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1. Introduction

These notes present material on harmonic functions on domains in Euclidean
space. They have some overlap with results presented in Chapters 3 and 5 of [T],
but are mostly complementary to those results. Topics treated here also have a bit
of overlap with results on harmonic functions given in [T2].

We start with a discussion of the Dirichlet problem. Let 2 C R™ be a nonempty
open set. We will assume €2 is connected. If ) is also bounded, the Dirichlet
problem on {2 is the problem of solving

(1.1) Au =0 on 2, u‘ang, ueC*Q), ueCQ),

given f € C(99). If Q is not bounded, we instead consider

(1.2) Au =0 on , u|8Q:f, ue C*Q), ue . (),
given
(1.3) f e C(09).

Here, if K C R™ is a closed set,
(1.4) Co(K)={fe€eC(K): f(z) >0asxz — o0}.

(If K is also bounded, C.(K) = C(K).) Conditions for existence of solutions, and
study of their properties, is a big topic for Math 751. In this introduction, we take
care of the uniqueness issue.

Proposition 1.1. If (1.1), or more generally (1.2), has a solution, it is unique.
Proof. Suppose u and v both solve (1.2), with f as in (1.3). Consider w = u — v.
Then

(1.5) 0, we (),

w]yg =
and Aw = 0 on Q. Now is w satisfies (1.5) and is not identically zero, |w| must
assume a maximum at some point xy € 2. But since Aw = 0 on €2, the strong
maximum principle implies w is constant. Then (1.5) forces the constant to be 0.

In §§2-3, we will treat two cases, (2 is a half-space in §2, and €2 is a ball in §3.
We look for explicit formulas yielding the solution to the Dirichlet problem in these
two cases. In §2 we take two distinct approaches to these formulas, and use the



uniqueness result of Proposition 1.1 to show that these approaches yield equivalent
formulas. There results a nontrivial identity, namely, for y > 0,

, 2
—-n —ylél giw-& ge — Yy
(1.6) (2m) /e e de = A, T e
Rn

established by different means in [T], Chapter 3, §5. Here A,, is the area of the unit
sphere S™ C R"*1. (For n = 1, this is elementary, but not for n > 2.)

In §3 we obtain a formula for the solution to (1.1) on the unit ball B C R™, of
the form

(1.7) ue) = Cult — o) [ G450,

|z —y|"
1

We have this for n = 2 by calculations involving Fourier series. Moving from this
to (1.7) for n > 3 can be seen as motivated by the pattern in (1.6). We verify that
this works, with C,, = 1/A,,_1. One essential tool in this verification is the mean
value property for harmonic functions.

Sections 4-8 derive a number of results on harmonic functions on a domain
Q C R", using tools from §§1 and 3 as major tools. In §4 we show that if u € C?()
is harmonic, then actually u € C°°(£2). We also show that if u; are harmonic on
and ux — u locally uniformly, then wu is actually harmonic, and 0%u, — 0%u locally
uniformly, for all . In §5, we recall the result that each harmonic function on €2
has the mean value property (MVP), and complement this with the converse: each
continuous function on €2 with the MVP is actually smooth and harmonic. Sections
6-8 establish for harmonic functions on domains in R™ several results established
for holomorphic functions on planar domains in Math 656:

Schwarz reflection principle,
Liouville theorem,

Removable singularity theorem.

Section 9 treats Harnack inequalities, and Section 10 applies them to some further
Liouville theorems, which also have significant applications to complex function
theory.



2. The Dirichlet problem on a half-space

Here we take
(2.1) Q=R ={(y,z): y >0,z € R"}.
Our problem is to solve

(5’]2 + Ap)u(z,y) =0, y>0, zeR"

22) u(0,2) = £(x),

such that

(2.3) we CPRMHN R,
given

(2.4) f € Cu(R").

We will establish the existence of a solution to (2.2) by finding a formula for w.
Our first approach uses Fourier analysis, taking

(25) u(y.a) = (2m) "2 [ el f(er de
For this, we modify the hypothesis (2.4) to

(2.6) f € FLY(R"™),

ie.,

(2.7) feSRY), feL'Y(RM.

Note that if f satisfies (2.7), then f = F* f . Now the Riemann-Lebesgue lemma
says

(2.8) F,F*: L'(R™) — C.(R"),
SO

(2.9) FL'(R™) C C.(R™).



Given (2.6), we see from the dominated convergence theorem that
(2.10) eVl f e C([0,00)y, L' (R™)),

hence, by (2.8),

(2.11) uly, ) = F(e "8 f) € O([0,00)y, Cu(R™)).
Furthermore,

sup [u(y, z)| < (2r) "2 / VeI f(€)] de
— 0, as y \ 00,

(2.12)

also by the dominated convergence theorem. The two properties (2.11)—(2.12) imply
(2.13) we C.([R.
In addition, we have, for y > 0,

dyuly,x) = —(2m) /2 / ElevIEl f(g)ei € de,

(2.14) Outya) = (2m) /2 [ |2 fepe< de

- _A:pu(yv .CI?),

so u, given by (2.5), satisfies the conditions (2.2)—(2.3), as long as f satisfies (2.6).
Let us denote the solution operator by PI,

219 PLf(y.a) = (2m) " [ e e e
We have
(2.16) PI: FL'(R") — C,(RT") N {u e C2(RTH) : Au = 0}.

Now, since u = PI f is harmonic on Rﬁ_ﬂ, the strong maximum principle applies.
In light of (2.11)—(2.12), this implies

(2.17) sup | PI f(y, )| = sup [f(x)],

when f € FL'(R"). Using this, we can establish the following.
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Proposition 2.1. The map Pl in (2.15)-(2.16) has a unique continuous linear
extension to

—n+1

(2.18) PI:C,(R") — C.(R_ ).
Proof. To see this, note that
(2.19) FL'(R™) is dense in C,(R™).

Indeed, since S(R™) C L'(R™) and F, F* : S(R") — S(R™), we get (2.19) from
(2.20) S(R™) ¢ FLY(R") and S(R™) is dense in C,(R").

To proceed, given f € C,(R™), produce f, € FL'(R") such that sup |f — f,| < 277.
Then PI f, is well defined in C, (Efrl), and

(2.21) sup |PLf, —PLf,[ <sup [f, — ful,
Rn+1 R~
+
so (PIf,) is a Cauchy sequence in C, (@T—l). As such, it has a unique limit u in

C. (Kiﬂ), and the extension takes PI f = w.

REMARK. A little later we will see that PI f is harmonic on R’frl, for all f €
C.(R™).

As one attack on a further formula for PI f, we get from (2.5) that, if f, fe
L'(R"), ie., f € A(R"), then

u(y,x) = (2m)™" // f(z)e VIElei@=2)¢ gz q¢

(2.22)

- [ 1P~ 2=
where
(2.23) P#(y,z) = (277)_”/e‘mﬂem'5 dg.

Here we have used the absolute summability of the double integral in (2.22) to
interchange order of integration (using Fubini’s theorem). We claim that P7 (y, )
is equal to

Y
(07 + o)

(2.24) P, (y,x) =cp



with

1
(2.25) Cn = 7f<"+1>/2r(%).
This is established in Chapter 3, §5 of [T]. The derivation is not at all straightfor-
ward, except in the case n = 1. It is straightforward to get from (2.23) that

Ly
2.26 P (y,2) = Pi(y,2) = = ——.
( ) 1 (y Z) 1(y Z) T y2—|—l‘2
For n > 2, the derivation of (2.24) given there goes through a “subordination
identity,” whose proof in turn is somewhat sophisticated. Here, we provide another
route to the identity

(2.27) PI f(y,z /f (Y, x — 2)dz,

with P, (y,z) given by (2.24).

Even without looking at (2.24), we might expect the formula for P, (y, z) to have
a structure somewhat parallel to (2.26). To get it, we note that the fundamental
solution to the Laplacian 85 + A, on R*""! is equal to a constant times

(2.28) En(y,x) = (y2 + |x|2)(2*(n+1))/2 — (yQ + |m|2)(1—n)/2'
Now

which is indeed a constant times the right side of (2.24). Note that since FE,, is
harmonic on R™™*\ (0,0), so is 9,E,, so we deduce that the function P,(y,z),
given by (2.24), is harmonic on R"*1\ (0,0). Furthermore, for y > 0, this function
is an integrable function of x € R™. In fact, for y > 0, we have

Po(y,z) =y "Qn (§>a

(2.30) o

Qn(m) = (1 T |x’2)(n+1)/2'
Clearly
(2.31) /Pn(y,x) do = /Qn(x) dr, Yy > 0.

We pick ¢, (below) so that this integral is equal to 1. We deduce from these
calculations that, if f € C,(R™), then

(2.32) /f (Y, — 2)dz
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is harmonic on R?fl, and
(2.33) u(y,x) — f(z), uniformly, as y 0.

Consequently we can readily verify that, if f € C,(R™), then u, defined by (2.32),
with P, given by (2.24), solves the Dirichlet problem (2.2)-(2.3). In light of the
uniqueness result, Proposition 1.1, we hence have

(2.34) Pl f(y,z) = /f(z)Pn(y, xr — z)dz,

with P, (y,z) given by (2.24).
It remains to compute ¢, so that [ @Q,(z)dx = 1, and verify (2.25). We use
spherical polar coordinates on R" to write

L Qn(m)dx:/(l+|m|2)‘adm (a="27)

Cn 2

:// (1+r3)~ " L drdS(w)
0
Sn—l

=A, 1 / (14" Lar
0

Ap_1 [
- ! / (1+t)" ™/ ? at.
2 0

This last integral is given by Euler’s beta function, defined for =,y > 0 by

B(m,y):/ (14 u) " Yu® ! du
0

(2.36) 1
= / "7 11— 5)Y "t ds.
0
We have
1 An—l n 1
(2.37) = | Qu@yde == B(E, 5).
Now the classical evaluation of B(x,y) (cf. [T], Chapter 3, Appendix A) is
I'(z)l(y)
2.38 Bz, y) = — 2 Y)
(2.38) @) = T

Hence, recalling that A,_; = 27"/2/T'(n/2), we have
1 ﬂ.n/Q F(ﬂ)]_"(l) 7.(.(71—1—1)/2
(2.39) — [ Qn(z)dx = —— Qn 2/ = — ,
cn I(3) () T3
and we have (2.25).

In view of the harmonicity on R of u, given by (2.36), for f € C.(R"), we
have the following result, advertised in the remark below (2.21).

Corollary 2.2. The extension PI given in Proposition 2.1 has the property that
(2.40) PI: C,(R") — C,(R} )N {u e C2RT) : Au=0}.



3. The Dirichlet problem on a ball

Let B C R™ denote the unit ball {x € R™ : |z| < 1}. (For n = 2, we use the
notation D, for the unit disk.) The Dirichlet problem on B is

(3.1) Au =0 on B, u‘aB = f,
for
(3.2) u€ C*(B)NC(B), given f € C(OB).

In the course of studying Fourier series, we produced the formula

‘ 1—72 [T f(e™)
0\
(3:3) u(re™) = 27 /7r 1 —2rcos(6 — p) + 12 de,

when n = 2. If we switch notation to
3.4 r=re €D, y=e%eS'=0D, ds(y)=dyp (arclength),
¥
and note that
2~y = (re® — &) (re ™ — )
(3.5) =72 41— (%) 4 omi0-0))
=1—2rcos(f — ) + 12,

we can rewrite (3.3) as

(3.6) uw) = 5ot [ 0 s
oD

for the solution to (3.1)—(3.2), when n =2 and B = D.
Moving from dimension 2 to dimension n > 3, we are motivated to try a formula
for the solution to (3.1) of the form

(3.7) ua) = ol ~ o) [ st
Sn—l

We will show that this works, and along the way calculate the constant C,,. First
we will show that, for each f € C(S™"1), the function u is harmonic on B. This is
a consequence of the following.
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Lemma 3.1. For a given y € S*™1 (i.e., |y| = 1), set
(3.8) v(z) = (1= |al*)|z —y[7".

Then v is harmonic on R™ \ {y}.

Proof. 1t suffices to show that w(x) = v(x + y) is harmonic on R™ \ {0}. Since
1—|z+vy|*>=—(2x -y + |x|?) provided |y| = 1, we have

(3.9) —w(z) =2(y - @)l 7" + 27"

We have already seen that |z|2>~™ is harmonic on R™ \ 0, as a consequence of the
formula for A acting on radial functions. Now applying 0/0x; to a smooth harmonic
function on an open set in R™ gives another, so the following are harmonic on R™\ 0:

0
(3.10) wj(z) = %MQW = (2 = n)z, |z
For n = 2, we take instead

0
(3.11) o, log || = x;|z| 2.

Thus the first term on the right side of (3.9) is a linear combination of these func-
tions, so the lemma is proved.

To justify (3.7), it remains to show that if u is given by this formula, and C,, is
chosen correctly, then v = f on S"~!. Note that if we write z = rw, w € S 1,
then (3.7) yields

(3.12) urs) = [ plrw )1 (y) dS(0),
Sn—l

where

(3.13) p(r,w,y) = Cp (1 —r2)|rw —y| ™™

It is clear that
(3.14) p(r,w,y) — 0, asr N1, if w#y,

with uniform convergence on each compact subset of {(w,y) € S"~! x §7~1 :
w # y}. We claim that

(3.15) / p(r,w,y) dS(y) = C1,
Snfl
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a constant independent of r and w. The independence of w follows by rotational
symmetry. Thus we can integrate with respect to w. But Lemma 3.1 implies that

(3.16) p(r.a,y) = Co(1 = |rzf*)[rz —y|7"

is harmonic in z, for |z| < 1/r, so the mean value property for harmonic functions
gives

1
/ p(r,w,y) dS(w) = Cp,
An—l

Sn—1

(3.17)

for all r < 1, y € S"~1. This implies (3.15), with C/, = C,, A,,_1.

By (3.15) and the fact that p(r,w,y) is highly peaked near w = y € S" ! as
r /1, the standard approximate identity argument yields that the limit of (3.12)
asr /' 1is equal to Cp, A, _1f(w), for each f € C(S"~1). This justifies the formula
(3.7) and fixes the constant: C,, = 1/A,,_;. We record the conclusion.

Proposition 3.2. Given f € C(S™™1), the solution in C(B) N C?(B) to (3.1) is
given by the Poisson integral formula

.19 uw) = 20 [ T as)
Sn—l

Furthermore, this solution is unique.

Recall that uniqueness follows from Proposition 1.1.

Another way to write the conclusion (3.18) of Proposition 3.2 is

(3.19) u(rw) = lA;_rl / = 2rwf‘(3;)+ e dS(y).
S’nfl

We define the Poisson integral operator
(3.20) PI: C(0B) — C(B)

as PI f(z) = u(x), given by (3.18), for x € B, and PIf(z) = f(x) for x € 0B.
Proposition 3.2 asserts that PI has this mapping property, and in addition

(3.21) Pl: C(0B) — {u € C*(B) : Au = 0}.
Let us also record the fact that, for f € C(9B),

(3.22) sup | PIf| =sup |f|.
B oB
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4. Regularity theorems for harmonic functions

We have defined the Poisson integral operator PI on C(9B) in (3.18)—(3.21). It
is useful to note that one can apply an arbitrary x derivative 95 to the right side
of (3.18), and supplement (3.21) with the result

(4.1) PI: C(092) — C°°(B).
We also have, for each multiindex o and r < 1,

(4.1A) sup |05 PIf(x)| < Cq sup |f].
oB

|z <r

Translation and dilation of variables allow us to work on a general ball Br(p), of
radius R, centered at p € R™, obtaining solution operators

Pl r : C(0Br(p)) — C(Br(p)) N C™(Br(p)),

(4.2)
u=PL, p f = Au=0 on Bgr(p),

u|aBR(P) =/

and, by Proposition 1.1, PI, r f is the unique solution to such a Dirichlet problem.
These observations lead to the following regularity theorem.

Proposition 4.1. If Q C R" is open and

(4.3) ue€ C?(Q), Au=0onQ,
then
(4.4) u e C(Q).

Proof. Take p € Q and pick R > 0 such that Br(p) C €. It suffices to show that,
for each such p, R,

(4.5) u € C*°(Bgr(p)).
Indeed, the observations made above imply that, on Bg(p),

(4.6) u=Plrf [= “‘aBR(p)’

and the conclusion (4.5) follows from (4.2).

Our next result establishes regularity for a locally uniform limit of a sequence of
harmonic functions.
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Proposition 4.2. Let Q C R"™ be open. Assume

(4.7) ug € C*(Q), Aux =0, up — u, locally uniformly on €.
Then
(4.8) ue C®(), Au=0,

and, for all a,

(4.9) Ogup — Oy, locally uniformly on S

Proof. The assumption uy — u locally uniformly on Q implies u € C(2). To
proceed, pick p € Q, and R > 0 such that Br(p) C §2; hence uy, — w uniformly on
B R(p) Set

(410) fk = uleBR(p)’ f = u|8BR(p)'

Hence fi — f uniformly on 0Bg(p). Parallel to (3.22), we have

(4.11) sup |PL, r(fx — f)l= sup |fi— [,
Br(p) dBr(p)

ie.,

(4.12) sup |ur —PL, r fl = sup |fx — fl,
Br(p) dBRr(p)

and taking k — oo yields
(4.13) u=PL,rf, on Bgr(p).

Since this holds for arbitrary p € Q, this gives (4.8). The result (4.9) follows from
the fact that, parallel to (4.1A), for r < R,

(4.14) sup |0y PL, r(fx — f)| < Copr sup |fx — f].
|z —p|<r 9BRr(p)
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5. Converse of the mean value property

Previous sections have made use of the fact that harmonic functions have the
following mean value property.

Proposition 5.1. Let Q C R" be open, u € C?(Q) harmonic. Assume Bgr(xg) C

Q. Then

(5.1) AV85Bp (2) U = U(Z0),
and

(5.2) AVE R, (z) U = u(T0).

Just for grins, we recall the proof given in class. Several other proofs are given
in [T] and [T2]. To begin, we define ¥ on [0, R] by

(5.3) Y(r) = / u(zo + rw) dS(w).

Snfl
Then

P(r) = / w - Vu(zg + rw) dS(w)

/ By u(x) dS(z).

OB, (xo)

(5.4)

We use the Green theorem, which implies that, for any smoothly bounded O C €,

(5.5) /ayu dS =0, if Au=0on Q.

Taking O = B,.(z¢), we deduce that
(5.6) Y'(r)=0, Vre(0,R],
hence 1(0) = ¢(r), for all r € (0, R]. This gives (5.1). Furthermore,

/ da:—/ / u(zg 4+ rw) dS(w) r"tdr

Br(zo)

(5.7) = /0 b(r)r~tdr

R
= u(xo)An_l/O r L dr
= V(BR)U(:Bo),
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and we have (5.2).
This result motivates the following concept.

Definition. A function u € C(€2) is said to satisfy the mean value property (MVP)

provided (5.2) holds whenever Bg(zg) C €.

The proof of the strong maximum principle for harmonic functions works without
change in the setting of continuous functions satisfying the MVP:

Proposition 5.2. Let Q C R™ be open and connected. Assume u € C(Q)) satisfies
the MVP, and is real valued. If xo € €2 and u has a maximum at xo, the u s
constant.

Proof. Let X = {z € Q : u(z) = Umaz}. By hypothesis, 2o € X. Clearly X is a
closed subset of 2. Now, if 1 € X and B,.(z1) C 2, we have

(55) AvgBT,(ml) u = U(l'l) = Umazx,

hence B, (z1) C X, so X is open. If {2 is connected, this forces X = .

We have the following immediate consequence.

Corollary 5.3. Let Q C R™ be bounded and open, w € C(Q). If u satisfies the
MYVP on (Q, then

(5.11) sup u = sup u,
Q o2
and
(5.12) sup |u| = sup |ul.
Q o2

Here is our advertised converse to the mean value property.

Proposition 5.4. Let  C R™ be open, u € C(Q2). Assume u satisfies the MVP.
Then u € C*(2) and Au = 0.

Proof. Tt suffices to show that if the ball B C €, then u is harmonic on B. To this
end, set

(5.13) v="PILf, f=ul,p,

Then v € C*°(B) and Av = 0 on B. Since both u and v satisfy the MVP on B, so
does w = u —v. Also w|gp = 0, so Corollary 5.3 implies w = 0 on B, i.e., u = v on
B, so u is harmonic on B.
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6. Schwarz reflection principle

Let 2 C R™ be a connected open set with the property that

(6.1) x € Q= p(z) €,

where

(6.2) p(T1, o Tp1,Tn) = (L1, ., Tpe1, —Tn)-
Set

6.3) Q" ={recQ:z,>0}, QO ={re:2,<0}, T={xecQ:2, =0}

The Schwarz reflection principle states the following.

Proposition 6.1. Assume u € C(QT UY),
(6.4) u is harmonic on Q%, and u =0 on 3.
Define v on € by

v(z) = u(x), for z€QTUY,

(6.5) —u(p(x)), for xeQ .

Then v s harmonic on SQ.

Proof. Clearly v € C(2), and v is harmonic on Q7 and on Q. It suffices to show
that, if

(6.6) p€X, Brip) CQ,

then v is harmonic on B,.(p). To this end, set

(6.7) =254 w=Phf
S0
(6.8) w € C(B(p)), w‘aB o = f,  w is harmonic on B, (p).

Now p : B,.(p) — B,(p), and p : 0B, (p) — 0B,(p), and we have
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It follows by symmetry that

(6.10) wop=—w.

Also, of course, v o p = —v. Therefore, if we set

(6.11) O. = B,(p) N 0%,

we have

(6.12) v—weC(O0y), v—w=0o0ndO,,

and v — w is harmonic on O . It follows from Proposition 1.1 that
(6.13) v=won Oy,

and then, by (6.10) and its analogue for v,

(6.14) v=won O_, henceon B,(p).

Thus v is harmonic on B,.(p), and Proposition 6.1 is proved.
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7. Liouville theorems

Here we establish the following form of Liouville’s theorem.

Proposition 7.1. If u € C?(R") is harmonic on all of R™ and bounded, then u is
constant.

Proof. Pick any two points p,q € R™. We have, for each r > 0,

(7.1) u(p)—u(q):m( / w(z) dz — / u(z) de).

B (p) B.(q)

Note that V' (B,(0)) = Cp,r™. Thus

(72) )~ (@] < 2 [ Juta)| o
A(p,q,r)
where
(73)  Alp,ar) = Br(p)AB() = (Be(p)\ Br(@)) U (Brla) \ B ().

Now, if a = |p — ¢|, then

A(p, q, ’I“) - Br+a(p) \ Br,a(p),

hence

(7.4) V(A(p,q,7)) < C(p,q)r"*, for r>a.
It follows that, if |u(x)| < M for all x € R™, then

(7.5) u(p) —u(q)| < MC,C(p,q)r™!, Vr>a.

Taking r — 0o, we obtain u(p) — u(q) = 0, so u is constant.

Alternative approach

Another approach to Liouville’s theorem involves estimating Vu when u is har-
monic. To start, suppose

(7.6) u € C(B), harmonic on the interior,
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with B = B;(0). We take the Poisson integral formula (3.18) and differentiate.
Using

—n __ r—y
(77) vm‘x - y’ = —n |3§‘ _ y|n+27

and evaluating the resulting integral at x = 0, yields

n
(7.8 vu(0) = " [ ulwyasi).
n Sn_l
Hence
|Vu(0) y)|dS(y
(7.9)
=n AVgaB \U’-

Translating and dilating coordinates, we have the following.

Proposition 7.2. Let u € C(Bgr(p)) be harmonic on the interior. Then

n

(7.10) Vu(p)] < = AvEap, () lul-

:U

We now give the

Second proof of Proposition 7.1. If u is harmonic on R™ and |u(z)| < M for
all z, then (7.10) gives, for each p € R™, R > 0,

(7.11) |Vu(p)| <

Taking R — oo gives
(7.12) Vu(p) =0, Vp,
which implies u is constant.
Going further, suppose that, in Proposition 7.2, u is also > 0 on Br(p). Then

AVgaBR(p) uf = AVgBBR(p) u = u(p),

so we have the following.
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Proposition 7.3. Let u € C(Bgr(p)) be harmonic on the interior and > 0. Then

(7.13) Vu(p)| < Zu(p).

With this in hand, we have the following sharper Liouville theorem.

Proposition 7.4. If u € C%(R") is harmonic and > 0 on all of R, then u is
constant.

Proof. We see that (7.13) holds for each p € R™ and each R > 0. Taking R — oo
again gives (7.12), so u is constant.

Corollary 7.5. Fach function that is harmonic on all R™ and bounded from below
by some a € R is constant.

To obtain other extensions of Liouville’s theorem, we return to the setting of
(7.6) and derive estimates on higher derivatives of u. Recalling the Poison integral
formula,

1 1—|z|?
7.14 u(z) = P, (x,y)u(y)dS(y), P.(x,y)= ,
1) u) =g [ Peaum)asw). Plew)= =
Sn—l

we have, for y € S"~1,
(7.15) %P (0,9) = Pna(y), Pna € CZ(S"1),
and

1
(716 0u0) = [ pualp)uv) dS().

" Sn—1
SO
(7.17) 0%u(0)| < Ko Avepp [ul, Ko = sup |pna(y)]-

Translating and dilating coordinates, we have the following.

Proposition 7.6. Let u € C(Bgr(p)) be harmonic on the interior. Then

lo' KOé
(7.18) 0u(p)| < =% AVEgp(p [l

This estimate enables us to establish the following extension of Liouville’s theo-
rem.
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Proposition 7.7. Let u be harmonic on R", and assume there exist Cy,Cy, and
k such that

(7.19) lu(z)| < Co + Cilz|k, VzeR™

Then u(x) is a polynomial in x, of degree < k.

Proof. For each x € R", R > 0, (7.18) applies. The estimate (7.19) implies

(7.20) sup  |u(z)| < Co + C1(R+ |p)¥,
|lz—p|<R

and then (7.18) implies

o Ka :
(7.21) 0P u(p)] < s [Co+ Cr(R+[p)H], if o = k+1.
Taking R — oo yields
(7.22) 0%u(p) =0, VpeR" |aj=k+1,

which in turn implies u(z) is a polynomial of degree < k.



22

8. Removable singularity theorem

The following is a removable singularity theorem for harmonic functions. It
extends in several ways the familiar removable singularity theorem for holomorphic
functions on planar domains. Take B = B1(0) C R™.

Proposition 8.1. Assume u € C%(B\ 0) N C(B\ 0) is harmonic on B\ 0 and
bounded, 1.e., there exists M < oo such that

(8.1) lu(z)] < M, VYaz€B\O.

Then u can be extended (in a unique fashion) to be harmonic on all of B.

Proof. Let f = u|sp and set
(8.2) v=PIf, wveC(B)NC*B).
We claim that v = w on B\ 0. To see this, consider w = u — v on B\ 0. we have

we C(B\0)NC?*(B\0), Aw=0on B\0, =0.

w|8B

Also |w| < 2M on B\ 0. We claim w = 0.
To show this, we can assume w is real valued. Now bring in the function

HcC(B\0)NnC*B\0),

given by
(8.3)

We see that H is harmonic on B\0, H > 0 on B\0, H = 0 on 0B, and H(x) — +00
as x — 0. Hence, for each ¢ > 0, there exists dp > 0 such that

(8.4) eH —w >0 on 9B;(0), Vée(0,d).

The maximum principle implies

(8.5) eH —w >0,

on B\ Bs(0). Taking 6 N\, 0 yields (8.5) on B\ 0. Then taking e \, 0 yields
(8.6) w<0 on B\O.

A similar argument gives w > 0 on B\ 0, hence w = 0, and the proof is complete.



23

9. Harnack estimates

Harnack inequalities deal with harmonic functions that satisfy one-sided bounds.
To start, assume u € C(B) is harmonic on B = B1(0) and > 0. Thus u|sgp = f >0
and u is given by (3.18). Hence, for z € B,

u(w) = (1= jaf?) - min o~ 9|~ Avyp f

"ty
(9.2) u(z) > 1_—|x|u(0) Va € B.
= (T et

If we omit the hypothesis that u is continuous on B, and apply this reasoning to
up(x) = u(bzr) and let b 7 1, we obtain (9.2) for this more general class. Going
further, we can apply translations and dilations, and obtain the following result,
known as Harnack’s inequality.

Proposition 9.1. Assume u is harmonic on Br(xg) and > 0 there. Then, for all

T € BR(JZ()),

1-— R_I‘Z'l — 5130’
u
1+ R_1|IL’1 — $0|)n_1

(9.3) u(zg) > ( (xo).

It is useful to complement Harnack’s lower bound with an upper bound. Again,
we assume u € C(B) is harmonic on B and > 0, and complement (9.1) with

u(z) < (1—|z|?) - max |z —y|™" Avgyp f

(9.4) ly|=1
' R
= O
1+ |z
(9.5) u(z) < WU(O), Ve B.

We can remove the hypothesis of continuity on B by the dilation argument used
above. Further translation and dilation gives the following complement to Propo-
sition 9.1.
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Proposition 9.2. Assume u is harmonic on Br(xo) and > 0 there. Then, for all
T € BR(LL'()),

(9.6) u(zy) <

As a first illustration of the use of Harnack’s estimate, we give a second proof of
the Liouville theorem, Proposition 7.4, whose statement we recall.

Proposition 9.3. Assume u € C?(R™) is harmonic and > 0 on all of R™. Then
u 18 constant.

Proof. Given zg,z1 € R", we can take R > |z; — xo| and apply (9.3). Taking
R — oo then gives
u(zy) > u(xg), VYaxo,z1 € R™

Reversing roles gives u(zg) > u(x1), so u is constant.

We will proceed in §10 with a further extension of Liouville’s theorem.
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10. Further Liouville theorems

Here we show how the Harnack estimates lead to further versions of Liouville’s
theorem. The following will provide a key step.

Proposition 10.1. For each n > 2, there exist constants K,, € (0,00) with the
following property. Let u be harmonic on Br(0) C R™. Assume

(10.1) u(0) =0, wu(x) <M on Bg(0).
Then
(10.2) u(xr) > —K,M on Bpg/(0).

Proof. Apply Proposition 9.3, with M replaced by M — wu, which is > 0 on Bg(0),
and equal to M at xog = 0. We see that

R 3
(10.3) Lm¢=-§::>ﬂf—wxngg§2m4ﬂm

so (10.2) holds with K,, = 3-2"72 — 1.

As a first application of Proposition 10.1, we present a

Third proof of Proposition 7.4. If v > 0 is harmonic on all of R™, then
u(z) = v(0) — v(x) satisfies (10.1), with M = v(0), for all R, so (10.2) implies
u(z) > —K,v(0) for all z € R™. Hence u is harmonic and bounded on R"™, so the
fact that u is constant follows from the first Liouville theorem, Proposition 7.1.

The following result leads to an important sharpening of Proposition 7.7

Proposition 10.2. Assume that u is harmonic on R™ and that there exist Cy, Cy €
(0,00) and k € N such that

(10.4) u(z) < Co+ Cy|z|*, VYV eR™
Then there exist Cy,C5 € (0,00) such that

(10.5) u(z) > —Cy — Cslz|*, Ve R™

Proof. Apply Proposition 10.1 to

u(x) —u(0), M = Co+ |u(0)] +CyR".

Putting together Propositions 10.2 and 7.7, we have the following.
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Corollary 10.3. If u is harmonic on R™ and satisfies (10.4), then u(z) is a poly-
nomial in x, of degree < k.

Here is a basic application of Corollary 10.3 to complex function theory.

Proposition 10.4. Let f : C — C be holomorphic. Assume there is a bound
(10.6) e’ < cetl?l, vzec.
Then f(z) has the form

(10.7) f(z) =az+0.

Proof. The bound (10.6) implies

(10.8) Re f(z) < Alz| + A'.
Hence, by Corollary 10.3,

(10.9) Re f(2) = ax + By + v,

with z = = + iy. Consequently the harmonic conjugate v(z,y) of u(x,y) = Re f(2)
is also a first-order polynomial in x,y. This yields (10.7).
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