Manifolds Whose Weyl Spectral Asymptotics Have
Small but not Tiny Remainders
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Abstract

A compact, n-dimensional Riemannian manifold M has Weyl spec-
tral asymptotics with remainder Fj/(R), i.e., the spectral counting
function satisfies

N(Awm, R) = C(M)R" + En(R),

with Ej(R) = o(R™). Generally, one actually has Ey (R) = O(R"™1),
and one seeks conditions under which stronger estimates hold on the
remainder. We produce n-dimensional manifolds whose Weyl remain-
ders are o(R"~!) but not O(R"17%) for any a > 0.
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1 Introduction

If M is a compact, n-dimensional Riemannian manifold with Laplace op-
erator Ay, then L*(M) has an orthonormal basis of eigenfunctions {u;},
satisfying

AMuj = —/\?Uj, )\j /‘ Q. (1.1)

We define the spectral counting function by
N(Awn,R) =#{j : \j < R}. (1.2)
For this, there is the Weyl asymptotic formula
N(Ay, R) =C(M)R" + Ey(R), (1.3)

with Ejr(R) = o(R"), the Weyl remainder. A classical improvement of this
estimate is

Eum(R) = O(R™), (1.4)

see [7]. Much work has been done to see when this estimate can be further
improved. In [5] it is shown that one can take

Ex(R) = o(R"™) (1.5)

if M has “not too many” closed geodesics. It was shown in [1] that, under
certain geometric hypotheses involving no conjugate points, one can improve
(1.5) to

Ey(R) = O(R"'/logR). (1.6)

The recent paper [3] obtained such an estimate in much greater generality.
Going further, there are various examples for which one has

Ey(R) = O(R"™17%), (1.7)

for some a > 0. We say M has spectral asymptotics with algebraically small
Weyl remainder. The classical example for (1.7) is M = T", the flat torus
(the sharp value of « for which (1.7) holds is not known, cf. [2]). In [8], (1.7)
is established for Cartesian products of spheres (with at least 2 factors).
Other examples are studied in [13]-[14].

In this paper we produce examples of compact Riemannian manifolds
M for which the remainder estimate (1.5) holds, but for which the stronger
estimate (1.7) fails for each a > 0.

Before describing our main results on this, we recall the classical cases
for which the estimate (1.5) fails, namely the n-dimensional unit spheres



S™ in R™*1. In such cases, there are exact formulas for the eigenvalues of
Agn, and for the dimensions of the eigenspaces, and these dimensions are
seen to be sufficiently large that no improvement of (1.4) is possible. For
later use, we describe this situation for S? in more detail. As is well known,
L2(S?) has an orthonormal basis {Y)! : k € Z*,¢ € Z, |¢| < k} (of “spherical
harmonics”), satisfying

AeYf = —k(k+1)Y!, XY!=0Y), keZ', |(|<k, (1.8)

where
X =1Y, (1.9)

and Y is the vector field generating 2m-periodic rotation of R? about the
x3-axis. In this case, the —k(k + 1)-eigenspace of Ag2 has dimension 2k + 1,
foreclosing the possibility of (1.5) holding.

To start with 2D examples, our construction of examples where (1.7)
fails will involve taking M = S? as a manifold, but giving M a different
metric tensor. The new metric tensor (g;;) will match up with the standard
metric (7y;;) of 52, to infinite order, at the equator z3 = 0, but will differ
from (7;;) off 23 = 0. To show that (1.7) fails for such M, we will show that,
for each p € (1/2,1), the sequence of spaces

Wi (S?) = W/(S?) = Span{Y{ : k —k” <0<k}, keZ", (1.10)

yields quasimodes for Aps. One ingredient in this analysis is to examine how
the functions u € Wj(S?) concentrate on the equator z3 = 0 as k — co. In

§2 we establish such concentration results. For v € N, s > 0, we obtain
u € Wi(S%) = ll25ull s (s2) < Cllull gro-vs/2(s2) A1)
< Ck P ||u|| 2, 5=1-p, '

which is an effective concentration result when v§/2 > s.

We bring in tools from microlocal analysis to establish (1.11) and related
estimates. In more detail, with p € (1/2,1) and A = (—=Age +1/4)1/2 —1/2,
we set

F(AX)=p((A=X)A™P), (1.12)
where we pick
v € CP(R), (r)=1for |r] <1, 0 for || > 2. (1.13)

Results of [10] and [11], Chapter 12, imply that F'(A, X) is a pseudodiffer-
ential operator (of non-classical type):

F(AX) € OPS&;, principal symbol f(z,£) = F(|{|z, (Y (2),£)), (1.14)
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leading on the one hand to
u=F(A X)u, for ue W(S?), (1.15)

and on the other to
w5 F(A,X) € OPS ¥, (1.16)

from which we deduce (1.11).

We take up concentration estimates of the eigenfunctions of the Laplace
operator Ag on S™ for n > 3 in §3. In such a case, L?(S™) is an orthogonal
direct sum of eigenspaces

Vi(S™) = {u € C®(S") : Agu= —p2u}, p2=k>+(n—1Dk  (1.17)

Here we look at the joint spectrum of the commuting operators Ag and L,
a second order differential operator that acts like the Laplace operator on
(n — 1)-spheres. (For n =2, L = —X?2.) Instead of the pair (A, X), we take

(A,Ag), A= (=Ag)'/%, Ag=—-LA!, (1.18)
and instead of F'(A, X), we use
G(A, Ao) = o((A— Ag)A™7), (1.19)
as before, with p € (1/2,1). Instead of (1.10), we take

Wi(S™) = WP(S™) = P (Vg (S™) : 12 —u™ < o? <42}, (1.20)

J

where

Vi (S™) = {u € Viu(S™) : Lu = —o?u}, (1.21)
S0
k ~
V(5" = @ Vg (8. o2 =i +n-2). (1.22)
j=0
In place of (1.15)—(1.16), we have
u=G(A,Ao)u, for ue Wi(S"™), (1.23)
and (again with § =1 — p)

x4, 1G(A, o) € OPS, . (1.24)



To use the spaces Wy (S™) in our search for manifolds M for which (1.7)
fails, it is important to have a good lower bound on their dimensions. We
show that

dim Wy, (S™) > Ck™° dim Vi (S™), (1.25)

which is clear from (1.10) when n = 2. For n > 3, we get this from the
isomorphism B
Vi (S™) = V;(S™Y), 0<j <k, (1.26)

a result that can be restated in terms of an SO(n)-equivariant isomorphism

k
Vi(S™) = @ Vi(s™ ). (1.27)
£=0

This is established in §3, with the help of a dimension count, done in Ap-
pendix A.

In §4 we introduce the following family of n-dimensional Riemannian
manifolds. We take M to be S", endowed with a metric tensor (g;;) that
agrees with the standard metric tensor (v;;) of S™ to order v on the equator
(for some integer v > 2), i.e.,

9ij = Yij + 0ij, 0 = O(x541)- (1.28)
In such a case, we have from (1.16) and (1.24) that

(As — Ay)G = Q € OPS2 ", (1.29)

where G = F(A, X) for n = 2, G = G(A,Ag) for n > 3. We deduce from
(1.15) and (1.23) that

u € Wi(S™) = (—An — pi2)u = Qu, (1.30)
and hence
u e Wi(S") = [l(Asr — p)ull 2 < Ok lull 2, (1.31)
with
Ay = (—A)Y2, o= %‘S —1. (1.32)

Recall that we take p € (1/2,1), § =1 — p. If we pick v sufficiently large,
then o > 0. The estimate (1.31) establishes that elements of Wy (S™) are
quasimodes for Ajy.



Using this set of quasimodes, we establish Proposition 4.2, which shows
that for k sufficiently large, u2 = k(k +n — 1), there is an orthonormal set

{9 11 <€ <dimW,(S™)} c L*(M), (1.33)
of eigenfunctions of Ajy;, satisfying

Al = e, ke — i < Ck™7. (1.34)

Note that there are dim W (S™) elements in this set, and we have the esti-
mate (1.25).

This puts us in a position to show in §5 that, in such a situation, and
with the hypothesis on v strengthened to

v 1

—>1 — 1.35
so 0 > § in (1.34), then, if the remainder estimate holds, we must have
a <1—p. Taking p /1 (6 \,0), we obtain in Theorem 5.2 the following
result.

Theorem A. If M is an n-dimensional Riemannian manifold as described
above, and if its metric tensor matches the standard metric tensor on S™ to
infinite order at the equator, then the remainder estimate (1.7) in the Weyl
asymptotic formula (1.3) cannot hold for any «a > 0.

Further tasks

It seems very likely that one can find Riemannian manifolds M of the
sort described in Theorem 5.2, having the property that the set of closed
geodesics has measure zero, so [5] implies Ep(R) = o( R"1).

Going further, it is intriguing to guess that some of these can be shown
to satisfy the conditions in [3], yielding

Ey(R) = O(R"'/log R).

We intend to look into this in future work.



2 Concentration of spherical harmonics on the equa-
tor of 52

Here we take p € (1/2,1), consider the family
Wi(S?) = Span{Y{ : k — k* < ¢ <k}, (2.1)

and examine how elements of W} (S?) concentrate on the equator x3 = 0 of
the sphere S2, as k — oo. It is convenient to bring in the operator

A= (—ASM&)W—%, (2.2)

an elliptic, first-order pseudodifferential operator on S? (we write A €
OPS'(S?)). Note that

AV = kY, XYL =y, (2.3)
for K >0, |¢| < k. We next set
F(AX) = cp((A — X)A_"), (2.4)
where we pick
e € C¥(R), suppp C [-2,2], ¢(1)=1for |7] < 1. (2.5)
For convenience, we also assume
>0, @)\ for 7 >0. (2.6)

Note that
Y € Wi(5?) = F(A, X)Y{ =Y. (2.7)

What makes (2.7) effective for concentration estimates comes from the
analysis of F'(A, X) as a pseudodifferential operator. Indeed, for p € (0, 1],
the function

F(n) =o((m —n2)n ") (2.8)

satisfies estimates
IDSF(n)| < Caln) ™%, on {n:m >1, |2 <mi}. (2.9)
Hence, for p € (1/2,1], one has

F(A, X) € OPS)5(S%), 6=1-p, (2.10)
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with principal symbol

f(@.6) = F(I€lay (Y (2),€)), mod S, ). (2.11)
The implication that, for p € (1/2,1],
(2.9) = (2.10) — (2.11)

is established in [10], and in [11], Chapter 11, Theorem 1.3, with comple-
ments in (1.2)—(1.4) on p. 297, in the broader setting of F(Ai,...,Ay),
where A; are commuting, self-adjoint operators in OPS L(M), satisfying the
ellipticity condition

A? + ...+ A7 is elliptic in OPS?(M). (2.12)

This is also established in [9], for p = 1, but here we need it for 1/2 < p < 1.
The analysis in [10]-[11] involved representing ¢4, for small y € R¥, as
a family of Fourier integral operators,

e hu(w) = (2m) 72 / by, @, )i (g) de, (2.13)

modulo smoothing operators, and deducing that, if F' € S;n(Rk),

F(Aul) = (2n) "2 [ e e a(e) e, (214)
modulo smoothing, where

a(x, )¢ = F(D,)[bly, z,£)e?w9]|

to which a stationary phase analysis applies, yielding
9, &) ~ Fla(w,€) + Y F(a(w,§))va(z,€),
o] 21 (2.15)
(lel/2]
¢a($7 é.) € Scl )

where a(x,&) = (a1(x,§),...,ax(z,£)) and [z] denotes the greatest integer
< z. Compare [6], Theorem 2.16.
Returning to the setting of (2.4)—(2.5), we have the following.

Proposition 2.1 Given p € (1/2,1), the operator F(A, X) defined by (2.4)—
(2.5) satisfies

F(A,X) € OPS)5(S%), d=1-p, (2.16)
with principal symbol
F@.§) = (1= (V) ). €= 1o (217)



To proceed, note that (Y (z),€) < |Y (z)|, and hence

1—(Y(x),8) > Ca3, (2.18)
so (2.17) yields
£ (2, 6)] < p(ex3lé]), (2.19)
hence, for M € (0,00),
(31¢1°) M f (2, €)] < Cur. (2.20)

This leads to the following.
Proposition 2.2 In the setting of Proposition 2.1, we have, for each v € N,
5 F(A,X) € OPS $"%(8%), 6=1-p. (2.21)
In light of the Sobolev mapping property
P € OPS)'s(M) = P : H**™(M) — H*(M), (2.22)
valid for 0 < § < p < 1, hence for 6§ = 1—p, p € (1/2,1), we have, for v € N,

u € Wi(8%) = ||25ull i = llz§ F(A, X )ul| s
S C,/H'LLHH57V6/2 (223)
< k™" u| 12,

as advertised in (1.11). Note that, by (2.1),

dim Wy, (S?) > k”. (2.24)



3 Concentration of spherical harmonics on the equa-
tor of S”

The Laplace operator Ag on S™ has eigenspaces
Vi ={u € L*(S") : —Agu = pju}, pi=*k*+(n—1)k, (3.1)

mutually orthogonal spaces of dimension

dimvk:<k+z_1)+(k;;f;2>, (3.2)

spanning L?(S™). We want to analyze how certain elements of Vj, concen-
trate on the equator

Sl —fwe 8™ wpy =0},

as k — oo, extending results of §2. To do this, we bring in the second
order differential operator L on S™, the image of the Laplace operator on
SO(n) under its action on S™ C R™"*!, via rotation in the (1, ..., z,)-plane,
normalized so that, for u € C*°(S™),

Lu

1 = ASn—l (u

Gno1)- (3.3)

The operators Ag and L commute and are self adjoint on L2(S™). In case
n=2,L=Y? We can write

Sn—

Vi = @VM, Vie = {u €V Lu= —EQU,}. (34)
14

(Here ¢ runs over RT; it need not be an integer.) We will obtain estimates
on how elements of Vi, concentrate on the equator for £ sufficiently close to
ik

To proceed, we fix p € (1/2,1), take ¢ € C§°(R), satistying (2.5)-(2.6),

and set
G(A, M) = p(—(Ags — L)AT'A™P)

35
— (A — Ag)A), (35
where
A=+/-As, Ag=-LA'ecOPS(S™). (3.6)
Parallel to (2.10), we have
G(A, Ag) € OPS)5(S™), d=1-p. (3.7)
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Note that

62
uerg:>A0u:u—u
k
N2 - 52 (38)
= (A= A\ Pu = ka u.
i,
Hence, if we set
Wi = @ {Vie : i — 2 < i}, (3.9)
¢
we have
u€ Wi = G(A, Ao)u = u. (3.10)

To apply (3.10) to estimate how elements of W} concentrate on the
equator, we aim to bring in arguments parallel to those provided to prove
Propositions 2.1 and 2.2. First, parallel to (2.17), the operator G(A, Ag) has
principal symbol

: €
9(@,8) = o((1 = oL@ OER). &= (3.11)
x
with complete symbol expansion derived from (2.15). Next, parallel to
(2.18), we have

N

oop(x,8) <1—cxpy, (3.12)
hence
1—o_p(z,&) > crl iy, (3.13)
and therefore
l9(z,6)| < plear 1 €°), (3.14)
so, for M € (0, 00),
(@p 1 1€1°)M |g(2, €)] < Co. (3.15)

This leads to the following.

Proposition 3.1 Given p € (1/2,1), the operator G(A,Ny), defined by
(3.5)—(3.6), satisfies, for each v € Z*,

241 G(A, M) € OPS,°(8™), 6=1-p. (3.16)
Having (3.16), we bring in (3.10) to deduce that, for v € N, s € R,

u € Wi = |z qullgs = ||z, G(A, Ao)ul| s

S CI/”/U/HHS*V(S/Q (317)
—vd
< oty | 2,
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parallel to (2.23). As before, this estimate is particularly valuable for v§/2 >
s.
At this point, it behooves us to establish a lower estimate on

dim W, (3.18)

extending the estimate (2.24), done for n = 2. We aim to establish an
estimate of the form

dim Wy, > C(dim V3 )kP~L. (3.19)

To tackle this, it is convenient to refine our notation a bit, relabeling V; in
(3.1) as

Vi(S™) = {u € L*(S™) : Agu = —k(k +n — 1)u}, (3.20)
and rewriting (3.4) as
k
Vi(S™) = P Vi (5™, (3.21)
j=0
where B
Vii (S™) = {u € V&(S") : Lu = —j(j + n — 2)u}. (3.22)

We also relabel Wy, as Wj,(S™), and, in place of (3.9), write

Wi (S") = @{‘71@3'(5”) cup— P <ol < ui},
j (3.23)
pip =k(k+n-1), oF=j(G+n-2).

The following is key to our dimension estimate.
Proposition 3.2 For0<j <k, n >3,
Vig(87) ~ Vi(s™). (3.24)

Proof. Note that the natural action of SO(n) on L?(S™) leaves each
space XN/kj(S”) in (3.21) invariant. In view of (3.22), we see that, for each
j €{0,...,k}, ij(S”) is either 0 or a direct sum of spaces isomorphic to
V;(S™ 1. Furthermore, Proposition 2.4 of [15] implies that, if ij(S”) # 0,
then

SO(n) acts irreducibly on %(S”). (3.25)

Hence either (3.24) holds or \7kj =0.
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At this point, we see that Proposition 3.2 is equivalent to the assertion
that there is an SO(n)-equivariant isomorphism

k
Vi(S") = D Vi(s" T, (3.26)
7=0

and so far we know that the left side of (3.26) is isomorphic to an SO(n)-
invariant linear subspace of the right side. Hence the proof of Proposition
3.2 is done if we show that

k
dim Vi (S™) =) dim V;(S"). (3.27)
§=0
This computation is carried out in Appendix A. O

To proceed toward a proof of (3.19), we have from (3.24) that

dim Wi, (S™) = Z{dimvj(snfl) g — i < o7 < ui}- (3.28)

J

Note that the restriction on j (beyond 0 < j < k) can be written

1= <oy < (3.29)

so in light of (3.23), the number of summands in (3.28) is

1 1
~ b~ kP :
S S, (3.30)

for large k. We bring in the asymptotics
dim V3(8™) ~ Cok™ 1, as k — oo, (3.31)
which follow from (3.2), and the variant
dim V;(S™ 1) ~ Cpm1j™ 2 (3.32)
This leads to the estimate

dim Wy, (S™) > Ck"2 - kP

3.33
> C dim Vi (S™) kP71, (3.33)

as asserted in (3.19).
Summarizing the main results of this section, we have the following.
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Proposition 3.3 Take p € (1/2,1), § =1—p, n > 2. For k > 1, there

exist linear subspaces Wi (S™) C Vi(S™) satisfying
dim W (S™) > Ck~% dim V;,(S™),

u € Wi(S") = G(A, Ao)u = u,
with G(A, Ao) as in (3.5)~(3.7) and (3.16), and, forv € N, s € R,

—vd/2
u € Wi(S™) = ||z, ull e < Coprl """ |Jul| -

(Recall that py ~ k.)

14
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4 Elements of W;(S") as quasimodes for perturbed
Laplace operators

As indicated in the introduction, we take the Riemannian manifold M to
be S™, endowed with a metric tensor that is a perturbation of the standard
metric tensor of the unit sphere, and investigate how elements of Wy (S™)
yield quasimodes for the Laplace-Beltrami operator Ajy;. We start by ex-
amining how Ag and Ay are related. The metric tensors (g;;) of M and
(7ij) of S™ are related by

9ij =i + 0ijy i =0, (4.1)

Tn4+1=0 -

more precisely, we assume
O35 = O(xl;LJrl), (4.2)
for some v € N (v > 2). Now we compare Laplace operators

Asu =~"120,(v" 4 0;u),
Apyu = gil/2ai(gl/2gij8ju).
We obtain B )
—Ayn = —Ag + hV0;0; + W 0, (43)
W= O(aty), b = O(@lh). |

Consequently, by Proposition 2.2, with n = 2, p € (1/2,1), § =1 — p, and
F(A, X) asin (2.4)—(2.5),

(As — Ay)F(A, X) = Q e OPS2 ;2. (4.4)

Similarly, by Proposition 3.1, with n > 3, p € (1/2,1), § = 1 — p, and
G(A,Ap) as in (3.5)—(3.6),

(As — Ax)G(A, Ag) = Q € OPS2 72, (4.5)

Thanks to (2.7) for n = 2, (3.35), for n > 3, we therefore have (with py as
in (3.1))
u € Wi(S") = (—An — pi)u = Qu. (4.6)

Let us set

A= (=Aa)Y2 so — Apr— pd = (Aar + pr) (Aar — ). (4.7)
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It follows that for u € W (S™),

[(Aar = A)ull 2 < g (= Anr — pi)ull 2
< Ck7Y|Qul| 2
< k7 ull - ws/a-2)
< Ck™ P D 2.

(4.8)

We record our quasimode estimate.

Proposition 4.1 Take p € (1/2,1), § =1 — p, and pick v sufficiently large

that

Vo
= — _1 4.
o 5 (4.9)

is positive. Assume the metric tensor on M satisfies (4.1)—(4.2). Then
u € Wi(S"™) = [(Arr — pi)ull 2 < Ck™7|ul| 2. (4.10)

We next show that there is a sequence of actual eigenvalues of A close
to . To start, it follows directly from (4.10) that there exists ¢}, € C>(M)
such that

[Urllzoan =1, Avvy = iy, | — pi| < Ok (4.11)

Of course, Aps need not leave W (S™) invariant, and we cannot say that 1}
is in, or even particularly close to, Wy (S™). Set

7, = Span ;.. (4.12)
Then
(1+Ap)" b 2 — Zi (4.13)
We have
dim W (S™) > 2 = Wi(S™) N Zi- #0, (4.14)

in which case
Eizb,% € Zf, with unit norm, such that

Ay = o, ik — | < CE°.

Continue, producing an orthonormal set ¢£ of smooth elements of L2(M),
satisfying

(4.15)

Any, = el ke — piel < CE7, (4.16)
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for 1 </ < L, and set
Zr, = Span(zb,i,...,w,f), (4.17)
so (14+Apy)"t: ZF — Z{. We have
dim W,(S™) > L = Wi,(S™) N Z¢ # 0, (4.18)
in which case

3 ¢£+1 € Zi‘, with unit norm, such that

_ (4.19)
AMT/)/fH = #k,L+1¢£H, |\, L1 — p| < CE™°.
We can do this right up to the point where
L = dim Wy (S™). (4.20)

This construction leads to the following result on eigenvalues of Aj; close
to —yi.

Proposition 4.2 Keep the setting of Proposition 4.1, including having the
metric tensor on M satisfying (4.1)—(4.2). Then, for k sufficiently large,
there exists an orthonormal set

{¥f 11 <0< dimW(S™)} c L*(M) (4.21)
of eigenfunctions of Ay, satisfying (4.16). Furthermore,

dim Wy, (S™) > Ck~% dim V4(S™)

S Crpn1ed, (4.22)
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5 Necessary condition for an algebraically small
Weyl remainder

Asin §4, M is a compact, n-dimensional Riemannian manifold, whose metric
tensor is a perturbation of that of the standard sphere S, satisfying (4.1)—
(4.2). We seek a necessary condition that

N(Ay, R) = C(M)R" + O(R"17%), (5.1)

for some « € (0,1). Having this, we deduce a sufficient condition for (5.1)
to fail for all @ > 0. Recall further details of this set-up. We pick p €
(1/2,1), § =1 — p, and then take v in (4.2) sufficiently large that

72)

is positive.
To continue, if (5.1) holds for all (large) R, then, for b € [0, 1],

N(Ay, R+b) = N(Apr, R—b) = 20nC(M)bR™ 1 + O(R"17%).  (5.3)
Let us take b = cR™7, so

N(Ay,R+cR77)—N(Apy,R—cR™7)
= 2ncC(m)R" 17 + O(R"179). 54)
Proposition 4.2 implies there exists ¢ € (0,00) such that, if R = py, then
N(Ay, R+ c¢R™ %) —N(Ay,R—c¢R™) > CR" 9. (5.5)
We deduce that (for R = py,)
CR" 179 < 2ncC(M)R" 7 + O(R"179). (5.6)

At this point, we strengthen our hypothesis on v, from o > 0 to

v _0+1
§, le, —>——. .
0>9, le, 5> 5 (5.7)
With this arranged, we see that (5.6) implies
a<d=1-np. (5.8)

This establishes the following.
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Proposition 5.1 Let M be a compact, n-dimensional Riemannian mani-
fold. Pick p € (1/2,1), 6 =1 — p, and assume v € N satisfies (5.7). Then
assume the metric tensor on M satisfies (4.1)—(4.2), i.e., matches the stan-
dard metric tensor on S™ to order v at the equator. In such a case, if the
Weyl asymptotic formula (5.1) holds, we must have o <1 — p.

From here, we have the following conclusion.
Theorem 5.2 In the setting of Proposition 5.1, if the metric tensor on M

matches the standard metric tensor on S™ to infinite order at the equator,
then (5.1) cannot hold for any a > 0.
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A Dimension counts

Work in §3 makes use of the SO(n)-equivariant isomorphism

k

Vi(8™) = @ Va(s" ), (A1)
=0

where V},(S™) denotes the —k(k+n—1)-eigenspace of the Laplace operator on
S™ and V(S™~ 1) is similarly defined. As seen there, results on irreducibility
of certain SO(n) actions enable one to establish (A.1) once we have the
identity
k
dim V;,(S™) = > dim V(5™ 1). (A.2)
=0

We establish this here.

In preparation, we recall a standard approach to computing the left side
of (A.2), using the isomorphism

Vi (S™) = Hp (R, (A.3)

the space of harmonic polynomials on R"*!, homogeneous of degree k, and
the decomposition

Pe(R™) = Hp(R™) @ 2P o (R™H1). (A.4)
Here and below,

Pr(R™) = space of polynomials on R, homogeneous of degree F,
PFR™ 1) = space of polynomials on R, of degree < k,
di(n+1) = dim Pk(Rn+1).

(A.5)
Note that
d(n+ 1) = dim P*(R") = dy(n) + dj_1(n) + - - + do(n), (A.6)
with a similar result for d;(m), for other values of j and m.
Using (A.3)—(A.6) yields
dim Vi (S") = dg(n+ 1) — dg_o(n+1) (A7)

= dk(n) + dk_l(n).
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Similarly,

k k
3 dim V(s ) = Z{df(n 1)+ dpy(n — 1)}. (A.8)
=0

=0

On the other hand, (A.6) (with n replaced by n — 1) gives

k
dp(n) = dg(n —1), (A.9)
=0
and similarly we have
k—1 k
dp—1(n) = de(n—1) = dp_1(n—1). (A.10)
/=0 £=0

Together, (A.7)—(A.10) yield the desired identity (A.2).

REMARK. There is the classical computation

dy.(n) = <k+z_1). (A.11)

In light of this, the identity (A.9) is equivalent to

i<£2m>:<k+rg+l> (A.12)

£=0

(with m = n—2), which is sometimes given the whimsical label, the “hockey
stick identity.”
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