Product Manifolds with Small Weyl Remainders
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Abstract

We say a compact, /-dimensional Riemannian manifold Y has spec-
tral asymptotics with algebraically small Weyl remainder if the spctral
counting function satisfies

N(Ay, R) = C(Y)Re + O(Ré—l—a),

for some a > 0. We show that if this holds, then each compact Carte-
sian product M = X x Y also has spectral asymptotics with alge-
braically small Weyl remainder.
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1 Introduction

Let M be a compact, m-dimensional Riemannian manifold, with Laplace
operator Aps. Then L?(M) has an orthonormal basis of eigenfunctions u;,

Apuy =—=Nuj, 0=XA <--- <A S 4oo. (1.1)
We define the spectral counting function
N(Apy,R)=#{j e N: \; < R}. (1.2)
It is classical that
N(Ay, R) = C(M)R™+ O(R™1). (1.3)

See [5]. The unit sphere S™ is an example for which the remainder O(R™ 1)
cannot be improved. There are a number of results that do yield improved
Weyl remainder estimates. In [4] it is shown that one can take o( R™~!) in
case the geodesic flow on M has “not too many” periodic orbits. The paper
[1] shows that under certain geometrical conditions, one can take

O(R™ 1/log R) (1.4)

as a remainder estimate in (1.3). Recently [3] obtained such an improved re-
mainder estimes for a much broader class of Riemannian manifolds. Among
the results obtained there is that (1.4) holds whenever M is a Cartesian
product, M = X x Y, of two Riemannian manifolds, with the product met-
ric.

Now it is classically known that one can obtain remainder estimates of
the form

O(R™ =), (1.5)

with a > 0, when M = T™ is a flat torus. (Just how big one can take « is an
unsolved problem; see [2].) Recently [6] have obtained remainder estimates
of the form (1.5) whenever M is a product of spheres,

M:SChX"'XSdk, m:d1++dk (16)

Also, [9] has a remainder estimate of the form (1.5) for AV(L,, R), when
M =S%and L, = X? + X3 +aX3, a € (0,1) U(1,00), where X; generates
2m-periodic rotation about the z;-axis in R3. The classical analysis of M =
T™, uses lattice point estimates, and the analyses in [6] and [9] use certain
weighted lattice point estimates, [9] bringing in results from [7].



In this paper we look further at Cartesian products,
M=XxY, dmX=n,dmY =¥¢ m=n+1/¢, (1.7)
and establish the following.

Theorem 1.1 Assume X and Y in (1.7) are compact Riemannian mani-
folds. Assume that, for some o € (0,1),

N(Ay,p) =C(Y)p" + Ry(p), Ry(p)=0(p""""%), (1.8)

Then
N(Ay,R)=C(M)R™ + O(Rm_l_o‘). (1.9)

The proof divides into two pieces. First, if {v;} is an orthonormal basis
of L?(X) such that

then
N(Ay,R) =D N(Ay,\/R? - ), (1.11)
pi<R

and we show in §2 that if the hypothesis (1.8) holds, then

N(Ay,R)=C(Y) Y (R = p2)"/? + O(R™ 7). (1.12)
ui<R

Now the sum over p; < R on the right side of (1.12) is equal to

Ry (1 - (’2)2)12/2 — R Trpp(A), (1.13)
ni<R
with
A=+v"Bx. ¢r(N) =e(\R), o(\)=(1-)7 (1.14)

We show in §3 that, for ¢ as in (1.14), £ > 0,
Tripp(A) = Cx(p)R" + O(R"177), (1.15)

with v = £/2, and thereby obtain (1.9).



2 Reduction to study of Trppr(A)

Here we show that the hypothesis (1.8) leads to (1.12). To start, we com-
plement the orthonormal basis {v;} of L?(X), satisfying (1.10), by the or-
thonormal basis {w;} of L?(Y), satisfying

Ayw; = —viw;, v; S +oo. (2.1)
Thus we have an orthonormal basis {uj;} of L?(M):
uj; = vjwi,  Apuj; = —(,u? + v)uji, (2.2)

giving the spectrum of Aj; in terms of the joint spectrum of (Ax, Ay ). We
see that

N(Awn, R) = #{(i,j) e Nx N: p¥ + v} < R?}
= #{(i,j) ENxN:p; <R, v; < (R* — p)'/?}

(2.3)
— Z N(AYa \/ R2 - lu’?)
ni<R
Now we bring in the hypothesis (1.8), i.e.,
N(Ay,p) = C(Y)p' + Ry(p), Ry(p)=0(p"""). (2.4)
We obtain
N(Aw, B = S {CONR = 1) + Ry (/B2 = )}, (2.5)
ni<R
and
Z ’Ry( /R2 — ,u?)‘ <C Z (RQ _ M?)(Z—l—a)/Z
pi <R pi <R (2.6)
< CR"'"@.N(Ax,R) ‘
< CQRE—l—a . Rn’
in view of the analogue of (1.3) for X. Hence
(2.6) < CyR™ ™17, (2.7)

and (2.5) yields

N(AM,R) = C(Y) Y (R = 1)"* + Ry (R),
wi<R (28)
Rxy(R)| < CoR™ 17,
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as asserted in (1.12). As noted in §1, we can write (2.8) as
N(An, R) = C(Y)R' Tror(A) + Rxy (R),

with ¢r(A) given by (1.14).



3 Analysis of Trpp(A)

We follow the results of §2 with an analysis of Trppr(A), with gr(\) =
©(MA/R), for a variety of functions ¢, including

() = (132 (3.1)

particularly for ¢ € N, but we will also consider more general cases. We look
at the following class of bounded, Borel functions . We assume that, for
each k € N,

)] < G, (3.2)

and we also assume that each A € R is a Lebesgue point of ¢. Note that
(3.2) implies

¢ e LA R)NC®[R), ¢ e L®[R), Vk>0. (3.3)

A major tool will involve wave equation techniques, coming from
L[5 o i
A= — / t)e ™ dt, 3.4
v = o= [ (3.4

provided ¢ € L*(R), which leads to the notion of the trace of U(t) = €4,
as a tempered distribution, given by

(1), TrU) = V21 Trap(A), o € S(R). (3.5)

See Appendix A for a general discussion of this approach. To apply this to
vr(A), it will be convenient to decompose ¢gr(A) into two pieces, making
use of

B € C5°((—=To,Tp)), such that () =1 for || < Tp/2, (3.6)

where Ty > 0 will be specified below. We write

R =% + % O =BoR. (3.7)
Hence
pr(A) = 0 (A) + % (A), (3.8)
with ) ~
# _ N itA
) = —= [ awpe (3:9)



an identity that fits into the mold (3.4). Thus, as in (3.5), we have

1
Tr o (A) = —— (PR, v), 3.10
I'(,OR( ) \/%“DR U> ( )
where
v=LBTrU € &'(R), (3.11)
so v € C*°(R) and is polynomially bounded, and we have
1 o
Tr#A:/ A)D(N) dA. 3.12
) = —= [ enlio (3.12)

To apply this, we make use of the fact that there exists Ty > 0 such that
TrU[ g, gy € (=10, T0) \ 0) (3.13)

(cf. (A.22)), and use the seminal results of [5] and [4] (cf. (A.27)-(A.36))
that, if we take such Tp in (3.6), then © € S~ (R), satisfying

BA) ~ (2m) Y AT A = 4o, (3.14)
k>0

(and ©(\) is rapidly decreasing as A — —o0), with
co = VolS*X, ¢, =0 for k odd. (3.15)

In connection with this, note that

o0 o0 )\
/ PROVAT I ) = / o)A
0 0 R

N (3.16)
— Rn—k/ S0(}\)/\71—1—.14: d\,
0
provided
0<k<n-1. (3.17)
This yields the following.
Proposition 3.1 As R — oo,
Tegh(A) = Cx(@)R" = O(R™?), ifn>3, 3.18)
O(logR), ifn=2, '
where ~
Cx(p) = (21) " Vol S* X / (M)A, (3.19)
0
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We turn to an estimate of Tr % (A), where, by (3.7), ¢4 is given by
Ph=01-B¢r ie, oh=pr—B*er (3.20)
We attack this using the Hormander estimate (A.37), which is equivalent to
Trxr(A —p) <O, IT=[-1,1]. (3.21)
From (3.21) we have:

Proposition 3.2 Assume that or is a family of positive measures on R
such that

Ph(V)] < / Wi\ — 1) dog(u),  for A>0. (3.22)
Then
Tr ph(8)] < / Tr x1(A — 1) dow(p)
<c / (1" do().

This leads to the following key estimate, which, together with (3.19),
establishes the result

(3.23)

Trpr(A) = Cx(p)R™ + O(R™'77), (3.24)

as advertised in (1.15). As noted there, (1.12)—(1.15) imply (1.9) and hence
prove Theorem 1.1.

Proposition 3.3 Assume that
PN = (1= A1, 70 (3.25)

Then
| Tr % (A)| < CR™ 177, (3.26)

Note that taking v = 0 in (3.25) recovers, in the setting of X, the classical
result (1.3). In this case,

or(A) = X[—r,rR)(N), (3.27)

and estimating gpl}’%()\) is an exercise. For v > 0, the exercise is perhaps a
little less elementary, and we describe one route to the desired estimate. In
the following analysis, we take v > 0.



Note that

PR(N) = %(%), (3.28)
where
b= o) = BerolN), BV =RARY), e=. (329
Equivalently, R
Pe(t) = (1= Bet)p(t). (3.30)

We claim that, outside layers of thickness ~ ¢ about A = +1, ¥.(\) decays
rapidly to 0 as € — 0, and has an amplitude ~ &7 on these layers. To do
this analysis, it is convenient to use a partition of unity and split ¢ into
two pieces, each with just one singularity, one at A = 1 and one at A = —1.
Then translate to move the singularity to A = 0. Having so modified ¢, to
a function we denote 1), we want to analyze 1).()), given by

Ve(t) = (1= B(et)) (o), (3:31)
where ¢ € &'(R) N C*°(R \ 0) satisfies

e STIR), () ~ Y aift TR o oo, (3.32)
k>0
We write R R
B(t) ~ > (D), (3.33)
k>0

with ¢ (t) homogeneous of degree —1 —~ — k on R \ 0. Then the principal
part of 1.()\) is given by
Wy (e71N), (3.34)

where U € S7177(R) is given by (1 — B(¢))iho(t), i.e.,
Wo(t) = ay (1 - BEO) 77, (3.35)

for £¢ > 0. Note that Wy(t) vanishes near ¢ = 0. It follows that ¥ is
continuous on R and smooth on R\ 0, with a conormal singularity of the
same sort as [A|7 at A = 0, and that Wy(A) is rapidly decreasing, together
with all its derivatives, as |A| — oc.
Further terms in the expansion (3.33) yield contributions to () of the
form
EVEg, (e7IN). (3.36)



At some point, one can cut off the sum (3.33) and estimate the contribution
of the remainder in an elementary fashion. The behavior of (3.34) then
leads to an estimate of goll’%(/\), rapidly decreasing as R — oo outside layers
of thickness ~ 1 about A = +R, allowing one to apply Proposition 3.2 and
observe the conclusion (3.22) in Proposition 3.3.
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A Generalities on the wave trace

Here we take X and A as in §1 (cf. (1.14)), though A could be a more
general ellipic, self-adjoint element of OPS1(X). If » : R — C is a Borel
function, we define ¢(A) via the spectral theorem. Combining Sobolev space
regularity and the Sobolev embedding theorem, we have

a> 2, [N < O™ = p(A) : L2(X) » H(X) € C(X)

(A.1)
= ¢(A) is Hilbert-Schmidst,
hence
b>n, [e\)] <O\ = p(A) is trace class. (A.2)
Recall n = dim X. We use the trace norm
| Al = Tr(A*A)Y/2, (A.3)

One convenient formula for ¢(A) arises from combining the spectral the-
orem and the Fourier inversion formula:

R S Y
o) == [ et (A1)

assuming
¢ € L'(R). (A.5)

In particular, (A.4) works for ¢ € S(R), and serves to define the wave trace
as a tempered distribution,

TrU € S'(R), U(t) = e, (A.6)
by
($, TrU) = V21 Tro(A), ¢ e S(R). (A7)

We want to use these constructions to study Try(A) in cases where
¢ ¢ S(R), such as

() = (137 (A8)

with ¢ > 0, introduced in (1.14), and its dilates ¢r(\) = ¢(A/R). For now,
we will work with functions ¢ satisfying the following: each A € R is a
Lebesgue point of ¢, and

lo(\)| < CLN)F, VkeN. (A.9)
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This implies
¢ e L>(R)NC®(R), ¢* e L®[R), Vk>0. (A.10)

It does not imply (A.5), though the functions (A.8) do satisfy (A.5) for
£ > 0. But we also want to handle the limiting case £ = 0. To proceed, we
fix Ty € (0, 00), take

B e C°((—Tv,Tp)), P(t) =1 for |t| <Tp/2, (A.11)
and write
e=p" 1" o =Bxp, ie, §F(t)=B1t)A(1). (A.12)

Then ¢ € S(R), and

p(A) = @7 (A) + ¢ (), (A.13)
with ~
cp#(A) = \/12? /_OO gb(t),B(t)e"tA dt. (A.14)

For judiciously chosen 5 we use (A.10) and results on the wave trace to
analyze Tr p# (A). We use other methods to estimate the trace of

P(A), ") = 0(N) = Bx (V). (A.15)
Let us set
v=LBTrU € &'(R), (A.16)
so 0 € C*(R), and is polynomially bounded. We therefore have the identity
Tro™ (A) = " v
P (M) \/12;<%00> )
- /_oo P(\)B(N) dA.

REMARK. We can readily obtain a definite estimate on |0()\)|, as follows.
First,

. 1 —int
W =gzt T (A.18)
= Tr Br(A),
where
Balp) = Blu— ). (A.19)



From (A.2) we have

[PM)llr < Gy Sup NN, Vo>, (A.20)

which leads to
[6(A)] < Cs(N™H ¥a > 0. (A.21)

If Tp in (A.11) is chosen appropriately, methods of microlocal analysis
yield much more precise information on 9(A). (For one thing, we can replace
n+d by n—1in (A.21).) To start, results on propagation of singularities
show that if you pick 7o > 0 so small that, for each € X, the orbits of H,,
in 7%X \ 0, starting in 75X \ 0 (p1 denoting the principal symbol of A) do
not pass over z for 0 < [t| < Tp, then

TrU}(_TO’TO) € C™((~Tp, Tp) \ 0). (A.22)

A more refined result (cf. [4]) is that if 7" € sing supp Tr U, then either 7' = 0
or the flow generated by H),, has an orbit of period 7. The seminal analysis
of [5] says that, perhaps on a smaller interval (—T7,7T7), e is equal, modulo
a smoothing operator, to Q(t), given by

QOf ) = (2r) " [ [ e 0t 0y ) f ) dedy,  (1.23)
where p(z,y, £) is real valued and homogeneous of degree 1 in &, and satisfies

p(x,y,€) = (& —y,&) + O(|lz — y*[¢]), (A.24)

and ¢ is a classical symbol of order 0. This leads to a precise analysis of

B =Y B = ), (A.25)
J

with p; as in (1.10), whose neatest form is perhaps Proposition 2.1 and
(2.16) of [4]. The conclusion is that whenever (3 satisfies (A.11), with T as
in (A.22), and v is given by (A.16), then

b€ S"H(R), (A.26)
with
B(A) ~ (2m) ") AR as A = oo, (A.27)
k>0
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where

co = Vol 5™ X, (A.28)
where S*X = {(z,£) € T*X : p1(z,&) = 1}. If A? is a differential operator
(e.g., A2 = —Ax), then

¢, =0, fork odd, (A.29)

and also
Cntor =0, for £e€N. (A.30)

Of course, as is clear from (A.25),

0(A) is rapidly decreasing as A — —o0. (A.31)

REMARK. By the use of (A.23), the results (A.26)-(A.30) are first estab-
lished under the hypothesis that (A.11) holds with Ty replaced by a smaller
quantity 77 € (0,7p). The extension to the more general class described by
(A.11), with Tj as in (A.22), is straightforward.

Here is another straightforward extension of (A.26)—(A.27). Replace
in (A.11) by p, where

p € C°((=To, To)). (A.32)
The difference is that we do not assume p = 1 for small |t|. We still have
v, =p TrU =i, € S" (R), (A.33)
hence
Zp()\ — ) ~ Zcﬁg/\”_l_k, as A — 4o0. (A.34)
j k>0

Proof. Pick f as in (A.11) with (t) = 1 on supp p. Then v, = pv, so
B, = p . (A.35)

0

This extension is significant because we can pick p, satisfying (A.32), such
that

p>0onR, p(A)>1for |\ <1, (A.36)

and then (A.34) yields the important Hérmander estimate

#{5 N —py) <1} <o)L (A.37)
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