Surface Quasigeostrophic Equation on a Rotating Body
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1. Introduction

The surface quasigeostrophic (SQG) equation, for an active scalar 0(¢,z) and
velocity u(t,z), x € R?, takes the following form:

8,59 + Vue = O,

1.1
(1) w=—JV(A)"/2.

Here, J acts on vectors by counterclockwise rotation by 90°. The vector field JV6
behaves somewhat like vorticity in 3D:

(1.2) (0y + Vo) (JVO) = (Vu)(JVH),

and features of the solution to (1.1) are seen to describe behavior more closely
analogous to 3D fluid motion than the 2D Euler equations, while remaining in the
setting of 2D. That said, it is also folklore that (1.1) produces a better reflection of
fluid behavior in the tropics than at other latitudes. This suggests several extensions
of (1.1).

First, (1.1) as stated works fine when the Euclidean plane R? is replaced by a
compact, oriented, 2D Riemannian manifold, such as the sphere S?. Going further,
it is natural to set this surface spinning and modify (1.1) to take account of the
Coriolis force. Here we investigate such a modification of SQG.

To set this up, we recall that SQG can be placed within a continuum of evolution
equations:

(1.3) OO +V0=0, u=—-JV(-A)"0,
with 8 € [1/2,1]. The case 8 = 1/2 is SQG. The case § = 1 yields the vorticity

equation for 2D Euler, with § = w = rot u. Now, 2D Euler with the Coriolis force
on an axially symmetric surface M C R3, rotating about the x3-axis, has the form

(1.4) ou+ Vyu = Qx(z)Ju — Vp, divu =0,
with €2 € R proportional to the angular velocity of M and
(1.5) x(z) = es - v(2),

v(z) denoting the outward unit normal to M at x, and e3 the unit vector along the
positive x3-axis. This equation yields the following vorticity equation for w = rotu

(ct. [T]):

(1.6) (9 + Vo) (w — Qy) = 0.
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In light of this, we propose the following surface quasigeostrophic equation with
Coriolis force (SQGC), on the rotating, axially symmetric surface M:

(0r + V) (0 — Qx) = 0,

1.7
(L.7) u=—JV(-A)"2,
with € R and x € C*°(M) given by (1.5).

It is of interest to reformulate the evolution equation as follows. Note that the
formula for u yields

(1.8) divu = 0.
Hence
(1.9) Ve = div (pu),

for real-valued functions . Thus the evolution equation takes the form
(1.10) Orp +div(pu) =0, ¢ =60-—Qx.
We can rewrite the latter half of (1.7) as

w=—JV(=A)"Y(p+0x)

Ay = R (p+ Q).

Then another formulation of (1.10) is

(1.12) Opp +div (pR1p) = —Qdiv (pR*x),
with

(1.13) Rt =—JVA~!, A= (-A)Y2
Note that

(1.14) Rt e 0oPS°(M),

and

(1.15) (RY*RT =T - Py,

where Py : L?(M) — L*(M) is the orthogonal projection onto the space of constant
functions on M.



A. Some conservation laws

The equation (1.7), with smooth initial data, has a short time smooth solution.
This will be established in §B. Here we take note of some conserved quantities that
such a solution possesses. First, directly from (1.7), we have

(A.1) 10(t, ) — Qx| (ary is independent of ¢.

Furthermore, thanks to (1.8),

(A.2) /G(G(t, x) — Qx(x))dS(z) is independent of ¢,
M

for each continuous function G : R — R. Taking G(s) = s yields

(A.3) /Q(t,m) dS(z) independent of ¢.
M

Note that if @ satisfies (1.7) and § = 6 + a, a € R, then @ also satisfies (1.7), with
u unchanged. We will normalize so that

(A.4) /H(t,x) dS(z) =0.

M
Note incidentally that, by the divergence theorem, the formula (1.5) for x yields
(A.5) /X(:z:) dS(x) =0.

M

Let us examine the not-quite-conservation law we get for ||u(t)|| 2. Since u =
R10,

(A.6) lu()ll7> = (RH0(t), RM0(1)) = [10(t)] 7,

thanks to (1.15) and (A.4). Meanwhile, (A.2) implies the following is independent
of t:

(A7) J6t) — xl32 = 16(6)1 — 2960), %) + ]2
S IOl = 2 % (0(1),x)
(A.8) = Q(9:0(t), x)

= —Q(V.0(t), x)
= Q(0(t), Vux)-



B. Short time existence

Here we establish existence of solutions to the equation

(B.1) Op+Vup =0, ¢(0)= o,
with
(B.2) 0=60—-Qy, u=R0

(asin (1.7)-(1.13)), on some interval |t| < A, given ¢y € H*(M ), with conditions on
s described below. Such a result works basically like the case 2 = 0, which is well
known, but we include a treatment here for the sake of completeness. The method
we use is close to the treatment short-time existence for quasilinear symmetric
hyperbolic equations given in Chapter 16 of [T2] (and in Chapter 5 of [T3]).

Our approach is to take a mollifier J. = 9(e¢A), 1 real valued and in C§°(R),
with ¢(0) = 1, and consider

0
(BS) (;0; + JsvuSJEQOE = 07 ‘105(0) = Je@O,
where
(B.4) ue = RY(Jop. +Qx), so divue = 0.

Given € > 0, the short-time solvability of (B.3) is elementary, since this is essentially
a finite system of ODEs. We aim to obtain estimates for ¢.(¢) in H*(M) for ¢ in
some interval that is independent of ¢, and pass to the limit, assuming pg € H*(M)
and s is large enough.

To start, we have

1d
3 %H%(t)ﬂiz = (Orpe; pe)
(B.5) = _(J€Vu5=]€%0€a 906)
= _(quJ€§0€a Je@s)
— 0,

the last identity holding because divu. = 0. This guarantees global existence of
solutions to (B.3), for each € > 0.
To estimate higher-order Sobolev norms, we bring in

(B.6) A= (- A2 cOPS* (M), lolu: = [ A%llz.



| =

tH(ps(t)H%-IS = (A°0ppe, A°¢e)
(B.7) = —(A%JVy Jepe, Ap;)
= _(ASVuEJEQO&ASJSSDé?)?

DN | =
QL

the latter identity holding since A® and J. commute. We can write the last line of
(B.7) as

(B-8) ~(Vu A% Jepe, A%Jepe) = ([A%, Vi Jepe, A% Jope).

The first term in (B.8) vanishes since divu. = 0. Our next task is to estimate
(B.9) 1A%, Vi ] Je@e || 2

For this, we use the Kato-Ponce estimate, established in [KP] in the Euclidean
space setting, and in the manifold setting in §3.6 of [T3].

In more detail, the KP-estimate gives, for s > 0,

(B.10) 1A% (fv) = fA%|[ L2 < Clifllerllvll o2 + Cll fll

vl L.
We take v = X, where X is a first-order differential operator, and write
(B.11) A*(fXp) = [X(A%p) = A*(fXp) — fA*(X@) + f[A%, X]op.

Then (B.10) applies to estimate the first two terms on the right side of (B.11), and
the L?-norm of the last term is bounded by C||f|| |||z, since

(B.12) [A%, X] € OPS*(M).
Thus
(B.13) I[A%, fX]oll 2 < Cll fllerllellzs + Cll fllzsllellcr

Hence our estimate on (B.9) is
(B.14) 1A% Vi JJe@ellzz < Cllucllorllee s + Clluelas lesllor-
Recalling that u,. is related to . by (B.4), and R+ € OPS%(M), we have

[uel[ e < Cllgellms + C|Q,

(B.15) lucller < Cllpellor + CIR geller + €1
= Cllellcs, +Cle.



Returning to (B.7)—-(B.9), we have

1d
(B.16) B EH%(W

4o < C(llee®llcy + 121 lee () -
+ Cllpe(®)lle (e ®llas +191) e ®) 1
To proceed, fix a number

(B.17) 0>2, so |lglley < Cllelae,

and then (B.16) yields, for the solution ¢. to (B.3), the estimate

d
(B.18) -l < Co(lee®)lFe + 1=l ).
with C, independent of ¢ € (0,1]. By Gronwall’s inequality, we have, for ¢ > 0,

(B.19) e ()17 < y(t),

where y(t) solves

dy

(B.20) W oy + 20y, 5(0) = ol
In particular,
(B.21) {pc(t) : 0 <t <T} is uniformly bounded in H? (M),

independent of € € (0, 1], for

1

B.22 T < T(y(0 :—/ . —
(B.22) W) =7 o) Y32 +1Qly

For t in this interval, we have

y(t) d
Yy
B.23 / — = (.
(B.23) y0) Y2419y

In connection with this, note that

( )_/OO dn _2/°° dt
V=) wrsiQn = 7 e (4 Q)

2 | 1
B.24 S — -
(24 ] /ylm(t )

2
2]

(1

log(1+ [Q[y~/%),



(B.25) T(y(0) = —
Taking |Q2| — 0 yields
(B.26) T(y(0)) =

in this case, which of course also follows directly from (B.22).
Similar estimates of p.(—t) allow us to elevate (B.21) to the result that

(B.27) {p:(t) : |t| < T} is uniformly bounded in H? (M),

independently of € € (0,1], provided (B.22) holds. In such a case, u. enjoys the
same sort of bound, and we have from (B.3) that

(B.28) {0pp:(t) : |[t| < T} is uniformly bounded in H~'(M).
Note that
(B.29) V. Jepe = div(usJ-pe),

in such a case. Also, for ¢ > 2, H°~1(M) is an algebra under pointwise multipli-
cation.

Having these estimates, one can apply standard techniques, discussed in Chap-
ter 16 of [T2], and Chapter 5 of [T3], to obtain a solution ¢ to (B.1)—-(B.2) in
C([-T,T],H*(M)), given initial data in H*(M), as long as s > o and T satisfies
(B.22). We do not need to shrink the interval further for s > o. Also estimates par-
allel to those produced above establish uniqueness of solutions ¢(¢) and continuous
dependence on the initial data .



2. Mock vorticity equation
Let us write the evolution equation (1.7) as
(2.1) (O + Ly)p =0, @=0-Qx.
We apply the exterior derivative d and use the fact that d£, = L,d to obtain
(2.2) (00 + L.)(dg) = 0.
Now, if X is a vector field on M,

(Lu(dp), X) = Luldp, X) — (dp, L,X)
(2.3) = Lu(Ve, X) — (Vo, [u, X])
= <Vu(V(p),X> + <VQO, VuX> - <V(p7 [U7X]>

In view of the identity V, X — Vxu = [u, X], we get
(2.4) (Lu(dp), X) = (Vu(Ve), X) + (Vp, Vxu).
Thus (2.2) yields, for all vector fields X,

0= ((0r + L) (dp), X)

(25) — (0,(V), X) + (Va (V). X) + (Yo, (Vu) X),
hence
(2.6) (01 + V) (V) = —(Vu)'Vig,

Note that the 2D surface M has the Kahler property,

(2.7) JV,Y =V, (JY),

for each smooth vector fields u and Y. Hence (2.6) gives
(2.8) (0 + Vo) (JVp) = —J(Vu) T 1 (JV).

This is the mock vorticity equation.
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3. Stationary solutions to SQGC

As before, M C R? is a compact, smooth surface, axially symmetric about the
xrz-axis, so the group of rotations about this axis acts on M. Then the function
X € C*°(M) defined in (1.5) is a zonal function, i.e., invariant under rotations about
the x3-axis. Hence Vy is orthogonal to the orbits of this rotation action (curves of
latitude), hence JVx is parallel to such orbits. Also, for § € C>°(M),

0 zonal = u = —JV(—A)"1/20 parallel to curves of latitude
— V., =0, V zonal ¢
= V.(0—Qx) =0
— 0 is a stationary solution to SQGC.

(3.1)

We next seek examples of stationary solutions to SQGC that are not zonal func-
tions. For this, let us write

(32 0=Af=(-a)2f, [ ras o,
M
and rewrite the equation V, (0 — Qx) =0 as

(3.3) (JVF,V(Af—Qx) =0,
equivalently

(3.4) V(@) || V(Af(x) — Ox(x), Va e M,
a result that holds whenever

(3.5) Af = Qx = (f),

for some ¢ € C*°(R). For an example, we take

(3.6) W(f) = Aef, Ak € SpecA, A\ >0,
and seek a solution f to

(3.7) (A= A)f = Q.

If Q # 0, such a solution exists if and only if y is orthogonal to Ker (A — \g).
To proceed, we specialize to M = S2, so

(3.8) x(x) = xs,

which is an eigenfunction of A:

(3.9) —Ax =2y, so Ax=Mx, M =V2
As long as k > 2, (3.7) has solutions

(3.10) f= N )\kx + gk, gk € Ker (A — \g).

We can pick gx not to be zonal, and then § = Af is a stationary solution to SQGC
that is not zonal.
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4. Another conservation law

As usual, M C R3 is a smooth compact surface that is invariant under the group
of rotations about the z3-axis, generated by X3. We also assume M is diffeomorphic
to S? and has positive Gauss curvature everywhere. As a consequence, x is a smooth
function of x3 and

d
(4.1) % >b>0, for z3€[—a,a,
3

where we arrange
a =max r3, —a = minzcs.
M M

Since X3 generates a flow by isometries on M, we have div X3 = 0 on M, so there
exists £ € C°°(M) such that

(4.2) JVE = —Xs.

Clearly X3¢ = 0. As a further consequence of our geometric hypotheses,
¢ is a smooth function of x3, and

(4.3) d¢

. >b>0 for x3 € [—a,al.

We note that
(4.4) M=25%= y=¢=us.

We aim to establish the following.

Proposition 4.1. Under the hypotheses on M made above, if 0,u satisfy (1.7),
then

(4.5) /f(m)@(t,x) dS(x) is independent of t.
M

Proof. Applying 0; to (4.5) yields

/gateds = /gvu(QX —6)dsS

(4.6) M M

- _/g(vue) dS+Q/§VuXdS.
M M



12

Note that (4.1)—(4.3) imply that £ is a smooth function of x, with & = £(x). Thus
EVux = VuG(x), where G'(x) = £(x). Hence

(4.7) Jﬁvude = /VuG(X) ds =0,

M

sice divu = 0 implies V,, is skew-adjoint and V,1 = 0, Next,

(4.8) §(Vub)dS = — [ (Vu&)0dS,
Jevoe=]

which we can analyze using
(4.9) 0=Af, u=-JVf

(defining f as the “stream function”). We have (4.8) equal to

/ (JVF.VENAS)dS

M

- / (Xaf)(Af)dS
M

(4.10)

Now, since X3 commutes with all powers of A, and is skew-adjoint,
(4.11) (X, Af) = QGAY2LAY2f) = 0.

It follows that

(4.12) % / £(2)0(t, ) dS(z) = 0,

proving Proposition 4.1.

As shown in §3.5 of [T], if M has the geometrical properties hypothesized above,
then

(4.13) Ve (C®(M), zonal = ¥(x) = ¢(x3), with ¢ € C*°([—a,a]).
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5. Linearization about a stationary solution

Let M C R? be a compact surface, rotationally symmetric about the xs3-axis,
with positive Gauss curvature, and let 6 be a stationary solution to SQGC, i.e.,

(5.1) Vu(@ —Qx) =0, u=-JVf, 0=Af [f=f(x).
Let us set
(5.2) fe(@)=F+ent)+--, 0:(0)=0+eC(t)+ -, (=An

Inserting this into

(5.3) 00 — (JV [, V(0 —x)) =0,

using (5.1), and discarding higher powers of ¢ produces the linearized equation
(5.4) ¢ — (JVf, V() — (JVn, V(0 —Qx)) =0.

Now

(JVn, V(0 = Qx)) = —(Vn, JV(0 — Qx))

5.5
(5:5) = =V ve-ax -

Since n = A7!(, where we define A~! to annihilate constants and to have range
orthogonal to constants, (5.4) becomes the linear equation

0
(5.6) % ¢,

(5.7) I'¢ = Vvl — Vvl ¢
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6. Linearized stability — Rayleigh type criterion
The question of linear stability of a solution to (5.1) is the question of whether

the operator I', given by (5.7), generates a uniformly bounded group of operators
on

(6.1) LI (M) = c e L*(M /gds = 0

Let us retain the hypotheses on M from §5. Then y = x(§), with £ as in (4.2), i.e
JVE = —X3. Let us also assume f is a zonal function, i.e., Xsf =0, so f = f(§).
This also implies X360 = 0, hence § = 6(¢). Then

(6.2) IV =—f(§Xs JV(O-Qx) = [ —0(&)] X5,

and (5.7) becomes

(6.3) T¢ = f'(§) X3¢ — [QX/(€) — 0'(&)] XzA ¢

In such a case, I' commutes with X3. Hence we can decompose
(6.4) Ly (M) = P Vi,

k
where, for k € Z,

(6.5) Vio = {C € Ly(M) : X3¢ = ik¢},

and we have

(6.6) F:@Fk; Ly Vi = Vi,
k
where
(6.7) TeC = ih{ f(€)C = [(§) — ' ()] A7'c .

Note also that
(6.8) A1V — Vi is compact,

for each k, so each I', is a compact perturbation of a bounded, skew-adjoint operator
on Vi. In light of this, basic analytic Fredholm theory yields the following.
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Proposition 6.1. For each k,

(6.9) SpecT'y C kX U Sy,
where
(6.10) L={f(N):ag <A<}, aozml\}[n & o = max &,

and Sy is a countable set of points in C whose accumulation points all must lie in
1kX. Fach p € Sk is an eigenvalue of 'y, and the associated generalized eigenspace
is finite dimensional.

In fact, for each p € C\ ikX, T'y — pl is a bounded operator on Vj that is
Fredholm of index 0, and it is clearly invertible for |u| > ||Tx||.

Corollary 6.2. Assume I' has the form (6.3). If SpecI' is not contained in the
mmaginary axis, then some I'y has an eigenvalue with nonzero real part.

Now, having SpecI" C iR would not guarantee that I' generates a bounded group
of operators on LZ(M), but not having this inclusion definitely guarantees (thanks
to Corollary 6.2) that the associated group of operators is not uniformly bounded.
Thus Corollary 6.2 points to an approach to finding cases that are linearly unstable.

Actually establishing such cases of linear instability is not so straightforward.
We proceed to derive some necessary conditions for such linear instability to hold,
i.e., for some I';, to have an eigenvalue with nonzero real part.

Of course I'y = 0. Suppose k # 0 and I'y has an eigenvalue p = ik, 5 ¢ R.
Then there exists a nonzero ¢ € Vj such that

(6.11) (f'(€) = B)¢ = [ (&) —0'(©)]AT'¢,
hence (with n = A=1()

GG

(6.12) ENIGEY:

If 5 ¢ R, the denominator on the right side of (6.12) is nowhere vanishing. In
(6.11)—(6.12), ¢ and 1 would not be real valued. Taking the inner product of both
sides of (6.12) with 7 yields

0'(€) — X' (&) 1
(An,m) = — |7 dS
JZ &) -n8
:_/9’(5)—Qx’(5)
1f/(€) — BI?

(6.13)
[£/(€) = B]nl* ds.
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Now (An,n) is real and positive, but Im 3 # 0. Hence taking the imaginary part of
(6.13) yields

0'(€) =€), 12 o
(6:14) [ s =o
M
Using this in (6.13) gives
(6.15) —(An,n) = / 9/’(;,)@_) ?)(5”(25) [f'(§) — K]n|*dS <0, VK eR.

We have (6.14) and (6.15) as necessary conditions for I'y, to have an eigenvalue
with nonzero real part, with associated eigenfunction ( = Az, n € Vi. These results
in turn imply the following.

Proposition 6.3. If ' has an eigenvalue with nonzero real part, then
(6.16) 0'(s) — Qx'(s) must change sign in s € (agp,ay),
with o as in (6.10), and

VK eR, dse€ (a,a1) such that

(6.17) (0/(s) — QX () (F (5) — K) < 0.

These results are parallel to classical results that apply to planar 2D Euler
flows, with = 0. Indeed, (6.16) is the counterpart (in the SQGC setting) of
the “Rayleigh criterion” for linear instability, and (6.17) is the counterpart of the
“Fjortoft criterion.” See [R] and [MP], pp. 122-123.
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7. Arnold-type stability estimate

Let M C R3? be a compact, axially symmetric surface, with positive Gauss
curvature, and let § € C°°(M) be a zonal function (with mean value 0), yielding
a stationary solution of SQGC. We seek a condition yielding L2-stability of such a
solution. To this end, we bring in functionals of the form

(7.1) H(O) = /{G(e —0x) + €0} ds,

M

with G € C*°(R) to be determined, and £ € C°°(M) given by (4.2). As a con-

sequence of previous results on conservation laws, if 6(¢) is a sufficiently smooth

solution to SQGC, then H(#(t)) is independent of t. We want to produce (6), of
the form (7.1), such that 6 is a critical point of H, and examine when it can be
arranged to have either positive definite or negative definite second derivative.

To begin, if ¢ € C>°(M) (also with mean value 0), we have

(7.2) OsH(0 + sv) = /{G'(e + 510 — Qx) + w} ds,
M
hence
(7.3) OH(O+ )| _, = / [a(6—ay) +ev)as,
M
and
(7.4) RHEO+sv)| _, = / G" (0 — Qx)y? dS.
M

From (7.3), we see that 0 is a critical point of H provided
(7.5) G'(0 — Qy) = —¢€.
From our hypotheses on M and 6, we have 6 = 0(¢), x = x(§), and (7.5) becomes
(7.6) G'(0(8) — () = ¢
We can find such a smooth function G provided the following holds:

(7.7) 0(&) — Qx(€) is strictly monotone in &,
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more precisely
(7.8) 0’ (&) — Q) (€) is bounded away from 0.

If (7.8) holds, we pick smooth G to satisfy (7.6), and then apply d/d¢ to (7.6),
obtaining

1

7 RG]

which is smooth and bounded away from 0. In such a case, either

710 OPH(O + zv)| _, = AllY)2., or
: O2H(O + sv)| _, < —Alv]2.,

for some A > 0. This implies stability of  in L?(M) as a critical point of (7.1).
We summarize.

Proposition 7.1. Given a smooth 0(&) (with mean value 0), this is a stable sta-
tionary solution to SQGC, in L*(M), as long as §) is such that (7.8) holds.
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