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LetM be a compact, n-dimensional Riemannian manifold, with Laplace operator
∆. We consider the following Dirichlet problem for the wave equation,

(1)
(∂2

t −∆)u = 0, 0 ≤ t ≤ T,

u(0, x) = f(x), u(T, x) = g(x),

and aim to establish the following.

Proposition 1. Take s > n. Then, for a.e. T ∈ (0,∞), (1) has a unique solution
for each f, g ∈ Hs(M), satisfying

(2) ∥u(t, ·)∥L2(M) ≤ C
(
∥f∥Hs(M) + ∥g∥Hs(M)

)
.

To get this, we let {uk : k ≥ 0} be an orthonormal basis of L2(M), consisting of
eigenfunctions of ∆,

(3) ∆uk = −λ2
kuk, 0 ≤ λ0 < λ1 < · · · ↗ ∞.

(Assume M is connected.) We seek a solution

(4) u(t, x) = (a0 + b0t)u0 +
∑
k≥1

(ake
itλk + bke

−itλk)uk.

We write

(5) f =
∑

f̂(k)uk, g =
∑

ĝ(k)uk,

with f̂(k) = (f, uk). The boundary condition in (1) requires

(6) a0 = f̂(0), a0 + b0T = ĝ(0),

and, for k ≥ 1,

(7)
ak + bk = f̂(k),

eiTλkak + e−iTλkbk = ĝ(k).

From (7) we get

(8) bk =
eiTλk f̂(k)− ĝ(k)

2i sinTλk
.
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Thus our task is to show that, for a.e. T > 0, | sinTλk| stays away from 0, in a
quantifiable way, for k ≥ 1 (hence for λk ≥ λ1 = b > 0).

To this end, let us take A ≥ 1 and γ ∈ (0, 1), and estimate

(9)

∫ A

0

| sin tλ|−γ dt, for λ ≥ b.

A change of variable shows that (9) is equal to

(10)
1

λ

∫ Aλ

0

| sin s|−γ ds ≤ C,

where C = Cγ,bA. Hence, if we fix σ > 0 and set

(11) Xk,N =
{
t ∈ (0, A] : | sin tλk|−γ ≥ Nλσ

k

}
,

we have, by Chebecheff’s inequality,

(12) m(Xk,N ) ≤ C

N
λ−σ
k .

It follows that, for each N ,

(13) m
(∪
k≥1

Xk,N

)
≤ C

N

∑
k≥1

λ−σ
k =

C ′

N
,

provided

(14) C
∑
k≥1

λ−σ
k = C ′ < ∞.

We then get

(15) m
(
[0, A] \

∪
k≥1

Xk,N

)
≥ A− C ′

N
.

Now, for T in the set measured in (15),

(16) | sinTλk|−1 ≤ N1/γλ
σ/γ
k , ∀ k ≥ 1.

It follows that, for such T ,

(17) |bk| ≤ N1/γ
(
|f̂(k)|+ |ĝ(k)|

)
λ
σ/γ
k ,
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with a similar estimate on |ak|, so (2) holds as long as

(19)
∑
k≥1

λ−s
k < ∞.

In view of the Weyl asymptotic formula

(19) λk ∼ C(M)k1/n, k ↗ ∞,

this holds as long as s > n.

Remark 1. Once one has (17), we also have, for each r ∈ R,

(20) ∥u(t, ·)∥Hr(M) ≤ C
(
∥f∥Hr+s(M) + ∥g∥Hr+s(M)

)
.

In addition,

(21) ∥∂tu(t, ·)∥Hr−1(M) ≤ RHS (20).

Furthermore, the solution to (1) holds for all t ∈ R, not just for t ∈ [0, T ].

Remark 2. Note that the assertion that (18) holds for all s > n is equivalent to
the assertion that

(22) (−∆+ 1)−s/2 is Hilbert-Schmidt on L2(M), for s > n/2,

hence a consequence of the fact that any continuous linear operator

(23) T : L2(M) −→ Hs(M), s >
n

2
,

is Hilbert-Schmidt on L2(M). This is more elementary than a derivation of eigen-
value asymptotics (19).


