Local Regularity of Solutions to Au = f
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Let M be a compact Riemannian manifold, with Laplace operator A. As seen
in §5.1 of [T], we have an isomorphism

(1) L:HYM) = H Y M), L=-A+1.
More generally,
(2) L:HY(M) = HY(M),

for k € Z*, and then, by duality, for all & € Z. Furthermore, by interpolation
(cf. [T], Chapter 5, (1.53)—(1.54)),

(3) L:HY (M) = HY (M), VseR.

Here, we establish a local regularity result. Here is our first version.
Proposition 1. If Q C M is open, then, for each s € R,

(4) uwe HE (Q), Au=f € H Q) = uec HTHQ).

loc loc

Here, by definition,
(5) u€ H (Q) <= pue H (M), Yo e C5° ().

Proof. Assume the hypothesis in (4) holds. Take ¢ € C§°(f2), so pu € H*(M).
Then

(6) Alpu) = pAu+[A, plu,

where [A, ¢] = X, is a first-order differential operator, whose coefficients are sup-
ported in supp ¢ CC 2. Hence

(7) u € HE (Q) = X,ue€ HHM).
We have
(8) (A —1)(pu) = pAu+ Xou — pu € HH(M),

so the isomorphism (3) implies pu € H*T1(M). This proves Proposition 1.

Note that applying L' to (8) yields the estimate
©) loull s+ ary < CllpAullars—1(ary + Cll Xpu — pull ars—1(ary
< ClleAu| gs—1(ary + CllYull g (),

provided ¢ € C§° satisfies 1 > 0 on supp .
Iterating this argument yields the following.
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Proposition 2. In the setting of Proposition 1, if s <r € R, then

(10) u€ HE (), Au= fc H 1Q) = uec H TH(Q),

loc loc

and, for o, € C5°(Q), ¥ > 0 on supp ¢,

(11) vl zrr+1(ary < ClleAul|gr-1(ary + Cllbull s (ary-

Proof. Given that s < r, the hypotheses of (10) yield

(12) ue HHQ),
as an application of (4). Now if s+ 1 < r, one can again apply (4), with s replaced
by s+ 1, to get u € HT?(Q). Continue until you get u € HEH(Q) and s + £ > 7.

Then you can apply (4) one last time, with s replaced by r, to get u € Hf:gl(Q)
We leave it to the reader to carry out the estimate (11).
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