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1. Introduction

We aim to study an operator calculus for a class of Schrodinger operators of the
form

(1.1) H=-A+V,

acting on functions on R3, where V is a real-valued function, subject to certain
hypotheses, which will be made below. We particularly want to include the case

(1.2) Viz) = — K >0,

K
x|’
arising when H is the Schrodinger operator associated to a hydrogen atom. For

such a V, the Friedrichs method yields a self-adjoint operator on L?(R?), with
domain given by

(1.3) D(H) = {u € H'(R?) : —Au+ Vu € L*(R?)}.

One ingredient of use to show that the Friedrichs method works includes the fol-
lowing estimate: for each € > 0, there exists C(e) < oo such that

(1.4) /lV(iB)! u(@)]* dz < e VulZ: + C(e)lulliz,  Vue H'(R?).
R3
This holds for V' of the form (1.2). When (1.4) holds, we have a self-adjoint operator

H with domain satisfying (1.3), and H is semi-bounded, i.e., there exists b € R such
1
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that H + bl is positive definite. It is further the case that, when V has the form
(1.2), then

(1.5) D(H) = H*(R?).

Here and below, H*(R3) denotes L?-Sobolev spaces of functions or distributions
on R3. We also use H*P(R3) to denote LP-Sobolev spaces, for p € (1,00). We
formalize the following hypothesis that we place on V.

Hypothesis 1.1. V is a real-valued, measurable function on R3? satisfying (1.4),
and H = —A+V is self-adjoint on L?(R3), with domain D(H) satisfying (1.3) and
(1.5).

For a demonstration that functions V' of the form (1.2) satisfy Hypothesis 1.1, one
can consult Chapter 8, §7, of [T4].

Given a bounded, continuous function ® : R — R, ®(H) is defined via the
spectral theorem as a bounded operator on L?(R?). We want to examine conditions,
analogous to those that arise in the Marcinkiewicz theorem, that guarantee that
®(H) is bounded on LP(R3) for 1 < p < co. Actually, it is convenient to take

(1.6) H=H+al,

where a > 0 is picked so that

(1.7) SpecH C [1, 00),

and examine ®(v/H). We will also assume that ®(\) is an even function of \ € R,

which, in view of (1.7), is not a severe restriction.
We say @ belongs to S?(R) provided that, for each k € Z+,

(1.8) 1P ()] < Crp(1 4 |A)F.

We aim to prove the following.

Theorem 1.1. Take H as in (1.6)—(1.7), and assume that Hypotheses 1.1, 2.1,
and 3.1 hold. Given a smooth, even function ® : R — C,

® e SY(R) = O(VH) : LP(R?) — LP(R®), Vpe (1,0)

1.9
(19) and @(\/77) is of weak type (1,1).

Hypothesis 1.1 has been stated above. Hypotheses 2.1 and 3.1 are stated in §§2
and 3, respectively.
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Techniques we will use to prove Theorem 1.1 include some that arose in the
works [T1], [T2], [CGT], [DST], [T3], [MMV], and [T5], among others. A first step
is to bring in the identity

(1.10) S(VH)f = \/LQ_W/_OO O(t) cos tVH f dt,

where ® is the Fourier transform of ®, so (1.10) is a consequence of the Fourier
inversion formula. We then split ®(v/H) into two pieces,

(1.11) O(VH) = o (VH) + 3" (VH),

obtained by taking

(1.12) d(\) = dF(\) + B°(N),

where

(1.13) OF () = B(1)D(1), D(t) = (1 - B(1) (L),

and where we take

(14)  BECR((-11), A)=p(-1), B =1for i< .

The hypothesis ® € S?(R) implies ®°()\) is rapidly decreasing, while ®# also be-
longs to SY(R). In §2, we analyze ®*(v/H) and show that, under Hypotheses 1.1
and 2.1,

(1.15) O (VH) : LP(R?) —s LP(R?), Vp e [1, ).

In §3 we analyze ®# (v/#) and show that, if in addition Hypothesis 3.1 holds, then
®#(+/H) has the properties ascribed to ®(v/H) in (1.9). As in the references cited
above, a major role in estimating these operators is played by finite propagation
speed, in the form

(1.16) supp f C K = suppcostVH f C Ky,
where, given K C R3,
(1.17) Ky = {z € R® : dist(z, K) < |t|}.

In §4 we put together the results of §§2-3 to complete the proof of Theorem 1.1.

Given that we do have Hypotheses 1.1, 2.1, and 3.1, there is the matter of
verifying them, in cases of interest. As stated above, Hypothesis 1.1 holds for
the hydrogen atom operator (1.1)—(1.2). In Appendix A, we show that actually
Hypothesis 1.1 implies Hypothesis 2.1. This leaves Hypothesis 3.1. We do not have
a proof of Hypothesis 3.1 for the hydrogen atom operator. In §5 we discuss efforts in
this direction, referring to [T7] for more on this. In Appendix B we give conditions
on V that do imply Hypothesis 3.1, though these conditions do not hold for the
hydrogen atom.



2. Estimates on ®°(vH)

Throughout this section, Hypothesis 1.1 will be in effect. We start out with a
simple but useful observation.

Proposition 2.1. Assume

(2.1) PO <O, o> ;

Then ®°(v/H) has an integral kernel K®(x,y),

(2.2 @V Hule) = [ Key)uly) dy
Be

satisfying

(2.3) |Kb(z,y)| < C < o0, VYa,yecR®

Proof. We can wrie

(2.4) BY(VH) = H O PU(VH)YH /2,

with ¥(v/) bounded on L?(R3). By (1.5),

(2.5) H: L2 (R?) — H2(R?),

and interpolation and duality yield
(2.6) H™/? LA(R?) — HO(R®), H /2. H7(R®) — L?(R?),

for 0 < o < 2. It follows that, if 0 < 2,

o> g = {0, : y € R’} bounded in H™ 7 (R?)
— {H /%5, : y € R®} bounded in L*(R?)
(2.7) — {U(VH)H /%5, : y € R®} bounded in L*(R?)
— {®°(VH)d, : y € R®} bounded in H(R?)

— {®°(VH)d, : y € R®} bounded in Cy(R?).



Thus we have (2.2), with
(28) K'(2,y) = " (VH)dy (),
which gives (2.3).

Our next task is to obtain finer estimates on K°(z,y), in terms of |z — y|, ex-
hibiting sufficient decay as |x — y| — oo. For this, we bring in the formula

1 <
(2.9) PO(VH) = Nor /_OO @(t) cos tVH dt,
with
(2.94) (1) = (1) = d(1)(1 - B(1)),
as in (1.13)—(1.14). To start, let us assume
(2.10) u € L*(Bi(z)), v € L*(B1(y)), |z —y|=R+2.

Then, thanks to finite propagation speed for cos tv/H,

(o(VH)u, v) = \/LQ_W /_ O; (t) (cos t/Hu, v) dt

2.11
(2.11) = \/% / @(t) (cos tvV/Hu, v) dt.

[tI>R
Consequently, since costv/H has operator norm < 1 on L?(R3),
1
2.12 VH)u, v g—(/ Atdt)u ol gz
(2.12) (e (VH)u,v)| NGE: B8] dt ) lull L2 [|v]| 2

[tI>R

We now bring in the following hypothesis:

Hypothesis 2.1. There exists C < oo such that, for each y € R3, we have

uy, vy € L*(R?) such that

013 ??SM@C&@%H%MaMNBSQaM

y = MUy + Uy.

If this hypothesis holds, then K®(z,y) in (2.2), (2.8) satisfies

K'(x,y) = (p(VH)dy, ;)

(2.14) = (904(@)“?;7“96) + (902(\/%)uy7%)

+ (2 (VH)vy us) + (0(VH vy, 0,),

where o4 (VH) = H2p(VH) and po(VH) = Ho(VH), i.e.,

(2.15) pa(A) = Mp(N),  w2(N) = Ap(N).
Hence, by (2.12), if |z —y| = R+ 2,
(2.16) |K*(z,y)| < C / {\@(t)l + [p2(t)| + \@4(t)|}dt-

[t|I>R



3. Estimates on ®#(\/H)

We now analyze

1 [ee)
(3.1) d*(VH) = Ner /_oozb(t) cos tvV/H dt,
with
(3.2) P(t) = (1) = D(t)B(1),

as in (1.13)—(1.14). Following a technique used in [MMV], and also in [T5], we
replace (2.1) by

(33) SR =5 [ 00T VR
where
(3.4) T(0) = AV TN,

J,(A) denoting the standard Bessel function, and

(3.5) () =TT <—t% +2j = 2)u(b)

Jj=1

As is classical,

(3.6) T-1/2(\) = \/gcos A,

and then (3.3) follows from (3.1) by an integration by parts argument, using the
inductive formula

(3.7) <t% + 2y> T, (tVH) = Ty_1(tVH).

Compare (3.7)—(3.9) of [T5].
Given (3.2), we have

(3.8) supp ¢ C [—1,1].



Furthermore, the hypothesis (1.8) implies

(3.9) (07| < Cjlt]™h, 0<j <4
This in turn implies

(3.10) k()] < Cilt|™, 0<k<4.

Other important ingredients for the analysis of ®# (v/H) arise from the classical
integral representation

1
1
(3.11) Jv(A) = c,,/ (1—s2)""2cosshds, v> —5

-1

One consequence is the estimate
(3.12) | Ti—1/2(N)] < Cr(1+[A)7", &k >0.

Another follows from

1

(3.13) jk_l/g(t\/ﬁ) = ck_l/g/ (1 — s2)*1 cos stvVH ds.

-1

Finite propagation speed gives

(3.14) supp f C K = suppcostVH f C Ky,
where, if K C R3,

(3.15) Ky = {z € R® : dist(z, K) < [¢]}.
Then (3.13) gives

(3.16) supp f C K == supp Jp_1/2(tVH)f C K.

We apply these results to analyze the integral kernel K#(x,y) for ®#(v/H),
given by

(3.17) S*(VH) f(x) = / K* (2, )1 (y) dy.
R3
By (3.3),

(3.18) K#(a:,y):/o Y (t)Bi(t, z,y) dt,
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where By (t,x,y) is the integral kernel of jk_l/z(t\/ﬁ):

(3.19) ¢mmm@mw=/mwmw@@.

RS

To proceed, we bring in the following hypothesis on the “heat semigroup” e **.

—tH

Hypothesis 3.1. For t > 0, the semigroup e satisfies the estimates

le™® fllz= < C™** + 1)||f||z2, and

(3.20) . s
Ve P fll e < CE*Y2 4 1)||£| 1o

This hypothesis will be in effect for the rest of this section. As a consequence, we
have the following related estimates.

Lemma 3.1. If G: R — R satisfies

(3:21) GO < CA+ANTT, g >,
then
(3.22) IGAVH) || £z ipy < Ct3/27L 1€ (0,1].

Proof. We can use
(3.23) GtVH) = (1 +t*H) 7 (1 + PH)°GHtVH), 20=r+1,
to reduce our task to showing that

3 1
(320) 0+ PH) e < CE241), i 0> 4o

To prove (3.24), we use the identity

3.25 1+ 2H)° = —/ e Se St Hgo—1 g,
(3.25) 1+ 17 = s |

Then, by (3.20),

=2
1 +t27‘[ —0o (L2 Li S C efs StQ 73/471/28071 ds
(L?,Lip) o

(326) + C e—ssa—l ds

t—2

< CL(t73/% 7 1),



with 1 < 0 if 0 > 3/4+1/2.

Now, by (3.12), Lemma 3.1 applies to G(A\) = Jix_1/2()), provided k > 3/2 + 1,
i/e., k>4, so

(327) "jk+1/2(tm)’|L(L27Lip) < Ct_3/2_1, for t € (0, 1],
and hence, for k > 4,
(3.28) VBt x, )2 < Ct3/271 te(0,1].

Since By (t,z,y) = Bg(t,y, ), we also have the following, analogous to Proposition
2.2 of [MMV]:

Corollary 3.2. Ifk > 4,
(3.29) IV, Bi(t, )2 < Ct™2271 for t€(0,1], y € R®.
Using this, we estimate K7 (z,y), arising in (3.17)-(3.18). In fact, using (3.29)

plus the fact that By(t,-,y) is supported on the ball By, (y) in R? (by (3.16)), we
have

1/2
(3.30) IVyBi(t, 92z < C(Vol(By()) ¢ < cit.

Hence, from (3.18) and (3.10), we have, for k = 4,

1
C
IV K7 (- 9) 11 (B )\ B. () S/ 7\|Vy3k(t,~,y)|lu dt

1
(3.31) <cof “
C
<=
S

This yields the following.

Lemma 3.3. There erists C < oo, independent of s € (0,1] and of y,y’ € R3,
such that

S
(3.32) =y <5 = IK"(0) = K7 ()l mwns.m) < C

This leads to the following important conclusion.

Proposition 3.4. Let ®# satisfy (1.13)-(1.14) and (1.8). Granted Hypothesis 3.1,
O# (VH) is of weak type (1,1).

Proof. Given that ®#(v/H) is bounded on L?(R?), and its integral kernel satisfies
(3.32), the weak type (1,1) property is a consequence of Proposition 3.1 of [MMV],
which in turn is a natural variant of Theorem 2.4 in Chapter III of [CW].
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4. Proof of the main theorem

Recall from §2 that ®°(v/H) has integral kernel K°(x,y), satisfying (2.3) and
(2.16), hence |K®(x,y)| < C for all z,y € R?, and

@y K@wI<e [ {1601+ el +a@l ooyl 22,

t>|w—y|—2
where

(4.2) o) = (1 - B)B(1), ¢5(t) = o (t).
Now

(4.3) ® € SYR) = ¢ € S(R),

so we get

(4.4) |KP(z,y)| < Cn(1+ |z —y))™, YVNecZ".
This clearly implies

(4.5) P°(VH) : LP(R?) — LP(R®), Vp € [1, 0]

This result for p = 1 is stronger than having type (1,1).
As for ®#(\/H), Proposition 3.4 says it is of type (1,1). Since it is clearly
bounded on L?(R3?), the Marcinkiewicz interpolation theorem yields

(4.6) O* (VH) : LP(R?) — LP(R?),

for p € (1,2], and then duality gives boundedness for p € [2,00). Together, (4.5)
and (4.6) yield the LP-bounds for ®(v/#) in (1.9).
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5. The hydrogen atom Schrodinger operator

We briefly discuss how the material of §§1-4 applies to the hydrogen atom
Schrodinger operator, given by (1.1)—(1.2). As stated in §1, Hypothesis 1.1 ap-
plies to this case; a proof can be found in Chapter 8, §7, of [T4]. As we show in
Appendix A, Hypothesis 1.1 implies Hypothesis 2.1, so it also applies. This brings
us to Hypothesis 3.1.

We have not shown that Hypothesis 3.1 applies to the hydrogen atom. Material
bearing on this issue is discussed in [T'7]. There is is shown that, for H as in (1.6),
with a = K2/4 + 1,

0<b< Z — D(H®) = H**(R?), and

(5.1) :
b> = D(HP) C Lip(R?).
Note that
s 3 : 3 5
(5.2) H*(R?) C Lip(R?) <> s > -.

2

Formulas for the eigenfunctions of H show that, if b > 5/4, then D(H?) is not
contained in H2?°(R3). We also note that

(5.3) le™ | 22 persrayy = MY 2e™ M| g2y < O/,

which is similar to the conjectural estimate (3.20), but does not prove it.
Whether Hypothesis 3.1 holds for the hydrogen atom remains an open problem.
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A. Hypothesis 1.1 = Hypothesis 2.1

We assume Hypothesis 1.1, so

(A.1) HL LP(R?) — H*(RY).
By duality,
(A.2) Ht: H2(R?) — LA(R?),

snd then, by interpolation,

(A.3) HLHT2PH(RY) — H5(R?), 0<s<2.

Now {4, : y € R3} is a bounded subset of H~3/27¢(R?), for each ¢ > 0, so
(A.4) w, = H 15, is bounded in HY?7¢(R3), Ve > 0.

as y runs over R3. To get u, in (2.13), we want to set u, = p,w,, where p, is
a cut-off. To show that this works, we need to establish further regularlty of w,,
away from y.

To this end, let 1 be smooth of class C?, and assume all its derivatives of
order < 2 are bounded. If w € H*(R?), 0 < s < 2, then Yw € H*(R3), and
A(Yw) = YAw + (AY)w + 2V - Vw, hence

(A.5) H(Ypw) = YHw + (Ay)w + 2V - V.

Let us take such 1, equal to 0 for |z| < a, equal to 1 for |x| > 2a, where a > 0 is
small, set ¢, (z) = ¥(x —y), and apply (A.5) with 1 replaced by 1, and w replaced
by wy, as in (A.4). Since ¢, = 0, we have

(A.6) H(hywy) = (Athy)w, + 2V, - Vw, € H/275(R3),
for all € > 0, bounded in y. Hence, by (A.3),
(A7) Yyw, € HY?75(R?), Ve >0,

bounded in y. (Though it is not necessary,) we can iterate this argument. Take a

similar 9, equal to 0 for || < 2a and 1 for |z| > 4a, and set v, (z) = P(z — y).
Then

(A.8) H(pywy) = (A)wy, + 2V, - Vw, € H/275(R?),
so, by (A.3),
(A.9) Pyw, € H*(R?), bounded in y.

We are now ready for the main result of this appendix.
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Proposition A.1. Hypothesis 1.1 implies Hypothesis 2.1.

Proof. Take p € C§°(B1(0)) such that p(z) = 1 for |z] < 1/2. Set ¢, (z) = p(x—y),
and, with w, as in (A.4), set

(A.10) u, = pyw,, bounded in HY?75(R?).

Since ¢, 0, = 6,, we get from (A.5) that

(A.11) Huy = 6y + vy,
with
(A.12) vy = (Apy)wy, + 2V, - Vw,.

Since Ay, =0 and Vg, = 0 on By/5(y), we have from (A.9) that

(A.13) {v, 1y € R*} is bounded in H'(R?).

REMARK. As we have stated, Hypothesis 1.1 holds for H as in (1.1), with V given
by (1.2). More generally, as shown in Theorem X.15 of [RS], one has H self adjoint,
with domain D(H) = H?(R3), when H is as in (1.1) and V : R3 — R satisfies

(A.14) V € L*(R?) + L= (R?).
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B. Sufficient conditions for Hypothesis 3.1

Here we derive a condition on H that is sufficient for Hypothesis 3.1 to hold, i.e.,
for t > 0, f € L*(R?),

le™ fllz < CE** + 1)lIf e,

(B.1)
Ve ™ fll Lo < C(t5* +1)| fl| 2

tH

In fact, since e "% is a contraction semigroup on L?(IR?), it suffices to treat t € (0, 1].

Recall that
(B.2) H=-A+W, W=V +a,

where a is a positive constant, chosen so that SpecH C [1,00).
For our analysis, we write

(B.3) u(t) = e M f — Opu = Au — W,

so DuHamel’s formula gives
t
(B.4) u(t) = e f —/ eI Wu(s) ds.
0

An examination of the integral kernel (4mt)=3/2¢=12=ul*/4t of ¢tA gives

e fllzee < O34 £z,

(B.5)
Ve flloe < CE4 £l e,

for f € L*(R3). Hence our remaining task is to estimate the second term on the
right side of (B.4).

To start, since ||u(s)||p2 < ||f]/L2, we have
(B.6) e =22 Wu(s)|| L= < Ot — )"/ [W ||| fl] 2,
and integrating over s € (0,¢) readily gives the first estimate in (B.1), provided
(B.7) W € L>=(R?).

To proceed, we have

(B.8) lu(s) s < CIH 2™ fllr2 < Cs™V2| f | 2
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Hence, if we assume

(B.9) IWallur < MOW)llglln,  M(W) < os,
we have

(B.10) [Wu(s)lm < Cs™ > MV)|| |2
Now

IVel'=2g|| 1 = =2 V]|

B.11

(B4 < C(t =) VyllLz,

SO

(B.12) Ve =2 Wu(s) || < Ot — )= s~ 2MW) || |22,

and integrating over s € (0,t) gives

t
(B.13) Hv /O =AYy (5) dsHLm < CtSA MW f| .

We have established the following.

Proposition B.1. Assume W = V + a satisfies (B.7) and (B.9). Then (B.1)
holds, i.e., Hypothesis 3.1 holds.

REMARK. For (B.9) to hold, it is necessary that W satisfy (B.7), and it is sufficient
that W satisfy both (B.7) and the following:

(B.14) VW € L*(R?) + L™ (R?).
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