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1. Linear Schrödinger equation

Fourier transform

(1.1) f̂(ξ) = (2π)−n/2

∫

Rn

f(x)e−ix·ξ dx.

Fourier inversion formula

(1.2) f(x) = (2π)−n/2

∫
f̂(ξ)eix·ξ dξ.

Heat semigroup

(1.3)
et∆f(x) = (2π)−n/2

∫
e−t|ξ|2 f̂(ξ)eix·ξ dξ

= (4πt)−n/2

∫
e−|y|

2/4tf(x− y) dy.

Analytic continuation yields

(1.4)
eit∆f(x) = (2π)−n/2

∫
e−it|ξ|2 f̂(ξ)eix·ξ dξ

= (4πit)−n/2

∫
e−|y|

2/4itf(x− y) dy.

Generalization

(1.5)

L = a1∂
2
1 + · · ·+ an∂2

n, aj ∈ R \ 0,

eitLf(x) = (2π)−n/2

∫
e−itQa(ξ)f̂(ξ)eix·ξ dξ

= A−1/2(4πit)−n/2

∫
e−Qa(y)/4itf(x− y) dy,

where
Qa(ξ) = a1ξ

2
1 + · · ·+ anξ2

n,

Qa(y) =
y2
1

a1
+ · · ·+ y2

n

an
, A = a1 · · · an.
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Application to stationary phase method:

(1.6) I(λ) =
∫

Ω⊂Rn

eiλψ(x)a(x) dx, a ∈ C∞0 (Ω).

One non-degenerate critical point.
Make change of variable so ψ(x) = Qa(x). Take λ = 1/4t. Then

(1.7) I(λ) = (a1 · · · an)1/2
(πi

λ

)n/2

eitLf(0),

where f ∈ C∞0 (Rn). We have

(1.8) eitLf −→ f in S(Rn),

as t → 0.
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2. Fresnel integral and “Gibbs phenomenon”

Take n = 1, f = χI , I = [−1, 1]. We have

(2.1)
eit∆χI(x) = (4πit)−1/2

∫ x+1

x−1

e−y2/4it dy

= Fr
(x + 1√

4t

)
− Fr

(x− 1√
4t

)
,

where Fr(λ) is the Fresnel integral:

(2.2)
Fr(λ) =

1√
πi

∫ λ

0

eiy2
dy

=
1
2

λ√
πi

∫ 1

−1

eiλ2y2
dy.

Stationary phase applies at y = 0.
Change of variable and Fourier analysis apply at y = ±1.
Get Fourier transform, at frequency λ2, of function with jump.
Asymptotics:

(2.3) Fr(λ)− 1
2

sgnλ ∼ eiλ2 ∑

ν≥0

aνλ−1−2ν ,

as |λ| → ∞.
Another formula:

(2.4)
Fr(λ) =

1
2

1√
4πit

∫ 1

−1

eiy2/4t dy

=
1
2
eit∂2

yχ[−1,1](0), λ =

√
1
4t

> 0.
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3. Pinsky phenomenon for eit∆ – first look

Using spherical polar coordinates gives

(3.1)
eit∆f(x) = An−1(4πit)−n/2

∫ ∞

0

fx(r)eir2/4trn−1 dr

=
An−1

2
(4πit)−n/2

∫ ∞

0

fx(s1/2)eis/4tsn/2−1 ds,

where

(3.2) fx(r) = mean value of f on ∂Br(x).

Case n = 2:

(3.3)
eit∆f(x) = (4it)−1

∫ ∞

0

fx(s1/2)eis/4t ds

= fx(0) +
∫ ∞

0

∂

∂s
fx(s1/2)eis/4t ds.

Special case:

(3.4)
eit∆χD(0) = 1 +

∫ ∞

0

∂

∂s
χ[0,1](s)eis/4t ds

= 1− ei/4t,

where

(3.5) D = {x ∈ R2 : |x| ≤ 1}.

Have oscillatory divergence as t → 0.
Remark. For Fourier inversion, oscillatory divergence at n = 3.
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4. Basic asymptotics

Take Ω ⊂ Rn, smoothly bounded, and

(4.1) f(x) = F (x)χΩ(x), F ∈ C∞0 (Rn).

Then

(4.2)

eit∆f(x) = (4πit)−n/2

∫

Ω

ei|x−y|2/4tf(y) dy

= Cλn/2

∫

Ω

eiλψ(x,y)f(y) dy,

with

(4.3) ψ(x, y) = |x− y|2, λ =
1
4t

.

Note that

(4.4) f ∈ C∞0 (Ω) =⇒ eit∆f → f in S(Rn),

as t → 0, so we can focus on the case where

(4.5) supp f ⊂ Ω ∩ O, O = Bε(p), p ∈ ∂Ω.

First take x ∈ K, a compact set disjoint from O ∩ Ω.
Supress the x dependence in (4.2), and write

(4.6)

I(f, λ) =
∫

Ω

eiλψ(y)f(y) dy

=
∫

∂Ω

∫ 1

0

eiλψ(s,z)f(s, z)J(s, z) ds dS(z).

Lemma 4.1. If there exists a vector field X, tangent to ∂Ω,
such that Xψ 6= 0 on O, then

(4.7) I(f, λ) = O(λ−k), ∀ k,

as |λ| → ∞.

Proof. eiλψ = (iλXψ)−1Xeiλψ = L(λ)eiλψ, so

(4.8) I(f, λ) =
∫

Ω

eiλψ(y)(L(λ)t)kf(y) dy = O(λ−k).
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If Lemma 4.1 does not apply, then we can assume

(4.9) ∂sψ(s, z) 6= 0 on O.

Then elementary Fourier analysis gives

(4.10)

∫ 1

0

eiλψ(s,z)f(s, z)J(s, z) ds

∼ eiλψ(0,z)
∑

k≥0

ak(z)λ−1−k.

Plugging into (4.6) and restoring x-dependence, we get

(4.11)

eit∆f(x) ∼
∑

k≥0

λn/2−1−keiλ|x|2

×
∫

∂Ω

eiλ(|z|2−2x·z)ak(x, z)dS(z),

as

t =
1
4λ

→ 0.

Valid uniformly for x ∈ K, compact set disjoint from supp f .
The analysis of (4.11) splits into several cases.

A. Non-caustic region C0

C0 = set of x such that ψx(z) = ψ(x, z), as a function of x ∈ ∂Ω,
has only non-degenerate critical points, say at p`(x) ∈ ∂Ω.
Stationary phase method yields

(4.12)

∫

∂Ω

eiλψ(x,z)ak(x, z) dS(z)

∼ λ−(n−1)/2
∑

`

eiλψ(x,p`(x))
∑

m≥0

ak`m(x)λ−m.

Hence, on C0,

(4.13) eit∆f(x) ∼
∑

`

eiψ(x,p`(x))/4t
∑

k≥0

bk`(x)tk+1/2.

Leading term is O(t1/2). (Recall x 6= supp f .)
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B. Fold set, C1

(4.14)

eit∆f(x) ∼ eiθ(x)/4t
[
Ai

( ρ(x)
(4t)2/3

) ∑

k≥0

b0k(x)tk+1/3

+ Ai′
( ρ(x)

(4t)2/3

) ∑

k≥0

b1k(x)tk+2/3
]
.

Here ρ(x) = 0 on C1, and Ai(s) is the Airy function:

(4.15)
Ai(s) ∼ 1

2
√

π
s−1/4e−(2/3)s3/2

,

Ai(−s) ∼ 1√
π

s−1/4 cos
(2

3
s3/2 − π

4

)
,

as s → +∞.
Leading term is O(t1/3).

C. Higher order stable caustics

Leading term O(t1/4) for a cusp,

O(t1/(k+2)) for other stable caustics.

D. Perfect focus caustics. Ω = Ba.
Then (4.11) applies, with |z|2 = a2 on ∂Ba.
On Bb ⊂⊂ Ba, one has (given f ≡ 0 on Bb)

(4.16) eit∆f(x) ∼ ei(|x|2+a2)/4t
∑

k≥0

α̂k

(
x,

x

2t

)
t−n/2+1+k,

where

(4.17) α̂k(x, ξ) =
∫

∂Ba

e−iξ·zak(x, z) dS(z).

α̂k ∈ C∞, and stationary phase method gives

(4.18) α̂k(x, ξ) ∼
∑
±

e±ia|ξ|∑

`≥0

α±k`

(
x, a

ξ

|ξ|
)
|ξ|−(n−1)/2−`,

as |ξ| → ∞. In particular (if f ≡ 0 near 0),

(4.19) eit∆f(0) ∼ eia2/4t
∑

k≥0

α̂k(0, 0)t−n/2+1+k.

Note that

(4.16) n = 2 ⇒ −n

2
+ 1 = 0, n = 3 ⇒ −n

2
+ 1 = −1

2
.

Recall from §3 that

(4.17) For n = 2, eit∆χD(0) = 1− ei/4t.
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Proposition 4.2. In case n ≥ 3,

(4.18) sup
|t|≤1

‖eit∆χB‖Lp < ∞⇐⇒ 2 ≤ p ≤ 2n

n− 2
.
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5. Gibbs phenomenon

Given f = FχΩ, supported in a small neighborhood O of p ∈ ∂Ω,
it remains to investigate eit∆f(x) for x ∈ O.
New approach:

(5.1) eit∆f(x) = (4πit)−1/2

∫ ∞

−∞
eis2/4tu(s, x) ds,

where

(5.2) u(s, x) = cos s
√
−∆ f(x),

solution to the wave equation. Special case of

(5.3) ϕ(
√
−∆) =

1√
2π

∫ ∞

−∞
ϕ̂(s) cos s

√
−∆ ds,

for even ϕ. Take ϕ(λ) = ϕt(λ) = e−itλ2
.

Equivalent to (5.1) is

(5.4) eit∆f(x) = eit∂2
s u(s, x)

∣∣∣
s=0

.

Progressing wave expansion for u(s, x). Set

(5.5)
ψ(x) = dist(x, ∂Ω), x ∈ O ∩ Ω,

− dist(x, ∂Ω), x ∈ O \ Ω.

Then u(s, x) ∼

(5.6)

A0(s, x)χ+(ψ(x)− s) +
∑

j≥1

Aj(s, x)χj
+(ψ(x)− s)

+ A0(−s, x)χ+(ψ(x) + s) +
∑

j≥1

Aj(−s, x)χj
+(ψ(x) + s),

where

(5.7) Aj ∈ C∞(R×O), χ+(s) = χR+(s), χ+
j (s) = sjχ+(s).

Now,

(5.8)
eit∂2

s A0(s, x)χ+(ψ(x)− s)

= A0(ψ(x), x)
[
Fr

(ψ(x)− s√
4t

)
+

1
2

]
+ lower order terms.
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Proposition 5.1. Take f = FχΩ, F ∈ C∞0 (O).
For x ∈ O, t ∈ (−1, 1),

(5.9) eit∆f(x) = 2A0(ψ(x), x)
[
Fr

(ψ(x)√
4t

)
+

1
2

]
+ R(t, x),

with a0 ∈ C∞(R×O) and, as t → 0,

(5.10) R(t, x) → f(x)− 2A0(ψ(x), x)χΩ(x), uniformly on O.

Note. By (5.6),

(5.11) x ∈ ∂Ω ⇒ 2A0(ψ(x), x) = 2A0(0, x) = f(x).

Hence the right side of (5.10) is piecewise smooth and Lipschitz
continuous.



12

6. Nonlinear Schrödinger equations

(6.1) ut = i∆u + F (u) on I × Rn, u(0) = f.

Assume F : R2 → R2 is smooth and

(6.2) F (0) = 0, DF (0) = 0.

Hence

(6.3)
|u| ≤ A ⇒|F (u)| ≤ C(A), C(A)|u|, C(A)|u|2,

|DF (u)| ≤ C(A), C(A)|u|.

Assume

(6.4)
f ∈ L2(Rn) if n = 1,

f ∈ Hσ,2(Rn), σ >
n

2
− 1 if n ≥ 2,

and

(6.5) ‖eit∆f‖L∞ ≤ A, |t| ≤ T1,

for some T1 > 0. Rewrite (6.1) as

(6.6) u(t) = eit∆f +
∫ t

0

ei(t−s)∆F (u(s)) ds.

Write

(6.7) u(t) = u0(t) + v(t), u0(t) = eit∆f.

Get equation for v:

(6.8) v(t) =
∫ t

0

ei(t−s)∆F (u0(s) + v(s)) ds = Ψv(t).

Want to solve this, estimate v, and estimate the remainder w in

(6.9) u(t) = u0(t) +
∫ t

0

ei(t−s)∆F (u0(s)) ds + w(t).
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Theorem 6.1. For some T0 > 0, we have a solution

(6.10) u ∈ C([0, T0],Hσ,2(Rn)) ∩ L∞([0, T0]× Rn),

with σ > n/2− 1 (σ = 0 if n = 1). Also, for n = 1,

(6.11)
‖v(t)‖L2 ≤ Ct, ‖v(t)‖L∞ ≤ Ct1/2,

‖w(t)‖L2 ≤ Ct2, ‖w(t)‖L∞ ≤ Ct3/2.

For n ≥ 2, δ > 0,

(6.12)

‖v(t)‖Hσ,2 ≤ Ct, ‖v(t)‖L∞ ≤ Cδt
1+σ−n/2−δ,

‖w(t)‖Hσ,2 ≤ Cδt
2+σ−n/2−δ,

‖w(t)‖L∞ ≤ Cδt
2(1+σ−n/2−δ),

provided also σ < n/2.

Tools:

Dispersive estimates.

(6.13) ‖eit∆f‖L∞ ≤ Ct−n/2‖f‖L1 , ‖eit∆f‖L2 = ‖f‖L2 .

Interpolation gives

(6.14) ‖eit∆f‖Lp ≤ Ct−n(1/2−1/p)‖f‖Lp′ , 2 ≤ p ≤ ∞.

Moser estimates

(6.15) F (0) = 0, ‖u‖L∞ ≤ A ⇒ ‖F (u)‖Hs,p ≤ Csp(A)‖u‖Hs,p .

Christ-Weinstein estimates

(6.16) ‖uv‖Hσ,a ≤ C‖u‖Lq‖v‖Hσ,r + C‖u‖Hσ,r‖v‖Lq ,

with σ > 0 and

(6.17)
1
a

=
1
q

+
1
r
, r ∈ (1,∞), q ∈ (1,∞], a ∈ (1,∞).
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7. Case n = 1

Assume ‖f‖L2 ≤ A, ‖eit∆f‖L∞ ≤ A. Set

(7.1) X = {v ∈ C([0, T0], L2) : ‖v(t)‖L2 ≤ A, ‖v(t)‖L∞ ≤ A}.

Claim ∃T0 > 0 such that

(7.2) Ψ : X −→ X

is a contraction map, where (with u0(t) = eit∆f)

(7.3) Ψv(t) =
∫ t

0

ei(t−s)∆F (u0(s) + v(s)) ds.

Estimates (given v ∈ X):

(7.4)

‖Ψv(t)‖L2 ≤
∫ t

0

‖F (u0(s) + v(s))‖L2 ds

≤ C(A)
∫ t

0

‖u0(s) + v(s)‖L2 ds

≤ C ′(A)t,

and

(7.5)

‖Ψv(t)‖L∞ ≤ C

∫ t

0

|t− s|−1/2‖F (u0(s) + v(s))‖L1 ds

≤ C

∫ t

0

|t− s|−1/2‖u0(s) + v(s)‖2L2 ds

≤ C(A)t1/2.

Now (7.4)–(7.5) ⇒ Ψ : X → X if T0 is small.
Contraction estimates use

(7.6)

Ψv(t)−Ψv0(t)

=
∫ t

0

ei(s−t)∆[F (u0(s) + v(s))− F (u0(s) + v0(s))] ds

=
∫ t

0

ei(t−s)∆[R(s)(v(s)− v0(s))] ds,

where

(7.7) R(s) =
∫ 1

0

DF (u0(s) + τv(s) + (1− τ)v0(s)) dτ.
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Recall

(7.8) |u| ≤ A ⇒ |DF (u)| ≤ C(A) and |DF (u)| ≤ C(A)|u|.

Contraction estimates (given v, v0 ∈ X):

(7.9)

‖Ψv(t)−Ψv0(t)‖L2

≤
∫ t

0

‖R(s)‖L∞‖v(s)− v0(s)‖L2 ds

≤ C(A)t sup
0≤s≤t

‖v(s)− v0(s)‖L2 ,

and

(7.10)

‖Ψv(t)−Ψv0(t)‖L∞

≤ C

∫ t

0

|t− s|−1/2‖R(s)(v(s)− v0(s))‖L1 ds

≤ C(A)
∫ t

0

|t− s|−1/2‖u0(s) + τv(s) + (1− τ)v0(s)‖L2

× ‖v(s)− v0(s)‖L2 ds

≤ C(A)t1/2 sup
0≤s≤t

‖v(s)− v0(s)‖L2 .

Hence, for T0 > 0 small, Ψ is a contraction in (7.2).
This gives existence in Theorem 6.1.
The solution v(t) = Ψv(t) thus has bounds (7.4)–(7.5).
This gives the first line of the estimates in (6.11).
Note that w(t) in (6.9) is given by

(7.11) w(t) = Ψv(t)−Ψv0(t), with v0 ≡ 0.

Hence (7.9)–(7.10) imply the second line of estimates in (6.11).
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8. Case n ≥ 2

Assume ‖f‖Hσ,2 ≤ A, ‖eit∆f‖L∞ ≤ A. Set

(8.1)
X = {v ∈ C([0, T0],Hσ,2)

: ‖v(t)‖Hσ,2 ≤ A, ‖v(t)‖L∞ ≤ A}.

Constraints on σ derived below.
Claim there exists T0 > 0 such that

(8.2) Ψ : X −→ X

is a contraction map, where (with u0(t) = eit∆f)

(8.3) Ψv(t) =
∫ t

0

ei(t−s)∆F (u0(s) + v(s)) ds.

Estimates (given v ∈ X):

(8.4)

‖Ψv(t)‖Hσ,2 ≤
∫ t

0

‖F (u0(s) + v(s))‖Hσ,2 ds

≤ C(A)
∫ t

0

‖u0(s) + v(s)‖Hσ,2 ds

≤ C ′(A)t.

The second line follows from a Moser estimate.
Next, pick a, b such that

(8.5) σb > n, b > 2, a = b′.

Then ‖Ψv(t)‖L∞ ≤

(8.6)
C‖Ψv(t)‖Hσ,b

≤ C

∫ t

0

|t− s|−n(1/2−1/b)‖F (u0(s) + v(s))‖Hσ,a ds.

For this to be useful, we need

(8.7) n
(1

2
− 1

b

)
< 1, i.e., b <

2n

n− 2
=

n

n/2− 1
.

Say

(8.8) b =
n

σ − δ
, δ << σ.



17

Need

(8.8A)
n

2
− 1 < σ <

n

2
.

Then (8.5) and (8.7) hold.
To estimate right side of (8.6), use

(8.9) F (u) = R(u, 0)u, R(u, 0) =
∫ t

0

DF (τu) dτ.

Then R(0, 0) = 0 and (by Moser estimates)

(8.10)
‖u‖L∞ , ‖u‖Hσ,2 ≤ A

=⇒ ‖R(u, 0)‖Hσ,2 , ‖R(u, 0)‖L∞ ≤ C(A).

Use Christ-Weinstein estimate to get

(8.11)
‖R(u, 0)u‖Hσ,a

≤ C‖R(u, 0)‖Lq‖u‖Hσ,r + C‖R(u, 0)‖Hσ,r‖u‖Lq ,

with

(8.12)
1
a

=
1
q

+
1
r
, r ∈ (1,∞), q ∈ (1,∞].

Take

(8.13) r = 2, so
1
q

=
1
2
− 1

b
.

(Recall b = a′.) By (8.8)–(8.8A),

(8.14) q =
2n

n− 2σ + 2δ
, so 2 < q < ∞.

Hence ‖g‖Lq ≤ ‖g‖L2 + ‖g‖L∞ , so

(8.15)

‖u‖L∞ , ‖u‖Hσ,2 ≤ A

⇒ ‖F (u)‖Hσ,a ≤ C‖R(u, 0)‖Lq‖u‖Hσ,2

+ C‖R(u, 0)‖Hσ,2‖u‖Lq

≤ C(A).

Thus (8.6) yields, for v ∈ X,

(8.16)

‖Ψv(t)‖L∞ ≤ C(A)t1−n(1/2−1/b)

= C(A)t1−n/q

= C(A)t1+σ−n/2−δ.
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Now (8.4) and (8.16) ⇒ Ψ : X → X if T0 is small,
provided σ satisfies (8.8A).

Similar arguments yield contraction estimates. If v, v0 ∈ X,

(8.17)
‖Ψv(t)−Ψv0(t)‖Hσ,2

≤ C(A)t sup
0≤s≤t

(
‖v(s)− v0(s)‖Hσ,2 + ‖v(s)− v0(s)‖L∞

)
,

and

(8.18)

‖Ψv(t)−Ψv0(t)‖L∞

≤C(A)t1−n(1/2−1/b)

× sup
0≤s≤t

(
‖v(s)− v0(s)‖Hσ,2 + ‖v(s)− v0(s)‖L∞

)

≤ C(A)t1+σ−n/2−δ

sup
0≤s≤t

(
‖v(s)− v0(s)‖Hσ,2 + ‖v(s)− v0(s)‖L∞

)
.

Hence, for T0 > 0 small, Ψ is a contraction in (8.2).

This gives existence in Theorem 6.1.
The function v(t) = Ψv(t) then satisfies bounds in (8.4) and (8.16).
This gives the first line of estimates in (6.12).

Note that w(t) in (6.9) is given by

(8.19) w(t) = Ψv(t)−Ψv0(t), with v0 ≡ 0.

Hence (8.17)–(8.18) imply the second and third lines of estimates
in (6.12).
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9. Some results of Ben Dodson (JFA, 2010)

iut = −∆u + σ|u|2u, on I × R3, σ = ±1.(9.1)

u(0) = χB , B ⊂ R3 ball.(9.2)

Theorem 9.1. Have local solution

u(t) = eit∆χB + v(t),(9.3)

v(t) ∈ L∞([0, T0],H1(R3)),(9.4)

‖v(t)‖H1 ≤ Ctδ(for some δ > 0).(9.5)

Theorem 9.2. For σ = +1 (defocusing), have global solution
(9.3), with

(9.6) v ∈ L∞(R+,H1(R3)).

Linear results + (9.4) ⇒ Gibbs phenomenon results

+ (9.5) ⇒ Pinsky phenomenon results

Theorem 9.3. Theorem 9.2 extends to

(9.7) iut = −∆u + |u|αu, on R+ × Rn,

provided

(9.8)
2
n

< α <
3

n− 2
, α ≤ 2.

Part of strategy: show that if (9.8) holds,

(9.9) Ψ : X −→ X

is a contraction, for T0 > 0 small, where Ψ is as in previous
sections, and, with I = [0, T0],

(9.10) X = {u ∈ S1(I × Rn) : ‖u‖S1(I×Rn) ≤ B}.
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Here,

(9.11) ‖u‖S1(I×Rn) = ‖u‖S0(I×Rn) + ‖∇xu‖S0(I×Rn),

where

(9.12) ‖u‖S0(I×Rn) = sup
(p,q)∈An

‖u‖Lp(I,Lq(Rn)),

and An is the set of “admissible pairs”:

(9.13) (p, q) ∈ An ⇔ 2
p

= n
(1

2
− 1

q

)
, and 2 ≤ p ≤ ∞,

provided n ≥ 3.
Example: (p, q) = (∞, 2).
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