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Reproducing Formula

First order elliptic differential operator D : C∞(M, E0) → C∞(M, E1).
Ω ⊂ M , UR domain (defined below).
E fundamental solution of D over neighborhood O of Ω
Leibniz formula:

D(fu) = fDu + (D0f)u, supp f ⊂ O. (1)

Du =
∑

Aj∂ju + Bu, (D0f)u =
∑

Aj(∂jf)u = i−1σD(x, df)u.
Apply E to (1).

fu =
∫

M

E(x, y)D0f(y) u(y) dV (y) +
∫

M

E(x, y)f(y)Du(y) dV (y). (2)

Assume Ω has finite perimeter, so dχΩ is finite measure.
Let f = fν → χΩ, boundedly, dfν → µ = dχΩ, weak∗ in measure.
Assume u ∈ C(M), Du ∈ L1(M). Get reproducing formula:

u(x) = i

∫

∂Ω

E(x, y)σD(y, ν(y))u(y) dσ(y) +
∫

Ω

E(x, y)Du(y) dV (y), (3)

for x ∈ Ω. Last term vanishes if Du = 0 on Ω.
Assume now that Ω is Ahlfors regular, so, with n = dimΩ,
Hn−1(∂Ω \ ∂∗Ω) = 0 and σ(∂Ω ∩Br(q)) ≈ Crn−1, q ∈ ∂Ω.
Hofmann-Mitrea-Taylor: (3) holds provided Du ∈ L1(Ω) and

u ∈ C(Ω), Nu ∈ Lp(∂Ω), ∃nontangential limit u
∣∣
∂Ω

, a.e. (4)

Here, Nu denotes the nontangential maximal function, p > 1.
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Uniformly Rectifiable Domains

An Ahlfors regular domain Ω is a UR domain provided
∂Ω contains big pieces of Lipschitz surfaces, at all length scales, satisfying
uniform Lipschitz bounds.

That is, ∃ ε, L ∈ (0,∞) such that for each x ∈ ∂Ω, R ∈ (0, 1],
∃ Lipschitz map ϕ : Bn−1

R → M , with Lipschitz constant ≤ L, such that

Hn−1(∂Ω ∩BR(x) ∩ ϕ(Bn−1
R )) ≥ εRn−1. (5)

Here Bn−1
R is a ball of radius R in Rn−1, n = dim Ω.

Layer Potentials

Bf(x) =
∫

∂Ω

E(x, y)f(y) dσ(y), x ∈ Ω. (6)

Bf(x) = PV
∫

∂Ω

E(x, y)f(y) dσ(y), x ∈ ∂Ω. (7)

G. David: If Ω is a UR domain,

B : Lp(∂Ω) −→ Lp(∂Ω), 1 < p < ∞. (8)

Hofmann-Mitrea-Taylor: If Ω is a UR domain,

‖NBf‖Lp(∂Ω) ≤ Cp‖f‖Lp(∂Ω), 1 < p < ∞, (9)

and then there exists a nontangential limit a.e. on ∂Ω,

Bf
∣∣
∂Ω

(x) =
1
2i

σE(x, ν(x))f(x) + Bf(x). (10)

Cauchy Transform

Given f ∈ Lp(∂Ω), set

Cf(x) = iB(ϑf)(x), Cf(x) = iB(ϑf)(x), ϑ(x) = σD(x, ν(x)). (11)

In particular,

Cf(x) = i

∫

∂Ω

E(x, y)σD(y, ν(y))f(y) dσ(y), x ∈ Ω. (12)
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By (10), for a.e. x ∈ ∂Ω,

Cf ∣∣
∂Ω

(x) =
1
2
f(x) + Cf(x). (13)

Note that DCf = 0 on Ω, so C : Lp(∂Ω) −→ Hp(Ω, D), for 1 < p < ∞,
where

Hp(Ω, D) = {u ∈ C1(Ω) : Du = 0, Nu ∈ Lp(∂Ω), u|∂Ω exists}. (14)

Calderon Projections

Comparing (12)–(13) and the reproducing formula (3) gives that

Cf ∣∣
∂Ω

= Pf, (15)

where
Pf =

(1
2
I + C

)
f, P : Lp(∂Ω) → Lp(∂Ω), (16)

satisfies
P2 = P. (17)

This is a Calderon-type projection.

Toeplitz Operators

Given a UR domain Ω, Φ ∈ L∞(∂Ω,M(`,C)), f ∈ Lp(∂Ω, E0 ⊗ C`),

TΦf = PΦPf + (I − P)f. (18)

TΦ : Lp(∂Ω) −→ Lp(∂Ω), 1 < p < ∞. (19)

Theorem. ([MMT]) If Φ, Ψ ∈ C(∂Ω),

TΨΦ − TΨTΦ : Lp(∂Ω) −→ Lp(∂Ω), is compact, (20)

for 1 < p < ∞. More generally, such compactness holds for

Φ, Ψ ∈ L∞ ∩ vmo(∂Ω). (21)
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Fredholm Properties

If
Φ ∈ C(∂Ω, G`(`,C), (22)

or more generally if Φ, Φ−1 ∈ L∞ ∩ vmo(∂Ω),
then TΦ−1 inverts TΦ, mod compacts, so

TΦ : Lp(∂Ω) −→ Lp(∂Ω) Is Fredholm, for p ∈ (1,∞). (23)

We set
ι(Φ) = Index TΦ. (24)

The index ι(Φ) is independent of p ∈ (1,∞). ([MMT])
This implies some global regularity results, such as, for 1 < p < q < ∞,

f ∈ Lp(∂Ω), TΦf ∈ Lq(∂Ω) =⇒ f ∈ Lq(∂Ω). (25)

Homotopy Properties of Index

If Φt ∈ C(∂Ω, G`(`,C)) varies continuously with t, then ι(Φt) is constant.
So we get a group homomorphism (on the group of homotopy classes)

ι : [∂Ω; G`(`,C)] −→ Z. (26)

Polar decomposition: Φ = AU, A = (ΦΦ∗)1/2, U unitary. ι(Φ) = ι(U).
More delicate result:
Theorem. ([MMT]) Assume Φt ∈ L∞ ∩ vmo(∂Ω, U(`)) for t ∈ [0, 1], and

t 7→ Φt continuous from [0, 1] to bmo(∂Ω,M(`,C)). (27)

Then ι(Φt) is independent of t.

Proof involves an extension of the bmo-homotopy theory of maps of Brezis-
Nirenberg.

Cobordism Invariance

Theorem. ([MMT]) If Ω is a UR domain and Φ ∈ C(Ω, G`(`,C)), then

Index TΦ = 0. (28)

Key application. Ω̃ ⊂⊂ Ω, O = Ω \ Ω̃, ∂O = ∂Ω ∪ ∂Ω̃.

Φ ∈ C(O, G`(`,C)) =⇒ Index TΦ = Index T
Ω̃,Φ

. (29)

Sometimes ∂Ω̃ is smooth, and the Atiyah-Singer theorem is available.
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Application of Bott’s Theorem

Bott’s Theorem.

m = 2µ− 1 =⇒ πm(U(`)) ≈ Z if ` ≥ µ. (30)

m /∈ {1, 3, . . . , 2`− 1} =⇒ πm(U(`)) finite. (31)

Assume Ω is a UR domain and ∂Ω is homeomorphic to a sphere:

∂Ω ≈ Sm, m = n− 1 (n = dim Ω). (32)

If (30) holds, consider the isomorphism

ϑ : [∂Ω; U(`)] ≈ Z, (33)

unique up to sign.
Proposition. ([MMT]) Assume Ω is a UR domain and ∂Ω ≈ Sm. If
m = 2µ− 1 and ` ≥ µ, there exists α = α(Ω, D) ∈ Z such that

ι(Φ;D) = αϑ([Φ]), ∀Φ ∈ C(∂Ω, U(`)). (34)

If m /∈ {1, 3, . . . , 2`− 1}, then

ι(Φ; D) = 0, ∀Φ ∈ C(∂Ω, U(`)). (35)

Note. α in (34) is independent of `, up to sign, when ` ≥ µ, m = 2µ− 1.

Corollary. If m = 2µ−1 and `1 ≥ µ, and if ∃ Φ1 ∈ C(∂Ω, U(`1)) such that

Index TΦ1 = 1, (36)

then (34) holds with α = ±1, for all ` ≥ µ.

“Digression”

B ⊂ Cµ unit ball, µ ≥ 2. Szego projector

Sh : L2(∂B) −→ L2(∂B), Sh ∈ OPS0
1/2,1/2(∂B). (37)

Associated Toeplitz operator

τΦ = ShΦSh + (I − Sh), (38)

Fredholm if Φ ∈ C(∂B, U(`)). As in (34),

Index τΦ = αhϑ([Φ]). (39)

Venugopalkrishna:
αh = ±1. (40)
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Boutet de Monvel Index Theorem

D = ∂ + ∂
∗ : Λ0,even(Cµ) −→ Λ0,odd(Cµ). (41)

Theorem. (Boutet de Monvel) For B ⊂ Cµ strongly pseudoconvex, Φ ∈
C(∂B, U(`)),

Index τΦ = ι(Φ;D). (42)

K-homology proof (Baum-Douglas-Taylor, 1989)
[τ ] and [T ] define the same element of K1(∂B). Both are equal to ∂[D],
[D] ∈ K0(B, ∂B). Then (42) follows from the intersection pairing

K1(∂B)×K1(∂B) −→ Z. (43)

Application of (39)–(42) and Cobordism Invariance

Proposition. ([MMT]) When Ω = B is the unit ball in Cµ and D is given
by (41), then

ι(Φ; D) = ±ϑ([Φ]), ∀Φ ∈ C(∂Ω, U(`)), (44)

provided ` ≥ µ.
Via cobordism invariance:
Proposition. Let Ω ⊂ Cµ be a bounded UR domain and let D be given by
(41). Let ` ≥ µ. Then

∃Φ1 ∈ C(∂Ω, U(`)) such that Index TΦ1 = 1. (45)

Corollary. Let Ω ⊂ Cµ be a UR domain and let D be given by (41). If ∂Ω
is homeomorphic to S2µ−1, then (44) holds.
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