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Brownian Motion and Potential
Theory

Introduction

Diffusion can be understood on several levels. The study of diffusion on a
macroscopic level, of a substance such as heat, involves the notion of the
flux of the quantity. If u(¢, x) measures the intensity of the quantity that is
diffusing, the flux J across the boundary of a region O in z-space satisfies
the identity

% /u(t,x) v (z) = —/V~J ds(z),

o 00

(0.1)

as long as the substance is being neither created nor destroyed. By the
divergence theorem, this implies

ou
0.2 — = —div J.
(0.2) T
The mechanism of diffusion creates a flux in the direction from greater con-
centration to lesser concentration. In the simplest model, the quantitative

relation specified is that the flux is proportional to the x-gradient of w:

(0.3) J = —-D grad u,

with D > 0. Applying (0.2), we obtain for u the PDE
Ju

0.4 —=DA

(04 o _ D aw,

in case D is constant. In such a case we can make D = 1, by rescaling, and
this PDE is the one usually called “the heat equation.”

Many real diffusions result from jitterings of microscopic or submicro-
scopic particles, in a fashion that appears random. This motivates a prob-
abilistic attack on diffusion, including creating probabilistic tools to analyze
the heat equation. This is the topic of the present chapter.
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In §1 we give a construction of Wiener measure on the space of paths in
R™, governed by the hypothesis that a particle located at z € R™ at time
t; will have the probability P(¢,z,U) of being in an open set U C R™ at
time t1 4+ t, where

(0.5) P2, U) = / otz y) dy,
U

and p(t,z,y) is the fundamental solution to the heat equation. We prove
that, with respect to Wiener measure, almost every path is continuous,
and we establish a modulus of continuity. Our choice of e*® rather than
e!®/2 o define such probabilities differs from the most popular convention
and leads to minor differences in various formulas. Of course, translation
between the two conventions is quite easy.
In §2 we establish the Feynman-Kac formula, for the solution to
(0.6) Ou = Au+ V(z)u,
ot

in terms of an integral over path space. A limiting argument made in §3
gives us formulas for the solution to (0.4) on a bounded domain 2, with
Dirichlet boundary conditions. This also leads to formulas for solutions to

(0.7) Au= fonQ, u=0on0dQ,
and
(0.8) Au=0o0nQ, u=gondN.

A different, and more natural, formula for the solution to (0.8) is derived
in §5, after the development in §4 of a tool known as the “strong Markov
property.” In §6 we present a study of the Newtonian capacity of a compact
set K C R™, in the case n > 3, which is related to the probability that a
Brownian path starting outside K will hit K. We give Wiener’s criterion
for a point y in 09 to be regular for the Dirichlet problem (0.8), in terms
of the capacity of K, = {z € 90 : |z —y| < r}, as r — 0, which has a
natural probabilistic proof.
In §7 we introduce the notion of the stochastic integral, such as

0.9) /O F(s,0(s)) du(s),

which is not straightforward since almost all Brownian paths fail to have
locally bounded variation. We show how the solution to

ou

can be given in terms of an integral over path space, whose integrand
involves a stochastic integral, in case X is a first-order differential operator.
The derivation of this formula, like the derivation of the Feynman-Kac
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formula in §2, uses a tool from functional analysis known as the Trotter
product formula, which we establish in Appendix A at the end of this
chapter.

In §8 we consider a more general sort of stochastic integral, needed to
solve stochastic differential equations:

(0.11) dX =0b(t,X)dt + o(t, %) dw,

which we study in §9. Via Ito’s formulas, stochastic differential equations
can be used to treat diffusion equations of the form

(0.12) 2—1: = Z Ajp(x) 0;0ku + Z b;(z) Oju + V(x)u,

in terms of path space integrals. We look at this in §10. Results there,
specialized to (0.10), yield a formula with a different appearance than that
derived in §7. The identity of these two formulas leads to a formula of
Cameron-Martin-Girsanov, representing the “Jacobian determinant” of a
certain nonlinear transformation of path space.

An important topic that we do not treat here is Malliavin’s stochastic
calculus of variations, introduced in [Mal], which has had numerous in-
teresting applications to PDE. We refer the reader to [Stk2] and [B] for
material on this, and further references.

1. Brownian motion and Wiener measure

One way to state the probabilistic connection with the heat equation

ou
1 — =
(1.1) 9 Au
is in terms of the heat kernel, p(t, z,y), satisfying
(12) ¢ 1(w) = [ plt0) ) Vo)

If A in (1.1) is the Friedrichs extension of the Laplacian on any Riemannian
manifold M, the maximum principle implies

(1.3) p(t,z,y) > 0.

In many cases, including all compact M and M = R", we also have

(1.4) /p(t,:z:,y) dv(y) =1.

Consequently, for each « € M, p(t,z,y) dV(y) defines a probability dis-
tribution, which we can interpret as giving the probability that a particle
starting at the point x at time 0 will be in a given region in M at time ¢.

Restricting our attention to the case M = R™, we proceed to construct
a probability measure, known as “Wiener measure,” on the set of paths
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w : [0,00) — R™, undergoing a random motion, sometimes called Brownian
motion, described as follows. Given t; < to and that w(t;) = x1, the
probability density for the location of w(ts) is

(1.5) €26, (z) =p(t,x —x1) = (47rt)_"/26_|m_”1‘2/4t, t =ty —t;.

The motion of a random path for t; <t < 5 is supposed to be independent
of its past history. Thus, given 0 < t; < to < -+ < tg, and given Borel sets
E; C R”, the probability that a path, starting at x =0 at ¢t = 0, lies in E;
at time ¢; for each j € [1,k] is

(1.6) / . ~/p(tk —tg—1,Tk — Tk—1) - p(t1,x1) dxg - - - day.
E1 Ej

It is not obvious that there is a countably additive measure characterized
by these properties, and Wiener’s result was a great achievement. The
construction we give here is a slight modification of one in Appendix A of
[Nel2].

Anticipating that Wiener measure is supported on the set of continuous
paths, we will take a path to be characterized by its locations at all positive
rational t. Thus, we consider the set of “paths”

(1.7) $= 1] r"

teQt
Here, R” is the one-point compactification of R” (i.e., R" = R™ U {oc}).
Thus ‘B is a compact, metrizable space. We construct Wiener measure W
as a positive Borel measure on .

By the Riesz theorem, it suffices to construct a positive linear functional
E : C(B) — R, on the space C(P) of real-valued, continuous functions on
B, satisfying E(1) = 1. We first define E on the subspace C*, consisting
of continuous functions that depend on only finitely many of the factors in
(1.7); that is, functions on P of the form

(1.8) p(w) = F(w(ty),...,w(ty)), t1<-- <t

where F' is continuous on Hlf R”, and t; € Q. To be consistent with (1.6),
we take

Be) = [+ [t 0ptts — 1.2 1)

o p(te = th—1, Tk — Th—1)
F(xy,...,x) dog - - - dzxy.

(1.9)

If p(w) in (1.8) actually depends only on w(t,) for some proper subset {t,}
of {t1,...,tx}, there arises a formula for E(p) with a different appearance
from (1.9). The fact that these two expressions are equal follows from the
semigroup property of . From this it follows that E : C#* — R is well
defined. Tt is also a positive linear functional, satisfying E(1) = 1.
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Now, by the Stone-Weierstrass theorem, C# is dense in C(). Since
E : C# — R is a positive linear functional and E(1) = 1, it follows that
E has a unique continuous extension to C'(J3), possessing these properties.
Thus there is a unique probability measure W on I8 such that

(1.10) E(p) = [pcp(w) dW (w).
This is the Wiener measure.

Proposition 1.1. The set By of paths from QT to R™, which are uniformly
continuous on bounded subsets of Q* (and which thus extend uniquely to
continuous paths from [0,00) to R™), is a Borel subset of B with Wiener
measure 1.

For a set S, let oscs(w) denote sup, ;e |w(s) —w(t)|. Set

(1.11) E(a,b,e) = {w € P : oscigp(w) > 25};

here [a, b] denotes {s € QT : a < s < b}. Its complement is

(1.12) E(a,be) = () {wePB:|w(s)—wt)| <2},
t,s€(a,b]

which is closed in B. Below we will demonstrate the following estimate on
the Wiener measure of E(a,b,¢):

(1.13) W(E(a,b,e))<2p( b —al),
where
(1.14) p(s,é)iggl |/ p(t,x) dz,

with p(t,r) = e!2§(x), as in (1.5). In fact, the sup is assumed at t = §, so

€

1.15 575 = / 17 dy = n\" <)
(1.15) p(e,d) p(y)yw(\/g)

ly|>e/ Vs
where
1.16 n(r) = (4m —n/2 6*|y‘2/4 d Sanrn7167r2/4
(L16)  w(r) = (4m) y |

ly|>r

as r — oo.

The relevance of the analysis of F(a,b,¢) is that if we set
(1.17) F(k,e,6) ={weP:3J C[0,k]NQ",£(J) <, oscy(w) > 4e},
where ¢(J) is the length of the interval J, then
(1.18) F(k,e,6) = | J{E(a,b,2¢) : [a,b] C [0, k], |b—a| < 6}
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is an open set, and, via (1.13), we have

(1.19) W (F(k,2,8)) < 2k@.

Furthermore, with F¢(k,e,0) =B\ F(k,¢,0),

Lo = {w:Vk < 00,Ve > 0,36 > 0 such that w € Fc(k,z-:,é)}

(1.20) NN U Fkes

k e=1/vé=1/p

is a Borel set (in fact, an Fys5 set), and we can conclude that W(Bg) = 1
from (1.19), given the observation that, for any € > 0,

(1.21) @ — 0, asd — 0,

which follows immediately from (1.15) and (1.16). Thus, to complete the
proof of Proposition 1.1, it remains to establish the estimate (1.13).

Lemma 1.2. Given ¢,§ > 0, take v numbers t; € QT, 0 <t; < --- <,
such that t, —t; < 6. Let

(1.22) A={weP:|w(tr) —w(t;)| > e, for some j=1,...,v}.
Then
(1.23) W(A4) < 2p(,0).

Proof. Let
B={w:|w(t) —w(t,)| > %},
(1.24) Cj={w: lwty) —w(t) > %}7
Dj ={w:|w(t1) —w(t;)| > € and

lw(t1) —w(ty)] <e,Vk<j—1}

Then A C BU LVJ (C; N Dy), so
j=1

Jj=

(1.25) W(A) <W(B)+ > W(C;nD;).
j=1
Clearly, W(B) < p(¢/2,6). Furthermore, via (1.8)—(1.9), if we set
D(w(tl), e 7cu(t]-)) =1, if we Dy, 0 otherwise,
C(w(tj),w(ty)) =1, ifwe Cj, 0 otherwise,
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we have C(z;,z,) = Ci(x; — x,) and
W(C; N D,)

/ /D z1,...,25)C(zj,2,)p(tr, x1)p(tes —t1, 0 — 1) -+

p(t; —tj—1, 2 —x—1)p(ty — tj, 2, — x;) daydaj - - - day

(1.26)
<p / /D (@1,...,zj)p(ti,z1) - pt; —tj—1, 25 — 1)
cdxj---dry
< (5. 0)W (D)),
S0)
(127) > W(CiND;) < p(3,9),

J

since the D; are mutually disjoint. This proves (1.23).

Let us note an intuitive approach to (1.26). Since D; describes properties
of w(t) for t € [t1,t;] and C; describes a property ofw( v)—w(t;), these sets
describe independent events, so W(C; N D;) = W(C;)W (D;); meanwhile
W(C)) < ple/2,6).

We continue the demonstration of (1.13). Now, given such ¢; as in the
statement of Lemma 1.2, if we set

(1.28) E={w:|w(t;) — w(ty)| > 2e, for some j, k € [1,v]},
it follows that
(1.29) W(E) < 2p(%,5),

since F is a subset of A, given by (1.22). Now, E(a,b,¢), given by (1.11),
is a countable increasing union of sets of the form (1.28), obtained, say, by
letting {t1,...,t,} consist of all ¢ € [a,b] that are rational with denomi-
nator < K, and taking K " +o00. Thus we have (1.13), and the proof of
Proposition 1.1 is complete.

We make the natural identification of paths w € Py with continuous
paths w : [0,00) — R™. Note that a function ¢ on By of the form (1.8), with
t; € R", not necessarily rational, is a pomtvvlse limit on Py of functions
in C#, as long as F is continuous on H1 R™ and consequently such ¢
is measurable. Furthermore, (1.9) continues to hold, by the dominated
convergence theorem.

An alternative approach to the construction of W would be to replace
(1.7) by P = H{R” ‘te R*}. With the product topology, this is compact

but not metrizable. The set of continuous paths is a Borel subset of ‘53, but
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not a Baire set, so some extra measure-theoretic considerations arise if one
takes this route.

Looking more closely at the estimate (1.19) of the measure of the set
F(k,e,0), defined by (1.17), we note that you can take ¢ = K+/dlog1/J,
in which case

1 1\n/2-1
(1.30) p(e,8) =y (K log 5) <C, (log 5) §K*/4,
Then we obtain the following refinement of Proposition 1.1.

Proposition 1.3. For almost allw € 3, we have the modulus of continuity
8y/dlog 1/4, that is, given 0 < s,t < k < oo,

(1.31) lim sup (‘w(s) —w(t)| - 8\/(510g1 ) <0.
|s—t|=6—0 1)

In fact, (1.30) gives W(Sy) = 1, where Sy, is the set of paths satisfying
(1.31), with 8 replaced by 8 + 1/k, and then (), Sj is precisely the set of
paths satisfying (1.31).

This result is not quite sharp; P. Levy showed that, for almost all w € 3,

with p(d) =24/dlog1/5, 0 <s,t <k < o0,

(1.32) lim sup wls) = w(B)]

=1.
|s—t|—0 M(“S—t')

See [McK] for a proof. We also refer to [McK] for a proof of the result, due
to Wiener, that almost all paths w are nowhere differentiable.

By comparison with (1.31), note that if we define functions X; on 3,
taking values in R"™, by

(1.33) Xt (w) = w(t),
then a simple application of (1.8)—(1.10) yields

(134 Xl = [ laPplt,a) do = 2nt,
and more generally
(1.35) 1 Xt — Xl p2ep) = V2n |s — t]*/2.

Note that (1.35) depends on n, while (1.32) does not.

Via a simple translation of coordinates, we have a similar construction
for the set of Brownian paths w starting at a general point € R, yielding
the positive functional £, : C() — R, and Wiener measure W,,, such that

(1.36) Eo(0) = [ olw) W)
B
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When ¢(w) is given by (1.8), E,(p) has the form (1.9), with the function
p(t1,x1) replaced by p(t1,21 — ). To put it another way, FE,(¢) has the
form (1.9) with F(zq,...,xx) replaced by F(z1 + x, ...,z + ).

We will often use such notation as

Ex(f(w(t))

instead of [o f(Xi(w))dWe(w) or By (f(Xi(w))).
The following simple observation is useful.

Proposition 1.4. If ¢ € C(*B), then E,(p) is continuous in .

Proof. Continuity for ¢ € C#, the set of functions of the form (1.8), is
clear from (1.9) and its extension to z # 0 discussed above. Since C# is
dense in C'(PB), the result follows easily.

Exercises

1. Given a > 0, define a transformation D, : Po — Po by
(Daw)(t) = aw(a™>t).

Show that D, preserves the Wiener measure W. This transformation is called
Brownian scaling. _

2. Let Po = {w € Po : 1imsaoo~sflw(s) = 0}. Show that W (o) = 1.
Define a transformation p : Po — Po by

(pw)(t) = tw(t™),

for t > 0. Show that p preserves the Wiener measure W.
3. Given a > 0, define a transformation R, : Po — Po by

(Raw)(t) = w(t), for0<t<a,
2w(a) —w(t), fort>a.

Show that R, preserves the Wiener measure W.

4. Show that LP(Bo,dWy) is separable, for 1 < p < co. (Hint: P is a compact
metric space. Show that C'() is separable.)

5. If 0 < a1 < b1 < az < bz, show that X3, — Xq, is orthogonal to X, — X,, in
L*(P, dW,, R™), where X;(w) = w(t), as in (1.33).

6. Verify the following identities (when n = 1):

(1.37) o (ew(t)—w(s))) s
(1.38) Ez([w(t) ~ w(s)] Qk) - (lej)!lt — o,
(1.39) E(w(s)w(t)) = 2 min(s, ¢).

7. Show that e}« € L2(PBo, dWp) if and only if A < 1/8t.
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2. The Feynman-Kac formula

To illustrate the application of Wiener measure to PDE, we now derive

a formula, known as the Feynman-Kac formula, for the solution operator
tH(A—V)
e to

(2.1) % =Au—Vu, u(0)=/f,

given f in an appropriate Banach space, such as LP(R™), 1 < p < o0, or
f € Co(R™), the space of continuous functions on R™ vanishing at infinity.
To start, we will assume V' is bounded and continuous on R". Following
[Nel2], we will use the Trotter product formula

k
t(A=V)r _ 7 (t/k)A —(t/k)V
(2.2) e f klingo (e e ) f.
k
For any k, (e(t/k)Ae_(t/k)V) f is expressed as a k-fold integral:
(et etermv) * )

Vi ¢ i

(2.3) = /-“/f(xk)e (t/R)V( k)p(%’xk. —xk—1) /R (@io1)
t
Ve () ey,

Comparison with (1.36) gives

(2.4) (e(t/k)Ae—(t/k)V>kf(x) — Eu(oh),

where

IS

(2.5) pr(w) = f(w(t) e 5 Siw) =

k it
v(w(Z))-
> V()
j=1
We are ready to prove the Feynman-Kac formula.

Proposition 2.1. IfV is bounded and continuous on R"™, and f € C(R"™)
vanishes at infinity, then, for all x € R"™,

(2.6) AV f(@) = By (f(w(t))e Jo Vi),

Proof. We know that e/»~") f is equal to the limit of (2.4) as k — oo,
in the sup norm. Meanwhile, since almost all w € 3 are continuous paths,
Sk(w) — f(f V(w(7))dr boundedly and a.e. on 3. Hence, for each z € R”,
the right side of (2.4) converges to the right side of (2.6). This finishes the
proof.
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Note that if V is real-valued and in L>(R™), then e*(*~") is defined on
L>(R™), by duality from its action on L!(R™), and

(2.7) f, €CEMRM), f, /1= B7V)f, 7ellA=VI1,
Thus, if V' is real-valued, bounded, and continuous, then, for all x € R™,
(2.8) e A1(z) = B, (e— i V<w<T>>d7) .

We can extend these identities to some larger classes of V. First we
consider the nature of the right side of (2.6) for more general V.

Lemma 2.2. Fixt € [0,00). If V € L>°(R"™), then

(2.9) Iy (w) = /0 V(w(r)) dr

is well defined in L*(B). IfV, is a bounded sequence in L*°(R™) and
V, — V in measure, then Iy, — Iy boundedly and in measure on 3. This
is true for each measure W,, x© € R™.

Proof. Here, L™ is the set of equivalence classes (mod a.e. equality)
of bounded measurable functions, that is, elements of £°°(R™). Suppose
W € L£°(R™) is a pre-image of V. Then fot W(w(7)) dm = 1w (w) is defined
and measurable, and [uw || zoo(p) < [|W/|goe@nyt. If W# is also a pre-
image of V, then W = W# almost everywhere on R". Look at U, defined
on P x RT by

U(w,s) = W(w(s)) = W#(w(s)).

This is measurable. Let K C R"™ be the set where W (z) # W#(z); this
has measure 0. Now, for fixed s, the set of w € P such that w(s) € K
has Wiener measure 0. By Fubini’s theorem it follows that U = 0 a.e. on
P x RT, and hence, for almost all w € P, U(w,-) = 0 a.e. on RT. Thus
fg W#(w(r)) dr = fg W (w(7)) dr for a.e. w € P, so Iy is well defined in
L>(P) for each V € L>*(R™). Clearly, |[Iv ||z < ||V]L=t.

If V, — V boundedly and in measure, in view of the previous argu-
ment we can assume without loss of generality that, upon passing to a
subsequence, V., (z) — V(z) for all z. Consider

Un(w, ) = V(w(s)) = Vi (w(s)),

which is bounded in L (g x RT). This converges to 0 for each (w,s) €
B x R, so by Fubini’s theorem again, fg U,(w,s) ds — 0 for a.e. w. This
completes the proof.

A similar argument yields the following.

Lemma 2.3. IfV € L (R™) is bounded from below, then
(2.10) ev(w) =e" Jo V(w(m))dr
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is well defined in L>°(%B). If V,, € LL (R™) are uniformly bounded below

loc

and V,, — V in L] _, then ey, — ey boundedly and in measure on ‘.

Thus, if V € LL _(R"), V > —K > —o0, take bounded, continuous V,,
such that V,, > —K and V,, — V in L} . We have [e!(A=V)| < K? for
all v, where || - || can be the operator norm on L?(R™) or on C,(R"™).
Now, if we replace V by V,, in (2.6), then Lemma 2.3 implies that, for any

f € C§°(R™), the right side converges, for each x, namely,

(2.11) E, (f(w(t))e_ Jo V“(‘”(T))dT) — P(t)f(x), asv — oc.

z € R, if f € C3°(R),

Clearly |P(t)f(z)] < eX'E.(|f]) < eX!||f||r~. Consequently, for each

(212) AT f(a) — P()f() = By (f(w(t))e 3 VD)
It follows that P(t) : C§°(R™) — L*°(R™). Since
(2.13) A=Y f(@)] < Ktet|f|(a),

we also have P(t) : C§°(R") — L'(R™). Furthermore, we can pass to the
limit in the PDE du, /0t = Au, — V,u, for u, = et(A=V) f o obtain for
u(t) = P(t)f the PDE
(2.14) Ou =Au—Vu, u(0)=/f
ot

If A —V, with domain D = D(A) N D(V), is self-adjoint, or has self-
adjoint closure A, the uniqueness result of Proposition 9.11 in Appendix
A, Functional Analysis, guarantees that P(t)f = et f. For examples of
such self-adjointness results on A — V| see Chapter 8, §2, and the exercises
following that section. Thus the identity (2.6) extends to such V, for
example, to V € L (R™); so does the identity (2.8).

We can derive a similar formula for the solution operator S(¢,0) to

(2.15) % =Au—-V(t,x)u, u(0)=f,

using the time-dependent Trotter product formula, Proposition A.5, and
its consequence, Proposition A.6. Thus, we obtain

(2.16) S(t,0)f(z) = B, (f(w(t))e_ I v<w(7>>d7)
when V(t) € C([0,00), BC(R")), BC(R") denoting the space of bounded

continuous functions on R™. By arguments such as those used above, we
can extend this identity to larger classes of functions V().
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Exercises

1. Given € > 0, X € R, compute the integral operator giving
(2.17) 2?2 £ (g,

(Hint: Use ex® + Az = e(x + X/2¢)? — A?/4¢ to reduce this to the problem of
computing the integral operator giving

(2.18) e 2= ().

For this, see the material on the harmonic oscillator in §6 of Chapter 8, in
particular, Mehler’s formula.)
2. Obtain a formula for

(219) E, (e—a fof w(s)2ds—A fof w(s) ds> — et(ag_gy_,\x)l(x)
in the case of one-dimensional Brownian motion. (Hint: Use the formula
0= () = a(t)e PO
—1/2 1
a(t) = (cosh 2\/515) , b(t) = 5\/5 tanh 2+/¢t,

which follows from the formula for (2.18). Alternatively, verify (2.20) directly,
examining the system of ODE

a'(t) = —2a(t)b(t), b (t) =e —4b(t).)
3. Pass to the limit € N\, 0 in (2.19), to evaluate

(2.21) E, (e”fo‘ “(5)‘“).

Note that the monotone convergence theorem applies.

(2.20)

Exercises 4 and 5 will investigate

(2.22)  w(e) = W <{w ey /Oaw(s)Q ds < e}> _p (/Oaw(s)Q ds < g> .

4. Using Exercise 2, show that, for all A > 0,
/ ¢,(5)67>\S ds = Ey (eikfoa w(s)? ds)
0

—1/2 —-1/2
= (COSh 2a\/X> = 267“\5\(1 + 67411\&) .

Other derivations of (2.23) can be found in [CM] and [Lev].
5. The subordination identity, given as (5.22) in Chapter 3, implies

o —As _ —av/x : _a —3/2 _—a?/4s
«(8)e ds = V2e if o(8) = —s e .
| e pule) = =

(2.23)

Deduce that

1

1/”(5) = Soa(s) — §<P5a(3) + %(pga(s) — e,
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hence that

iP (/ w(s)? ds < 6)
de 0

a 32 {67112/45 1 . 56725&/45 + 3 . 96781&/45 _
V2m

2
Show that the terms in this alternating series have progressively decreasing
magnitude provided €/a® < 1/2. (Hint: Use the power series

(2.24)

_ 1 3
1 1/2:1_, ,2_...
(1+y) 5Y T Y

with y = 674(1\5.)
6. Suppose now that w(t) is Brownian motion in R™. Show that

Ey (e_Afoa |“(S)‘2ds) = (cosh 2aﬁ) _n/Q.

Deduce that in the case n = 2,

e 2a _ _ _ _

Show that the terms in this alternating series have progressively decreasing
magnitude provided e < 2a?.

3. The Dirichlet problem and diffusion on domains with
boundary

We can use results of §2 to provide connections between Brownian motion
and the Dirichlet boundary problem for the Laplace operator. We begin
by extending Lemma 2.3 to situations where V,, /' V, with V(z) possibly
equal to +00 on a big set. We have the following analogue of Lemma 2.3.
Lemma 3.1. Let V, € L{ (R™), —K <V, /' V, with possibly V(z) =
+00 on a set of positive measure. Then ey (w), given by (2.10), is well
defined in L*°(P), provided we set e~ = 0, and ey, — ey boundedly and
in measure on 2, for each t.

Proof. This follows from the monotone convergence theorem.

Thus we again have convergence with bounds in (2.11)—(2.13). We will
look at a special class of such sequences. Let 2 C R"™ be open, with
smooth boundary (in fact, Lipschitz boundary will more than suffice), and
set E=R"\ Q. Let V,, > 0 be continuous and bounded on R™ and satisfy

(3.1) V,=0onQ, V,>vonE, V,/,

where FE, is the set of points of distance > 1/v from Q. Given f €
L2(R"™), g € L%(Q), set Pof = flo € L*(Q), and define Eqg € L*(R")
to be g(x) for z € Q, 0 for x € E=R™\ Q.
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Proposition 3.2. Under the hypotheses above, if f € L?>(R"), then
(3.2) et(A_V”)f — EQ@tAQ (PQf),

as v — oo, where Aq is the Laplace operator with Dirichlet boundary
condition on ().

Proof. We will first show that, for any A > 0,
(3.3) A=A+V,) ' f = Eqo(A— Aq) ' Paof.
Indeed, denote the left side of (3.3) by u,, so (A — A+ V,)u, = f. Taking

the inner product with u,, we have

A 1
(3-4) /\Huu||%2+||Vuull2Lz+/Vuluul2 de = (f,u) < §||uu||2m+ﬁ\|fll2mv
SO

A 1
65 Sluwlis IVl + [ Vilul® do < o

Thus, for fixed A > 0, {u, : v € Z*} is bounded in H'(R™), while
fEu |u,|? dz < C/v. Thus {u,} has a weak limit point u € H!(R"),
and u = 0 on UE,,. The regularity hypothesized for 92 implies u € H}(Q).
Clearly, (A — A)u = f on 9, so (3.3) follows, with weak convergence in
H'(R™). But note that, parallel to (3.4),

MlullZe +IVulZe = (f,u) = lim (f ),

V— 00

SO

(3.6) MlullZ> + [Vullfs > limsup Auy |72 + |V |72
Hence, in fact, we have H'-norm convergence in (3.3), and a fortiori L2-
norm convergence.

Now consider the set F of real-valued ¢ € C,([0,00)) such that, for all
f € L3%(R"),

(3.7) o(—A+V,)f — Eqp(—Aq)Paf, in L*(R™)-norm,

where ¢(H) is defined via the spectral theorem for a self-adjoint operator
H. (Material on this functional calculus can be found in §1 of Chapter 8.)
The analysis above shows that, for each A > 0, 7x(s) = (A + s)~! belongs
to F. Since P Eq is the identity on L?(Q), it is clear that F is an algebra;
it is also easily seen to be a closed subset of C,([0,00)). Since it contains
ry for A > 0, it separates points, so by the Stone-Weierstrass theorem all
real-valued ¢ € C,([0,00)) belong to F. This proves (3.2).

The version of (2.12) we have this time is the following.
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Proposition 3.3. Let Q2 C R™ be open, with smooth boundary, or more
generally with the property that
{u€ H'(R™) : supp u C Q} = H} ().
Let F € C§°(R"), f = F|q. Then, for allz € Q, t >0,

(3.8) A f(z) = E, (f(w(t))e*fot fzsz<w<f>>dr> .

On the left, e'® is the solution operator to the heat equation on Rt x Q
with Dirichlet boundary condition on 02, and in the expression on the
right

(3.9) lo(z) =0 on Q, 400 onR"\Q=F.
Note that, for w continuous,

— [t ea(w(r))dr . =
e Jo =Y5(w,t) =1 if w([0,t]) C Q,
(3.10) %2( ) ([ ])

0 otherwise.

The second identity defines ¢g(w, t). Of course, for w continuous, w([0,t]) CJj
) if and only if w([0,t] N Q) C S

We now extend Proposition 3.3 to the case where Q2 C R™ is open, with
no regularity hypothesis on d€2. Choose a sequence {2; of open regions with
smooth boundary, such that Q; CC Q;11 CC -+, ;€ = Q. Let A,
denote the Laplace operator on €2;, with Dirichlet boundary condition, and
let A denote that of €2, also with Dirichlet boundary condition.

Lemma 3.4. Given f € L?(Q), t >0,
(3.11) B f = lim E;je!®Pf,
J—00

where P;f = flq, and, for g € L*(QY)), E;g(z) = g(z) for z € Q;, 0 for
e \ Qj.
Proof. Methods of Chapter 5, §5, show that, for A > 0,
(3.12) E;A—A)7'Pif - (A= A)f
in L?-norm, and then (3.11) follows from this, by reasoning used in the
proof of Proposition 3.2.

Suppose f € Cg°(Q). Then, for j > L, Eje!®if — 2 f in L?-norm,
as we have just seen. Furthermore, local regularity implies

(3.13) Eje!®if — e f  locally uniformly on Q.
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Thus, given such f, and any z € Q (hence z € Q; for j large),

(3.14) L f(@) = lim By (f(w)vg, (@)
Now, as j — o0,
(3.15) b, (@.1) /" b, ),

where we define
Yo(w,t) =1 ifw([0,t]) C Q,

(3.16)
0 otherwise.

This yields the following:

Proposition 3.5. For any open @ C R", given f € C3°(f2), = € Q,
(3.17) e f(z) = B, (f (w(®)va(w,t)) .

In particular, if Q has smooth boundary, one can use either 1q(w,t) or
Yg(w,t) in the formula for e'® f(z). However, if 9 is not smooth, it is
Ya(w, t) that one must use.

It is useful to extend this result to more general f. Suppose f; € C3°(€2),
f € L%Q), and f;(z) \, f(z) for each z € Q. Then, for any t > 0, !> f; —
e'® f in L2(Q) N C>°(Q), while, for each z € Q, E,(f;(w(t))vq(w,t)) con-
verges \, to the right side of (3.17), by the monotone convergence theorem.
Hence (3.17) holds for all such f; denote this class by £(€2). Clearly, the
characteristic function yx € L£(Q2) for each compact K C Q.

By the same reasoning, the class of functions in L?(Q) for which (3.17)
holds is closed under forming monotone limits, either f; / f or f; \, f, of
sequences bounded in L?(£2). An argument used in Lemma 2.2 shows that
modifying f € L%(2) on a set of measure zero does not change the right
side of (3.17). If S C Q is measurable, then

xs(z) = lim xg,(z), a.e.,
J—00

for an increasing sequence of compact sets K; C S, so (3.17) holds for
f = xs. Thus it holds for finite linear combinations of such characteristic
functions, and an easy limiting argument gives the following:

Proposition 3.6. The identity (3.17) holds for all f € L?(Q2) when t >
0, x €.

Suppose now that  is bounded. Then, for f € LP(Q)), 1 < p < oo,

3.18 —~AT = e dt,
(3.18) f/oeft
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the integral being absolutely convergent in LP-norm. If f € C§°(Q)), we
hence have, for each = € ,

(3.19) —at ) = B ([ S(e0)vnten dr).

Furthermore, by an argument such as used to prove Proposition 3.6, this
identity holds for almost every x € €, given f € L?(Q), and for every x if
fi € C§°(Q) and f;(x) / f(z) for all z. In particular, for  bounded,

(3.20) A" (z) = E;(Yo(w)), z€Q,

where, if w is a continuous path starting inside 2, we define
da(w) = / Yo (w, t)dt = sup {t : w([0,t]) C Q}
0

=min{t: w(t) € 00}.

In other words, ¥q(w) is the first time w(t) hits 0Q; it is called the “first
exit time.” Since A7'1 € C(Q), it is clear that the first exit time for
a path starting at any =z € Q is finite for W,-almost every w when  is
bounded. (If w starts at a point in 92 or in R™ \ Q, set Jq(w) = 0.) Note
that we can write

Vo (w)
(3.22) ~A"f(z) = E, (/O f(w(t)) dt> :

(3.21)

If 99 is smooth enough for Proposition 3.3 to hold, we have the formula
(3.19), with g (w, t) replaced by ¢g(w,t), valid for all z € Q. In particular,
for smooth bounded €2,

(3.23) —A'1(2) = B, (Vg5(w)), z€Q,

where we define

(3.24) Ug(w) = inf {t:w(t) € R"\ Q} =max {¢t: w([0,t]) C Q}.

(If w(0) € R™\ , set ¥g(w) = 0.) Comparing this with (3.20), noting that
Ug(w) > Yo(w), we have the next result.

Proposition 3.7. If Q is bounded and 0f) is smooth enough for Proposi-
tion 3.3 to hold, then

(3.25) € Q= Vg(w) =Vg(w), for W,- almost every w,
and
(3.26) x € 000 = Vg(w) =0, for W,- almost every w.

The probabilistic interpretation of this result is that, for any = € €, once
a Brownian path w starting at x hits 02, it penetrates into the interior of
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R™ \ © within an arbitrarily short time, for W,-almost all w. From here
one can show that, given z € 9€), W -a.e. path w spends a positive amount
of time in both © and R™ \ 2, on any time interval [0, so], for any so > 0,
however small. This is one manifestation of how wiggly Brownian paths
are.

Note that taking f = 1in (3.17) gives, for all z € 2, any open set in R",

(3.27) P 1(z) = W, ({w:dgw) >1t}), ze,

the right side being the probability that a path starting in 2 at x has first
exit time > t. Meanwhile, if 0 is regular enough for Proposition 3.3 to
hold, then

(3.28) e 1(z) = W, ({w : Og(w) > t}).

Comparing these identities extends Proposition 3.7 to unbounded 2.
The following is an interesting consequence of (3.28).

Proposition 3.8. For one-dimensional Brownian motion, starting at the
origin, givent > 0, A > 0,

(3.29) W({w: sup w(s) > A}) =2W ({w:w(t) > A}).

0<s<t

Proof. The right side is [\ p(t,x) dz, with p(t,z) = etd*/da? 5(z) =
(47rt)*1/26’“”2/4t, the n = 1 case of (1.5). The left side of (3.29) is the
same as W ({w : ¥9(_ oo »)(w) < t}), which by (3.28) is equal to 1 — e'*1(0)
if L = d?/dx? on (—oo, \), with Dirichlet boundary condition at x = \. By
the method of images we have, for z < A,

¢1(e) = [ ot HO = o+ ) dy,

where H(s) = 1 for s > 0, —1 for s < 0. From this, the identity (3.29)
readily follows.

We next derive an expression for the Poisson integral formula, for the
solution PI f = u to
(3.30) Au=0o0nQ, ulspg=Ff

This can be expressed in terms of the integral kernel G(x,y) of A~! if 9
is smooth. In fact, an application of Green’s formula gives

(3.31) PLI(0) = [ ) 5-Glay) dS().
o0

where vy is the outward normal to 99 at y. A closely related result is
the following. Let f be defined and continuous on a neighborhood of 9.
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Given small § > 0, set
(3.32) Ss = {z € Q: dist(x,00Q) < ¢},
and define ugs by

us =0 2fs on Q, wus =0 on 9N,

(3.33)
fs=fonSs, 0onQ\S;s.

Lemma 3.9. If 9X) is smooth, then, locally uniformly on 2,

1
34 li — __PIf.
(3.34) Jim s 5 f

Proof. If v is the outward normal, we have

3
us(e) =572 / | Gle= 1) ds ds(s) + o)

e /f )(/Oésds> dS(y) + o(1)

D, ¢
—f/f )5, Gla1) dS(0) +o(0)

(3.35)

so the result follows from (3.31).

Comparing this with (3.22), we conclude that when 9 is smooth,

2 Ja(w)
336 P =lm 5, ( [ re)s o dt>,

where S5 is as in (3.32), and, for S C €,
ts(w,t) =1 ifw(t) €S,

0 otherwise.

We will discuss further formulas for PI f in §5.

(3.37)

Exercises

1. Looking at the definitions, check that 1g(w,t) and Yg(w) are measurable
when Q C R" is open with smooth boundary and that ¢q(w,t) and Yo(w)
are measurable, for general open Q C R".

2. Show that if x € O, then

(3.38) {w e Po : ¥5w) < to} = U {w € Po : w(s) € R™\ O}

s€[0,t0)NQ
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3. For any finite set S = {s1,...,sx} C Q", N € Z", set

Fy.s(@) = B, (w(s1) . w(sk) ),
Oy s(z1,...,TK) = min(N,min{s,, cx, €R" \6})

Show that, for any continuous path w,

(3.39) Ya(w) =sup inf Fy s(w).
N S

Note that the collection of such sets S is countable.
4. If P y = {w € Po : ¥5(w) < N} and O is bounded, show that

(3.40) W, (fno \maN) <CN.

(Hint: Use (3.23).)
5. If w € P& v, show that

(3.41) Va(w) = lim 9, n(w),
where

¥, (w) = min <N, inf{s €27VLT w(s) ¢ 5})

Write ¥, v (w) = @ n (w(sl), . ,w(sL)), where ®,, n has a form similar to
® s in Exercise 3.

6. For one-dimensional Brownian motion, establish the following, known as
Kolmogorov’s inequality:

2t
o e > 0.

(3.42) W({w: sup |w(s)| > s}) <=

0<s<t
(Hint: Write the left side of (3.42) as W({w F ooy (w) < t}), and relate
this to the heat equation on = [—¢, ¢], with Dirichlet boundary condition,
in a fashion parallel to the proof of Proposition 3.8.)

Note that this estimate is nontrivial only for ¢ < 52/2. By Brownian scaling,
it suffices to consider the case e = 1. Compare the estimate

W({w: sup lw(s)| > e}) < 4/ p(t,) da,
0<s<t €
which follows from (3.29).
7. Given 2 C R" open, with complement K, and A with Dirichlet boundary
condition on 0f2, show that, for z € €,

(3.43) W, ({w g (w) = oo}) — Hx(z),
where
(3.44) Hy(t,z) = e®1(z) \, Hi (), ast / oc.

8. Suppose that K = R"\{2 is compact, and suppose there exists Hy (z) € C(Q),
harmonic on §2, such that Hx = 0 on 0K and Hx(z) — 1, as |z| — co. Show
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that
Hy(t,z) > Hre(x), for all t < oo.
(Hint: Show that AHk(t,z) < 0 and that Hg(t,z) — 1 as |z| — oo, and
use the maximum principle.)
Deduce that if such Hg () exists, then W, ({w sdg(w) = oo}) > 0.
In the context of Exercise 8, show that if such Hg exists, then in fact

(3.45) Hi(z) = Hi(z), forall z € Q.

10.

(Hint: Show that Hx must be harmonic in  and that limsup,| ., Hk(z) <
1.)

By explicit construction, produce such a function on R™ \ B when B is a ball
of radius a > 0, provided n > 3.

Using Exercises 7-9, show that when n > 3,

(3.46) Wz({w Cw(t)] — oo as t — oo}) =1

11.

12.

13.

(Hint: Given R > 0, the probability that |w(t)] > R for some t is 1. If
R >> a, and |w(to)| > R, show that the probability that |w(to + s)| < a for
some s > 0 is small, using (3.43) for K = B, = {z : |z| < a}.) To restate
(3.46), one says that Brownian motion in R" is “non-recurrent,” for n > 3.
If n < 2 and K = B,, show that Hx(t,z) = 0 in (3.44), and hence the
probability defined in (3.46) is zero. Deduce that if n < 2 and U C R" is
a nonempty open set, almost every Brownian path w visits U at an infinite
sequence of times ¢, — oco.

One says that Brownian motion in R" is “recurrent,” for n < 2.

Relate the formula (3.34) for PI f to representations of PI f by double-layer
potentials, discussed in §11 of Chapter 7. Where is the second layer coming
from?

If Q is a bounded domain with smooth boundary, show that (3.36) remains
true with Ss replaced by

Ss = {z € R™\ Q : dist(z, Q) < 6§}

and with Jq(w) replaced by ¥, (w), where Qs = QU Ss. (Hint: Start by
showing that us(x) — —(1/2)PI f(z), for = € €, where, in place of (3.33),

AUs =8"2f5 on Q5, wUs =0 on 6,
with f5 = f on §5, 0 on Q.

Martingales, stopping times, and the strong Markov
property

Given t € [0,00), let B; be the o-field of subsets of P, generated by sets
of the form

(4.1) {w € Po :w(s) € E},
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where s € [0,¢] and E is a Borel subset of R™. One easily sees that each
element of B; is a Borel set in P. As ¢ increases, B; is an increasing family
of o-fields, each consisting of sets which are W -measurable, for all x € R"™.
Set B, = U(Ut<oo B,).

Given f € L'(Po, B, dW,,), we can define the conditional expectation

(4'2) E, (f‘%t)v

a function measurable with respect to By, as follows. Denote by W, ; the
restriction of the Wiener measure W, to the o-field B;. Then

(4.3) A(S) = / f(@) AW, (@) = Ex(fxs)
S

defines a countably additive set function on 28, which is absolutely contin-
uous with respect to W, ¢, so by the Radon-Nikodym theorem there exists a
B;-measurable function ®;, uniquely defined W, ;-almost everywhere, such
that (4.3) is equal to fs Oy (w) dWy i (w), for all S € B;. This function is
E.(f|B:). Clearly,

(4.4) f € L' (Bo, Boo, dW,) = E,(f|B:) € L' (Bo, By, dWaye).

This construction of conditional expectation generalizes in the obvious
way to any situation where f is measurable with respect to some o-field
3, and is L' with respect to a given probability measure on §, and one
wants to define the conditional expectation E(f|§o) with respect to some
sub-o-field §g of §.

Note that we can regard L*(PBo, B+, dW, +) naturally as a closed linear
subspace of L'(Bo, Boo, dW,). Then the map f — E,(f|B;) is a projec-
tion. Similarly, we have

f € L*(Bo, Boo, dW,) = E,(f|B:) € L*(Bo, Br, dWayy),

and in this case FE,(f|®B;) is simply the orthogonal projection of f onto
L2(Bo, B¢, dW, 1), regarded as a linear subspace of L(Bo, Boo, dW,.). The
reader might think of this in light of von Neumann’s proof of the Radon-
Nikodym theorem, which is sketched in the exercises for §2 of Appendix
A.

The following is a statement that Brownian motion possesses the Markov

property.

Proposition 4.1. Given s,t >0, f € C(R"),

(4.5) Eo(f(w(t+5))|Bs) = Eus) (f(w(t)), for Wy-almost all w.
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Proof. The right side of (4.5) is Bs-measurable, so the identity is equiv-
alent to the statement that

@) [ et s) dwaw) = [( [ 1G®) W @) (o),
5 5
for all S € B,. It suffices to verify (4.6) for all S of the form

S = {w € q30 : w(tl) S El,...7u)(t[() S EK},

given t; € [0,s], E; Borel sets in R”. For such S, (4.6) follows directly
from the characterization of the Wiener integral given in §1, that is, from
(1.6)—(1.9) in the case z = 0, together with the identity

(4.7) / F@®) AW, (@) = B(f(y +w(t)
used to define (1.36).

We can easily extend (4.5) to
(4.8) Ey(F(w(s+t1),...,w(s+tx)|Bs) = Eus) (F(w(tr), ..., w(tr))),

for W, -almost all w, given tq,...,t; > 0, and F' continuous on H]f R™, as
n (1.8). Also, standard limiting arguments allow us to enlarge the class of
functions F' for which this works. We then get the following more definitive
statement of the Markov property.

Proposition 4.2. For s > 0, define the map

(4.9) os: Po — Po, (osw)(t) = w(t+ s).
Then, given ¢ bounded and B .-measurable, we have
(4.10) E, ((p o 05‘%5) = Eu(s)(p), for Wy-almost all w.

The following is a useful restatement of Proposition 4.2.

Corollary 4.3. For s > 0, define the map

(4.11) Us: Po — Po, (Pew)(t) = w(t +s) —w(s).
Then, given ¢ € L'(Bo, dWy), we have
(412) E, (QO 0y ‘%s) = EO(@)'

In particular,
(4.13) Es (f(ﬁsw(t)) |%€) = Ep (f(w(t)))
Note that (4.12) implies ¥ is measure preserving, in the sense that

(4.14) W (971(S)) = Wa(S),

S
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for Wy-measurable sets S. The map 1, is not one-to-one, of course, but it
is onto the set of paths in Py satisfying w(0) = 0.

The Markov property also implies certain independence properties. A
function ¢ € L'(PBo,dW,) is said to be independent of the o-algebra B;
provided that, for all continuous F,

(4.15) /F(gp(w)) AW, (w) =W,(S)E,(Foy), VSeB,.
s
An equivalent condition is
(4.16)  E,(F(p)¢) = E4(F(9))Ex(¢), V¥ € L' (Po, By, dW,),
given F(p)y € L'(Po,dW,.), and another equivalent condition is
(4.17) E.(F(¢)|B1) = B (F(9))-
In turn, this identity holds whenever the left side is constant. From Corol-
lary 4.3 we deduce:
Corollary 4.4. For s > 0, Y,w(t) = w(t+s) —w(s) is independent of B.

Proof. By (4.13),
(4.18) E.(F(w(t+s) —w(s))’%s) = Eo(F(w(t))),
which is constant.
The Markov property gives rise to martingales. By definition (valid in

general for an increasing family B; of o-fields), a martingale is a family
Fy € L'(Po, By, dW,.1) such that

(4.19) E, (Ft|EBS) = F, when s < t.
If E,(F:|Bs) > Fs for s < t, {F;} is called a submartingale over B;. The

following is a very useful class of martingales.

Proposition 4.5. Let h(t,z) be smooth in t > 0,z € R™, and satisfy
|h(t,z)| < C.ecl®I” for all € > 0, and the backward heat equation

on _
ot
Then bi(w) = h(t,w(t)) is a martingale over By.

(4.20) —Ah.

Proof. The hypothesis on h(t,z) implies that, for ¢,s > 0,

(4.21) h(s,x) = | p(t,y)h(t+ s,z —y) dy,
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where p(t, z) = e*A§(x) is given by (1.5). Now

Eqy(bis|Bs) = Ex(h(t + s,w(t + 5))|Bs)
= E,(s) (h(t + s,w(t))),

for W,-almost all w, by (4.5). This is equal to

(4.22)

(4.23) / Pty — w(s)) h(t + s,y) dy,

by the characterization (1.9) of expectation, adjusted as in (1.36), and by
(4.21) this is equal to h(s,w(s)) = hs(w).

Corollary 4.6. For one-dimensional Brownian motion, the following are
martingales over B;:

(424)  mw) =), qw) =w®)? -2 5iw) = e,

given a > 0.

One important property of martingales is the following martingale max-
imal inequality.

Proposition 4.7. If F; is a martingale over By, then, given any countable
set {t;} C RY, the “maximal function”

(4.25) F*(w) =sup F;(w)
J
satisfies, for all A > 0,

1

Of course, the assumption that F} is a martingale implies that || Fy||z1 is
independent of ¢.

Proof. It suffices to demonstrate this for an arbitrary finite subset {t;} of
R*. Thus we can work with f;(w) = F,(w),B; = B;,,1 < j < N, and
take t; < to < --- < ty, and the martingale hypothesis is that F, (fx |%j) =
f;j when j < k. There is no loss in assuming fy(w) > 0, so all f;(w) > 0.
Now consider

(4.27) Sy ={w: f*(w) > A} = {w : some f;(w) > A}.
There is a pairwise-disjoint decomposition

N
(428)  Sx=J Sy, Sy={w:/fjw)>Abut fy(w) <A for £ < j}.

j=1
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Note that Sy; is B ;-measurable. Consequently, we have

/fN (w) dW,(w)
S

N N
(4.20) =Y [ v awa@) =Y [ 5i) daw)

A I=lsy,
N

> AW (Sh;) = A Wa(Sy).
j=1

This yields (4.26), in this special case, and the proposition is hence proved.

Applying the martingale maximal inequality to 3,(w) = e (®—a’t

obtain the following.

, we

Corollary 4.8. For one-dimensional Brownian motion, given t > 0,

(4.30) Wo({w € Po: sup w(s) —as > A}) < e *
0<s<t

Proof. The set whose measure is estimated in (4.30) is

{w € Po: sup ew(®)—a%s e},
0<s<t
Since paths in Py are continuous, one can take the sup over [0, t]NQ, which
is countable, so (4.26) applies. Note that Fy(3:) = 1.

We turn to a discussion of the strong Markov property of Brownian
motion. For this, we need the notion of a stopping time. A function 7 on
PBo with values in [0, +00] is called a stopping time provided that, for each
t >0, {we€ Po:7(w) <t} belongs to the o-field B;. It follows from (3.39)
that ¥ is a stopping time. So is J¢.

Given a stopping time 7, define 96, to be the o-algebra of sets S € B,
such that S N{w : 7(w) < t} belongs to B; for each ¢ > 0. Note that 7 is
measurable with respect to *B,;. The hypothesis that 7 is a stopping time
means precisely that the whole set P satisfies the criteria for membership
in B,;. We note that any ¢t € [0,00), regarded as a constant function on
Po, is a stopping time and that, in this case, B, =[], Bs.

The following analogue of Propositions 4.1 and 4.2 is one statement of
the strong Markov property.

Proposition 4.9. If 7 is a stopping time such that T(w) < oo for W,-
almost all w, and ift > 0, then

(4.31) B, (f(@(r +0)[Br1 ) = Buir) (F(@(1))),
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for Wy-almost all w. More generally, with
(o7w)(t) = w(t +7),
and ¢ bounded and *B.-measurable, we have

(4.32) Ey(poor|Bry) =E,um(p),

for W-almost all w.

As in (4.6), the content of (4.31) is that

(4.33) /f (r+1) dWa( //f )(w#))dm(w),

given S € B,;. In other words, given that SN {w : 7(w) < t'} € By, for
each ¢’ > 0. There is no loss in taking 2 = 0, and we can rewrite (4.33) as

(4.34) /f (7 +1) dW(w //f () AW (W#) dW (w).
It is useful to approximate 7 by discretization:

(4.35) To(w) =27k, if 27 (k- 1) < 7(w) < 27"k.

Thus

(4.36) {w:n(w) <t} ={w:7(w) <277k} € By,

so each 7, is a stopping time. Note that

Ay = 1Ty =277k

(4.37) p=twim(w) }
={w:7(w) <27k} \{w:T(w) < 27"(k - 1)}

belongs to Bo—v ..
If 7 is replaced by 7, the left side of (4.34) becomes

(4.38) 3 / Flwlt +277R)) dW(w),

vk sna,,

and the right side of (4.34) becomes

(4.39) Z / / fw? () +w(27k)) dW (w#) dW (w).
vk sna,,

Note that if S € B,4, then SN A, € By—p. Thus, the fact that each
term in the sum (4.38) is equal to the corresponding term in (4.39) follows
from (4.6). Consequently, we have

(4.40) /f (1, +1)) dW(w //f )t w(r)) AW (w#) AW (w),
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for all v, if S € B,,. The desired identity (4.34) follows by taking v — oo,
if f € C(R"). Passing from this to (4.32) is then done as in the proof of
Proposition 4.2.

In particular, the extension of (4.31) analogous to (4.8), in the special
case F(z1,22) = f(xa — x1), yields the identity

. S/f w(r +1) — w(r)) dW (w //f W(w#) dW (w)

(4.
= E(f(w(t))) - W(S),

given S € B,,. This, together with the extension to F(x1,...xx), says
that w(7 +t) — w(7) = B(t) has the probability distribution of a Brownian
motion, independent of *B,;. This is a common form in which the strong
Markov property is stated.

It is sometimes useful to consider stopping times for which {w : 7(w) =
oo} has positive measure. In such a case, the extension of Proposition 4.9
is that (4.32) holds for W, -almost w in the set {w : 7(w) < co}. Thus, for
example, (4.33) and (4.34) hold, given S € B,, and S C {w : 7(w) < co}.

We next look at some operator-theoretic properties of

Qq :L*(Po, dWo) — L2(Po,dWs), Qup = Eo(|By),
L?(Po, dWo) — L*(Po, dWo), Orp(w) = p(Vw),

where ¥ is given by (4.11). For each t > 0, @Q; is an orthogonal projection,
and Q;Q: = Q:Qs = Qs, for s < t. Note that (4.13) implies

(4.43) QtO: = Qo,
since Qo is the orthogonal projection of L?(Py,dWy) onto

(4.42)

(4.44) R(Qo) = set of constant functions.

Proposition 4.10. The family O, t € [0,00), is a strongly continuous
semigroup of isometries of L*(Bo,dWy), with

(4.45) R(©:) C Ker(Q: — Qo) = {w: Eo(¢|Bt) = const.}.

Proof. That ©; is an isometry follows from the measure-preserving prop-
erty (4.14). If we apply Qo to (4.43), we get QuO; = Qo; hence (Q; —
Q0)O¢ = 0, which yields (4.45).

The semigroup property follows from a straightforward calculation:

(4.46) Fo¥sw = Vpysw = Ogyp = O;0,.
The convergence

(4.47) Q50 — O in L*(Po, dWy), as s — t,
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is easy to demonstrate for ¢(w) of the form (1.8), that is,

(4.48) () = f(wtr), ..., w(te)),

with f continuous on R”x - - - xR" (k factors). In fact, p(ds(w)) = @s(w) —
¢t (w) boundedly and pointwise on B for such ¢. Since the set of ¢ of the
form (4.48) is dense in L?(Bo, dWy), (4.47) follows.

Proposition 4.11. The family of orthogonal projections @; is strongly
continuous in t € [0, c0).

Proof. It is easy to verify that, for any ¢ € L?(Bo, dWy),

(4.49) Qsp — Qi—p = Eo(p|Bs—), ass Tt

provided ¢t > 0, and

(4.50) Qsp — Qo = Eo(p|Bry), as s\t

where

(4.51) B, = U(U %S), By = () B.
s<t s>t

It is also easy to verify that B;_ = B, for t > 0, s0 Qsp — Qip as s " t.
On the other hand, it is not true that B,y = By, so the continuity of Q¢
from above requires more work.

Suppose t; € Q1 and

(4.52) 0<ti<to< - <ty <t<tpp1<---<topk.
Let f; € C (R”) Consider any function on 3 of the form
p(w) = Ag(w)Bye(w)
= fi(w(t1)) -~ fe(w(te)) - fogr(w(tesr)) - foar(w(tesr))-

Denote by C” the linear span of the set of such functions. For ¢ of the form
(4.53), we have

(4.54) Fo(|B1) = Au(w)Eo(By| B).
Iftyy, =t+s,, 1 <v <k, we have, by (4.8),
(4.55)  Eo(Bie|B¢) = Eoqry (fer1(@(s1)) -+ - ferr(w(sk))), a.e. on Po.
Now, if t <t 4+ h < tyy1, we also have
Eo(¢Btyn) = Ae(w) Eo(Bre|Birn)
= Ag(w)Ey(t4n) (e),

(4.53)

(4.56)

where

(4.57) Ye(w) = fopr(wlst —h)) - forr(w(sk — h)).
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19
E. () = / / s1 — h,z1)p(s2 — s1, 22 — 1)

~p(Sk = Sk—1,Tk — Th—1)
 for1(x1 +l’)~-~f¢+k(Ik +Z‘) dxy, -+ - dx.

The continuity in (x, h) is clear. Since paths in By are continuous, we have,
by linearity, that

(459) Y e = Eo((p|%t> = }ILI{‘I%) EO((P|%t+h); Wy-a.e.

Now, as in (

(4.58)

Now the Stone-Weierstrass theorem implies that C” is dense in C (), which
is dense in L?(B, dWy) = L%(Po, dWy). Thus we have

(4.60) Eo(¢Bi+) = Eo(¢]B:), Wo-a.e.,
for every ¢ € L?(Bo,dWy), and the proposition is proved.

Exercises

1. Show that the martingale maximal inequality applied to p¢(w) = w(t) yields

Wo({w €Po: sup w(s) > b\/M}> < 1
0<s<t b
Compare with the precise result in (3.29).

2. With B;_ characterized by (4.51), show that B:_ = By, as stated in the proof
of Proposition 4.11. (Hint: In the characterization (4.1) of B, one can restrict
attention to E open in R™.)

3. Using (4.60), show that

S € Boyr = Wo(S)=0or 1.
This is called Blumenthal’s 01 law. If £ € R" is a closed set, show that
{w € Po : w(t,) € E for some ¢, \, 0}

is a set in BWoy. (Hint: Consider {w € Po : dist(w(t),E) > 6 > 0fort €
[277e,e]NQ} = S(E, d,¢,v).)

4. Let N be the collection of (Wo-outer measurable) subsets of Po with Wo-
measure zero. Form the family of o-algebras %f = B, UN, called the aug-
mentation of B¢. Show that %f& D B+ and, with notation parallel to (4.51),

B =B8] =87,

Note: The augmentation of B is bigger than the completion of B;.

5. Let §: be the o-algebra of subsets of Py generated by sets of the form (4.1)
for s > t, and set Ao = ﬂbo §:. Using Blumenthal’s 01 law and Exercise 2
of §1, show that

S €A = Wy(S)=0o0r 1.
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If E C R" is a closed set, show that
{w € Po : w(ty) € E for some ¢, / oo}

is a set in Ao

5. First exit time and the Poisson integral

At the end of §3 we produced a formula for PI f, giving the solution u to
(5.1) Au=0inQ, wu= f on 09,

at least in case 2 is a bounded domain in R™ with smooth boundary. Here
we produce a formula that is somewhat neater than (3.36) and that is
also amenable to extension to general bounded, open 2 C R", with no
smoothness assumed on 0€2. In the smooth case, the formula is

(5-2) PIf(z) = E:(f(w(g)), =€,

where Yg(w) is the first exit time defined by (3.24).

From an intuitive point of view, the formula (5.2) has a very easy and
natural justification. To show that the right side of (5.2), which we denote
by u(z), is harmonic on €, it suffices to verify the mean-value property. Let
x € Q be the center of a closed ball B C . We claim that u(x) is equal to
the mean value of u|gp. Indeed, a continuous path w starting from x and
reaching 02 must cross OB, say at a point y = w(9p). The future behavior
of such paths is independent of their past, so the probability distribution
of the first contact point w(d¥¢), when averaged over starting points in 0B,
should certainly coincide with the probability distribution of such a first
contact point in 99, for paths starting at = (the distribution of whose first
contact point with 9B must be constant, by symmetry).

The key to converting this into a mathematical argument is to note that
the time ¥p(w) is not constant, so one needs to make use of the strong
Markov property as a tool to establish the mean-value property of the
function u(zx) defined by the right side of (5.2).

Let us first make some comments on the right side u(z) of (5.2). By
(3.40) we have

63)  Juw)~ [ 10) dWValo)| < Ol N
q35,1\7

Let us extend f € C(99) to an element f € Cp(R™), without increasing
the sup norm. By (3.41), we have

(5.4) flwg)) = VlLrI;O fw@yn(w))), forwe Pa.n
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where ¥,, v (w) = min (N, inf {s € 27VZT : w(s) ¢ Q}). Thus, if the integral

in (5.3) is denoted by upy(x), then

(5.5) uy(x) = lim wuy,(z) = lim fw@y,n(w))) dWy(w).
Pan

Here the limit exists pointwise in x € 2. Now each uy, is continuous on
), indeed on R™. Consequently, u(x) given by the right side of (5.2) is at
least a bounded, measurable function of z.

To continue the analysis, given x € ), we define a probability measure
Vg0 on 02 by

(5.6) B, (f(w(Vg)) = / 1) dvealy),
Q

for f € C(09).
Lemma 5.1. If x € O CC Q and O and ) are open, then

(5.7) Vg Q = /Vy,Q dve,0(y)-
00

Proof. The identity (5.4) is equivalent to the statement that, for f €
C(09Q),

(5.8) By (f(w(¥g))) = /Ey(f(w(ﬁﬁ))) dvz,0(y)-
a0
The right side is equal to

(5.9) B (9(w(¥5))):  9(y) = Ey(f(w(¥g)))-
In other words,
(5.10) 9(w(¥g)) = Euwy) (#),  pw) = f(w(dgW))).

Now we use the strong Markov property, in the form (4.22), namely,
Euo(n(p) =Ey (SD ° UT|$BT+),

for W,-almost all w, where (o,w)(t) = w(t + 7) and 7 is a stopping time.
This implies

(5.11) /Ew(.r)(go) dWw(w):/Ew(<p007|%T+) AW, () = Eu(p 0 o).
PBo Po

Applied to 7 = V¥, this shows that (5.9) is equal to E,(p o 0195). Now,
with w(t) = oyzw(t) = w(t + JIg(w)), we have, for O CC Q, Jg(w) =
VUg(w) — ¥5(w), as long as w is a continuous path starting in O. Hence

(5.12) P(@) = [(@(Wg(w) —VpW) = f(wWgWw))) = W)
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Thus (5.9) is equal to E,(¢), which is the left side of (5.6), and the lemma
is proved.

Consequently, the right side u(x) of (5.2) is a bounded, measurable func-
tion of x satisfying the mean-value property. An integration yields that
such u(z) is equal to the mean value of u over any ball D C {2, centered at
x, from which it follows that u(z) is continuous in Q2. Then the mean-value
property guarantees that u is harmonic on Q. To verify (5.2), it remains
to show that u(x) has the correct boundary values.

Lemma 5.2. Assume 0f) is smooth. Given y € 092, we have u(y) = f(y),
and u is continuous at y € ).

Proof. That u(y) = f(y) follows from the fact that Jg(w) = 0 for W,-
almost all w, according to Proposition 3.7. To show that u(z) — u(y) as
x — y from within , we argue as follows.

By (3.23), for z € Q, E,(Yg5) = —A~'1(x). Hence this quantity ap-
proaches 0 as x — y. Thus, given ¢; > 0, there exists 6 > 0 such that

(5.13) lz—y| <0 = W, ({w: Igw) >e1}) < ea.

Meanwhile, in a short time, 0 < s < g1, a path w(s) is not likely to wander
far. In fact, by (3.28) plus a scaling argument,
Wey={wePo: sup  fuwls) —w(0)] = ")
(5.14) O<s<er
- Wm(Wsl) < ’1/1(61),

where 1(e) — 0 as e — 0.

Thus, if |z — y| < §, with probability > 1 — g9 — ¢(e1), a path starting
at x will, within time €1, hit 0, without leaving the ball B_i/s(z) of

1

radius 51/ 3 centered at z. Now, a given f € C(92) varies only a little over

{z€ed:|z—y|l < 51/3 + ¢} if &7 and 0 are small enough. Therefore,
indeed u(z) — u(y), as ¢ — y.

We have completed the demonstration of the following.

Proposition 5.3. If Q) is a bounded region in R™ with smooth boundary
and f € C(0R), then PI f is given by (5.2).

Recall from §5 of Chapter 5 the construction of
(5.15) PI: C(0Q) — L=(Q)NC*(Q)

when 2 is an arbitrary bounded, open subset of R", with perhaps a very
nasty boundary. As shown there, we can take

(5.16) Qcccc---CcCcQ /O



5. First exit time and the Poisson integral 35

such that each boundary 0f2; is smooth, and, if f is extended from 95 to
an element of C,(R™), then

(5.17) z€Q=Plf(z)= lim u,(x),
j—o0

where u; € C(€;) is the Poisson integral of f|sq,. In (5.17) one has uniform
convergence on compact sets K C €, the right side being defined for j > jo,
where K C §,. The details were carried out in Chapter 5 for f € C*(R"),
but approximation by smooth functions plus use of the maximum principle
readily extends this to f € C,(R").

If we apply Proposition 5.3 to ;, we conclude that, for f € C,(R™),z €
Q,

(5.18) PLi(x) = lim E, ( f(ww@j))).
On the other hand, it is straightforward from the definitions that
(5.19) g, (w) /" Yq(w), forall w e Py.

Therefore, via the dominated convergence theorem, we can pass to the limit
in (5.18), proving the following.

Proposition 5.4. IfQ) is any bounded, open region in R™ and f € C(99),
then

(5.20) PIf(z) = E, (f(w(ﬁg))), e Q.

We recall from Chapter 5 the notion of a regular boundary point. A point
y € 09 is regular provided PI f is continuous at y, for all f € C'(92). We
discussed several criteria for a boundary point to be regular, particularly
in Propositions 5.11-5.16 of Chapter 5. Here is another criterion.

Proposition 5.5. If Q C R" is a bounded open set, y € 0L, then y is a
regular boundary point if and only if

5.21 E,(¥q) =0, asx —y, x €L
(

Proof. Recall from (3.20) that E,(dq) = —A~*1(z). Thus (5.21) holds if
and only if this function is a weak barrier at y € 99, as defined in Chapter
5, right after (5.26). Therefore, (5.21) here implies y is a regular point. On
the other hand, A=11(z) can be written as the sum x?/2 + ug(x), where
ug = —(1/2) PI (x%|ag), so if (5.21) fails, y is not a regular point.

One might both compare and contrast this proof with that of Lemma
5.2. In that case, where 02 was assumed smooth, the known regularity
of each boundary point was exploited to guarantee that E,(dg) — 0 as
x — y € 99, which then was exploited to show that u(z) — u(y) as z — v.
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In the next section, we will derive another criterion for y to be regular,
in terms of “capacity.”

Exercises

1. Explore connections between the formulas for PI f(z), for f € C(092), when
Q is bounded and 92 smooth, given by (3.36) and by (5.2), respectively.

6. Newtonian capacity

The (Newtonian) capacity of a set is a measure of size that is very important
in potential theory and closely related to the probability of a Brownian path
hitting that set. In our development here, we restrict attention to the case
n > 3 and define the capacity of a compact set K C R™. We first assume
that K is the closure of an open set with smooth boundary.

Proposition 6.1. Assume n > 3. If K C R" is compact with smooth
boundary 0K, then there exists a unique function Uy, harmonic on R™\ K,
such that Uk (z) — 1 asx — K and Uk (z) — 0 as |z]| — oo.

Proof. We can assume that the origin 0 € R™ is in the interior of K. Then
the inversion v(x) = z/|x|? interchanges 0 and the point at infinity, and
the transformation

(6.1) v(@) = Ja| =" Pw(|z| %)

preserves harmonicity. We let w be the unique harmonic function on the
bounded domain ¢(R” \ K), with boundary value w(z) = |z|~("~2 on
Y(OK). Then v, defined by (6.1), is the desired solution. The uniqueness
is immediate, via the maximum principle.

Note that the construction yields
(62)  |U(@)| < Clal~"2, [0,Uxc(a)| < Cla|~"D,  |a] - oc.

The n = 3 case of this result was done in §1 of Chapter 9.

Another approach to the proof of Proposition 6.1 would be to represent
Uk (x) as a single-layer potential, as in (11.44) of Chapter 7. This was
noted in a remark after the proof of Proposition 11.5 in that chapter.

Now that we have established the existence of such Uy, Exercises 7-9 of
83 apply, to yield

(6.3) Uk(z) / Uk(z), ast / oo,
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where, for z € O =R"\ K,

Uk (x) =1 —etPo1(x)

6.4
(6.4) =W, ({w:do(w) < t}).

Here, Ap is the Laplace operator on O, with Dirichlet boundary condition.
The last identity follows from (3.27). We can replace the first exit time 9
by the first hitting time:

(6.5) b (w) = Irn\ k(W)
Consequently,
(6.6) Uk (z) = W, ({w : hr(w) < oo});

that is, for z € O, Ug(x) is the probability that a Brownian path w,
starting at x, eventually hits K.

We set Uk (z) = 1 for x € K. Then (6.6) holds for 2z € K also. It follows
that Ux € C,(R™), and AUy is a distribution supported on 0K. In fact,
Green’s formula yields, for ¢ € C§°(R"),

0

(6.7 (Ui 0) = = [ oly) 55 Uic) dS(0),
oK

where v is the unit normal to 0K, pointing into K. By Zaremba’s principle,
UKk (y) > 0, for all y € OK, so we see that AUx = —ug, where ug is
a positive measure supported on K. The total mass of ug is called the
capacity of K:

(6.8) cap K = /d,uK(x).

K

Since, with C,, = (n — 2) - Area(S"71),

(6.9) Uk(z) = =A" g = G, / | =y~ dpgc(y),
we have
e o ff ‘W ~ [ Ux(@) duce) = cap .

the left side being proportional to the potential energy of a collection of
charged particles, with density dug, interacting by a repulsive force with
potential Cy|z — y|~(»~2). The function Uk (z) is called the capacitary
potential of K. Note that we can also use Green’s theorem to get

(6.11) HVUKHZB(RH) = /UK(ac) duk(z) = cap K.
K
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Note that if K; C Kj have capacitary potentials U;, AU; = —pu;, then
Us; =1on Kq, so

cap Ky = /UQ(I) duy (z) = —(Ua, AUy)
(6.12)

:/Ul(x) dps(x) < cap Ko,

since Uy (z) < 1. Thus capacity is a monotone set function.

Before establishing more formulas involving capacity, we extend it to
general compact K C R". We can write K =) K, where K1 DD K3 DD
-+ DD K; \, K, each K; being compact with smooth boundary. Clearly,
U; = Uk, is a decreasing sequence of functions < 1, and by (6.11), VU;
is bounded in L?(R™). Furthermore, AU; = —pu;, where y; is a positive
measure supported on 0K, of total mass cap K, which is nonincreasing,
by (6.12). Consequently, we have a limit:

(6.13) lim U; = Uk,

J—0o0

defined a priori pointwise, but also holding in various topologies, such as
the weak® topology of L>®(R™). We have Ux € L®(R"), 0 < Uk(z) <
1; VUg € L*(R"), and AUx = —u, where p is a positive measure, sup-
ported on K. Furthermore, p; — p in the weak™ topology, and Ux =
—A~'4.  Any neighborhood of K contains some K;. Thus, if K| DD
K3 DD -+ DD Kj N\, K is another choice, one is seen to obtain the same
limit Uk, hence the same measure p, which we denote as pux. We set

(6.14) cap K = /duK(x).

Note that, as in (6.12), cap K = [U;(z) duk(z), for each j. Thus, as
before, cap K = [ Uk () dpk (), this time by the monotone convergence
theorem. Consequently,

(6.15) Uk(z) =1 pg-almost everywhere.
Clearly, cap K <inf cap Kj;. In fact, we claim
(6.16) cap K =inf cap K;.

This is easy to see; p; converges to px pointwise on C,(R™); choose g €
C,(R™), equal to 1 on K7; then

(6.17) cap K = (g, ux) = lim (g, ;) = lim capKj,
proving (6.16). We consequently extend the monotonicity property:

Proposition 6.2. For general compact K C L, we have cap K < cap L.

Proof. We can take compact approximants with smooth boundary, K; \,
K, L; \, L, such that K; C L;. By (6.12) we have cap K; < cap L;, and
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this persists in the limit by (6.16). We also have Uk (x) < Up(z) for all .
Using (6.15), we obtain

(6.18) cap K = /UL(x) duk ().

One possibility is that cap K = 0. This happens if and only if ux = 0,
thus if and only if Ux = 0 almost everywhere. If cap K > 0, we continue
to call Uk the capacitary potential of K.

We record some more ways in which U; — Ug. First, it certainly holds
in the weak® topology on L*°(R"). Hence VU; — VUg in D'(R"). By
(6.11), VU; is bounded in L?*(R™); hence VU; — VU weakly in L?(R™).
Since also U; € C,(R™), we have

VUK |32 = lim (VU;,VUg) = lim —(U;, AUk)
j—o0 j—o0
(6.19)
= lim [ Uj(z) du(zr) = cap K,
j—o0
the last identity holding as in the derivation of (6.15). Thus (6.11) is
extended to general compact K. Furthermore, this implies

(6.20) VU; — VU in L*(R™)-norm.
Hence
(6.21) p; — pre in H'(R™)-norm.

We now extend the identities (6.3) and (6.6) to general compact K, in
reverse order.

Proposition 6.3. The identity (6.6) holds for general compact K C R™.

Proof. Since (6.6) has been established for the compact K; with smooth
boundary, we have

(6.22) l—Uj(£E> ZW;E(Q[KJ.>, QlKj = {we‘no ZW<R+) CR”\KJ}.

Clearly, if K; \, K, g, C g, C -~ C Ag, / A, where A is
a proper subset of Ax = {w € Po : w(RT) C R"\ K}. However, for
n > 3, Brownian motion is nonrecurrent, as was established in Exercise
10 of §3. Thus |w(t)] — oo as t — oo, for W-almost all w, so in fact
W, (2k \ Ax) =0, and hence 1 — Ug (z) = W, (U ), which is equivalent
to (6.6).

Proposition 6.4. The identity (6.3) holds for general compact K C R™.

Proof. We define UL () to be 1—e*201(x), as in (6.4); the second identity
in (6.4) continues to hold, by (3.27). Now, clearly, the family of sets S; =



40 11. Brownian Motion and Potential Theory

{w € Po : hx(w) <t} is increasing as t /' oo, with union

USt = {w S ‘130 : f)K(w) < OO}7
and this gives (6.3).

We next establish the subadditivity of capacity.

Proposition 6.5. If K and L are compact, then

(6.23) Ukur(z) < Ug(z) + Ur(z)
and
(6.24) cap(KUL) < (cap K) + (cap L).

Proof. The inequality (6.23) follows directly from (6.6) and the subaddi-
tivity of Wiener measure. Now, as in (6.12), we have

/UK(I) durur(z) = —(Uk, AUkur)

(6.25) — /UKuL(I) dpre ()
= cap K,
the last identity by (6.18), with L replaced by K U L. Hence
cap K+ cap L = /[UK(x) +UL(2)] dukur(z),

so the estimate (6.23) implies (6.24).

Note that even if K and L are disjoint, typically there is inequality in
(6.23), hence in (6.24). In fact, if K and L are disjoint compact sets,

(cap K) + (cap L) = cap(K U L)+ R,

R= [ Uk(x) duxor(z) + [ Ur(z) durur(x),
/ /

(6.26)

the quantity R being > 0 unless either cap K = 0 or cap L = 0. Unlike
measures, the capacity is not an additive set function on disjoint compact
sets.

We began this section with the statement that the capacity of K is closely
related to the probability of a Brownian path hitting K. We have directly
tied Uk (x) to this probability, via (6.6). We now provide a two-sided
estimate on Uk () in terms of cap K.
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Proposition 6.6. Let 6(x) = sup{|z —y| : y € K}, and let d(z) denote
the distance of x € R" from K. Then

(6.27) 5(522 (cap K) < Ug(z) < d(:vC;’LLQ (cap K).

Proof. The formula Uk (z) = C,, [ |z —y|~ ™2 duk (y) represents U ()
as Cp(cap K) times a weighted average of |z — y|~ ("2 over K. Now, for
ye K, d(z) < |z —y| <d(x), so (6.27) follows.

We want to compare this with the probability that a Brownian path hits
OK in the interval [0,¢]. Tt ¢ is large, we know that |w(t)| is probably large,
given that n > 3, and hence w(s) probably will not hit K for any s > t.
Thus we expect this probability (which is equal to Uk (z)) to be close to
Uk (x). We derive a quantitative estimate as follows. Since 1 — Uk (x) =
etAo1(z), we have, for s > 0,

(6.28) Ulrs(z) — Uk (z) = et®o1(z) — etr9)R80] (z) = 2o U3 (2),
and taking s / oo, we get
(6.29) Uk (z) — Uk (z) = et Ug ().

Hence, if we denote the heat kernel on O = R"\ K by po(t,z,y), and that
on R™ by p(t,z —y), as in (1.5),

Ug (2) = Uk (x)

(6.30) = /Po(tv%y)UK(y) dy < /p(t,:cfy)UK(y) dy
o ] |yt Y Gy durc(2) < (cap K)o(t,),

where

(6.31) ok(t,x)=C, sup / 2 dy = sup / p(s,x — z) ds,
2€K ly — Z|n 2€K Jt

the last integral being another way of writing e*®(—A)~1§(z — z) when

n > 3. An upper bound on o (t,z) is [, (4ms)~™/? ds, so we have

(6.32) 0 < Ug(z) —Ulk(x) < %(477)‘”/%—”/2“(0@ K).

There is an interesting estimate on the smallest eigenvalue of —A on the
complement of a compact set K, in terms of cap K, which we now describe.
Let @ = {x € R" : 0 < z; < 1} be the closed unit cube in R™, and let
K C @ be compact. We consider the boundary condition on functions on

Q\K:
0

(6.33) u=0on Ik, a—z =000 dQ\ OK.
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To define this precisely, let H'(Q,K) denote the closure in H'(Q) of
the set of functions in C°°(Q) vanishing on a neighborhood of K. Then
the quadratic form (du,dv)p2 restricted to H(Q, K) x HY(Q, K) defines
an unbounded, self-adjoint operator L, which we denote —Ag x, with
D(L'?) = HY(Q,K) C H'(Q). Hence —Ag x has compact resolvent
and thus a discrete spectrum. Let \o(K) be its smallest eigenvalue.

Proposition 6.7. The smallest eigenvalue A\o(K) of —A on Q \ K, with
boundary condition (6.33), satisfies the estimate

(6.34) Ao(K) > vy, cap K,

for some v, > 0.

Proof. Let pg k(t,x,y) denote the heat kernel of Ag . With O = R"\ K,
let po(t,z,y) denote the heat kernel of A on O, with Dirichlet boundary
condition, as in (6.30). We claim that

(6.35) /pQ,K(t,w,y) dy < /po(t,w,y) dy, =€Q.
Q ]Rn

To see this, define K by the method of images, so in each unit cube with
integer vertices we have a reflected image of K, and, with O = R" \ K,

(6.36) po.x(tz,y) =Y ps(t.z, Ryy), x,y€Q,
J

where the transformations R; are appropriate reflections. Then (6.35) fol-
lows from the obvious pointwise estimate ps(t, z,y) < po(t,z,y). Now, if
we set

(637) M(t) - Sug /po(tvx7y) dy7
re
R™

it follows that

038) sw [ poultay) dy < MO, s [ potag) do < ()
5 y

the latter by symmetry. It is well known that the operator norm of e!4@.x

is bounded by the quantities (6.38). (See Proposition 5.1 in Appendix A.)

Thus

(6.39) |efde x| < M(t).
To relate this to capacity, note that

(6.40) M(t) = ilelg(l — Uk (2)).
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Now, applying the first estimate of (6.27), in concert with the estimate
(6.32), we have

(6.41) M(t)<1-— C’nn*”/ﬂl(cap K) (47r)*”/2t*"/2+1(cap K).

+ n—2
In particular, there exists a finite 7' = T,, and x > 0 such that
(6.42) M(T) <1 — k(cap K) < e " cap K,

Since this is an upper bound on [le72@:x ||, we have \o(K) > (k/T) cap K,
proving (6.34).

As an application of this, we establish the following result of Molchanov
on a class of Dirichlet problems with compact resolvent.

Proposition 6.8. Let 2 be an unbounded, open subset of R™, with com-
plement S. Suppose that there exists ¥(a) / oo as a \, 0, such that, for
each a € (0,1], if R™ is tiled by cubes Qq; of edge a, we have

(6.43) cap(Qaj N S) > Y(a)a® "2,

for all but finitely many j. Then the Laplace operator A on ), with
Dirichlet boundary condition, has compact resolvent.

Proof. By scaling Q,; to a unit cube, we see that if (6.43) holds, then —A
on Qq;\ S, with Dirichlet boundary condition on 9,5, Neumann on 0Qq; \ S,
has smallest eigenvalue > v, (cap Qq; N S)a=2("=2) which, by hypothesis
(6.43) is > v, (a) for all but finitely many j. The variational characteriza-
tion of the spectrum implies that the spectral subspace of L?(€2) on which
—A has spectrum in [0,v,%(a)] is finite-dimensional, for each a > 0, and
this implies that A has compact resolvent.

In our continued study of which boundary points of a region €2 are regu-
lar, it will be useful to have the following variant of Proposition 6.6. Here,
B, is the ball of radius r centered at the origin in R"; see Fig. 6.1.

Proposition 6.9. Let K be a compact subset of the ball By. Let Vi (x)
denote the probability that a Brownian path, starting at x € R™, hits K
before hitting the shell 0By = {x : |x| = 4}. Then there is a constant
Yn > 0 such that

(6.44) z € By = Vi(x) >3, (cap K).

Proof. Note that, by (5.20), Vi is also defined by
(6.45) AVg =0on B4\ K, Vk=1on K, Vg =0ondBy.
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FIGURE 6.1

We will compare Vi (x) with Ug (x). By (6.27), we have

(6.46) x € By = Uk(x) > 2-(n=2)c (cap K)
and
(6.47) x € 0By = Uk(x) < 37", (cap K).

By (6.47) and the maximum principle, we have, for z € By \ K,
Uk (z) — q(K)

1—q(K)
Now C),(cap K) < Cy(cap By) =1 (compare with Exercise 1 at the end of
this section), so using (6.46) we readily obtain (6.44), with

(6.48) Vi (z) > q(K) =3"""2C, (cap K).

(6.49) % = (1 _ 3—<"—2))71 (2—("—2> _ 3‘("‘2))Cn.

In particular, 73 = C5/4 = 7.

Of course, since Vi (z) < Ug(x), we also have
(6.50) z € By, dist(z, K) > p = V() < Cpp~ "2 (cap K).

This upper bound is valid for K C By; we don’t need K C Bj.

Now suppose y € K is the center of concentric balls B;, of radius 279y,
where r > 0 is fixed, 0 < j < v. See Fig. 6.2. Pick z € B,. We want to
estimate the probability that a Brownian path starting at x will exit By
before hitting K. Let’s call the probability pmiss(x, K). Using Proposition
6.9 and scaling, we see that, given x € Bj, the probability that it hits
OBj_> before hitting K N B; is < 1 — ﬁnr;(”*z) - cap(K N Bj), where
r; = 277r. Using the independence of this event and of the event that,
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FIGURE 6.2

given x € 0B;_,, the path will hit 0B;_4 before hitting K N B;_s, which
follows from the strong Markov property, we have an upper bound

(651) pmiss(xaK) < H (1 - ?Y/nr_(n_2)2(n_2)j : Cap(K N Bj)),
JESY

where S, = {j: 0 < j <wv, j =v mod 2}. A similar argument dominates
Pmiss (%, K) by a product over {1,...v}\ S,, so

(6.52) pmiss(x,K)2 < H(l - ﬁnr*(”*z)Q(”*z)j . cap(K N Bj)).

=0

Note that, as v — oo, the right side of (6.52) tends to zero, precisely when
the sum

)
(6.53) > 227 cap(K N B;)

j=0
is infinite. We are now ready to state the Wiener criterion for regular
points.

Proposition 6.10. Let Q2 be a bounded, open set in R", and let y € 0Q. If
Q is inside a ball B, set K = B\S). Theny is a regular point for ) if and only
if the infinite series (6.53) is divergent, where B; = {x € R™ : |[z—y| < 277}.

Proof. First suppose (6.53) is divergent. Fix f € C(9), and look at

(6.54) u(e) = PLf(z) = B (f(w(bx) ).
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Given € > 0, fix r > 0 so that f varies by less than e on {z € 9N : |z —y| <
r}. By (6.52), if § > 0 is small enough and |z —y| < §, then the probability
that a Brownian path w(t), starting at x, crosses By = {z : |z —y| = r}
before hitting K is < . Consequently,

655)  lv—yl <6 = |Ba(f(w(bx)) = F9)| <= +e-sup ]

This shows that PI f(x) — f(y) as ¢ — y, for any f € C(99Q), so y is
regular.

For the converse, if (6.53) converges, we claim there is a J < oo such
that there exist points in Q0 N By, arbitrarily close to y, which are starting
points of Brownian paths whose probability of hitting K before exiting B
is <1/2.

Consider the shells A; = {z : 2777 < |z —y| < 277}; Bj = U, Ar.
We will estimate the probability that a point picked at random in Ay is
the starting point of a Brownian path that hits K before exiting By, where
¢ is chosen > J. Since we are assuming n > 3, by the analysis behind
nonrecurrence in Exercises 7-10 of §3, the probability that a path starting
in Ay ever hits Byys is < 1/4. Thus if we alter K to K; = K \ Byy3, the
probability that a Brownian path starting in A, hits K, before 0B is not
decreased by more than 1/4. We aim to show that this new probability is
< 1/4if J is chosen large enough.

Now there is no further decrease in probability that the path hits K,
before 0B if we instead have it start at a random point in Byis, since
almost all such paths will pass into Ay, in a uniformly distributed fashion
through its inner boundary. So we deal with the modified problem of
estimating the probability p that a Brownian path, starting at a random
point in Byys, hits K, = K \ By before exiting Bj.

We partition the set {j : J < j < £+ 3} into two sets, where j is even or
odd; call these subsets Jy and [J1, respectively. Then form

(6.56) A= J 4, A= 4

JEJ JET

We estimate the probability p,, that a path starting in B, hits K, N A,
before hitting 0B ;. We have

(6.57) ORI
J€EITu

where p,,; is the probability that, given |z —y| = (3/4) - 27771 (ie., z is
on a shell S, halfway between the two boundary components of A;41),
then a path starting at = hits K N A; before hitting S;_;. By (6.50) and a
dilation argument, we have an estimate of the form

(6.58) Puj < 70227 cap(K N Aj).
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Thus the probability p that we want to estimate satisfies

043
(6.59) p <, Z 2(n=2)7 cap(K N Aj).

j=J
Of course, cap(KNA;) < cap(KNBj), soif (6.53) is assumed to converge,
we can pick J sufficiently large that the right side of (6.59) is guaranteed
to be < 1/4.

From here it is easy to pick f € C(02) such that f(y) = 1 but (6.54)
does not converge to 1 as x — y. This completes the proof of Proposition
6.10 and also shows that the hypothesis of convergence or divergence of
(6.53) can be replaced by such a hypothesis on

(6.60) > 2027 cap(K N A;).
j=0

We can extend capacity to arbitrary sets S C R™. The inner capacity
cap~ (5) is defined by

(6.61) cap™ (S) = sup {cap K : K compact, K C S}.

Clearly, cap™ (K) = cap K for compact K. If U C R" is open, we also set
cap U = cap~ (U). Now the outer capacity cap™(S) is defined by

(6.62) capt(S) = inf {cap U : U open, S C U}.

It is easy to see that cap™(S) > cap™(S) for all S. If cap™(S) = cap™ (),
then S is said to be capacitable, and the common quantity is denoted cap S.
The analysis leading to (6.16) shows that every compact set is capacitable;
also, by definition, every open set is capacitable. G. Choquet proved that
every Borel set is capacitable; in fact, his capacitability theorem extends
to a more general class of sets, known as Souslin sets. We refer to [Mey]
for a detailed presentation of this result.

The outer capacity can be shown to satisfy the property that, for any
increasing sequence of sets S; C R”,

S; /S = cap™(S;) / capt(9).
We establish a useful special case of this.

Proposition 6.11. If U; and U are open and U; /' U, then
capU; / cap U.

Proof. Given e > 0, pick a compact K C U such that cap K > cap U —e¢.
Then K C Uj for large j, so cap U; > cap U — ¢ for large j.

We next present a result, due to M. Brelot, to the effect that the set of
irregular boundary points of a given bounded, open set is rather small.
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Proposition 6.12. If Q) C R™ is open and bounded, the set I of irregular
boundary points in 0f2 has inner capacity zero.

Proof. The claim is that if K C [ is compact, then cap K = 0. By
subadditivity, it suffices to show the following: Given y € 0f, there is a
neighborhood B of y in R™ such that any compact K C I N B has capacity
zero.

We prove the result in the case that €2 is connected. Let L = B\ €, and
consider the capacitary potential Uy (x). In this case, R™ \ L is connected.
The function 1 — UL (z) is a weak barrier at any z € L N 0N with the
property that Up(z) — 1 as & — z, € R™ \ L. Thus it suffices to show
that the set J = {z € L : Ur(z) < 1} has inner capacity zero.

Let K C J be compact. We know that Uk (z) < Ur(x) for all x € R™.
Thus Ug(z) < 1 on K. Now, by (6.15), Ux(x) = 1 for px-almost all «,
so we conclude that px = 0, hence cap K = 0. This completes the proof
when (2 is connected.

The general case can be done as follows. If €2 is not connected, it has at
most countably many connected components. One can connect the various
components via little tubes whose total (inner) capacity can be arranged,
via Proposition 6.11, to be arbitrarily small, say < . Then the set of
irregular points is decreased by a set of inner capacity < . The reader is
invited to supply the details.

As noted in Proposition 5.5, the set of irregular points of 92 can be
characterized as the set of points of discontinuity of a function E, defined
on Q to be —A7'1(z) for x € Q and to be 0 on 9. Such a set of points
of discontinuity is a Borel subset of €1, in fact an F,s-set. Thus the ca-
pacitability theorem applies: If £ C R™ is a bounded open set, the set of
irregular points of 92 has capacity zero. This sharpening of Proposition
6.12 was first established by H. Cartan.

As we stated at the beginning of this section, we have been working
under the assumption that n > 3. Two phenomena that we have exploited
fail when n = 2. One is that A has a fundamental solution < 0 on all of
R™. The other is that Brownian motion is nonrecurrent. (Of course, these
two phenomena are related.) There is a theory of logarithmic capacity of
planar sets. One way to approach things is to consider capacities only of
subsets of some fixed disk, of large radius R, and use the Laplace operator
on this disk, with the Dirichlet boundary condition. Then one looks at
Brownian paths only up to the first exit time from this disk. The results
of this section extend. In particular, the Wiener criterion for n = 2 is the
convergence or divergence of

(6.63) ij -cap(K N Aj).

j=1
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Exercises

1. If K C R" is compact, show that
lim |z|" *Uk(z) = Cp cap K.

|z|—o0

If K = B, is a ball of radius a, show that cap B, = a™"2/C,.

Show generally that if a > 0 and K, = {az : z € K}, then cap K,

a" % cap K.

2. Show that cap K = cap K. Show that the identity cap 9B, = a" 2/Ch,
follows from (6.27), with « the center of B,.

3. Let Cyr be the union of two balls of radius a, with centers separated by a
distance r. Show that

cap Cyr /2 cap B,, asr — oo.

Estimate the rate of convergence.

4. The task here is to estimate the capacity of a cylinder in R", of height b and
radius a. Suppose C(a,b) = {z € R": 0 <z, <b, 27 +---+22_; < a’}.
Show that there are positive constants a,, and (3, such that

cap C(a,1) ~ ana"™®, a—0, n>4,
cap C(a,1) ~ Bna" "2, a— oo, n>3.

Derive an appropriate result for n =3, a — 0.
5. Let v be a positive measure supported on a compact set K C R", such that

UV(:C) = =Ch /\a:—y|” 2 — <L

Show that U, (z) < Uk(z) for all z € R". Taking the limit as |z| — oo,
deduce from the asymptotic behavior of U, (z) and Uk (z) (as in Exercise 1)
that f dv(z) < cap K.

6. Show that, for compact K C R",
(6.64) cap K = inf{/ IVf(x)|]? dz: f € C(R™), f=1 onnbd of K}‘

(Hint: Show that a minimizing sequence f; approaches Uk.)
Show that the condition f = 1 on a neighborhood of K can be replaced by
f>1on K. Show that if f € C5(R™), A >0,

(6.65) cap({z € R" : |f(@)] > A}) < A7V /7.
7. Show that, for compact K C R",

1 -
(6.66) capK_mf{ // |z— |n 2 /\EPK},

where P; denotes the space of probability measures supported on K.
(Hint: Consider the sesquilinear form

N =Co [l =y dute) i) = (AN
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as a (positive-definite) inner product on the Hilbert space Hx'(R™) = {u €
H~'(R™) : supp v C K}. Thus
(s M < (s 1) 2 2 )2

Take p = (cap K) 'ux € Pj, where pux is the measure in (6.8)—(6.10).
Show that (at least, when 0K is smooth),

1
cap K

1
cap K’

N EPENHE (R = () = / Ui (y) dA(y) =

and conclude that y(A, A) > 1/(cap K). Then use some limiting arguments.)
8. If K C R? is compact, relate cap K to the zero frequency limit of the scat-
tering amplitude, defined in Chapter 9, §1.
9. Try to establish directly the equivalence between the regularity criteria given
by Propositions 5.5 and 6.10.

10. In Chapter 5, §5, a compact set K C R"™ was called “negligible” provided
there is no nonzero u € H™*(R") supported on K. Show that if K is negli-
gible, then cap K = 0. Try to prove the converse.

11. Sharpen the subadditivity result (6.24) to

cap(K U L)+ cap(KNL) < (cap K) + (cap L),

for compact sets K and L. This property is called “strong subadditivity.”
(Hint: By (6.6), Uk (z) = Wo(Sk), where Sk = {w : hx(w) < oo}. Show
that Sxur = Sk USL and Sknr = Sk N Sz, and deduce that

Urur(z) + Uxnr(z) < Uk (z) + Ur(x).

Extending the reasoning used in the proof of Proposition 6.5, deduce that
cap K + cap L = /{Ux(m) + UL(x)} dprur ()

> /|:UKUL($)+UKNL($):| dpxur(x)

= cap(KUL)+ cap(KNL).)

7. Stochastic integrals

We will motivate the introduction of the stochastic integral by modifying

the Feynman-Kac formula, to produce a formula for the solution operator
et(A+X) to

ou ou
(7.1) e = Au+ Xu, u(0)=7f; XUZZXj(x)aTj'
As in (2.2), we use the Trotter product formula to write
e (s
k—o0

If we assume that each coeflicient X; of the vector field X is bounded
and uniformly Lipschitz, then Proposition A.2 applies to (7.2), given f €
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LP(R™), 1 < p < o0, or f € Cp,(R™), in view of Proposition 9.13 in Ap-
pendix A. Now, for any k, (e(t/k)Xe(t/k)A)kf can be expressed as a k-fold
integral:

(ea/k)xe(t/m) “ )

(7.3) = //f(xk)p(%7xk - Tp—1 — %fkq)

t t t t
"P(%@Q — I — %fl)P(E»fﬂl —x— %fo) dzy - - dwy,

where (with z¢g = )
(74) &= X($]) +ry, ;= O(kil)

Now we can write

¢ ¢ ¢ o) 2 (6 2
(75) p(EygL'jJrl —x; — Egj) :p(z’xj+1 _ xj) 65J (Tj41—z5)/2—(t/k)|&;] /4'

Consequently, parallel to (2.4),

(7.6) (e(t/me(t/m)’“ (@) = Ba(),
where
(7.7) op(w) = f(w(t))eAk(w)ka(w%
with
k—1 .
0= 5 L[ ] [0 -]
(7.8) =0 e | 2
4k§[ i)+
Thus we expect to establish a formula of the form
(7.9) O f(a) = B, (f(w(t) A0 7B )
where
(7.10) Bt = 1 [ X)) ds
and
Lo N (! j+1 j
(1) A@w) =5 lm S X(w() - [w(T—t) —w(Z)].

In (7.10), X (w)? denotes > X;(w)?. If the coefficients X; are real-valued,
this is equal to | X (w)|?.
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Certainly By (w) — B(t,w) nicely for all w € PBy. The limit we now need
to investigate is (7.11), which we would like to write as

(7.12) Alt,w) = % /0 X (w(s)) - duols).

However, w(s) has unbounded variation for W, -almost all w, so there re-
mains some analysis to be done on this object, which is a prime example
of a stochastic integral.

We aim to make sense out of stochastic integrals of the form

(7.13) /0 g(s,w(s)) - dw(s),
beginning with
(7.14) /0 g(s) - dw(s) = klim Zg(%t) . [w(%t) (%t)}

This is readily seen to be well defined in L?(Bo,dW,.), in view of the fact
that the terms 0;(w) = w((j + 1)t/k) — w(jt/k) satisfy

t

(7.15) ||9j||%2(m07dww) = 2%7 (05,00) 12 (p0,aw,) = 0, for j # ¢,
the first by (1.38). Thus
. — .
j + 1 J 2 t
(7.16) H T —w(Le ‘ “lg(L
Z { ) (k >] L2(Bo.dWs) Z k1

7=0

For continuous g, this is a Riemann sum approximating fo lg(s)|? ds, as

k — oo. Thus we obtain the following:

Proposition 7.1. Given g € C([0,1]), the right side of (7.14) converges
in L?(Po, dW,,). The resulting correspondence

t
g .—>/ g(s) dw(s
0
extends uniquely to v/2 times an isometry of L*([0,t], dt) into L?(Po, dWy).

We next consider

(7.17)  Si( Zg w(tin) - Zgj ),

where 0;(w) = w(tj+1) —w(ty), t; = (j/k)t. Following [Sl], Chapter V, we
compute

(T18) Sk amp .y = D Bo (95(@)85(w)ge(w)Be(w) ).
7.0
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If ¢ > 4, 0)(w) = w(tes1) — w(te) is independent of the other factors in
parentheses on the right side of (7.18), so the expectation of the product
is equal to E,(g;0;9¢)Ey(8;) = 0 since E;(0,) = 0. Similarly the terms in
the sum in (7.18) vanish when ¢ < j, so

1Sk l172 (0 ,aw ) ZE |95 (w)[*) Ex (16;]%)

(7.19)
= 2ZE$ lg(ts, w(t))*) (41— t5).

If g, and w are continuous, this is a Riemann sum approximating the integral
2 fo 2 (|9(s,w(s))[?) ds, and we readily obtain the following result.

Proposition 7.2. Given g € BC([O,t] X R”), the expression (7.17) con-

verges as k — oo, in L?(Po, dW..), to a limit we denote by (7.13). Further-
more, the map

gH/ 5,00(5)) - dw(s)

is v/2 times an isometry into L*(Bo,dW,), when g has the square norm

(7.20) Q.(g9) = /Ot Ex<|g(s,w(s))|2> ds.

Note that Q. (g fo Jen l9(s,9)1? p(s,x—y) dy ds. In case g = g(w(s)),
we have Q.(g) glven as the square of a weighted L?-norm:
(7.21) / 9)P rele —y) dy = R(D)lgP(a)
where
(7.22) Ry(D) =A™ = 1), ri(x) = Ry(D)d(x).

We see that R;(D) € OPS™2(R™). The convolution kernel 7;(x) is smooth
on R™\ 0 and rapidly decreasing as |z| — oco. More precisely, one easily
verifies that

(723 rule) < O, Ol e for fa] > o,

and

(7.24) re(z) < C(n,t)|z|>~™, for |z| < %, n >3,

with |2]2~" replaced by log1/|x| for n = 2 and by 1 for n = 1. Of course,

ri(z) >0 for all ¢ > 0,z € R™\ 0.



54 11. Brownian Motion and Potential Theory

In particular, the integral in (7.21) is absolutely convergent and Q. (g)
is a continuous function of x provided
(7.25)
g€ LY (R™), for some p >n, and g€ L*(R", <z)*2e*|x|2/4t dz).

loc

Proposition 7.2 is adequate to treat the case where the coeflicients X; are
in BC(R") and purely imaginary. Since Ay (w) — A(t,w) in L?(Po, dW,),

(7.26) e (@) A in measure,

and boundedly, since the terms in (7.26) all have absolute value 1. Then
convergence of (7.6) follows from the dominated convergence theorem. In
such a case, X (w)? in (7.10) is equal to —|X (w)|?>. We have the following.

Proposition 7.3. If X =Y is a vector field on R™ with coefficients that

are bounded, continuous, and purely imaginary, then
(7.27)
AHY) £(3) = B, (f(w(t))e(i/Q) JEY (w(s))-dw(s)+(1/4) [ |Y(w(s))|2ds> .

One final ingredient is required to prove Proposition 7.3, since in this
case e!X is not a semigroup of bounded operators, so we cannot apply
Proposition A.2. However, we can apply Proposition A.3, with

SO = [ Fplty -2 - X (@) dy.
If X =Y is purely imaginary, then, parallel to (7.5), we have
p(ty —x —itY (2)) = p(t,y — x)e’¥ @ w220V @)F/4,

If V' is bounded and continuous, a simple modification of the analysis
above, combining techniques of §2, yields

(7.28) et(A-&-X—V)f(l,) —E, (f(w(t))eA(t,w)/z—B(t,w)/4—fg V(w(s))ds)

when X is purely imaginary. For another interpretation of this, consider

H= Z(—zai —Aj(gc))2 +V

7.29
(7.29) 0 0A;

02 .
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Assume each A; is real-valued, and A;,dA;/dx; € BC(R™). Then
e [ () = By (f(w(®)e50))
(7.30) S(t,w) = Z'/OtA(W(S)) ~dw(s)
i [ Ay s [ Vet ds

Compare with the derivation in [Si], Chapter V.

If the coefficients of X are not assumed to be purely imaginary, we need
some more estimates. More generally, we will derive further estimates on
the approximants Sy (w) to [, g(s,w(s)) - dw(s), defined by (7.17).

Lemma 7.4. If g is bounded and continuous, then

(7.31) E,(e5%) <, 5= gllze,
and
(7.32) By (NSH) < 26",

Proof. The left side of (7.31) is

NE
S| =

6 105 0 _ 205
Ez(ego 0. ..e9k—10k 1) — Ez(ego o ...e9k—20k 29;;—10;—1)

Il
=]

174

v

(7.33) E, (eg090 .. egk729k72)Ex (92—1)

IA
NE
N i

Il
=]

v

=F, (69090 . egk72‘9k72)Em (e'YQk—l)’

by independence arguments such as used in the analysis of (7.18). Note that
the sums over v above have terms that vanish for odd v. Now E, (%) =
e(ti+1=t)7" " An inductive argument leads to (7.31), and (7.32) follows from
this plus el“l < e + e,

We next estimate the L?(Bg, dW,)-norm of Sar — Si. Another calcula-
tion, parallel to (7.18)—(7.19), yields

| Sar — 5k||2L2(apo,dWx)

(73 _ ZEx(’g(tj+l/2aw(tj+l/2)) —g(tj,w(t))) |2)(tj+1 —tjt1/2)

where t; = jt/k as in (7.17), and t; 1,2 = (j +1/2)t/k. If we assume a
Lipschitz condition on g, we obtain the following estimate.
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Lemma 7.5. Assume that

(7.35) lg(t, ) — g(s,y)[> < Colt — s|* + Cilz — y|*.
Then

9 t? t
(736) ||S2k — Sk”LZ(‘Bo,sz) < Coﬁ + 201%

Proof. This follows from (7.34) plus E, (|w(t) — w(s)[?) = 2|t — s|.

We can now make an estimate directly relevant to the limiting behavior
of (7.7).

Lemma 7.6. Given the bound ||g||p~ <+, we have

2
(737) ||€S% - es’“ ||L1(q30,dWm) < \/§||S2k — Sk”Lz(‘Bo,dVVm)e?)%’y .

Proof. Using " —e¥ = (u—v)®(u,v), with |®(u, v)| < e2“+21*l we have

. 1/2
(7.38)  [le®* — e[| aipy) < 12k — Sllzacmo) - [l SIS, s

and the estimate (7.32), plus 2% < 2% + €2V, then yields (7.37).

With these estimates, we can pass to the limit in (7.6)—(7.7), obtaining
the following result.

Proposition 7.7. If X is a real vector field on R™ whose coefficients are
bounded and uniformly Lipschitz, and if f € C§°(R™), then
(7.39)

LA £() = B, (f(w(t))e“/?) J3 X(@(5))-dw(s)=(1/4) [§ |X (w(s))]? ds) .

Now that the identity (7.39) is established for X and f such as described
above, one can use limiting arguments to extend the identity to more gen-
eral cases. Such extensions are left to the reader.

We now evaluate the stochastic integral fot w(s) dw(s) in the case of one-
dimensional Brownian motion. One might anticipate that it should be
w(t)?/2 — w(0)?/2. However, guesses based on what should happen if w
had bounded variation can be misleading, and the truth is a little stranger.
Let us begin with

(7.40) i=0
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where t; = (j/k)t as in (7.17). We also use 0;(w) = w(tj+1) —w(t;) below
Recalhng that fo s)dw(s) is the limit of Zw( Ww(tjr1) —w(t;)], w
write (7.40) as

k—1 k—1
(7.41) w(t)? —w(0)? =2 w(t)0; (W) + > 0;(w)*.
j=0 §=0

The next result is the key to the computation.

Lemma 7.8. Givent > 0,

k—1 . 2
(7.42) @k(w):j;)[w(jzlt) w(3)|” — 2t in L*(Po,dW.),

as k — oo.
Proof. We have
B, (10 - 2t2) = By

o -]

-5 ([ ]

the last identity by independence of the different 6;. Now we know that
E,(03) = 2t/k; furthermore, generally E, ([F — E.(F)]?) < E.(F?), so it
follows that

(7.43)

(7.44) +(10k —t%) ZE (07) _12

This proves the lemma.

Thus, as k — oo, the right side of (7.41) converges in L?(Po,dW,) to
f w(s) dw(s) + t. This gives the identity

[w(t)? — w(0)* — 2t],

DN | =

(7.45) /0 w(s) dw(s) =

for W-almost all w
More generally, for sufficiently smooth f, we can write

(7.46) Fw(®) = f(@(0) = D [f(wtjtr)) — f(w(t)]
and use the expansion
flwltjz) — fw(ty)

(7.47) 1
= 0;(W)f'(w(t;)) + 50;(@)* " (w(t;)) + O(10;(w)[)
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to generalize (7.45) to Ito’s fundamental identity:

(7.48) f(w(t)) = f(w(0)) 2/0 [ (w(s)) dw(s) —|—/O f"(w(s)) ds,

for one-dimensional Brownian motion. For n-dimensional Brownian motion
and functions of the form f = f(¢, z), this generalizes to

f(aw(t)) — f(07w(0))
(7.49) = /O (Vaf) (s, w(s)) - dw(s)

t

¢
A d (s, ds.
+/O (Af)(s,w(s)) s—f—/o fe(s,w(s)) ds
Another way of writing this is
(7.50) df (t,w(t)) = (Vaf) - dw + (Af) dt + fedt.

We remind the reader that our choice of ' rather than e*2/2 to define
the transition probabilities for Brownian paths leads to formulas that some-
times look different from those arising from the latter convention, which
for example would replace (Af)dt by (1/2)(Af)dt in (7.50).

Note in particular that

d(e,\u(t)f,\%) — )\ MWt =A% dw(t);
in other words, we have a solution to the “stochastic differential equation”:
(7.51) dX = \X dw(t), X(t) = e M=

for Wy-almost all w. Recall from (4.16) that this is the martingale 3;:(w).
We now discuss a dynamical theory of Brownian motion due to Langevin,
whose purpose was to elucidate Einstein’s work on the motion of a Brown-
ian particle. Langevin produced the following equation for the velocity of a
small particle suspended in a liquid, undergoing the sort of random motion
investigated by R. Brown:
(7.52) % = —PBv+ud'(t), v(0)=uvp.
Here, the term — (v represents the frictional force, tending to slow down the
particle as it moves through the fluid. The term w’(t), which contributes
to the force, is due to “white noise,” a random force whose statistical
properties identify it with the time derivative of w, which is defined, not
classically, but through Propositions 7.1 and 7.2. Thus we rewrite (7.52)
as the stochastic differential equation

(7.53) dv = —pv dt + dw, v(0) = vp.
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As in the case of ODE, we have d(e’v) = e%*(dv + Buv dt), so (7.50) yields
d(ePtv) = ePtdw, which integrates to

t
v(t) = vge Pt —|—/ e P9 duw(s)
0
(7.54) t
=vge Pt w(t) — 6/ e P9y (s) ds.
0

The actual path of such a particle is given by

(7.55) x(t) = xo —i—/o v(s) ds.

In the case g = 0,v9 = 0, we have

z(t) = /O t /O T Bl dw(r) ds

= %/0 [1— e PU=9] duw(s).

Via the identity in (7.54), we have

(7.56)

(7.57) z(t) = /Ote_ﬁ(t_s)w(s) ds.

Of course, the path z(¢) taken by such a particle is not the same as the
“Brownian path” w(t) we have been studying, but it is approximated by
w(t) in the following sense. It is observed experimentally that the frictional
force component in (7.52) acts to slow down a particle in a very short time
(~ 1078 sec.). In other words, the dimensional quantity 3 in (7.52) is,
in terms of units humans use to measure standard macroscopic quantities,
“large.” Now (7.57) implies

(7.58) Jim Bas(t) = w(t),

where z3(t) denotes the path (7.57).

There has been further work on the dynamics of Brownian motion, par-
ticularly by L. Ornstein and G. Uhlenbeck [UO]. See [Nel3] for more on
this, and references to other work.

Exercises
1. IfgeC? ([O, t]), show that the integral of Proposition 7.1 is given by

/ a(s) d(s) = g(B)w(t) — g(0)w(0) — / ¢ (s)w(s) ds.
0 0

Show that this yields the second identity in (7.54) and the implication (7.56)
= (7.57).
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2. With 6; as in (7.15), show that

k—1
E, (Z ‘0_7’((4})‘3) — 0, as k — oo.
=0

(Hint: Use 2|0;]® < £]0;]* + &7 '10;]* and (7.44).)
3. Making use of Exercise 2, give a detailed proof of Ito’s formula (7.48). Assume
f € C*(R) and

1D f(z)] < Cee®™’, Ve>0, |a <2.

More generally, establish (7.49).
Warning: The estimate of the remainder term in (7.47) is valid only when
|w(tj+1 — w(t;)| is bounded (say < K). But the probability that |w(t;j4+1) —
w(t;)| is > K is very small.

4. Show that (7.42) implies that W,-almost all paths w have locally unbounded
variation, on any interval [s,t] C [0, 00).

5. If Y(t,w) = fotg<s,w(s)) -dw(s) is a stochastic integral given by Proposition
7.2, show that

E%Mﬁ»:&

Show that 9(t,-) is a martingale, that is, Ey (d}(t, -)|%s) =(s,-), for s < t.

Compare Exercise 2 of §8.

8. Stochastic integrals, II

In §7 we considered stochastic integrals of the form

(8.1) h(t,w) :/0 g(s,w(s)) ~dw(s),

where g is defined on [0,00) x R™. This is a special case of integrals of the
form

(8.2) B(tw) = / (5, w) - dw(s),

where ¢ is defined on [0, 00) X By. There are important examples of such
¢ which are not of the form ¢(s,w) = g(s,w(s)), such as the function h in
(8.1), typically. It is important to be able to handle more general integrals
of the form (8.2), for a certain class of functions ¢ on [0,00) x Py called
“adapted,” which will be defined below.

To define (8.2), we extend the analysis in (7.17)—(7.19). Thus we consider

k—1

k—1
(83)  Si(t,w) =Y lt;,w) [wtjs1) —w(t)] =D @j(w) - 0;(w),
j=0

=0
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where, as before, 0;(w) = w(t;+1) —w(t;), t; = (j/k)t. As in (7.18), we
want to compute

(8.4) 155 (8, M1 (po.away = D Balwi8ipee).
3l
Following the analysis of (7.18), we want 6, to be independent of the other

factors in the parentheses on the right side of (8.4) when ¢ > j. Thus we
demand of ¢ that

(8.5) ©(s,-) is independent of w(t+ h) —w(t), Vt>s, h>0.

Granted this, we see that the terms in the sum in (8.4) vanish when j # ¢,
and

1kt Moo vy = D B (l5%) B (1651)
(8.6) !
=23 Buo(lo(t;. )P (o1 — 1)):

Ifpe C(R+, L?(Po, sz)), this is a Riemann sum approximating

¢
2 [ oot ) ds = 2l opepr
We use the following spaces:
C(I,RQ)) = {¢ € C(I,L*(Fo,dW2)) : ¢(t) = Qup(t),Vt € I},
L*(I,R(Q)) = {¢ € L*(I, L*(Po, dWy)) : ¢(t) = Qup(t),Vt € I},
where I = [0,T], and, as in §4, Q:p = E,(p|B:). Elements of these spaces
satisfy (8.5), by Corollary 4.4.

Proposition 8.1. Given ¢ € C(I,R(Q)), the expression (8.3) converges
as k = 2 — oo, in the space C(I,R(Q)), to a limit we denote (8.2).
Furthermore, ¥ = J(p) extends uniquely to a linear map

satisfying
(8~9) H7(<P)(t7 ')”L?(‘Bo,dwz) = \/§ ||<P||L2([0,t)xmo,dt dW.,.)-

Regarding continuity, note that

(8.10) [|3(@)(t4-h, ) =T3(@)(t, ) L2(pe,aw,) = V2 1l L2 (8, t-4+h] x Po,dt dWs)-

We need to verify that J(p)(t,-) € R(Q:). But clearly, each term ¢(¢;,w) -
[w(tj+1) — w(t;)] in (8.3) belongs to R(Q:) in this case, so we have the
desired result.
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We mention an approach to (8.8) just slightly different from that de-
scribed above. Define a simple function to be a function ¢(t,w) that is
constant in ¢ for ¢ in intervals of the form [¢277, (£ +1)27"), with values in
R(Qs), s =£277, for some v € Z*+. For a simple function ¢, the stochastic
integral has a form similar to (8.3), namely,

{—1

/0 p(5,w) - dw(s) = 3 plty,w) - [w(tis1) — w(t;)]

(8.11) 3=0

+ (p(tg,w) ’ [W(t) - w(t@)]v

where ¢; = j27" and t € [£277, (£ + 1)27¥). An identity similar to (8.6),
together with the denseness of the set of simple functions in L?(I, R(Q)),
yields (8.8).

There is the following generalization of Ito’s formula (7.49)—-(7.50). Sup-
pose

(8.12) X(t) = Xo —|—/ u(s,w) ds —I—/ v(s,w) dw(s),

to to
where u,v € L?(I, R(Q)). Then X € C(I,R(Q)). We write
(8.13) dX =u dt +v dw.

We might assume X, u, and w take values in R™ and v is n X n matrix-
valued. More generally, let w take values in R", X and » in R™, and v in
Hom(R™, R™).

IfY(t) = g(t, X(t)), with g(¢, ) real-valued and smooth in its arguments,
then

dY(t) = (Vag)(t, X(t)) - dX(t)
+ (D?g) (t, X(t)) (dX(t), dX(t)) + g: (t, X(1)) dt,

where (D?g)(dX,dX) = > (0%g/0x;0x),) dX; - dX), is computed, via (8.13),
by the rules

(8.14)

(815) dt - dt =dt- dwj = d(.«.)j -dt = 0, dw]' . dwk = 6jk dt.
There is also an integral formula for g(t, }I(t)) —g(to, X0), parallel to (7.49):

2

¢
= _99 N,
g(t, X(t)) = g(to, Xo) + /to (8xj8xk>vjwu ds

(8.16) t -
+/ gt(s,%(s)) ds + —g(uj ds +vje dwg).

to to axj

Here, we sum over repeated indices. The formulas (7.49) and (7.50) cover
the special case u = 0, v = I. The proof of (8.16) is parallel to that of
(7.49).
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Az

If we apply (8.14) to g(z) = e**, m = 1, we obtain for

V(1) = exp(Ax(1) - N /t jo(s, )P ds),
(8.17) fo

X(t) = / v(s,w) - dw(s),

to

the stochastic differential equation
(8.18) dY) =AY v-dw,

generalizing the identity (7.51).
There is another important property that (t), defined by (8.17), has in
common with 3;(w) = eX(O=A

Proposition 8.2. Givenv € L?(I,R(Q)), with values in R", the function
D (t) defined by (8.17) is a supermartingale; that is, for s < t,

(8.19) E,(D()|Bs) <VD(s), Wy-a.e. onPy.

Proof. We treat the case to = 0. First suppose v, is a simple function,
constant as a function of ¢ on intervals of the form [(27%, (£ 4 1)27Y), with
values in R(Qge-+), and ), is given by (8.17), with v = v,,. We claim that
), is a martingale, that is,

(8.20) Eo(Du(t)|Bs) =Du(s), fors<t.

Suppose, for example, that 0 < t < 27%, so v,(s) = v,(0), for s < ¢. Now
v,,(0) is independent of w(t) — w(s), so in this case

Eaj (iny(t) |%S) = E:n (e/\UV (0)[w(t)7w]7)\2tlvy(0)‘2 ’%s)
_ P (O)w(s) el =5, O | (em<o>[w(t)w(s)kv<tfs>\vu<o>\2 |g38>

)
and the last conditional expectation is 1. A similar argument in the case
0277 < s <t < (¢+1)277, using (8.11), gives

E, (Q.)u(tH%s) _ gju(tuf)Ex (ekv,jz[w(t)*w(tuz)]*>\2(t*tuz)|vuz|2 |%S) — Q‘ju(s)7

where t,p = 0277, v,y = v,(t,e). The identity (8.20), for general s < ¢,
follows easily from this.

For general v € L? (I, R(Q))7 we can take simple v, converging to v in
the norm of this space, and then X, — X in C(I,R(Q)), where X, (t) =

fg v, (s,w) - dw(s). Passing to a subsequence, we can assume (for fixed s, t)
that X,(s) — X(s) and X,(t) — X(t), Wy-a.e.; hence 9,(s) — Y(s) and
D.(t) — D(t), Wy-a.e. Then (8.19) follows, by Fatou’s lemma.

The case of general ¢ty > 0 is easily obtained from this; one can extend
v(s,w) to be 0 for 0 < s < tg.
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Note in particular that s = 0 in (8.19) implies

(8.21) E, (eAx(t)fAZ ftto Iv(s,<)|2d5> .
sing Cauchy’s inequality, we deduce that

Using Cauchy’s inequality, we deduce th

(8.22) E, (eAX(t)/z) < B (e>‘2 I ‘1}(57,)‘2618)1/2'

We get a similar estimate upon replacing v(s,w) by —v(s,w), which con-
verts X(t) to —X(t). Since el*l < e 4+ e7%, we have (replacing A by 2))

(8.23) E, (exwxw) <9oB, (ew S (s P ds) 12

Compare with Lemma 7.4. Note that the convexity of the exponential
function implies

t
(8.24) E, (et*fJF(s,~)ds) < %/ B, (ep(s,.)) ds.
0
Therefore, (8.23) implies
t 1/2
Ew(eM%(t)‘) <9 [t 1t / E, (64,\2t|v(s.)|2)ds]
—to

<2 max Ew<e4>‘2t‘“(s")‘2>1/2.

(8.25)

If we expand 9, (t) = e)‘ae”(t)*/\2 Jig o (017 ds o) powers of \, the coeffi-

cient of each A is a martingale. The coefficient of A%, for example, is

(8.26) i|%l,(t)|4 - ;x,,(t)Q(/t o (5, )2 ds) + ;(/j o (s,)” ds)

to

This has expectation zero; hence

o iEI(I%(t)I‘*) < %E (o 02( /tt Jow (s, ) dj))
< B (201 + 485 (( / oo, ) ds) ).
B0 < 48 (( [ loton o as))
(3.25) < (18lt — o)) / B, (fun(s, 1) ds

< (48|t —t0|)2 t(])fr<1%)<(t Ez(|vu(87.)|4)7
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where the second inequality here uses convexity, as in (8.24). Again a use
of Fatou’s lemma yields for

(8.29) X(t) = / v(s,w) - dw(s)

to
the estimate

1/2
(8.30) 1) 300y < (48] — tol)* max [[o(s, )]s (spo)-

to<s<t

Similarly we obtain, for ¢; < to,

(8:31)  [|X(t1) — X(t2)| Le(po) < Chlts — to]'/? Jmax - v(s, )l zacpo),
with C7 = /48, when X(¢) is given by (8.29). If X(t) is given more generally
by (8.12), we have
() = 0t z2p) < Coltr — tal | max. (s, ) s
(8.32) 1*/2*
+ O1|t1 — t2| tfélg%(tz ||’U(S7 ')||L4(‘130)'

The martingale maximal inequality of Proposition 4.7 extends to sub-
martingales, but it is not obvious that it applies to the supermartingale
P (t). However, it does apply to 2, (t), so, for each v € ZT, we have

t

Wo({wePo: s 2= Xlt0) = A [ |u(s,w)? ds > 3})

tel(to,t1) to
(8.33)
<e M

i b

where I(tg,t1) = [to,t1] N Q. It follows that

Ww({w EPo: sup X, () — X, (to)] > )\/ttl v, (s, w)|? ds + ﬁ})

tel(to,t1)
(8.34)
< 2e M,
Thus, if we have
t , 3
(8.35) /tg vy (s, w)|* ds < " for w € S,

then

(8.36) W, (Sm [wePo: sup |X(E) — X, (to)] > 25}) < 2¢™*8,
tel(to,t1)
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Now

Wi({w e Po : /t1 v, (s,w)|* ds > g})
(8.37) !

< g/t:l Ex(|v,,(s, )|2) ds.

Taking 3 =6, A = 1/62, we deduce that if

t1

(838) /to H’UV(S7 )H%z(mo) ds < (535,

then

(8.39) Wx({w €EPo: sup X, (t) — X, (to)| > 25}) <e+4e /0
tel(to,t1)

Since X, (t) converges to X(¢) in measure, locally uniformly in ¢, we have

(8.40) Wx({w ePo: sup |X(t) — X(to)] > 25}) <c+tel/

tel(to,t1)

whenever
t
(8.41) /t lv(s, -)||2L2(%) ds < 8%¢.
0
The estimate (8.40) enables us to establish the following important result.

Proposition 8.3. Let I = [0,T]. Given v € L*(I,R(Q)), so f(f v(s,w) -
dw(s) = X(t) belongs to C(I,R(Q)), you can define X(t,w) so that t
X(t,w) is continuous in t, for Wy-a.e. w.

Proof. Start with any measurable function on I x By representing X(t);
call it X°(¢,w), so for each t € I, X'(t,-) = X(t), Wy-a.e. on Po. Set
X(t,w) = Xb(t,w), for t € INQ. From (8.40)—(8.41) it follows that there
is a set N C PBo such that W, (N) = 0 and 0,(t) = X(f,w) is uniformly
continuous in ¢ € I N Q for each w € Py \ N. Then, for w € Py, t € I\ Q,
define X(¢,w) by continuity:
_ b

(8.42) X(t,w) = m@}lgrgﬁt X (ty,w), wePo\N.
If w € N, define X(¢,w) arbitrarily.

To show that this works, it remains to check that, for each t € I,

(8.43) X(t,-) = X(t), Wy-a.e. on Py.

Indeed, since X’(t,,-) — X(t) in L?-norm, passing to a subsequence we
have X°(t,,,-) — X(t) Wy-a.e. Comparing with (8.42), we have (8.43).
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Exercises

1. Generalize (8.30) to show that X(t) = [

to v(s,w) - dw(s) satisfies

t
2k k—1 2k
X220 () < Crlt —tol / l[o(s, L2k () ds;
to

for ke zZ*.
2. Given ¢ € L2<[0, oo),”R(Q))7 show that, for ¢ > s,

B, (/t () - Mﬂ]&) 0.

Deduce that the stochastic integral ¥ (t,w) = fot »(s,w)-dw(s) is a martingale,
so that, for ¢t > s,

Ex (4(t,9)|B.) = (s, ).
3. Show that if v(s,w) satisfies the hypotheses of Proposition 8.2, then the su-
permartingale 9)(¢) in (8.17) is a martingale if and only if
E,9t)=1, Vvt>0.

9. Stochastic differential equations

In this section we treat stochastic differential equations of the form
(9.1) dX =b(t,X)dt +o(t,X)dw, X(tg) = Xo.

The function ¥ is an unknown function on I x Py, where I = [tg,T]. We
assume tg > 0. As in the case of ordinary differential equations, we will
use the Picard iteration method, to obtain the solution X as the limit of a
sequence of approximate solutions to (8.1), which we write as a stochastic
integral equation:

(9.2)  X(t) =% +/ b(s,X(s)) ds +/ o(s,%(s)) dw(s) = PX(t).

to to

The last identity defines the transformation ®, and we look for a fixed point
of ®. As usual, X(t) is shorthand for X(t,w). If w is a Brownian path in
R™, we can let X and b(t, z) take values in R™ and let o(¢,z) be an m x n
matrix-valued function.

Let us assume that o(¢, ) and b(¢, ) are continuous in their arguments
and satisfy
b(t, )| < Ko(1+|z]),  [b(t,2) = b(t, y)| < Lolz —yl,
jo(t.2)] < Ki(L+ |22, o(t,2) —o(t,y)| < Life — y.
We will use results of §8 to show that

(9.4) ®: L*(I,R(Q)) — C(I,R(Q)),

(9.3)
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where, as in (8 7,

C(I,R(Q)) = {¢ € C(I,L*(Po,dWo)) : p(t) € R(Q:), Vt € I},

and L*(I,R(Q ) is similarly defined. Note that X(s) belongs to R(Qs) if
and only if .’f( ) is (equal Wy-a.e. to) a B ,-measurable function on Py, so if
X(s) € R(Qs), then also o(s,X(s)) and b(s,X(s)) belong to R(Qs). Thus
Proposition 8.1 applies to the second integral in (9.2), and if X9 € R(Q4,),
we have (9.4).
Applying (8.9) to estimate the second integral in (9.2), we have
¢ 2
030~ Xl gy < 285 [ (14 126 aca) 05 )
(9.5) ©
+4K12/ (1+ [1X(5) 172 (po)) ds-
to

Also (8.9) applies to an estimate of the second integral in

X(t) —2Y(t) = / [b(s,.’{(s)) — b(s,Qj(s))] ds

(9.6) o
—i—/t [J(S,.’f(s)) —a(s,@(s))] ds.
We get
2
[PX(t) = PV (1) |72y < 2L 1X(s) = D(s)ll2(p0) s
(9.7) re </ )

+ 4L H%(s) —D(s)[172(,) ds-

to

To solve (9.2), we take Xo(t,w) = Xo(w), the given initial value, and
inductively define X;11 = ®X;. Note that

(9.8) Xi(t,w) = Xp(w) —l—/t b(s, Xo(w)) ds—i—/t o(s,Xo(w)) dw(s)

contains a stochastic integral of the form (7.14), provided Xy (w) is constant.
On the other hand, the stochastic integral yielding X5 (¢, w) is usually not
even of the form (7.13), but rather of the more general form (8.2). The
following estimate will readily yield convergence of the sequence X;.

Lemma 9.1. For some M = M(T) < oo, we have
(Mt — to])’**

(9.9) 1541(8) — X5 (t)H%?(‘ﬁo) <

Proof. We establish this estimate inductively. For j = 0, we can use (9.5),
with X = X1, and the j = 0 case of (9.9) follows. Assume that (9.9) holds
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for j =0,...,k — 1; we need to get it for j = k. To do this, apply (9.7)
with X = Xi, Y = X1, to get

2L2Mk
1861 (£) — 2 (1) 20 50, < 2200 (/w mmdﬁ

4L2Mk
+ }C' / |S — t0|k dS
! to

(9.10)

This is < (M|t - t0|)k+1/(k+ 1)! as long as M is sufficiently large for (9.9)
to hold for j = 0 and also M > 2LZ max(1,T) + 4L3.

These estimates immediately yield an existence theorem:

Theorem 9.2. Given 0 < to < T < oo, I = [ty,T], if b and o are
continuous on I x R™ and satisfy the estimates (9.3), and if Xg € R(Qy,),
then the equation (9.2) has a unique solution X € C'(I,R(Q)).

Only the uniqueness remains to be demonstrated. But if X and ) are
two such solutions, we have ®X = X and &9 = 9, so (9.7) implies

12(t) = D(B)]| 72,y < right side of (9.7),

and a Gronwall argument implies | X(¢) — Q(¢)||z = 0, for all ¢ € I.

Of course, the hypothesis that b and ¢ are continuous in ¢ can be weak-
ened in ways that are obvious from an examination of (9.4)—(9.7). Allowing
b and o to be piecewise continuous in ¢, still satisfying (9.3), we can reduce
(9.1) to the case tg = 0, by setting b(t,z) = 0 and o(¢,z) = 0 for 0 < ¢ < ¢o.

If Xy has higher integrability, so does the solution X(¢). To see this, in
case Xo € L*(Po), we can exploit (8.26)—(8.30) to produce the following
estimate, parallel to (9.7):

\@ﬂﬂ—@(W@m@s
4
(9.11) / ||% ||L4 (Bo) dS)

+ 8(482)Li*|t—to|/ 1% () = D)1 sp,) s
to

Using this, assuming Xo € L*(Po, dWy), we can obtain the following ana-
logue of (9.9):

Mt — to)2)
(9.12) 141.(8) = 25 (8)[ 74 (98,) < ((]Jrl)v)

for M = M(T), on any interval ¢ € [to,T]. We have the following:

Proposition 9.3. Under the hypotheses of Theorem 9.2, if also Xy €
L4(‘I§0, dWO), then X € C(I, L4(q30, dWo))
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More generally, one can establish that X € C (I 7L%(‘BO)), provided
Xo € L*(Po), k > 1. The case 2k = 4 enables us to prove part of the
following important result.

Proposition 9.4. The solution X(t) to (9.2) given by Theorem 9.2 can be
represented as X(t,w) such that, for Wy-a.e. w € Bo, the map t — X(t,w)
is continuous in t.

Proof. First we assume X, € L4(‘~Bo, dWy) and give a demonstration that
is somewhat parallel to that of Theorem 1.1. Given € > 0,6 > 0, and s,t €
RT such that |t —s| < §, we estimate the probability that |X(t) — X(s)| > «.
We use the estimate

(9.13) 1%(t) = X(5) 7 (s50) < Ct = s/,
C =C(T), for s,t € [0,T], which follows (when ¢t > s) from

%) = (6 agpy < O [ 106 2] dr)’
(9.14) s

t
+c/ndnﬂﬂmadn

together with the estimate ||X(s)||p+ < C(7). Consequently, given s,¢ €
R+,

C
(9.15) WO({w e Po : |X(t,w) — X(s,w)| > g}) < Sl — s
Now an argument parallel to that of Lemma 1.2 gives

Wg({w € Po : |X(t1,w) — X(tj,w)| > ¢, for some j = 2,...,1/})

(9.16)
< Cr(%,9)
— 27 )
when {ti,...,t,} is any finite set of numbers in Q% such that 0 < t; <
- < t,and t, — t; < J, where
(9.17) 7(e,8) = min(1,C6%~4).
The function r(e, d) takes the place of p(e,d) in (1.23); as in (1.21), we have
)
(9.18) "9 o asé o,

1)
for each € > 0. From here, one shows just as in the proof of Theorem
1.1 that, for some Z C Py such that Wy(Z) = 0, the map ¢ — X(t,w) is
uniformly continuous on t € Q% for each w € PBo \ Z. the rest of the proof
of Proposition 9.4 can be carried out just like the proof of Proposition 8.3.
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We now give another demonstration of Proposition 9.4, not requiring X,
to be in L*(Po), but only in L?(Py). In such a case, under the hypothe-
ses, and conclusions, of Theorem 9.2, we have O'(t,:f(t)) € C’(I, R(Q))
Hence Proposition 8.3 applies to the second integral in (9.2), so A(t,w) =
ftto o(s,X(s)) dw(s) can be represented as a continuous function of ¢, for

Wo-a.e. w € Po. Furthermore, we have b(t, X(t)) € C(I,L*(Bo)) C
C(I,L*(Bo)). Thus, by Fubini’s theorem, the first integral in (9.2) is ab-
solutely integrable, hence continuous in ¢, for Wy-a.e. w. This establishes
the desired property for the left side of (9.2).

We next investigate the dependence of the solution to (9.2) on the initial
data Xg, in a fashion roughly parallel to the method used in §6 of Chapter
1. Thus, let Q) solve

(9.19) @(t)z@o—i—/ b(s,9(s)) ds+/ o (5,9(s)) dio(s).

to to

Proposition 9.5. Assume that b(t,x) and o(t,x) satisfy the hypotheses
of Theorem 9.2 and are also C* in x. If X(t) and (t) solve (9.2) and
(9.19), respectively, then

(9-20) 12(t) = DOl L2(p0) < C(t: Lo, L1) 1 X0 = Doll 2 (spo) -
Proof. Consider Z(t) = X(t) — Y(t), which satisfies the identity

Z(t) = 2y +/t V' (s,%(s),D(s)) Z(s) ds

(9.21) t
—|—/ o’ (s, %,D(s)) Z(s) dw(s),

to

with Zy = X9 — 9)o. Here

(9.22) b (s,z,y) = /0 Dyb(s,uz + (1 —u)y) du,

so V' (s,z,y)(x —y) = b(s,x) — b(s,y), and similarly

(9.23) o' (s,x,y) = /0 Dyo(s,uz + (1 —u)y) du.

We estimate the right side of (9.21) in L2(Bo). By (9.3), |/ (s, z,y)| < Lo,
S0
t
< Ly IZ(s)|lz2 ds.
L2 to
Since |0’/ (s, z,y)| < L1 and o' (s,X(s),D(s))Z(s) € R(Qs), we have
2

/ V(s,%(s),D(s)) Z(s) ds

to

(9.24) ‘

t
<Li [ 12(s)]Z: ds.

(9.25) ’
L2 to

/ o' (5, %(s). () 2(s) dw(s)

to
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Thus the identity (9.21) implies

(926) 1201 <31% ~ Dol +3[23 ~ 10 + 2] [ 12(6)13 as.
0

Now Gronwall’s inequality applied to this estimate yields (9.20).

Note that (9.21) is a linear stochastic equation for Z(t), of a form a little
different from (9.2), if X(s) and (s) are regarded as given. On the other
hand, we can regard X,%), and Z as solving together a system of stochastic
equations, of the same form as (9.2).

An important special case of (9.2) is the case Xg = z, a given point of
R™, so let us look at X%°(t), defined for ¢t > s as the solution to

(9.27) xPe(t) = x—l—/ b(r,X(r)) dr—l—/ o(r,X(r)) dw(r).

In this case we have the following useful property, which is basically the
Markov property. Let 8% denote the o-algebra of subsets of Py generated
by all sets of the form

(9.28) {wePo:w(t1) —w(s1) € A}, s<s <t; <t, ACR™ Borel,

plus all sets of Wy-measure zero.

Proposition 9.6. For any fixed t > s, the solution X*°(t) to (9.27) is
B! -measurable.

Proof. By the proof of Theorem 9.2, we have X%*(t) = limp_oo Xx(t),
where Xy(t) = « and, for k > 0,

Xpy1(t) = x+/ b(r, Xk (r)) dT+/ o(r,Xg(r)) dw(r).

It follows inductively that each Xj(t) is B%-measurable, so the limit also
has this property.

The behavior of X%:%(¢t) will be important for the next section. We derive
another useful property here.

Proposition 9.7. For s < 7 <t, we have
(9.29) X" (tyw) = X0 (tw), q=X"%(r,w),
for Wy-a.e. w € Py.

Proof. Let (t) denote the right side of (9.29). Thus Y(7) = X%*(7).
The stochastic equation satisfied by X%*(¢) then implies

@(t):xIvS(TH/ b(r,D(r)) dr+/ o (r () dw(r).
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Now (9.27) implies that X™*(¢) satisfies this same stochastic equation, for
t > 7. The identity () = X™*(¢t) a.e. on Py follows from the uniqueness
part of Theorem 9.2.

Exercises

1. Show that the solution to
dX = a(t)X(t) dt + b(t)X(t) dw(t),

in case m = n = 1, is given by

©030) 20 = 20) exo{ [l - 006 as + [ 006)doto) | = 2O,

In this problem and the following one, X(t) depends on w, but a(t) and b(t)
do not depend on w, nor do f(t) and g(t) below.
2. Show that the solution to

dx(t) = [£() + a(®)X(®)] dt + [g(t) + b(H)X ()] de(),

in case m = n = 1, is given by X(t) = €3 (), where €3 is as in (9.30)
and

D(t) :x(o)+/ot {6*3(S>f(s)fg(s)b(s)} ds+/0tg(s)e*3<5> dw(s).
3. Consider the system
(9.31) dx(t) = [A(t)ae(t) + f(t)] dt + g(t) dw(t),

where A(t) € End(R™), f(t) € R™, and ¢(t) € Hom(R™,R™). Suppose S(t, s)
is the solution operator to the linear m x m system of differential equations

dy _
dt
as considered in Chapter 1, §5. Show that the solution to (9.31) is

t t
X(t) = S(t,0)x(0) +/ S(t,s)f(s) ds +/ S(t,s)g(s) dw(s).
0 0
4. The following Langevin equation is more general than (7.52):

(9.32) 2"(t) = —VV(x(t)) — B’ (1) + W' (1),

A(t)y, S(t,t)=1,

Rewrite this as a first-order system of the form (9.1). Using Exercise 3, solve
this equation when V(z) is the harmonic oscillator potential, V (x) = ax®.

10. Application to equations of diffusion

Let X**(t) solve the stochastic equation

(10.1) X0 (t) =x +/ b(%r’s(r)) dr—!—/ 0(%1’5(7")) dw.
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As in (9.2),  and b can take values in R™ and o values in Hom(R", R™).
We want to study the transformations on functions on R™ defined by

(10.2) L f(x) = Ey f(X™%(t), 0<s<t
Clearly, X*(s) = z, so
(10.3) o f(z) = f(x).

We assume b(x) and o(z) are bounded and satisfy the Lipschitz conditions
of (9.3). For simplicity we have taken b and o to be independent of ¢ in
(10.1). We claim this implies the following:

(10.4) 0 f(z) = D77 f(2),
for s,t > 0. In fact, it is clear that
(10.5) XTS5t + s,w) = X520t VW),

where dsw(7) = w(T + 8) — w(s), as in (4.11). The measure-preserving
property of the map ¥, : Py — Po then implies

Eo f(X20(t,00)) = Eo f(X70(t)) = ®4.f(2),
so we have established (10.4). Let us set
(10.6) P'f=a4f = Eo f(X"(t)),

where for notational convenience we have set X*(t) = X%0(t).
We will study the action of P! on the Banach space C,(R™) of continuous
functions on R™ that vanish at infinity.

Proposition 10.1. For eacht > 0,
(10.7) P Oy (R™) — C,(R™),
and P! forms a strongly continuous semigroup of operators on C,(R™).

Proof. If f € C,(R™), then f is uniformly continuous, that is, it has a
modulus of continuity:

(10.8) 1f (@) = fF()| < wg(lz—yl),

where wy(0) is a bounded, continuous function of ¢ such that ws(d) — 0 as
0 — 0. Then

|P'f(x) — P f(y)] < Eo |F(X*(t) — f(X¥(1))]
< Ey wy(|X*(t) — X¥(1)])-

Now if z is fixed and y = x, — «, then, for each ¢t > 0, X*(¢) — X% (t) — 0
in L?(Po), by Proposition 9.5. Hence X*(t) — X*(t) — 0 in measure on
PBo, so the Lebesgue dominated convergence theorem implies that (10.9)
tends to 0 as y — z. This shows that P'f € C(R™) if f € C,(R™).

(10.9)
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To show that P! f(x) vanishes at infinity, for each ¢ > 0, we note that, for
most w € Py (in a sense that will be quantified below), | X% (t) — x| < C(t)
if C is large, so if f € Co(R™) and |z| is large, then f(X*(t,w)) is small
for most w € Py.

In fact, subtracting o from both sides of (10.1) and estimating L2-norms,
we have
(10.10) [|X"(t) — @[|72 () < 2B*t* +25%t, B=sup [b], S =sup |o].
Hence

2B%t? 4+ 25%
(10.11) Wo({o.) € Po: X (t,w) — x| > /\}) < )\7?

The mapping property (10.7) follows.
We next examine continuity in ¢. In fact, parallel to (10.9), we have

(10.12) |Pf(z) — P f(z)| < Eo wy(|X7(t) — X" (s)|).

We know from §9 that X*(t) € C(RT, L*(By)), and estimates from there
readily yield that the modulus of continuity can be taken to be independent
of . Then the vanishing of (10.12), uniformly in z, as s — t, follows as in
the analysis of (10.9).

There remains the semigroup property, P*P!=% = P!, for 0 < s < t. By
(10.4), this is equivalent to ®§PL = ®. To establish this, we will use the
identity

(10.13) Ey (f(x”“"s(t)) \%s) = B f(X7°(t) = @, f (),

which is an immediate consequence of Proposition 9.6. If we replace s by
7 in (10.13), and then replace = by X¥%*(7), with s < 7 < ¢, and use the
identity

(10.14) XT(t) =X (), g =X"(7),
established in Proposition 9.7, we obtain
(10.15) Eo (f(%zvs(t)ﬂ&) = L f(X7(7)).

We thus have, for s < 7 < t,
IO f(w) = By (OLF(X77(r))[B,)
(10.16) — E, (Eo (f(xq’T(t)) \%T) 285)
= By (£ (207 (1)]B,),

and again using (10.14) we see that this is equal to the left side of (10.13),
hence to @ f(x), as desired. This completes the proof of Proposition 10.1.

We want to identify the infinitesimal generator of P*. Assume now that
Do f, for |a| < 2, are bounded and continuous on R™. Then Ito’s formula
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implies
t 82f

F(x2(@1) = f(z) + A )0jtOke dr

(10.17) /0 (8%8‘%’“)

t
of
-‘r/o 57j(bj dr +ojy dwg),
using the summation convention. Let us apply Ejy to both sides. Now
t
of
10.18 E( Y 0 d ):o,
(10.18) 0 /0 B, (¢ D
so we have

B (1 0) = 1) + [ Bo(5o ) ar

A A Ak
O0x;0xy,

t
+/0 Eo(gibj) dr,

where A, in the first integral is given by

(10.20) Aj(y) =D ojeWore(y), v =X"(r).
P4

(10.19)

In matrix notation,
(10.21) A=o0".
We can take the ¢-derivative of the right side of (10.16), obtaining
2Pt =
(10.22) ot
Bo(A6(X7(1)) 93001 (X7(1)) + b5 (X7() 9,/ (X7(1)) )
In particular,

(10.23) %Ptf(:r)|t=0 = ZAjk(x) 0jO0f(x) + ij(x) 0;f(z) = Lf(z),
Jik J

where the last identity defines the second-order differential operator L,
acting on functions of z. This is known as Kolmogorov’s diffusion equation.
We have shown that the infinitesimal generator of the semigroup P?, acting
on C,(R™), is a closed extension of the operator

(10.24) L= Aj(x)0;0+ Y bj(z)0;,

defined initially, let us say, on C2Z(R™).
It is clear from (10.6) that ||P!f||1=~ < ||f| L for each f € C,(R™), so
Pt is a contraction semigroup on C,(R™). It is also clear that

(10.25) f>0= P'f>0 onR™,



10. Application to equations of diffusion 7

that is, P? is “positivity preserving.” For given z € R", ¢t > 0, f — P!f(x)
is a positive linear functional on C,(R™). Hence there is a uniquely defined
positive Borel measure i, ; on R, of mass < 1, such that

(10.26) /f dpiz i (

In fact, by the construction (10.6),
(1027) Mzt = F(w,t)*WOa

where F, ;) (w) = X*(t,w), and (10.27) means p, ¢(U) = Wo( (@ t)(U)) for
a Borel set U C R™. This implies that, for each z,t, p, . is a probability
measure on R™, since |X*(¢)]| is finite for Wy-a.e. w € Po.

We will use the notation

(10.28) P(s,2,t,U) = pig—s(U), 0<s<t, UCR™, Borel

We can identify P(s,z,t,U) with the probability that X™*(¢) is in U. We
can rewrite (10.26) as

(10.29) Pl f(z) :/f(y) P(0,z,t,dy)
(10.30) <1>gf(x)=/f(y) P(s, 2.1, dy).

The semigroup property on P? implies
(031)  P(s,.tU) = [ Plsardy) Pryt), 0<s<r<t,

which is known as the Chapman-Kolmogorov equation.

Let us denote by L the extension of (10.24) that is the infinitesimal
generator of P*. If V is a bounded, continuous function on R™, then
L —V generates a semigroup on C,(R™), and an application of the Trotter
product formula similar to that done in §2 yields

(10.32) e EV) f(z) = By (f(%z(t)) ol V(%”(s))ds) .

This furnishes an existence result for weak solutions to the initial-value
problem

ou
o7 = D A(x) 9;0ku + Y _bj() dju—Vu,
u(0) = f € Go(R™),

under the hypotheses that V' is bounded and continuous, the coefficients b;
are bounded and uniformly Lipschitz, and Aj; has the form (10.20), with
oj¢ bounded and uniformly Lipschitz. As for the last property, we record
the following fact:

(10.33)
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Proposition 10.2. If A(z) is a C? positive-semidefinite, matrix-valued
function on R™ with D*A(x) bounded on R™ for || < 2, then there exists
a bounded, uniformly Lipschitz, matrix-valued function o(x) on R™ such
that A(z) = o(x)o(x).

This result is quite easy to prove in the elliptic case, that is, when for
certain \; € (0, 00),

(10.34) Molé? < Ajr(@)é56 < Méf,

but a careful argument is required if A(z) is allowed to degenerate. See the
exercises for more on this.

If Aj;(x) has bounded, continuous derivatives of order < 2, we can form
the formal adjoint of (10.24):

(10.35)  L'f = 0i0(Ajn(x)f) = > 0;(bj(2)f) = Lf - V¥,

where L has the same second-order derivatives as L, though perhaps a
different first-order part, and V' (z) = = >~ 0;0k Ajr(x)+)_ Okb;(x). Thus L
has an extension, which we denote as £, generating a contraction semigroup
on C,(R™), with the positivity-preserving property. Furthermore, £ — V
generates a semigroup on Co(R™), and there is a formula for e*¢—V)f
parallel to (10.32). Thus we obtain a weak solution to the initial-value
problem

(10.36) —- = >_ 90 (Aju(@)u) — > 9;(b; u(0) = f € Co(R™),

prov1ded that A (z) satisfies the conditions of Proposition 10.2, and that
each b; is bounded, with bounded, continuous first derivatives. Equation
(10.36) is called the Fokker-Planck equation.

To continue, we shall make a further simplifying hypothesis, namely that
the ellipticity condition (10.34) hold. We will also assume A (z) and b;(x)
are C*°, and that D*A;,(x) and D*b;(z) are bounded for all @. In such
a case, (gjr) = (Ajr)~" defines a Riemannian metric on R™, and if A,
denotes its Laplace operator, we have

(10.37) Lf=A,f+ X/,

for some smooth vector field X = > &;(x) 0;, such that D*¢;(x) is bounded
for || < 1. Note that if we use the inner product

(10.38) (f.9) = / f(@)g@) v (x),

where dV is the Riemannian volume element determined by the Riemann-
ian metric g;z, then this puts the same topology on L?(R™) as the inner
product [ f(z)g(xz) dx. We prefer the inner product (10.38), since A, is
then self-adjoint.
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Now consider the closed operator £, on L?(R™) defined by
(10.39) Lof = Lf on D(Ly) = H*(R™).

It follows from results on Chapter 6, §2, that Lo generates a strongly contin-
uous semigroup e‘“2 on L2(R™). To relate this semigroup to the semigroup
Pt = et* on C,(R™) described above, we claim that

(10.40) etbrf = etef for f e C(R™).

To see this, let ug(¢,2) and wuy(t,x) denote the left and right sides, re-
spectively. These are both weak solutions to 0,u; = Lu;, for which one
has regularity results. Also, estimates discussed in §2 of Chapter 6 imply
that ug(¢,z) vanishes as |z| — oo, locally uniformly in ¢ € [0,00). Thus
the maximum principle applies to ug(t, ) — u1 (¢, z), and we have (10.40).
From here a simple limiting argument yields

(10.41) etb2f = £ f, for f € Co(R™) N L2(R™).

Now the dual semigroup (e**2)* is a strongly continuous semigroup on
L?(R™), with infinitesimal generator £} defined by

(10.42) LLf=L'f on D(LL) = H*(R™),

where L* is given by (10.35). An argument parallel to that used to establish
(10.41) shows that

(10.43)  (e"2) f = etLef = ! EV)F for f e Co(R™) N L2(R™).

On the other hand, (P!)* = (e'4)* is a weak*-continuous semigroup of
operators on M(R™), the space of finite Borel measures on R™; it is not
strongly continuous. Using (10.43), we see that

(10.44) (f.e"2g) = ("“7fg), for f,g € CF*(R™),
and bringing in (10.40) we have
(10.45) ()" f = eV,

for f € C§°(R™), hence for f € Co(R™) N L'(R™). From here one can
deduce that (e'“)" preserves L'(R™) and acts as a strongly continuous
semigroup on this space.

Let us return to the family of measures P(s,z,t,-). Under our current
hypotheses, regularity results for parabolic PDE imply that, for s < ¢,
there is a smooth function p(s,x,t,y) such that

(10.46) P(s,z,t,U) = /p(s,:r,t,y) dy.
U
We have

(10.47) B! f(x) = / ) pls.mtiy) dy, s <,
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and
(10.48) (8)'50) = [ £ pls,mitey) do, s <t
Furthermore, we have for p(s, z, t,y) the “backward” Kolmogorov equation
dp &*p dp
10.49 - =— A, _— = bi(x)=—
gk J J J
and the Fokker-Planck equation
dp 0? 0
10.50 - = — (A — — | b; .
( ) ot jzkj 8yJ8yk ( jk(y)p) ; 8yj ( J(y)p)

While we have restricted attention to the smooth elliptic case for the last
set of results, it is also interesting to relax the regularity required on the
coefficients as much as possible, and to let the coefficients depend on ¢, and
also to allow degeneracy. See [Fdln] and [SV] for more on this. Exercise 5
below illustrates the natural occurence of degenerate L.

We mention that, working with (10.32), we can obtain the solution to

@:Lu, fort >0, x € Q,
(10.51) ot

u(t,z) =0, forxz €0Q, u(0,z)= f(x),

by considering a sequence V,, — oo on R™ \ Q, as in the analysis in §3,
when €2 is an open domain in R™, with smooth boundary, or at least with
the regularity property used in Proposition 3.3. In analogy with (3.8), we
get

(10.52) u(t) = Eo (f(xx(t))wﬁ(xxa t))7
where

X7, t) =1 if X*([0,t]) c Q,
053 ) (10.1)
0 otherwise.

The proof can be carried out along the same lines as in the proof of Propo-
sition 3.3, provided Ly (defined in (10.39)) is self-adjoint. Otherwise a
different approach is required. Also, when L, is self-adjoint, the analysis
leading to Proposition 3.5 extends to (10.51), for any open Q C R™, with
no boundary regularity required. For other approaches to these matters,
and also to the Dirichlet problem for Lu = f on €2, in both the elliptic and
degenerate cases, see [Fdln] and [Fr].

We end this section with a look at a special case of (10.1), namely when
o =1, so we solve

(10.54) X°(t) =z +w(t) +/Otb(3€z(r)) dr.
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Assume as before that b is bounded and uniformly Lipschitz. Then the
analysis of (10.6) done above implies

(10.55) AT f(z) = By F(X"(), X = b(
On the other hand, in §7 we derived the formula

(10.56) AN f(2) = B, (f(w(t)e ),
where

Z(t) = %/O b(w(s)) -dw(s)—i/o [b(w(s))|”

We conclude that the right-hand sides of (10.55) and (10.56) coincide. We
can restate this identity as follows. Given z € R", we have a map

(10.57) 27 PBo — Po, =T(w)(t) = X(¢).
Then Wiener measure Wy on B gives rise to a measure =7 Wy, on Py, by
(10.58) EIWo(S) = Wo((E")~H(S)).

For example, if 0 <t < --- < tg,

(1059) / F(w(tl), . 7w(tk)) dEfWO = EO F(%m(tl), ce ,.’{i(tk))
Fo
Thus the identity of (10.55) and (10.56) can be written as

(10.60) / f(w(t)) d=2Wo = / fw()e®® aw,.

This is a special case of the following result of Cameron-Martin and Gir-
sanov:

Proposition 10.3. Given t € (0, 00), E§W0|%f
with respect to Wz‘%f, with Radon-Nikodym derivative

d=EWo _ 2
AW, '

is absolutely continuous

(10.61)

Note that by taking f, 1 in (10.56), we have E, (ez(t)) =1, so the
supermartingale eZ® is actually a martingale in this case.

To prove the proposition, it suffices to show that, for 0 <t < --- <ty <
t, and a sufficiently large class of continuous functions f;,

Ep (f1 (X*(t1)) - fu (xx(tk)))

(10.62)
=FE, (f1 (w(t1)) ~~~fk(w(tk))ez<t))_
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We will get this by extending (10.55) and (10.56) to formulas for the solu-
tion operators to time-dependent equations of the form

0
(10.63) ai: = (A 4+ X)u—V(t,z)u, u0)=F.
Only the coefficient V(¢,2) depends on ¢t; X does not. Parallel to (2.16),

we can extend (10.55) to

(10.64) u(t) = Ep ( £ () e Jo VX6 dS) ,

and we can extend (10.56) to

(10.65) u(t) = E, (ez(t) Flw(t))e & V(va<s>>d3) .

Now we can pick V(s,z) to be highly peaked, as a function of s, near
s =t1,...,tk, in such a way as to get

(10.66) e~ Jo Visw(s))ds  ,—Va (w(tl)) v Ve (w(tk)).

Thus having the identity of (10.64) and (10.65) for a sufficiently large class
of functions V (s, x) can be seen to yield (10.62). We leave the final details
to the reader.

For further material on the Cameron-Martin-Girsanov formula (10.61),
see [Fr], [Kal], [McK], and [DK].

Exercises

1. As an alternative derivation of (10.13), namely,

B £z ) [8.) = P 1),
via the Markov property, show that in light of the identity (10.5), it follows

by applying (4.12) to Fo (f (i{x (t—s, 19sw)) ‘%5>.
2. Under the hypotheses of Proposition 10.1, show that, for A > 0,

Eo (e)\|xz(t)fz|) < 262)\252t+)\Bt

(Hint: If Z(t) denotes the last integral in (10.1), use (8.23) to estimate the
quantity Fp (ek‘z(m) .) Using this estimate in place of (10.10), get as strong
a bound as you can on the behavior of P’f(x), for fixed t € RT, as |z| — oo,
given f € Co(R"™), that is, f continuous with compact support.

3. Granted the hypotheses under which the identity (ew)* = et©=Y) on the
space C,(R™) N L' (R™) was established in (10.45), show that if P(t) denotes
(etﬁ)* restricted to L'(R™), then P(t) = P(t)* : L(R™) — L=(R™) is
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given by the same formula as (10.6):

P()f () = Bo f(X°(1)), fe€L®R™.
Show that
P(s,z,t,U) =P(t — s)xuv(x).
4. Assume A(z) is real-valued, A € C*(R™), and A(x) > 0 for all . Show that

2 2 . 2A(z) }
VAW <440 sup {ID*AW] o - o] < g ).
Use this to show that /A(z) is uniformly Lipschitz on R™, establishing the
scalar case of Proposition 10.2. (Hint: Reduce to the case m = 1; show that
if A’(c) > 0, then A’ must change by at least A’(c)/2 on an interval of length
< 2A(c)/A'(c), to prevent A from changing sign. Use the mean-value theorem
to deduce |A”(¢)| > |A’(c)|?/4A(c) for some ( in this interval.) For the general
case of Proposition 10.2, see [Fdln], p. 189.
5. Suppose (10.1) is the system arising in Exercise 4 of §9, for X = (z,v). Show
that the generator L for P! is given by
0 0

2

6. Using methods produced in Chapter 8, §6, to derive Mehler’s formula, compute
the integral kernel for e'” when L is given by (10.67), with V(z) = az?.
Remark: This integral kernel is smooth for ¢ > 0, reflecting the hypoellipticity
of Oy — L. This is a special case of a general phenomenon analyzed in [Ho]. A
discussion of this work can also be found in Chapter 15 of [T3].

(10.67)

A. The Trotter product formula

It is often of use to analyze the solution operator to an evolution equation
of the form

% = Au+ Bu
in terms of the solution operators e!4 and e*Z, which individually might
have fairly simple behavior. The case where A is the Laplace operator and
B is multiplication by a function is used in §2 to establish the Feynman-Kac
formula, as a consequence of Proposition A.4 below.
The following result, known as the Trotter product formula, was estab-
lished in [Tr].

Theorem A.1l. Let A and B generate contraction semigroups et and e'?
on a Banach space X. If A+ B is the generator of a contraction semigroup
R(t), then

(A1) R(t)f = lim (e/mAt/mBY" £

n—oo
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for all f € X.

Here, A + B denotes the closure of A+ B. A simplified proof in the case
where A+ B itself is the generator of R(¢) is given in an appendix to [Nel2].
We will give that proof.

Proposition A.2. Assume that A, B, and A + B generate contraction
semigroups P(t), Q(t), and R(t) on X, respectively, where D(A + B) =
D(A)ND(B). Then (A.1) holds for all f € X.

Proof. It suffices to prove (A.1) for f € D = D(A + B). In such a case,
we have

(A.2) PM)Q()f — f=h(A+ B)f +o(h),

since P(h)Q(h)f = f = (P(h)f—f)+P(h)(Q(h)f—[). Also, R(h)f—[ =
h(A+ B) + o(h), so

P(R)Q(h)f — R(h)f = o(h) in X, for f € D.

Since A+ B is a closed operator, D is a Banach space in the norm || f||p =
[(A+B)f| + || f|l. For each f € D, h='(P(h)Q(h) — R(h)) f is a bounded
set in X. By the uniform boundedness principle, there is a constant C' such
that

%Hp(h)Q(h)f — R f|| < Clfllp,

for all h > 0 and f € D. In other words, {h~!(P(h)Q(h) — R(h)) : h > 0}
is bounded in £(D,X), and the family tends strongly to 0 as h — 0.
Consequently,

PmQ@m) s~ R — 0

uniformly for f is a compact subset of D.
Now, with ¢ > 0 fixed, for any f € D, {R(s)f : 0 < s <t} is a compact
subset of D, so

(A.3) [(P(M)Q(h) — R(h)) R(s)f[| = o(h),

uniformly for 0 < s < t. Set h = t/n. We need to show that (P(h)Q(h))" f—|]
R(hn)f — 0, as n — co. Indeed, adding and subtracting terms of the form
(P(R)Q(h)) R(hn — hj), and using ||P(h)Q(h)|| < 1, we have

[(P(M)Q(R)" f — R(hn)f||
< [(P(h)Q(h) — R(h)) R(h(n — 1)) ]|
+[|(P(R)Q(h) — R(h)) R(h(n — 2))f||
+ -+ ||(P(R)Q(R) — R(h)) f]|-

(A.4)
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This is a sum of n terms that are uniformly o(t/n), by (A.3), so the proof
is done.

Note that the proof of Proposition A.2 used the contractivity of P(t) and
of Q(t), but not that of R(¢). On the other hand, the contractivity of R(t)
follows from (A.1). Furthermore, the hypothesis that P(¢) and Q(t) are
contraction semigroups can be generalized to ||P(t)|| < ™, ||Q(t)|| < €. If
C = A+ B generates a semigroup R(t), we conclude that ||R(t)|| < e(@)?,

We also note that only certain properties of S(h) = P(h)Q(h) play a role
in the proof of Proposition A.2. We use

(A.5) S(h)f —f=hCf+o(h), feD=D(C),
where C' is the generator of the semigroup R(h), to get
(A.6) S(h)f — R(h)f = o(h), [ € D.

As above, we have h=1[|S(h)f — R(h)f|| < C||f|lp in this case, and con-
sequently h=1[|S(h)f — R(h)f|| — 0 uniformly for f in a compact subset
of D, such as {R(s)f : 0 < s < t}. Thus we have analogues of (A.3) and
(A.4), with P(h)Q(h) everywhere replaced by S(h), proving the following.

Proposition A.3. Let S(t) be a strongly continuous, operator-valued
function of t € [0,00), such that the strong derivative S'(0)f = Cf ex-
ists, for f € D = D(C), where C generates a semigroup on a Banach space
X. Assume ||S(t)|| < 1 or, more generally, |S(t)|| < e*. Then, for all
f e X7

(A7) ef = lim S(n~tt)" f.

n—oo

This result was established in [Chf], in the more general case where S’(0)
has closure C', generating a semigroup.

Proposition A.2 applies to the following important family of examples.
Let X = LP(R™), 1 <p < o0, or let X = C,(R"™), the space of continuous
functions vanishing at infinity. Let A = A, the Laplace operator, and
B = —My, that is, Bf(z) = =V (z) f(x). If V is bounded and continuous
on R™, then B is bounded on X, so A — V| with domain D(A), generates a
semigroup, as shown in Proposition 9.12 of Appendix A. Thus Proposition
A.2 applies, and we have the following:

Proposition A.4. If X = LP(R"), 1 <p < o0, or X = C,(R"), and if V
is bounded and continuous on R™, then, for all f € X,

(A.8) AVIF — Jim (e(t/n)Aef(t/n)V)nf.

n—oo

This is the result used in §2. If X = LP(R™), p < 0o, we can in fact take
V € L*™°(R™). See the exercises for other extensions of this proposition.
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It will be useful to extend Proposition A.2 to solution operators for time-
dependent evolution equations:

(A9) % = Au+ B(t)u, u(0)=f.

We will restrict attention to the special case that A generates a contraction
semigroup and B(t) is a continuous family of bounded operators on a Banach
space X. The solution operator S(t,s) to (A.9), satisfying S(¢, s)u(s) =
u(t), can be constructed via the integral equation

t
(A.10) u(t) = et f —l—/ e=94B(s)u(s) ds,

0
parallel to the proof of Proposition 9.12 in Appendix A on functional anal-
ysis. We have the following result.

Proposition A.5. If A generates a contraction semigroup and B(t) is a
continuous family of bounded operators on X, then the solution operator
to (A.9) satisfies

(A.11)

S(t,0)f = lim (e@/n)A e(t/n)B((H)t/n)) (eu/n)A e(t/n)B(O)) f,

t—o0o

for each f € X.

There are n factors in parentheses on the right side of (A.11), the jth
from the right being e(*/™Ae(t/mB(G-1)t/n)

The proof has two parts. First, in close parallel to the derivation of
(A.4), we have, for any f € D(A), that the difference between the right
side of (A.11) and

(A.12) e(t/M(AF+B((n=1)t/n)) . (t/n)(A+B(0)) ¢

has norm < n - o(1/n), tending to zero as n — oo, for ¢ in any bounded
interval [0,T]. Second, we must compare (A.12) with S(¢,0)f. Now, for
any fixed ¢ > 0, define v(s) on 0 < s <t by

A j-1 j—1 j
: & I <s< Lt —f
(A.13) s Av + B( - t)u - t<s< nt, v(0) = f
Thus (A.12) is equal to v(t). Now we can write
(A.14) % = Av+ B(s)v + R(s)v, v(0) = f,

where, for n large enough, |R(s)|| < ¢, for 0 < s <¢. Thus

(A.15) v(t) = S(t,0)f +/0 S(t,s)R(s)v(s) ds,

and the last term in (A.15) is small. This establishes (A.11).
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Thus we have the following extension of Proposition A.4. Denote by
BC(R™) the space of bounded, continuous functions on R", with the sup
norm.

Proposition A.6. If X = LP(R"), 1 < p < o0, or X = C,(R™), and if
V (t) belongs to C([0,00), BC(R™)), then the solution operator S(t,0) to

% =Au—-V(t)u
satisfies
(A.16)

S(t,0)f = lim (eu/nme—(t/n)vun—l)t/n)) . (e(t/nme—(t/n)wm) f,

for all f € X.

To end this appendix, we give an alternative proof of the Trotter product
formula when Au = Awu and Bu(z) = V(z)u(z), which, while valid for a
more restricted class of functions V(x) than the proof of Proposition A.4,

k
has some desirable features. Here, we define v, = (e(l/”)Ae_(l/”)V) f
and set

k 1
(A.17) v(t) = e*Be*Vuy, fort= - +s5, 0<s< —

We use Duhamel’s principle to compare v(t) with u(t) = /(A=) f. Note
that v(t) — vgy1 ast / (k+1)/n, and for k/n <t < (k+1)/n,

ov

(A.18) ot

= (A =V)v+[V,ete Y uy.

Thus, by Duhamel’s principle,

=Av—e*2Ve Yy

t
(A.19) v(t) =BV f 4 / ==V R(s) ds,
0
where
oA, —oV k 1
(A.20) R(s)=[V,e’le 7 vy, fors=—40, 0<o< —.
n n
We can write [V, e”?] = [V, e“® — 1], and hence
(A.21) R(s) =V(e“® —1)e "V, — (7> = 1)Ve V.
Now, as long as
(A.22) DA -V) =D(A) = H*(R"),
we have, for 0 <y <1,
A=V A-V —
(A23) ||€t( )||£(H_2"’,L2) == Het( )HL',(LQ,HZ'Y) S C(T)t 77
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for 0 < ¢t <T. Thus, if we take v € (0,1) and ¢ € (0,7, we have for
(A.24) F(t) = /0 t =) A=VIR(s) ds,

the estimate

(A.25) IF Ol <© [ =9 1R -2 ds.

We can estimate ||R(s)|| -2~ using (A.21), together with the estimate

(A.26) ||e”Af1||£( <Co’, 0<y<1.

L2,H-27)
Since o € [0,1/n] in (A.21), we have
[R(s)[m-22 < Cn T o(V)| fllr2,

o) = (IVlleqam) + IV s )1Vl

Thus, estimating v(t) = u(t) at t = 1, we have

(A.28) H (eu/nmef(l/n)v)"f _ e(A7V)f‘

(A.27)

LS GVl flle -,

for 0 < v < 1, provided multiplication by V is a bounded operator on
H?Y(R™). Note that this holds if DV € L*(R") for |a| < 2, and

(A29) HVH£(H2"’) < C |Sl‘1£)2 ||DD‘VHLoc.

One can similarly establish the estimate

(A.30) H (e<t/n>Ae—<t/n)V)"f _ et(A—V)f‘

Lo S COeW) Sl -n77.

Exercises

1. Looking at Exercises 2-4 of §2, Chapter 8, extend Proposition A.4 to any V,
continuous on R™, such that Re V(z) is bounded from below and |[Im V()| is
bounded.

(Hint: First apply those exercises directly to the case where V is smooth,
real-valued, and bounded from below.)

2. Let H = L*(R), Af = df /dz, Bf =izf(z), so e f(z) = f(z+1), B f(x) =
e’ f(x). Show that Theorem A.1 applies to this case, but not Proposition
A.2. Compute both sides of

ePA+aB iy (e@/n)Ae(q/n)B) 7,
and verify this identity directly.
Compare with the discussion of the Heisenberg group, in §14 of Chapter 7.
3. Suppose A and B are bounded operators. Show that
ct
n

<

oHATB) _ (e(t/n)Ae(t/n)B)
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and that

ct
< —.
S 2

|

(Hint: Use the power series expansions for e/M4 and so forth.)

n
G (A+B) _ (6(t/2n)A6(t/n)Be(t/2n)A)
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