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Abstract

We consider 3D Navier-Stokes flows with no-slip boundary condition in an infinitely long
pipe with circular cross section. The velocity fields we consider are independent of the variable
parametrizing the axis of the pipe, and the component of the velocity normal to the axis is
arranged to be circularly symmetric, though we impose no such symmetry on the component of
velocity parallel to the axis. For such flows we analyze the limit as the viscosity tends to zero,
including boundary layer estimates.

1 Introduction

In this paper we study a class of solutions to the 3D Navier-Stokes equations

ou”
ot

+ V! +Vp” =vAuY + FY, divu” =0, (1.1)

for u¥ = u”(t,x,z2), p* = p”(t,z,z) with (t,x,2) € RT x Q, where
Q=DxR, D={zcR?:|z|<1}. (1.2)

We denote the closure of D by D, with boundary dD. We restrict attention to the following type
of external force field F":

FY(t,x,z) = (0, f*(t)), (1.3)

i.e., F” is parallel to the z-axis, with z-component f”(¢). We impose no-slip boundary data on the
boundary, which might be rotating and translating:
t
u’(t,x, z) = (();()xl,ﬂ(t)), lz] =1, z€ R, t > 0. (1.4)
T
Here z = Jx where J is counterclockwise rotation by 90°. We take initial data of the following
form:

UV(O,:E,Z) = UO("E) = (’UO(x)aWO(l‘))? (1'5)
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where vg is a vector field on D and wy is the z-component of ug. We require the conditions
divug =0, ug || 09, ie., divug =0, vyl 9D, (1.6)

and we require that the vector field vg on D be circularly symmetric.
By definition, a vector field vy on D is circularly symmetric provided

vo(Rgx) = Rovo(z), V€ D, (1.7)

for each 6 € [0,27], where Ry is counterclockwise rotation by . The general planar vector field
satisfying (1.7) has the form so(|z|)zt + s1(|z|)z, with s; scalar, but the condition divwvy = 0,
together with the condition vg || 0D, forces s; = 0, so the type of initial data we consider is
characterized by

uo(w) = (so(|z[)a™, wo(x)). (1.8)

Another characterization of this special form for vg is that
vo(Pux) = —P,vo(x) (1.9)

for all w € S, where ®,, : R? — R? is the reflection across the line generated by w.

The fact that € in (1.2) is infinite makes uniqueness an issue. (We discuss this further in
Appendix C.) To guarantee uniqueness, we modify the set-up by requiring the solutions to be
periodic (say of period L) in z, i.e., we replace 2 in (1.2) by

Qr = D x (R/LZ). (1.10)

In such a case, the general theory implies that (1.1), (1.4) and (1.5) has a unique strong, short-
time solution, given mild regularity hypotheses on vg(z) and wy(x) (actually the solution persists
globally in ¢, as we will see shortly) and the solution is z-translation invariant, i.e.,

u’ = (V(t,x),w"(t,x)), p”=p“(tx). (1.11)

REMARK. While F¥, given by (1.3), satisfies F¥ = V(f”(t)z), this is not the gradient of a function
periodic in z.

Note that
Vuwu” = (Vv Vepw”), dive” = dive”. (1.12)

Hence, in the current setting, (1.1) is equivalent to the following system of equations on R x D:

8 v
;t + V" + Vp” =vAv”, dive” =0, (1.13)
88% 4 Vew” = vAw” + (1) (1.14)

Note that (1.13) is the 2D Navier-Stokes equation for flow on D. We are imposing the boundary
condition

v(t,r) = —>x, |x|=1,t>0, (1.15)
T

and the initial condition
07 (0,2) = vo(z) = so(|z|)zt. (1.16)



Meanwhile, (1.14) is a scalar equation, with boundary condition
w”(t,x) = p(t), |z|=1,t>0, (1.17)

and initial condition
w” (0, z) = wo(z). (1.18)

We do not require vg(z) to equal («(0)/27)z when z € 9D, nor do we require wo(z) to equal 3(0)
when z € dD. At this point we recall that the solvability of (1.13) for all t € R, for each v > 0,
is well known, and the solvability of (1.14) for all ¢ € RT is then relatively elementary.

Our main goal is to study the limit as v \, 0 of the solutions to (1.13)-(1.18), and see how
u” = (v¥,w") approaches the solution of the Euler equation

O 0
871; + Vo +Vp? = F°  divu® =0, (1.19)

on RT x Qp, with initial condition
W0(0,,2) = (vo(x), wo()), (1.20)
given in (1.16) and (1.18), and with boundary condition
u’ || Q. (1.21)
Here FO(t,z, z) = (0, f°(t)). Arguments as above give
uO(t, z, z) = (VOt, ), w’(t, z)), (1.22)

where v9(¢, 2) and w(¢, x) solve

n° 0 0 0

ot 4+ Vv +Vp” =0, dive” =0, (1.23)
o 0
% + V0w = £O(1). (1.24)

Note that (1.23) is the 2D Euler equation for flows on D. We have the boundary condition
W(t,x) || 0D for t>0, x € dD, (1.25)

and initial condition
v°(0, ) = vo(z) = so(|z])at. (1.26)

As is well known, the vector field vy given by (1.26) is a steady solution to the Euler equation
(1.23). In fact, a calculation gives

Voo = —s0(|z])?x = —Vpo(z), (1.27)
with )
po@) = ollel). o) = = [ psalodp, (1.25)
which proves our assertion:
(t, ) = vo(x), (1.29)



when vg(z) is as in (1.26). From here, we see that (1.24) becomes

ow®
W + Vvowo = fo(t) (130)

The tangency condition (1.21) imposes no boundary condition for w”. This is logical, since 0; + V.,
is a vector field on R x D that is tangent to R x dD. The solution to (1.30), with initial condition

w(0, z) = wo(z), (1.31)
is given by

wO(t,z) = wo(Fy' (2)) —|—/ £O(s) ds, (1.32)
0

where .7:1;)'5 : D — D is the backwards flow on D generated by wy.

Now the task of analyzing how u” — u® as v\, 0 has two parts, namely how
v — ¥ as v\, 0, (1.33)
and how
w’ — w® as v\ 0. (1.34)

There is a literature on (1.33), including [7], [10], [1], and, recently, [5] and [6]. The first key to a
successful attack on (1.33) is the following result.

Proposition 1.1 Given that vo has the form (1.26), the solution v’ to (1.13), (1.15), (1.16) is
circularly symmetric for each t > 0, of the form

v (t, x) = sV (t, |z])zt, (1.35)

and it coincides with the solution to the linear PDE

oY
Ot

with boundary condition (1.15) and initial condition (1.16).

=vAvY, (1.36)

This well known result figured in the analyses in the papers cited above. A proof (using the
characterization (1.9)) is recorded in Proposition 1.1 of [6]. We mention in particular that

Vot” = =Vp”, p’(t,x) = p"(t, |z]),

» v ) (1.37)
pi(t,r) = / ps”(t, p)” dp.
T

The structure of the rest of this paper is as follows. In §2 we recall results of [5] and [6] on the
nature of the convergence v* — v in (1.33), and give some further results, which will be of use in
§3. Prior results include a variety of LP-Sobolev space estimates, recalled in Propositions 2.3-2.5.
Further results include estimates in spaces V¥(D) (defined in (2.33)), available thanks to [8], given
in Proposition 2.6 and Corollary 2.7. New results (of crucial use in §3) include explicit boundary
layer analyses, following from material in Appendix B, leading to estimates in the space V°>*°(D)
(defined in (2.52)), given in Propositions 2.8-2.10.

In §3 we discuss the nature of the convergence w” — w in (1.34). Here we apply results
obtained in [8]. These results were originally directed towards a different fluid problem, involving



plane parallel channel flows, but [8] found it convenient to develop the relevant singular perturbation
theory on a more general level, and, thanks to the results of §2 of this paper, this development has
applications to (1.34). In (3.21) we write

w” (t,z) — w(t,x) = Ry(v,t,2) + Ro(v, t,2) + R3(v,t, ), (1.38)

and apply a variety of attacks on the three terms on the right, which are defined in (3.18)—(3.20).
We obtain estimates on Ry and R3 in LP(D), for p € [1,00) in Proposition 3.1, and such estimates
on R; in Proposition 3.3. These results lead to w”(t,-) — w°(¢,-) in such LP-norms. We obtain
H%4(D) estimates on R; and Rs in Proposition 3.5, for ¢ € [2,00), o¢ € [0,1). Propositions
3.7-3.10 yield w”(t,-) — w°(t, -) in the spaces V¥(D), leading to convergence boundedly and locally
uniformly on D, established in Proposition 3.11.

Of course, Proposition 3.11 does not establish uniform convergence on D. There is a boundary
layer effect at work here, as there was for v — v. The corresponding study of boundary layer effects
for w” — w is taken up in §4. Again we use the decomposition (1.38) and apply separate analyses
to the three terms on the right. Results of Appendix B give an explicit boundary layer analysis of
Rs. Layer potential techniques developed in [8] give an almost equally precise analysis of R;. This
leaves R3, and as we show in (4.47)—(4.51), we can obtain at least an estimate on boundary layer
thickness for this term, consistent with the boundary layer thickness results apparent for R; and
R, though fine detail on the boundary layer behavior of R3 remains a topic for further work.

In §5 we briefly focus on the special case where wg(x) in (1.5) is also circularly symmetric. In
this case, the system (1.13)—(1.14) simplifies further to the linear system (5.2)—(5.3). Here we note
how results of [6] and Appendix B yield definitive results on convergence u” — u” in this case,
including explicit boundary layer analyses. The main message is that the lack of circular symmetry
for wp(x) is the source of the difficulties (otherwise said, the most interesting phenomena) for the
results discussed in §§3—4.

This paper ends with four appendices. Appendix A deals with the phenomenon of concentration
of vorticity. This concentration effect was established in [6] for circularly symmetric 2D flow. There,
use was made of L!'-norm bounds on the vorticity. Then [4] produced a more general result on
vorticity concentration, involving however convergence in a weaker topology. We produce further
variants of this result in Appendix A, and discuss problems yet to be resolved regarding L!-vorticity
estimates.

Appendix B, which has already been mentioned, studies limits as v \, 0 of solutions to

ou”
Ot

=vAu’ on Rt x Q, (1.39)

satisfying

UV‘R+X89: 0, u”(0,z)= f(z). (1.40)

We take f € C*°(Q2), and do not require it to vanish on the boundary. We make use of wave equation
techniques to produce explicit boundary layer analyses of solutions to this equation, whose utility
is manifested in §§2-5.

Appendix C discusses a class of Poisseuille flows, and places their analysis in the context of
problems treated in this paper.

Finally, in Appendix D we make a close examination of a model case of layer potentials arising
in §4, illustrating in particular L!-gradient estimates applicable to R;.



2 Nature of the convergence v” — "

As explained in the introduction, the component of the solution to (1.1)—(1.8) normal to the axis
of the pipe solves the linear system

o _ v +
5 = vAv” on RT x D, (2.1)
vW(t,x) = O;(t)xL on (0,00) x 9D, (2.2)
T
v/ (0,z) = vo(x) = so(|z|)zt. (2.3)

Here, for each t > 0, v”(t,-) is a planar vector field on the disk D = {z € R? : || < 1}, tangent
to the boundary. We do not require so(1) to be equal to «a(0)/27. This non-matching is what
produces the boundary layer effect. In this section we recall some results from [5] and [6] on the
nature of the convergence v¥ — v° = vy, and produce some additional results, which will be of use
in §3.

One tool to analyze solutions to (2.1)—(2.3) is the semigroup e2, defined by u(t) = €' f solving

ou

— =Au on R x D,

™ U‘ReraD =0, u(0)=f. (2.4)

We have
VY (t) = e"Pug + SV a, (2.5)

where SYa = VY solves

ag/ =vAVY, VY=0 for t <0,
t (2.6)
VV} — @ 1
R+t xdD o :
If we set
CiP(R) ={a € C®(R) : a(t) =0 for t < 0}, (2.7)
Cy(R) ={a € C(R) : a(t) =0 for t < 0}, '
we have for each v > 0,
SY: CP(R C°(R x D),
b (R) — C°( ) (2.8)

S Cb(R) —_— Cb(R X E),

where the subscript b in the spaces on the right side of (2.8) also denote vanishing for ¢ < 0, as it
does in (2.9) below. As shown in [6], we have a continuous extension

S”: Ly(R) — C([0,1], Hy,} (R x 9D)), (2.9)
where we use polar coordinates [0,1] x D — D, (r,e) s re?. In each case (2.8)(2.9),

e
Tr(S"a) = —a* 2.10
(8¥0) = oo, (210)

for each v > 0.
The behavior as v \, 0 of the first term of the right side of (2.5) is governed by the behavior
as t \, 0 of e!®, acting on ug. The behavior of S¥a as v \, 0 is attacked as follows. First assume

a € Cp°(R). Set

VY(t, ) =V (t,z) — O;(?x% (2.11)



This solves

v > % %
o = VAV —d/ O fi, VN0 =0, VV|pe o=
where n
fi(z) = %T

Hence, by Duhamel’s formula,

¢
Vi(t) = —/0 /=B 11 o (s) ds.

Substitution into (2.11) gives

t
SYa(t) = /0 (I- e”(tfs)A)fl o (s) ds.

A mollifier argument gives the following (Proposition 2.1 of [6]).

0, (2.12)

(2.13)

(2.14)

(2.15)

Proposition 2.1 Let X be a Banach space of functions on D such that f; € X and {e*® : t > 0}

s a strongly continuous semigroup on X. Then
S” : BVy(R) — Cy(R, %),

with
S’a(t) = / (I— e”(t*s)A)ﬁ da(s),
1(t)

where we can take either I(t) = [0,t] or I(t) = [0,t). Furthermore,

t—e
S’a(t) = — 21_13% v ; Ae?A £ o(s) ds.

Corollary 2.2 In the setting of Proposition 2.1,

|87 a(®)]lx < llell By (0,0 Sl[lopl e f1 — fllx.
s€|0,t

Hence, if vV solves (2.1)-(2.3) and vo € X, then

lo" () = vollx < [l *vo — vol ¢

+lallsyoy sup e fr — fillx.

s€(0,t

The following records spaces X to which Proposition 2.1 applies.

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

Proposition 2.3 {e!® : ¢t > 0} is a strongly continuous semigroup on the following spaces:
p

I'(D), 1<p< oo,

more generally the LP-Sobolev spaces

1
H*P(D), 1<p<oo, 0<s<-.
p

(2.21)

(2.22)



Also

Ci(D) ={f € C(D): flop = 0}, (2.23)
Hy(D) = {f € H**(D): flap = 0}, (2.24)

and
HYD)NH*D), 1<o< g (2.25)

See [6] for more details and references. We mention that {e!® : ¢ > 0} is a contraction semigroup
on the spaces (2.21), and also on B
L>(D), C(D), (2.26)

but it is not strongly continuous at ¢ = 0 on the spaces (2.26).

Proposition 2.3 has obvious applications to the limiting behavior as v ~\, 0 of the first term on
the right side of (2.5). As for S¥a, Proposition 2.3 together with the formulas (2.17) and (2.18)
can be used to establish the following (Proposition 4.2 of [6]).

Proposition 2.4 Assume q € (1,00) and assume

1 2
< - _— ). .
Oso<T<o, p€[1,2_1/q+0> (2.27)
Then /
S : LY (R) — Cy(R, H(D)), (2.28)
and
|S” ()| owa(py < C(t)’/(PU)/z”C“HLP’([O,t}) | f1ll 7779 (D), (2.29)
provided that also
2
1< . 2.
Py o) (2.30)

NOTE. For a given p, there exist ¢, T, o satisfying the hypotheses above, provided 1 < p < 2, i.e.,
provided p’ > 2.

In addition to such global convergence results as given above, there are local convergence results,
which hold in stronger norms, such as the following (Proposition 7.1 of [6]).

Proposition 2.5 Let O C D be open, Q C Q C O, Q smoothly bounded. Assume

v € L*(D), wol, € H(0), a€Li(R). (2.31)
Then, given Ty < oo,
. . . k
51{1(1) v (t)]g = volg in H(Q), (2.32)

uniformly for t € [0, To].

Proposition 2.5 applies in particular when vg € H*(D). In such a case, we can draw a stronger
conclusion, via some analysis done in [8], which will also prove useful in §3. We introduce the
following spaces:

V¥(D) = {u e L*(D): Lu € L*(D), VL € ¥*}, (2.33)

where
xF =Span{Z,---Z;:j <k, Z, € X'}, (2.34)



with
X' = {Y smooth vector field on D : Y || dD}. (2.35)

We note that there exists a finite family {Y; : 1 < j < M} C X! that spans X! over C°°(D). In
fact, we can take M = 3 and

0 0
YVi=(1-r)— (j=1,2), Yz=_.. 2.36
i= (=g (=12, Y=g (2:36)
We can set
Y=Y Y, [J=k, (2.37)
and
e = > 1Y 7ull7. (2.38)
|J|<k
We mention that, for each k € ZT,
C(D) is dense in V¥(D). (2.39)

The following result is a special case of results of §3.3 of [8], to which we will return in the following
section of this paper.

Proposition 2.6 For ecach k € Zt, {e!® :t > 0} is a strongly continuous semigroup on V*(D).

We can then bring in Corollary 2.2 and deduce:
Corollary 2.7 If v” solves (2.1)-(2.3) and vy € V¥(D), then

1" (£) = wollys < [l vg — volly
(2.40)

+ llallpv o) sup €2 f1 — fillyx,
s€[0,t]
which tends to 0 as v\, 0, uniformly for t € [0,Ty], provided o € BV ([0, Tp)).

We now describe more detailed behavior of e?®uvg(z) in case vy € C°(D). Parallel to Proposition
2.5, we have the interior regularity result

vg € C®(D), v(t,z) = ePuvp(z) = v € C*°([0,00) x D), (2.41)

as well as v € C*((0,00) x D). It remains to analyze the behavior near ¢t = 0 on a neighborhood
of D. In [6] this was attacked via the use of layer potentials. In Appendix B of this paper we use
another method, exploiting a connection with the wave equation and the method of geometrical
optics. In Proposition B.1 we exhibit e!®vg(z) near dD (for vy € C*(D)) as

N Lk
t
etAvo(x) = vo(z) + g HAkvo(x)
k=1

o » (2.42)
N o) (4 2B (PO B,
]Z:%zb]( )4y ( \/E> + Ry(t,z)
Here we have
bj € C(D), o(z)=1-|z|, (2.43)



and

Ej(y) = \/1% /OO e (s —y) ds

2
-y o0
e 2 .
= — e T2 g .

NG

The term ﬁN is a remainder. Its significance is that, for each M,k € N there exists N such that

(2.44)

1B (8, )l orpy < Carst™, £ € (0,1]. (2.45)

Note that for each j > 0, E; € C*([0,00)) is positive and rapidly decreasing at infinity. The
boundary layer phenomenon is captured by these terms, particularly the leading term

1 — ||
—2b0(:c)E0< T ) (2.46)
Note that Ey(0) = 1/2, and hence
bo(z) = vo(z) for x € OD. (2.47)

These results apply to f1, given by (2.13). In this case, Af; =0, and we get

tA } : i/2
[ f1 29] 4t E ( \/LE ) + RN(t, x), (248)

with g; € C*(D). By (2.17), we get
2N
_ (o [ amte — iz (12N G
;029“/0(4 (0= 5)2Ey (et ) dato

- /0 Ry(v(t —s),z) da(s).

(2.49)

The estimate (2.45) implies

t
H/ Ry (v(t — s), .)da(s)HCk@) < Cup(Dallsyv™, 0<t<T. (2.50)
0

By (2.5), the results (2.42) (with ¢ replaced by vt) and (2.49) apply to produce an asymptotic
expansion for v”(t,z) as v\, 0, valid uniformly for ¢ € [0, 7.

We use these asymptotic results to obtain further estimates on e*®vy, for vy € C™ (D), which
will be of use in §3. To set this up, we introduce the following generalization of V¥(D) in (2.33).
Given k € Zt, p € [1,00], set

VPP(D) = {u € LP(D) : Lu € LP(D), VL € X*}. (2.51)
Also set
V>P(D) = (\VFP(D). (2.52)
Proposition 2.8 Given vy € C*®(D), we have

{e®vg 1 t >0} bounded in V(D). (2.53)

10



Proof. The bound in C*°(D) C V°*>°(D) for t > 1 is elementary. Also the bound in C*®({z : |z| <

1/2}) for t € [0, 1] follows from (2.41). To finish, it suffices to show that

1—|z| . .
E( ) :0<t<1} is bounded in V°>*°,
{ I\ VAt -

near 0D, which follows from the assertion that

{( d )kEJ(L) 0<t< 1} is bounded in L*°([0,1]), Vj,k.

Yy NeT

The identity

v B () = v ()

gives (2.55) for k = 1, and the result for general k follows by induction.

Applying this to (2.5) and (2.17), we have:

Proposition 2.9 Given v¥ solving (2.1)—(2.3) with vy € C*®°(D), a € BVy(R), we have

{v”(t) : v € (0,1]} bounded in V°°(D),
uniformly for t € [0,Ty], To < co.
Recall from Proposition 1.1 that solutions to (2.1)—(2.3) have the form
v (t,x) = & (t, x)zt = sU(t, x|zt
The following complement to Proposition 2.9 will also be useful in §3.
Proposition 2.10 When (2.55) and (2.56) hold, we have
{8"(t,) :v € (0,1], t € [0, Tp]} bounded in V°°(D).

Proof. First note that
v (tx) -zt = 5 (L, x)|x]?,
which gives the desired estimate on A5 = {z € D : x| > 1/2}:
187t iy (s < Collo? (i 4y

It remains to show that

{8"(t, -)‘51/2 :v e (0,1], t €[0,Tp]} bounded in C*(Dy ),

where Dy 5 = {x € R? : |z| < 1/2}. To do this, note that
s (t,r)r = 0" (t,rey1) - e,

where {e1, e2} is the standard basis of R?. Hence
1
s(t,r) = / es - Ve, v”(t,roer) do.
0

11

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)



This defines s”(t,r) as an even function of r € [—1, 1], and we have
187 ek -1/2,1/21) < Cllo” (& Mowr B, - (2.65)

Now §” and s” are related by (2.58), hence

§(t,x) = ou(t,z?), ou(t,p) = s"(t,p"/?). (2.66)
We have
187t Mge, ) < Cllow(t e -1/4,/a)- (2.67)
Clearly
low(t, )leo(=1/a,1/4) = I8 )l co(=1/2,1/2))- (2.68)
Next
dpou(t, p) = 1/28 s”(t, Pl/Q)
(2.69)

/ 02 v t p1/2 d
the latter identity using 9,5 (t,0) = 0. Inductively, we obtain

low (t, Mceqe1/a1/a) < Cls” @) le2e(—1/2,1/2)- (2.70)
Recalling (2.65) and (2.67), we get

[s¥(t, ')Hok(ﬁm) < Ot )l e2r(—1/2,1,2)

5 (2.71)
< CH’U (t, -)Hozk-u(ﬁl/z)a
finishing the proof of Proposition 2.10. t
We record some more estimates that follow from the arguments given above. Since
1
/:c\_p dx = 27r/ P dr < co for pel,2), (2.72)
0
we have
15, Mooy < Cl"(E Mooy + Clv"(E e, ), P E[L,2). (2.73)
We also have
18(t. M zmoy < CIo*(t Vmy + Cl" (4l on e 2 € [L100). (2.74)

3 Nature of the convergence w’ — w"

Recall from the introduction that the component of the solution to (1.1)-(1.8) parallel to the axis
of the pipe solves the scalar equation

8;; =vAw’ — X,w” + f“(t) on Rt x D, (3.1)
w”(t,x) = B(t) on (0,00) x D, (3.2)

w”(0,2) = wp(x),
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where 9
v g
X, g=Vwg=s (t,\$|)% (3.4)

We do not require wo(x) = 3(0) for x € 9D. We assume v” is given by (2.1)—(2.3), with
vo € C®(D), « € BVy(R), (3.5)

so the results of §2 are available. In this section we show how results of §2 allow us to apply results
of [8] to draw conclusions about the nature of the convergence w” — w?, the solution to

0
0 = xul + 1), (3.6)
w?(0, z) = wo(x), (3.7)
where 5
Xg = Vupg = sol|z]) 5o (3.8)

The initial-boundary problem (3.1)—(3.3) is a singular perturbation of (3.6)-(3.8) in two ways,
due both to the presence of vAw" in (3.1) and to the nature of the convergence of the coefficients
of X, to those of X. We can partially separate these two mechanisms by rewriting (3.1) as

88“; = (VA — X)w” + (X — X,)w” + fU(t). (3.9)
Also let us set
W¥(t,z) = w”(t,x) — B(t), (3.10)
so W¥(t,x) solves
aWV v 12 v
e (VA = X)W + (X — X,)WY + ¢ (1),

W¥(t,z) =0 on (0,00) x 0D, (3.11)
W¥(0,z) = Wo(z) = wo(z) — 5(0),

where
9" (t) = f(t) = (1), (3.12)

assuming 3 € C}(R). (We relax this requirement below.) Duhamel’s formula gives

t
W (t) = e A=W, + / eImVATXN (XY — X, W + ¢¥(s)) ds

0
t v
:et(uAX)WO+/ e(ts)(VAX)(SQ—SV)agg ds (3.13)
0

t
+/ g" (s)et=9A=X)1 g,
0

By comparison, if we set

WOt z) = wo(t,z) — B(t), (3.14)
which solves 0
‘9?; S XWO 4 0), WO(0,) = Wol), (3.15)
with
g°(t) = fO(t) — 8'(t), (3.16)



we have

WOt) = e Wy + /O t g°(s) ds.
To compare w”(t,z) and w’(t, z), we will separately estimate
Ri(v,t,x) = et(”A_X)WO — e Wy,
Ro(v,t,2) = /0 t [g'f(s)e@*s)('/A*X)l - go(s)] ds, and

¢ v
R3(V,t,:z):/ e(t*S)(uAfx)(SO_Sy)aW ds.
0

00

which fit together as follows:
3
w” (t,z) — w(t,x) = WY (t,x) — WO(t, ) ZRJ (v, t,x)
7j=1

We begin with an estimate on R3(v,t,z). Note that

g commutes with X, X,, and A.

00
Hence S
ASES
00
0z" .y v v oWy Owy
o = WA=X)Z Zgop =0, Z27(0) = = = o
Thus the maximum principle gives
(ROl ] s B 7 T

t(vA-X)

Since the semigroup e ( is positivity preserving, we have

t
Ra(w,t, 7)) < |Bpwoll / =WA=X) g0(]) — ¥ (s, [z])] s
0

We also have, by radial symmetry,

t—s)(vA—X) |80 - u(tfs)A’SO - 8V|

el s’l=e ,

hence .
\Ry(v,t,2)| < ||89w0||Loo/ V=94 50 — 3| ds.
0

Here, as in (2.58), §¥(t,z) = s¥(t, |z|), and similarly So(x) = so(|z|).
Moving on to Ra(v,t,x), we have, as in (3.26),

e(t—s)(uA—X) 1= ey(t—s)Al’
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(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)



and hence

Ra(vt) = [ [(07(5) = o) + 0”21 = D] s

t
0

= / [f“(s) — f°(s)] ds +/ g”(s)(e”(t*S)Al —1)ds (3.29)
0

t
0

:/ [f¥(s) — fO(s)] ds + R¥ (v,t, ).

Using (3.12), we can write

t t
RE(w,t,2) = /0 () (98 1) ds + /0 (=981 _ 1) 4B(s), (3.30)

and by a mollifier argument such as described in §1 extend the validity of this identity from
B € CLR) to B € BV,(R).

We record some LP-estimates on R3 and Rs. Since e
(3.27) yields

tA is a contraction semigroup on LP(D),

t
[R3(v,t, )l Lr < HaewollLoo/ 130 = 8”(s, )| » ds
0

(3.31)
< [|Opwollze sup [|S0(-) = 8"(s, )| zv - .
s€[0,¢]
Meanwhile, (3.30) yields
IRE ()i < (170 + WBllsvgo) - sup 1= 20 (332)
se|0,
The arguments yielding (2.73)—(2.74) also yield
So(-) — (L, -
150(+) ] (t, )l Le () ] (3:33)
< Cllv*(t,+) = vo()ll Loy + Cllv" (X, ) = vo( )l (p, ), P € [1,2),
and |
So() — (¢, -
|50(+) Moy (3:34)

< Cllo"(t, ) = vo()lle (o) + Cllv (¢ ) = vo()ller(p, ), P € [2,00)-

Results of §2 guarantee that these quantities tend to 0 as v \, 0, uniformly in ¢ € [0,7p], under
hypotheses weaker than (3.5). Results of Appendix B give

11— 21 1oy < C(To)w'/??, (3.35)
for t € [0,Tp]. We have:

Proposition 3.1 Assume that (3.5) holds. Also assume wy € C1(D), 8 € BVy(R), f°, f* € L}(R)
and || f¥ — fOHLl([O,T]) — 0, for each T < co. Then, for each p € [1,00),

HR2(V7t7 ')HLP(D) + ||R3(V7t7 ')HLP(D) —0 as v \ 0, (336)

uniformly in t € [0,T].
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We turn our attention to Rj(v,t,z), given by (3.18), i.e., to the nature of the convergence
A=W, — e Xy, (3.37)

as v\, 0. Chapter 3 of [8] was devoted to such an analysis, in a more general setting, in which D
is replaced by a general compact Riemannian manifold with boundary O, with Laplace-Beltrami
operator A, and X is taken to be a smooth vector field on O, tangent to the boundary 0O and
satisfying div X = 0. We recall some of these results.
Let us set
UY(t,z) = VAU (). (3.38)

The identity
t
U (t) = e XUy + v / e~ (=IX ATV (5) ds (3.39)
0
is useful once one has the following (Lemma 3.1.2 of [8]).

Lemma 3.2 There exists K € (0,00), independent of v € (0,1], such that, if Uy € D(A?),

JAUY (O] < KAy 2. (3.40)
This is proven by estimating
d
%HAU”(t)H%Q =2 Re (AQUY, AU )2 = --- . (3.41)
The proof exploits the identity
D((vA — X)?) = D(A?). (3.42)

With this in hand, one proceeds to Proposition 3.1.3 of [8]:
Proposition 3.3 Given p € [1,00),
AWy — e X Wy as v — 0, (3.43)

in LP-norm, for all Wy € LP(D).

Ingredients in the proof include the contraction property on LP(D) of e!®A=X) the validity of
(3.43) on a dense subspace of L?(D), via Lemma 3.2, to get (3.43) for p € [1,2], and then use of
duality to get (3.43) for p > 2, first weak™, then, via uniform convexity, in norm.

Putting together Propositions 3.1 and 3.3, we have LP estimates on

w” (t,2) —w'(t,x) = WY (t,x) — WO(t,x)

3.44
= Ri(v,t,x) + Ra(v,t,x) + R3(v, t, x). (344)
Proposition 3.4 Under the hypotheses of Proposition 3.1, as v \, 0,
WY(t,) — WO(t,-), and hence (3.45)
w” (t,) — w'(t,-), (3.46)

in norm, in LP(D), for each p € [1,00).
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We now discuss convergence in stronger topologies, starting with Ry (v,¢,z). In (3.1.19) of [§],
we obtain

. 1
e A= OWo ey < CeX! | Woll oy, s € [0,5), (3.47)

with C' and K independent of v € (0,1]. On the other hand (as mentioned above), e!2=X) is g
contraction semigroup on LP(D) for each p. Interpolation with (3.47) gives

1€ AW | groa(py < Ce™H[Wol| groa(pys (3.48)

provided
q€2,00), oqe0,1). (3.49)

Using this leads to Proposition 3.1.4 of [8]:

Proposition 3.5 Given (3.49), then

Wo € H(D) = lim tVAXWy = e W, (3.50)

in H%%-norm, uniformly in t € [0, Tp].

A similar (but slightly more elementary) analysis of Ra(v,t,x) via (3.29)—(3.30) gives, under
the hypotheses of Proposition 3.1,

lim Re(v,t,-) =0, in H%%-norm, (3.51)
\,0

for o and ¢ as in (3.49).
We move on to estimates in the spaces V¥(D), defined in (2.33)-(2.38). The following result
(which extends Proposition 2.6) is Proposition 3.3.3 of [8].

Proposition 3.6 For eachk € ZT, v > 0, e!"2=X) s ¢ strongly continuous semigroup on Vk(D),
and, with By, independent of v € (0,1],

e AW [y < e P Wol |y (3.52)

The proof involves estimating a weighted sum of terms
d
T O, 1<k (359
and takes about 4 pages in [8]. From here, we get Proposition 3.3.4 of [8]:

Proposition 3.7 In the setting of Proposition 3.6,

Wy € V¥(D) = lim A=Wy — e W, (3.54)

in norm, in V¥(D).

We make some comments about the proof of this result. The boundedness result (3.52) plus the
L2-convergence from (3.43) imply convergence in (3.54), weak* in V*(D). To get norm convergence,
one argues further. It suffices to get norm convergence on a dense subspace, e.g.,

CS°(D) c V(D) c V(D). (3.55)
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Appendix A of [8] establishes the complex interpolation property
VE(D) = [L(D), V(D)) 2. (3.56)
Hence, for f € V2*(D),
A= — e f e

< Het(VAfX)f o eftXfH}//QQ . ||et(1/AfX)f - eftXfH%)/;c

(3.57)

The first factor on the right side of (3.57) tends to 0 as v N\, 0, by Proposition 3.3, and the last
factor is uniformly bounded as v \, 0 by (3.52), with k replaced by 2k.
We next discuss convergence of (3.45) in the spaces V(D). For simplicity, we assume here that

g, =0, (3.58)
so WY is given by
6WV 14 14 14
i WA =X )WY, WY ei op =0, W"(0,z) = Wy(x), (3.59)
and W0 by
8WO 0 0 : 0 —tX
ek —XW", WY(0,z) = Wy(x), ie., W°(t)=e ""Wp. (3.60)

(Treating the general case simply involves one more use of Duhamel’s formula.) To set up the
analysis, Chapter 4 of [8] defined a class X1 of vector fields on D, depending on ¢ and v, as follows.
Recall X!, given by (2.35), and let {Y;} be a finite spanning set, as in (2.36). We say Z, € X!
provided we can write

Z, =Y AY(t,x)Y;, (3.61)
J
with
{A5(t,-) : v € (0,1], t € [0,To]} bounded in V(D), (3.62)
for each Tp € (0,00). In the current case of interest,
X, =38"(t Jc)2 (3.63)
v — ) 807 *
Proposition 2.10 gives R
X, € XL (3.64)
We also set R R
x¥ =Span{z,Y’: 27, X', v/ e xF1}. (3.65)

The following results are established in Chapter 4 of [8]:

Z, € %1, Y G%l — [ZuaY] €§17

~ ~ (3.66)
P,exk viext = vYIP, e Xk,

and play a role in the demonstration of the next result (Proposition 4.1.5 of [8]).
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Proposition 3.8 Assume Wy € V¥(D). Given that X, satisfies (3.64), there is a unique solution
WY to (3.59), satisfying

WY e ([0, 00), VF(D)) N C=((0, 00) x D), (3.67)

and we have

W @)llr < e P [[Wollyr, (3.68)
with By, independent of v € (0,1].

The proof involves estimating a weighted sum of terms
d Jyr v 2
@HY Wr)llz2s I <k, (3.69)

and is a bit more elaborate than the proof of Proposition 3.6, bringing in the results of (3.66).
The uniform bounds (3.68) plus the LP-norm convergence (3.45), with p = 2, imply the following,
as shown in Proposition 4.2.1 of [8]:

Proposition 3.9 Retain the hypotheses of Proposition 3.1 (which imply (3.64), and assume (3.58).
Assume Wy € V(D). Then, as v\, 0,

WY (t) — e Wy, (3.70)
weak® in V¥(D).

The same argument used to go from weak* convergence to V*¥-norm convergence in Proposition
3.7, involving (3.55)—(3.57), works here, yielding the following improvement of Proposition 3.9,
proved as in Proposition 4.2.4 of [8]:

Proposition 3.10 In the setting of Proposition 3.9, we have convergence in (3.70), in V*-norm.

We conclude this section with some complementary results. First there is the contraction

property:
W (t, e < [Wolle, 1<p< oo (3.71)

Next, if also Wy € V¥(D) with k > 1, the result (3.70) implies
WY (t,x) — e "Wy, locally uniformly in D. (3.72)
In particular,
Wy € C®°(D) = W"(t) — e W, boundedly and locally uniformly on D. (3.73)
Combining (3.71) and (3.73) and using standard approximation arguments yields:

Proposition 3.11 In the setting of Proposition 3.9,

Wy € C(D) = W¥(t) — e "Wy, boundedly and locally uniformly on D. (3.74)

19



4 Further boundary layer estimates
In §3 we have seen various spaces in which
w” (t,z) — wl(t,x) — 0 (4.1)

as v \, 0. Here we take a closer look at the boundary layers that form and prevent (4.1) from
holding in sup norm. We work with the decomposition (3.21), i.e

w” (t,z) — w(t,x) = Ry (v,t,2) + Ro(v, t,2) + R3(v,t, ), (4.2)
where, we recall,

Ri(v,t,z) = A=W, — e X W, (4.3)

t
Ro(v,t,x) = / [f¥(s) — fO(s)] ds (4.4)
/ fr(s “OA1 1) ds (4.5)
/O (=921 — 1) dB(s), (4.6)
Rs(v,t,z) = /t = WA=X) (55 3")8;2” ds. (4.7)

0

We also recall that Wy(x) = wo(x) — 5(0) and W¥(¢,z) is given by (3.10)—(3.11). Note therefore

that
owr  ow”

o0 00
Of the three terms on the right side of (4.2), Ra(v,t,z) is the easiest to analyze precisely.
Proposition B.1 applied to f = 1 gives

(4.8)

el/(tfs)Al -1

2N
_ il p(x) 5 (4.9)
_ ;zbj(x)(z;u(t - 9)"Ey( e S)) + Ry(v(t —s),2),

where, for each M, k € N, there exists N such that

IRn(v(t = 5), )l eripy < Cun(v(t—35)", 0<s<t<T. (4.10)

Thus, for example, the term (4.6) has the form
% ' i/2 ¢(z)
- 2b-x/4uts B ———%—) dS(s
jEO: (@) | (1wl =) B 4V(t_s)) B(s)

+ /Ot R (vt — s),2) dB(s).

(4.11)

We recall that
pla)=1—lz|, bolyp, =1, (4.12)
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and that E; is given by (B.39); in particular,

Ey(y) = \}7? /OO e ds. (4.13)

Thus the principal term in (4.11) is

by (x) /0 t Eo(l_m)) di(s), (4.14)

dv(t —s
and for j > 1 the jth term in (4.11) is < C’jl/j/Qtj/Q, uniformly in « € D.

The term (4.5) has a similar form as (4.6), and of course the term on the right side of (4.4) is
completely elementary. We summarize.

Proposition 4.1 We have

Ro(v,t,x) = —2b0(x)/0 Eo( Lzl )) (dB(s) + f7(s) ds)

vt —s (4.15)

- () - 1(s)] ds + OW M),

uniformly in x € D, t € [0,Tp], v € (0,1].

We turn to Ri(v,t,x), given by (4.3). We assume Wy € C°°(D). Results here are as precise as
those for Rg, but somewhat more complicated. For the analysis, we use results from §§3.6-3.7 of
[8]. The attack combines the use of layer potentials and semiclassical analysis. Before starting this
attack, we first deal with the fact that the equation

ow,
ot

=vAW, = XW,, Wylgi,op =0, W,(0,2) = Wy(x) (4.16)

for
W, (t) = VA= X)W, (4.17)

does not fit the pattern typically encountered in semiclassical analysis. One could regard (4.16)
as semiclassical (with v = h?) if X were zero order (which it is not) or if the vector field X were
accompanied by a factor A = VY2 As it is, (4.16) is a more singular perturbation than that. The
first step is to ameliorate this by considering

o, (t,x) = X et VATX W (), (4.18)
which solves 5
Vy
5 = vL(t)v, on RT x D, v,,‘]man =0, v,(0) =Wy, (4.19)
with
L(t) = eX Ae™X (4.20)

a t-dependent family of second order, strongly elliptic operators with smooth coefficients on D. (The
functions v, and wu,, used below, are not to be confused with v” and u” from previous sections.
Nor should W, be confused with W".) The solutions to (4.16) and (4.20) are related by the simple
transformation

W, (t) = e X, (). (4.21)
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We aim to express the solution to (4.19) as a sum of a “free space” solution and a layer-
potential correction. To construct the free space solution, we put D in a box in R? and identify
opposite edges, so D is a domain with boundary in a compact manifold without boundary, say
M = T? = R%/(4Z%). We extend X from D to a smooth vector field on M, and of course A
extends to the Laplace operator on M, with its standard flat metric tensor. Then L(¢) in (4.20)
is a well defined ¢-dependent family of second order strongly elliptic operators on M. Also extend
Wo € C®(D) to Wy € C°(M). The free space solution is then V,,(t), given by

av,

o, = VLMV, on RY x M, V,(0,) = Wo(z). (4.22)
The solution to (4.19) then has the form
v (t,x) =V, (t,x) —u,(t,x), t>0, z€D, (4.23)
where wu, (t, x) satisfies
8;; =vL(t)u, on R x D,
uy = gy = xp+()Vy(t,x), x € ID, (4.24)

u, =0 on (—o00,0) x D.

The method of layer potentials is brought to bear to solve (4.24). This method involves the use of
functions H (v, s,t,x,y), defined as follows. First, the solution to (4.22) is given by

Volt.) = [ Wal) Hw0.8.2.0)dV (»). (4.25)
M
where dV (y) = dy is the standard area element on M = T2. More generally, for 0 < s <,
Vi(t,z) = /Vu(s,y)H(V,sjt,%y) dVi(y), (4.26)
M

where dVs(y) = /9g(s,y) dy is the pull-back of dV via the flow generated by X, i.e., the Riemannian
area element for g, the pull-back via this flow of the standard flat metric tensor on M.

It is not hard to analyze V,, as a smooth function on [0, oo) x M, depending smoothly on v € [0, 1],
given Wo € C™(M). Details can be found in §3.5 of [8]. Going from here to a layer potential analysis
of u, in (4.24) requires an accurate approximation to the integral kernel H (v, s,t,x,y). This was
carried out in §3.6 of [8], in the more general context where D is a smoothly bounded domain in
a compact n-dimensional Riemannian manifold M, via techniques of semiclassical analysis. We
summarize the results. We have

H(y7 S? t? x? y) = 9(87 y)_l/QK(V7 8? t? x? r— y)? (4'27)

where K (v, s,t,z,x — y) has the form
N
K(v,s,t,x,z) = Z Kj(v,s,t,z,z) + Rn(v, s, t, 2, 2), (4.28)
=0

where Ry is increasingly negligible for large N (cf. [8], Proposition 3.6.6), and the principal term
Ko(v,s,t,z,z) is given (with n = 2) by

Ko(v,s,t,z,2)

4.29
= (4mv(t — S))_n/2 det G(s, t, x)!/2e 95 tw)z2/4v(t=s) (4.29)
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Here G(s,t,x) is a smooth positive-definite n x n (i.e., 2 x 2) matrix valued function of (s,t,z) €
[0,00) x [0,00) x M, whose construction involves a transport equation; cf. (3.6.79) of [8]. For
j > 1, formulas for Kj(v,s,t,x,z) are somewhat more elaborate variants of (4.29). They are
given in (3.6.90) and (3.6.93) of [8]. The main point to take from these formulas is that, for j > 1,
K;(v,s,t,x, z) is smaller and smoother than Koy(v, s,t, x, z), which has a §-function type singularity
in the limit v \, 0. In addition, these terms get progressively smaller and smoother as j increases.

With these results in hand, we bring in the method of layer potentials to treat (4.24), following
§3.7 of [8]. The double layer potential is given by

t
Dyh(t,x) = V/ /h(s,y)aH(V,s,t,x,y) dSs(y) ds. (4.30)
0 an&y
oD

Here dSj is the arc length on 0D induced by the metric tensor g5, and 9/0ns , is the outward unit
normal to 0D at y € 0D, determined by this metric tensor. The boundary trace relation for D, is

1
Dohlgop = (51+vNo ), (4.31)
for supp h C R™ x 9D, where
! OH
Nyh(t,x) = h(s,y)=— (v, s,t,x,y) dSs(y) ds. (4.32)
04D sy

Thus the solution to (4.24) has the form
uy(t, ) = Dyh,(t,x), (4.33)

provided h, solves
1
(51 + uN,,) hy = gu, (4.34)

with g, given in (4.24).
Solvability of (4.34), on any given I = [0,Tp], for v > 0 small enough, is achieved as follows.
From (4.27)-(4.29) and related results on Kj, one has

[VNL Rl oo (1xoD) < C(I)V1/2||h||L°°(I><8D)- (4.35)

Cf. [8], (3.7.27). Hence, as long as v'/? < 1/2C(I), if g, € L>(I x dD), the equation (4.34) is
solved by
h, =2(I+ 2VN,,)7lgV

4.36
=2(I —2uN, + 42N? — .. )g,. (4.36)

We can take some finite sum of the series in (4.36) and have a rather small remainder. In particular,

1Ry = 290 || Lo (1xapy < C(D)VY?]| gl L (1xaD)- (4.37)
Since, by (4.33),
uy = 2Dy,g, + Dy (hy, — 29,), (4.38)
it is useful to know that
IDuh| oo (1x Dy < Cll|l Lo (1x0D), (4.39)
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with C independent of v € (0, 1]; cf. (3.7.34) of [8]. Hence

[, — 2DV9V||L°°(I><D) < C(I)Vl/QHQVHLOO(Ian)

i (4.40)
< C'(M? [ Woll e any.

the latter inequality by (4.22)—(4.24) and the maximum principle.

The estimate (4.40) implies that 2D, g, is a good enough approximation to u, to resolve the
boundary layer behavior of w,, hence, via (4.23), that of v,, and hence, by (4.21), the boundary
layer behavior of W, = e!A=X)W given by (4.16)-(4.17). Thus we resolve the boundary layer
behavior of R;(v,t,x), at least to leading order. Taking more terms in the series in (4.36) leads to
higher order approximation.

As for approximating u, within O(l/l/ 2) in sup norm, one can do this with a simplification of
2D, g, namely 2D%g,,, where

t
DOh(t,x) = V/ /h(s,y)aHO(l/,s,t,x,y) dSs(y) ds, (4.41)
0 an&y
oD

where, in place of (4.27)—(4.28), we take
Hy(v,s,t,x,y) = g(s,y) *Ko(v,s,t,z,z —y), (4.42)
again with Ko as in (4.29). We have, via estimates on Kj for j > 1,
IDyh — DOR| oo (1% 0y < CV ||| oo (1x0D) - (4.43)
Further estimates on V,, in (4.22)—(4.24) yield, for 6 > 0,
oy — (Wo — 2D0W8) 11y < CDW2Wollgnes - (4.44)

where
W§ = xz+ (HWo,p- (4.45)

Cf. [8], Proposition 3.7.4. Recalling (4.16)—(4.18), we reach the following conclusion.
Proposition 4.2 Assuming vy, wo € C*(D),
[R1(v,-, ) + 2€7tXDSW(I))||L°°(IxD) < C(I)V1/2HWO||01+6(E)' (4.46)

It remains to analyze Rs(v,t,z). Since WY occurs on the right side of (4.7), we do not have as
precise an analysis of R3 as we got for R; and Ry, but we are able to show the following.

Proposition 4.3 In the setting of Proposition 4.2,

Rs(v,t,z) — 0, (4.47)
as long as
1 — |z
Q. 4.48
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We get this from the estimate (3.27), i.e.,
t
Ra(v,t, )| < [|9wo| oo / /=92 50 — 3 ()| ds, (4.49)
0

together with the fact that, uniformly on t € (0, Tp], v € (0,1],

o(e) = .0 < 0“7 + O (1.50)
where ¥(A) — 0 as A — oco. Such an estimate on
lvo(x) — V¥ (t, x)| (4.51)

follows from (2.42)—(2.49), and then the estimate (4.50) follows by the arguments involving (2.60)—
(2.71).

5 Completely circularly symmetric pipe flows

If we impose not only the circular symmetry hypothesis (1.26) on vo(x) but also the following
circular symmetry hypothesis on wy(x),

wo(Rpx) = wo(z), VzeD, 0ecl0,2n], (5.1)

which implies wp(z) is a function of |z|, it follows that w" (¢, x) satisfies such circular symmetry for
all t > 0, and the system (1.13)—(1.14) simplifies to

8(;; =vAvY, dive” =0, (5.2)
a;‘; = VAW + f(t). (5.3)
We continue to have the boundary conditions (1.15) and (1.17), i.e.,
t
() = ‘12()&, Wt z) = ), |zl =1, t > 0. (5.4)
T

Of course, (5.2) is identical to (1.36), and we have nothing further beyond the material of §2 to say
about that. The simplification occurs in (5.3).
Let us suppose to start that

17, B e C(R), (5.5)
ie., f¥ and B are C* on R and vanish on (—o0,0]. Setting
Wy(tvx) = U)V(t,x) - /B(t) (56)
yields
owv

o = VAWV (1) = 5'(0), (5.7)

WY (0,z) = wo(x), WV‘R+X8D =0,

and an application of Duhamel’s formula gives
t
WY (t,x) = " Swo(x) +/ [¥(5) = B'(s)]e” 921 () ds, (5.8)
0
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hence
W (1, 3) = "B (x) + B(E) + /0 [77(s) — B'(5)]e" 921 (z) ds. (5.9)

Alternatively,

t
w”(t,x) = e"Bug(z) + / FY(5)e" 92 () ds + / (1 . e”(t_S)A)l(a:) dB(s), (5.10)
" 1(t)
where I(t) = [0, t].
Recall we are interested in the nature of the convergence of w”(t,x) to w®(t,z), given in this
case by

o’ _ 40 0 _

8t _f (t)> w (O,IE) —wo(ﬁ), (511)

wO(t, x) = wo(x t 0(s) ds. .
(t,x) o()+/0f()d (5.12)

Reasoning from [6], recalled in §2 of this paper, gives the following.

Proposition 5.1 Let X be a Banach space of (real valued) functions on D with the properties that
L,bwo € X and that {'® : t > 0} is a strongly continuous semigroup on X. Take T € (0,00) and
assume

B € BV([0,T]), (5.13)
freL!(o0,1]), f”— f° in LX([0,T)). (5.14)

Then w”(t,x), given by (5.10), satisfies
w”(t,) — w® in norm, in X, as v\, 0, (5.15)

uniformly in t € [0,T].

In case wy € C°°(D), results of Appendix B yield precise asymptotic expansions for w" (¢, z)
in (5.10), analogous to the expansion for v”(¢,z) described by (2.42)—(2.50). There is no need to
repeat such formulas, but we do point out the following consequence of Corollary B.2, which is
relevant for vorticity concentration.

Proposition 5.2 In the setting of Proposition 5.1, if (5.13)-(5.14) hold, and if wy € C*°(D), then

IVw”(t, )1y < Cuwo + Cl N 21 o,m7) + CllBI BV ((j0,77)5 (5.16)

with constants independent of v € (0,1], t € [0,T].

A Variant of J. Kelliher’s concentration calculation

In [6] it was shown that for a class of circularly symmetric planar vector fields u¥ on D = {z € R? :
|z| < 1}, solving the Navier-Stokes equations, converging to u, solving the Euler equations, one has

rotu” — rotu — (u - 7)o, (A.1)

weak® in the space M(D) of finite Borel measures on D, where 7 is the unit tangent to D and
o is arclength measure on dD. In [4] such a limit was shown to hold in a much more general
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context (including more general domains €2), provided one weakens the convergence to convergence
in H'(Q)’. That result included concentration of vorticity on 9 for domains Q C R"™ with Lipschitz
boundary. In that treatment, one sees that the concentration of vorticity phenomenon is actually a
consequence of a general concentration of gradient phenomenon, for scalar fields. Here, we present
another perspective on this calculation, with the goal of allowing 02 to be quite rough.

Let @ C R™ be an open set. We assume u” and u are real valued functions on 2 satisfying

u’ € Hy(Q), u=1|,, @€ H (R"), (A.2)

Q?
and that
uw — u in L%(Q), weakly. (A.3)
We can regard u” as an element of H}(R"), equal to 0 on R™\ Q. Then (A.3) implies
u’ — o in L?*(R"™), weakly. (A.4)
Standard distribution theory implies
Vu¥ — V(xqa) in H'(R"), weakly. (A.5)

Now we claim that
V(xau) = xaVu + aVxq. (A.6)
To see this, let v. = ¥, * & — 4 be a family of mollifications of 4, v. € C*°(R"™). It is elementary
that
V(xav:) = xaVve + veVxa. (A7)
In the limit as ¢ — 0, xqve — xo@ in L?(R"), so V(xqv:) — V(xo@) in H~1(R"). Meanwhile
Vo, — Vi in L2(R"), so xoaVve — xqVa in L2(R"). Furthermore, v. — @ in H'(R"), while
Vxa € H .} (R"), s0 v-Vxq — @Vxq in D'(R"). Thus (A.6) follows in the limit from (A.7). Note
that the last part of this demonstration just has aVyxq € D'(R™), but now that we have (A.6) we
also have
aVxq € HH(R"). (A.8)
From (A.5) and (A.6) we have, weakly in H—!(R"),

Vu¥ — xoVi + uVyxa

- (A.9)
= Vu+uVxq.

In case Q has a mildly regular boundary
Vxa = —no, (A.10)

where n is the unit outward pointing normal and o is surface area on 0f2.

We expand on this last point. In geometric measure theory, one says €2 is a domain of locally
finite perimeter provided Vyq is a locally finite R™-valued measure. It is a result of E. DeGiorgi
that in such a case, (A.10) holds, where n is the “measure-theoretic unit normal,” and

o =H"10.9, (A.11)

where H"! is (n — 1)-dimensional Hausdorff measure and 0.2 C 99 is the measure-theoretic
boundary of 2. When 02 is smooth, or even Lipschitz, 0,2 = 02. When 0f2 is locally the graph
of a continuous function with gradient in L', it is known that H"~1(9Q \ 0,Q) = 0. In rougher
cases, 02\ 0,82 might be quite large.

Putting these results together, we have the following extension of (A.1).
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Proposition A.1 Let Q2 C R™ be an open set with locally finite perimeter. Under the hypotheses
(A.2)-(A.3), we have
Vu” — Vu — (an)o, (A.12)
weakly in H=Y(R™). Here, Vu € L?(Q) is extended by 0 on R™\ Q.
Vector analogues can be deduced from Proposition A.1 via linear algebra, or established directly.

For example, suppose n = 3 and u, u” are vector fields on € C R3, satisfying (A.2)—(A.3). We have
analogues of (A.4)—(A.5) for curlu”, with (A.6) replaced by

curl(xqu) = xqcurld + Vxq X 1. (A.13)
Hence in place of (A.12), we have

curlu” — curlu — (n x @)o, (A.14)

weakly in H~1(R?).
We mention that the first part of (A.2) applies directly to fluids with zero velocity on 99. In
case there is a nonzero velocity specified on 0f2, the appropriate replacement for the first part of

(A.2) would be

w—peHy(Q), v=9¢|g, ¢eH'RY (A.15)
We keep the rest of (A.2) and (A.3). Then the previous argument applies directly to u” — ¢, to
give, in the setting of Proposition A.1,

Vu’ — Vu — (@ — ¢)no, (A.16)

and similarly, for vector fields on © C R3, one replaces (A.14) by
curlu” — curlu —n x (@ — @)o. (A.17)

We make some further comments on the vorticity of a t-dependent family of vector fields on 2
of the form (1.11), i.e.,
u”(t,x,z) = (v (t,x),w"(t,z)), (A.18)
where x € D, v = v1i + voj is a planar vector field, and w is the z-component of u. Then
i § k
curlu” =det | 0,, Op, O
oo (A.19)
= (8x2wy)i - (8x1wu)j + (8z1v5 - axzvlu)ka
hence
curlu” = (V+w”, rot v”). (A.20)
Now [6] obtained uniform L' bounds on rot v”, given such a bound on the initial data vo(x), which
led to the weak* convergence in the space M(D) in (A.1) (with a slight change of notation, namely
v” and v in place of v and u). It would be interesting to know whether we also have L!-gradient
bounds on w” in (A.20), given such bounds on wy(x), as well as appropriate bounds on vy(x).
In this regard, the following comments are in order. In the setting of (4.2) we have

w” (t,z) —w’(t,r) = Ry(v,t,x) + Ra(v,t,z) + R3(v,t, ) (A.21)

(denoting the limit here by w rather than w). An L'-gradient bound on Ry follows from the
representation (4.4)-(4.8) and results of Appendix B, via Corollary B.2. An L!-gradient bound on
R; follows from the representation (4.3) and the layer potential attack described in §4, together
with layer potential estimates of the sort discussed in Appendix D. This leaves R3 to analyze. The
authors hope to return to this point in future work.
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B Purely diffusive boundary layers

Here we give some rather explicit formulas for the asymptotic behavior as v \, 0 of solutions to

Ou =vAu” on RT xQ, (B.1)
ot
satisfying
U gt =0, u(0,2) = f(2), (B.2)

where €2 is a compact Riemannian manifold with smooth boundary and Laplace-Beltrami operator
A, and B
fec® Q). (B.3)

Note that the solution to (B.1)—(B.2) is
W (t,7) = D f(2) = u(wt, @), (B.4)

where v = v” with ¥ = 1. Thus the small v analysis of (B.1)—(B.3) is just the small ¢ analysis of
etAf, for f € C(Q). Here A is the self-adjoint extension of the Laplace-Beltrami operator with
domain D(A) = H?(Q) N H (Q).

We assume (without loss of generality) that € is a smoothly bounded open subset of M, a
compact Riemannian manifold without boundary. Let L denote the Laplace-Beltrami operator on
M, and assume

f="Flg fec=M). (B.5)
Note that, for x € Q, ¢t > 0,
emf(x) = eth(a:) —U(t,x), (B.6)

where U(t, z) satisfies

(Or— AU =0 on RxQ, B.7)
U(t,z) =0 for t <0, U(t,-)‘89:XR+(t)eth‘aQ. '

Standard hypoellipticity results give U € C*°(R x ), hence, for t € (0,1], O cC Q, k, N € N,
10 Mowa) < Cnat™. (B.3)

On the other hand, given f € C*(M), the nature of the convergence of etl f to f is elementary
and well known. From the fact that e'Z f € C*°([0,00) x M) it follows that, for each k, N € N,

N
(@) = (@) + LF () o+ LN ) + Ruv(a), (5.9)
with
HRNHC]C(M) < Ck’NtN, 0<t< 1. (B.10)

What remains is to analyze the precise nature of the boundary layer that forms for U(t, z) as
t \, 0, preventing the uniform convergence to 0 on €. One way to attack this problem is via the
method of layer potentials. This was used in [6], and extended in [8] to study the more complicated
problem in which (B.1) is replaced by du” /0t = vAu” + Xu”, where X is a smooth vector field on
Q, tangent to 9. (These results are recalled in §4.) Here we bring in another method, based on a
wave equation approach.
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This approach starts with the identity

et f(x) e=5/* cos sv/—A f(x)ds, (B.11)

F

where v(s,z) = cos sv/—A f(x) solves the wave equation

(0} —A)p=0 on RxQ,

=0, v(0,z)= f(x), dsv(0,z) = 0. (B12)

U‘RXBQ

The identity (B.11) follows from the Fourier inversion formula and the spectral theorem (cf. [9],
Chapter 8, and [2]). More generally than (B.11), one has

90(\/1 ) cos svV—A fds, (B.13)

= L

valid for even ¢ € S(R), where ¢(s) = (21)"1/2 [ p(A)e~s d\. Taking p(\) = e~*" yields (B.11).
Parallel to (B.6), we have, for z € Q, s >0,

cos svV/—A f(z) = cos sv/—L f(z) — V (s, z), (B.14)

where V (s, z) solves

(2 —~A)W =0 on RxQ, V(s,z)=0 for s<0,

) (B.15)
V(37 )}QQ = g(s, ) = XR*(S) COS SV _Lflag‘
Also, parallel to (B.11),
. 1 o .
el f(x) = / e~ /% cos sv/—L f(x) ds. B.16
Fa) == VoL f() (B.10)
Together (B.11), (B.14) and (B.16) and the evenness in s of e="/4 yield, for t > 0, z € Q,
et etl _32/4tV (s,x)ds, B.17
o) =) - 2= [ ) (B.17
hence, by (B.6),
1 oo
Ult,z) = \/H/o 6_82/4tV(8,$) ds. (B.18)

We aim to analyze V(s,x) and use this analysis in (B.18). The first step is to localize this
analysis to small s. Given a > 0, pick an even function ¢; € C§°(R) such that ¢;(s) = 1 for
|s| < a, 0 for |s| > 2a, and set ¥2(s) =1 —11(s). We have

U(t,x) = Ui(t,z) + Ua(t, z),

Uj(t,x) = \/1777 /0°° bi(s)e 14V (s, 2) ds, (B.19)
In turn
A _ pl(VA) + Bh(VA), (B.20)
where
(I)z(\/j) = \/i?t/ 1/1]'(5)6_82/4t coS SMCZS. (B.21)
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We see that for ¢ € (0,1], k&, N € N,

(M) < CrntV (14 ]A) 7, (B.22)
and hence
195 (V=2) fll gy < Cront™ 1 fll22(5)- (B.23)
Similarly
= ®{(V—L) + ®4(V-L), (B.24)
with similar estimates, including
195(V=L) Fllzx ary < Crvt™ [ Fll 22 an)- (B.25)

Consequently we have
Ua(t,x) = ®4 (VL) f(2) — D5(V=A) f(x),

B.26
Ut ey < O™ (Il + WLz (520

Thus the boundary layer behavior of U(t, z) is completely captured by Uj (¢, x). Hence we need a
further analysis of V (s, x) only for s € [0,2a], where a > 0 can be taken as small as desired.

Note that in (B.15), g, defined on R x 092, is supported in {s > 0} and piecewise smooth, with
a simple jump across {s = 0}. Finite propagation speed assures that for s > 0, = € €,

V(s,z) =0 for o(z) > s, (B.27)
where
o(x) = dist (z,00). (B.28)
Let us pick a > 0 so small that
C={ze:¢(x)<2a} = ¢ e C0C), (B.29)

and use this value of a to pick ¢ and 1y in (B.19). Then, for s € [0,2a], V(s,x) is given by a
progressing wave expansion of the form

Za] (s,2)(s — p(z ))+, (B.30)

7>0

with coefficients a; € C*([0, 2a] x ), determined by certain transport equations. See [9], Chapter
6, §6. The meaning of (B.30) is that for each N € N,

N
V(s,2) =Y aj(s,z)(s — p(x)f} + Rn(s,), (B.31)
§=0
where
Rn(s,z) =0 for o(z) >s, Ry <cCN([0,2d] x Q). (B.32)
Writing
ap(s,x) = ap(e(x),x) + ai(s,z)(s — p(x)), (B.33)
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we can shift the latter term onto the j = 1 term in (B.31). Continuing this process, we have

N
V(s,x) = Z bj(z)(s — go(ac))ﬂr + Ry(s,x), (B.34)
5=0

(with slightly altered Ry, still satisfying (B.32)), valid on [0,2a] x ©, with b; € C*°(2). Inserting
this into the formula for Ui (¢, z) given by (B.19), we have

N

) = 32D [ oo o)) s
§=0

+/ 6_82/4tRN(s,x)¢1(s)ds.
0

(B.35)

Recall the partition of unity 1 = 1 (s) 4 ¥2(s), specified below (B.18). Elementary estimates show
that -
—s2/at . J d B.36
e (s — ()L als) ds (B.36)

0

is rapidly decreasing as t \, 0, together with all z-derivatives, so the sum over 0 < j < N in (B.35)
has the identical asymptotic behavior as ¢ \, 0 as does

N
bj(x)W;(t, ),
i=0 (B.37)
1 [ .
Wiit.) = —= [ e s pla) s
A change of variable gives
‘ _ i2m. o(z)
Wi(t,0) = 20400285 (2 ). (B.38)
where -
_s2 ;
B == [ e =y as
y
) (B.39)
e " e™¥ "2l s
VT o '
Using (B.32), one easily bounds the last integral in (B.35) by CWx (¢, z). Consequently
- o(z)
- . irzg. R
Ui(t, ) ;} 2b; () (4¢) EJ( m) + R (t,z), (B.40)
with B
| R (, ')HcO(*) < N2, (B.41)

Similar arguments give estimates || Ry (t, MNerm < CtM/2 for each k, M € N, if N is large enough.
Putting together (B.6), (B.9), (B.18), (B.19), (B.26), and (B.40), we obtain our main result:
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Proposition B.1 Given f € C®(Q),

N tk
e f(x) = f@)+ Y A" f()

p k!
=1
N (2] (B.42)
— N "2 (2)(48)2E (221 + Ry(t, ),
32 ()40 i(55) + Rn)
where bj € C®(Q) are as in (B.34), and, for each M,k € N, there exists N such that
1Ry ()l or @y < Carst™,  t € (0,1]. (B.43)

REMARK. It follows readily from (B.15) and (B.34) that bj|sn = 0 when j is odd. Also by|an = flaq,
and Fy(0) = 1/2.

The following corollary, which follows by inspection of (B.42), is relevant for vorticity concen-
tration.

Corollary B.2 Given f € C*(Q), we have

Ve fll iy < Cp, Vit € (0,00). (B.44)
REMARK. Such a uniform bound does not hold in any LP-space with p > 1, unless f|aq = 0.

C Poiseuille flow in a circular pipe
Given a € R\ 0, the velocity field
uo(z, 2) = a(0,1 — |z|?) (C.1)

is a well known example of a steady solution to the Navier-Stokes system

8(;; + Vwu” +Vp” =vAu” + FY, divu” =0, (2)

u”‘R+X8D =0, u’(0,z,2)=up(x,z),
on the infinite circular pipe

Q=DxR, D={zecR?:|z|<1}, (C.3)
an example of Poiseuille flow in a circular pipe (cf. [3], §3.1). In such a case, dyu” = 0 and

Vuwu? = 0. It is common to say that this flow is driven along the pipe by a uniform pressure
gradient.
There are two ways to complete the description of how u” = ug solves (C.2). One is to set

p’(t,x,z) = —dvaz, FY(t,x,z)=0. (C.4)

The other is to set
p’(t,x,z) =0, FY(t,z,z) = (0,4va). (C.5)
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Here we point out that this flow fits into the framework of our paper, in the setting of (C.5),
but not in the setting of (C.4). Indeed, our analysis imposed the condition of periodicity in z
on all quantities, and hence passed to the quotient D x (R/LZ), consequently obtaining solutions
independent of z. However, p”(t,z,z) = —4vaz is not periodic in z, and (C.4) is not well defined
on Qp, while (C.5) is well defined. Physically, it is appropriate to understand this flow, “driven
by a uniform pressure gradient,” as driven by an external force. This favors the use of (C.5) over
(C.4).

In fact, if we set F¥ = 0 in (C.2) and solve this, with initial data given by (C.1), as per the
set-up in §1, we get, not a steady solution, but a solution u”(t,z, z) that decays to 0 as t /" oo.
This is physically reasonable, since the energy dissipation due to vAu" is not offset by energy input
from an external force. We record what solution does arise.

The unique solution to (C.1)-(C.2) on RT x Q, with F¥ = 0, has the form

u’(t,x,z) = (0,w” (¢, x)), (C.6)

where w” solves (1.14) with v =0 and f¥ =0, i.e.,

o’ _ vAw”, on Rt x D. (C.7)
ot
The initial and boundary conditions are
w”(0,2) = wo(z) = a(l — |z[?), | gt op = 0- (C.8)
In other words,
w” (t, ) = e’ P (x). (C.9)

D Analysis of a model layer potential

Recall the layer potential DY introduced in (5.36), and tied to the analysis of R; in (4.46). To
illustrate how applying DY manifests a boundary layer, we do some explicit calculations with a toy
model 15,,, in which g(s,y) = 1, G(s,t,z) = I, dSs(y) = dyi1, and the disk D is replaced by the
upper half space U = {(z1,x2) : 23 > 0}, so 0D is replaced by U = R. We have 9/9ns, = —9/dya,

and hence
217 W() t 33‘1,33‘2)

/ / Wo(y1) ( )26 =)+l t=s) gy s,

We can integrate out ds, using

Lo b1
/ e~ A/(t=s) ds:/ —e A5 ds
o (t—s)? 0 s
:/ e AT dr (D.2)

(D.1)

We get

To
y1)? + a3

2D Wo(t 371,332 / W() yl)(ajl 6 —l(aa— y1) +:c2]/41/t dy . (D.S)
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It is clear that, if for example Wy € C3°(R),
251,W0(t,£61,l‘2) — W(ﬂ?l), as I \ 0,

uniformly in z, for each ¢, v > 0, in fact uniformly for vt in a compact subset of (0, c0)
other hand, B
2DVWO(t7$1>$2) - 07 as v \ 05

uniformly in x1, for each t, o > 0, and more generally as long as

—= — 0.
vt

For further insight into the behavior of 751,, we rewrite (D.3) in Fourier integral form:

1 oo —~
mgw%/@zt/ CTEWo (€) Ay, * B (€) de,

Apy(€) = e Blu(e) = ﬁ e

and Az, * By(§) is the convolution. We introduce the variable

2D, Wo(t, 1, x2) =

where

_ 73
'u_41/t’

and write this convolution as follows:

t o
Any Bal) =2 [ emledenetag

_ % / e T
Varp J oo

1 o0 2
— —lw2—7[ =T /4p g
= e e T.
il

Hence
Ay, % Ba(€) = (euafn) (26), Q(r) = eI,

The behavior of D)Wy (t, x) is similar to that of the model just described, though the
are a bit more complicated. B
We next use (D.7) to derive some L'-gradient bounds on D, W;. To start, note that

sup [Auy (€)] = 1, / Buu(6)] de = 1,
I3

so clearly if B B
Dl,(t)W()(fUly 1‘2) = DIJWO(tv Z1, .%'2),

we have B
D,(t) : L*(R) — L2 (RT, L2 (R)),

(D.4)

. On the

(D.10)

(D.11)

formulas

(D.12)

(D.13)

(D.14)

with operator norm < 1, a bound that is independent of ¢ € [0,00), v € (0,1]. Our goal here is to

show that, given Tp € (0, 00),
VD, (t) : HY*(R) — L, ((0,1], L2, (R)),
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with operator norm bounded independent of ¢ € [0, Ty], v € (0,1]. We mention that L}, cannot be
replaced by L%, for any p > 1. We expect that (D.15) extends to more general estimates, such as,
for DY(t)h(x) = DOA(t, ), as in (4.41),

vDO(t) : HY*(dD) — LY(D), (D.16)
with operator norm bound independent of v € (0,1], t € [0,Tp], and that similar estimates hold
for VD,,, with D, as in (4.30). N

To begin the proof of (D.15), we note that 9, commutes with D, (t), so (D.14) readily yields
82, Dy (t) : HYA(R) — L (RT, L2 (R)), (D.17)

with operator norm bounded independent of v € (0,1], t € RT. Thus it remains to estimate
0z, Dy (t). Let us write

2D, (O Wo (1, 22) = e /WL, (O Wo (21, 72), (D.18)
where )
E,(OWy(z1,22) = Nor / eV ET (€) Ay, * By (€) dE. (D.19)
We have

L2 _x2/0t
it o E)Wol@, 22) (D.20)
+ e B/, £, (O Wo(ar, 22).

The desired estimate on the first term on the right side of (D.20) follows from the fact that, just
as in (D.14),

202, D, () Wo(z1, 20) = —

E/(t) : L*(R) — LZ(RT, L2 (R)), (D.21)

with operator norm < 1, for all t € R*, v > 0, together with the fact that (x9/2vt)e *3/4"t has
LY(R*)-norm equal to 1. Our next goal is to show that

Oy &0(t) - HY*(R) — LI (RY, L2 (R)), (D.22)

with operator norm bound independent of v € (0, 1], ¢ € [0, Tp]. Note that

s W1, 2) = —= [ TG (€) . (D.23)
where
Gty (§) = Eay * Bue(§), (D.24)
with B,:(£) as in (D.8) and
Ey(€) = —[€le"2Hl. (D.25)
We can also write )
Euy(€) = = Foa(€), Faa(€) = malele™™, (D-26)
SO 1
Gutaal€) =~ Fr  Bua(®). (D.27)

Since Gt ., depends on v and ¢ only via vt, we may as well set t = 1 and produce estimates on
Gz, = —(1/x2)Fy, x By,
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Taking v € (0, 1], we first estimate G, 4, (§) for 0 < 2 < /v. An examination of (D.16)—(D.17)
yields

c T3
0<$2S\/;:>‘Gy,.1’2(§)’§7 $2‘§|+7
952( ﬁ> (D.28)

=c(je+—=).

Next, for k € Z* = {0,1,2,...}, we have

2k 1 2k+1
PV <my <2< <= —
T2 VY ‘23 (D.29)

< —.
G

From (D.28) we have

N
/0 102, €, ()Wo -, 22) | L2(r) dz2 < C|[Woll r2m) + CVVIWoll 12wy (D.30)

Meanwhile, (D.29) yields

2k+L v

C
L 10nE OWal 20) 2wy o < 5 Wl (D31)
2%k /5

Hence

/0 102, €0 ()Wo (-, 22) | 2(r) dva < C[Woll r2m) + CVVIWoll 12wy (D.32)

This implies the desired estimate on (D.22).
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