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Abstract

We study a special class of solutions to the 3D Navier-Stokes equa-
tions Owu” + Vyru” + Vp¥ = vAu”, with no-slip boundary condition,
on a domain of the form Q = {(x,y,2) : 0 < z < 1}, dealing with ve-
locity fields of the form u” (¢, z,y, z) = (v (¢, 2), w” (¢, x, ), 0), describ-
ing plane-parallel channel flows. We establish results on convergence
u’ — u® as v — 0, where u® solves the associated Euler equations.
These results go well beyond previously established L?-norm conver-
gence, and provide a much more detailed picture of the nature of this
convergence. Carrying out this analysis also leads naturally to consid-
eration of related singular perturbation problems on bounded domains.
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1 Introduction

We look at a special class of solutions to the 3D Navier-Stokes equations on
a region © C R? with boundary:

ou’ + Vyu” +Vp¥ =vAu” + F, divu” =0, (1.0.1)
with no-slip boundary data
u”(t,q) = B(t,q), ¢ €0, (1.0.2)

given B(t,q) a vector field tangent to 0€). This class consists of what are
called plane parallel channel flows. They involve a domain of the form

Q={(z,y,2) : 0 <z <1}, (1.0.3)
velocity fields of the form
u’(t,x,y,z) = (V(¢t, 2),w" (t,z, 2),0), (1.0.4)
and external forces of the form

F = (f(t,2),9(t,x,2),0). (1.0.5)

This class is mentioned by X. Wang in [14], as a class to which his main
theorem on L?(£2)-convergence as v — 0 (itself a refinement of earlier work
of T. Kato [5]) applies.

There is substantial motivation to obtain a much more detailed picture of
the behavior as v — 0, including convergence in much stronger topologies,
especially away from the boundary, if the initial data and forces satisfy
appropriate smoothness hypotheses, and also an analysis of the boundary
layer on which the solution can make an abrupt transition. The goal of this
paper is to establish such stronger results for this class of fluid flows, and to
explore some related singular perturbation problems that arise in the course
of the analysis.

To begin the analysis, we note that if u” has the form (1.0.4) then
divu” = 0 and

Vuru” = (0,0(t, 2)0,w" (t, x, z),0), (1.0.6)

and hence
divV u” = 0. (1.0.7)



Thus we can take p¥ =0 in (1.0.1) and rewrite the system (1.0.1) as

¥ A

W =V 822 + f(ta Z)a (108)
Our” + 0" ow” _ V(—a2wv + —a2wV) +g(t, z,2)
ot or  \ozz gz ) TInEA)

(Note: The equations stated on p. 228 of [14] have two missprints.) The
boundary conditions take the form

vW(t,z) =a(t,z), z=0,1,

1.0.9
w”(t,x,z) =b(t,x,z), z=0,L1. ( )
We take initial data independent of v:
v7(0,2) = V(2),
(0.2) () (1.0.10)

w”(0,x,2) = W(x, 2).

One wants to establish convergence of u” to u’, the solution to the Euler
equation
o’ +V,ou’ +Vp' = F,  divu® =0, (1.0.11)

with boundary condition
u¥(t,p) || 09, (1.0.12)

for p € 91, and initial condition

w(0,2,y,2) = (V(2), W(z,2),0). (1.0.13)
We have
uo(t,x,y,z) = (vo(t,z),wo(t,x,z),()), (1.0.14)
satisfying
oo
E = f(tv 2)7
(1.0.15)

ouw’  jou’
W +v E = g(t,:l?,Z)
Initial data are as in (1.0.10).
We begin the analysis of the convergence of v¥ to v* and of w” to w® in
Chapter 2. For simplicity we take vanishing forces and boundary velocity.
We also take functions to be periodic in x and work on

O=A{(x,z):x € R/Z, z €]0,1]}. (1.0.16)



In §2.1 we take the particular case V' = 1in (1.0.10) and in §2.2 we consider
general initial velocities of the form (1.0.10). We see that while the conver-
gence of v” to v” has a simple nature, with a boundary layer phenomenon
easily treatable via the method of images, the nature of the convergence of
w” to w® is much more subtle. One tool we use to analyze w” is to compare
it with the solution to the analogue of the second equation in (1.0.8) with
v” replaced by V(z). To state the strategy more abstractly, we analyze the
solution to

awy — A v v v _
o = VAW — X,w”, w ‘RX&O =0, (1.0.17)
where A = 92 + 92 and X, = v¥(t, 2)0,, by considering the solution to
ow”
o = vAw” — Xw” 4+ ¢", w”|gi 00 =0, (1.0.18)

where X = V(z)0; and ¢¥ = (X — X,)w”. To tackle (1.0.17), we use
Duhamel’s formula, which gives

¢
w” (t) = VA=W 4 / et WA=X) gV () ds. (1.0.19)
0
This leads to some successful estimates, produced in §§2.1-2.2, on the differ-
ence R”(t,z,z) = w”(t)— ™A= X)W, We show that for each p € [1,00), t €
(0,77,
IR (¢, )| Lo (o) < Cpr' /2120, (1.0.20)

and that, as v — 0,
RY(t,x,z) — 0, uniformly for ¢ € [0,7T], (z,z,v) € Oy, (1.0.21)

where O, = {(z,z,v) : dist(z, 2),00) > n(v)}, for each n(v) satisfying
n(v)/vt? = oo as v — 0,

Thus much information about w" is revealed by the behavior of e!A=X) 1y,
In case V = 1, the operators X and A commute, and the behavior of
etWA=X) 1 = et X WA 5 also quite accessible via the method of images.
For general V(z), the behavior of e/?2~X) requires further study.

Chapter 3 is devoted to the study of e!¥2=X)_ Tt is natural to work in a
more general setting than in Chapter 2. In place of (1.0.16), we take O to
be a compact Riemannian manifold with smooth boundary, with Laplace-
Beltrami operator A, and we take a smooth vector field X on O satisfying

X |00, divX =0. (1.0.22)



We obtain convergence results
VA X)p et Xy (1.0.23)

as ¥ — 0, in a number of function spaces, including L9%-Sobolev spaces
H*9(0), for q € [2,00), 0 €[0,1/q), and also spaces

VEO) = {f € L*(O) : Y1---Y;f € L2(0), Vj <k, Y, € X'}, (1.0.24)

where X! consists of smooth vector fields on O that are tangent to 00O.

We also produce a layer potential analysis of e!®2=X) f which provides
a detailed picture of the boundary layer behavior as v — 0. To do this, we
find it convenient to work with

vV (t) = XA X g, (1.0.25)

One of the main results is given in Proposition 3.7.4, that for I = [0,T7], § >
0,
[0 = (f = 200l w0y < COP s o, (1.0.26)

where f°(t,y) = xr+ (t)f(y) and DY is a certain layer potential operator:

t
DOfO(t,x) = V/Oaé f(y)aai’(;(y,s,t,x,y) dSs(y) ds. (1.0.27)

See §3.7 for more details, including the definitions of dS,(y), 0/0ns,, and
the Gaussian-type integral kernel Hy(v, s, t,z,y).

In Chapter 4 we again consider solutions to (1.0.17). Here we work on
a compact Riemannian manifold with boundary O as in Chapter 3. We
take X, to be a family of time dependent vector fields, suitably generalizing
the class X, = v"(t, 2)0, that arose in Chapter 2, converging to X in a
similar way as v”(t, 2)0, converges to V(z)0;. The main results are given
in Propositions 4.2.1-4.2.4. We obtain convergence results

w” (t) — e X f (1.0.28)

as v — 0, in V¥(0), and in LP(0), for 1 < p < oo. Analogues of (1.0.19)
play a role in the analysis, and we make strong use of results of Chapter 3.

In Chapter 5 we return to the specific setting of plane parallel channel
flow and draw further conclusions about the convergence of v* to v° and of
w” to w®. We extend the scope of Chapter 2 by allowing for some nonzero



boundary velocity, arising from rigidly translating the flat boundary faces.
We take boundary data B(t,q) of the form

B(t,x,z) = (aj(t), B;(t),0), z=je{0,1}, (1.0.29)

and allow «;(t) and §;(t) to be fairly rough. We start with the special case
(e(t),0,0), giving motions of the boundary parallel to the z-axis.

The spaces V¥(0) in (1.0.24) are special cases of “weighted b-Sobolev
spaces,” introduced and studied in [10]. In Appendix A we discuss this point
and use it to establish some complex interpolation results for these spaces,
which are of use in Sections 3.3 and 4.2.

This paper is a companion to [7], whose goal was to give a precise analysis
of the convergence of the solution of the Navier-Stokes equation, as the
vorticity tends to zero, to a steady solution of the Euler equation for 2D
circularly symmetric flow in a disk or annulus, sharpening L? analyses done
in [8], [1], and [6].

Acknowledgment. Thanks to Rafe Mazzeo for useful conversations about
b-Sobolev spaces. Thanks also to Victor Nistor for useful conversations.

2 First results on plane parallel channel flows

Here we start our investigation of the convergence of v¥ and w" as v — 0,
when these functions are solutions to (1.0.8) (with f = ¢ = 0 and vanishing
boundary condition). The main result of this chapter is the estimate (2.2.11)

on
w’(t,z,2) — VA=W (2, 2), (2.0.1)

together with some of its consequences. To carry on, we need to understand
the second term in (2.0.1). This motivates the work of Chapter 3.

2.1 Particular case
Let us take f = ¢ =0 in (1.0.8) and in (1.0.15), and

V=1, W=W(x,z) (2.1.1)
in (1.0.10). Consequently we have

Pt 2) =1, wi(t,z,z) =Wz -t 2) (2.1.2)



as the solution to the Euler equations. Let us also take a = b =0 in (1.0.9),
i.e., boundary conditions

v (t,z) =w(t,z,2) =0, =z=0,1. (2.1.3)

Consequently, for the solution (v”,w",0) to the Navier-Stokes equation,
we have first of all that

VY (t, 2) = e g (z) = e (2), (2.1.4)
where A is the self-adjoint operator on L?([0,1]) defined by
D(A) = H*([0,1]) N H}([0,1]), A =8? on D(A). (2.1.5)

One can analyze (2.1.4) via the method of images to get a good picture of
the boundary layer near z = 0, 1. Then the equation for w” becomes

ow” 0w’ O*w”  *uwY
=v|l—=5 4+ —+ 2.1.6
o+t g = (G ) (2.1.6)
with initial condition given in (2.1.1) and boundary condition given in

(2.1.3).
Let us assume W(x,z) in (2.1.1) is smooth and periodic of period 1 in
x, SO

W e C®0), O0={(z,2):z2€R/Z, z€]0,1]}. (2.1.7)

FElementary estimates imply

[w” @®)llr0) < [Wleeo), 1<p<o0. (2.1.8)
Note that for k € ZT,
wy = OFw” (2.1.9)
satisfies St St
w v w 14
8tk v amk = vAwY, (2.1.10)
where we have set
> & 2.1.11
=52 + 92 (2.1.11)
Also
wi(t,z,z) =0, =z=0, 1. (2.1.12)
Hence, parallel to (2.1.8), we have
lwi Lo o) < 105W ooy, 1< p < oo (2.1.13)
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To obtain a finer analysis of w”(t,z, z), let us rewrite (2.1.6) as

a;;v = — 9w’ + vAw’ + (1 — UV)agz";. (2.1.14)
Then Duhamel’s formula gives
w (t,x, z) = VAT (2, 2)
+ /Ot elt=9)(rA=0:) [(1 — v”(s,z))%(s,x,z) ds. (2.1.15)
Here A stands for the self adjoint operator given by (2.1.11), with
D(A) = H*(O) N HA(0). (2.1.16)

Note that e and e ' are commuting semigroups, with e %= f (x,2) =
f(x —t,z). Hence we have

w (t,x,z2) = eYAW (z — t, 2)

t 2.1.17
+ / elt=s)va [(1—v"(s,2))w}(s,x — t +5,2)] ds, ( )
0
where, as in (2.1.9), we have w} = 0,w”. Let us write (2.1.16) as
w’(t,z,2) = VAW (x — t,2) + RY(t,z, 2). (2.1.18)

By the method of images (or otherwise) we have a clear picture of the
first term on the right side of (2.1.18). Let us estimate the remainder,
RY(t,z,2). By (2.1.13) and the positivity of e*=%)"2 we have

t
|R(t,x,2)| < C’/ eU=VAIT — ¥ (s, 2)| ds, (2.1.19)

0
since 0, W € L*°(0O). The analysis of (2.1.4) via the method of images gives

11— 0" (s,2)| < Cre((sv)"%(2)), (2.1.20)

for s € [0,7T], where §(z) = dist(z,{0,1}) and ¢(() is rapidly decreasing as
¢ — oo. Hence, for p € [1,00),

t 1 1/p
IR (t, )l o) < C/ (/ 1 —o"(s,2)P dz) ds
0o Mo

< prl/Zptl—i—l/Zp‘

(2.1.21)
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Furthermore we have that, as v — 0,
RY(t,xz,z) — 0, uniformly for ¢ € [0,T], d(z) > do, (2.1.22)
given 0y > 0. Indeed, given n(v) such that

% — 00 as v — 0, (2.1.23)
v

and
O, ={(z,z,v):x € R/Z, 6(z) >nv)}, (2.1.24)

we have

RY(t,x,z) — 0, uniformly for t € [0,T], (z,z,v) € O,,. (2.1.25)
However, (2.1.15)—(2.1.19) do not reveal the fine structure of w” (¢, x,z) on
the boundary layer. Some other approach will be required for this.
2.2 More general case

As in §2.1, we take f = ¢ = 0 in (1.0.8), but now we extend (2.1.1) to the
more general case

v’ (0,2) = V(2) € C®(I), w”(0,2,2) =W (x,z) € C>O), (2.2.1)
with O as in (2.1.7). Then (2.1.2) is modified to
WOt 2) = V(z), w'(t,x,2) =W(x—tV(2),2). (2.2.2)
We retain the boundary conditions (2.1.3), i.e.,
v (t,z) =w(t,z,2) =0, =z=0,1. (2.2.3)
Thus, in place of (2.1.4), we have
v (t, 2) = eV (2), (2.2.4)

again with A as in (2.1.5). With these modifications, one still has the
equation (2.1.6) for w”. We continue to have the estimates (2.1.8) on
|w” (t)l|zr(0)- We also have the estimates (2.1.13) on [Jw}(t)|[zr, Where
wy = Okw".

To obtain a finer analysis of w"” (¢, x, z), we use the following modification
of (2.1.14):

ow” Y y L ow”
e =V (2)0,w” + vAw” + (V —") o

(2.2.5)



Then Duhamel’s formula gives the following variant of (2.1.15):
w(t,x,z) = VATVIIW (2, 2)

+ /Ot o(t=8) WA=V dy) [(V B v,,(s))aw” (s)] s, (2.2.6)

Ox
Here vA — V9, generates a contraction semigroup on L?(0) with domain
D(vA —Va,) = H(O) N H*(0O). (2.2.7)

It also generates a contraction semigroup on LP(O) for 1 < p < oo, strongly
continuous for p € [1,00), but not for p = co. We mention that the Trotter
product formula (cf. [13] or [12], Chapter 11, Appendix A) holds here. Given
p € [1,00) and f € LP(O),

tWA=V) ¢ — lim (e(t/")VAe_(t/")Vax)nf, in LP-norm. (2.2.8)
Of course,
eV f(x,2) = f(z — sV(2),2). (2.2.9)

To proceed, we have, parallel to (2.1.18)—(2.1.19),
w’ (t,x,2) = WAVOIW (2, 2) + RY(t, 3, 2), (2.2.10)

with .
RY(t,2,2)| < C / WA=V 1 v ()] ds
0
) (2.2.11)
= C/ eU=A IV (2) — 0¥ (s, 2)| ds,
0

since 0, W € L*>(0O). Again, to get this, one uses the estimate (2.1.13) with
k = 1, and the positivity of e#=*)*A=V%) For the last identity in (2.2.11),
one uses the fact that V(z) — v”(s, z) is independent of . Once we have
(2.2.11), we can again apply the method of images to estimate

[V (2) —v"(s,2)| < Cro((sv)125(2)), (2.2.12)

as in (2.1.20), except now we have only ¢(¢) < C(1+¢?)~L. This is enough
for the estimates (2.1.21)—(2.1.25) on R¥(t,z, z) continue to hold.

In the current setting, the term e!2=V%)WW requires a more vigorous
investigation for general smooth V' (z) on [0, 1] than it did in the case V =1,
considered in §2.1. We want to establish results of the form

VAN e X as v — 0, (2.2.13)
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in LP-norm, for all f € LP(O), where
X = V(2)d,. (2.2.14)

We also want to investigate such convergence in other function spaces. We
will obtain such results, in a more general context, in the chapters that
follow.

3 Analysis of solutions to u; = vAu — Xu

We examine the solution operator e!*A=X) f = 4(t), given by

0

8_? =vAu— Xu, u(0)=7f, wu(t,z)=0 for z € dO. (3.0.1)
We work in a more general context than in §2.2. Let us assume O is a com-
pact Riemannian manifold, with smooth boundary 9O, and vlith Laplace-
Beltrami operator A, and X is a smooth, real vector field on O, satisfying

X || 00, divX =0. (3.0.2)

Under such hypotheses, for each v € (0, 00), e!WA=X) ig a strongly continu-

ous contraction semigroup on LP(O) for each p € [1,00). Furthermore, the
Trotter product formula holds; given p € [1,00), f € LP(O),

tA=X) F — lim (e(t/")VAe_(t/")X)nf, in LP-norm. (3.0.3)

n—o0

Our goal is to obtain precise results on convergence
O N (3.0.4)

as v \, 0. In particular, we establish convergence in a variety of func-
tion spaces. In §3.1 we establish such convergence in the L%-Sobolev space
H*1(0O) for q € [2,00) and s € [0,1/q). In §3.2 we study local convergence.
For this, it is convenient to work with

vV (t) = XA X f (3.0.5)

which solves
oY
ot

with boundary condition v¥ = 0 on Rt x 9O, where L(t) is the smooth
family of strongly elliptic differential operators given by L(t) = e!X Ae~tX,

=vL(t)v”, v7(0)=f, (3.0.6)

11



Given 2 CC Qg CC O, we show that if f € L2(O) and f € H¥(€y), then
VY (t) — fin H*(Q). In §3.3 we establish convergence in the space

VEO) = {f € L*(O): Y1---Y;f € L2(0), Vi <k, Y, €X'}, (3.07)

where X' consists of all smooth vector fields on O that are tangent to 00. In
83.4 we show that the Laplace operator, with Dirichlet boundary condition,
generates a holomorphic semigroup on V*(©). This result is peripheral to
the other results of this chapter, but it will prove useful in §4.1.

In §3.5 we extend the results of §3.1 to convergence in H%9 for all
q € [2,00), 0 > 0, in case O is replaced by a compact manifold without
boundary, M. These results are relatively easy, since it is only the pres-
ence of a boundary that causes a problem. They are recorded here to lay
a foundation for the work in §§3.6-3.7. Section 3.6 is devoted to construct-
ing a parametrix for the solution of (3.0.6) on Rt x M, valid uniformly
for v € (0,1], and with increased precision as v \, 0. The construction
here is parallel to, but somewhat more elaborate than the construction of a
parametrix for the heat equation (9; — A)u = 0 on RT x M, yielding short
time asymptotics. The parametrix constructed in §3.6 is used in §3.7 to
produce a layer potential attack on solutions to (3.0.6) on Rt x O, yielding
sharp results on convergence in (3.0.4), including a picture of the boundary
layer behavior.
3.1 L4-Sobolev estimates on e!*A=X)
This section is devoted to L9-Sobolev estimates. To begin, take ¢ = 2. We
have, for each v > 0,

DA — X) ={f € H*O) : flao = 0}, (3.1.1)

D((wA — X)2) = {f € HY(O) : flao = 0, vAf — X floo =0},  (3.1.2)

and, for k > 3,

D((vA - X)¥)

B ok ' _ B i B . (3.1.3)
={f € H(O) : floo =0, (vA - X)? flago = 0 for j < k}.

Comparison with analogous formulas for D(A) yields the following.
Proposition 3.1.1 We have, for each v > 0,

D((vA — X)*) =D(AF), for k=1,2. (3.1.4)

12



Proof. The case k = 1 is immediate from (3.1.1). As for k = 2, note that if
f € H*O) and f|so = 0, then also X f|po = 0 (since X || 0O), and hence
Afloo =0 (vA = X)floo = 0. O

As stated in §2.2, we want to establish results of the form
VAX) e X as v —0, in LP-norm, (3.1.5)

for all f € LP(O), p € [1,00). Since we know e!*2A=%X) is a contraction semi-
group on LP(Q), if we can establish (3.1.5) for f in a dense linear subspace
V of LP(O), we will have it for all f € LP(O). This is the approach we will
take for p € [1,2], using

V =D(A?) = D((vA — X)?), given by (3.1.2). (3.1.6)
Given such f, u(t) = e!A=%) f satisfies

% =—Xu+vAu, u(0)=f, (3.1.7)

and belongs to C([0, ), D(A?)) N C([0,), D(A)). Duhamel’s formula
yields

u(t) =e N f + V/t e 9% Au(s) ds. (3.1.8)
0

Thus ‘
”et(uA—X)f _ e—tXfHLp < I// HAU(S)HLP ds, (319)
0

so we have (3.1.5) whenever we can obtain a favorable estimate on the right
side of (3.1.9). The following lemma provides a key, first for p = 2.

Lemma 3.1.2 Take f € V, given by (3.1.6), and set u(t) = etWA=X)
with v > 0. Then there exists K € (0,00), independent of v, such that

[Au(t)|f2 < *AS . (3.1.10)
Proof. We have
%”Au(t)uiz — 9Re (Adyu, Au)ps
= 2Re (vA%u, Au) 2 — 2Re (AXu, Au) 2

< —2Re (AXwu, Au);e (3.1.11)
= —2Re (XAu,Au)r2 — 2Re ([A, X]u, Au) 2
< 2K || Aul[7,

13



with K independent of v. The last estimate holds because
g € D(A) = |(Xg,9)r2] < Killgll7, (3.1.12)
and

u(t) € D(A?) = [A, X]u(t) € L*(O) and

~ (3.1.13)
A, XJu(t)l| L2 < Kallu®)| g2 < Kol Au(t)]| .-

The asserted estimate (3.1.10) follows. O

We can now prove the following.

Proposition 3.1.3 Given p € [1,00) and f € LP(O), we have (3.1.5), with
convergence in LP-norm.

Proof. For p € [1,2], this follows from the operator bound [|e!*2=X) lzor) <

1, the denseness of V in LP(Q), and the application of (3.1.10) to (3.1.9),
which gives convergence in L?-norm, and a fortiori in LP-norm, for each
fev.

Suppose now that p € (2,00), with dual exponent p’ € (1,2). All con-
siderations above apply with X replaced by —X, so we have

VAT L etXg  as v — 0, (3.1.14)

in L”-norm, for each g € LP. This implies that for each f € LP(O),

convergence in (3.1.5) holds in the weak® topology of LP(O). Now, since

e X is an isometry on LP(O), we have

le™ X fllze = limsup (€27 f]| s, (3.1.15)

v—0

for each f € LP(O). Since LP(O) is a uniformly convexr Banach space for
such p, this yields LP-norm convergence in (3.1.5). O

To continue, we have from (3.1.10) the estimate

127 fllpay < e fllpia)s (3.1.16)

first for each f € V, hence for each f € D(A). Interpolation with the L%
estimate then yields

127 Fllp—ayerzy < €K llpg—ayrzy: (3.1.17)
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for each s € [0,2], f € D((—A)*/?). Now

1
D((—A)*/?) = H*(O), for se [0,5), (3.1.18)
so we have
_ 1
1“2 fllazs0) < C | fllmsop s € [0.5): (3.1.19)

where the factor of C' might arise due to the choice of H®-norm; the impor-
tant fact is that C' and K are independent of v € (0,00). We can interpolate
the estimate (3.1.19) with

1€ 25 Fll ooy < I1flleo)y, 1< p < oo (3.1.20)
Using
1 1-6 6
H*(0),LP(0)]g = HID40) (), — = —Z 4+ = 3.1.21
[1°(0), I (O)] ©. =gtz G121
we have
€275 fll goao) < Cog €5 fll s (o), (3.1.22)
valid for
2<g< o0, oqel0,1). (3.1.23)
We mention that similar arguments give analogous operator bounds on e ~X |

and also on etX.

Remark. In the absence of further compatibility conditions between X and
A, one does not have

e X . D(A%) — D(A?). (3.1.24)

Hence, typically, for f € D(A?),

t(vA—-X

sup |le )f”D(AZ) = 0. (3.1.25)

ve(0,1]

In some cases one does have (3.1.24), for example when X and A commute.
In such a case, e!"A=X) = V12 c=tX Tt ig our goal here to analyze e!(*2A=X)
when one does not have this extra compatibility.

From (3.1.22), we have the following convergence result.
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Proposition 3.1.4 Let q,0 satisfy (3.1.23). Then, for each t € (0,00),

f € H?(0) = lim tWVA=X) p— ot X g (3.1.26)

i H%9-norm.

Proof. Given f € H%9(0), (3.1.22) implies {!?2=X)f : v € (0,1]} is
bounded in H7%(0), for each t € (0,00), so there are weak® limit points.
But Proposition 3.1.3 yields convergence to e *X f in L%-norm, so e X f
is the only possible weak™ limit point. Norm convergence in H™4(0), for
each 7 < o, then follows from the compactness of the inclusion H?4(0) —
H™9(O). Now we can pick ¢/ > o so that o’q < 1, and take f, € H 4(O)
so that fr — fin H%%-norm. We deduce from the argument just made that
as v — 0, etA=X) £, e=tX £ in H%9-norm, for each k. Application of
(3.1.22) with f replaced by f — fx then finishes the proof. g

We move on to some convergence results for classes of data f that vanish
on 00.

Proposition 3.1.5 For each t € (0,00),

feDA) = lim VAKX f—tXy (3.1.27)

v—0
weak™ in D(A) = H*(O) N HL(O), hence in H*-norm for each s < 2.

Proof. Lemma 3.1.2 gives {e!*2=X)f . v € (0,1]} bounded in D(A) for
each f € V, hence for each f € D(A), as noted in (3.1.16). Since we
have convergence to e 'X f in L?mnorm, the weak® convergence in D(A)
follows. The norm convergence in H*(O) for each s < 2 then follows from
compactness of the inclusion H2(O) — H*(0). O

Proposition 3.1.6 Let Cy,(O) = {f € C(O) : floo = 0}. Then for each
t € (0,00),
f € Cy(0) = lim e A=X) f — o7tX (3.1.28)

in the supremum norm, provided dim O < 3.

Proof. For dimO < 3, D(A) C C(0O), and it is dense in Cy(O). Since
e!WA=X) is a contraction on Cy(0), a standard argument yields (3.1.28)

from (3.1.27). O
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If the hypothesis in (3.1.28) is weakened to f € C(O), results obtained
above yield convergence, weak™ in L>°(Q), but of course one does not have
L*>-norm convergence if f does not vanish on 00. In §3.2 we will show that
convergence does hold uniformly on compact subsets of O.

3.2 Local regularity and convergence results for e!*2=%X)

Given a function f on O, consider

o(t) = X tA=X) . (3.2.1)
We have 5
Vo ix t(vA—X)
— = X+vA—-X
g~ ¢ Y le f (3.2.2)
— I/etXAet(VA_X)f.
Now

L(t) = X Ae™tX (3.2.3)

is a one-parameter family of strongly elliptic differential operators on O,
depending smoothly on ¢, and (3.2.2) yields

% = vL(t)eXeA=X) 1 (3.2.4)
so v(t) is uniquely characterized by

ov
5 vL(t)v, v(0)=f, U‘R+X80 = 0. (3.2.5)

We now prove the following local regularity result.

Proposition 3.2.1 Let f € L?(O) and assume §; are smoothly bounded
domains satisfying Q1 CC Qo CC O. Assume k € N and f € HF(Qy).
Then the solution v = v¥ to (8.2.5) belongs to C([0,00), H*()), and for
each T € (0,00) we have

t
Y (1) —i—chV/ VY (s)|? ds
” ()HH’C(Ql) 0 ” ( )HHkH(Ql) (3.2.6)
< Cre[If gy + 1 B2o)] s 0<t<T,

with cry, Cri € (0,00), independent of v € RT.
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Proof. To start, note that

d. 9
a@ — (Lt
gllvlze = 2v(L(t)v,v) (3.2.7)
< —Cv[[Vol 3z + C'vlol 32,
hence, for 0 <t < T,
t
o) 1220y + CTOV/O IVu(s)I1Z2(0) ds < Croll flIZ2(0), (3.2.8)

which contains (3.2.6) for k£ = 0. To proceed, take ¢ € C§°(€Qp) such that
¢ =1 on a neighborhood of 1. Then w = v” satisfies

Orw = vL(t)w +vY (t)v, w(0)=pf, (3.2.9)
with
Y (t) = [p, L(t)]. (3.2.10)
Note that Y (t) is a smooth family of differential operators of order 1. Now
pick m € {1,...,k}. We have, for |[D™wl|3, = 2 lal<m | D*w]|35,
4
dt
=2v(D™[L(t)w + Y (t)v], D"w) 2
= 2v(L(t)D"w, D™w) + 2v([D™, L(t)]w, D™w) + 2v(D™Y (t)v, D™ w)
< —Cr|| D™ lw|F + Cov|| D™ w2 + Csv|| DY ()] 7.

1D w7

(3.2.11)
To get from the third line to the fourth line in (3.2.11), integrate by parts
to put the term 2v(D™Y (t)v, D™w)) in the form 2v(D™ 1Y (t)v, D™ lw).
Hence we obtain, for t € [0,7],

t
D™ w(e) s+ er [ I w(s) 2 ds
o (3.2.12)
< Cra 10" w2 + [ 1D 0(5) (0],
from which (3.2.6) follows inductively. O

We can deduce local convergence results from Proposition 3.2.1. Since
¢
v(t)— f = 1// L(s)v(s) ds, (3.2.13)
0
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we see that under the hypotheses of Proposition 3.2.1,

I (8) = fllaesgy < CV2 {1 lmeany + Iflz)] - (3:214)

Interpolation with the bound on [[v”(t)|| g (q,) in (3.2.6) then gives

[07 () = £l r-20(0y) < CV*/2 [Hf”Hk(Qo) + ||f||L2((9)]7 (3.2.15)

for 6 € (0,1]. Now if we take f; € L?(O) such that f; € H¥T1(Qg) and
fi — fin L?(O)-norm and in H*()-norm, an argument such as used at
the end of the proof of Proposition 3.1.4 gives:

Proposition 3.2.2 Under the hypotheses of Proposition 8.2.1, as v — 0,
V() — f i HF(Qy), (3.2.16)
for each t > 0.

We can pass from Proposition 3.2.2 to other local convergence results.
Here is one.

Proposition 3.2.3 Let f € C(O), and take Q; as in Proposition 3.2.1.
Then the solution v” to (3.2.5) satisfies

v (t) — f, wuniformly on , (3.2.17)

as v — 0. This holds uniformly in t € [0,T].

Proof. Take k > n/2 (n = dim ©), and take ¢ > 0. Take g. € H*(O) such
that [|f — gellz(0) < €. Let v! satisfy

v
oY

ot

We have, by the maximum principle,

=vL(t)w?, vZ(0) = g., U|R+><8(9 =0. (3.2.18)

[vZ(t) — 0" ()l (o) < If — gllzee(o) < €. (3.2.19)
Meanwhile, Proposition 3.2.2 gives
v (t) — g in H¥(Q) C C(y), (3.2.20)

as v — 0, so (3.2.17) holds. O
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3.3 Conormal type estimates on e!"2~%)

Here we aim to show that {e/*2=%) : v € (0,1]} is a strongly continuous

semigroup, with norm bounds independent of v € (0, 1], on spaces of the
following form:

VEO) = {u e L}O):Yy---Yjue L*(0), Vi< kY, e X'}, (33.1)
for k € ZT = {0,1,2,... }, where
%' = {Y smooth vector field on O : Y || 0O}. (3.3.2)

See the Remark at the end of this subsection for a discussion of why V¥(O)-
norm estimates are called conormal estimates.

Before starting to produce estimates, we develop some notation and pre-
liminary material, starting with:

Lemma 3.3.1 There exists a finite set
{vj:1<j<M}cx! (3.3.3)

with the property that each element of X' is a linear combination, with co-

efficients in C*°(O) of these vector fields Y.
Proof. Routine. O

From here, take Y as in (3.3.3), let

J =1, Jk)s (3.3.4)
and set
Y/ =YY, |J =k (3.3.5)
Also set
XF =Span{Z,---Z;:j <k, Z, € X'}. (3.3.6)
We have
x* = Span over C®(0) of {Y” : |J| < k}, (3.3.7)
and
VEO) = {ue L} (0): Yu e L2(0), V|J| < k} (338
={ue L*(0): Lu e L*(0), VL € x*}. o
We have the following square-norm and norm on V¥(0):
NRw) = 3 [V ullfe, Ni(u) = Np (). (3.3.9)

|J|<k
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Also set

Piu) =Y [Y7ul3.. (3.3.10)
|J|=k

We now estimate the rate of change of P?(u(t)) for
u(t) = VA N feVH0), (3.3.11)

starting with the case k = 0:

d

EHuHiz = 2(ug,u) g2
= 2(Au,u)2 — 2(Xu,u) 2 (3.3.12)
= _2VHVUH2L2,

since, for t > 0, u(t) € D((vA — X)™) for all m, and hence u(t) € H*™(O)N
HE(O). Moving on to k = 1, we have
d
SIVul
= 2(}/jut,}/jU)L2
= 2v(Y;Au, Yju) 2 — 2(Y; Xu, Yju) 2 (3.3.13)
= 2v(AYju, Yju) 2 + 2v([Y;, Alu, Yiu) 2
— (X Y;u, Yju)ge — 2([¥;, XJu, Yiu)L?
- = 21/”VY}UH%2 + 2”([}/]7 A]u73/jU)L2 - 2([Y},X]U,Y7U)L2

Of the three terms in the last line, the first has a clear significance. For the
third, we have [Y;, X] € X!, and hence

2([Vj, XJu, Yu) 2 < CPE(u). (3.3.14)
It remains to estimate the second term. For this, write

[V, A] =) ABy, (3.3.15)
l

with Ay, B, smooth vector fields on O. We have
2v([Y;, Alu, Yju) 2 = 2v Z(Bgu, AjYu) 2

¢ (3.3.16)
< VIIVYjullZe + viYulZe + Kivl|[VullZ..
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Plugging (3.3.14) and (3.3.16) into (3.3.13) and summing over j gives

d
aPf(u) < —v > [IVYjulliz + (MC + v)PP(u) + MEw|Vul®. (3.3.17)
J

The term M K1v||Vul|?, is tamed by bringing in (3.3.12), to obtain

% (Pf(u) +

MK,
2

Pg(u)) < v IVYjull2. + (MC +v)PE(u). (3.3.18)
J

Proceeding to general k, we take |J| = k and look at

@y ul

= 2(Y7uy, Y7 u) 2

= 2w Au, Y u) 2 — 20V Xu, Y7u) 2

= 2(AY u, Y u) 2 4+ 20([Y7, Alu, Y u) 12
—2(XY 7 u,Yu) 2 — 2(Y7, XJu, Y7 u) 2

—2||VY ul2, 4+ 20(Y 7, Alu, Y u) 2 — 2([Y7, XJu, Y u) 2.

(3.3.19)
As with (3.3.13), of the three terms in the last line of (3.3.19), the first has
a clear significance. For the third, we have

[)(’)/J] ::[)(7}91]}32. "}3k 4+ .. +_}91 ... Y.

Jk—1

(X,Y;,] € XF, (3.3.20)

and hence
(Y7, X]u, Y7 u) 2| < CLP?(u). (3.3.21)

It remains to estimate the second term in the last line of (3.3.19). For this,
write

k
J
[AY7] = Zyjl T szf1[A7Yje]sz+1 Y,
o (3.3.22)
= Yi Y5 Ly Y, - Y

~
Il
—

where L;, = [A,Y},] is a second order differential operator that annihilates
constants. We say a product of k factors

Y, Y, LY, - Y (3.3.23)

Je—1"-Je " Je+1
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is of type (k,¢), meaning it is a product of k factors, all being vector fields
in X' except one, in position ¢, which is a second order differential operator
that annihilates constants. If £ > 2, we can write (3.3.23) as

Yj"’Y]'z—QLje"'ij+Y]’1"’szfz[yj sz]"'Y

Jk>

(3.3.24)

£—17

a sum of terms of type (k,¢ — 1) and of type (k — 1,¢ — 1). Repeating this
process, we convert (3.3.23) into a sum of terms of type (j,1), for j < k.
Hence we have

(V7 A, Y u)pe = D (LY w, Y u) e, (3.3.25)
|I|<k—1
where L; are differential operators of order 2, annihilating constants, hence
Ly =Y ArBij, (3.3.26)
J

where Aj; are first order differential operators and By; are vector fields. We
then have

2w([Y7, Alu, Y7 u) 2
=2 Z Z(B[jYIU,A?jYJU)IQ

[|<k—1 j

<Cv Y IVYTullgz - (IVY 7l g2 + Y ull2) (3.3.27)
[7|<k—1

< V”VYJUH%Z + VHYJu”2L2 + Crv Z ”VYIUH%Q

11<k—1

Inserting (3.3.21) and (3.3.27) into (3.3.19), we have

d
EHY"UII%z < —v|IVY ul|Zz + (Cr + v) B (u)

3.3.28
Fow Y vy ul (3329
I|<k—1
hence, for v € (0, 1], and with Cj + 1 re-notated as Cj,
d
PR < v 319Vl + MO
1= (3.3.29)

+MCr Y VY3,
[7]<k—1
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It follows that there exist Ay; € (0,00) and By, € (0,00) such that if we set

N2(u) ) + ZA,Q (3.3.30)

then
d ~

G NEw) < v DIV ullZs + 2B N (u), (3.3.31)

|T|=k
when u = u(t) is given by (3.3.11). In particular, taking
[ulZ = NZ(u), (3.3.32)

we obtain
[u(®)[lye < DB Ju(s)||yx, (3.3.33)

for 0 < s <t < oo. The next result will allow us to pass to the limit s \, 0
for f € VF.

Lemma 3.3.2 For each k € Z*+, C§°(0) is dense in VF(O).

Proof. Let ¢ € C*°(R) satisfy

1
P(s) =0 for s§§

1 for s>1,

(3.3.34)

and set
ps(z)(x) = (6~ dist(z, 00)). (3.3.35)

There exists 5y > 0 such that ps € C5°(O) for § € (0,5p). Given f € V¥(O)
and |J| < k, we have

Y (psf) = 0sY7f+ > (Y5 (Y 2f), (3.3.36)
(I1,12)

where (I1, I2) runs over the partitions of the ordered set {j1, ... jx} into two
subsets, such that |I1| > 1 (hence |I3] < k —1). It is clear from (3.3.35)
that psY7f — Y7 f in L?>norm as § \, 0. Meanwhile Y15 = 0 on
{z € O : dist(z,00) > ¢}, and

Y; € X' = ||[Y "5 < Cy,, independent of § € (0,80/2),  (3.3.37)
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so the sum over (I, I2) in (3.3.36) tends to 0 in L?-norm as § \, 0. Hence,
whenever f € V*¥(0),

¢sf — f in VF-norm. (3.3.38)

From here the density of C§°(O) in V¥(©) follows by a standard mollifier
argument. O

Since C§°(0) C D((vA — X)™) for all m, we have u € C*([0,00) x O)
whenever f € C5°(0O), and hence (3.3.31) holds for ¢ > 0 and (3.3.33) holds
for s = 0. That is to say, we have

1€ A7) Fllyw < e Be || fllpw, (3.3.39)

for all f in the dense linear subspace C°(0) of V¥(O), and hence for all
f € VF. Also this density implies:

Proposition 3.3.3 For ecach k € Z*, v > 0, e!W2=X) js ¢ strongly contin-
uous semigroup on VF(O), and (3.3.39) holds for each f € V*(O).

We emphasize that (3.3.39) holds with Bj independent of v € (0,1].
From here we can obtain convergence results as v \, 0.

Proposition 3.3.4 In the setting of Proposition 3.3.3,

feVvko) = lim tWA=X) f— X g (3.3.40)

in norm, in V(O).

Proof. The estimate (3.3.39) implies {e/2=X)f : v € (0,1]} has weak®
limit points as v \, 0. By Proposition 3.1.3, (with p = 2), e7*X f is the
only possible such limit point. This gives convergence in (3.3.40), weak™ in
VE(O). We next aim to improve this to norm convergence. In view of the
uniform bounds in (3.3.39), it suffices to establish norm convergence on a
dense linear subspace of V¥(0). Take f € C§°(0). We use the complex
interpolation identity

VE(0) = [L*(0), V], s (3.3.41)

See Proposition A.1.1 in the Appendix for a proof. This implies -

1/2 1/2
lgllye < llgllys gl (3.3.42)
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for g € V*(0). Hence, for f € V**(0),

A ~ VA— _ 1/2
JEA — ) e < [[( A7) — ) £

X [|(e A=Y — =Xy p| 1%

(3.3.43)

The first factor on the right side tends to zero as v \, 0, by Proposition
3.1.3, and the last factor is uniformly bounded as v N\ 0, by (3.3.39), with
k replaced by 2k. This completes the proof. O

Remark. The class of differential operators X%, k > 1, together with
multiplications by smooth functions on O, is what is called the algebra of
totally characteristic differential operators in [9] and [10]. These works also
develop a related class of pseudodifferential operators; see also [11] and [4],
§18.3. The spaces V*(0) are special cases of “weighted b-Sobolev spaces,”
introduced in [10]. This is discussed further in Appendix A.

We briefly comment on why we call V*(O)-norm estimates “conormal
estimates.” The term “conormal distribution” was introduced in [3]. In
essence, if M is a smooth manifold, ¥ a smooth submanifold and £ a given
Banach space of distributions on M (such as L?(M)) and if f and X7 --- X f
belong to £ for all £ and all smooth vector fields X; on M that are tangent
to X, then f is said to be conormal distribution with respect to X. See also
[4], §18.2, for a detailed treatment.

3.4 Holomorphy of the semigroup e“ on V¥(0)

As usual, take D(A) = H2(O)NHE(O). The semigroup e5? is a holomorphic
semigroup on L?(0), for Re ¢ > 0. Here we show it has a bound

€2 Fllve < €PN Iy, (3.4.1)
uniformly for ¢ in a wedge
Wk ={t+is:t>0, |s| < Kt}, (3.4.2)

with B = B(k, K'). We then derive some useful consequences from this.
To start, take € R and set s = 0t and consider

u(t) = eIF0A 1 (3.4.3)
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supressing 6 in the notation on the left side of (3.4.3). We have

aHUH; = 2Re (u,u) 2
= 2Re (1 + i6)Au, u) 2 (3.4.4)
= —2[|Vul|Z..

This is the standard result for VO(O) = L?(O). Moving on to V*(O) with
k =1, we have

& I¥jul3s

= 2Re (Yjuy, Yju) 2

= 2Re (1 + i0)(Y;Au, Yju) 2 (3.4.5)
= 2Re (1 + i0)(AYju, Yju) g2 + 2Re (1 4 i0)([Y}, Alu, Yiu) 2

< —2||VY¥jullZ + 20[([Y;, Alu, Yiu) 2|

where we have set © = /1 + 62. As in (3.3.15)—(3.3.16), we have
2015, Alu, Yyu) 2| < [9Yjul2e + [VulZe + Ko [Valda, (3.46)
and hence, parallel to (3.3.17),

d

dtPl == |IVYjull72 + K|Vl 7. (3.4.7)

J
Then, parallel to (3.3.18), we have

& (PPu) + KaP <= IVl (3.48)
giving (3.4.1) for k = 1, first for f € C§°(0), which is dense in V1(0O), then
for general f € V1(0).

The passage to general k proceeds along the same lines, in parallel with
estimates done in (3.3.19)—(3.3.31), but with the simplification that X is not
involved.

We record some standard but significant consequences of the holomorphy
of e¢® and the estimates (3.4.1). First,

Hd A = e s, (3.4.9)
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for ¢ € Wy, as follows from the Cauchy integral formula applied to a circle
of radius ~ ¢|C| centered about (. This estimate implies

I8¢ llys < eI, (3.4.10)
for ¢t > 0, and hence
Y7 A fle < P fllye, 1T = (3.4.11)
Using this, we will establish the following.
Proposition 3.4.1 Take Tj € (0,00). Then, fort € [0,Ty], we have
tY’e!® . VF(0) — H*(O) bounded, for |J| = k. (3.4.12)

Proof. We use induction on k. For k = 0, (3.4.12) follows from the k = 0
case of (3.4.10). To establish (3.4.12) for k > 1, it suffices to show that

tAY /et VE(O) — L) is bounded, for |J| = k. (3.4.13)
Using (3.3.22)—(3.3.25), we have

tAY /e =tY A+t > LiyTe!?, (3.4.14)
[I|<k-1

where each Lj is a second order differential operator. The bound on the first
term on the right side of (3.4.14) in £(V*(O), L?>(0)) follows from (3.4.11).
The bound on the sum over |I| < k — 1 follows by the induction hypothesis.
This proves (3.4.12). O

We can interpolate the bound

o
1Y7e 2 fllazo) < SISl (3.4.15)
with the bound
HYJetAf”m(O) < Ol fllvx, (3.4.16)
valid for ¢ € [0, Tp] by (3.4.1), using
|Fllm < CIFI S FIl (3.4.17)

to obtain
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Corollary 3.4.2 In the setting of Proposition 3.4.1,

C
Y7 f oy < g I fllves 1] =k (3.4.18)
Consequently
C
€2 Il < m”f”vk- (3.4.19)
3.5 Estimates on ¢*»~%) in case of empty boundary

Here we consider the family of semigroups eV2=%) acting on functions

on M, a compact, n-dimensional, Riemannian manifold without boundary.
Again A is the Laplace-Beltrami operator. We assume X is a smooth vector
field on M. This time we will not assume that divX = 0. We will show
that in this setting we have much stronger convergence results than obtained
in §3.1. Ultimately it will be our goal to use the results obtained here to
strengthen the results of §3.1.
To begin, let us note that in the current context, (3.1.4) is strengthened
to
D((vA — X)*) = D(A*) = H?**(M), VEeN, (3.5.1)

whenever v > (0. Because of this, we can improve Lemma 3.1.2 to the
following.

Lemma 3.5.1 Take f € C®(M), and set u(t) = e!@A2=X) f with v > 0.
For each k € Z, there exists K = K (k) € (0,00), independent of v, such
that

(1= &) u(®)7: < (1= A F 7. (3.5.2)

Proof. Straightforward analogue of the proof of Lemma 3.1.2. O

Corollary 3.5.2 We have, for each k € Z™,

A5 fllpary < XU fllpar), (3.5.3)

for each f € C®°(M), hence for each f € D(AF).

e

Remark. Note the contrast with the possibility of (3.1.25), which can occur
in case of nonempty boundary.
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Note that the maximum principle holds, so, for each v > 0,
12 fll e < 1 f 2. (3.5.4)
Interpolation with the case k = 0 of (3.5.3) implies
1A= F e < 5 £ 1o, (35.5)

for f € LP(M), p € [2,00). We could also get this for p € [1,2), but we will
not take the space to do this. We can further apply interpolation to (3.5.5)
and the estimates

€03 e < O s, €27, (35
which follow from (3.5.3) and (3.5.1). First, we have
e fllge < G fli, s €RY, (357

with C = O, K = K, independent of v. Then, in place of (3.1.21), we

have
1-6

[H*(M), LP(M)]g = HI=9590) (pr), ﬁ =5 + g, (3.5.8)

and hence
1" A7) Fll proaary < Cong€™ | fll roaany (3.5.9)

valid for ¢ € [2,00), o > 0.
We next consider convergence results, as v — 0. As in (3.1.8), we have
for u(t) = e!A=X) f the identity

t
u(t) = e N f + V/ e =X Au(s) ds, (3.5.10)
0
hence
t
Jut) — ¥ Flpian <v [ IeX Buls)lpan ds. (351
0
We use (3.5.3) plus the analogous estimate on e *X to deduce that
e CAX) f — e X Fllpary < CVl fllpear+t), (3.5.12)
for f € C°°(M). We hence have
tWA=X)p ot f (3.5.13)

in D(AF)-norm (hence in H?*-norm), for each f € C°(M), hence, via
(3.5.3), for each f € D(AF). Then, using (3.5.9) and (3.5.4), and standard
density arguments, we have:
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Proposition 3.5.3 Given f € H74(M), 0 >0, q € [2,00), convergence in
(8.5.18) holds in H%%-norm, as v — 0. Given f € C(M), convergence in
(3.5.13) holds uniformly, as v — 0.

3.6 Parametrix for 0, — vL(t) on R* x M

As in §3.5, let M be a compact, n-dimensional, Riemannian manifold with-
out boundary, with Laplace-Beltrami operator A, and let X be a smooth
vector field on M. As in §3.2, let L(t) = e!X Ae™tX | so, for f € D'(M),

o(t) = XA X g (3.6.1)
solves P
a_’;’ =vL(tw, v(0)=f. (3.6.2)

We denote the solution operator by S’
St = etXlvA=X) (3.6.3)
Parallel to results of §3.5, we have
IS fllzzsw < Ce™|| fll 75, (3.6.4)

for f € HP(M), with C = Cs,, K = K, independent of v > 0, given
p > 2, s > 0. (With a little more work, we could take any p € (1,00), s € R.)
Our goal here is to construct a parametrix, revealing the fine structure of
St as v — 0.

Preparatory to beginning this parametrix construction, it is also useful
to note that Proposition 3.2.1 continues to hold in the current setting. In
particular, given 0y CC Qo C M, k € N,

1S A 1Bk ) < Crr (1) + 1 132an), OSEST,  (365)

with C7, independent of v > 0. Applying this and a partition of unity
argument, we see it suffices to construct a parametrix for S’ f when f is
supported on a coordinate patch £ C M, and it suffices to analyze this
approximation to S! f(x) for (t,z) € [0,T] x Q, uniformly in v € (0, 1].

On a coordinate patch §2, we have

Lityu= > La(t,z)05. (3.6.6)

1<|a|<2
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(Note that L(¢)1 = 0.) Let us set

k(t,x, &) = Z Lo (t, z)(i€)” k=1,2. (3.6.7)
|a|=k
Note that
Lo(t,2,§) = ~G(t,x,6) = = Y _¢"(t.2)&g;, (3.6.8)

]

where (g;;(t,2)) = (¢" (¢t,2))~! is the metric tensor on M, pulled back via
the flow generated by X.
We write our approximate solution to (3.6.2) on RT x Q as

S, f(x) = (2m) "/ / a(v,t,z,8)e™ f(£) d, (3.6.9)
where f (€) is the Fourier transform of f, given by

f) = en " [ fwe
and the amplitude a(v,t, x, &) will take the form of an asymptotic series

a(v, t,z,&) ~ Zaj v, t,x, &), (3.6.10)

7>0

whose terms a; will be constructed below. In outline this construction is
similar to that done in Chapter 7, §13 of [12], constructing a parametrix for
e!® for small ¢, but here the set-up is more complicated.

We start with the following consequence of the Leibniz identity:

VL(t)(aemf) = [VLg(t,m,ﬁ)a(u,t,x,ﬁ)

2 ' (3.6.11)
+v Z By_y(t,x,&, Dy)a(v, t, x, 5)] P

(=1

where By_y(t,x,&, D) is a differential operator of order ¢, whose coefficients
are polynomials of degree 2 — ¢ in £, and smooth in (¢, z). To satisfy (3.6.2)
formally, we require

Oa 2

X ULo(t By_4(t, &, D,)a,

ot 1% 2( :Ega_‘_yézzg 2 f( 7$7£a )(1 (3612)
a(v,0,z,8) = 1.
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This tells us how to construct the terms a;. For starters, ag is defined
by
8@0

e —vG(t,z,8)ag, ao(v,0,z,&) =1, (3.6.13)

SO
t
ag(v,t,x,8) = e R0, H(t,x,ﬁ)Z%/G(s,m,f)d& (3.6.14)
0

Note that H(t,x,£) is a polynomial in &, homogeneous of degree 2, with
coefficients smooth in (¢,z), and

H(t,z,€) > ClEP, (3.6.15)

for some C' > 0. For j > 1, a; solves

% = —vG(t,z,&)a; +Q(v,t,2,8), a;(v,0,1,§) =0, (3.6.16)
where
2
Q(v.t,2,0) =v Y _ By y(t, 7,8 Dy)aj_e(v,t,1,8), (3.6.17)
=1

with the convention (operative for j = 1, ¢ = 2) that a_1 = 0. We hence
have

t
aj(v,t,x,&) = e_”tH(t7x75)/ e”SH(SJ’E)Qj(V,s,:E,&) ds. (3.6.18)
0
Another way to display these terms in the amplitude is to set
aj(v,t,x,&) = Aj(u,t,:n,g)e_”tH(t’x’E). (3.6.19)
Also set
Q(v,t,x,§) = Fj(y,t,ar,ﬁ)e_”tH(t’x’g), (3.6.20)

o0 (3.6.17) becomes
2
Ltz &) = veVtH (t:2.8) Z Bo_y(t,x, €, Dx)(Aj_ge_”tH(t7x75)), (3.6.21)
=1
and (3.6.18) becomes

t
Aj(v,t x, ):/ I'(v,s,2,8)ds. (3.6.22)
0
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We next take an explicit look at the case j = 1. In that case, (3.6.17)
gives

O =vBi(t,z,¢&, Dx)e_”tH(t’r’g)
, (3.6.23)
= —V te_'jt (t7r7£)Bl(ta €, gv Dw)H(ta €, g)a

and recall that B is a differential operator of order 1, whose coeflicients are
polynomials of degree 1 in . A formula equivalent to (3.6.23) is

Fl — _V2tBl(t7$7£aDm)H(t7ma£)
= % Z O (t, x)€°, (3.6.24)

o <3

with C{(t,z) smooth. Then, by (3.6.22),

Ay (v, t,x,€) = —1/* Z (/0 sCY(s, x) ds)éa
ol <8 (3.6.25)
=—(vt)® Y Di(t,x)E%,

| <3

with D{(t,z) smooth, and we have

ar(v,t,x, &) = —(vt)? Z D§(t, )€ e VHIE2:8), (3.6.26)

| <3

Let us now recall the definition of a symbol class, important in the theory
of pseudodifferential operators. Given m € R, we say

p(x,€) € STy <= [DIDEp(x,€)| < Cap(l + €)™, (3.6.27)

and we say a family {p(v,t,z,§) : t € [0,T], v € (0,1]} is bounded in ST},
provided such estimates hold with C,3 independent of v and ¢. In follows
from (3.6.14) that

{ag(v,t,z,€) : t € [0,T],v € (0,1]} is bounded in S?,O, (3.6.28)
or as we say for short, ag(v, t, z, £) is bounded in S?,o- Similarly, from (3.6.26)

we have
ay(v,t,z,£) bounded in Sié, and

3.6.29
o((wt)?) in SY,, (36.29)

where the latter means (vt)~'/2a; (v, t,z,€) is bounded in S?,o'
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To extend (3.6.28)-(3.6.29) to a; for larger j, it is convenient to have
another presentation. Set

C=@t)'%, w=wit. (3.6.30)

Now (3.6.14) and (3.6.26) give

aO(Vv t? $’ f) = e_H(t7:E7C)7

3.6.31
ay(v,t,x, &) = vt Ay (vt, t, z, &, C)e‘H(tvl’vC)7 ( )

where Ay (7,t,2,£,() is a polynomial in 7 of degree 1, in £ of degree 1 and
in ¢ of degree 2, with coefficients smooth in (¢, z). It will be useful to have
the following:

Definition. The space Py, is characterized by

F(vt,t,x,&,(,w) € Pp, <= F is a polynomial in vt, {, w, and ¢,
even in (, of degree < k in &, with

coefficients smooth in (¢, ).

(3.6.32)
Without loss of generality, we can assume the degree in w is < 1.
Then a; satisfies (3.6.31) with
Al(ljt,t,l',g, C) € P1. (3.6.33)

(Actually A; is independent of w, but other amplitudes will have w depen-
dence.) We are prepared to prove the following.

Theorem 3.6.1 For each k=0,1,2,..., we have

a2k(V7 t? xz, f) = (Vt)kAQICe_H(t7x7C)7 AZk € P07

) (3.6.34)
a1 (1t 2, €) = () Agy e HESO - Aoy € Py

Proof. The results in (3.6.31) give (3.6.34) for k = 0. We proceed by
induction on k. To set this up, let us assume

aj = (vt) Aje 1020 Ay € Py (3.6.35)
for j < 2k+1, with indices o and 3; consistent with (3.6.34). Then (3.6.17)

gives
Qi1 =95, + 99, (3.6.36)
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with
QL) = vt By(t,2,€, Dy) (Aje” 1020

— V) BY e HO0O Bl e, (3.6.37)
SO Fjl-_H = I/(Vt)ajB]l-_H and
A (vt,2,§) = /Ot L5, s,2,8)ds € (wt)th - Py iy, (3.6.38)
and furthermore
Q1 = (1) By(t 2, Dy) (Ao 1670) (36.39)

= V(Vt)aj718?+le_H(t7m7C)7 B?—l—l € Pﬁj717

S0 F?H = 1/(1/1&)%*1[’3’?Jrl and

t
Ay (vt ,€) = /0 Dy, a,€)ds € (wt) 7Py o (3.6.40)

We are now ready to verify the induction step in the proof of Theorem
3.6.1. Suppose (3.6.34) holds for a given k € ZT, i.e.,

Agp € (Vt)k - Po, A2k+1 S (Vt)k+1 - Ps. (3.6.41)

(If k£ > 1, assume also the counterpart of (3.6.41) with k replaced by k —1.)
Then, using the fact that (3.6.35) implies (3.6.38) and (3.6.40), we obtain

o4l 0
Aspya = Agjyo + Agp o

€ (Wt)" 2. Py + (wt) Py € (wt)F TPy, (3642

(upon noting that (vt) - Po C Py), and furthermore
Agpyg = Abpig + Ao € (vt)FT2. Py (3.6.43)
This completes the proof. O

We can use Theorem 3.6.1 to extend (3.6.28)-(3.6.29), as follows.
Corollary 3.6.2 In the setting of Theorem 3.6.1, we have

az(v,t,2,€) = O((vt)*) in 87,

3.6.44
bounded in Sigk, ( )
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and
a2k+1(1/7t7$7§) = O((Vt)k+l) mn 811707

3.6.45
bounded in Sigk_l, ( )
hence, for j >0,
(lj(lj, t,, f) = O((Vt)]/2) in Sl ,00

(3.6.46)
bounded in Sl,o'

Proof. The result (3.6.34) directly gives (3.6.44)—(3.6.45), and (3.6.46) fol-
lows from this plus the observation that

p(v,t,x, &) = (yt)Ae_H(t’m’O, AeP;

3.6.47
= p(v, t,x,§) = O((I/t)l/z) in S?,o- ( )
U
Returning to (3.6.9)—(3.6.10), let us fix N € N and set
a(v,t,z,§) = Zaj v, t,x,§). (3.6.48)

We use this to define G f in (3.6.9). Then we have

(0 — vL(t))8. f(z) = (2m) "/ / Rn(v,t,2,)e™  f(€)d¢,  (3.6.49)

with
Ry(v,t,x,§) = vBy(t,z,§, Dy)an (v, t,x,§)
+vBy(t,z, Dg) [an—1(v,t, 2, &) + an (v, t, 2, €)].
Arguments used in the proof of (3.6.34) and (3.6.45) give
V(I/t)N/2) in 31170,

O(
O(w(wt)N=1/2) in SV, (3.6.51)
(

(3.6.50)

vBy(t,z,&, Dy)an (v, t,z,§) =

O(v) in 51(()N 1),

and
vBo(t,z, Dy)lay-1 + ax] = O(w(t) VD72 in 50,
O(w) in Sy Y. (3.6.52)

In conclusion, we have:
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Proposition 3.6.3 If N € N is given, a is defined as in (3.6.48), and &!,
as in (3.6.9), then

u’(t) = &L f (3.6.53)
solves
ou?
5 =vL(t)u+g¢”, u”(0)=Ff, (3.6.54)
with
g (t3) = (2m) "2 / R, t, 2, €)™ f(€) de, (3.6.55)
where (N-1)/2 o
Ry(v,t,z,&) = O(v(vt)"V"' ~ m Sy,
N ( ) (v(vt) —(N)—l) 1,0 (3.6.56)
O(v) in Sig .

Using standard pseudodifferential operator estimates, we obtain:

Corollary 3.6.4 In the setting of Proposition 3.6.3, if p € (1,00), s € R,
then, fort € [0,T], v € (0,1],

9" )l 22 ary < Crv N2 fll g ar), (3.6.57)

and
lg” O s+n-100r) < CrVI f 5w (ar)s (3.6.58)

with Cr independent of v.

We can compare the approximate solution &! f with the exact solution
St f to (3.6.2) by applying the Duhamel formula to (3.6.54), which gives

¢
S, f= Sf,f—i—/ Sstg” (s)ds, (3.6.59)
0

where, for 0 < s <'t, S5t is the solution operator to (3.6.2) defined by

X p(t=s)(VA=X) =X (3.6.60)

v(t) = S5'(s), equivalently, S5'=e
A straightforward analogue of (3.6.4) is
1S5 fllow < CXEI|| fl gow, (3.6.61)

valid for p € [2,00), o € [0,00), with C' = C,, and K = K, independent
of v € (0,1]. This gives:
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Corollary 3.6.5 In the setting of Proposition 3.6.3, if p € [2,00), o > 0,
then for t € [0,T], v € (0,1],

IS5 F = SEflmrary < Cov ™2 Fll o any, (3.6.62)
and
||szf - SZf”HHN*Lp(M) < CTV||f||Ha,p(M), (3.6.63)
with C independent of v.

Remark. Applying Corollary 3.6.5 with N replaced by N + 2 and taking
into account the fact that this just adds ayy1 + anyso to the amplitude in
the formula for &!,, we obtain a complement to (3.6.62)—(3.6.63), namely

16, f = Syl pesnvroany < Ol f Lo an- (3.6.64)

The family of operators S5t s as important as the family S?, and it is
also of interest to have a parametrix for this family. This is obtained by a
slight modification of the previous construction. Parallel to (3.6.9)—(3.6.10),
this parametrix has the form

&' f(x) = (2m) "2 / a(v, s,t,2,€)e" f(€) de, (3.6.65)
with
a(v, s, t,x,&) ~ Zajl/stwf (3.6.66)
j>0

given by equations similar to (3.6.12), except that the initial condition is
a(v,s,s,x, &) = 1. (3.6.67)
Thus, in place of (3.6.14) we have

ap(v, s, t,2, &) = e V=) H(s 428

3.6.68
Hs,t,2,6) = /tG<a,x,5> do (3665

and in place of (3.6.31) we have
CL1(V, 5,1, , é) = V(t - S)Al(l/(t - 8)7 s, t,x, 57 C)e_H(&t’x’C)? (3669)
this time with

C=(v(t—s)2%€, w=uv(t—s)E A eP, (3.6.70)
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where now Py is defined to consist of functions F(v(t — s),s,t,2,&,(,w),
polynomials in v(t — s), (, w, and &, even in (, of degree < k in & and of
degree < 1 in w, with coefficients smooth in (s,t,z), the obvious variant of
(3.6.32). (Asin (3.6.31), A; does not actually depend on w.) More generally,
parallel to (3.6.34), we have

aok(v, s, t,2,8) = (vt — 5))* Agy, e HbT0) Ay € Py,

(3.6.71)
agy1 (1,8, t,3,6) = (W(t — 8))FH Ay g e HEETO 0 Ay ) € Py,

except now with ¢ = (v(t — 5))Y/2¢ (as in (3.6.70)), with A; = A;(v(t —
s), s, t,x, &, ¢,w), and with Py, as redefined above. In place of (3.6.46), we

have .
(lj(l/, S,t,l‘,f) = O((V(t - S))J/z) in Sl ,00

C (3.6.72)
bounded in 51,0'

The estimates recorded in Corollary 3.6.5 readily extend, to yield:

Proposition 3.6.6 Given N € N, take

a(v, s, t,x,&) = Zajl/stwf (3.6.73)

and define S5 f by (8.6.65). Then forp € [2,00), 0 >0, 0<s<t<T,
and v € (0,1}, we have

1651 = 55" Fll ooy < Cov™ D2 o ary.

s (3.6.74)
165" f = S fllgro+vrroary < Crllf | owar)

with Ct independent of v.

The formula (3.6.65) represents the parametrix S5 in Fourier integral
form. We next obtain a more explicit representation of its integral kernel.
We examine the individual terms

&84 () = (2m) "2 / 0 (v, b, €)™ EF(E) de

(3.6.75)
:/Kj(y,s,t,x,:n—y)f(y)dy’

where

K;(v,s,t,x,2) = (2#)‘”/@(1/, s,t,x, £)e*tde, z=x—y. (3.6.76)
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In case 7 = 0, let us rewrite ag as
ap(v,s,t,x,§) = e V(=) H(sL2)EE (3.6.77)

where H(s,t,z) is a positive-definite n x n matrix. We have a standard
Gaussian integral:

KO(V7 S, t? z, Z)
= (27[')_n / e—V(t—S)H(s,t,x)§~§eiz.§ df (3678)
= (47r1/(t — 5))_n/2 det G(s,t, 33)1/2 e—g(s,t,x)z.z/éll/(t—s)’

where

G(s,t,x) = H(s,t,x)" L. (3.6.79)
Note from (3.6.8) that

1

t—s

HY (s, t,2) =

t
/ 9" (0, x) do, (3.6.80)
where (%) = (g;;) ™", so in particular H (s, s,x) = g (s, z) and

gij(svsvl‘) = gZ](S,IE) (3681)

To compute K; more generally, we use (3.6.71), which we restate as
follows:

ask (v, s,t,1,€)
=@w(t—9)) Y Fapv(t—s) st (3.6.82)

a even,|B]<1
x ((v(t = 8)%€) " (v(t — s)¢) e UM,
and
a2k+1(V7 S, ta x, g)

=@wt—s)" > Faplv(t—s),s.t,2)

a even,|B]<1,¢

x Eo((v(t = ))26)* (w(t — 5)¢) e mIHES (3.6.83)
+(V(t—8))k+1 Z Fgﬁ(V(t—S),S,t,JZ‘)
a even,|B|<1

X ((I/(t — 5))1/2£)a(y(t _ s)g)ﬁe_u(t_s)HEf‘
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Here H = H(s,t,x) is as in (3.6.77), and F,g3, Foge, and F(Sﬁ are smooth
functions of their arguments. All the sums are finite. To compute the
integrals in (3.6.76), we use the following result:

' —-1/2
om) ™ [[ere et ag = [aesann)] " peenoes (3.6.89

= pa (H, Z)e_gzvz/él,

where the last identity defines p,(H, z), which is a polynomial of degree |«
whose coefficients depend smoothly on H, and G = H~!. We note that

Pa(H,—2) = (—1)1po(H, 2). (3.6.85)

Taking
w=rv(t—s), (3.6.86)

we go from (3.6.82)—(3.6.83) to formulas for K;(v, s,t, x, z) via the identities

(2m)~" / (/7€)% (ug)PerMetei=t gg

(3.6.87)
— M(_"+|B|)/2pa+g(H,u‘1/2z)e‘gz'z/4“,
and
ot —n/ 1/2 ¢\ ﬁe—uH§~§eiz~§d
(2m) Eo(p28)* () 3 (36.58)
— M(_"Hﬁ'_l)ﬂpawﬁ((?{,u_1/2z)e‘gz’z/4“.
We obtain

Kok (v, s,t,x, 2)
= (Wt =) Y (wlt = 9) (vt = 5) s, 8) (56 g

a even,|B|<1

X Pas(H, ([t — 5))~Y2z)e 92/ wlt=s)
hence

Kop(v, s,t,z, 2)

1
= (v(t —s))"/H Z(y(t - 3))5/2(I)2k’b(1/(t —8), s, b, (v(t —s)"V2z2)
b=0

« e—g(s,t,z)z~z/41/(t—s)’

(3.6.90)
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where ®gy, 5, is a polynomial in (v(t —s)) Y22 = Z, with coefficients smooth
in v(t—s),s,t,x, satisfying

q>2k,b(y(t - S)a S, ta z, _Z) = (_1)bq)2k,b(’/(t - 5)7 S, t7 z, Z) (3691)
Similarly,

Kopy1(v, s,t,2,2)
= (vt — ) V2 NT (u(t— )2 E g (u(t — 5), 5,1, )
o even,|3|<1,¢
X Pat e, (H, (U(t — 5))71/22)e 972/ 4(1=5)
+ (vt — 5))T/FRAL Z (v(t — 3))\6|/2F3ﬁ(1/(t — 5),5,t,7)
a even,|B|<1
X Dot s(H, (V(t — 5))71/2z)e 97 =/4vlt=s),

(3.6.92)
hence
Kopy1(v, 8,t,1,2)
= (u(t — s))/2HR+1/2
1
X Z(l/(t — S))b/2@2k+1,b(1/(t —5),s,t,x, (vt — S))_1/22)
b=0
X e—g(s,t,x)z-z/éll/(t—s) (3693)

+ (I/(t _ 8))—n/2+k+1

1
X Z(V(t - 3))1)/2‘1’8“17;,(1/(75 —s),s,t,x, (v(t — s))_l/zz)
b=0

> e—g(s,t,x)z-z/éll/(t—s) ’

where ®9j,41 4 is a polynomial in (v(t—s))"Y2%2z = Z, with coefficients smooth
in v(t —s),s,t,x, satisfying

Bop1(V(t —8),5,t,2,—2Z) = (=) Dop 14 ((t — 5), 5,t, 7, Z), (3.6.94)

and <I>8k+l’b is a polynomial in (v(t — s))~ Y2z with coefficients smooth in
v(t —s),s,t,x, satisfying

(I)gk—i-l,b(y(t - S)u 8,t,$7 _Z) = (_1)bq)(2)k+1,b(y(t - 8)7 s,t,x, Z) (3695)
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While the formulas (3.6.89)—(3.6.90) and (3.6.92)—(3.6.93) for the func-
tions K(v,s,t,x,2) are rather lengthy, they are not difficult to compre-
hend. The basic result to be gleaned from these calculations is that for
Jj > 1, Kj(v,s,t,x,2z) is smaller and smoother than the dominant term
Ky(v,s,t,z,z), given by the comparatively simple formula (3.6.78).

3.7 Boundary layer analysis of e!*2=%)

In this section we examine the fine behavior near 90 as v \, 0 of e!A=X) f

)

with emphasis on the cases f € C(O) and f € C*°(0O). As in §3.2, we work
with solutions to

v” v v v
ot =vL(@t)”, v |R+><8(9 =0, 0"(0) =1, (3.7.1)

where
L(t) = e* Ae™ X (3.7.2)

is a smooth family of strongly elliptic operators, as in (3.2.3) and (3.6.6).
From this, the behavior of

tVATX) f— etV (1) (3.7.3)

is easily deduced.

We assume O is a smoothly bounded open subset of a compact Rieman-
nian manifold M without boundary. To begin the analysis of (3.7.1), we
extend f to f on M, having the same degree of smoothness as f, e.g.,

feCO =feCM), feC®0)=feC®M), etc. (3.7.4)

We also extend X to be a smooth vector field on M (we need not assume
divX =0 on M), and define V¥ on R* x M by

ovv
ot
Here L(t) is given by (3.7.2). The solution to (3.7.5) has the form

=vL{t)VY on RY x M, VY(0,z) = f(x). (3.7.5)

VV(t,x) = / f)H(v,0,t,z,y)dV (y), (3.7.6)
M

where dV is the Riemannian volume element on M. More generally, for
0<s<t,

V(L a) = / V(s ) H (v, 5,1, 2,y) dVa(y), (3.7.7)
M
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where dV is the pull-back of dV via the flow generated by X, or equivalently
the Riemannian volume element for g5, the metric tensor g of O pulled back
by this flow. In local coordinates, we have

H(v,s,t,x,y) = g(s, y)_l/QK(l/, s, t,x,x —y), (3.7.8)

where K (v, s,t,z,x — y) has the form

N
K(v,s,t,z,2) ZKjI/St{L‘Z—I-RN(I/Stl’Z) (3.7.9)
7=0

with Ry the kernel of an operator satisfying the results given in Proposition
3.6.6, i.e., negligible for N large. As seen in (3.6.78),
KO(”? S, ta xz, Z)

3.7.10
_ (47Tl/(t - S))—n/Z det g(& t, $)1/2€—g(s,t,x)z‘z/4u(t—s)’ ( )

and for j > 1, K;(v,s,t,x, z) are given by (3.6.90) and (3.6.93), as integral
kernels that are smaller and smoother then Ky(v,s,t,x,z). As before, n =
dim M = dim O.

Having V¥, we can write the solution to (3.7.1) as

v (t,x) =V(t,x) —u(t,z), t>0, xe€O, (3.7.11)

where u” (¢, ) is defined by

85; =vL(t)u” on R x O,
W = g on R x 0, (3.7.12)

u” =0 on (—00,0) x O,

where
g’ (t,x) = xg+(t) VV(t,x), =z € 00. (3.7.13)

We now describe how to use the method of layer potentials to solve (3.7.12).
We start with the case ¥ = 1 and then explain the modifications that
work for v € (0,1]. With H as in (3.7.7)—(3.7.8), we set

t
D1h(t,x) :/ /h(s,y)aan—H(l,s,t,x,y) dSs(y)ds, t>0, x€O.
0 S,y

(3.7.14)
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Here dS; is the area element on A0 induced by the metric tensor gg, de-
scribed as below (3.7.7), and 0/0ns, is the outward unit normal to 0O at
y € 00, determined by this metric tensor. The boundary trace relation for
Dl is
1
Dbl g0 = (51 + M1 ), (3.7.15)

assuming h(s,y) = 0 for s < 0, where

t
H
Nlh(t7:1:) = / /h(s,y)aan—(l,s,t,w,y) dSS(y) dS, t> Oa r € 00.
0 s7y
00

(3.7.16)
The integral formula on the right sides of (3.7.14) and (3.7.16) have an
identical appearance, but in the former case x € O and in the latter case
x € 00. Tt follows that we can solve (3.7.12), in the case v = 1, as

ut = Dihl, (3.7.17)

provided h' solves
1
<§[+ Nl)hl = 4. (3.7.18)

For general v > 0, we have essentially the same situation, except that
vL(t) is the Laplace operator for the metric tensor v~!g;. One has the
analogue of (3.7.16), with this scaled metric tensor. This rescaling re-
quires that 0/dns, be replaced by v/ 29/ Ons, and that dSs be replaced
by v~ ("=1/24S. . Also dV is replaced by v~™"/2dV, so we need to replace
H(1,s,t,z,y) by v™2H(v,s,t,x,y). Since

pl/2y=(=D/2yn2 (3.7.19)
we obtain
t 0H
Dyh(t,x) = V/ /h(s,y)—(u,s,t,x,y) dSs(y) ds. (3.7.20)
0 8?1573/
00

The boundary trace result (3.7.15) becomes
1
Dhlgypo = (51 + N0 ), (3.7.21)

for supp h C R* x 90O, where

t
N,h(t,z) :/ /h(s,y)aa—H(V,s,t,x,y) dSs(y) ds. (3.7.22)
e How
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Hence the solution to (3.7.12) has the form
u”(t,x) = D A" (t, ), (3.7.23)
provided HY solves
1
(51 + uN,,) W= g, (3.7.24)

with ¢”(¢,x) given by (3.7.13).

We now tackle the problem of inverting ((1/2)I +vN,) in (3.7.24). The
results (3.7.8)—(3.7.10) on H and related estimates on K ; established in §3.6
imply

H
H@an (v 5,8, )‘ L1(80) < Ot - S))_l/z’ € 90, (3.7.25)
S,y
and
0H .
Han (V,S7t,§C, )‘ L1(00) < C(I/(t—S)) , T E O, (3726)
S7y

uniformly for 0 < s < ¢t < Ty. For the present analysis, the focus is on
(3.7.25). It implies for I = [0, Tp]

[VN | oo (rxa0) < C(T) V2. (3.7.27)

Hence, given Ty € (0,00), as long as v is so small that C(Tp)vY/? < 1/2, if
g” € L>°(I x 00), the equation (3.7.24) is solved by

hY =2(I 4+ 2vN,) t¢”
( S (3.7.28)
=2(I —2vN, +4v°N; —---)g".
Note that
IR = 2g" || 1o (1x00) < CVM2]|g" |1 (1x00)- (3.7.29)

We are motivated to estimate D, (h” — 2¢”). The estimate (3.7.26) is not
adequate for this; instead we argue as follows. Denote the solution to (3.7.12)
by

u” =Pl ¢". (3.7.30)

The content of (3.7.21) and (3.7.28) is that
v 14 1 14 v
PLg" = DA, <§1+ uN,,)h — g (3.7.31)
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Hence 1
D, (h” — 2¢") =PI, (51 + I/NV> (h” — 2¢"). (3.7.32)

Now the maximum principle gives

IPT A Loo (1x 0y < IRl (1x00)> (3.7.33)
so we have the general estimate

DA Loo (1x0) < CllAll Lo (1x80)5 (3.7.34)
with C' independent of v € (0,1], and in particular

1Dy (R = 29" )| e (1x 0y < ClIR” = 29" || L (1x00)

) (3.7.35)
< CV' 2|1 g" || Lo (1x00)
the last inequality by (3.7.29).
We have the following.
Proposition 3.7.1 The solution u” to (3.7.12) has the property
'LLV—2DV Y| 100 <CIV1/2 Y| 100
[ 9|l ax0y < C(Iv'=[|¢" || Lo (1x00) (3.7.36)

< (V2| fll poe (ary-

Proof. The first inequality in (3.7.36) follows from (3.7.35) and the fact that
u” = D,h¥. The second inequality follows from the identification of ¢g* in
(3.7.13) and the maximum principle, applied to (3.7.5). O

Recalling (3.7.11), we have:
Corollary 3.7.2 The solution v¥ to (3.7.1) has the property
[0 — (V¥ = 2D, ") 1o (1x0) < CIVY2|| Fll pooar)- (3.7.37)

We can obtain simpler approximations to u* and v¥ if we assume more
regularity on f. Using (3.5.9), we have, for ¢ € [2,00), o > 0,

V¥t W aoaony < Cllflaoany, 0 <t < T, (3.7.38)

with C' independent of v € (0,1]. Taking 0 = 2 + ¢ and ¢ sufficiently large,
we obtain

IV¥ (¢l any < Ol fllsrenuny, 0<t< T, (3.7.39)
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for each € > 0, ¢ > n/e, with C' independent of v. Hence the solution V*
to (3.7.5) satisfies

IV*() = Flliwqun) € Ol Fliseaqny, 0SE<To.  (37.40)
Interpolation with
IV¥(t) = fllzoeary < 20 fllzoeary < ClFllr=aqan (3.7.41)

gives ) i
V7 (t) = Fllzar < CvY2 (| fllaveaan
< CVM| Fllcrsany,

the last inequality holding provided é > . We hence have the following.

(3.7.42)

Proposition 3.7.3 In the setting of Proposition 3.7.1 and Corollary 3.7.2,
we have, for each 6 >0,

[u” = 2D, £| 1 (1x0) < CW (| fllors ary. (3.7.43)
and 3
[ = (f = 2D ")l 1 (1x0) < COW? (| Fllcrsany, (3.7.44)
where
= xre(t)f o (3.7.45)

Proof. From (3.7.42) we have
lg"” — fbHLoo(Ixa(Q) < CVl/QHJEHCL‘;(M), (3.7.46)

and then the estimate (3.7.34) applied to h = g¥ — f? gives (3.7.43) from
(3.7.36). The proof of (3.7.44) is similar. O

For a further simplification, we compare D, with DY, defined by
t OH
DOh(t,z) = V/ /h(s,y)—o(u,s,t,x,y) dSs(y) ds, (3.7.47)
0 8?1573/
o0
where, parallel to (3.7.8), we set

Hy(v, s, t,z,y) = g(s,y)_l/zKo(V, s, tyx,x —y), (3.7.48)
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with Ky given by (3.7.10). By (3.7.9) we have

N
K—Ky=>» K;+Ry. (3.7.49)
j=1

Parallel to (3.7.26) we have

<Cw(t—s)""? ze0, (3.7.50)

H 0K;
Ong y

IR .

with better estimates on 0K /Ons,, for j > 2 and on 0Ry/Ons . This leads
to:

Proposition 3.7.4 With DY defined by (3.7.47)-(3.7.48), we have
Dy — DO 1< (1x0) < CUV 2[Rl L (1x00) - (3.7.51)

Hence, in the setting of Proposition 3.7.3, we have, for each § > 0,
lu” =200 f¥ll o0y < COW2( o ary, (3.752)

and
[0 = (f = 2P0 f*) | e (1% 0) < C(I)Vl/2||f||01,6(M)- (3.7.53)

4 Analysis of solutions to u; = vAu — X, u

In this chapter, we extend some of the results of Chapter 3 from the setting
of solutions to u; = vAu — Xu to the more subtle setting of solutions to
up = vAu — X, u, directly relevant to the equation for w” in (1.0.8). As in
Chapter 3, we assume O is a compact Riemannian manifold with boundary
00, and with Laplace Beltrami operator A. We take X, for v € (0, 1], to
be a family of (time dependent) vector fields on O having certain properties
that we will specify below, and take u = u” to solve

= vAu— X,u 0, u(0)=f. (4.0.1)

0 g0 =

In §4.1 we estimate u”(¢) in the spaces V*(0O), introduced in §3.3, given
f € V¥(0), extending the scope of the uniform boundedness results of §3.3.
In §4.2 we establish convergence of u”(t) to e”'X f in V¥(0), for such f,
when v\, 0 and X,, — X in an appropriate sense, specified there. We also
obtain LP-norm convergence results, for p € [1,00).
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4.1 Conormal type estimates

We will find it useful to extend the class of function spaces V(). Given
keZt={0,1,2,...}, p€[l,00], we define

VRP(O) ={u € LP(O) : Y1 ---Y;u € LP(O), Vj < k, Y, € X'}, (4.1.1)

with
%! = {Y smooth vector field on O : Y || 00}. (4.1.2)

Recall that the case p = 2 is defined in (3.3.1). As in (3.3.3), there exists a
finite set
{vj:1<j<M}cx! (4.1.3)

with the property that each element of X! is a linear combination, with
coefficients in C*°(0) of these vector fields Y;. We recall and generalize some
further useful notation from §3.3. With Y; as in (4.1.3), let J = (j1,..., jk)

and set

Y/ =YY, |J =k (4.1.4)
Also set
XF =Span{Z,---Z;:j <k, Z, € X'}. (4.1.5)
We have
x* = Span over C*°(0) of {Y7 : |J| < k}, (4.1.6)
and
VRP(O) = {u € LP(O) : Y/u € LP(0), Y |J| < k} (417
={ue LP(0): Luc LP(0): VL e x*}. o
Let us also set
Ver(0) = (| VH(0). (4.1.8)
k
We now discuss conditions on X,. We require
X, € X', (4.1.9)

a space of t-dependent vector fields on O, depending on the parameter v €
(0,1], which we proceed to define. We want to include the example arising
in (2.2.4)—(2.2.5), i.e.,
v 9 v vtA
X, =v (t,z)a—, v (t,z) = "V (2). (4.1.10)
x

In this case we have O = T x I, T = R/Z, I = [0,1], and A is given by
(2.1.5).
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Lemma 4.1.1 Given Tj € (0,00), we have
V(L) € V() (4.1.11)
with bounds independent of t € [0,Ty], v € (0,1].

Proof. Straightforward from the construction of e**4V(z) via the method
of images. There is no x-dependence, so the result is actually v”(t,-) €
Vo2 ([), with uniform bounds. In this setting, we mention that X!(I)
consists of smooth vector fields on I that vanish at the endpoints. O

To define X! in general, we first specify that, on any compact Q CC O,
an element X, (t) has uniform bounds in C*(Q) for all k. To complete the
definition, we take a collar neighborhood U of 90O, diffeomorphic to 0O x I,
take coordinates (z,z) € 00 x I, and write

v 9 v 9

X, =v (t,ac,z)a—x +w (t,x,z)ﬂ(x,z)a.

Here v”0/0x is shorthand for ), v¥0/0x;. We require (with bounds uniform
inte [07T0]7 Ve (07 1])a

(4.1.12)

v, w” € VOR(0), e C™(0), By, =0 (4.1.13)
These conditions define X
Lemma 4.1.2 We have
X, eX, vex' =X, Y] eXxl (4.1.14)

Proof. The bounds on [X,,Y] on any Q CC O are clear. Near 00, we
represent X, as in (4.1.12) and set

0 0 R
Y = a(:v,z)% + b(a:,z)g, a,be C>*(0), b‘ao =0. (4.1.15)
Then 9 5
[Xuay] :g (t7$72)8_x+77 (t,l’,Z)%, (4116)
with
&Y = 0" (0za) + W’ B(0,a) — a(0,v") — b(D,0Y), (4.1.17)

N’ = 0" (0xb) + w”((0.b) — ad,(w”B) — bO,(w"” 3).
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Comparison with the defining conditions in (4.1.12)—(4.1.13) gives [X,,Y] €
Xt O
Next we define
¥ =Span{X, Y’ : X, € X', Y/ e x*1}. (4.1.18)
Lemma 4.1.3 We have
P,exF vyex = vp, e Xkt (4.1.19)

hence R R
P,exk viex = Y!P, e Xkt (4.1.20)

Proof. To prove (4.1.19), note that for X, € .'%1, Y/ e xF1,
YX, Y =X, YY) +[V,X,]Y7, (4.1.21)

and apply Lemma 4.1.2 to the second term on the right side of (4.1.21). The
result (4.1.20) follows directly from (4.1.19). O

Lemma 4.1.3 will prove useful in connection with the following. With Y
as in (4.1.3), let us set

lullyer =Y 1V ull o (4.1.22)
[J|<k

From the representation (4.1.12), we have
X, €X' =X, =Y dlV;, al,€L®0), (4.1.23)

with bounds independent of v € (0,1], ¢ € [0,Tp], hence, given X, € .’%l,

|Xoullze < Cllullyrr, (4.1.24)
and, by (4.1.20),
I X ullprr < Cllullpr+ie. (4.1.25)
Let us also set
PEu) = 3 V7 ul2a, (4.1.26)
J|=k
S0
ull e ~ pr(u) (4.1.27)
i<k
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We also denote V2 by VE.
We now estimate the rate of change of P2 (u(t)) for u(t) satisfying (4.0.1).
We assume R
X, €X', divx,=0. (4.1.28)

We also assume w is sufficiently smooth on (0,00) x O for the calculations
made below to work. We will comment on how to verify this assumption
later in this section.

We start with the case k = 0:

d

EH“H% = 2(ug, u) g2
= 2v(Au,u)r2 — 2(X,u,u) 2 (4.1.29)
= —ZVHVUH%Q,

Moving on to k = 1, we have

d
anmn%z
= 2(}/jut,}/jU)L2
= w(Y;Au, Yju)r2 — 2(Y; X,u, Yju) 2 (4.1.30)
= 2v(AYju, Yju) 2 + 2v([Y;, Alu, Yiu) 2
— 2(X, Yju, Yju) 2 — 2, X, Ju, Yju) L?
= — Ww||VYjul7: + 2v([Yj, Alu, Yiu) 2 — 2([Y;, X, Ju, Yiu) 2.

Of the three terms in the last line, the first has a clear significance. For the
third, we have [Y;, X,] € X!, by Lemma 4.1.2, and hence, by (4.1.23),

2([Vj, X, Ju, Yju) 2 < CPE(u). (4.1.31)
It remains to estimate the second term. For this, write

[V, A] =) ABy, (4.1.32)
l

with Ay, B, smooth vector fields on O. We have
2v([Y;, Alu, Yju) 2 = 2v Z(Bgu, AjYu) 2
¢

(4.1.33)
< v|[VYjulZ2 + v Yiul 72 + K[| Vull7..
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Plugging (4.1.31) and (4.1.33) into (4.1.30) and summing over j gives

d
aPf(u) < —v > [IVYjulliz + (MC +v)PP(u) + MEw|Vul®. (4.1.34)
J

The term M K1v||Vul|?, is tamed by bringing in (4.1.29), to obtain

%(Pf(u) + MKlpg(u)) < v IVYul2s + (MC + v)PE(u). (4.1.35)
J

Proceeding to general k, we take |J| = k and look at

d
Y 7uls
= 2(YJUt, YJU)LQ
= w7 Au, Y u) 2 — 20V X u, Y7 u) 2
= 2w(AY u, Y u) o + 20([Y7, Alu, Y u) 12
— 22X, Y u, Y u) e — 27, X, Ju, Y u) 2
= — 2| VY u|2s + 20([Y7, Alu, Y7 u) 12 — 2(1Y 7, X u, Y u) 2.
(4.1.36)
As with (4.1.30), of the three terms in the last line of (4.1.36), the first has
a clear significance. For the third, we have, by Lemmas 4.1.2-4.1.3,

[XIMYJ] = [XV,le]Yj Yt Y Y

Jk—1

[X,,Y;,] € X%, (4.1.37)
and hence, by (4.1.25),
(V7 X, Y u) 2 < Cllulf. (4.1.38)

It remains to estimate the second term in the last line of (4.1.36). For this,
write

=

[Aa YJ] = Z YJ T sza [A7 Yje]szH T ij

(4.1.39)

/=1
k
= Zyjl oY, Ly Yy Y,
/=1

where L;, = [A,Y},] is a second order differential operator that annihilates
constants.. We say a product of k factors

Y, Y, LY, - Y

Je—1"-Je " Je+1

(4.1.40)

k
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is of type (k,¢), meaning it is a product of k factors, all being vector fields
in X' except one, in position ¢, which is a second order differential operator
that annihilates constants. If £ > 2, we can write (4.1.40) as

Yj"’Y]'z—QLje"'ij+Y]’1"’szfz[yj sz]"'Y

Jk>

(4.1.41)

£—17

a sum of terms of type (k,¢ — 1) and of type (k — 1,¢ — 1). Repeating this
process, we convert (4.1.40) into a sum of terms of type (j,1), for j < k.
Hence we have

(V7 A, Y u)pe = D (LY w, Y u) e, (4.1.42)
|I|<k—1
where L; are differential operators of order 2, annihilating constants, hence
Ly =Y ArBij, (4.1.43)
J

where Aj; are first order differential operators and By; are vector fields. We
then have

2w([Y7, Alu, Y7 u) 2
=2 Z Z(B[jYIU,A?jYJU)IQ

[|<k—1 j

<Cv Y VY gz (IVYull 2 + Y7 ull2) (4.1.44)
[7|<k—1

< V”VYJUH%Z + VHYJu”2L2 + Crv Z ”VYIUH%Q

11<k—1

Inserting (4.1.38) and (4.1.44) into (4.1.36), we have

d
EHY"UII%z < || VY ul[F2 + (O + v) |l

4.1.45
Fow Y VY, (414
|I|<k—1
hence, for v € (0, 1], and with Cj + 1 re-notated as Cj,
d J
EPJS(U) < —v Jz_:kHVY ul[7e + MCylul| b
7= (4.1.46)

+MCr Y VY3,
[11<k—1
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It follows that there exist Ay; € (0,00) and By, € (0,00) such that if we set

k—1
NE(u) = PR(u) + Y Apy PP (u), (4.1.47)
7=0
then J
aKrg(u) <—v Y |VY7ul}s + 2B, NE(u), (4.1.48)
|J|=k

when u = u(t) is given by (4.0.1). In particular, redefining ||ul|}, as
[ulZ. = NZ(u), (4.1.49)
we obtain
()l < @B Ju(s) |y, (4.1.50)

for 0 < s <t < o0.

The estimates (4.1.48)—(4.1.50) have been established under the assump-
tion that u(t) = u”(t) is sufficiently smooth on O for ¢t > 0. For example, if
we add the assumption

X, € C*((0,00) x O) (4.1.51)

for each v € (0,1], we have such estimates, since well known parabolic
regularity results give u € C*°((0,00) x O). (We emphasize that we do not
assume X, € C([0,00) x O).) Let us record this result.

Proposition 4.1.4 Let u = u” solve (4.0.1). Assume X, satisfies (4.1.9)
and (4.1.51). Then the estimate (4.1.50) holds, for 0 < s < t < oo, with By,
and the V¥-norm independent of v € (0,1].

Next we want to pass to the limit s = 0 in (4.1.50), obtaining
lu(®)llvx < 1 £llys- (4.1.52)

It is clear that we can do this in the context of Proposition 4.1.4 if we also
know that
u € C([0,00), VF(0)). (4.1.53)

In turn, since the hypotheses of Proposition 4.1.4 already imply the result
u € C*((0,00) x O), it remains to establish that

feVH0) = ueC(0,T,],V0)), (4.1.54)
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for some T, > 0 (possibly depending on v). We turn to this task.
We set
2 =C([0, 1], v¥(0)), (4.1.55)

and seek u € Z as a unique solution to

u(t) = A f — /Ot eU=WAX (s)u(s) ds, (4.1.56)
i.e., as a fixed point of ® : Z — Z, defined by

du(t) = VA f — /Ot e=A X (s)u(s) ds. (4.1.57)

This will work if we are able to show ® : Z — Z is a contraction map for
T, > 0 sufficiently small. We have

du(t) — du(t) = — /0 et =WAX (3)(u(s) — v(s)) ds. (4.1.58)

Note that, by (4.1.25),
1 X0 (s)(u(s) —v(s))llyre—1 < Clluls) = v(s)llye- (4.1.59)

Meanwhile, it follows from (3.4.19) that

Hence
172
|Pu(t) — Po(t)||pr < Cl—/2 sup |lu(s) — v(s)||pk- (4.1.61)
v o<s<t

A similar estimate works on (4.1.57), and we deduce that ® is a contraction
map on Z provided T}, < v/2C?.
We summarize what has been accomplished.

Proposition 4.1.5 In the setting of Proposition 4.1.4, given f € V¥(O),
there is a unique solution u = u" to (4.0.1), satisfying

u € C([0,00), VE(0)) N C=((0, 00) x O), (4.1.62)

and we have
[u(t) [y < P fllpr. (4.1.63)
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4.2 Vanishing v limits

As in §4.1, we assume u = u” solves

a(;f — VAW — X, 0 |gy 00 =05 u(0) = f, (4.2.1)
with f € VF(O). We assume, as in (4.1.28), that
X, €X', divx, =0, (4.2.2)
and as in (4.1.51) that
X, € C*™((0,00) x O). (4.2.3)
We also assume
Xex!, divX=0 (4.2.4)

Here is our first convergence result.
Proposition 4.2.1 Under these hypotheses, we have, as v\, 0,
u’(t) — e X f, weak® in V¥(O), (4.2.5)

provided X,, also satisfies the following: we can write

X, =) ai(t,2)Y;, X =) a;(2)Y, (4.2.6)

J J

where, as in (4.1.3), {Y; : 1 <j < M} C X! spans X' over C*°(0O), and we
have [|aj (t, )| L= ©0), llajllz=0) < K, and

li{% [a%(t,z) — a;j(x)] =0, wuniformly on compact subsets of O.  (4.2.7)

Remark. Looking at (4.1.10), we see that (4.2.6)—(4.2.7) hold when X, is
the family arising in the plane-parallel chanel flow problem.

Proof. Rewrite (4.2.1) as

aaut = (A — X)u¥ + (X — X)), (4.2.8)
SO
t
W () = X | / SIWA-X) (X _ ¥ ()u(s)ds.  (4.2.9)
0
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We have

(X = X, () () = 3 lay(a) — a¥(s,2)] Yy (5), (42.10)
J
and u”(s) is bounded in V*(0). As long as k > 1, Y;u”(s) is bounded in
L?(0), and the hypotheses on ay give
X = X () @ lso) — 0, as v\, Vp<2  (4211)

with uniform bounds in L?(0). Now e/*2=X) is a contraction semigroup
on each space LP(Q), so from (4.2.9) we obtain

lim [[u*(t) 4 flpp =0, Vp<2 (4.2.12)
This result together with the uniform bounds on u”(t) and on e!®*2=%) in
VE(0), and in concert with the result that

VA X)p e tXf weak® in VF(0), (4.2.13)

given in Proposition 3.3.4, yield the asserted convergence (4.2.5), for k& > 1.
The case k = 0 then follows since V!(0O) is dense in V°(O) = L?*(0O). O

We will improve weak™ convergence in (4.2.5) to norm convergence. Here
is a first step.

Proposition 4.2.2 In the setting of Proposition 4.2.1,
feL?0) = u’t)— e ™ f, in L?*-norm, (4.2.14)
as v\, 0.

Proof. We already have weak* convergence in L?(0). Also, results of §4.1,
involving (4.1.29), imply

I ()lz20) < 12y, Yot >0, (42.15)

Since for X € X' such that divX = 0 we have |[e " f|l;2 = ||fll52, the
conclusion in (4.2.14) follows from the weak™ convergence. O

An alternative proof of a generalization of Proposition 4.2.2 will be pro-
vided in Proposition 4.2.3 below. We begin with the elementary inequality

[u” ()l < [[fllze, 1<p < oo, (4.2.16)
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for solutions to (4.2.1) with f € LP(O). If also f € V¥(0O) with k > n/2,
the result that u”(t) — e™*X f weak® in V¥(0O), proven in Proposition 4.2.1,
implies

u’(t) — e ¥ f locally uniformly on O. (4.2.17)

In particular,

feC®0) = u’(t) — e X f, boundedly and locally uniformly.
(4.2.18)
Combining (4.2.16) and (4.2.18) and using standard approximation argu-
ments, we have:

Proposition 4.2.3 In the setting of Proposition 4.2.1,

feC(O) = u’(t) — e X f, boundedly and locally uniformly on O,
(4.2.19)
and, for 1 <p < oo,

feLP(O) = u’(t) — e X f in LP-norm. (4.2.20)
We now sharpen Proposition 4.2.1.

Proposition 4.2.4 In the setting of Proposition 4.2.1, (4.2.5) can be sharp-
ened to
u’(t) — e X f, in VEnorm. (4.2.21)

Proof. In view of uniform bounds on |[u”(t)||yx in (4.1.63), it suffices to
establish (4.2.21) for f in a dense subspace of V¥(0), so take f € C§°(0). As
in the proof of Proposition 3.3.4, we use the complex interpolation identity

VE(0) = [L2(0), V*(O)]; 2, (4.2.22)

established in Proposition A.1.1 of the Appendix, which yields, for f €
V2 0),

v —tX v —tX pp1/2
o (®) = e flh <l (6) — =¥ 11 .

_ 1/2
x Ju” (8) — e £l

The first factor on the right side tends to zero as v \, 0, by Proposition 4.2.2
(or Proposition 4.2.3), and the last factor is uniformly bounded as v ™\, 0 by
(4.1.63) (with k replaced by 2k). This completes the proof. O
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Let us tie these results more closely to estimates obtained in §2.2. In such
a case we had additional structure to exploit. Namely, X and X, were given
n (2.2.5) as V(2)d, and v”(t, 2)d,, respectively, where v”(t, z) = "2V (z)
(cf. also (4.1.10)). To generalize a bit to our present context, we assume in
addition to (4.2.2)—(4.2.4) that

X =vZ, X,=vZ2 ZeX!

) _ (4.2.24)
Z commutes with A and with X and X,.
The last two conditions are equivalent to
Zv = Zv" = 0. (4.2.25)
In such a case, (4.2.9) becomes
t
u’(t) = VAN 4 / eU=WA=X)1(, ") Zu¥ (5)] ds. (4.2.26)
0
The commutation properties yield
w”(t) = Zu"(t) =
” Y Y Y (4.2.27)
dw” = (VA — X,)w”, w ‘R+Xao =0, w’(0)=Z2f.
Then the maximum principle gives
|1 Zu” (s)||Lee < || Z f]| oo (4.2.28)

Let us assume Zf € L®(0) and set | Zf||z~ = K. Since et=9)A=X) ig
positivity preserving, we have from (4.2.26) that

t
|u”(t,z) — et("A_X)f(x)| < K/ e WA=X) 1y —y¥(s)|ds.  (4.2.29)
0

Now (4.2.24)(4.2.25) imply Zet=9)"A=X)|y — ¥ (s)| = 0, and hence
eU=WA=X) 1, ¥ (5)] = el Ay — vV ()], (4.2.30)
so we have

|u” (t,z) — etWA=X) ¢ | < K/ (t=s)vA 1y — ¥ (s)| ds, (4.2.31)

which can be compared to (2.2.10)—(2.2.11). To be sure, results of Chapter 3
apply to the right side of (4.2.29), as we have seen in the analysis of (4.2.9),
but the analysis of the right side of (4.2.31) is more elementary.
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5 Further conclusions on plane parallel flows

This chapter contains further results pertaining to plane parallel flows in a
channel. In §5.1 we generalize the analysis of the vanishing viscosity limit
for plane parallel flows to include flows sheared by a moving boundary,
translated at varying speed parallel to the z-axis. In §5.2 we consider more
general boundary motions, parallel to the z-y-plane. We continue to assume
(1.0.1)—(1.0.4) and we take the forcing F' = 0.

5.1 Moving boundary, parallel to z-axis

We begin with the case in which both channel walls move with the same
velocity «(t), that is, we take the vector field B in (1.0.2) of the form:

B(t,p) = (a(t),0,0), p e dO. (5.1.1)

Recall O = R/Z x [0,1]. Since « is spatially constant, this is consistent
with the assumption of periodicity in . Later we extend the analysis to
independent motion of the walls, in (5.1.47), and then extend it further in
(5.2.1).

The goal is again to study the limit of vanishing viscosity and the corre-
sponding boundary layer, assuming a rough boundary velocity «. The case
of circularly symmetric flows in a rotating circle or annulus was studied in
[7]. We follow the notation used there.

It is convenient to assume « is defined on the whole R but supported in
[0,00). If X is a space of distributions on R, we indicate with X; the space
of elements of X supported on [0,00). We then take o € BV,(R) or even
a € LY(R). Since Cp°(R) is dense in these spaces (p < o0), we can first pick
a € Cp° and then use limiting arguments.

In order to highlight the effect of the moving boundary, we again take
smooth initial data compatible with (1.0.4) and independent of v, that is,

u”’(0,z,y,2) = (V(2), W(x, 2),0), (5.1.2)

with V- € C*°([0,1]) and W € C*°(O). Here u” satisfies the system (1.0.8)
with f = g = 0, which we repeat here for convenience:

ovY v
ow” 0w’ *w”  BPw”
e _”<—ax2 S ) (5.1.4)
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At the same time, since the inviscid flow does not see the moving boundary
due to slip boundary conditions (see below), we do not impose compatibility
of the initial data with the motion of the boundary, (i.e., in this context,
we do not assume that V(z) = «(0) for z = 0,1). Consequently, the viscous
flow has an initial layer at t = 0.

As we will demonstrate, the vanishing viscosity limit in this context takes
the form u” — u°, where

uO(t,z,y,z) = (WO(t, 2), w0 (t, z, 2),0), (5.1.5)
is the solution of the Euler equations (1.0.15) again with f = g = 0, that is,
o’
= 1.
ouw’  jou’

Initial data are as in (5.1.2) so that
u’(0,z,y,2) = (V(2), W(z, 2),0),

and the boundary conditions (1.0.12) are automatically satisfied in this case.
In particular, the Euler flow is independent of the moving boundary and
there is a boundary layer in the limit v — 0.

As in [6] and [7], we pass to a frame moving with the boundary. Equiv-
alently, we set

v (t,z) = V¥ (t, 2) — a(t), a” = (v, w",0). (5.1.8)

We continue to assume o € Cp°(R), in particular «(0) = 0. Then @ must
solve the following problem in O:

o o*w
ow” ow” ow” Pw¥ 0w
5 +V e + (0" 4+ a(t) = V) e —l/( 52 + 9.2 >, (5.1.10)
u’(t,z,z) =0 on 00, (5.1.11)

u”(0,z,2) = (V(z), W(x, 2),0). (5.1.12)

By Duhamel’s principle, the system above is equivalent to:

7 = etV (2) — /0 t[e"@—SM 1] do(s), (5.1.13)

t
w’ = VA Xy +/ etV A=X)(y ¥ —a(s)) Bpuw?]ds.  (5.1.14)
0
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The solution to the Euler system is given by

WO(t,2) = V(2), t>0, z€[0,1], (5.1.15)
wO(t,z,2) = e PN Wo(z, 2)
=W(x—-tV(z),z), t>0,zeR/Z, z€[0,1], (5.1.16)
as long as V and W are smooth enough.

We separate the contribution of the boundary conditions by writing
(5.1.13) as

v (t) = 0(t) + alt) = "' AV (2) + S8” a(t), where

! 5.1.17
S” a(t) = /0 (I —e” (t—S)A) 1] do(s), ( )

with the integral defined as a Bochner integral. As long as v > 0, we have
S”: C°(R) — C}H(R,C*(]0,1])) and in particular the boundary conditions
are satisfied pointwise, since ¢4 1a(s) is continuous in s and vanishes at
z=20,1 for s > 0. The trace at the boundary takes value in two copies of
CL(R).

To treat less regular a,, we observe that for ov smooth (5.1.9) is equivalent
to (5.1.3), so that S”« is a classical solution of (5.1.3) with V' = 0. Therefore,
the maximum principle for the heat equation gives

S : Cy(R) — Cy(R,C([0,1))) C Li 10 (R, C([0,1])). (5.1.18)
Next, we observe that if 5 € C;°(R) then
a=pf = Sa=0S8"p.

so that
870, = 9,8” : Cy°(R) — Cy(R,C>([0,1])).

From (5.1.18) it follows

80 = 0S” : Cy(R) — H, 1\ (R, C([0,1])). (5.1.19)

But each a € Lfl(R), p’ > 1, has the form a = ' with 8 € Cy(R), namely
B(t) = ffoo a(s) ds. Tt follows that

SV LY (R) — H; )L (R,C([0,1))), (5.1.20)
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for each p’ > 1. Consequently we have the continuous linear map

TroS” : LY (R) — (Hy L (R) ® H; L (R)), (5.1.21)

b,loc

By density then, the boundary condition v”(t)|sgo = o in Hj . (R) holds

JJoc
for any o € Lfl(R), p' > 1 and also o € BVy(R) C L}(R). The vanishing
viscosity limit cannot hold in these spaces, which have good trace properties;
in fact, we seek convergence as v — 0 in H?(0), 0 < o < 1/2, locally
uniformly in ¢. Note that L2?(Q) is the energy space for solutions to the
Euler system, but convergence in L?-norm is relatively weak compared to
the convergence results we are in a position to establish.

We first consider o € BVy(R). Let X be a Banach space of functions on
[0,1] such that 1 € X and {4 : t > 0} is a strongly continuous semigroup
on X. For example, X = LP(]0,1]), 1 < p < co. More generally, we could
take X = H*P([0,1]), with p € (1,00) and s € [0,1/p). Recall that S”« is
given explicitly in (5.1.17) for o smooth. By an approximation argument
using mollifiers with support in (0,1/k), we can extend the validity of that
expression to more singular as (for details, we refer to [7], Proposition 2.1).
We observe that the integral in (5.1.17) can be taken over [0, ¢) or [0, ¢], since
the integrand vanishes at s = t.

Lemma 5.1.1 If X is a space such as described in the previous paragraph,
then we have
S” : BVy,(R) — Cp(R, X),

given by
Sva(t) = / (L — /9] da(s), I(t) = (0,1, (5.1.22)
I(t)
where the integral is a Lebesgue-Stieltjes-Bochner integral.

Formula (5.1.22) also implies the estimate

IS"a®)|lx < llallsv(o,) Sl[lopt] le”*A f1 — fillx, (5.1.23)
se|0,

and, if v7(0) =V € X,
" () = Vilx < "4V = Vx + 18" a(t) ] x =0, (5.1.24)

as v — 0, which shows the zero-viscosity limit holds in the X-norm, for the
v component of the velocity, in view of (5.1.15).
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We next consider some rougher «, namely o € LY | for a certain range
of p’. To begin, take a € Cp°(R), in particular «(0) = 0, and integrate by
parts in formula (5.1.22):

t—e

t
/ [eu(t—s)A . 1] da(s) — Oé(t) o eutAa(O) o lin(l) V(Aev(t—s)A 1) a(s) ds,
0 mJ0

using that e*(=%)41 € D(A), whenever s < t. The limit e — 0 exists at
least in L2([0,1]) and we write

t—e

t
liné V(Ae”(t_s)A 1) a(s)ds = / V(A" A1) a(s) ds.
=0.Jo 0

Equation (5.1.13) then becomes:
t
7 = eV (2) — alt) + / (v Ae" )4 1) a(s) ds. (5.1.25)
0

and .
v’ = etV (2) + / (v Ae’ =41 a(s) ds. (5.1.26)
0

Consequently, to establish convergence of the v component of the velocity
to the corresponding Euler solution in the limit v — 0 it is enough to prove
the last integral vanishes in the limit.

We observe that €41 and vAe”*41 can be explicitly computed using
Fourier series. However, it is preferable to use Green’s function methods as
we are interested in the limit vt — 0. To this end, we bring in the Sobolev
spaces H7([0,1]) with 0 < o < 1/2. We recall the well-known interpolation
estimate:

2O, HEOD), = HZ(M), <o <1,

) (5.1.27)
where M = [0,1] or M = O here, which gives
/2 o 1
D((—A)°/?) = H?([0,1]), for o€ [o, 5). (5.1.28)
Hence, we first have uniformly in ¢ € [0,7] for any 0 < T' < oo,
e/ AV —V strongly in H°([0,1]), as v — 0. (5.1.29)
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We next observe as in [7, Equation 3.8-3.11] that

I Ae”* 1l 1= 0,17

< Clly(=A) T2 A 1 pa o)

= Ollv(=A) T2 A= A2 1| 2o 1))

= O 250N/ 27 | (s A== 2 A (VT2 1| 2 01y
< CV(T_”)/zs(T_J)/Q_lH1||HT([0,1])-

for 0 <o <7 < 1/2, so that by Holder’s inequality:
¢
/ 1A E9A 1 a(s)]| 1o 0y ds
0

t e 1/p 5.1.30
< ||04||Lp,([(m)</0 ||vAe A1||P o (D) ds) ( )

< Cpor VTP 0 s [ ()

provided 1 < p < where p’ is the conjugate exponent to p. For

=tr=a)’
example, it is enough to have p’ > 4. The same estimate holds for o € Lgl(R)
using a smooth approximation by convolutions.

Combining the estimates in (5.1.29) and (5.1.30), we obtain convergence
of the v component of the velocity in the limit ¥ — 0 in the Sobolev space
H?([0,1]). We record this result in a proposition.

Proposition 5.1.2 Let 0 < ¢ < 7 < 1/2 and assume a € Lil(R) with

2
'=p/lp—1) and 1 <p< ————— . Th
p'=p/(p—1) an SP< gy Then

S Li (R) - Cb(Rv HU([()? 1]))7
¢
where S¥a(t) = / (v A" A1) a(s)ds and satisfies estimate (5.1.30).
0
Furthermore, uniformly in t € [0,T] for any 0 < T < oo,
v’ —° strongly in H°([0,1]), as v — 0. (5.1.31)

Having settled the analysis of the first equation (5.1.3), we now turn to
equation (5.1.4) in its mild fomulation (5.1.14), which we solve as a fixed-
point problem, but first we record some useful a priori estimates.
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We denote again 0%w" by wy, k € Z,. Since a depends only on t and v”
depend only on ¢, z, the same arguments as in (2.1.9) — (2.1.12) gives that
wy, also solves (5.1.4). Integrating by parts in that equation, we obtain:

2” o |w”(t,z, z
2dt||w"||L2(o / / Y(t,z) + ot ))8 ‘(tf)}d dz

2“ w T,z -
=;jtuwvuL2 [ [ e vam e

1d

2dtH VHLZ = _VHVUJVHB(O) <0,

using periodicity in x. Therefore:

lwi (D)l 2 (0) < 105W | 22(0)- (5.1.32)
On the other hand the maximum principle gives

[y, ()| o< (0) < 105W || oe(0)- (5.1.33)

These estimates continue to hold for a € BV or L?' (1 < p/ < 400) by
approximation with smooth functions.

We write (5.1.14) as w”(t) = @A~ X)W (t) + F(w")(t), where
37(t, V, a,0)(w) = (w)(t)
= / t =W A=X) 1y _ ¥ — a(s)) Byw(s)] ds.

0

(5.1.34)

To establish existence of a unique solution to (5.1.14), it is enough to prove
that §” is a contraction in L°([0,7],L?(0)), T small enough, since then
continuation of the solution follows from the uniform estimate (5.1.32).

We observe first that Proposition 5.1.2 and the Sobolev embedding im-
plies V — % — a € L¥([0,T], L9([0,1])) for any 1 < ¢ < co. Furthermore,
at fixed viscosity, given that V' is smooth and bounded on [0, 1] with all its
derivatives, a scaling argument gives

et (I/A—X)fHHl(O) < Gyt~ W2 £ 0, (5.1.35)

if1 <r <2 0<t<1. We apply this estimate below with 1/r =1/q+1/2,
q large, so that r > 1.
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Let |[[wl[| = [[wl| zoo (jo,77,22(0))- Then from (5.1.35)
11 (w) — F(w)]l]

T
<Cy /0 (t— )YV = 7(s) — als)) (w(s) — w'(5)]| (o) d

T
< Cu,v/o (t = )"V = 0¥(s) = als) | ago lw(s) = w'(8) ] p2(0) ds

< CyTVP VTV -5 - all ot o.71,2a0,1) 11w — @Il
(5.1.36)

using that V — ¥ — @ commutes with 0,. This estimate holds provided
p < r, where p is the conjugate exponent to p’ and 1/r = 1/q + 1/2. If
p’ >4, we can find such an r > p > 4/3 by choosing ¢ > 4 in (5.1.35). The
estimate above gives that § is a strict contraction on L ([0, 7], L?(0)) if T
is sufficiently small. We therefore have existence and uniqueness of solutions
to (5.1.4) in L*°([0,T], L?(0)), and hence in L>([0,00), L?(O)) thanks to
(5.1.32). Furthermore, since wy satisfies the same equation for all k € Z,
wY is the unique solution to (5.1.14) in L>([0,00), L?(O)) and we conclude
that w” € L>®([0, 00), V¥(O)) for all k € Z,. Also w is smooth in z, z for
t > 0, and satifies the boundary condition w” = 0 on dO pointwise.

We now turn to the analysis of the vanishing viscosity limit w” — w
as v — 0. For this analysis, we rely on the results in § 3.1 on the behavior
of the semigroup e!2=X) as y — 0. In view of (5.1.16), we can write

0

(wzx - wo)(t7 z, 2) = [et(VA_X) - e_tX]W(:E7 Z) + Ry(t7 z, Z)a
where

RY(t,x,2) = /0 =W A=X)(V(2) — 0¥ (s, 2) — as)) Dpw? (s, x, 2)] ds.

We estimate the easier term RY(¢,x, z) first. This can be done exactly as in
(2.2.11), using (5.1.33) and the positivity of the kernel of e!*A=X);

t
R (t,,2)| < C 0. (o) / =IWBX) |V(2) —7¥(s,2) — a(s)| ds
0
t
= O 0.Vl 1= (0) / AV (2) ¥ (s, 2)| ds,
0
(5.1.37)

where the equality follows since V' — v¥ is independent of x. Next, since
V —v” — 0 strongly in L%([0,1]), 1 < ¢ < oo, uniformly in ¢ € [0,7] from
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(5.1.30), and e*(*=)2 is uniformly bounded in ¢ and v on L9(O), we conclude

RY(x,z,t)— 0 strongly in L(O) uniformly in ¢t € [0,T], as v — 0.
(5.1.38)
In fact, when ¢ = 2 and V = 0, the estimate (5.1.30) gives also an upper
bound for the rate of convergence:

s IR0 2(0) < Cv v T2 1y ol o e (5139)

with again p = p'/(p’ — 1), 0 < 7 < 1/2. In the case p = oo, we get a
rate consistent with estimate (2.1.21) for & = 0. We now turn to the more
delicate term [e/*2~X) —e~tX]W (z, 2) for which we directly use Proposition
4.3 to conclude:

[e!VA=X) _ et XTI —0 strongly in L9(O) uniformly in ¢ € [0,T], (5.1.40)

as v — 0. Putting together (5.1.40) and (5.1.38) we obtain convergence in
L1(O) of the w component of the velocity in the vanishing viscosity limit,
and hence of the Navier-Stokes solution to the Euler solution.

Proposition 5.1.3 Let a € Lf(R), p > 4. Let u¥ = (vW,w") be the
solution of the Navier-Stokes system (5.1.3)—(5.1.4) with initial condition
(5.1.2) and boundary conditions (5.1.1). Let u° be the solution of the Euler
system (5.1.6)—(5.1.7) with the same initial condition, given by formulas
(5.1.15)-(5.1.16). Then, as v — 0,

u” (t) — ul(t) strongly in LY(O), Vqe[l,o00),
locally uniformly in t € [0, 00).

Exploiting the analysis of § 3.2 yields convergence in higher norms in
the interior. Recall that v" is given by formula (5.1.25), and w” by formula
(5.1.14) respectively. Below, v” and w® are the components of the Euler
solution, given respectively by (5.1.15) and (5.1.16). Let the set ; be
defined as in Proposition 3.2.1, i.e., 21 CC Qg CC O. Projecting along the
z-direction we then have two maximal intervals I; CC Iy CC [0, 1].

Lemma 5.1.4 Let k € N and fir 0 < T < oo. Then v¥ defined in (5.1.25)
belongs to C°°([0,T), H*(I1)) and

v — V=20 in L®([0,T), H*(I,)), as v — 0. (5.1.41)
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Proof. The limit e!4f — f ast — 0 in H*(I;) N L?([0,1]) follows easily

from the explicit formula for the Green’s function. Since V € C*(0), we
immediately have e”*4V — V as v — 0 in H*(I}), Vk € N. We also have
e’ 41 — 1 in L*([0,T], H*(I})) as v — 0, so that

lim S¥(a) =0, in L°°([0,T], H*(I})),

v—0
t

since S”a(t):/ (v Ae’T=9)4 1) a(s) ds. O
0

From the Lemma, proceeding as in the proof of Proposition 3.2.3, we
obtain

0

vW -V =v" asv — 0, uniformly on I; for ¢t € [0, 7. (5.1.42)

The method of images yields more precise estimates. In fact, from (2.1.20),
when a € BV,(R)

|8Va(z,t)| = ‘/Ot[l — eV(t=s)A 1] da(s)‘

0 o (5.1.43)
< C7 lallrv o) Oiugtw((vs)_ 125(2)),

for t € [0,T], where 6(z) = dist(z,{0,1}) and ¢(¢) is rapidly decreasing as
¢ — oco. Similarly, if « € LY(R), 1 < p < o0,

|8 a(z,t)| = ‘/Ot(uAe”(t_s)A Da(s) ds‘

(5.1.44)
<O ol sup v((sr) ™ /20(2).

where 1(() vanishes at 0 and is rapidly decreasing as ¢ — oc.
Next, we address convergence of w”.

Lemma 5.1.5 Fizx 0 < T < oo. Then w” defined in (5.1.14) belongs to
C>=([0,T7],C(£1)) and

w” —w’  as v — 0, uniformly on Qy fort € [0,T]. (5.1.45)

Proof. We first observe that, since e”*2 is uniformly bounded in L>(O)
(though not strongly continuous), estimate (5.1.37) together with (5.1.42)
implies

RY(t,z,z) — 0 as v — 0, uniformly on ©; for t € [0,7]. (5.1.46)
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Therefore, it is enough to show that [e!2~X) —e=*X|W (x, z) — 0 uniformly
as v — 0. In fact, it is equivalent to show

X VAW (2, 2) — W(z, 2),

given that e’ Xis an isometry. This result then follows from Proposition 3.2.3
(cf. (3.2.1)). g

We combine the two lemmas in a proposition (cf. Proposition 4.2.3).

Proposition 5.1.6 In the setting of Theorem 5.1.3 , let Q1 CC Qp CcC O.
Then, as v — 0,

u (t,x, 2)—ul(t,x,2)  uniformly in (z,2) € Qy, t€[0,T].

If o is sufficiently regular, then it follows from (2.1.20) and (5.1.25) that
X, = vY(t,2)0, € X1 and hence the results in § 3.7 can be applied to w,
to obtain a more detailed analysis in the boundary layer.

We now generalize the setting to allow for the two channel walls to move
with different velocities, that is, we replace the boundary condition 5.1.1
with:

(W(t, 5),w” (t,2,5),0) = (a;(t),0,0), x € R/Z, t >0, j € {0,1}. (5.1.47)

It is straightforward to extend the results derived above to this case. We
begin by replacing (5.1.8) with

o (t,z) = v"(t,z) — (¢, 2), a”’ = (v”,w",0), (5.1.48)

where @ is given by

O(t,z) = [a1(t) — ap(t)]z + ap(t). (5.1.49)
Note that ® solves
D2d(t,) =0 on [0, 1],
D(t,0) = ag(t), t >0,
O(t,1) = ay (), t>0.
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Formula (5.1.17) is then replaced by
VY (t) = "'V + 8¥(ap, o) (t),

SY (g, 1)(t, 2) / V(=) 9 . B(s, 2)] ds
/ Y=A)(1 — 2)] dag(s)
[0,]
/ (T — "4)2] daxy (s).
0.4

(5.1.50)

Integrating by parts we can obtain the analog of (5.1.25). Estimates analo-
gous to those done above on S¥«a(t) are readily verified.

5.2 Moving boundary, parallel to the z-y-plane

In this section, we take a look at the following more general motion of 9O,
namely

B(t,z,z) = (aj(t), 3;(t),0), z=je€{0,1}. (5.2.1)

Most of the techniques have been developed in §5.1, so we will be brief. First
note that allowing 3 to be nonzero has no effect on the component v” (¢, z),
and (5.1.50) continues to hold.

Let us analyze the effect on w”(t,z,2). Take §; € Cp°(R) to start
(though later we can extend to 3; € BV,(R)). Set

U(t,z) = [B1(t) — Bo(t)]z + Po(t). (5.2.2)

We see that
w(t,x,z) = w’(t,x,z) — V(t,2) (5.2.3)

vanishes on 00 and satisfies
ow” + v 0, w” = vAw” — 0¥, w’(0,z,z) = W(x, z). (5.2.4)
Hence, with X = V0,
o (t,x, 2) = VAW (2, 2)
t
+/ =) WA=X) (¥ (s, 2))0, 0" (s, z, z) ds
0 (V= "(5,2)0" (5,7,2) ds (551

t
—/ =)A= W (s, z) ds,
0
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so, making use of the fact that W(s, z) is independent of z, we obtain

w” (t, @, z) = VAW (2, 2)

t
+/0 et WA=X) (1 _ 4V (5, 2))0sw” (5, 2, 2) ds (5.2.6)

t
—1—/ (I — =929, (s, 2) ds.
0

One can write the last integral as
t

/ (I — ™92 (1 — 2) dfy(s) + / (I — ™) d8,(s).  (5.2.7)

0 0

Previously developed techniques apply to (5.2.6)—(5.2.7).
Finally, we draw further conclusions when (5.2.1) is specialized to

B(t7$7z) = (Oyﬁj(t)70)a z=]€ {071} (528)
In such a case, v”(t, z) is as in Chapters 3—4. Consequently, (5.2.4) is
ow” = (vA - X,))w” — o7, (5.2.9)

with initial data w”(0,z,2) = W(x, z), boundary data 0 on 00O, and with
X, exactly as in §2.2. Hence the results of Chapter 4 apply. We have

W (t, x, 2) = DWW (z, 2) — /Ot »5 9, (s, 2) ds, (5.2.10)
where E,sjt is the solution operator to
Ou= (VA = X, )u, ulg,, o =0, (5.2.11)
ie., u(t) = Z'u(s) for 0 < s < t. Hence
w” (t,z,2) = 0W (z, 2) + /Ot(l — 250, (s, 2) ds, (5.2.12)
and we can write the last integral as
/Ot(I — 25N (1 = 2)dBo(s) + /Ot(I — 25N 2dBy (s). (5.2.13)
Results of Chapter 4 then give convergence
w” (t) — w°(t) (5.2.14)

in various function spaces, including V¥(0).
Obtaining such convergence in the context of (5.2.1) would require some
extra hypotheses on o(t), which we will not pursue here.
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A V*(O) and b-Sobolev spaces

We take O to be a compact Riemannian manifold with smooth boundary.
Recall from (3.3.1) the definition

VRO)={ue L*(O):Y,---Yjue L*(0), Vj <k Y, €X'}, (A0.1)
for k € {0,1,2,...}, where
2! = {Y smooth vector field on O : Y || 0O}. (A.0.2)

These spaces are special cases of weighted b-Sobolev spaces, introduced and
studied in [10] (cf. also [11]). Here we discuss this matter and draw some
conclusions that are useful in Sections 3.3 and 4.2.

The manifold O carries a complete Riemannian metric, called a “b-
metric,” which on a collar neighborhood of 9O, identified with [0,1) x 9O
(with {0} x QO identified with 0O C O) has the form

g= (d—yy)z +h, (A.0.3)

where h is a smooth metric tensor on JO and y the parameter on [0,1). Let
us use the symbol O to denote O as a Riemannian manifold with such a
Riemannian metric. The b-Sobolev spaces Hf(O) are defined by

HF(O)={uc L}O):Y1---Yjuec LE(0), Vj <k, Y, € X'},  (A.04)
where X! is as in (A.0.2) and
L}(0) = L*(O). (A.0.5)

Different choices of b-metrics on O give the same spaces, with equivalent
norms. To define weighted b-Sobolev spaces, take a defining function p for

00, ie., p € C®(O), p>0o0n O, p=0on 0, Vp(z) # 0, Vz € 00.
Thus, for s € R, set

P HE(O) = {p*u:u € HF(O)}. (A.0.6)
An inductive argument shows that

P HE(O) = {u € p°Li(O) : Y1 ---Yju € p°LE(O), Vi < k, Y, € X'}.
(A.0.7)
We also have
L2(0) = p~2L2(0). (A.0.8)
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Hence
VE(O) = p~2HE(0). (A.0.9)

Remark. The use of “b” as a subscript in names of function spaces is
different in this appendix than it was in Chapter 5. We trust this warning
will forestall confusion.

A.1 Interpolation identities
This identity (A.0.9) is of use in establishing the following result, which is
valuable in §§3.3 and 4.2.
Proposition A.1.1 If0< k < { and k = £0, then

[L2(0), V(O] = V(0), (A1)
where the left side is the complex interpolation space.

In light of (A.0.9), this follows straightaway from:

Proposition A.1.2 If0 < k < { and k = £0, then
[L;(0), Hy(O)]g = Hy (O). (A.1.2)

In turn, Proposition A.1.2 can be proven by identifying Hf(@) with a
regular Sobolev space of functions on the complete Riemannian manifold O.
(Thanks to R. Mazzeo for pointing this out.) In detail, we set

H*(O) = {u e L*(O) : VIu € L*(0), Vj < k}, (A.1.3)

where a priori V7w is a distributional section of ®7 T*@, whose fiber @771 O
inherits an inner product from that of 7. 0] given by the complete Rieman-
nian metric tensor on O described above. Since the Riemannian manifold
O considered here, arising from O via a b-metric, has special structure as
a Riemannian manifold with bounded geometry, we can give a convenient
alternative characterization of H* ((5)7 as follows. There exist K € N and
smooth maps from the closed unit ball B; C R™ into O (n = dim O)

¢y :B1— O, (A.1.4)
with the properties
¢, is a diffeomorphism of B; onto its image,
{¢kg} is a C* bounded family of metric tensors on Bj,

o) Al
{¢v(By/2)} covers O, (A.1.5)

Each p € O is contained in at most K sets ¢, (B1).
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Given a function u € L}OC@), set

u, = piu € L'(By). (A.1.6)
Then
H*(O) = {u e L¥0): Y. 3 1D 22, < oo}. (A.1.7)
v al<k
Note also that
ue H¥O) & > ) ID%w 17235, ) < o0 (A.1.8)
v a|<k

An examination of the behavior of elements of X! when pushed forward
to By via ¢, establishes:

Proposition A.1.3 For k € Z™,
Hf(0) = H*(0). (A.1.9)
Hence (A.1.2) follows from the result that
[L2(O), H (O)]y = H*(O). (A.1.10)

To establish this, it is convenient to bring in the Laplace-Beltrami operator
of O, which we denote L. This is defined as an unbounded operator on
L?(O) via the Friedrichs construction:

weD(L) and Lu=f

— ue HY(O) and (Vu, Vg) 125 = —(f,g)LQ(é), Vge HY(O).
N (A.1.11)
The fact that O is complete implies L is a negative self adjoint operator and

C§°(0) is dense in the domain of all powers of L, defined inductively by
u e D(LF) = w e D(L) and Lu € D(L¥). (A.1.12)

Cf. [2]. More generally, for each s € [0,00), (—L)?® is defined via the spec-
tral theorem as a positive self adjoint operator, and one has the classical
interpolation identity

[L*(0), D((~L)*)}o = D((~L)*"). (A.1.13)

Hence the identity (A.1.10) is a consequence of:
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Proposition A.1.4 For k € N,

H*(O) = D((~L)*?). (A.1.14)

Proof. That
D((—L)'/?) = HY(0) (A.1.15)

is a fundamental property of the Friedrichs construction. Next, from (A.1.11)
we have

D(L) = {u e H (O) : Lu € L*(O)}, (A.1.16)

where Lu is a priori a distribution on O. Clearly H2(O) C D(L). We can
use the interior elliptic estimates

> ”DQUH%Z(BW) < C(HUH2L2(131) + ”LVUH%Z(B1)>7 (A.1.17)

|| <2

with L, the image of L on Bj via ¢,. The estimate (A.1.17) holds with C
independent of v. We use this together with the equivalence of (A.1.7) and
(A.1.8), to obtain the reverse inclusion, hence

D(L) = H?*(O). (A.1.18)

To continue, we note that (A.1.17) extends to

> \\Dau|’2L2(Bl/2) < Ck(”“”%%sl) + ”Llﬁuﬂzm(sl))a (A.1.19)
o] <2k

again with C, independent of v, and this together with (A.1.7)—(A.1.8) gives
{ue H'(O) : LFu € L*(0)} c H*(0). (A.1.20)
By comparison, the definition (A.1.12) says
D(L*) = {u e HY(O) : Lu € D(LF1)}. (A.1.21)

The right side of (A.1.21) is contained in the left side of (A.1.20). On the
other hand, if we know that D(LEY) = H?*72(0), it readily follows that
H?(0) ¢ D(L*). Hence it follows inductively that

D(L¥) = H?*(O). (A.1.22)
To complete the proof of (A.1.14), we use

D((—L)**/?) = {u € D(LF) : LFu € D((~L)"/?)}

= {ue H*(O) : L*v € H'(O)}, (4.123)
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and the interior regularity estimate

> HDO‘UH%Z(BW) < Ck(”uH%?(Bl) + HLlrju”%l(Bl))' (A.1.24)
o] <2k-+1
This proves Proposition A.1.4, and hence Propositions A.1.1-A.1.3. U
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