(g.9):0e U FB.)},

r€[p,1]

(A.21)

with F(B,(z)) as in (2.3). Since Ugern Urelp1] F(Br(z)) is a relatively compact
subset of C(T™) for each p € (0,1), we have

(A.22) GPg-(x) — GPg(x) as € — 0,
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uniformly in z, for each p > 0. Hence, by (A.16),
(A.23) 1G7glLr < Collwll.
We then deduce from (A.20) that

(A.24) Gbg € LY(T™).

This implies the desired result (A.19).

We proceed with the proof of Proposition A.2 for general M with bounded
geometry. To set things up, bring in a tame partition of unity {py : k € Z*},
v € C5°(B1(pk)), as defined in (1.25)—(1.27). As in the proof of Proposition 2.2,
partition Z* into K; = K;(M) sets Sp,...,Sk, such that j.k € S,,7 # k =
d(pj,pr) > 20, and for each v € {1,..., K}, set

(A.25) T,f=) el

keSS,
We have
(A.26) T, : vimo(M) — vmo(M), ||Tof|lvmo < C||fllvme, 1 <v < Kj.

Of course, f =) T,f.

Now let w : vimo(M) — R be a continuous linear functional. We want to define
Jw € ht(M). To do this it suffices to define Jw, for each v € {1,..., K1}, where
wy, =woT,. Also define wy, : vino(M) — R by

(A.27) wi(f) = w(erf)-

Using the identification of By (py) with B2(0) C R™ via Exp,, , and then identifying
B5(0) € R™ with B9(0) C T™, we can use the special case just proven to write

(A.28) wi(f) = (fs 9r),

where g, € h!(T™) has support in B2(0). Multiplying by the volume form, we can
identify g; with an element of h(M), supported in Bs(p):

(A.29) gr € b (M), supp gk C Ba(pk).

We next claim that

(A.30) wy(f) = (fs9v),
with
(A.31) gy =Y gk € (M).

keS,
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Note that the terms in this sum have widely disjoint supports, and if gl, cS, is
any finite subset, then

(A.32) Go=Y o= Y wlerf)=(f.9) lale =D llgklly:
S,

kES, kes,

Using Lemma A.3, we can produce fi € vmo(M) such that

(A.33) supp fx C Ba(pk), Ifkllvmo < C1y (frs 9x) = llgrller

with C7 = C1(M) < co. Then, given any finite subset S, CS,,

(A34) .fl/: Z fk:>||.fl/’|vmo§cl

keS,
and

D Mgl < D7 (Frrgr)

kES, keS,
= <fl/7 gu>

= wy(fy) < CQ < 00,

(A.35)

the last inequality by (A.34). This implies

(A.36) gy = Y gr €' (M),
keS,

and we have g, = Jw,, finishing the proof of Proposition A.2.
We next examine the action of pseudodifferential operators on vmo(M). The
following result complements Proposition 6.7.

Proposition A.4. Given Ky as in (6.16),

(A.37) W > Ky, PcUY% (M)= P:vmo(M) — vmo(M).

Proof. As in §6, write P = P# + P’ with P# ¢ \I/?#(M), Pb € U,,>°(M). One
readily verifies the following:

(A.38) P# . C° (M) — C§°(M), P":C5°(M) — C.(M),

(A.39) P (M) — C.(M).
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The result (A.37) follows from this together with the boundedness on bmo(M)
given in (6.37).

B. The operator class \Tl’V?/(M)

Givenm € R, W > 0, we define an operator class \AI}{,Q’;(M), smaller than Wi}, (M),
which was defined in §6, and discuss some properties. Parallel to (6.27)—(6.31), we
set

(B.1) U (M) = {P* + P*: P* € W2 (M), P’ € Uy (M)},

where W (M) is as in (6.23)-(6.25), and we say Pt ¢ \Tl;voo (M) provided it has the
form

(B.2) PPf(@) = [ B) 1) V().
M
where k* € C°° (M x M) satisfies, for each z,y € M, r € (0,00), £ € ZT,

1K L 9) | Le(an B, ) < Ce(r) ‘e

1K (@, )| L2 (ar\ Br(2)) < Celr)

Y

B.3
( ) —Ke—Wr’

with similar estimates on all z and y-derivatives of k®(z,y).
It is easy to check that W;>°(M) C ¥;7°(M), and hence Wi}, (M) C Vi (M).
The following result improves Proposition 6.6.

Proposition B.1. For W >0, m € R,

(B.4) d e S = d(V-A) € U (M).
More generally, if

(B.5) Spec(—A) C [B?, o0)

and L = A + B?, then

(B.6) ® e St = ®(v/—L) € UH(M).
The proof of this is given in (1.8)—(1.13) of [T3].

In light of this, the following result has stronger consequences for LP estimates
on ®(v/—A) than Proposition 6.7 does. Recall the volume estimate (6.16):

(B.7) Vol(B,(p)) < Co(1 4 r)H0efor  vpe M, r € (0,00).
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Proposition B.2. If W > K,/2, then

(B.8) Pb e U °(M) = P: LP(M) — LP(M), Vpe[l,00].
Hence

Pe W), (M)= P:LP(M)— LP(M), Vpe(1,00),
(B.9) P:pY (M) — LY (M),
P : L*°(M) — bmo(M).

Proof. Tt suffices to prove (B.8), since Proposition 6.5 then gives (B.9). If kb(z,y)
is the integral kernel of PP, to prove (B.8) it suffices to show that

Sup/|kb(x,y)|dV(x) < oo, and
y
M

(B.10)
sup [ |k%(z,y)|dV (y) < co.
m M/

We estimate the first integral in (B.10) by dividing M into shells
(B.11) Ajly) = {w e M:j<d(m,y) <j+1}

We have the following estimate:

/ Ky dViz) =Y / Kz, )] dV ()

12045 (y)
1/2

(B.12) <> (VoL A4; (1)) ZI1K (-, ) | 224, ()

>0

<CY (PR R y)l| e a, o)
i>0

Bringing in (B.3), we have
(B.13) 1K ) p2(a, ) < Celd)~Ce W,

and taking ¢ > po/2 4 1 yields the first bound in (B.10), as long as W > K;/2.
The second bound in (B.10) is proven similarly.

Propositions B.1-B.2 yield the following improvement over Proposition 6.7. This
result can be compared with Theorem 10.2 of [CMM].
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Corollary B.3. If the volume estimate (B.7) holds, and if (B.5) holds and L =
A + B2, then
0 Ko —
(pESWv W27:>®( _L)LP(M>_>LP(M>7 pG(l,OO),
(B.14) ®(vV—L): pL (M) — L} (M)
®(vV—L): L*(M) — bmo(M).

Y

Regarding LP-estimates, (B.14) plus an application of the Stein interpolation
theorem yields the following (Theorem 1.6 of [T3]):

Proposition B.4. If ® € 8%, then
(B.15) &(v—L): LP(M) — LP(M),

provided
1 1
pe(l,00), and W> )——5‘ K.
p

We finish with the following improvement of Proposition B.2 and Corollary B.3.
Proposition B.5. If W > K,/2, then

PY: 0,2 (M) = P : bmo(M) — L®(M),

(B.16) PY: LY(M) — b (M).
Hence
B17) P: 09, (M) = P :bmo(M) — bmo(M),

P b (M) — b (M).
Consequently, in the setting of Corollary B.3,

€S, = ®(v/—L) : bmo(M) — bmo(M),

B.18
(B18) O(v—L) : h1 (M) — b1 (M).

Proof. We prove the first part of (B.16). This readily yields
(B.19) PP : vmo(M) — C.(M),
the latter space consisting of continuous functions on M vanishing at infinity, and

the second part follows by duality. From here, (B.17) and (B.18) follow by the same
arguments as used above.
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To proceed, take f € bmo(M). Pick A > K2, and write

(B.20) PP f = PP\ — A) (AT —A)71f).
By Proposition 10.1 and the characterization (10.7) of §2°°(M), we have
(B.21) f €bmo(M) = (M — A)~'f € L>=(M).

On the other hand, since the integral kernel of P*(AI — A) is (Al — A,)k%(x,y), it
is clear from the definition that

(B.22) P € Uy (M) = PP(A — A) € U;,7°(M).
Thus Proposition B.2 gives
(B.23) P°(A\ — A) : L®(M) — L>®(M),

and the proof is done.

C. Further results for symmetric spaces of noncompact type

A symmetric space of noncompact type is a Riemannian manifold M = G/K,
where G is a semisimple Lie group of noncompact type and K a maximal compact
subgroup. Examples include hyperbolic space H", with constant sectional curvature
—1, amongst others. (However, this definition excludes Euclidean space.) We refer
to [Hel| for basic material; basic results are also summarized in §2 of [T3]. Without
going into details, we mention the following key fact: there exists a positive quantity,
denoted |p|?, with the property that

(C.1) Spec (—A) = [|p|*,00) on L*(M)
and
(C.2) Vol B,.(p) ~ crielelr o,

for some € (0,00). Cf. [T3], (2.2) and (2.9). When M = H", |p| = (n — 1)/2.
Now, if we set

(C.3) L=A+]p%
so Spec (—L) = [0,00) on L?(M), we can apply Proposition B.4 to deduce that, for
p € (1,00),
2
(C4) eS8y, W> ‘5—1‘-\/)\ — ®(V_L): L’(M) — LP(M).

Using this, we can establish the following variant of the fact that
(C.5) (AL — AY™2 . HSP(M) — H*~™P(M),

for s, m € R, p € (1,00), given A > 0 sufficiently large, which was proven in §10, in
the setting of general manifolds with bounded geometry.
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Proposition C.1. If M is a symmetric space of noncompact type, then for s,m €
R? p 6 (]‘7 oo))

(C.6) (=A)Y™2 HP(M) — H*"™P(M).

REMARK. This fails when M = R".

Proof. In light of the results of §10, (C.6) is equivalent to the assertion that, for
A > 0 sufficiently large,

(C.7) (M — A)Y =M/ 2 AV 2N — A)~%/2 . LP(M) — LP(M).

We can write this operator as

(C8) (AL +|pl* = L) 2(|pf” = L)™ 2N + |p|* — L)~*/? = @(V~1L),
where ®(¢) = (A + [p|® + ) ~™/2(|p|? + ¢2)™/2, and we see that

(C.9) decSYy, YW <.

Now for each p € (1,00), |2/p—1| < 1, so (C.7) follows from (C.4).

Proposition C.1 interfaces with results of §11 as follows. As stated there, for

2 2 n—+1

C.10 0 0,1 = — =2 =(1-46

( ) 6 ( 7 )7 p 2 _ 07 p 9 9 S ( ) 2 )
we obtain in various circumstances estimates of the form

sintv/—A

ct Y @l
(C.11) el RS CICIF{
known as dispersive estimates. Similar estimates yield

(C.12) | costv —A fll o < Arthg(t)[| fll v

Obtaining such estimates, e.g., for M = H"™ involves, amongst other things, rather
explicit formulas for (distributional) integral kernels of these operators. Such ex-
plicit formulas are lacking for the opeators sin tv/—A; however applying Proposition
C.1 to (C.11) gives

(C.13) | sintvV—=A fll g-sw < Astho(t)|| fll v,
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and putting (C.12)-(C.13) together gives for eV =2 = costy/—A +isinty/—A the

estimate

(C.14)

Hez’thHH_S’p, < (A1 + A2)Ye ()| fll Lrs

in case M is a symmetric space of noncompact type. Such an estimate is a con-
venient variant of (C.11) for the purpose of passing from dispersive estimates to
Strichartz estimates. This matter will be pursued elsewhere.
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