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1. Introduction

We are going to study differential operators of the form
P =P(z,D) = Py(D)+ V(x,D)

where Py(D) has constant coefficients and V(z, D) has coefficients which are as-
sumed to decay slowly as (z) = (1 4 |z|?)'/? tends to infinity. We will make the
following assumptions.

(1.1) Py and P are elliptic of order m, essentially self adjoint on S(R").

(12) V=VI4+VEh V(z,§) = ) Val(@)® with Vo(z) = V7 (z) + V. (2).

lo|<m

|VE(x)] < C{z)~¢, for some € > 0, and
|IDPVE(x)] < Cgla)~'7¢, for all B> 0.

(1.4) Vo (@)] < Cla) ™' °.

If the set of values taken on by Py(§), £ € R™, is [a, c0), then, as is well known,
the spectrum of P is described by

o(P) = [a,00) U {A;}

where A\; — a are eigenvalues of finite multiplicity. Our goal is to show that, as z
approaches A\ € [a, 00) from the upper (or lower) half plane in the complex domain,
provided )\ avoids a certain small exceptional set, (2 — P)~!f converges, at least in
some weak sense, if f is nice enough. Such a result is known as a limiting absorption
principle.

The exceptional set consists of o,,(P), the point spectrum of P, and also the set
of critical values of P, :

A, = AC(P()) = {Po(f) eR: v,gpo(f) = 0}

It is easy to see that, by the ellipticity of the polynomial Py(&), the set {£ € R™ :
VePo(€) = 0} is a compact real algebraic variety and that hence A.(FPp) is a finite
set.
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Now to examine (P —2)"'f as z = XA € o(P) \ [0,(P) U A.], we will take f to
belong to a certain space B and derive weak convergence in B*. We now define the
spaces B and B*. Let R; =271 for j > 1, Ry = 0.

Definition.

o ) 1/2
(1.5) ue B> (R, / u(@)Pdz) " < oo

j=1 Rj71<|m|<Rj

1/2
(1.6) u € B < sup <R_1 / |u(a:)|2d:1:> < 0.
R>1
|z|<R
(1.7) u € B <= R™! / lu(z)|2dz — 0 as R — oo.
|z|<R

We use (1.5) and (1.6) to define the B-norm and B*-norm, respectively. Note that
B* is the dual of B. However, B is not reflexive. We remark that the image of B
under the Fourier transform is a Besov space, but that fact plays no role in our
investigations.

The space B can be compared with some weighted L? spaces, defined as follows:

(1.8) feL* < (x)°f € L*(R").
One has:
(1.9) L3124 ¢ B c L1/2

Furthermore, the use of such weighted L? spaces facilitates the study of B and B*.
We mention the following interpolation result, which will be of use:

Proposition 1.A. If T : L? — L? and also T : L*>' — L*1, both bounded,
then T : B — B. Consequently, if T : L> — L? and T : L>~' — L?>~!, then
T:B* — B*.

Let us now state the main theorem, whose proof will be completed in section 5.

Theorem 1.B. Let A € [a,00)\[0,(P)UA(Fo)]. Then there exist bounded operators

(1.10) Ty : B — B~
such that
(1.11) (T f,9) = lim  ((z—=P)"'f,g) for all f,g € B.

z—A, £I'm z>0
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We will call this limit Ty = R(X £10).

Remarks.
(1.12) In fact, there is not strong convergence. Although we will not prove this,
one could get strong convergence in L£(L**, L?~%), for s > 1/2.

(1.13) If A € 0,(P) \ A, we would still get convergence in (1.11), provided that f
and g are both chosen orthogonal to the A-eigenspace of P. This would follow by
minor modifications of the arguments we give, and we will not give the details.

(1.14) 0,(P) \ Ac(Py) consists of isolated eigenvalues, of finite multiplicity (possibly
accumulating at points of A.). We will prove this in section 3; see Corollary 3.J.
We now outline the method that will be developed in succeeding sections to
prove the main theorem. For A € [a,00) \ [0,(P) U A], let A(X,p) = {2z € C:
|z — Al < p} and take p small. We obtain in section 3 the basic a priori estimate
that, if w € B* N H]”. and (P — z)u = f € B for some z € A(\, p), then there is a

loc

Y € C§°(R™) such that

(1.15) Y |D%ullp- < C|flls + Clloul|z2; C independent of z € A(X, p).

laf <m

To get such a regularity estimate, we will develop a calculus of pseudodifferential
operators in section 2, which give good control on a function for large x. Indeed, it
is large z, rather than large frequency, which is the most delicate point to handle.
In frequency space, our difficulties are essentially confined to a small neighborhood
of the compact set

(1.16) My={£eR": Py(&) = A}

The next step is to get rid of the second term on the right in (1.15). Indeed, as we
will see in the proof, if this were not possible one could produce a nonzero u € B°*
such that (P — A)u = 0. However, Theorem 3.1 then yields u € L?, so A € 0,(P),
contrary to assumption. This accomplished, we have the existence of weak limits in
B* of (P—2)71f as 2z — X from Im 2 > 0 and from Im z < 0. To check uniqueness
of these respective limits, we need a radiation condition. This radiation condition is
studied in section 4. It is given in terms of the ‘radiation set’ of an element u € B*,
defined in section 2, a concept formally similar to the concept of wave front set
except, again, the emphasis is on large |z| rather than large frequency.

In section 6 we note that the absence of the singular continuous spectrum of P
is a simple consequence of the main theorem.

The lectures of Agmon reported on here also were sketched in [1]. This material
is also treated in detail in §30.2 of [2]. For Schrédinger operators with long range
potentials, such results had been obtained in [3].
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2. Pseudodifferential operators and the radiation set

As usual, a pseudodifferential operator with symbol p(x, &) is defined by the
formula

(2.1) pla, Dyu = / Pl €)a€)e™ S de.

We will be interested in the following symbol classes. Let o be a sequence:

p={p(0), u(1), u(2),...}.

Assume p(7) is monotonically decreasing, or at least non-increasing.
Definition. p(z,§) € S* if and only if

(2:2) |DEDgp(x,€)| < C(&)m 1o ()1
We also define weighted Sobolev spaces. Namely,
(2.3) u € Hps(R") <= (z)°(1 — A)™2u € L*(R™).
Our first result is elementary.
Theorem 2.A. If p(z,§) € S)", then
p(x,D): Hys — Hyp_pm s—pu(0)-

Using the interpolation result, Proposition 1.A, we obtain the following.

Corollary 2.B. If p(x,§) € 5?0707”_}, then

p(z,D): B— B, B* — B*, B — B’".

The last conclusion follows from the second since p(z,D) : S — S and the
closure of § in B* is B°*.

The next few results record the basic behavior of operators in OPS}", i.e., op-
erators defined by (2.1) with symbols in S7*. We omit the proofs.

Theorem 3.C. Ifp; € S, for j =1,2, then

(2.4) p(z, D) = p1(x, D)p2(x, D) € OPSZRSST_ZNO)
and

N-1

p(@,8) =} ¢;j(x,§) + Bn(x,)

§=0

with
mi1+mso—j mi1+ms—N

(2.5) qj (z,§) € Sm(O)Jruz(jj) and Ry(z,€) € Sul(g_)JFZZ(N)'



Theorem 2.D. If p € S}, then p(x, D)* € OPS]', with symbol

1% )
(2.6 P = S~ DEDIHEE) + Bu(s,)
la|l<N
and
(2.7) Ry (z,8) € S[R3

Corollary 2.E. If p(x,§) € S} is real, then

* m—1
p(x,D) — p(x,D)* € OPSM(I) )

The next theorem is an important technical result which will be used in the proof

of Theorem 2.J.

Theorem 2.F. Suppose p(x,§) € S?O 51 d > 0. If u € B*, then p(z, D)u € B*
satisfies

(2.8) limsup R~* / Ip(z, D)u|?dx < C3 limsup R™* / lu(z)[*dx
R—o00 R—o00
z[<R lz[<R
where
(2.9) Co= lim  sup [p(z,§)].

R—00|z|>R,ccRn

In particular, if Cy = 0, then p(z, D) : B* — B°*, but that is not the only case
of interest.
We now define a couple of further classes of symbols:

36 C g C S?o,—1,—2,...}§ X0 C STt 0—2,. 1

as follows.
Definition. p(x,¢{) € X" if and only if p(x,§) € ST and is homogeneous in = of
degree ¢ for |z| large.

Next, let R” = R™ U {oo}. We say f(€) is C™ near oo provided g(&) = f(£/[€]?)
is C°° near 0. Similarly, C>°(S"~! x R") is defined. Note that, if Z(z) is C> with
Z(z) =0for |z| < &, Z(x) =1 for |z| > 1, and if po(w, &) € C°(S"~ x R"), then

(2.10) Z(x)po(z/|z],€)
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belongs to 9.
Definition. p(z,£) € X9 if and only if p(z,€) is of the form (2.10) for some
po(w, &) € C=(S™1 x R™),

We now define the concept of the radiation set of an element v € L# =
UsL?*. We consider a more general concept than is absolutely necessary. Thus,
let Ny sHy s C L C UsL** and assume

OPSJy L — L.

The example of greatest interest is £ = B°*.
Definition. Let u € L#. Then £/RS(u), called the £-radiation set of u, is defined
as follows.

L/RS(u) C S"71 x R™

and (wo, o) ¢ £/RS(u) if and only if there exist h(w) € C°° (8™ 1) with h(wg) # 0
and p(§) € C°(R™) with ¢(&p) # 0 such that

(2.11) Z(z)h(z/|x])e(D)u € L.
The following results are elementary consequences of the previous theorems.

Theorem 2.G. L/RS(u) =0 if and only if u € L.
Theorem 2.H. Let p(z, D) € OPS). Assume p(0) =0, p(i) — —oco. Then

(2.12) L/RS(p(z, D)u) C £/RS(u).

Furtherm()re if po(w, &) = 0 on a neighborhood of L/RS(u), po(w,&) € C(S"1 x
R™), then L/RS(Z(x)po(% Ik D)u) = 0.

Using the first part of Theorem 2.H, one sees that the following result is a
generalization of the second part.

Theorem 2.1. Take p(x, D) € OPS)) as in 2.H Theorem. Let O C 5™ ! x R" be
open, and assume

|D]Dgp(z, &) < Cn{a) N1, (x/2],€) €
Then O N L/RS(p(x, D)u) = 0.
We emphasize that the case of special interest for us is
B°* /RS (u)

which we shall merely call the radiation set of u. In this case we have the following
technically important strengthening of the second half of Theorem 2.H. See the
proof of Proposition 4.B.



Theorem 2.J. Let u € B*. Take p(z,€) € X9, of the form (2.11), such that

po(w, &) =0 on B°*/RS(u).

Then p(z, D)u € B°*.

Proof. Write p(x,&) = p1(x,§)+p2(x, &) with p; = Zpjo(z/|x|,§). Suppose p1o(w, &) =
0 on a neighborhood of B°*/RS(u) and |pao(w,&)| < 6. Then py(z, D)u € B°* by
the second half of Theorem 2.H. Meanwhile, Theorem 2.F implies that

limsup R~! / Ip(z, D)u*dz < 82||ul|%..

R— o0
|z|<R

Taking 6 — 0 completes the proof.
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3. The basic a priori estimate

This section is devoted to the proof and a few consequences of the following
estimate. Fix A € [a,00) \ [0,(P) UA.(P)] and pick p so small that A(X, p) = {z €
C: |z — A| < p} is bounded away from o,(P) U A (Fp).

Theorem 3.A. Ifu € B° N H]" and, for some z € A(\, p),

loc
(P—zu=fe€ehB,

then there is a ¥ € C§°(R™) and a C < oo, independent of z € A(\, p), such that

(3.1) > D

la|<m

B+ < Cllfls + Cllyul L2

We begin the proof, isolating the hard part as 3.B Proposition . Rewrite V(x, &)
as VI4+Vo with VI € s such that all the roots of Py(£)+VE(z,&)—\ =

{—e,—1—¢,...
0 are in Oy, a small neighborhood of

My ={£ ER": Py(€) = A}

Let PL(I,Q = Po(f)%-f/L(ﬂU,f). Take w(€) such that w(§) =0 on Oy, w(&) = (&)™
for |£] large. Let

(3:2) K(x,6,2) = w(€)(P"(z,6) = 2)7".

Then K € OPSg with {u(i)} ={0,—1—¢,...}. Thus

(3.3) K(z,D,2)(PY(z,D) — 2) —w(D) = L(z,D, 2) € OPSg%l; A(i) = p(i+1).
Thus, for u satisfying the hypotheses of Theorem 3.A,

w(D)u = K(PY — 2)u — Lu

3.4 .

(34) = Kf—- KV - Lu

SO

(3.5) [w(D)uls= < Cllfllz= + Cllully, -1 -

Now, setting x(D) = I —w(D), we claim:
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Proposition 3.B. x(D)u satisfies the estimate

> IID*X(D)ul

la|<m

- < COllflls +Cllully, 1 -

£
2

Granted this result, we have the following, from (3.5):

(3.6) > D

|| <m

B < Cllfls + Cllullm,—1-5-

5
Now, if ¢(z) is a cut-off, equal to 1 on a large set,
1 o
12 = )ullm,—1/2-c/2 < 5 > 1D,
la|<m
so we get

(3.7) > ID%ul|p- < C| £l + C"|¢oullm-

lof <m

Now we can use (P — z)(¢u) = ¢ f + [P, ¥]u, noting that the coefficients of [P, ]
are compactly supported, to get ||Yullm, < C| f] + Cl|l¢1ul|m—1, with some ¢, €

C§°(R™). Relabelling v, calling it 1, we have

(3.8) > Dy

lor|<m

B+ < Cllflls + Clldullm—1-

The estimate (3.1) follows from (3.8) by Poincare’s inequality. Thus we have given
the proof of Theorem 3.A, modulo the proof of Proposition 3.B.

To prove Proposition 3.B, we cover the zero set of Py(£)—VE(z, €)=\ in R” x R”
(which is close to M) with little balls and write x(D) = > x; (D) where each x;(£)
is supported on such a ball. We take the balls so small that, for each j, there is a k
such that 0P, /0¢, is non-vanishing on supp x;. For simplicity we will assume that
k = 1, which can be arranged for each fixed j by a coordinate rotation, and that

(3.9) 0Py/0¢ > 0 on supp x;.

The situation 0Fy/0&; < 0 is handled by a similar argument. Now, on supp xj,
write (with £ = (&1,¢))

(310) PL($>€17£I) —c= (gl - a(x,f',z))F(a:,f,z)

with F(x,&, z) non-vanishing. It is clear that if z = A € R then Im a = 0. More
generally, we have the following fact, which will be technically useful.
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Lemma 3.C. For certain real valued b(z, &', z) which, on supp x;, satisfies

(3.11) Dgb] < Cafe)™
and
(3.12) DY, Dgb(x1, 2’ €, 2)| < Caplar) " 5(E) 7101 for 8] > 1

one has, on supp X,

(3.13) Im a(x,&,2) = (Im 2)b(x, €&, 2)%

Proof. Since P’ is a small perturbation of Py, we can drop the extra parameters.
Let p(&1) be some polynomial and let p(z) be the unique zero of p — z near py =
p(No), assuming p(po) — Ao = 0, Ao real, and p'(p9) > 0. The implicit function
theorem gives

d

14 =
(3.14) G

()\0) > 0.

We want Im p(z) = (Im 2)0(2)?, o(z) real and smooth. Indeed, p(z) — pg =
J ' (Q)dC, so
Ao

z

Im p(z) = [ Im [¢/(¢)dC]
/

Im z

= / Re p'(\ +is)ds

1
= (Im z) /Rep (A+iT Im z)dr
0

= (Im 2)o(2)?,

by (3.14). This proves (3.13), and the proofs of (3.11) and (3.12) are straightfor-
ward.

To return to (3.10), this factorization implies that

(3.15) (_ia_xl — a(#, Do, Z>> (x;(D)u) = G(x, Dy, 2)(P" — z) + Ru

=Gf — GV u+ Ru.
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Here G € OPS;* and R € OPS;™, with {u(j)} = {0,-1 —¢,...}, a(j) =
p(7 4+ 1). We claim that, from (3.15), it follows that

(3.16) Y IID*x;(D)ulls- < Cllflls + CIGV Sullp + C||Rul| 5.

jal<m

We briefly potspone the proof of (3.16) and show how this estimate leads to the
proof of 3.B Proposition.

Indeed, the short range hypothesis on V° and the operator properties of G and
R give

(3.17) Y IID*x;(D)ulls- < Cllfll + Cllullm - 35

laf<m

and summing over j gives Proposition 3.B.

Thus, to complete the proof of Theorem 3.A, it remains only to establish that
(3.16) follows from (3.15). From the left hand side of (3.15), we see that we are
considering an operator-valued ODE of the form

(3.18) — — A(y)uly) = 9(v).

Here it is convenient to change notation, replacing x; by y and replacing =’ by z.
So we denote a(x,D,,z) by a(y,z,D,,z) = A(y) (with z as a parameter). We
look for a priori estimates of solutions u(y), taking values in some Hilbert space
H, to (3.18), assuming f € L'((0,T],H) and A(y) € C((—o0o,T],L(H)). As one
can imagine, using standard energy estimates and Gronwall inequality arguments,
one can get estimates on solutions u(y) to (3.18) provided A(y) satisfies the semi-
boundedness condition:

T
(319)  A(y)+ A@)* < B(y): Bly) symmetric and / 1B(y)ldy < oo.

— o0

For example, the following result is elementary.

Proposition 3.D. Let u solve (3.18) and suppose liminf; , . ||u(t)|| = 0. Then
t t
[l < [ 15 lds e ([ 1BG)ds).

One can also get weighted estimates, such as the following:
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Proposition 3.E. Suppose in addition that |B(y)|| < (y)~'~¢. Then, for k > 1,

T T
[ @2 luw)lPy < Cer [ @+ )15 1Py, T < o0

In our situation, A(y) = ia(y, x, D,, z), with (3.13) holding. Let us consider the
case Im z < 0. Otherwise, do the same argument on [T, 00). Thus, with (—Im z)2b
relabeled as b, we have

Im a = —b>.

It follows from (3.11), (3.12), and the pseudodifferential operator calculus, that
(3.20) Aly) + A(y)" = Cly) —20°b < C(y) and [|C(y)l| < Cy) ™'~

Thus (3.19) is satisfied in our case.
Remark. It might be amusing to prove some sort of ‘sharp Garding inequality,’
which would make Lemma 3.C and the computation (3.20) unnecessary. However,
we will not pursue this.

The crucial abstract result, which allows us to deduce (3.16) from (3.15), is the
following. Let

Qp ={(y,2) :y <T}.

Proposition 3.F. Suppose u, du/dy belong to L*>~N(Q5) for some N < 0. Con-
sider u, Ou/0y as functions of y with values in L~ (R"~1). Let a(y,z,D,) be as
above. Assume that

R—o0

(3.21) liminf R™! / lu(y, z)|*dy dx = 0.
Q7 N{y2+|o[2<R2)

Suppose —idu/0y — a(y,x, Dy)u = f(y,x) and

T
[ 15y < .
Then

t
(3.22) v Meneny <K [ 176 ageonyds.

Note. Given the crucial nature of this result, a complete proof should be written
down.

Remarks.

(3.23) This is better than Proposition 3.D, since we are only assuming u(y,-) €
LN,

(3.24) If the symbol a is real, we get such a result in R" = Q5 U Q.

(3.25) We also can prove weighted estimates.
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Corollary 3.G. Under the hypotheses of the Theorem above, one has

(3.26) HUHB*(Q;) < CHfHB(Q;), C' independent of T.

Thus we can take T = +oo; Q0 = R".
Proof. Use

t
v, Maosy <€ [ 18 Mzedy < C1 oy

and

[l B*() < Csup u(s, )| Lz
s<T

Corollary 3.H. If a is real and u € B°*, then u(y,-) € L2(R"™Y) for almost all y,
and, for k > 1,

oo

(3.27) / )2 uly, )|2ady < C / W1 £ (. )12y,

— 00

Now the estimate (3.26), for 7" = 400, directly shows that (3.16) follows from
(3.15). At this point, the proof of the basic a priori estimate, Theorem 3.A, is
complete. In the same fashion, via 3.H Corollary, one obtains the folowing.

Theorem 3.1. Let \€ R, f € L?*%, s> % Then, if the principal part of P is real,

(3.28) (P-MNu=f, u€B*=uc >

Corollary 2.J. All eigenvalues of P different from critical values (elements of
Ac(Py)) are isolated and have finite multiplicity.

Proof. Given [a,b] CC o(P) \ Ac(Fy), 3.1 Theorem yields, for A € [a, b],
(P=Nu=f, ue L C B” = ||ullm,s—1 < Cs(l|fllo,s + lull 12).
Taking s =2, f =0,
[ullma < ClliYullre < Cflullze.

The Rellich theorem implies the finite dimensionality of the sum of the eigenspaces
of P with eigenvalues in [a, b].

Note that all such eigenfunctions associated with eigenvalues A € 0,(P)\ Ac(Fo)
belong to L% for all s < oo.
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4. The radiation condition

Let uw € B* and suppose D%u € B* for |a| < m. Suppose A € (P) \ [0,(P) U
A (Fo)l, and
(P—XNu=fe€eB.

We say u is A\-outgoing if there exist z; — A, Im z; > 0, such that
(P — z;)"'f — u weakly in B*, with all derivatives of order < m.

Similarly we say u is A-incoming if such a limit holds with z; — A, Im z; < 0. Once
the limiting absorption principle is proved, in the next section, we can say that
is A-outgoing (resp., A-incoming) if and only if, for some f € B, u = R(A 4 i0)f
(resp., u = R(A —i0)f). Here, as an aid in proving our main theorem, we give a
characterization of A-incoming and A-outgoing functions u in terms of the radiation
set.

Theorem 4.A. Assume (P — ANu = f € B for some X\ € o(P) \ [o,(P) UA,| and
suppose D*u € B* for |a| < m. Then u is A-outgoing if and only if, for |a] < m,

(4.1) B°*/RS(D%u) C {(w,ﬁ) €SI xR EE My and w = |gllj—2g|} =Y,

There is a similar characterization for u A\-incoming, with Y; replaced by Y, ,
characterized by
e My, w=—0lE)

VP ()
Proof. As in the proof of Theorem 3.A, we need only consider the behavior of
X;(D)u. If w is A-outgoing then Corollary 3.G implies that u restricted to €y
belongs to B°*(€);). Now we can re-define the {;-axis so that it points in any
direction non-tangent to My on supp x; and hence conclude that x;(D)u is in
B°* on the complement of an arbitrarily small cone about the normal to M at a
point in supp xj, if this support is taken small enough, by taking a sufficiently fine
covering of M. From this, (4.1) follows. A similar argument works if u is assumed
A-incoming.

To prove the converse, we establish the folowing result, of independent interest.
Proposition 4.B. Assume D*u € B*, for |a] < m, and (P —Nu = f € B, A\ €
o(P) \ A.. Suppose that, with one choice of sign, |a] < m,

(4.2) B°*/RS(D*u) C Y.
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Take (&) € C°(R™) with (£)? = |V Py(€)| on My. Then

R—o0

(4.3) lim R™! / [W(D)u|*dx = £2 Im (u, f).

|z|<R

To see how this result completes the proof of Theorem 4.A, assume u satisfies
(4.1). In the next section, as a preliminary step toward proving the main theorem
(see Lemma 5.B) it will be shown that there exists a weak limit v = w — lim (P —
z;)"1f in B*, z; = X\, Im z; > 0; this result will be established without the use of
the ‘only if’ part of Theorem 4.A. Granted this, the part of Theorem 4.A proved
so far yields B°*/RS(v) C Y,'. Consider w = u — v. We have (P — A)w = 0 and
B°*/RS(w) C Y,'. By Proposition 4.B, we conclude that

Y(D)w € B*.

On the other hand, certainly w(D)w € B°* since B°*/RS(w) C Y, . This implies
that
w € B,

But now Theorem 3.I yields w € L?* for all s < oo. In particular either w is an
eigenfunction of P, contrary to the assumption that A ¢ o,(P), or w =0, so u = v,
which shows that if u satisfies (4.1), then u is A-outgoing. The same argument
shows that (4.1) with Y/\+ replaced by Y, implies u is A-incoming. Thus, granted
Proposition 4.B and Lemma 5.B, the proof of Theorem 4.A is complete.

We turn now to the proof of Proposition 4.B. Let ¢ € C§°(R"™) be of the form
o(z) = p1(]z|) with 1 € C§°(R); assume 1 (s) = 1 for s < 1. Let pr(z) = p(x/R).
Note that

20 Tm (u, ) = lim [(ru, (P = Nu) — (P = \)u, pru))

R— o0
44) = lim ([P — A, ¢gu, u).
Now
Pon] —_Z +©0)(%) - (VeP)(z, D) + R2Qg(x, D)

and the coefficients of Qr(z, D) are uniformly bounded in x and R. Thus

Rlim R™?{Qgr(z, D)u,u)| = 0 if D*u € B* for |a| < m.
— 00

Also Ve P(z,8) = Ve Po(€) + VeV (2, €), so our hypotheses on V' give

Jim [R7HV(z/R) - (VeV) (2, D)u, u)| = 0.
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Thus
2 m (u, f) = lim ([Po, pru, u)
(45) = i Jim R(V,¢)(2/R) - (VePy)(z, D)u,u)
Now let
(4.6) Qu(w,6) = 17 VP (&) F WO

Thus (4.5) becomes

21 (. f) = Jim BN ()Q (2, D), w)
(4.7) e 2]
T lim RTHEH(F)0 (D) u, w).
On the other hand, we see that
VPy(§) _ _
(4.8) Qs (im,g) = [ Py(€)| F [4(&)[* = 0 on M.

Thus Q4 (x, &) vanishes, by hypothesis, on B°*/RS(D%u), |a] < m. Consequently,
Theorem 2.J implies Q4 (x, D)u € B°*, so (4.7) becomes

. _ xXr
(1.9) 21m (u, f) = + Jim A~ (gf(10

)¥(D)*u, u).

If we take a sequence of ¢1;(§) approaching in the limit p(s) = 1—sfor0 < s <1, 0
for s > 1, then in the limit (4.9) becomes (4.3), and the proof is complete.
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5. Proof of the main theorem

Let A € o(P) \ [0p(P) U A(FPp)]- As stated in the Introduction, our goal is to
prove:

Theorem 5.A. There exist bounded operators

(5.1) Ty : B — B~
such that
(5.2) (Tef,9) = lim  ((z—P)"'f,g) forall f,g € B.

z—= A\, xIm 2>0

Denoting (z — P)~!f by R(z2)f = u, we have established in Section 3 the basic
a priori estimate

(5.3) E:HDW\

laf<m

B < Cllflls + ClipullLz, 2 € AAp).

Our next goal is to improve this estimate by omitting the term ||¢ul| 2. (Obviously,
for any fixed z ¢ R, one could omit this term.) Thus we try to show that |[¢ul|p2 <
C||flls- We argue by contradiction. We consider only the case Im z > 0. Thus,
suppose there exists a sequence z; — A € [a,00) \ [o,(P) UA.], Im z; > 0, such
that one can find f; € B with

(5.4) 150z = 0 and [[0R(z))f; 2 = 1.

The estimate (5.3) then implies, with u; = R(z;) f;,

(5.5) > D%l

lo|<m

B- < C|lfills + Cllvu; 2 < C".

Thus there is a weak limit, u; — u weakly in H]”.. We also have D%u € B*, |a| < m.
Note that, by Rellich’s theorem, 1u; — ¥u in the L? norm. Hence |[¢ul/z2 = 1. In
particular, u is not identically zero. On the other hand,

(5.6) (P — \u = 0.

Now this element u satisfies the A-outgoing condition introduced in Section 4. Thus
the direct part of Theorem 4.A (which has been completely proved) implies that

(5.7) B /RS(D%u) CYyF, |al <m.
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Consequently the hypotheses of Proposition 4.B are satisfied and, by (5.6), we have

lim R / [v(D)ul*dz =0

R—o0
|z|<R

or

(5.8) Y(D)u € B*.

But this implies B°*/RS(D%u) NY," = ), and together with (5.7) this gives

(5.9) D% € B, |o| <m.

Now Theorem 3.I gives u € L** for all s < oo. In particular, by (5.6), u must be

an eigenfunction of P, contradicting the hypothesis A ¢ o,(P). Thus we have the
following sharpening of (5.3):

(5.10) > 1D

lor|<m

B < C|flls, z€ AR p).

Since B* is the dual of B, an immediate consequence is:

Lemma 5.B. For f € B, as z = X € [a,00) \ [0p(P) U A.] with £Im z > 0, then
there exists a limit point uy € B*,

(5.11) R(2)f — uy weakly in B*.

We are now almost through with the proof of Theorem 5.A. It remains only to
show that the limits in (5.11) are unique. So suppose z; — A, Im z; > 0, and
suppose there exists another limit point v € B*. It follows that

(P —X)(uy —v)=0.

It also follows that uy — v € B* satisfies the A-outgoing condition. Hence, by
Theorem 4.A and Proposition 4.B, by an argument we have seen before, we conclude
that uy —v € B?*. Again, Theorem 3.1 implies u; — v must be an eigenfunction
of P unless uy —v = 0, so since we assume A ¢ o0,(P), we conclude uy = v. The
main theorem is now proved. For notational convenience, we set

R(A+i0) = T
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6. The absence of singular continuous spectrum

Here we deduce from the limiting absorption principle:
Theorem 6.A. The singular continuous spectrum of P is empty.

Proof. We want to show that, for any compact interval [a, 5] in [a, 00) \ 0,,(P), the
spectrum of P is absolutely continuous. With E) denoting the spectral resolution
of P, use the formula

B
(Ba— E)f 1) = lim o [ (RO i2) — RO - i9))f. )i,

which holds for any f € L?(R"). Now suppose f € B. It follows from 5.A Theorem
that

B
(Ba = B)f 1) = 5 [ (RO+i0) = RO i0)}f, i
It follows that (E\f, f) is C! on [a, 3] and

(@/aN)(Baf, f) = 5 (RO +i0) = RO~ i0)]1. £). A€ [a,

for any f € B. Now the set of functions f € L?(R") for which (E\f, f) is an
absolutely continuous function on [a, ] is known to be closed. Since we have
shown it is dense, it must be all L?. The proof is complete.

Remark. This proof is well known for the short range case.



