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1. Introduction

The spaces now called Morrey spaces were introduced by C. B. Morrey to study
regularity properties of solutions to quasilinear elliptic PDE, but since then they
have been useful in other areas of PDE. Before saying more on this, let us first
define the Morrey spaces MP(R").

If1<g<p<ooand fe L, (R"), wesay f € MP(R") provided

loc

(1.1) R™" / |f(x)|? de < CR™™/P,
Br

for all balls Br of radius R < 1 in R™. If we set 0 f(x) = f(Rz), the left side of
(1.1) is equal to [, |[0rf(x)|?dz, so an equivalent condition is

(1.2) 16r || La(y) < C'R™™P,

for all balls By of radius 1, and for all R € (0, 1]. It follows from Hoélder’s inequality
that
LP

unif

We also say f € MP(R™) provided (1.1) holds for all R < oc.
Morrey used these spaces to study inhomogeneous equations

(R") = MF(R") C MP(R") C M7 (R").

(1.3) > 0;07% () Opu = f,

on a domain in R", when a/*(z) are bounded and measurable and (1.3) is ellip-
tic. Using a clever dilation argument and the DeGiorgi-Nash-Moser estimates on
solutions to the homogeneous version of (1.3), Morrey was able to show that, if
p=n+4, with small § > 0, and f =" 9;g;, with g; € LP, then Vu € ML. Holder
continuity of the solution w is then a consequence of Morrey’s lemma:

(1.4) Vu € MP(RY), p>n=>uec C"(R"), 7“:1—%.

In fact, (1.4) is a special case of the following:
(1.5) MP(R™) C C;"/P(R™).
Here, C7(R™) is a Zygmund space, which can be defined as follows. Pick ¥, €
Cg°(R™), such that Wg(¢) = 1 for €] < 1, 0 for |£] > 2, set WUi(&) = ¥o(275¢),

and then set g = Vg, ¢ = ¥y — Wy for k > 1. The family {¢}} is called a
Littlewood-Paley partition of unity. For any r € R, one defines

(1.6) CI®R) = {u: [[Un(D)ull~ < C27*7).
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It is not hard to show that, for r € RT \ Z*, C"(R™) = C7(R™). To see that (1.5)
holds, one can check from the definition (1.1) that

feMP(R") < [|e"[f]|| . <Ct T/

D — [|e"? fllpe < CET/?P,
for ¢ € (0,1]. From this one readily deduces that, if u € MP(R™), then (1.6) holds,
with r = —n/p.

In recent times, Morrey spaces have been incorporated into techniques of mi-
crolocal analysis, and it is our purpose to carry out this development further in this
article.

In §2 we recall some known results about the action of pseudodifferential oper-
ators (¢)DOs) on Morrey spaces. We define “Morrey scales,” spaces M}»*(R"), for
s € R, and make note of the consequent action of »DOs on these spaces. We also
extend to Morrey scales E. Stein’s theorem on the action of ¥DOs with symbols in
ST

This is useful for applications of the paradifferential operator calculus of J.-
M. Bony and Y. Meyer. We recall Meyer’s formula for the action of a smooth
function F on a function u (possibly taking values in Rf). More details can be
found in [Mey], or in [T1]. We have

(1.8) F(u) = M(u;xz, D)u + F(ug),

where ug = ¥o(D)u and

M(u;z,8) = my(@)thrya(6),

(1.9) k>0

() = /O P (WD) + 1par (D)) d

A straightforward calculation using the chain rule shows that
(1.10) u€ L®R") = M(u;z,§) € 57 .

We recall that, for 0 <6 <1, m € R,

(1.11) p(z,€) € ST’ == |DIDgp(x,€)| < Caple)™ 101,

where (€)% = 1+ [£]2. If p(x,&) € ST has an asymptotic expansion in terms
homogeneous of degree m — j, 7 > 0, we say p(z,£) € S™, or sometimes, for
emphasis, p(z,§) € ST

A further ingredient in paradifferential operator calculus is the process of “symbol
smoothing.” Given a symbol M (x,§) € ST, write

(1.12) M(xz,&) = M#(z,€) + M°(x,£),
where, with J, = Wo(ex D), and 5 \, 0,

(1.13) M#(2,€) = JeM (2,€) Yria (€).

k>0



Choices most frequently made are
(1.14) J. =U6(27°%D,), or J =V, _3(D,).

In these respective cases, one gets

(1.15) M#(z,8) € Sy, or M#(z,&) € BST,
where
(1.16) BSTY = {p(z,¢) € ST : p(n, &) is supported in |n| < p|€|},

for some p < 1. For fixed p < 1, the class (1.16) will be denoted B,S7%. One can
show that, if M(x,§) = M (u;x,§) is given by (1.9), then, for r > 0,

(1.17) ue " = M"x,£) €S}’ or BSiY,

in the two respective cases of (1.14). Thus, the action of ¥DOs with symbols in
these various classes are significant for nonlinear analysis. For example, we extend
to Morrey scales Moser estimates on nonlinear functions F'(u), and also Rauch’s
lemma.

In §3 we apply Morrey space analysis in its traditional context: analysis of
quasilinear elliptic PDE. We analyze a family of such equations, containing as an
important example the system relating the metric tensor of a Riemannian manifold
to its Ricci tensor, in harmonic coordinates. The analysis involves a combination of
paradifferential operator calculus and integration by parts arguments. The specific
application to the Ricci tensor is given in §4.

In §5 we resume the internal development of analysis on Morrey spaces. We
extend a commutator estimate of T. Kato and G. Ponce [KP] to the Morrey scale
setting. We also extend to “microlocal” Morrey scales a comutator estimate of
M. Beals [Be], and we recall some known results on commutators [P, M|, when f €
bmo, and sketch a proof of this given in [AT]. One ingredient in these commutator
estimates is the decomposition

(1.18) fo=Trw+T,f + R(f,v),

where

(1.19) Tro=> Wp_4(D)f - x(D)v
k>4

is Bony’s paraproduct. This is an example of (1.8)—(1.14), with F'(u1,us) = ujus.

In §6 we recall and extend some work of [CFL1-2] and [DR1-2] on a class of
pseudodifferential operators whose symbols p(x, ) are bmo in x, and a subalgebra
whose symbols have z-dependence in vmo N L*°. Here, bmo(R"™) is the “local”
version of BMO(R™), with norm

(1.20) [ellbmo = llullBmo + [[Wo(D)ul| e



The seminorm ||u||gmo is give by sup,. 7, (r), where

(1.21) Nu(r)= sup p " / lu(x) —up|dz.
diam B=p<r %

Here, B runs over all balls of diameter p, and up stands for the mean value of
u on B. The subspace VMO(R") consists of u € BMO such that n,(r) — 0 as
r — 0, and vmo consists of u € VMO such that Wo(D)u € L*(R™). It is known
(cf. [Sar]; see also [CFL]) that VMO is the closure in BMO of the space of uniformly
continuous functions on R, or equivalently of the space

(1.22) B> ={ue€ L*R"): D € L=(R"), Va}.

Similarly, vmo is the closure of B° in bmo. Clearly vmo N L* = VMO N L.
In §7 we derive some Morrey space estimates for solutions to wave equations. In
68 we discuss spaces of conormal distributions and variants.

2. Morrey scales
Since the work [P] it has been known that, if 0 < 4§ < 1,
(12.1) P e OPS);(R") = P: MP(R") — MP(R"), 1<q<p<oo.

Thus, when 1 < ¢ < p < 00, it is reasonable to consider the scale of spaces

(2.2) MP#(R™) = A MP(R") = {u € S'(R") : A®u € MF(R")},
where
(2.3) (A%u) (&) = (L+[¢1%)" a(é).

Clearly the standard Sobolev space H*P(R™) C M}»*(R"). It follows from (2.1)
that, given s, m € R, § € [0,1), 1 < g <p < o0,

(2.4) P e OPSTs(R") = P: MP*(R™) — MP*~™(R").
Since such P map C? to C~™ for all s € R, we see that (1.5) implies
,S n s—n/ n
(2.5) MP*(R") C CZ7P(R™).
Similarly we can define
2.6) MBS (R) = A=* ME(R™),
and we have
(2.7) P e OPSTs(R") = P: MI*(R") — ME=""(R"),

provided 1 < ¢ < p < co. We will mainly use the spaces M. 573(11%”), and occasionally
refer to the fact that analogous results hold for M2-*(R").

We mention some further results, which will be useful in our development. The
following proposition was established in Theorem 3.8 of [T2]. A number of cases
had appeared earlier, e.g., in [Ad], [CF], [P].
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Proposition 2.1. If 1 < p; < py < o0 and

(2.8) m=—0= —n(l — i) <0,

b1 D2
then, for 1 < q <p; <oo, 0<d <1,
(2.9) P e OPSTs(R") = P : MP'(R") — MP>(R"),
with
(2.10) 2 _ ]2, if also p1 < n,

q1 P1
and otherwise (2.9) holds provided q2/q1 < p2/p1. Furthermore,

(2.11) P € OPSJ5(R") = P : MP*(R") — MP2(R"), for o < 2.

b1
In addition, (2.4), (2.9), and (2.11) hold for P € OPBST"(R"); in particular,
(2.12) P € OPBST(R") = P : M*(R") — M2P*"™(R"),
forl<g<p<oo, m,s€R.
It follows that, for p; and g; related as above,
(2.13) MPSFImIR™) € MP2S(R™).

Another useful general result established in [T2] is:

Proposition 2.2. Assume the Schwartz kernel k(x,y) of T satisfies
(2.14) k(. y)| < Cale =y (14 o —y))
for sufficiently large M. Then, if 1 < q < p < 00,
(2.15) T:LYR") — LYR") =T : MI(R") — M (R™).
We include another proof of Proposition 2.2 in Appendix B. Proposition 2.2

implies (2.1) and (2.12). Another application of Proposition 2.2 is the following
result, noted in [T2]:

Proposition 2.3. Given k € ZT ={1,2,3,...}, we have
(2.16) P € OPS{{(R") = D*P: MP(R") — MP(R™),

forlal <k, 1<q<p<oo.
That (2.16) holds follows from the fact that D*P : LP(R™) — LP(R™) and that

(2.17) D°P(z,D)= Y Ps(x,D)D” € OPS},,
Bry=a
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so T'= D“P has Schwartz kernel satisfying (2.14). This fact, in conjunction with
(2.1), applied to D*A~* € OPSY ,, shows that, for k € Z*,

(2.18) P € OPS;{(R") = A"P: MP(R") — MP(R™).

More generally, one can replace A* in (2.18) by any A € OPS{“’(;, d €10,1). We
can rewrite (2.18) as

(2.19) P e OPS) | (R") = A*PA™" : MP(R™) — MP(R"),
and more generally
(2.20) P e OPSY (R") = AT pA~(F+io) - pfP(R™) — MP(R™),

for k € Z*, o0 € R. For each k € Z*, the family of operators has norm polynomially
bounded in o. It follows that

(2.21) P e OPS},, s€[l,00) = A°PA™®: MP(R") — MEF(R").
In fact, we improve Proposition 2.3 to the following.

Proposition 2.4. Given s >0, 6 € (0,1], and 1 < ¢ < p < 00, we have

(2.22) A€ OPS; 4, PeOPS;} = AP : MP(R") — MP(R").

Proof. Tt suffices to show that, for s > 0,
(2.23) PeOPS = NP:MJR") — MJR"),

and, granted (2.21), we need only consider the cases 0 < s < 1. We want to apply
Proposition 2.2 to 7' = A*P, and we know that 7' : L9(R™) — L?(R"™) under our
hypotheses. Thus we need to verify that the Schwartz kernel of T satisfies (2.14).
That this holds for |x —y| > 1 is easy. The fact that it holds on the region |z —y| <1
is proved in Appendix A.

Proposition 2.4 can be rephrased in the language of Morrey scales as
(2.24) P € OPST"{(R") = P : MP*(R") — MP*~™(R"™), provided s —m > 0,

assuming 1 < g < p < o0.

If s >n/pand 1 <q<p, then MP*(R") is an algebra. In fact, one can apply
a general smooth nonlinear function F' to (a vector-valued) u € MP®, and obtain
F(u) € MP*®, with Moser-type estimates. To see this, write F'(u) in terms of a
paradifferential operator:

(2.25) F(u) = M(u;z, D)u + R(u),
as in (1.8)—(1.9), with R(u) € C*°, and, by (1.10),
(2.26) ueCY = M(u;z,€) € S?,l.

Using (2.24), we obtain:
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Proposition 2.5. If u € M}P**(R") with 1 < q < p and s > n/p, then, given
smooth F, we have F'(u) € MP* and

(2.27) 1Pl < Cr(lullie) (1 + lullag):
If also v € M}P*(R"), then

(2.28) [uv][prp+ < C[””HL‘”HUHM;”S + llullarg-

U||Lm]

If s < n/p, such estimates fail, unless we also assume that v € L>*. If s = 0,
what we have in place of (2.28) is

(2.29) v,w € MP(R") = vw € M?/J(R™),
provided 2 < s < p. The following, while not sharp, will be useful in §3.

Proposition 2.6. Letp > 2, g€ (2,p], 0 <o <1. Then

(2.30) v,weMé””:>vw€M5//22’a.

Proof. Say v=A"°f, w= A"%g, with f,g € MP. We seek an estimate of the form
2 —Zz —z
(231) sup [[e'A*(AF - A=%9) | < Cl g gl
where
N={2z€C:0< Rez<1}.

It suffices to establish this estimate form f, g € S(R™). Note that we are taking the
norm of a holomorphic function, so it suffices to check z = iy and z = 1+iy, y € R.
We have

—yZ A —i —i
(232)  [leTVAMATVS A y9)||Mp//22 S CNF - llygrrz < CllFlarglgllacg
by the boundedness of (y) "% A% in E(M(f//;) and in £(MP). Similarly,

Hel_yQAl-i-iy (A—l—iyf . A—l—iyg) ||MP/2

q/2
(2.33) < CZ||6—%3j(A—1—¢yf , A—1_iyg)HMp//2
j=1 o
+COllem TATIE AT || e,
a/2
Now using
aj (A—l—iyf . A—l—z’yg) _ (ajA—l—iyf) . (A—l—iyg)
+ (AT - (9,47 g),

plus 9;A~! € OPS?, we easily bound (2.33) by C fllazz gl azp- This completes the
proof.

(2.34)

As in the case of Sobolev spaces, we can define the notion of u belonging mi-
crolocally to a space MP>*. Assume 1 < g <p < oo, s €R. Let I be a closed conic
subset of T*R™ \ 0. We say

(2.35) u € MP*,(T) <= Pu € MP*(R™),

for some P € OPS°(R™) which is elliptic on some conic neighborhood of I'. There
is the following variant of Rauch’s lemma:
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Proposition 2.7. Assume v € C" N M}*, withr,s >0, 1 <qg<p<oo. If Fis
smooth, then

(2.36) u € MP7,u(T) = F(u) € MP? ) (T), provided s <o <s-+r.

Proof. As in (1.12)—(1.17), write, mod C'°,
(2.37) F(u) = M*u+ M'u, M# e OPS};, M"eOPS;}’,

for any § < 1. Then M#u € M2, (L), by (2.1) and symbol calculus, while, by
(2.24), MPu € MP-*+7_ This proves (2.36).

This result can be sharpened, in a way parallel to the treatment of [Mey] for
Sobolev spaces. In the decomposition M = M# + M?, choose the second method
of (1.14); then M® € OPSy 7. Furthermore, if r > 0, u € C" = M#* € OPB"SY |,

where B"STY consists of p(x, &) € BSTY satisfying the additional conditions

IDEP(-, €)|lcr < Cal&)™ o,

2.38
(239 IDEDEp(z, )| < Cop(€)m1oH2UBI= - for |B] > 7.

Operator calculus then yields the following.

Lemma 2.8. If p(x,§) € B"STY and uw € MP®, with 1 < q <p < oo, s> 0, then

(2.39) u € M, (T) = p(x, D)u € MP7"" (), s<o<s+r.

The proof is parallel to that in [Mey]; see also Proposition 3.4.D in [T1]. With
this in hand, one can now replace the condition s <o < s+7in (2.36) by s < o <
s+

3. A class of second order elliptic systems in divergence form

Here we study regularity of solutions to elliptic equations of the form
(3.1) Zﬁjajk(x,u)aku—kB(m,u, Vu) = f.

This can be an M x M system, with u taking values in RM. We assume B(z,u, ()
is smooth in z and u, and is a quadratic form in {, or more generally satisfies

|B(z,u,¢)| < C(O)*.
Proposition 3.1. Assume that a solution u to (3.1) satisfies
(3.2) Vu e My, for some q>n, henceue C",
for some r € (0,1), and

(3.3) fe Mt
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for some p € (q,00), s € [2,p]. Then

(3.4) Vu e MP,

If s = p, then (3.4) is the conclusion of Proposition 2.2.1 of [T1], but the hypoth-
esis (3.2) above is weaker than the corresponding hypothesis made in [T1]. The
case f = 0 of Proposition 3.1 is also contained in Theorem 4.1 of [Sch|, when dim
Q=2

To begin the proof of Proposition 3.1, we write

(3.5) Z aji(z,u)0ku = Aj(uw; x, D)u,
k

mod C*°, with

(3.6) Aj(u;z,6) € CT81o NS+ 5147,

as established in (3.3.23) of [T1], and hence, by (3.3.25) of [T1], given § € (0, 1),

Aj(u;a,€) = AY (2,€) + A%(x,€),

(3.7)
A;#(x,g) €Sty Ab(z,€) e S

It follows that we can write

(3.8) Z djax(x,u)0pu = P#u+ Plu,
with

(3.9) P# =Y "09;A%(z,D) € OPS};, elliptic,
and

(3.10) PP =Y "0;A%=, D).

By Proposition 2.4, we have
(3.11) ATTIPPATL MY MP, 1<q <p < .

In particular,

(3.12) Vu e M — Pbu e M,
Now, if
(3.13) E* € OPS{}

denotes a parametrix of P#, we have, mod C'™,

(3.14) u= E*f — E* B(z,u, Vu) — E* Pbu,
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and we see that, under the hypothesis (3.2), we have some control over the last
term:

(3.15) E# PPy e M3,

Note also that, under our hypothesis on B(z,u, (),

(3.16) Vu € MY = B(z,u, Vu) € M2,
Now, by (2.12),

3.17 A M2 P 5= Y
(3.17) 1 T M, P 2 _q/n’

if n<q<2n,

while the range is contained in C'? for some o > 0 if ¢ > 2n, by Morrey’s Lemma,
and the range is contained in BMO if ¢ = 2n. Thus

(3.18) E#B(x,u,Vu) € MY,

with p = ¢/(2—¢q/n) if ¢ < 2n and for all p < oo if ¢ > 2n. Note that p > g(1+a/n)
if ¢ = n+ a. This treats the middle term on the right side of (3.14). Of course, the
hypothesis (3.3) yields

(3.19) E#f e MP

which is just where we want to place u.
We can draw from (3.15) a conclusion parallel to (3.18)—(3.19), using

= 1 1 rd
3.20 AT MY — M = —
( ) 2 — Mg, i q n’
which follows from (2.9). We then have
(3.21) E#*Pbu e MI'.

Having thus analyzed the three terms on the right side of (3.14), we have
(3.22) we MIY, g* = min (5, p, ).
Iterating this argument a finite number of times, we get
(3.23) uwe MP'.
If s =2 in (3.3), our work is done.
If s € (2,p|, we can proceed with an argument similar to that above. Details are

omitted.
We next establish the following generalization of Proposition 3.1.
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Proposition 3.2. Assume that Vu € M3 for some q¢ > n, that u satisfies (3.1),
and that

(3.24) fempT 1t
for some p € (q,00), s € [2,p], 7> 0. Then

(3.25) Vu e MP7.

Proof. Note that Proposition 3.1 handles the case 7 = 0. Thus we can assume
(3.26) u € MPP,

with p = 1. We want to show that (3.26) holds with p = 1+ 7. As before, we make
use of (3.14). The hypothesis (3.24) yields

(3.27) E* f e MPTH
which is where we want to place u. Whenever (3.26) holds, with p > 1, we have
(3.28) E# Pby € MPPHTo,

parallel to (3.15). This is a desirable gain in regularity. It remains to examine the
term E# B(x,u, Vu) in (3.14).
To begin,

(3.29) u € MP' = B(z,u,Vu) € Mf//;

Thus, by Proposition 2.1, for arbitrarily small € > 0,

(3.30) A*B(z,u,Vu) € MP, pu= % +e.

Since p > n, we can take p < 1. Hence

(3.31) we MP! = E#*B(z,u,Vu) € MP7, Vo<1— "
p

We now prove Proposition 3.2 for 0 < 7 < 1. First assume s > 2; use Proposition

2.6 to get, for any 3 € (0,1],

(3.32) uw € MPYP — B(x,u, Vu) € Mf//;’ﬁ,

given that B(z,u,Vu) is a quadratic form in Vu. This time, an application of
Proposition 2.1 to the analysis of E# B(x,u, Vu) yields

(3.33) we MPWP — E#B(x,u, Vu) € MPIFA+H vo <12
b

given € (0,1], p > n, provided s > 2. On the other hand, if s = 2, the arguments
(3.27)-(3.31) yield u € MP1*58 for 8 =min {7,1 —n/p — €}, ¥ € > 0. Then, use

p,14+8 p,1+8—6
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for some small positive €, §, and again apply the argument above. Thus we extend
the implication (3.33) to the case s = 2.

This is a desirable gain in regularity. Thus a finite iteration of the arguments
above establishes Proposition 3.2, if 7 € [0, 1].

On the other hand, by Proposition 2.5, if s > 2,

uwe MPI o > SN B(z,u,Vu) € MP?
(3.34) p
= E#B(z,u, Vu) € MP*17,

Thus, if we have u € MP1*7 for some o > n/p, a finite number of iterations of this
argument will yield the desired conclusion (3.26), provided s > 2. If s = 2, use

(3.35) MY mptree

for small € > 0, § > 0, and again apply Proposition 2.5 to get

(3.36) we MPY o> — BBz, u, V) € MPPTOS,
p

and iterate.

Using this, we can establish Proposition 3.2 in the case 7 > 1. Indeed, in such a
case, we can use the conclusion from the 7 = 1 case to deduce that u € MP-2. This
is more than enough regularity to apply (3.34)—(3.36), so the proof is complete.

Our next goal is to derive the hypothesis (3.2) on u as a consequence of a weaker
hypothesis, at least for an important special case of systems of the form (3.1).

Proposition 3.3. Let u € H*(Q) solve (3.1). Assume the very strong ellipticity
condition

(3.37) ally(z,u)Calrs > MolC®, Ao > 0.

Also assume B(z,u,Vu) is a quadratic form in Vu. Assume furthermore that u is
continuous on Q. Then, locally, if p > n/2,

(3.38) f €M)= Yue Mj, forsomeq>n.

Hence u € C™, for some r > 0.

To begin, given x( € (2, shrink (2 down to a smaller neighborhood, on which
(3.39) lu(z) — up| < E,

for some ug € RM (if (3.1) is an M x M system). We will specify E below. Write

(3.40) (8jajk(x,u)5’ku,w)L2 = —/(Vu,Vw> dz,

where a‘zx% (7, u) determines an inner product on T @R for each x € , in a fashion
that depends on wu, perhaps, but one has bounds on the set of inner products so
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arising. Now, if we let ¢ € C5°(Q) and w = ¥(x)?(u — ug), and take the inner
product of (2.1) with w, we have

/w2|Vu\2 dx—l—Z/v,b(Vu)(Vw)(u—uo) dx

40 /¢ (u —up)B(z,u, Vu) d /d}fu—uo

Hence we obtain the inequality

/w2[|Vu]2 — |u—uo| - |B(z, u, Vu)| — 6*|Vul*] da
(3.42)
<5 [ IVePlu= ol dot [ 62151 fu = o]

for any § € (0,1). Now, for some A < oo, we have
(3.43) |B(z, u, Vu)| < A|Vul?.
Then we choose E in (3.39) so that

(3.44) FA<1l-a<1.

Then take §% = a/2, and we have

a 2
(3.45) §/¢2|Vu|2 dx < 5/|V¢|2 | — ug? dx+/¢2|f| - u — up| dx.

Now, given x € Q, for r < dist(z, 0f2) define U(z, R) by
(3.46) UG, R) =B [ July) ~ wenl dy
BR(J?)

where, as before, u, g is the mean value of u|BR(I).

Lemma 3.4. Let O CC Q. There exist Ry > 0, p € (0,1), 9 < 1, and Cy < o0
such that, if x € O and r < Ry, then either

(3.47) Ulz,r) < Cor?®=3),
or
(3.48) Uz, pr) <9U(z,r).

We first describe how to pick p, using the following; compare [Gial, pp. 91-92.
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Lemma 3.5. There is a constant Ay = Ao(n, M, \1/Xo) such that, whenever bi%
are constants satisfying

(3.49) MICP =Y 05 Gales = MlC?, Ao >0,
the following holds. If uw € H* (B1 (0), ]RM) solves

(3.50) 9,k 0ku® =0 on B1(0),

then, for all p € (0,1),

(3.51) U(0,p) < Agp’U(0,1).
Proof. For p € (0,1/2], we have

(3.52) U(0,p) < p*" / [Vu(y)? dy < Cop? | Vullle 5, 40

B, (0)

On the other hand, regularity for the constant coefficient elliptic PDE (3.50) readily
yields an estimate

(3.53) ||VU||2L°°(B1/2(O)) < BO||VU||%2(33/4(0)) < Biflu — U0,1||2L2(Bl(0))7

with B; = Bj(n, M, \1/Xo), from which (2.51) easily follows.

Now, to pick p for Lemma 3.4, we assume (3.49) holds for all frozen coefficient
principal parts of (3.1), take the Ay given by Lemma 3.5, and then pick p so that
A0p2 < 1 / 2.

Having picked p, we proceed to prove Lemma 3.4 by contradiction. If the result
is false, there exist =, € O, R, — 0, ¥, — 1, and v, € H'(Q,RM) solving (3.1)
such that

(3.54) U,(x,,R,) = 2 > CoR2(2—"/P)
and
(3.55) U,(x,,pR,) > 9,U,(x,, R,).

The hypothesis that u is continuous implies €, — 0. We want to obtain a contra-
diction.
We next set

(3.56) v (z) =€, uy (@ + Ryz) — Ups, R, |-
Then v, solves

@-aéékﬂ (:13,, + R,x,e,v,(x) + u,,xV,RV)ﬁkvf

(3.57) .
+ gyB(xu + Ryxa Eyvy(x) + uyw,/’Ry’VUy(x)) — g_Vf
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Note that, by the hypothesis (3.54),

R? 1
3.58 Vo< R/
(3.58) ., S ot
Now set
(3.59) V0.r) = [ o) = v
B,.(0)
Then, since v,9,1 = 0, we have
(3.60) Vo(0,1) = [oullie (0 =1, Val0.p) > 0.

Passing to a subsequence, we can assume that

(3.61) v, — v weakly in L?(B1(0),RM), ¢,v, — 0 a.e. in Bi(0).
Also
(3.62) ajofg(ajw Uyz,,, R,) — bjof@?

an array of constants satisfying (3.49). Boundedness of ¢,v,(z) + uyq, g, plus
continuity of affﬁ imply

(3.63) agékﬁ (2o + Ruw, v, (2) + s, R, ) — — p* s a-e in B1(0),
and this is bounded convergence.

We next need to estimate the L2-norm of Vv, . Substituting syv,,( o )—f—umu,RV
for u, (x) in (3.45), and replacing ug by uys, r,, we have

" folse (52
4)
R z/REWW w52 e B [y fo (S5 ae

for ¢ € C§°(Bg, (z,)). Actually, for this new value of ug, the estimate (3.39) might
change to |u(z) —ug| < 2F, so at this point we strengthen the hypothesis (3.44) to

(3.65) 9BA<1—a<1,

in order to get (3.59). Since R2 /e, < Rg/p/Co, we have, for U(z) = ¢(z, + R,x) €
C§°(B1(0)),

Rn/p
(3.66) Q/WW%FM< /WMWﬁdﬁ—%(/WWHmML

where F(x) = f(z, + R,x).
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Since [|vy[|z2(B,0)) = 1, if ¥ <1 we have
1/2
(3.67) /qﬂym oy | dz < ( / )2 dx) < 1R/,
B1(0)

if f € MY, so we have
2 C
(3.68) g/\112|Vfuy|2 de < — / VU |2|v, |? do + —1||f||Mp.
2 a Co 2

This implies that v, is bounded in H'! (Bp(O)) for each p < 1. Now, we can pass to
a further subsequence and obtain

v, — v strongly in Lj, (B (0))

(3.69) R
Vv, — Vv weakly in L, (B1(0)).

Thus, we can pass to the limit in (3.57), to obtain
(3.70) 0;b501v” =0, on By(0).
Also, by (3.60),
(3.71) V(0,1) = |lvllz2(Byoy <1, V(0,p) > 1.
This contradicts Lemma 3.5, which requires V' (0, p) < (1/2)V(0, 1).
Now that we have Lemma 3.4, the proof of Proposition 3.3 is easily completed.
From (3.47)—(3.48) we have
(3.72) Ulz,r) < Cr*®
for some a > 0. In other words
(3.73) [ 1) =y < o
B, (x)

uniformly for z € O CcC Q. This in itself implies v € C%(O). Furthermore, by
(3.45), we have

(3.74) / IVul? dy < Crn2(-2),
B, (z)

which implies

n

q _
(3.75) Vu|5 € My, =1
Thus Proposition 3.3 is proved.

We can extend Proposition 3.3 to the following result, which interfaces most
conveniently with Propositions 3.1-3.2.
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Proposition 3.6. Under the hypotheses of Proposition 3.3, if p > n,

(3.76) feMP ' = wue M, for some q>n.

Proof. Writing f = >~ 0;g5, g; € MY, we replace the right side of (3.41) by (the
sum over j of)

(3.77) /w 0;9;)(u — ) d:c—/w2gjﬁu dx—i—Q/w 0;1)g;(u —ug) de.

Thus, in place of (3.42), we have the inequality

/¢2[|Vu|2 — |u—uol| - |B(z, u, Vu)| — 26%|Vu|?] dz
(3.78)
< [UVOPlu—wf + 6?9l dz 2 [ 0] V9] gl Ju— w] da.

where |g|? = Y |g;|?. The estimates (3.43)—(3.75) proceed essentially as before, with
a few minor changes, resulting from replacing the estimate for F'(x) = f(z, + R, )
by the following estimate for G;(x) = g;(z, + R, x) :

1/2
(3.79) (/ 1G4 d:):) < C/R~""P,
B1(0)

if g; € MY. Details are left to the reader.
Combining Propositions 3.2 and 3.6, we have:

Proposition 3.7. Assume u € HY(Q) N C(Q) solves (3.1), that the very strong
ellipticity condition (3.87) holds, and that B(xz,u,Vu) is a quadratic form in Vu.
Ifp>n, 7>0, 2<s<p, then

(3.80) feMPT —= yec MPTH,

4. Connections with Ricci curvature bounds
Consider a Riemannian metric g;, defined on the unit ball B; C R". We will
work under the following hypotheses:
(i) For some constants a; € (0,00), there are estimates
(4.1) 0 < aol < (gju(z)) <arl.

(ii) The coordinates x1,. .., x, are harmonic, i.e.,

(4.2) AJJ@ =0.



19

Here, A is the Laplace operator determined by the metric g;;. In general,
(4.3) Av = g7 ;010 — XOw, N = g?*"T" .

Note that Az, = A, so the coordinates are harmonic if and only if A* = 0. Thus,
in harmonic coordinates,

(4.4) Av = g7%0;0xv.

We will also assume some bounds on the Ricci tensor, and desire to see how this
influences the regularity of g;; in these coordinates. Generally, the Ricci tensor is
given by

1,
e Ricji, = 5913 [—000mgj — 0;0kGem + OkOmgej + 000 Gkm| + Mjk(g,Vg)
4.5

1 1 1
= _§g£m8£amgjk + 593‘65%)\[ + §gkéaj)\£ + Hjx(9,Vyg),

with A as in (4.3). In harmonic coordinates, we obtain

(4.6) > 9;97 (@)9kgem + Qem(9, Vg) = Ricem,

and Qum(g,Vg) is a quadratic form in Vg, with coefficients which are smooth
functions of g, as long as (4.1) holds. Also, when (4.1) holds, the equation (4.6) is
elliptic, of the form (3.1). Thus Proposition 3.7 directly implies the following.

Proposition 4.1. Assume the metric tensor satisfies hypotheses (i) and (ii). Also
assume that

(4.7) gik € H'(B1) N C(By),
and
(4.8) Ricep, € MPT1

for some p € (n,00), 2 <5 <p, r>0. Then, on the ball By,

(4.9) gjrx € MPTTL

Geometrical consequences of estimates on the Ricci tensor can be found in [An],
[AC], and references given in these papers.

5. Commutator estimates on Morrey scales

In this section we establish a number of commutator estimates, starting with the
following variant of an estimate of T. Kato and G. Ponce [KP]:
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Theorem 5.1. If P € OPBST", and m > 0, then

UJHL“’;

(5.1)  NP(fu) = fPull paps < Cllflluipt [[ull pgpm—res + ClLFI] ygpomss

provided s > 0, 1 < g <p < 0.
Proof. We start with

f(Pu) =TyPu+Tp,f+ R(f, Pu),

(5.2) P(fu) — PTfu+PTuf+PR(fa u)

As shown in Proposition 4.2 of [AT], possibly replacing the ‘4’ in (1.19) by a larger
number, we have [T, P] € OPBSIrfl_l when f € Lip*(R"). Hence

(5.3) I1Ts, Plull agzs < Ol flluipt 1wl ygpom—1+-

Next, u € L>® = T, € OPBSY , so

(5.4) |PTuflaags < Cllullze | £l pgpmsa-
Furthermore,

(5.5) u€ L” = PueC,™ = Tp, € OPBSTY, if m >0,
SO

(5.6) ITouflaae < Cllullze | fl pgpomsa-

It remains to estimate R(f, Pu) and PR(f,u).
First, we mention that Ry, given by Rru = R(f,u), is a Calderon-Zygmund
operator, for any f € bmo, satisfying

(5.7) [RsullLe < CgllfllBmollullre, 1< g < oo,

and with Schwartz kernel K satisfying (cf. Lemma 3.5.E of [T1])

(5.8) Ky (z,y)| < Clfllcolz —y[™",
as well as
(5.9) Ve Kf(z,y)| < C|lfllcolz —y| 7"

As shown in Appendix B, (5.7)-(5.8) lead to M¥ boundedness. Since bmo C
BMO N C?, we have

(5.10) 1RCf, wllmg < Copgll Fllbmollell vz,

for 1 < ¢ < p < co. Now we establish a variant of Proposition 3.5.D in [T1]:
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Lemma 5.2. Let h™°° denote the bmo-Sobolev space, which has the property that

(5.11) P € OPS] = P:H"> — bmo.
Then
(5.12) IR(f, u)llmzs < Cpgrsll flloroe llull pgpory 8 20, 1< g <p < o0,

Proof. First we treat the case s = 0. Decompose f into Z?il fe, via operators in
OPS?, so that

supp f C U{2k <[ < 2k+2 . | = ¢ mod 20}.

Similarly decompose u. (We needn’t worry about pieces left over with spectrum
contained in, say, || < 3.) It suffices to estimate such R(f;, u,,). In such a case, we
can find

(5.13) Fy=Q4fr €bmo, Vi =Q_un, Qi€ OPS{y
such that, for each k,
(5.14) V(D) fo =27 YD) Fe, i (D)um = 2"y (D) V.

Here, {11} is a Littlewood-Paley partition of unity and ¢ () = 2522_5 e(§), so
that

(5.15) R(f,u)=>_ (¥§(D)f) - Yu(D)u.
k

Hence

(5.16) R(f,u) = R(Fy, Vi),

so the s = 0 case of (5.12) follows from the estimate
(5.17) Vinllaz < Clltml| ygp

plus (5.10).
So far, we have

(5.18) Rp: My™" — ME, for febh™™,

under the hypothesis (5.11). Next, we claim Ry : ./\/lg’l_r — ./\/l{]”l, for f € ™.
This follows from

(5.19) 0j(Ryu) = Ry, pyu + Ry (0;u),

plus the fact that, if f € h™°, then P € OPS’T’_O1 = P(0;f) € bmo, and hence the
argument above shows that R, ) : ME'~™" — M¥E. Once we have (5.19), then by
induction we obtain

(5.20) Ry : MPI™T — MPI j=0,1,2,...

q
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for f € h™>°, and then (5.12) follows by interpolation.

Our application of Lemma 5.2 to the estimation of R(f, Pu) and PR(f,u) in
(5.2) is the following:

(5.21) IR(f, u)ll vz < Cllflluip [wll jgpo-1, 020, 1 <g<p<oo.
Hence, given P € OPBST", we have, taking o = s,

(5.22) IR(f, Pu)l| pzs < Cllflluipt [lull gz m—ree, 5 20,

and, taking o = s + m,

(5.23) IPR(f, )l sz < Cliflluip lull pgpom-rts, s +m = 0.

The proof of Theorem 5.1 is complete.

We next establish a commutator result along the lines of Lemma 1.13 in [Be].
Set Myu = bu.

Proposition 5.3. Let 1 < p < g < 0o, consider

(5.24) v e MPSR")NMEP" (D), be MPSTHR™) N ME"H,, ().
Assume
(5.25) E<s§r<2s—2.
p p
Then
(5.26) P € OPS} g = [P, My]v € MP*(R™) N MP" (T).

Proof. Write

(5.27) Myv = Tyv + T,b + Ryv.

Then, as in (5.2),

(5.28) [P, Mylv = [P, Ty|v + PTyb — Tpyb + PRyv — Ry Pu.

The hypotheses imply b € Cf“fn/p, hence, if s > n/p, the OPBSTY calculus gives

(5.29) T, € OPB°*'SY,, [P, Ty] € OPB°SY,, o=s— g,

where B7ST" is the subspace of BST", defined by (2.38).
Also, v € C7, hence

(5.30) T, € OPB’SY,, Tp, € OPB°S] .
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Now (5.29) plus the hypothesis (5.24) on v gives
(5.31) [P, TyJv € MP*(R™) N MP" 0 (T), 7 <s+o.
Also, (5.30) implies that, for r < s + o,

T,b€ MPtL(R™) N MPTH,(T),

5.32
( ) Tp, € qu,s(Rn) N Mé”rml(F).

Finally, we have

(5.33) R, € OPS;{", hence PRy, RyPv € MP*+7(R™).
It follows from (5.31)—(5.33) that

(5.34) [P, My)v € MP*(R™) N MP" y(T) + MP25~/P(R™),

which gives (5.25).

The next result was proven for P € OPSY in [DR1], following the seminal L?
estimate of [CRW]. This estimate will be useful in §6. We sketch a proof of an
extension given in [AT].

Proposition 5.4. If P € OPBS?J, f € bmo(R™), and 1 < g < p < 0, then

(5.35) 1fPu— P(fu)llrg < Cllfllomollwllarz-

Sketch of proof. As before, we use (5.2). We have (5.10), and similarly

(5.36) | Tufllazz < Cll fllbmollwll arr-
Hence

1Tpufllaz + 1PTufllaep + 1RO Pu)llag + 1PROS w)ll g

(5.37)
< O fllbmo llwell azz-

On the other hand, bmo(R™) C CY(R™), and, as shown in [AT],

(5.38) f e C)R™) = [T}, P] € OPBSY |,
SO
(5.39) 1Ty, Plull sz < Cl fllomo lwllazz -

This gives (5.35).

6. Operators with vmo coefficients
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Consider a symbol

(6.1) p(z,&) € bmoST
such that
(6.2) p(z,r§) =r"p(x, &), r=>1, [§|>1.

Thus, if {w; : j > 1} is an orthonormal basis of L?(S"~!) consisting of eigenfunc-
tions of the Laplace operator Ag on S"~!, we can write

(6.3) Pl &) = po(a.©) + Y (@) (m)mm(l — 9(8);

where p € Cg°(R"™), ¢(&) =1 for [£] < 1/2, and po(z, &) is supported on [¢| < 1.
Furthermore,

(6.4) £ lomo < Carli) ™

Write

(6.5) pi(@,€) = fi(@)w (|§|)\§|m<1 ~ ¢(€)) = F5(@)agm(©),
so we have

(6.6) p(e,§) = ;pj(x,i)-

The operator po(z, D) has a simple analysis. One can write

(6.7) sz )e' o (€/2),

(6.8) pellbmo < Cr (O™

(6.9) po(z, D)u =" pe(z)ihe(D)u =Y pe(a)ie * u,
where

(6.10) bo(z) = Cp(2z + 0).

Hence

(6.11) po(z, D) : LP(R™) —> LP(R™) N bmo(R™), V¥ p € [1,00).
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We now establish some commutator estimates. First, suppose
(6.12) B=b(z,D) € OPSY;, 0<6<1.
Take m = 0 above, and use the notation a;(&) instead of a;o(£). Then

(B, pj(z, D)lu = [B, My;a;(D)]u

(6.13) — (@) [B.ay (D) + [B. My |ay (D).
Since
(6.14) C; = [B,a;(D)] € OPS; {77,

and there are polynomial bounds (in j) on the relevant seminorms of the symbols,
we have

(6.15) 1£5[B, a;(D)ullpr < Cn o (G) N lullagp, 1< q<p<oo,

given supp u C K, compact. Also, by Proposition 5.4,

(6.16) 1[B, My ]vlarz < Cll fillomollv | asz,
so we have
(6.17) 1B, pj(x, D)Jullar < Cn ()N lullare,

for j > 1. Summing over j, we have:

Proposition 6.1. If p(z,£) € bmoSY and B € OPSR(;, 0 < 1, then, for K C R"
compact,

(6.18) [B,p(z,D)] : MP(K) — M}, 1<q<p<oo.

If p(x, &) € vmoS?

1> this comutator is compact.

Next, we consider the commutator [M, p(x, D)]. We have

(6.19) (Mg, p(z, D)] = [My, po(x, D)] + Y _[My, p;(x, D)].

Jj=1
Clearly, for g € bmo,
(6.20) [M,, po(, D)] : MP(K) — MP, 1< q<p< oc.
Next, for 7 > 1,
(6.21) [My, p;(, D)] = My, [My, a;(D)].
Thus, applying Proposition 5.4 to the commutator [My, a;(D)], we have
(6.22) 1[Myg, pj (@, D)]ullarz < Cll.fjllzollgllbmollullarz

and, if g € vmo, this commutator is compact. Summing, we have:
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Proposition 6.2. If p(z,&) € L*SY% and g € bmo, then
(6.23) [My,p(z,D)] : MP(K) — MP, 1<q<p<oo.
If also g € vmo and p(x,&) is supported on x € K compact, then this commutator

18 compact.

For the spaces LP?, this result was proved in [CFL]; see Theorem 2.11 there.
Furthermore, weighted LP estimates are obtained in Theorem 2.1 of [DR2], and the
Morrey space estimate (6.23) is contained in Theorems 2.2-2.3 of [DR2].

Now suppose ¢(z, &) has the form

Q(x7§) = ZQJ(:B7€)7 CIO(fL'yf) = ZQZ(CU)?/)E(@,
(6.24) 7>0 ¢
qj(z,§) = gj(z)a;(§), j =1,

with 1, as in (6.9)—(6.10). Then

(6.25) la(x, D), p(x, D)] = [go(x, D), p(x, D) + > _[g;(x, D), p(x, D)].

Jjz1

Clearly, if p(x, ) and g(x, ) have compact z-support, then

(6.26) p(x,€),q(x, &) € L°SY = [qo(z, D), p(x, D)] compact on MY
Next,
627) g, D), p(a. D)) = My, la;(D), pla, D)) + a; (D) [ M, p(, D).

Now we have, for some M < oo,
(6.28) 1My, laj (D), p(x, D)ullar < Cllgsllze ()™ ullarz,

if p(z,€) € bmoSY, and compactness if p(x, ) € vimoSY,. Also, we have

cl
(6.29) lla; (D) [Myg,, p(x, D)]ullarz < CG)M lgllbmollullare,

if p(z,&) € L>*SY,, and compactness if g; € vmo. This proves:

Proposition 6.3. Assume p(z,&), q(x, &) € (L*®Nvmo)SY, with compact x-support.
Then

(6.30) [p(z, D), q(x, D)] is compact on. MP(R™), 1< p < oo.

In fact, we have the following result, which is more precise than Proposition 6.3.
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Theorem 6.4. Assume p(z,€), q(x,&) € (L N vmo)SY, with compact support.
Then

(6.31) p(z, D)q(z,D) = a(z,D) + K, a(z,§) = p(z,§)q(z,§),

where K is compact on MP.

Proof. The argument is similar to that given above. We have

p(z, D)q(x, D) = po(x, D)q(z, D) + p(x, D)qo(x, D)
(6.32) +Y " Mj a;(D)M,, ap(D),
7,k

and the first two terms on the right are compact. The double sum is equal to

(6.33) > My g.a;(D)ar(D) + > My, [a;(D), My, )ax(D).
gk gk

The first sum in (6.33) differs from a(x, D) by a compact operator, and the second
sum is equal to

(6.34) Z My, [a;(D),q(z, D)],

where §(z,&) = q(z,£) — qo(x,£). The estimate (6.28) (with the roles of p(z,¢)
and ¢(z, &) reversed) shows this is a norm convergent sum of compact operators, so
(6.31) is proven.

It is known that L° N vmo is a closed linear subspace of L>°(R™), and also an
algebra. We will sketch a proof, shown to the author by Pascal Auscher, of these
two facts.

First, assume f; € L> Nvmo, f;, € B® (given by (1.22)). Assume f;, — f; in
bmo-norm, and f; — f in L°-norm. Then

1f = fivllbmo < If = fillLee + If5 = fivllbmos

which implies f € vmo.
Next, if f,g € L> Nvmo and B is some ball of radius r, then

/ fg— fagsldr < |fllp=r" / 9 — galde + |lgllper™ / f - fplda,
B B B

which implies fg € vmo.

It is a general fact that, if 2 is a C*-algebra and B a closed *-subalgebra od 2,
containing the identity element, and if f € 98, then f is invertible in 8 if and only
if f is invertible in . To see this, consider h = f*f and expand (h+1—2)"!in a
power series about z = 0.

As a consequence, if p(z, &) € (L Nvmo)SY is elliptic, i.e., [p(z, &)~ < C; for
€| < Ca, then p(x, &) 711 — ¢(£)) € (L Nvmo)SY, where p(€) is an appropriate
cut-off.
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We next consider a “parametrix” for an elliptic PDE with vmo coefficients.
Consider an operator of the form

(6.35) Lu = Z a;i(2)0;0ku.
Assume
(6.36) ajr € L Nvmo, A7 < aji(@)68 < A€,

for some A € (0,00). Then form

637 B =—(Tan@g&) (1) € (L* nvmo)s,?.
where ¢ € C§°(R™), ¢(&) =1 for || < 1. Thus
(6.38) Bji(z,€) = B(x, D)0;0) € OP(L*™ Nvmo)SY,.

The following result arose in [CFL], and was also used in [DR2]:

Lemma 6.5. If u € H>P has compact support, then

(6.39) 0;0ku = Bji(x,D)Lu+ Y [My,,, Bjr(z, D)]00mu + Rjku,
£,m

where

(640) Rjku = go(D)(‘)j@ku e 0.

Proof. The right side of (6.39), with R;,u omitted, is equal to
Zagm(x)Bjk(x, D)0y0u
{m

(641) EE aﬂm(x)gﬁgm
") T aw@)Es,
u,v

(1 — p(€))€;€ru(E)e™™ de,

and the fraction is equal to 1.

We now examine Fredholm properties of L. For simplicity, let us suppose wu is
defined on the torus T". Set

(6.42) E=(1-A)"'B(z,D)(1-A).
We have, under the standing assumption 1 < ¢ < p < o0,

. ,2
(6.43) E: MP — MP?,
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Proposition 6.6. Under the hypotheses (6.35)—(6.36), E is a two-sided Fredholm
inverse of L.

Proof. If we sum (6.39) over j =k =1,...,n, we get

(6.44) Au= B(z,D)ALu+ Y [M,,,,B(z,D)A)0;0mu + ¢(D)Au,

4,m

hence, for u € Mé”Q,

(6.45) w=FELu+ (1-A)"'K(1 — A)u= ELu + Ku,
with
(6.46) K:MP— MP compact,

as a consequence of Proposition 6.2, hence
(6.47) K : Mg’Q — Mé”Q compact.

Thus F is a left Fredholm inverse of L.
On the other hand,

(6.48) LE =L(1 - A)"'B(z,D)(1 — A) = P(z,D)Q(x, D),
with
(6.49) = =Y ap(@)G&(O) 7 Qx, &) = P(x,9) 7 (1 - 9(4),

both symbols belonging to (L*°Nvmo)SY. Thus Theorem 6.4 implies P(z, D)Q(z, D) =
I + ICo, with Ko compact. Hence E is a two-sided Fredholm inverse of L.

7. Morrey-space estimates for wave equations

Proposition 7.1. Assume n is odd. Let w(t,z) solve the Cauchy problem
(7.1) (07 —A)yw =0, w(0)=f, w(0)=0,
on R x R™. If f € L (R"), then, for z € R", p € (0,1],

(7.2) lw(t, 2B,y < CONfllzep'’?

Proof. By the strong Huygens principle, the value of w(t,z) for = € B,(z) is unaf-
fected if f is replaced by

fH(@) = fz) i [t] =20 <o — 2 < [t| + 2,

(7.3) )
0 otherwise.
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Clearly
(7.4) 1 #] 2 ny < CEPY2) fllpoe,

SO

(7.5) w#(t) = costvV/=A f# = w#(1)[| 2 < C{t)p"?| f 1o

Since w(t,z) = w#(t,z) for z € B,(z), we have (7.2).

Note that Proposition 7.1 can be stated in terms of a Morrey space:
(7.6) costvV—A : L®(R™) — M2 "D (Rm),
More generally, we can replace L by LP, 2 < p < 0o, obtaining

(7.7) lw(t, M 2B, < CONflle p>7HP,
so, for p > 2,n odd,

2n

A - TP(R™Y — MI(R™ _ '
(7.8) costv—A : LP(R"™) M3 (R™), q P gy

We now extend Proposition 7.1 to the case where A is the Laplace operator on
a complete Riemannian manifold M, with bounded geometry, whose dimension n
is odd. In such a case, there exists 7 € (0, 0] such that the solution to (7.1) can
be written

(7.9) w(t) = R'(1)f,
and, for |t| < T,
(7.10) R(t) = Ro(t) + B(t),

where Ro(t) and B(t) have the following properties. First, the Schwartz kernel
of Ry(t) is supported on the “light cone” {(¢,z,y) : dist(z,y) = |t|}. Next, for
|t| < 7, B(t) is a family of FIOs of order —2, and B’(t) is a family of FIOs of order
—1, having the mapping properties

(7.11) B(t): H* (M) — H*"?(M), B'(t): H* (M) — H**'(M).

We can now prove the following extension of Proposition 7.1.

Proposition 7.2. Let w(t,z) solve the Cauchy problem (7.1) on R x M, where
M is a complete Riemannian manifold with bounded geometry whose dimension n
is odd. There exists T € (0,00] such that, if p € [2,00] and f € LP(M), then, for
lt| <7, z€ M, and p € (0,1], we have

(7.12) lw(t, M2z, ) < CONf e p'/27H7.

Proof. Defining f# as in (7.3), but using dist(x, z), we see that

(7.13) R(t)f = Ry(t)f#, for z € B,(2),
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and since Ry(t) : L?(M) — L?*(M), we obtain

(7.14) IRG®) fll 2,2y < CONfF N2 < COf|lLe pH/> /P

Meanwhile, by finite propagation speed and (7.11) we have

(7.15) IB" @) fllm (B )y < CONf e
and (7.12) follows from (7.14)—(7.15), since

(7.16) H(Bi(2)) € L*™2(By(2)) ¢ M2 "2 (By(2)).

A statement equivalent to (7.12) is

2n

(7.17) lw@)llag < COfllLe, a= P sy

8. Conormal spaces and variants

We now define a class of spaces that includes “conormal spaces.” Let M be a
collection of vector fields in R™ (which may or may not be smooth everywhere).
If J = (jo,...,J1), we set X7 = X;,--- X, and we set |J| = £. By convention,
X% =wu. Assume 1 < ¢ <p<oo, k€ Zt, scR. Wesay ue Nk(Mé‘;’S,M) if
u € MP* and

(8.1) X;, EM, |J] < k= XTueMP*

Important special cases include the following. Suppose ¥ C R™ is a smooth
submanifold and M consists of all smooth vector fields (well behaved at infinity)
which are tangent to ¥. We denote the space defined above by N*(M s %) in this
case. Compare the definition of N*¥*(X) in [Be|, p. 52. As another example, F
could be a smooth foliation of R™ (by submanifolds of dimension d), and M could
consist of all smooth vector fields tangent to F. We denote the resulting space by
NF¥(MP*,F). An example of a collection M of vector fields X; which are smooth
on R™\ 0 is given in [Be], p. 119.

Let f be smooth; we want to estimate X7 f(u), for u € N’“(M};’S, M). Repeated
application of the chain rule gives

(8.2) X fuwy= Y Cr(X"u)-- (X u) fO(u).
Lt Ip=d

If we set

(8.3) g(u, X, .., XTw) = (X)) - - (Xl‘fu)f(é)(u),

then we know that, for s > 0,
lg(u, vy, -5 vr) || gz
(8.4) < Clllullzes, [lor [lzee, - - - [Jor, o)
(L Nlullagzs + oz llaze + -+ oz ).
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Hence we have the estimate:

35 IXT @ g < COX o T <)+ (14 31X wllagg),
1<J

While we have briefly allowed the possibility that M contains nonsmooth vector
fields, we will henceforth assume that all the vector fields in M are smooth, with
coefficients that are bounded on R", together with all their derivatives. We will
also adopt the standing assumption that
(8.6) l1<g<p<oo.

Proposition 8.1. Given P € OPST, s,m € R,

(8.7) P NF(MP*, M) — NF(MEP=—™ M).
Proof. For any X € M, we have
(8.8) XPu = PXu+ Pxu,
where Px = [X, P| € OPST; in fact, if X =} a;(r)0/0z;,
(8.9) Px(w,§) = X - P(z,£) + Px(2,£),
where

ZGJ r)0., P(x,§),

ilel
Py (2,6) ~ Z PO, )07 X (2,).

lof 21

(8.10)

Inductively, we obtain

(8.11) X7Pu=Y Pp; X", Pp;€OPST,
<J

Given this, (8.7) follows from (2.4).
In fact, using (8.8)—(8.9), we can say more. Let us say that

(8.12) p(x, &) € (MF)ST

provided p(x,&) € ST and

(8.13) X7 p(x,€) € Sl VI|J| < k.

Similarly define (M*)BST, to consist of p(x,£) € BST such that X7 - p(z,¢) €
(

BSTY whenever |J| < k. Replacing the use of (2.4) by that of (2.12) and (2.24),
and noting that (8.9)—(8.10) is valid even for P € OPS{Y, we have:
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Proposition 8.2. Given P € OP(Mk)BSffl, the property (8.7) holds. Further-
more, given P € OP(M*)ST,, (8.7) holds provided s —m > 0.

Note that we can substitute other spaces for M}* in (8.1), producing such spaces

as N¥(C%, M), for which we have analogues of Propositions 8.1-8.2.
Next, given a smooth function F', write

(8.14) F(u) = Mp(u; 7, D)u + F(uo),

as in (1.8)—(1.9).
Proposition 8.3. Ifu € N*(C", M), r >0, then

(8.15) Mp(u;z,€) € (MF)ALST,.
Here, A[ST"s C S7" consists of symbols satisfying
(8.16) 1Dep(-58)lloz < Cofgym1elH0e=, s >
Proof. Using (1.9), we need to estimate
1
(8.17) () = / F'ugs)dr, s = Wp(D)u+ s (D).
0
The analogue of (8.5), with M?»* replaced by C%, is

(8.18) 1 X7 F (up )|

o2 < CUIX werllioe s 1<) (14 D0 X u |
<J

o)
To proceed, we use the following:

Lemma 8.4. Ifu € N*(CZ, M), r >0, then

(8.19) | Xy (D)ullcs < Csp -2 s>, |I| <k

We will establish this after using it to prove the proposition. In fact, we now
deduce from (8.18) that

(8.20) | X T my| cs <Cys- olls=m) g >, || < k.

Since 141 (€) in (1.9) is supported on (£) ~ 2¢, we have (8.16), and Proposition 8.3
is established, modulo a proof of Lemma 8.4.

To prove Lemma 8.4, we can treat X/ W,(D) as in (8.8)—(8.11), obtaining

(8.21) X'Wy(D) =Y ¢pxelz, D) XK.
K<I

Furthermore,

(8.22) Yii,e(2, D) — Y g (2, D)Wy 3(D)



34
is bounded in OPST . Since X*u e C7 for |K| <k, (8.19) follows from:
(8.23) v € Cl = | Wpya(D)vllcs < Cs- 20677 s>,

which is elementary.

A. A Schwartz kernel estimate
Here we want to prove that, if p(x,§) € S?’l(]R”), then the operator product
(A.1) Np(x, D)A™° = P
has Schwartz kernel K satisfying
(A.2) |Ks(z,y)| < Colz -y,

for 0 < s < 1. Note that Ps defines a bounded linear operator on H?P(R™) for all
o > —s, p € (1,00). However, Py is perhaps not an element of OPS? | (R™). Of
course, (A.2) clearly holds for s = 0, as a consequence of the implication

(A.3) IDEA(O)] < Calél™ 1" = |A(2)| < Crfa| ™7, 7> —n.
Recall that A® is Fourier multiplication by (£)®. It will be convenient for the

dilation argument we intend to apply, to replace A® by A\*, Fourier multiplication
by [£]°. We will show that

(A.4) Py = Np(x, D)\"*
has Schwartz kernel K satisfying

(A.5) |Ks(2,y)] < Cslz —y| ™.
It is clear that

(A.6) P, — P, : HZP

comp

(R") — C(R"), o>—s, 1 <p< o0,

provided 0 < s < n, and hence (A.5) readily implies (A.2).
To prove (A.5), we will examine

(A7) U Ks(z,y) = K(rz,ry),
which is the Schwartz kernel of

(A-8) Py =17"6, P67 6uf(x) = f(ra).
We will show that, for r € (0, 1],

(A.9) 10, Ks(z,y)] <Cr™™ on Q= {(z,y):1< |z —y| <2},
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which implies (A.5) for |z —y| <1, hence (A.2) for |z —y| < 1. It is relatively easy
to show that K(x,y) is rapidly decreasing as |z —y| — o0, so this will suffice. Now,
since A\*0- 1 = r=*5 1\, we have

(A.10) 0, K(2,y) =17 "Kq 1 (2,y)

where

(A.11) K, ,(z,y) = Schwartz kernel of \*6,p(x, D)5, 'A%,
or, setting

(A.12) #r(z,y) = Schwartz kernel of p,.(z, D) = 6,p(x, D)5, *,
we have

(A.13) Kor(m,y) = XX,k (2,1),

and we want to show that

(A.14) [AeA, ke (z,y)| < Cson Q, 0<r <1,

with Cs independent of r.
Note that the symbol of p,.(z, D) is

(A15) pr(xvg) :p(m:f/r),

which satisfies
IDEDEp(,€)] < Capr! 1719l (g /) 1=
(A.16) = Cop(r® + |£|2)(IB|—|04|)/2
< Cag(&) g7l for 0<r <1,
Hence, by (A.3),
(A.17) |kr (2, 9)| < Clo —y[™",

with C independent of r € (0, 1].
Similarly, A, °k,(z,y) is the Schwartz kernel of ¢,.(z, D) = p.(z, D)A™*, with
symbol

(A.18) qr(x,§) = p(rz, &/r)|€]7°
satisfying

(A.19) D7 Dggr(,)] < Caple) Mgl 771,
which implies

(A.20) A, Pk (2, y)| < Cslo —y|*™7,

and more generally
(A.21) IDEDIN Ry (2, y)] < Conpla — y|> 11201,

provided s < n. The estimate (A.14) is a simple consequence of this.

B. Another proof of Proposition 2.2

Here we include a self-contained proof of:
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Proposition B.1. Assume the Schwartz kernel k(x,y) of T' satisfies
n -M

(B.1) k2, y)| < Cla —y[7" (1 + [z — y])

for some M > 0. Then, if 1 < q<p < oo,

(B.2) T:LYR") — LYR") = T : MP(R") — MP(R™).

Proof. Let f € MP(R™). Pick z € R", 7 € (0,1], and write

(B.3) f=1fo+ Z g; +h,
2ir<1
where
(B4) fo=Xpaf: 95 =xa,fr Anj={z:|o— 2| € [2r, 27700},

and j > 1 in the sum. We want to estimate T f on B, (z). Clearly

Y

n
(B.5) 1T follLa@n) < CllfollLagny < Cr%,  a= P

3

and the estimate (B.1) for |z — y| > 1 implies
(B.6) | TRl Lo (B, 4(2)) < Cllbl e @n)-
It remains to estimate ) T'g; on B, (z). To do this, write

(B?) XBT(z)ng =1Tj (XA»«]' f)7
where T} has integral kernel
(B8) kj($7y) = XBT(Z)k(m7y)XArj (y>

Now, using (B.1) for |z — y| < 1, we have

[l de= [ kb, @) do

(B.9) o)
< C(2/r)™"™ - vol B,(2)
< C27Im,
and
[ty =[xl dy
(B.10) Arg

C(27r)~"™ - vol A,

<
<C.
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Hence, if f € MP(R"),

IT5(xa,, F)llLe < C277"9|xa, fllLa

(B.11) < C27IMa (i)
< C2In/Ppe,
so, if p < oo,
(B.12) > T gillpacs, =) < C(Z Q—jn/p)ra < C'r,
j=>1

as desired. This completes the proof.

If f € MEH(R™), one can replace (B.3) by

F=r+> g

j=1
and repeat the estimates above, obtaining;:

Proposition B.2. Assume the Schwartz kernel k(x,y) of T satisfies
(B.13) |k(z,y)| < Clz —y[™"
Then, if 1 < q<p < o0,

(B.14) T:LY(R") — LYR") = T : MB(R") — MP(R").
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