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Introduction

These are notes for a course in differential geometry, for students who had a
course on manifold theory the previous semester, which in turn followed a course
on the elementary differential geometry of curves and surfaces.

Section 1 recalls some basic concepts of elementary geometry, and extends them
from surfaces in R? to hypersurfaces in R”, and then to manifolds with Riemannian
metrics, defining arc length and deriving the ODE for a geodesic. The ODE in
general has a somewhat messy form; a more elegant form will be produced in §11,
following some material on vector fields and related topics in §§2-10. These sections
also contain a review of material from the previous course on manifold theory, such
as differential forms and deRham cohomology.

The material in §§11-16, on geodesics, covariant derivatives, and curvature, is
the heart of the course. We take the intrinsic definitions of these objects as fun-
damental, though the very important relations between curvature and the second
fundamental form are studied in §16, in the general context of one Riemannian
manifold imbedded in another (not necessarily Euclidean space).

In §8§17-20 we cover the famous Gauss-Bonnet Theorem, and its higher dimen-
sional extension, which involves a study of characteristic classes, certain deRham
cohomology classes derived from curvature. An essential tool is the Chern-Weil
theory of characteristic classes, developed in §19. This in turn is treated most con-
veniently in terms of a “principal bundle,” a structure which is in a sense more
fundamental than that of a vector bundle. Section 18 develops the basic theory of
principal bundles.

Sections 21-24 study the Hodge theory, representing elements of deRham co-
homology by harmonic forms. This leads to simple proofs of some fundamental
results, such as Poincare duality and the Kunneth formula, for products of man-
ifolds. Parts of this study make use of the theory of elliptic partial differential
equations, not presented here, but contained in the author’s book [T1].

Sections 25—28 study spinors and some applications. This is a situation in which
it is particularly helpful to use concepts involving principal bundles, developed in
618.

Sections 29-31 are devoted to minimal surfaces, which to some extent are higher
dimensional analogues of geodesics.

At the end are a number of appendices, on various background or auxiliary ma-
terial useful for understanding the main body of the text. This includes definitions
of metric and topological spaces, manifolds, vector bundles, and Lie groups, and
proofs of some basic results, such as the inverse function theorem and the local
existence of solutions to ODE. There are also sets of exercises, on determinants,
the cross product, and trigonometric functions, intended to give the reader a fresh
perspective of these elementary topics, which appear frequently in the study of



differential geometry. In addition, the final handful of appendices deal with some
special topics in differential geometry, which complement material in the main text
but did not find space there.

We close this introduction with some comments on where this material comes
from and where it is going. Most of the main body of the text (§§2-31) was adapted
from material in differential geometry scattered through the three-volume text [T1].
This was augmented by the introductory material in §1, developed in an advanced
calculus course. The material in §§1-10 has since been rewritten and appears,
in more polished form, in [T4]. The text [T3] treats linear algebra, and contains
further material on exterior algebra and Clifford algebra, as well as more detailed
presentations of other linear algebra topics, such as given here in Appendices J and
M. The theory of Lie groups, sketched here in Appendix H and used in a number
of other sections, receives a fairly thorough treatment in [T2].



1. Surfaces, Riemannian metrics, and geodesics

Suppose S is a smooth hypersurface in R™. If v(t) = (wl(t), . ,xn(t)), a<t<b,
is a smooth curve in S, its length is

(1) L= [ ol

where
(1.2) I (@) = Zﬂf}(t)2-

A curve 7 is said to be a geodesic if, for |t; — t2| sufficiently small, ¢; € [a,b], the
curve 7y(t), t1 <t <ty has the shortest length of all smooth curves in Q from ~(t1)

to y(t2).

Our first goal is to derive an equation for geodesics. So let vo(t) be a smooth
curve in S (a <t < b), joining p and q. Suppose 5(t) is a smooth family of such
curves. We look for a condition guaranteeing that vo(¢) has minimum length. Since
the length of a curve is independent of its parametrization, we may as well suppose

(1.3) 176 (]| = co, constant, for a < ¢ < b.

Let N denote a field of normal vectors to S. Note that, with 0svs(t) = (0/0s)7s(t),
(1.4) V = 0s7vs(t) L N.

Also, any vector field V' L N over the image of 7y can be obtained by some variation

~vs of 7o, provided V = 0 at p and ¢q. Recall we are assuming vs(a) = p, vs(b) = q.
If L(s) denotes the length of ~s, we have

(1.5 L) = [ ol d,

and hence

b
L) =5 [ Il 0.0, 0) de
(1.6) 1 "

= (9s75(),75(t)) dt, at s = 0.
0 Ja



Using the identity

(1.7) (094,70 = (0.7, 7L0) + (007511, (1),

together with the fundamental theorem of calculus, in view of the fact that

(1.8) 0s7s(t) =0 at t = a and b,

we have
1 b

(1.9) L'(s) = - (V(t),~(t)) dt, at s = 0.
0 Ja

Now, if 79 were a geodesic, we would have
(1.10) L'(0) =0,

for all such variations. In other words, we must have ~{(¢) L V for all vector fields
V tangent to S (and vanishing at p and ¢), and hence

(1.11) Yo (D[N

This vanishing of the tangential curvature of vy is the geodesic equation for a
hypersurface in R".

We proceed to derive from (1.11) an ODE in standard form. Suppose S is defined
locally by u(z) = C, Vu # 0. Then (1.11) is equivalent to

(1.12) Y0 (t) = KVu(o(t))

for a scalar K which remains to be determined. But the condition that u(vy(t)) = C
implies

Yo(t) - Vu(yo(t)) = 0,

and differentiating this gives

(1.13) % (8) - Vu(yo(t)) = —75(t) - D*u(y0(t)) - 7o (t)

where D?u is the matrix of second order partial derivatives of u. Comparing (1.12)
and (1.13) gives K, and we obtain the ODE

(1.14) (1) = | Tulro(®)| [ (1) D2ulr0(1)) -26(1)] Tulro(t)

for a geodesic vy lying in S.
A smooth m-dimensional surface M C R" is characterized by the following
property. Given p € M, there is a neighborhood U of p in M and a smooth map



@ : O — U, from an open set O C R™ bijectively to U, with injective derivative
at each point. Such a map ¢ is called a coordinate chart on M. We call U C M a
coordinate patch. If all such maps ¢ are smooth of class C*, we say M is a surface
of class C*. In §7 we will define analogous notions of a C* surface with boundary,
and of a C* surface with corners.

There is associated an m x m matrix G(z) = (g;x(z)) of functions on O, defined
in terms of the inner product of vectors tangent to M :

e Doy
(1.15) 9jk(x) = Do(x)e; - Do(x)er, = (950) - () = Z < Ow; Oz,

where {e; : 1 < j < m} is the standard orthonormal basis of R™. Equivalently,

(1.16) G(z) = Dp(z)" Dp(x).

We call (g;) the metric tensor of M, on U. Note that this matrix is positive definite.
From a coordinate-independent point of view, the metric tensor on M specifies inner
products of vectors tangent to M, using the inner product of R"™.

Suppose there is another coordinate chart ¢ : @ — U, and we compare (g;x)
with H = (hjx), given by

(1.17) hik(y) = DY (y)e; - DY(y)ex, ie., H(y) = Dy(y)" Dy(y).

Using the Implicit Function Theorem, we can write ¢ = ¥ o F, where F' : O —  is
a diffeomorphism. See Fig. 1.1. (See the exercises for more on this.) By the chain
rule, Dy(z) = Dy(y)DF(x), where y = F(x). Consequently,

(1.18) G(z) = DF(x)'H(y)DF(z),

or equivalently,

OF; OF,
(1.19) gik(z Z@x &E: (y).
J

There is a more general concept, of a Riemannian manifold. Here, to begin, one
has a smooth manifold M. A brief description of what a manifold is can be found
in §E. A manifold comes equipped with a set of coordinate charts {Up, p¢}, where
{U,} is an open cover of M and ¢y : Op — Uy is a homeomorphism from an open set
O, C R" onto U,. Furthermore, if U,NU,,, = Uy, # 0, then Fy,, = gog_lmpm isa C*®
diffeomorphism of O, = .1 (Upm) C O, onto gOZl(Ugm) C Oy. A Riemannian
metric on such a smooth manifold M is a smooth inner product on tangent vectors
to M. If U and V are vector fields on M, then, on Uy, we can write

NG,
U= (@) V=3 v
(1:20) " (I)ij’ ! ij



and the inner product has the form

(1.21) (U, V) = Zgjk(ac) u! (z)vk (),

where (g;i) is a smooth positive definite matrix. With respect to the (U, ¢m)-
coordinates, we have

(1.22) U:Zaﬂ‘@)a%, szbﬂ‘(m)a%,

where, with F' = (pg_lgpm,

OF; ~ OF;
1.2 '} k J i} k
(1.23) Z 8a:k b Z ka
Then

(1.24) (U V)= hjr(z) d (2)b (),
7,k

where (h;i) is related to (g;i) exactly as in (1.18)—(1.19). This transformation law
makes the Riemannian metric a “tensor field” of type (2,0). In §12 we will define
tensor fields of type (j, k); see also §F.

Now, if 7 : [a,b] — M is a smooth curve on a Riemannian manifold, we define
the length to be

b
(1.25) L= [ @l
as in (1.1), where now ~/(¢t) = T'(t) is a tangent vector to M at v(t), and

(1.26) Iy @I = (T (1), T(1)).

In a local coordinate patch, if v(t) = z(t) = (z1(¢), ..., z,(t)), we have

(1.27) IV @1 = Zggk )an(t).

Now suppose 75, a < t < b, is a one-parameter family of curves on M, all with
the same end-points, represented in a coordinate system by x4(t). We produce a
calculation, similar to that in (1.6)-(1.9), of L’(0) when L(s) is given by

(1.28) L(s) = / b o (e (0)20) 250 .
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We use the notation 79 = @ (t), V7/ = (8/ds)zi(t)|s—o. Calculating in a spirit
similar to that of (1.6), we have (Wlth T = xg)

Ogre

e, T’“Tﬂ] dt.

1 v 9 )
(1.29) L) = / (gt (0)] T + VI 2

Now, in analogy with (1.7), we can write

d , g .. 9Gjk <
il e k) — . 2 5 k VI gk UV L Vaile sl
(1.30) p” (gjk(x(t))v | > = gjkasxs(tﬂs:o] + g V73" (t) + 1 D2, VIT*.

Thus, by the fundamental theorem of calculus,

1 [ ) o
(1.31) L'(0) = —— [gjk:vji‘k + ¢ 09k il _ VJ Ogie

T’“Tf] dt
Co oxy O0x;

and the stationary condition L'(0) = 0 for all variations of the form described before
implies

.. 8g'k 1 6gkg .
ok _ k- kL
(1.32) girZ"(t) = <8$£ 2 0, )w .

This takes a more standard form if we symmetrize the quantity in parentheses with
respect to k and ¢. We get the system of ODE

(1.33) it a7 i T =0,
where

1709k . Ogi  0gij
1.34 == | =22 LA AN
( ) It iy 2L Ox; + Ox; oy

In §11 we will re-derive the geodesic equation on a Riemannian manifold, mak-
ing fundamental use of the notion of a covariant derivative, which we introduce
there, and relating it to the quantities Feij appearing above, called “Christoffel
symbols.” Before getting to that, we will devote §§2-10 to a study of vector fields
and differential forms, useful for further development of differential geometry.

Exercises

1. Let S C R? be a surface of revolution about the z-axis, given by

? + 1y = f(2),
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where f(z) is a smooth positive function of z. Write out the geodesic equation, in
the form (1.14).

2. Parametrize the surface S of Exercise 1 by
(1.35) o(u,v) = (g(u) cosv,g(u) sinv,u),

where g(u) =/ f(u). Work out the geodesic equation in these coordinates, in the
form (1.33). Note that the metric is given by

(1.36) Glu, v) = (1 *%l(“)z 9(2)2) |

In Exercises 34, let M C R™ be a smooth m-dimensional surface, such as discussed
in (1.15)—(1.19). In particular, the maps ¢ : O — U C M and ¢ : Q@ — U are as
described there. Suppose p(xg) = p, ¥ (yo) = p-

3. Set T,M = Range Dy(x(), and denote N,M its orthogonal complement. Pick a
linear isomorphism A : R"™™ — N,M, and define

O:OxR"™ —R" D(z,2) =p(r)+ Az
Show that & is a diffeomorphism from some neighborhood of (z¢,0) € O x R*™™

onto a neighborhood of p in R”.
Hint. Show that D®(x¢,0) is surjective, hence bijective.

4. Make a similar construction for v, producing a map ¥ : Q x R*~" — R"™. Show
that, for x close to xy and y close to yo,

U~lo®(x,0) = (F(x),0), & 'oW(y0)=(F *y),0).

Deduce that F, introduced after (1.17), is a diffeomorphism (in particular, is
smooth).
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2. Flows and vector fields

Let U C R™ be open. A vector field on U is a smooth map

(2.1) X:U—R".
Consider the corresponding ODE

dy
(22) VX, w0)=x,

with € U. A curve y(t) solving (2.2) is called an integral curve of the vector field
X. It is also called an orbit. For fixed t, write

(2.3) y=y(t,z) = Fx(2).

The locally defined F%, mapping (a subdomain of) U to U, is called the flow
generated by the vector field X.
The vector field X defines a differential operator on scalar functions, as follows:

(2.4) Lxf(@) = lim b [f(Fha) — (@)] = & f(Fha)]y

h—0

We also use the common notation
(2.5) Lxf(r)=Xf,

that is, we apply X to f as a first order differential operator.
Note that, if we apply the chain rule to (2.4) and use (2.2), we have

of
83}]'7

if X = ) aj(z)ej, with {e;} the standard basis of R". In particular, using the
notation (2.5), we have

(2.6) Lxfe)=X(z) Vf(z) =) a;(x)

(2.7) aj(x) = Xx;.

In the notation (2.5),

0
(2.8) X = Zaj(x)a?j.
We note that X is a derivation, i.e., a map on C*°(U), linear over R, satisfying

(2.9) X(fg) = (X[f)g+ f(Xg).

Conversely, any derivation on C°°(U) defines a vector field, i.e., has the form (2.8),
as we now show.
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Proposition 2.1. If X is a derivation on C*°(U), then X has the form (2.8).

Proof. Set aj(x) = Xxz;, X# = > a;(x)9/0x;, and Y = X — X#. Then Y is a
derivation satisfying Yz; = 0 for each j; we aim to show that Y f = 0 for all f.
Note that, whenever Y is a derivation

1-1=1=Y-1=2Y-1=Y-1=0,

i.e., Y annihilates constants. Thus in this case Y annihilates all polynomials of
degree < 1.

Now we show Y f(p) = 0 for all p € U. Without loss of generality, we can suppose
p = 0, the origin. Then, by (C.8), we can take b;(z) = fol (0, f)(tx)dt, and write

f@) = F0)+ > bi(x)z;.

It immediately follows that Y f vanishes at 0, so the proposition is proved.

If U is a manifold, it is natural to regard a vector field X as a section of the
tangent bundle of U, as explained in Appendix F. Of course, the characterization
given in Proposition 2.1 makes good invariant sense on a manifold.

A fundamental fact about vector fields is that they can be “straightened out”
near points where they do not vanish. To see this, suppose a smooth vector field
X is given on U such that, for a certain p € U, X(p) # 0. Then near p there is a
hypersurface M which is nowhere tangent to X. We can choose coordinates near p
so that p is the origin and M is given by {x,, = 0}. Thus we can identify a point
2’ € R"! near the origin with 2’ € M. We can define a map

(210) F M x (—to,to) — U
by
(2.11) F(2',t) = Fi (o).

This is C*° and has surjective derivative, so by the Inverse Function Theorem is
a local diffeomorphism. This defines a new coordinate system near p, in whch the
flow generated by X has the form

(2.12) Fx (@' t) = (', t + s).
If we denote the new coordinates by (uq,...,u,), we see that the following result

is established.

Theorem 2.2. If X is a smooth vector field on U with X (p) # 0, then there exists
a coordinate system (ui,...,u,) centered at p (so uj(p) = 0) with respect to which

0

(2.13) X
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Exercises

1. Suppose h(z,y) is homogeneous of degree 0, i.e., h(rz,ry) = h(x,y), so h(z,y) =
k(z/y). Show that the ODE

dy
_— = h
e (z,y)

is changed to a separable ODE for u = u(x), if u = y/x.

2. Using Exercise 1, discuss constructing the integral curves of a vector field

0 0

when f(x,y) and g(z,y) are homogeneous of degree a, i.e.,
flrz,ry) =r® f(x,y) for r > 0,

and similarly for g.

3. Describe the integral curves of

4. Describe the integral curves of

0 0

when A(z,y) = a1z + asy + as, B(z,y) = bix + boy + bs.

5. Let X = f(x,y)(0/0z) + g(x,y)(0/dy) be a vector field on a disc @ C R
Suppose
div X =0, i.e., 0f /0x 4+ 0g/0y = 0. Show that a function u(x,y) such that

ou/dx =g, Ou/dy=—f



15

is given by a line integral. Show that Xu = 0 and hence integrate X.
Reconsider this exercise after reading §6.

6. Find the integral curves of the vector field

o 0
X =(2 241)— 241 —9%)=—.
(fﬂy+y+)ax+($+ y)ay

7. Show that
div(e’X) = e’ (div X + Xv).

Hence, if X is a vector field on  C R? as in Exercise 5, show that you can integrate
X if you can construct a function v(z,y) such that Xv = —div X. Construct such
v if either

(div X)/f(z,y) = ¢(z) or (div X)/g(z,y) = ¥(y).
For now, we define div X = 0X;/0z1+---+0X,,/0x,. See §8 for another definition.

8. Find the integral curves of the vector field

0 0
X = ny% + (2 + 9 — 1)3_y

Let X be a vector field on R™, with a critical point at 0, i.e., X(0) = 0. Suppose
that, for x € R™ near 0,
(2.14) X(x) = Az + R(z), |[|R(2)|| = O(||z[?),

where A is an n X n matrix. We call Az the linearization of X at 0.

9. Suppose all the eigenvalues of A have negative real part. Construct a qua-
dratic polynomial @ : R™ — [0, c0), such that Q(0) = 0, (GQQ/aa:jaxk) is positive
definite, and such that, for any integral curve z(¢) of X as in (2.14),

d .
EQ(x(t)) <0 if t>0

provided z(0) = zo(# 0) is close enough to 0. Deduce that, for small enough C, if
|xo|| < C, then x(t) exists for all ¢ > 0 and z(y) — 0 as t — oo.
Hint. Take Q(x) = (x, z), using Exercise 10 below.

10. Let A be an n x n matrix, all of whose eigenvalues \; have negative real part.
Show there exists a Hermitian inner product (,) on C" such that Re (Au,u) < 0
for nonzero u € C".

Hint. Put A in Jordan normal form, but with es instead of 1s above the diagonal,
where ¢ is small compared with |Re A;j|.



16

3. Lie brackets

If F:V — W is a diffeomorphism between two open domains in R™, or between
two smooth manifolds, and Y is a vector field on W, we define a vector field F4Y
on V so that
(3.1) Fr

#Y:F_loff/oF7

or equivalently, by the chain rule,
(3.2) FyY (z) = (DF ) (F(2))Y (F(x)).

In particular, if U C R" is open and X is a vector field on U, defining a flow F¢,
then for a vector field Y, F%Y is defined on most of U, for |t| small, and we can
define the Lie derivative:

d
. - h
(3.3) LxY = lim h™H(FLY —Y) = = FuY|,

as a vector field on U.
Another natural construction is the operator-theoretic bracket:

(3.4) [X,Y]= XY - VX,

where the vector fields X and Y are regarded as first order differential operators
on C*°(U). One verifies that (3.4) defines a derivation on C*°(U), hence a vector
field on U. The basic elementary fact about the Lie bracket is the following.

Theorem 3.1. If X and Y are smooth vector fields, then

(3.5) LxY =[X,Y].
Proof. Let us first verify the identity in the special case

0 0

X=gm Y= Zbﬂ(m)a_xj‘

Then FLY = Y b;(x + te;)0/0x;. Hence, in this case LxY = 3 (0b;/0x1)0/0x;,

and a straightforward calculation shows this is also the formula for [X, Y], in this
case.

Now we verify (3.5) in general, at any point z¢ € U. First, if X is nonvanishing at
xg, we can choose a local coordinate system so the example above gives the identity.
By continuity, we get the identity (3.5) on the closure of the set of points xy where
X (zg) # 0. Finally, if 2y has a neighborhood where X = 0, clearly LxY = 0 and
[X,Y] =0 at xo. This completes the proof.
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Corollary 3.2. If X and Y are smooth vector fields on U, then

d
(3.6) %Fﬁg#Y = F;(#[Xa Y]

for all t.

Proof. Since locally F4™® = F5F%, we have the same identity for ]—"?%f, which

yields (3.6) upon taking the s-derivative.

We make some further comments about cases when one can explicitly integrate
a vector field X in the plane, exploiting “symmetries” that might be apparent. In
fact, suppose one has in hand a vector field Y such that

(3.7) [X,Y] =0.

By (3.6), this implies ]—"f,#X = X for all t. Suppose one has an explicit hold on
the flow generated by Y, so one can produce explicit local coordinates (u,v) with
respect to which

0

(3.8) Y=o

In this coordinate system, write X = a(u,v)d/0u+b(u,v)0/0v. The condition (3.7)
implies da/0u = 0 = 0b/Ju, so in fact we have

0 0

(3.9) X = a(v)% + b(v)%.
Integral curves of (3.9) satisfy
(3.10) v =a(v), v =bw)

and can be found explicitly in terms of integrals; one has
(3.11) /b(v)—1 dv =t + Cy,

and then

(3.12) u= /a(v(t)) dt + Cs.

More generally than (3.7), we can suppose that, for some constant c,

(3.13) [X,Y] = cX,
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which by (3.6) is the same as

(3.14) FyuX =e X
An example would be
(3.15) X = fla,y) o+ ol v) o
ox oy
where f and g satisfy “homogeneity” conditions of the form
(3.16) fOrta,rby) =r* " f(z,y), g(rtz,r’y) =r""g(z,y),
for » > 0; in such a case one can take explicitly
(3.17) Filz,y) = (e®x,ey).

Now, if one again has (3.8) in a local coordinate system (u,v), then X must have
the form

ou 0 0
(3.18) X =e¢ [a(v)% + b(v)%]
which can be explicitly integrated, since
d
(3.19) u =e"a(v), v =eb(v) = d—z = ZEZ;

The hypothesis (3.13) implies that the linear span (over R) of X and Y is a
two dimensional solvable Lie algebra. Sophus Lie devoted a good deal of effort to
examining when one could use constructions of solvable Lie algebras of vector fields
to explicitly integrate vector fields; his investigations led to his foundation of what
is now called the theory of Lie groups.

Exercises

1. Verify that the bracket (3.4) satisfies the “Jacobi identity”
X, [Y, Z]] - [V, [X, Z]] = [[X, Y], Z],

i.e.,

Lx,Ly]Z = LixyZ.

2. Find the integral curves of

o, 9
X=(@+y)g +vg,

using (3.16).

3. Find the integral curves of

) )
X = (22 5y 9 2 2 H 9
(v y+y)ax+<w + xy +y)6y



19

4. Integration on Riemannian manifolds

As stated at the end of §1, a Riemannian metric on a smooth m-dimensional
manifold M is a smooth inner product on tangent vectors. To a local coordinate
chart ¢ : O — U C M, there is associated an m x m matrix G(z) = (g;x(z)) of
functions on O, satisfying

(4.1) (U, V) = Zgjk(x) u? (z)v" (z),
where, in this coordinate chart, U = > v/ (z)0/0z; and V = > v’/ (x)0/0z;. In

particular, if M is a surface in R™, the induced Riemannian metric is given by

o Ao Ope
(4.2) gik(w) = Do(x)e; - Dp(z)ey = ; Oz Oxy,’

where {e; : 1 < j < m} is the standard orthonormal basis of R™. Equivalently,

(4.3) G(z) = Dg(x)" Dp(x).

Suppose there is another coordinate chart v : 0 — U, We can write ¢ = 1) o F,
where F' : O — 1 is a diffeomorphism. As noted in §1, if H = (h;i) expresses the
Riemannian metric in the second coordinate system, then

(4.4) G(x) = DF(2) H(y)DF (),
or equivalently,

OF, OF,
(4.5) gjk(x Z o, (%Z (y).

If f: M — R is a continuous function supported on a coordinate chart U, we
will define the volume integral by

(4.6) / fav = / fo (@) va(@) da,
M O

where
(4.7) g(z) = det G(x).

We need to know that this is independent of the choice of coordinate chart ¢ :
O — U. Thus, if we use ¢ : Q — U instead, we want to show that (4.6) is equal to
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Jo fow(y) \/h(y) dy, where h(y) = Det H(y). Indeed, since fotpoF = fop, we
can apply the change of variable formula of multi-variable calculus, to get

(48) / fov(y) V() dy = / f o p(x) VA(E(®)) [Det DF(z)| da.
(9] (@)

Now, (4.4) implies that

(4.9) g(x) = [det DF(x)| v/h(y),

so the right side of (4.8) is seen to be equal to (4.6), and our surface integral is
well defined, at least for f supported in a coordinate patch. More generally, if
f: M — R has compact support, write it as a finite sum of terms, each supported
on a coordinate patch, and use (4.6) on each patch. If dim M = 2, we will tend to
use dS rather than dV.

Let us consider some special cases. First, consider a curve in R™, say ¢ : [a,b] —
R™. Then G(x) is a 1 x 1 matrix, namely G(x) = |¢/(z)|?. If we denote the curve
in R™ by ~, rather than M, the formula (4.6) becomes

b
(4.10) / fds = / f o) ¢ ()] da.

Next, let us consider a surface M C R3, with a coordinate chart ¢ : O — U C M.
For f supported in U, an alternative way to write the surface integral is

(4.11) /f s = /fow(x) |01p X Dap| dxidxs,
M @

where u x v is the cross product of vectors v and v in R3. To see this, we compare
this integrand with the one in (4.6). In this case,

01 -0 010 -0
412)  g=der (18700 00 0iganol - (Oup du)

Recall (see (J.16)) that |u x v| = |u| |v| | sin @], where 6 is the angle between u and
v. Equivalently, since u - v = |u| |v] cos6,

(4.13) lu x v|? = |u*|v]*(1 — cos® 0) = [ul*|v]* = (u-v)>.
Thus we see that |01 x O2¢| = /g, in this case, and (4.11) is equivalent to (4.6).

An important class of surfaces is the class of graphs of smooth functions. Let
u € C1(Q), for an open 2 C R"~1, and let M be the graph of z = u(z). The map
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o(z) = (x, u(:z:)) provides a natural coordinate system, in which the metric tensor
is given by

ou Ou
4.14 ; =9; _—
( ) gjk(m) Jk + a.ij 81%
If u is C', we see that gjk is continuous. To calculate g = Det(g;x), at a given

point p € Q, if Vu(p) # 0, rotate coordinates so that Vu(p) is parallel to the x;
axis. We see that

(4.15) Vg = (1+|Vul?)

In particular, the (n — 1)-dimensional volume of the surface M is given by

1/2

(4.16) Vn_l(M):/dV:/(1+|Vu(x)|2)1/2dx.

M Q

Particularly important examples of surfaces are the unit spheres S*~! in R,
St ={z e R": |z| = 1}.
Spherical polar coordinates on R™ are defined in terms of a smooth diffeomorphism
(4.17) R:(0,00) x "1 — R"\0, R(r,w)=rw.

If (hem) denotes the metric tensor on S™~! induced from its inclusion in R™, we see
that the Euclidean metric tensor can be written

(4.18) (ejr) = (1 r%m) .

Thus
(4.19) Ve =r"h.

We therefore have the following result for integrating a function in spherical polar
coordinates.

(4.20) / @) d = / [ /O b Flrw) " dr] dS(w).
Rn sn-1

We next compute the (n — 1)-dimensional area A,,_1 of the unit sphere S"~! C
R™, using (12.20) together with the computation

(4.21) /e—W do = n"/?,

Rm



22

which will be established in Exercise 2 below. Note that, whenever f(z) = ¢(|z|),
(4.20) yields

(4.22) /(p(|:c|) dr = Ap—q /000 o(r)r" =t dr.

Rn

In particular, taking ¢(r) = e~ and using (4.21), we have

oo , 1 0o
(4.23) /2 = Anl/ e " Hdr = §An1/ e~ s ds,
0 0

where we used the substitution s = 72 to get the last identity. We hence have

27rn/2

()’

(4.24) Ap1 =
where I'(z) is Euler’s Gamma function, defined for z > 0 by

(4.25) I'(z) = /OOO e *s* 1 ds.

We need to complement (4.24) with some results on I'(z) allowing a computation
of I'(n/2) in terms of more familiar quantities. Of course, setting z = 1 in (4.25),
we immediately get

(4.26) r() =1.

Also, setting n =1 in (4.23), we have
oo 9 o
7l/? = 2/ e " dr :/ e Ss7Y2 ds,
0 0

(4.27) F(%) = nl/2,

or

We can proceed inductively from (4.26)—(4.27) to a formula for I'(n/2) for any
n € ZT, using the following.

Lemma 4.1. For all z > 0,

(4.28) [(z+1) =2I'(2).

Proof. We can write

*rd —s\ .z _ > —s d z
I‘(z+1):—/0 <%e >s ds-/o e E(S>d8’
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the last identity by integration by parts. The last expression here is seen to equal
the right side of (4.28).

Consequently, for k € ZT,

(4.29) (k)= (k= 1), T(k+ %) = (k- 1)

Thus (4.24) can be rewritten

27k 27k

(4.30) Ag1 = TRk Agy, =

We discuss another important example of a smooth surface, in the space M (n) ~

R™ of real n x n matrices, namely SO(n), the set of matrices T € M (n) satisfying
T'T = I and det T > 0 (hence det T = 1). The exponential map Exp: M(n) —
M (n) defined by Exp(A) = e has the property

(4.31) Exp : Skew(n) — SO(n),

where Skew(n) is the set of skew-symmetric matrices in M (n). Also D Exp(0)A =
A; hence

(4.32) D Exp(0) = ¢ : Skew(n) — M (n).

It follows from the Inverse Function Theorem that there is a neighborhood O of
0 in Skew(n) which is mapped by Exp diffeomorphically onto a smooth surface
U C M(n), of dimension m = n(n — 1)/2. Furthermore, U is a neighborhood of I
in SO(n). For general T' € SO(n), we can define maps

(4.33) or : O — SO(n), @r(A) =T Exp(A),

and obtain coordinate charts in SO(n), which is consequently a smooth manifold

of dimension in(n — 1) in M(n). Note that SO(n) is a closed bounded subset of

M (n); hence it is compact.
We use the inner product on M (n) computed componentwise; equivalently,

(4.34) (A, B) = Tr (B'A) = Tt (BAY).

This produces a metric tensor on SO(n). The surface integral over SO(n) has the
following important invariance property.

Proposition 4.2. Given f € C(SO(n)), if we set

(4.35) prf(X) = f(XT), Arf(X)=f(TX),
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for T, X € SO(n), we have

(4.36) /prdV: / Arf dV = / fdv.

SO(n) SO(n) SO(n)

Proof. Given T' € SO(n), the maps Ry, Ly : M(n) — M (n) defined by Ry (X) =
XT, Lp(X) = TX are easily seen from (4.34) to be isometries. Thus they yield
maps of SO(n) to itself which preserve the metric tensor, proving (4.36).

Since SO(n) is compact, its total volume V (SO(n)) = fso(n) 1 dV is finite. We
define the integral with respect to “Haar measure”

(4.37) / £(9) d9=m / 7 dv.
SO(n) SO(n)

This is used in many arguments involving “averaging over rotations.” One example
will arise in the proof of Proposition 9.5. Also compare the discussion of Haar
measure in §H.

Exercises

1. Define ¢ : [0,0] — R? to be ¢(t) = (cost,sint). Show that, if 0 < 6 < 27, the
image of [0, 0] under ¢ is an arc of the unit circle, of length 6. Deduce that the unit
circle in R? has total length 2.

Remark. Use the definition of 7 given in §L.

This length formula provided the original definition of 7, in ancient Greek geometry.

2. Let I,, denote the left side of (4.21). Show that I,, = I{*. Show that

27 [ee) fe’e)
I, = / / e r dr df = 27T/ e r dr.
o Jo 0

Use the substitution s = r? to show that Iy = 7. Hence deduce (4.21).

3. Compute the volume of the unit ball B" = {x € R™ : |z| < 1}.
Hint. Apply (4.22) with ¢ = x[01]-
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4. Suppose M is a surface in R™ of dimension 2, and ¢ : O — U C M is a coordinate

chart, with O C R?. Set ,,(z) = (p;(z), pr(z)), so jr : O — R% Show that the
formula (4.6) for the surface integral is equivalent to

/f ds = /fw Z(det Diju(a ))2 da.

Hint. Show that the quantity under \/— is equal to (4.12).

5. If M is an m-dimensional surface, ¢ : O — M C M a coordinate chart, for
J = (1, Jm) set

QOJ(I) = (9031 (:L‘), s P, (I)), wy;: 0 —=R™.

Show that the formula (4.6) is equivalent to

/f ds = /fo<p (det D(p‘](sc))2 dz.

1< <]nl

Hint. Reduce to the following. For fixed zg € O, the quantity under VARt equal
to g(z) at © = zo, in the case Dp(z¢) = (Dp1(x0), ..., Dom(20),0,...,0).
Reconsider this problem when working on the exercises for §5.

6. Let M be the graph in R"™! of 2,,,; = u(x), * € O C R™. Let N be the unit
normal to M given by N = (1+ |Vu]2)_1/2
function f : M — R+

(—Vu,1). Show that, for a continuous

/f N dS = /f(x,u(x)) (=Vu(z),1) dz.
M o

The left side is often denoted [, f - dS.

7. Writing the equation of the upper hemisphere in R"*! as 2,11 = /1 — |z|2, x €
B,, = unit ball in R", show that the area of S™ satisfies

A, =2 /(1 —|22) " da.

B
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Making use of (4.22), deduce that

n—1

1 r /2
A, =9,A,_1, U, = 2/ dr = / sin” 14 df.
0 0

1—17r2

Use this to re-derive (4.30).
Hint. Write sin” ™ § = sin” "2 §(1 — cos? §) and integrate by parts to show that

n—2
Y, = Yo
n—1 2

Show directly that 11 = 7 and Y5 = 2, and deduce that
0o = 72T (3) [T (241).
8. For G = SO(n), define k : G — G by k(g) = g~!. Show that x is an isometry.

Deduce that
[ Horas= [ 15 ds
G G

Hint. Use Ry, and L -1to reduce the problem to showing that Dk(I) is an isometry
0
on T;G = Skew(n). What is Dr(I)?
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5. Differential forms

It is very desirable to be able to make constructions which depend as little as
possible on a particular choice of coordinate system. The calculus of differential
forms, whose study we now take up, is one convenient set of tools for this purpose.

We start with the notion of a 1-form. It is an object that gets integrated over a
curve; formally, a 1-form on 2 C R" is written

(5.1) a= Z a;j(x) dx;.

If v : [a,b] — Q is a smooth curve, we set

(5.2) /a _ /ab S0y (v(0) (1) dt.

In other words,
(5.3) /az /'y*oz
% I

where I = [a,b] and v*a = 3, a;((t))7;(¢) is the pull-back of o under the map 1.
More generally, if F': O — Q is a smooth map (O C R™ open), the pull-back F*«
is a 1-form on O defined by

(5.4 Fla= gaj<F<y>>% .

The usual change of variable for integrals gives

(5.5) /oz _ /F*a

if v is the curve F o 0.
If F:0O — Q is a diffeomorphism, and

, 0
5.6 X = V(r)—
(5.6) >V,
is a vector field on 2, recall that we have the vector field on O :

(5.7) FuX(y)= (DF~'(p))X(p), p=F(y).
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If we define a pairing between 1-forms and vector fields on €2 by

(5.8) (X,a) = Z v (x)aj(z) =b-a,

a simple calculation gives
(5.9) (FyuX,F*a) = (X,a)o F.
Thus, a 1-form on 2 is characterized at each point p € €2 as a linear transformation

of vectors at p to R.

More generally, we can regard a k-form « on €2 as a k-multilinear map on vector
fields:

(5.10) a(Xy,...,Xg) € C(Q);
we impose the further condition of anti-symmetry:
(5.11) Oé(Xl,...7Xj,...7Xg,...,Xk) :—Oé(Xl,...,Xg,...,Xj,...,Xk).

There is a special notation we use for k-forms. If 1 < j; < --- < jp < n, j =
(J1y---4Jk), We set

(5.12) o= Zaj(a:) dxj, A--- ANdzj,
J
where
0
(513) (lj(.’l?) :a(ﬁjl,...,ajk), (9]- = 8_:13‘]
More generally, we assign meaning to (5.12) summed over all k-indices (j1,. .., jk),

where we identify
(5.14) dzj, A+ Ndzj, = (sgn o) dzj, A~ Ndxj_,,

o being a permutation of {1,...,k}. If any j,,, = j¢ (m # £), then (5.14) vanishes.
A common notation for the statement that « is a k-form on €2 is

(5.15) a € AF(Q).
In particular, we can write a 2-form (3 as

(5.16) B=Y bjr(x) dr; Aduy,
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and pick coefficients satisfying b;,(x) = —bg;(x). According to (5.12)—(5.13), if we
set U =) u;j(x)0/0xj and V =) v;(x)0/0x;, then

(5.17) BUV) =2 bik(a)u! (x)0*(x).

If b;). is not required to be antisymmetric, one gets B(U, V) = > (bjx — bi;)uivF.
If F: O — Qis a smooth map as above, we define the pull-back F*« of a k-form

a, given by (5.12), to be

(5.18) Froa=Y a;(F(y))(F*dz;,) A+ A (F*dxj,)
J
where
OF;
5.19 Fde; =Y —2L dy,,
( ) J zg: aye Ye

the algebraic computation in (5.18) being performed using the rule (5.14). Extend-
ing (5.9), if F' is a diffeomorphism, we have

(5.20) (F*a)(FuXi,...,FuXy) = a(X1,...,Xz) o F.

If B = (b)) is an n x n matrix, then, by (5.14),

(;blkd:ck) A (Zk: bgkdxk) Ao A (Zk: bnkdxk)

(521) = <Z(Sgn U)bld(l)b20(2) cee bna(n))dajl VANEEIVAN dl’n

o

= (det B)dxl A ANdxy,

Hence, if F : O — Q is a C!' map between two domains of dimension n, and
a = A(x)dxy A --- Ndx, is an n-form on €2, then

(5.22) F*a =det DF(y) A(F(y)) dyr A --- A dyp,.

Comparison with the change of variable formula for multiple integrals suggests
that one has an intrinsic definition of fQ a when « is an n-form on €2, n = dim
Q. To implement this, we need to take into account that det DF(y) rather than
|det DF(y)| appears in (5.21). We say a smooth map F' : O — 2 between two
open subsets of R™ preserves orientation if det DF(y) is everywhere positive. The
object called an “orientation” on €} can be identified as an equivalence class of
nowhere vanishing n-forms on €2, two such forms being equivalent if one is a multi-
ple of another by a positive function in C*°(£2); the standard orientation on R™ is
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determined by dx; A - -- A dx,. If S is an n-dimensional surface in R”**, an orien-
tation on S can also be specified by a nowhere vanishing form w € A™(5). If such a
form exists, S is said to be orientable. The equivalence class of positive multiples
a(x)w is said to consist of “positive” forms. A smooth map ¢ : S — M between
oriented n-dimensional surfaces preserves orientation provided 1 *o is positive on .S
whenever o € A™(M) is positive. If S is oriented, one can choose coordinate charts
which are all orientation preserving. We mention that there exist surfaces which
cannot be oriented, such as two-dimensional real projective space.

If O,Q are open in R™ and F : O — €} is an orientation preserving diffeomor-
phism, we have

(5.23) /F*a = /a.

(@) Q

More generally, if S is an n-dimensional manifold with an orientation, say the image
of an open set O C R" by ¢ : O — S, carrying the natural orientation of O, we can
set

(5.24) /a: /gp*a

S @]

for an n-form « on S. If it takes several coordinate patches to cover S, define |, Rget
by writing a as a sum of forms, each supported on one patch.

We need to show that this definition of | g @ is independent of the choice of
coordinate system on S (as long as the orientation of S is respected). Thus, suppose
p: 0 —-UCcC Sand v : Q — U C S are both coordinate patches, so that
F =9 1op:O — Qis an orientation-preserving diffeomorphism, as in Fig. 1.1.
We need to check that, if « is an n-form on S, supported on U, then

(5.25) /go*a: /w*a.
o %)

To see this, first note that, for any form « of any degree,
(5.26) Yol =p= ¢ a=FY*a.

It suffices to check this for a = dz;. Then (5.14) gives ¢* dx; = > (0;/0x,)dxy,
S0

. OF; 09, 3 0y
(5.27) F*q dszz%—éa—g AT, ¢ dszzafj dxm;

£,m

but the identity of these forms follows from the chain rule:

B b OF,
2 Dy = (DyY)(DF) = ] = -
(528) o= (DODF) — 5 =y S
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Now that we have (5.26), we see that the left side of (5.25) is equal to

(5.29) F*(¢*a),
/

which is equal to the right side of (5.25), by (5.23). Thus the integral of an n-form
over an oriented n-dimensional surface is well defined.

Exercises

1. If F: Uy — Uy and G : Uy — Uy are smooth maps and a € A¥(Uy), then (5.26)
implies

(GoF)*a = F*(G*a) in A*(Uy).

In the special case that U; = R™ and F' and G are linear maps, and k = n, show
that this identity implies

det (GF) = (det F)(det G).

Let A*R™ denote the space of k-forms (5.12) with constant coefficients. One can
show that dimgpAFR"™ = (Z) If T:R™ — R" is linear, then T™ preserves this class
of spaces; we denote the map by A¥T* : AKR” — A*R™. Similarly, replacing T
by T yields

AT APR™ — APR™

2. Show that A*T is uniquely characterized as a linear map from A*R™ to A*R™
which satisfies

(A*T)(vy A=+~ Awg) = (Tor) A--- A (Tog), v; € R™.

3. If {e1,...,e,} is the standard orthonormal basis of R", define an inner product
on A*R"™ by declaring an orthonormal basis to be

{ejy A Nej, 1 1< g1 <+ <jp <n}.

Show that, if {uy,...,u,} is any other orthonormal basis of R", then the set {u;, A
ANy, 1< g < < g < n} is an orthonormal basis of AFR™,

4. Let ¢ : O — R” be smooth, with O C R™ open. Show that, for each x € O,

IA" Dy (z)w||* = det Dp(x)' Dip(z),

where w = e; A - -+ Aey,. Take another look at Exercise 5 of §4.

5. Verify the identity (5.20).
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6. Products and exterior derivatives of forms

Having discussed the notion of a differential form as something to be integrated,
we now consider some operations on forms. There is a wedge product, or exterior
product, characterized as follows. If o € A¥(Q) has the form (5.12) and if

(6.1) B=> bi(x)dz;, A Ndz;, € A(Q),

define

(6.2) alf= Z a;j(x)bj(x)dzj, N+ Ndxj, Adxg, A--- Ndx;,
g,

in A¥(Q). A special case of this arose in (5.18)—(5.21). We retain the equivalence
(5.14). It follows easily that

(6.3) aAf=(-D*sAa.

Also, one can show that

1
(Oé/\ﬁ)(Xl,...,Xk_M) = W Z (SgnU)Oé(XU(l)7...,Xg(k))ﬂ(XU(k+1),...,Xg(k+g)).

In addition, there is an interior product if o € A¥(Q) with a vector field X on
Q, producing txa = a| X € A¥71(Q), defined by
(6.4) ()| X)) (X1, .oy X)) = (X, X1,y ooy Xiem1).
Consequently, if o« = dxj, A--- ANdzj,, 0; = 0/0z;, then
(6.5) a8, = (1) Ydxj, Ao Adzj, A Adzy,
where @jz denotes removing the factor dz;,. Furthermore,
i ¢ {1 Jkt = a]O; =0.

If FF: O — Qis a diffeomorphism and «, 3 are forms and X a vector field on €2,
it is readily verified that

(6.6) FaAf)=(Fra) AN(F*B),  F(a]X) = (Fa)|(FgX).
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We make use of the operators Ax and ¢, on forms:
(6.7) Ngav = dxp N o, g = | O.
There is the following useful anticommutation relation:
(6.8) Akte + e\ = O,

where dx¢ is 1 if kK = £, 0 otherwise. This is a fairly straightforward consequence of
(6.5). We also have

(6.9) NN+ A Nj =0, it + gty = 0.

From (6.8)—(6.9) one says that the operators {c;,A; : 1 < j < n} generate a
“Clifford algebra.” For more on this, see §26.
Another important operator on forms is the exterior derivative:

(6.10) d: A*(Q) — AFTLH(Q),
defined as follows. If o € A*() is given by (5.12), then

(6.11) da = Z 92 I dxy A dej, A--- Ndxj, .
Equivalently,
(6.12) da =Y 0N a

=1

where 0y = 0/0xy and Ay is given by (6.7). The antisymmetry dx,, A dz, =
—dz¢ A d2y,, together with the identity 0%a;/0x,0z,, = 0%*a;/0x .m0z, implies

(6.13) d(da) = 0,
for any differential form «. We also have a product rule:
(6.14) dla A B) = (da) A B+ (=DFa A (dB), acA¥Q), e A (Q).
The exterior derivative has the following important property under pull-backs:
(6.15) F*(da) = dF*a,

if « € A¥(Q) and F : O —  is a smooth map. To see this, extending (6.14) to a
formula for d(a A By A--- A B¢) and using this to apply d to F*«a, we have

0
_ Z 8_w(aj o F(x)) dxy N (F*dxj) A=+ A (Fdy,)
(6.16) '
+Z F dle) "-/\d(F*dle,)/\"'/\(F*dxjk)'
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Now

Fd dx; Ndx, =0,
a: Z@xjﬁxg i e

so only the first sum in (6.16) contributes to dF*«. Meanwhile,

(6.17) F*da = Z ggf (F*dap) A (Frdz, ) A A (Frday,),

o (6.15) follows from the identity

(6.18) > %(GJ oF Z
I4 m

F dxm,

which in turn follows from the chain rule.

If doo = 0, we say « is closed; if & = df3 for some 3 € A*~1(Q), we say « is exact.
Formula (6.13) implies that every exact form is closed. The converse is not always
true globally. Consider the multi-valued angular coordinate § on R?\ (0,0); df is
a single valued closed form on R?\ (0,0) which is not globally exact. As we will
see below, every closed form is locally exact.

First we introduce another important construction. If o € A¥(Q) and X is a
vector field on Q, generating a flow FY%, the Lie derivative Lx« is defined to be

d
(619) LXO( = dt (ft ) Oé|t:0.

Note the formal similarity to the definition (3.2) of LxY for a vector field Y. Recall
the formula (3.4) for LxY. The following is not only a computationally convenient
formula for £xa, but also an identity of fundamental importance.

Proosition 6.1. We have

(6.20) Lxa=d(a]X)+ (da)|X.

Proof. First we compare both sides in the special case X = 9/0z, = 9. Note that

(fég)*a = Zaj(x +teg)dxj, Ao Ndzj,,
J

SO

Oa:
(6.21) Ly, = Z (‘9_?4 dxj, N\--- Ndzxj, = O
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To evaluate the right side of (6.20) with X = 0y, use (6.12) to write this quantity
as

(6.22) d(tea) + vpdo = Z(ﬁj Aj te + 1ediNj) .

j=1

Using the commutativity of d; with A; and with ¢, and the anticommutation
relations (6.8), we see that the right side of (6.22) is dpcr, which coincides with
(6.21). Thus the proposition holds for X = 0/0z;,.

Now we can prove the proposition in general, for a smooth vector field X on ).
It is to be verified at each point xg € . If X (xg) # 0, choose a coordinate system
about zg so X = 0/0x; and use the calculation above. This shows that the desired
identity holds on the set of points {z¢ € Q : X (x¢) # 0}, and by continuity it holds
on the closure of this set. However, if g € 2 has a neighborhood on which X
vanishes, it is clear that £Lxa = 0 near 2y and also «| X and da| X vanish near x.
This completes the proof.

The identity (6.20) can furnish a formula for the exterior derivative in terms of
Lie brackets, as follows. By (3.4) and (6.20) we have, for a k-form w,

(6.23) (Lxw)(X1,..., X)) =X -w(X1,..., Xp) = Y w(X1,...,[X, X;],..., X).

J
Now (6.20) can be rewritten as
(6.24) txdw = Lxw — dixw.
This implies
(6.25)  (dw)(Xo,X1,...,Xk) = (Lxow)(X1,..., Xp) — (dexow)(X1,- .., Xk).

We can substitute (6.23) into the first term on the right in (6.25). In case w is a
1-form, the last term is easily evaluated; we get

(626) (dw)(Xo, Xl) = XO . w(Xl) - X1 . w(X()) — w([Xo,Xl]).

More generally, we can tackle the last term on the right side of (6.25) by the same
method, using (6.24) with w replaced by the (k — 1)-form ¢x,w. In this way we
inductively obtain the formula

(6.27)
k A~
(dw)(Xo, -, Xi) = Y (1) X¢ - w(Xo, ..., Xp, .., Xp)
£=0
+ ) (V) w([Xe, XG) Koy Xy X X,

0<t<j<k
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Note that from (6.19) and the property Fy'* = F5Fk it easily follows that

(6.28) C(F) 0= £x(FY) o = (F) Lxo

It is useful to generalize this. Let F} be any smooth family of diffeomorphisms from
M into M. Define vector fields X; on Fy(M) by

(6.29) %Ft(x) = X, (Fy(z)).

Then it easily follows that, for o € A¥M,

(6.30) %Ft*oz = F}Lx,a = F; [d(o] Xy) + (de) | Xy].

In particular, if « is closed, then, if F; are diffeomorphisms for 0 <t <1,
1
(6.31) Fra—Fla=dB, = / Fr(alX,) dt.
0

Using this, we can prove the celebrated Poincaré Lemma.

Theorem 6.2. If B is the unit ball in R™, centered at 0, a € A¥(B), k > 0, and
doa =0, then o = df3 for some 3 € A*~1(B).

Proof. Consider the family of maps F; : B — B given by Fy(z) =tx. For 0 <t <1
these are diffeomorphisms, and the formula (6.30) applies. Note that

Fila=a, Fja=0.

Now a simple limiting argument shows (6.31) remains valid, so a = df with

(6.32) B = /01 Fi(a)V)t™1 dt

where V' = rd/0r = > x;0/0x;. Since Fjj = 0, the apparent singularity in the
integrand is removable.

Since in the proof of the theorem we dealt with F; such that F, was not a
diffeomorphism, we are motivated to generalize (6.31) to the case where F; : M —
N is a smooth family of maps, not necessarily diffeomorphisms. Then (6.29) does
not work to define X; as a vector field, but we do have

d
(6.33) EFt(x) =Z(t,x); Z(t,x) € Tp,(z)N.



37

Now in (6.31) we see that
Fra] Xe)(Y1,..., Y1) = a(Ft(QU)) (Xt; DFy(x)Y1,... aDFt(x)Yk—1)7

and we can replace X; by Z(t,z). Hence, in this more general case, if « is closed,
we can write

1
(6.34) Fia—Fja=dp, ﬂ:/ v dt

0
where, at x € M,

(6.35) v(Y,..., Y 1) = a(Fi(2)) (Z(t,z), DF(2)Y4, ..., DFy(2)Y)—1).

For an alternative approach to this homotopy invariance, see Exercise 6.

Exercises

1. If « is a k-form, verify the formula (6.14), i.e., d(a A B) = (da) AB+(—=1)FaAdp.
If a is closed and (3 is exact, show that a A (3 is exact.

2. Let F be a vector field on U, open in R3, F = Z‘i’ fj(z)0/0z;. Consider the
1-form ¢ = Z‘;’ fj(z)dx;. Show that dy and curl F are related in the following
way:
: 9
1F =S g(z) -2
cur ;Lq](:z:) oz,

dp = g1(z) dxa A dxs + go(x) dxs A dzy + g3(x) dzy A dzs.
3. If F' and ¢ are related as in Exercise 3, show that curl F' is uniquely specified

by the relation
dp N a = (curl F,a)w

for all 1-forms o on U C R3, where w = dz; A dza A dxs is the volume form. Show
that curl F' is also uniquely specified by

dp = w|(curl F).

4. Let B be a ball in R?, F' a smooth vector field on B. Show that

Ju e C®B)st. F= grad u <= curl F =0.
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Hint. Compare F' = grad u with ¢ = du.

5. Let B be a ball in R? and G a smooth vector field on B. Show that
3 vector field F s.t. G = curl F < div G = 0.

Hint. If G = Z‘;’ g;(x)dx;, consider 1 = gy(x)dry A dxs + go(x)drs A dry +
g3(x) dzy A dre. Compute dip.

6. Suppose fo,f1 : X — Y are smoothly homotopic maps, via ® : X x R —
Y, ®(z,j) = f;i(z). Let « € A¥(Y) be closed. Apply (6.31) to & = &*a € A¥(X xR),
with Fy(z,s) = (z,s+1), to obtain 3 € A¥"1(X x R) such that Ffa —a = d3, and
from there produce 3 € A¥=1(X) such that fja — fia = dg.

Hint. Use 3 = 1*3, where «(z) = (z,0).

7. Verify the anticommutation relation (6.8). Show that, if £ is a 1-form and we
define Aca = £ A oy, and X is a vector field, then (6.8) implies

/\gLon + Lx /\g o = <X, f>Oé,
where (X, &) is the dual pairing, as in (5.8).

For the next set of exercises, let  be a planar domain, X = f(z,y)0/0z +
g(z,y)0/0y a nonvanishing vector field on 2. Consider the 1-form a = g(x,y) dz —

f(z,y) dy.

8. Let v: I — § be a smooth curve, I = (a,b). Show that the image C' = ~y(I)
is the image of an integral curve of X if and only if v*a = 0. Consequently, with
slight abuse of notation, one describes the integral curves by gdx — f dy = 0.

If « is exact, i.e., a = du, conclude the level curves of u are the integral curves of
X.

9. A function ¢ is called an integrating factor if & = @« is exact, i.e., if d(pa) = 0,
provided 2 is simply connected. Show that an integrating factor always exists, at
least locally. Show that ¢ = e is an integrating factor if and only if Xv = — div
X.

Reconsider Exercise 7 in §2.

Find an integrating factor for a = (22 + y? — 1) dz — 2zy dy.

10. Let Y be a vector field which you know how to linearize (i.e., conjugate to
0/0x) and suppose Ly a = 0. Show how to construct an integrating factor for .
Treat the more general case L xa = ca for some constant ¢. Compare the discussion
in §3 of the situation where [X,Y] = cX.
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7. The general Stokes formula

A basic result in the theory of differential forms is the generalized Stokes formula:

Proposition 7.1. Given a compactly supported (k — 1)-form (3 of class C* on
an oriented k-dimensional manifold M (of class C?) with boundary OM, with its
natural orientation,

(7.1) AZ a3 - é 5

The orientation induced on OM is uniquely determined by the following require-
ment. If

(7.2) M =RF ={z R : 2, <0}
then OM = {(z2,...,x)} has the orientation determined by dza A - - A dx.

Proof. Using a partition of unity and invariance of the integral and the exterior
derivative under coordinate transformations, it suffices to prove this when M has
the form (7.2). In that case, we will be able to deduce (7.1) from the fundamental
theorem of calculus. Indeed, if

(7.3) B=b;(x) doy A Adzj A~ Adag,
with b;(x) of bounded support, we have
j—1 9b;
(7.4) g = (-1) E dzxy A -+ \dxy.
Lj

If 7 > 1, we have

(7.5) A{dﬁ:/{/z %dacj}dxlz(),

and also k*3 = 0, where k : OM — M is the inclusion. On the other hand, for

7 =1, we have
0
b,
/dﬁ_/{ _Ooa—mdajl}dx2~~da:k

M

(7.6) _ / b1 (0,2") da’

I



40

This proves Stokes’ formula (7.1).

It is useful to allow singularities in JM. We say a point p € M is a corner of
dimension v if there is a neighborhood U of p in M and a C? diffeomorphism of U
onto a neighborhood of 0 in

(7.7) K:{xERk:ijO,forlgjgki—y},

where k is the dimension of M. If M is a C? manifold and every point p € OM
is a corner (of some dimension), we say M is a C? manifold wih corners. In such
a case, OM is a locally finite union of C? manifolds with corners. The following
result extends Proposition 7.1.

Proposition 7.2. If M is a C? manifold of dimension k, with corners, and 3 is a
compactly supported (k — 1)-form of class C* on M, then (7.1) holds.

Proof. Tt suffices to establish this when 3 is supported on a small neighborhood of
a corner p € OM, of the form U described above. Hence it suffices to show that
(7.1) holds whenever 3 is a (k — 1)-form of class C!, with compact support on K
in (7.7); and we can take [ to have the form (7.3). Then, for j > k — v, (7.5) still
holds, while, for j < k — v, we have, as in (7.6),

0 , -
/dﬁ:(—l)j_l/{ %dxj}d:cl---dxj---dxk

— 50 (951:]-
K

(78) :(_]‘)j_l/bj(xla"'7xj—1707xj—|—17"'7$k)dx1"'g;'j"'dZ’k
:/g,
oK

The reason we required M to be a manifold of class C? (with corners) in Proposi-
tions 7.1 and 7.2 is the following. Due to the formulas (5.18)—(5.19) for a pull-back,
if 3 is of class C7 and F is of class C?, then F*3 is generally of class C*, with
p = min(j, £ —1). Thus, if j = £ = 1, F*3 might be only of class C?, so there is not
a well-defined notion of a differential form of class C! on a C' manifold, though
such a notion is well defined on a C? manifold. This problem can be overcome,
and one can extend Propositions 7.1-7.2 to the case where M is a C' manifold
(with corners), and 3 is a (k — 1)-form with the property that both g and df
are continuous. We will not go into the details. Substantially more sophisticated
generalizations are given in [Fed).

Exercises
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1. Consider the region Q C R? defined by

Q={(z,y):0<y<2®,0<z <1}

Show that the boundary points (1,0) and (1,1) are corners, but (0,0,) is not a
corner. The boundary of € is too sharp at (0,0) to be a corner; it is called a
“cusp.” Extend Proposition 7.2. to treat this region.

2. Suppose U C R" is an open set with smooth boundary M = 0U, and U has
the standard orientation, determined by dxj A - - - A dx,,. (See the paragraph above
(5.23).) Let p € CH(R") satisfy p(z) < 0 for x € U, p(z) > 0 for x € R*\ U,
and grad ¢(x) # 0 for = € 9U, so grad ¢ points out of U. Show that the natural
oriemtation on QU, as defined after Proposition 7.1, is the same as the following.
The equivalence class of forms 3 € A" ~1(9U) defining the orientation on U satisfies
the property that dyp A 3 is a positive multiple of dz; A --- A dx,, on OU.

3. Suppose U = {z € R" : z,, < 0}. Show that the orientation on OU described
above is that of (=1)""1 dzq A+ Adzy_1.

4. If w € A*(M) determines the orientation of M and N is a vector field over OM,
nowhere tangent to OM, pointing out of M, show that

F(w|N) € A*1(oM)

determines the orientation of OM. Here, ¢ : 9M — M is the inclusion.
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8. The classical Gauss, Green, and Stokes formulas

The case of (7.1) where S = Q is a region in R? with smooth boundary yields
the classical Green Theorem. In this case, we have

(8.1) g = fdx+ gdy, dﬁz(%—%)dw/\dy,

and hence (7.1) becomes the following

Proposition 8.1. If_ﬁ is a region in R? with smooth boundary, and f and g are
smooth functions on ), which vanish outside some compact set in §2, then

(8.2) //(%-%)dﬁ;,:/(fdw;;@).
Q o0

Note that, if we have a vector field X = X10/0x + X20/0y on Q, then the
integrand on the left side of (8.2) is

0X1 . 0X5
ox oy
provided g = X, f = —X5. We obtain

(8.3) = div X,

(8.4) // div X dx dy = /(—X2 d + X, dy).
Q

oN

If 00 is parametrized by arc-length, as v(s) = (z(s),y(s)), with orientation as
defined for Proposition 15.1, then the unit normal v, to 02, pointing out of €2, is
given by v(s) = (y(s), —i(s)), and (16.4) is equivalent to

(8.5) // div X da dy = /(X, VY ds.

o

This is a special case of Gauss’ Divergence Theorem. We now derive a more gen-
eral form of the Divergence Theorem. We begin with a definition of the divergence
of a vector field on a surface M.

Let M be a region in R™, or an n-dimensional manifold, provided with a volume
form wy; € A" M. Let X be a vector field on M. Then the divergence of X, denoted
div X, is a function on M which measures the rate of change of the volume form
under the flow generated by X. Thus it is defined by

(86) EXLUM = (diV X)LUM.
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Here, Lx denotes the Lie derivative. In view of the general formula £Lxa = da| X +
d(a] X)), derived in (6.20), since dw = 0 for any n-form w on M, we have

(8.7) (div X)wpr = d(war ] X).

If M = R"™, with the standard volume element

(8.8) w=dzri N\ Ndxy,
and if
(8.9) X = ZXj(x)g,
Ly
then
(8.10) wJX:i(—m’—lxj(x)dxlA---Ad’éch--.Adxn.
j=1

Hence, in this case, (8.7) yields the familiar formula

(8.11) div X =) 9;X7,

Jj=1
where we use the notation

_of

_c%cj'

(8.12) 0; f

Suppose now that M is endowed with a metric tensor g,i(z). Then M carries
a natural volume element w);, determined by the condition that, if one has a
coordinate system in which g¢;i(po) = 0k, then war(po) = dxy A -+ A dxy,. This
condition produces the following formula, in any oriented coordinate system:

(8.13) wy = /g dry A+ ANdxy, g = det(gjr);

compare (4.7).
We now compute div X when the volume element on M is given by (8.13). We
have

(8.14) war)X =Y (~1 X g duy A Ada A A da,

J
and hence

(8.15) d(war] X) = 0;(\/gX?) dxy A+ -+ ANday,.
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Here, as below, we use the summation convention. Hence the formula (8.7) gives
(8.16) div X = g=129,(g"/?X7).

We now derive the Divergence Theorem, as a consequence of Stokes’ formula,
which we recall is

(8.17) /daz /a,

M oM

for an (n —1)-form on M, assumed to be a smooth compact oriented manifold with
boundary. If a = wy | X, formula (8.7) gives

(8.18) /(div X)w= /wMJX.

M oM

This is one form of the Divergence Theorem. We will produce an alternative ex-
pression for the integrand on the right before stating the result formally.

Given that wyy is the volume form for M determined by a Riemannian metric, we
can write the interior product wys | X in terms of the volume element wyys on OM,
with its induced Riemannian metric, as follows. Pick coordinates on M, centered
at pg € OM, such that M is tangent to the hyperplane {z,, = 0} at pg = 0, and
such that g;x(po) = d,x. Then it is clear that, at po,

(8.19) M (wm | X) = (X, v) wanm

where v is the unit vector normal to OM, pointing out of M and j : OM — M the
natural inclusion. The two sides of (8.19), which are both defined in a coordinate
independent fashion, are hence equal on OM, and the identity (8.18) becomes

(8.20) / (div X)war = / (X, 0) won.

M oM

Finally, we adopt the following common notation: we denote the volume element
on M by dV and that on OM by dS, obtaining the Divergence Theorem:

Theorem 8.2. If M is a compact manifold with boundary, X a smooth vector field
on M, then

(8.21) /(dw X) dV = /<X, V) ds,

M oM

where v is the unit outward-pointing normal to OM.
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The only point left to mention here is that M need not be orientable. Indeed,
we can treat the integrals in (8.21) as surface integrals, as in §4, and note that all
objects in (8.21) are independent of a choice of orientation. To prove the general
case, just use a partition of unity supported on orientable pieces.

The definition of the divergence of a vector field given by (8.6), in terms of how
the flow generated by the vector field magnifies or diminishes volumes, is a good
geometrical characterization, explaining the use of the term “divergence.”

We obtain some further integral identities. First, we apply (8.21) with X replaced
by uX. We have the following “derivation” identity:

(8.22) div uX = u divX 4 (du, X) = u div X + Xu,

which follows easily from the formula (8.16). The Divergence Theorem immediately
gives

(8.23) / (div X)u dV + / Xu dV = / (X, v)u dS.

M oM

Replacing u by uv and using the derivation identity X (uv) = (Xu)v + u(Xwv), we
have

(8.24) /[(Xu)v + u(Xv)]dV = — /(div X)uv dV + /(X, vyuv dS.

M M oM

It is very useful to apply (8.23) to a gradient vector field X. If v is a smooth
function on M, grad v is a vector field satisfying

(8.25) (grad v,Y) = (Y, dv),

for any vector field Y, where the brackets on the left are given by the metric tensor
on M and those on the right by the natural pairing of vector fields and 1-forms.
Hence grad v = X has components X7 = ¢g/*9pv, where (¢7%) is the matrix inverse
of (gji)-

Applying div to grad v, we have the Laplace operator:

(8.26) Av = div grad v = g—l/Qaj (gjkgl/zé?kv).

When M is a region in R™ and we use the standard Euclidean metric, so div X is
given by (8.11), we have the Laplace operator on Euclidean space:

9%v 9%v
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Now, setting X = grad v in (8.23), we have Xu = (grad u, grad v), and (X,v) =
(v, grad v), which we call the normal derivative of v, and denote dv/0v. Hence

(8.28) /u(Av) av = —/(grad u, grad v) dV + /ug—z ds.
M M oM
If we interchange the roles of u and v and subtract, we have
ov  Ou
(8.29) /u(Av) dv = /(Au)v av +/[u$ — 51}} ds.

M M M

Formulas (8.28)—(8.29) are also called Green formulas. We will make further use of
them in §9.

We return to the Green formula (8.2), and give it another formulation. Consider
a vector field Z = (f,g,h) on a region in R?® containing the planar surface U =
{(z,y,0) : (z,y) € Q}. If we form

i j ok
(8.30) curl Z =det | 0, 0, O,
fg h

we see that the integrand on the left side of (8.2) is the k-component of curl Z, so
(8.2) can be written

(8.31) //(curl Z) k dA = /(Z T ds,

oU

where T is the unit tangent vector to QU. To see how to extend this result, note
that k is a unit normal field to the planar surface U.

To formulate and prove the extension of (8.31) to any compact oriented surface
with boundary in R3, we use the relation between curl and exterior derivative
discussed in Exercises 2-3 of §6. In particular, if we set

3

3
0
(8.32) F=3 fi@o— ¢=) fix)d,
=1 ! =1
then curl F' = Zi’ gj(z) 0/0x; where
(8.33) dp = g1(x) dxy A dzs + go(x) dxs A dzy + gs(x) dxy A dzs.

Now Suppose M is a smooth oriented (n — 1)-dimensional surface with boundary
in R™. Using the orientation of M, we pick a unit normal field N to M as follows.
Take a smooth function v which vanishes on M but such that Vu(z) # 0 on M.
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Thus Vo is normal to M. Let 0 € A" 1(M) define the orientation of M. Then
dv Ao = a(x) dzy A - N dz,, where a(z) is nonvanishing on M. For z € M, we
take N(x) = Vu(z)/|Vv(z)| if a(z) > 0, and N(z) = —Vu(z)/|Vu(z)| if a(z) < 0.
We call N the “positive” unit normal field to the oriented surface M, in this case.
Part of the motivation for this characterization of IV is that, if 2 C R™ is an open
set with smooth boundary M = 02, and we give M the induced orientation, as
described in §7, then the positive normal field N just defined coincides with the
unit normal field pointing out of 2. Compare Exercises 2-3 of §7.

Now, if G = (g1,...,9n) is a vector field defined near M, then

(8.34) /(N -G) dS = /(zn:(—m—lgj(x) dzy A---daj - A da:n>.

This result follows from (8.19). When n = 3 and G = curl F, we deduce from
(8.32)~(8.33) that

(8.35) // dp = //(N -curl F')dS.

Furthermore, in this case we have
(8.36) / o= [ (F.-T)ds,

where T is the unit tangent vector to OM, specied as follows by the orientation
of OM; if 7 € AY(OM) defines the orientation of M, then (T,7) > 0 on M. We
call T' the “forward” unit tangent vector field to the oriented curve OM. By the
calculations above, we have the classical Stokes formula:

Proposition 8.3. If M is a compact oriented surface with boundary in R3, and F
is a C' wvector field on a neighborhood of M, then

(8.37) //(N- curl ) dS = /(F-T) ds,
M

oM

where N is the positive unit normal field on M and T the forward unit tangent field
to OM.

Exercises
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1. Given a Hamiltonian vector field

_N[9f 0 9 0
Hf N ;[8@ alL‘j c%cj c‘)@]’

calculate div Hy directly from (8.11).

2. Show that the identity (8.21) for div (uX) follows from (8.7) and
du N\ (w]X) = (Xu)w.

Prove this identity, for any n-form w on M"™. What happens if w is replaced by a
k-form, k < n?

3. Relate problem 2 to the calculations

(8.38) Loxa=ulxa+du (1xa)
and
(8.39) du N (txa) = —tx(du N a) + (Xu)a,

valid for any k-form «. The last identity follows from (6.8).

4. Show that
div [X,Y] = X(divY) — Y (div X).

5. Show that, if F : R® — R3 is a linear rotation, then, for a C! vector field Z on
R3.

(8.40) Fy(curl Z) = curl (Fp Z).

6. Let M be the graph in R? of a smooth function, z = u(x,y), (z,y) € O C R?, a
bounded region with smooth boundary (maybe with corners). Show that

o mas= [ 52)C) (G-) (C5)

(8.41) M
(E)FQ 8F1

9 8_y>] dx dy,
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where OF; /Ox and 0F;/0y are evaluated at (:1:, y, u(z, y)) Show that

(8.42) /(F “T)ds = /(ﬁl + Fg%) dz + <F2 + Fgg—) dy,

oM 00

where ﬁj (z,y) = Fj(z,y,u(z,y)). Apply Green’s Theorem, with f = Fy+F5(0u/0x),
g = Fy + F3(0u/dy), to show that the right sides of (8.41) and (8.42) are equal,
hence proving Stokes” Theorem in this case.

7. Let M C R™ be the graph of a function z,, = u(z’), 2’ = (z1,...,2,-1). If
B = Z w)dzy A Adaj A A day,

as in (8.34), and (') = (2/,u(z’)), show that

8u
Zgg z',u( (9953 — g (2 (@) | dzy A+ Adzy_y

=(—1 )”*1G- (=Vu,1) dri A~ Adzy_1,

where G = (g1, ..., 9n), and verify the identity (8.34) in this case.
Hint. For the last part, recall Exercises 2-3 of §7, regarding the orientation of M.

8. Let S be a smooth oriented 2-dimensional surface in R3, and M an open subset
of S, with smooth boundary; see Fig. 8.1. Let N be the upward unit normal field
to S, defined by its orientation. For x € OM, let v(z) be the unit vector, tangent
to M, normal to 0M, and pointing out of M, and let T' be the forward unit tangent
vector field to M. Show that, on OM,

Nxv=T, vxT=N.

Y

9. If M is an oriented (n — 1)-dimensional surface in R™, with positive unit normal
field N, show that the volume form wy; on M is given by wy; = w]|N, where
w =dxi N --- Adx, is the standard volume form on R". Deduce that the volume
form on the unit sphere S"~! C R is given by

n—1
Wgn-1 = Z(—l)jxj dei N---Ndxj N Ndzy,
j=1
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if S”~1 inherits the standard orientation as the boundary of the unit ball.

8B. Symbols, and a more general Green-Stokes formula

Let P be a differential operator of order m on a manifold M; P could operate
on sections of a vector bundle. In local coordinates, P has the form

(8B.1) Pu(x) = Z Po(x)DYu(x),

lof <m

where D = D" --- D%, D; = (1/i)0/0x;. The coeflicients p,(x) could be matrix
valued. The homogeneous polynomial in £ € R (n = dim M),

(8B.2) Pm(T,6) = D pale)s®

|lae|=m

is called the principal symbol (or just the symbol) of P. We want to give an intrinsic
characterization, which will show that p,,(x,§) is well defined on the cotangent
bundle of M. For a smooth function ¢, a simple calculation, using the product rule
and chain rule of differentiation, gives

(8B.3) P(u(2)e™?) = [pm(z, dp)u(z)A™ + r(z, )],

where 7(x,\) is a polynomial of degree < m — 1 in A. In (8B.3), py(x,dv) is
evaluated by substituting £ = (0v¢/0x1,...,0%/0zy,) into (9.2). Thus the formula

(8B.4) Pm (T, dp)u(z) = )\lim A"e T P (u(z)e)

provides an intrinsic characteristization of the symbol of P as a function on 7" M.
We also use the notation

(8B5) O-P(xag) :pm(«T,f)-
If
(8B.6) P COO(M, Eo) — COO<M, El)

where Ey and F; are smooth vector bundles over M, then, for each (z,¢&) € T*M,
(8B7) pm(fli,f) s Bop — Eig

is a linear map between fibers. It is easy to verify that, if P is a second differential
operator, mapping C*° (M, Ey) to C°°(M, Es), then

(8B8) O-P2P(x7£) =0p, (x,f)ap(:z;,ﬁ).
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If M has a Riemannian metric, and the vector bundles E; have metrics, then the
formal adjoint P! of a differential operator of order m like (8B.6) is a differential
operator of order m :

P': C™(M,E;) — C>*(M, Ey),
defined by the condition that
(8B.9) (Pu,v) = (u, P'v)

if u and v are smooth compactly supported sections of the bundles Fy and E;. If u
and v are supported on a coordinate patch O on M, over which FE; are trivialized,
so u and v have components u?,v?, and if the metrics on Ey and E; are denoted

hes, hes, respectively, while the Riemannian metric is gz, then we have
(8B.10) (Pu,v) = / hos(x) (Pu)” 7° /g(z) da.
o

Substituting (8B.1) and integrating by parts produces an expression for P?, of the
form

(8B.11) Plo(z) = Y ph(z)D"(x).

lo]<m
In particular, one sees that the principal symbol of P! is given by
(8B.12) opt(z,&) = op(z, &)
Compare the specific formula (from (8.24))
Xt = —-X — (div X),

for the formal adjoint of a real vector field, which has a purely imaginary symbol.
Now suppose M is a compact smooth manifold with smooth boundary. We want
to obtain a generalization of formula (8.24), i.e.,

(8B.13) (Xu,v) — (u, X'v) = / (v, X)um dS,
oM
to the case where P is a general first order differential operator, acting on sections

of a vector bundle as in (8B.6). Using a partition of unity, we can suppose u and v
are supported in a coordinate patch O in M. If the patch is disjoint from M, then
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of course (8B.9) holds. Otherwise, suppose O is a patch in R”. If the first order
operator P has the form

= ou
(8B.14) Pu= jzzl a; (:L’)a—xj + b(x)u,

then

(8B.15) /(Pu, v) Vg dx = /[ (aj(x)%,v) + (b(z)u,v) |\/g dz.
2 - j

o 1=1

If we apply the fundamental theorem of calculus, the only boundary integral comes
from the term involving du/0z,,. Thus we have

(8B.16) /(Pu,v>\/§daj = /(u,th\/ﬁdx — / {(an(2',0)u,v)\/g(2’,0) dz’,
O O

Rn—1

where da’ = dxq---dx,_1. If we pick the coordinate patch so that 9/dx,, is the

unit inward normal at 9M, then /g(«’,0) dz’ is the volume element on OM, and
we are ready to establish:

Proposition 8B.1. If M is a smooth compact manifold with boundary and P is a
first order differential operator (acting on sections of a vector bundle), then

(8B.17) (Pu,v) — (u, P'v) = % /(ap(x, v)u,v) dsS,

oM

Proof. The formula (8B.17), which arose via a choice of local coordinate chart, is
invariant, and hence valid independently of choices.

As in (8B.13), v denotes the outward pointing unit normal to OM; we use the
Riemannian metric on M to identify tangent vectors and cotangent vectors.

We will see an important application of (8B.17) in §21, where we consider the
Laplace operator on k-forms.

Exercises

1. Consider the divergence operator acting on (complex valued) vector fields:

div: C*(Q,C") — C*(22), QCR".
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Show that its symbol is
odaiv(z, v = i(v,§).
2. Consider the gradient operator acting on (complex valued) functions:
grad : C°(Q2) — C>*(Q,C"), QCR™
Show that its symbol is

O'grad(xa 5) - 7'5

3. Consider the operator
L = grad div: C*°(Q,C") — C*(2,C").

Show that its symbol is
or(z,§) = —[&]* P,

where Pr € End(C") is the orthogonal projection onto the (complex) linear span
of &.

4. Generalize Exercises 1-3 to the case of a Riemannian manifold.
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9. Topological applications of differential forms

Differential forms are a fundamental tool in calculus. In addition, they have
important applications to topology. We give a few here, starting with simple proofs
of some important topological results of Brouwer.

Proposition 9.1. There is no continuous retraction ¢ : B — S™1 of the closed
unit ball B in R™ onto its boundary S™~1.

In fact, it is just as easy to prove the following more general result. The approach
we use is adapted from [Kan].

Proposition 9.2. If M is a compact oriented manifold with nonempty boundary
OM, there is no continuous retraction ¢ : M — OM.

Proof. A retraction ¢ satisfies ¢ o j(x) = x where j : OM — M is the natural
inclusion. By a simple approximation, if there were a continuous retraction there
would be a smooth one, so we can suppose ¢ is smooth.

Pick w € A"~1(OM) to be the volume form on OM, endowed with some Riemann-
ian metric (n = dim M), so faM w > 0. Now apply Stokes’ theorem to @ = p*w. If
 is a retraction, j*¢*w = w, so we have

(9.1) /w:/dgo*w.

oM M

But dyp*w = ¢*dw = 0, so the integral (9.1) is zero. This is a contradiction, so
there can be no retraction.

A simple consequence of this is the famous Brouwer Fixed Point Theorem.

Theorem 9.3. If FF : B — B s a continuous map on the closed unit ball in R™,
then I has a fized point.

Proof. We are claiming that F'(z) = « for some = € B. If not, define ¢(x) to be the
endpoint of the ray from F(z) to z, continued until it hits 0B = S"~1. It is clear
that ¢ would be a retraction, contradicting Proposition 9.1.

We next show that an even dimensional sphere cannot have a smooth nonvan-
ishing vector field.

Proposition 9.4. There is no smooth nonvanishing vector field on S™ if n = 2k is
even.

Proof. If X were such a vector field, we could arrange it to have unit length, so
we would have X : S" — S™ with X (v) L v for v € S C R*"L. Thus there is
a unique unit speed geodesic 7, from v to X (v), of length 7/2. Define a smooth
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family of maps F; : S™ — S™ by Fy(v) = 7,(t). Thus Fy(v) = v, Fy/2(v) = X(v),
and F; = A would be the antipodal map, A(v) = —v. By (6.34), we deduce that
A*w — w = df is exact, where w is the volume form on S™. Hence, by Stokes’
theorem,

(9.2) /mw:/w
Sn Sn

On the other hand, it is straightforward that A*w = (—1)""tw, so (9.2) is possible
only when n is odd.

Note that an important ingredient in the proof of both Proposition 9.2 and
Proposition 9.4 is the existence of n-forms on a compact oriented n-dimensional
manifold M which are not exact (though of course they are closed). We next
establish the following important counterpoint to the Poincaré lemma.

Proposition 9.5. If M is a compact connected oriented manifold of dimension n
and o € A" M, then o = dB3 for some 3 € A"~ 1(M) if and only if

(9.3) /a:u

M

We have already discussed the necessity of (9.3). To prove the sufficiency, we
first look at the case M = S™.

In that case, any n-form « is of the form a(z)w, a € C*°(S™), w the volume form
on S™, with its standard metric. The group G = SO(n + 1) of rotations of R™*1
acts as a transitive group of isometries on S”. In §4 we constructed the integral of
functions over SO(n + 1), with respect to Haar measure. (See also §H.)

As noted in §4, we have the map Exp : Skew(n + 1) — SO(n + 1), giving
a diffeomorphism from a ball O about 0 in Skew(n + 1) onto an open set U C
SO(n+ 1) = G, a neighborhood of the identity. Since G is compact, we can pick a
finite number of elements §; € G such that the open sets U; = {{;g : g € U} cover
G. Pick n; € Skew(n + 1) such that Exp n; = ;. Define @, : U; — G for 0 <t <1
by

(9.4) ®;, (& Exp(A)) = (Exp tn;)(Exp t4), AcO.
Now partition G into subsets €2;, each of whose boundaries has content zero, such

that Q; C U;. If g € Q;, set g(t) = ®;¢(g). This family of elements of SO(n + 1)
defines a family of maps Fy; : S™ — S™. Now, as in (6.31) we have,

(9.5) a=g'a—drg(a), Kgla)= /0 Foi(a] Xge) dt,
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for each g € SO(n+ 1), where X, is the family of vector fields on S™ generated by
Fyi, as in (6.29). Therefore,

(9.6) o= G/g*ozdg - dzﬁg(a) dg.

Now the first term on the right is equal to aw, where @ = [ a(g-x)dg is a constant;
in fact, the constant is

_ 1
(9.7) T = o gn /a
Sn

Thus in this case (9.3) is precisely what serves to make (9.6) a representation of «
as an exact form. This finishes the case M = S™.

For a general compact, oriented, connected M, proceed as follows. Cover M
with open sets Os,..., Ok such that each 5]~ is diffeomorphic to the closed unit
ball in R™. Set U; = Oy, and inductively enlarge each O; to Uj, so that Uj is also
diffeomorphic to the closed ball, and such that Uj.1 NU; # 0, 1 < j < K. You can
do this by drawing a simple curve from 6j+1 to a point in U; and thickening it.
Pick a smooth partition of unity ¢;, subordinate to this cover.

Given a € A™M, satisfying (9.3), take &; = @;a. Most likely [d1 = ¢1 # 0,
so take o1 € A™M, with compact support in U; N Us, such that fal = 1. Set
a1 = a1 — o1, and redefine a to be the old as plus 1. Make a similar construction
using [ @2 = co, and continue. When you are done, you have

(9.8) a=a;+ - +ag,

with a; compactly supported in U;. By construction,

(9.9) / a; =0

for 1 < j < K. But then (9.3) implies [ ax = 0 too.
Now pick p € S™ and define smooth maps

(9.10) it M — §"

which map U, diffeomorphically onto S™\ p, and map M \U; to p. There is a unique
v; € A"S™, with compact support in S™ \ p, such that ¢*v; = a;. Clearly

/Uj:(),

Sn
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so by the case M = S™ of Proposition 9.5 already established, we know that
vj = dw; for some w; € A"~ 15" and then

(9.11) a; =dBj, B =Yjw;.

This concludes the proof.

We can sharpen and extend some of the topological results given above, using
the notion of the degree of a map between compact oriented manifolds. Let X and
Y be compact oriented n-dimensional manifolds. We want to define the degree of
a smooth map F' : X — Y. To do this, assume Y is connected. We pick w € A™Y
such that

(9.12) /WIL

Y
We want to define

(9.13) Deg (F) = /F*w.

X
The following result shows that Deg (F') is indeed well defined by this formula. The
key argument is an application of Proposition 9.5.

Lemma 9.6. The quantity (9.13) is independent of the choice of w, as long as
(9.12) holds.

Proof. Pick wy € A™Y satisfying [, w1 = 1, so [}, (w—w;) = 0. By Proposition 9.5,
this implies

(9.14) w — w; = da, for some a € A"7'Y.

Thus

(9.15) /F*w—/F*wlz/dF*azo,
X X X

and the lemma is proved.
The following is a most basic property.
Proposition 9.7. If Fy and Fy are homotopic, then Deg(Fy) = Deg(F}).

Proof. As noted in Exercise 6 of §6, if Fiy and F; are homotopic, then Fyw — Fjw
is exact, say df3, and of course fX dp = 0.

We next give an alternative formula for the degree of a map, which is very useful
in many applications. A point yg € Y is called a regular value of F, provided that,
for each z € X satisfying F(x) = yo, DF(z) : T, X — T,,Y is an isomorphism. The
easy case of Sard’s Theorem, discussed in Appendix O, implies that most points in
Y are regular. Endow X with a volume element wx, and similarly endow Y with
wy. If DF(x) is invertible, define JF(z) € R\ 0 by F*(wy) = JF(z)wx. Clearly
the sign of JF(z), i.e., sgn JF(x) = +1, is independent of choices of wx and wy,
as long as they determine the given orientations of X and Y.
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Proposition 9.8. If yg is a reqular value of F, then
(9.16) Deg(F) =Y {sgn JF(x;) : F(x;) = yo}.

Proof. Pick w € A™Y, satisfying (9.12), with support in a small neighborhood of
yo. Then F*w will be a sum ) w;, with w; supported in a small neighborhood of
z;, and [w; = £1 as sgn JF(x;) = +1.

The following result, which extends Proposition 9.7, is a powerful tool in degree
theory.

Proposition 9.9. Let M be a compact oriented manifold with boundary, dim M =
n+ 1. Given a smooth map F : M — Y, let f = F}aM :OM — Y. Then

Deg(f) = 0.

Proof. Applying Stokes’ Theorem to o = F*w, we have

/f*w:/dF*w.
oM M

But dF*w = F*dw, and dw = 0 if dim Y = n, so we are done.

An easy corollary of this is Brouwer’s no-retraction theorem. Compare the proof
of Proposition 9.2. (In fact, note how similar are the proofs of Propositions 9.2 and
9.9.)

Corollary 9.10. If M is a compact oriented manifold with nonempty boundary
OM, then there is no smooth retraction o : M — OM.

Proof. Without loss of generality, we can assume M is connected. If there were a
retraction, then OM = (M) must also be connected, so Proposition 9.9 applies.
But then we would have, for the map id. = go‘ o the contradiction that its degree

is both zero and 1.

For another application of degree theory, let X be a compact smooth oriented
hypersurface in R**!, and set Q = R*™1\ X. (Assume n > 1.) Given p € Q, define

T —p
1 F,: X — 8", Fy(z)=—2.
(9.17) 3 S, F,(x) P

It is clear that Deg (F},) is constant on each connected component of Q. It is also
easy to see that, when p crosses X, Deg (F},) jumps by £1. Thus  has at least two
connected components. This is most of the smooth case of the Jordan-Brouwer
separation theorem:
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Theorem 9.11. If X is a smooth compact oriented hypersurface of R"*1, which is
connected, then Q = R"1\ X has exactly 2 connected components.

Proof. X being oriented, it has a smooth global normal vector field. Use this to
separate a small collar neighborhood C of X into 2 pieces; C \ X = C, UCy. The
collar C is diffeomorphic to [—1,1] x X, and each C; is clearly connected. It suffices
to show that any connected component O of € intersects either Cy or C;. Take
p € 00. If p ¢ X, then p € Q, which is open, so p cannot be a boundary point of
any component of 2. Thus 00 C X, so O must intersect a C;. This completes the
proof.

Let us note that, of the two components of €2, exactly one is unbounded, say
Q, and the other is bounded; call it €2;. Then we claim that, if X is given the
orientation it gets as 92,

(9.18) p € Q; = Deg (F},) = J.

Indeed, for p very far from X, Fj, : X — S™ is not onto, so its degree is 0. And
when p crosses X, from )y to €21, the degree jumps by +1.

For a simple closed curve in R2, this result is the smooth case of the Jordan curve
theorem. That special case of the argument given above can be found in [Sto].

We remark that, with a bit more work, one can show that any compact smooth
hypersurface in R”*! is orientable. A proof will be sketched in §24.

The next application of degree theory is useful in the study of closed orbits of
planar vector fields. Let C be a simple smooth closed curve in R?, parametrized by
arc-length, of total length L. Say C'is given by x = ~(t), v(t+ L) = ~(t). Then we
have a unit tangent field to C, T'(y(t)) = 7/(t), defining

(9.19) T:C— St
Proposition 9.12. For T given by (9.19), we have

(9.20) Deg(T) = 1.

Proof. Pick a tangent line ¢ to C' such that C' lies on one side of /¢, as in Fig. 9.1.

Without changing Deg(T'), you can flatten out C' a little, so it intersects ¢ along a

line segment, from v(Lg) to v(L) = v(0), where we take Lo = L —2¢, Ly = L —¢.
Now T is close to the map T, : C — S, given by

V(t+s) =)
[yt +5) =@

(9.21) Ts(v(t)) =

for any s > 0 small enough; hence T and such T are homotopic; hence T and
T, are homotopic for all s € (0, L). Furthermore, we can even let s = s(t) be any
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continuous function s : [0, L] — (0, L), such that s(0) = s(L). In particular, T" is
homotopic to the map V : C — S, obtained from (9.21) by taking

S(t) = Ll — t, for t € [O,Lo],

and s(t) going monotonically from L, — Ly to Ly for ¢t € [Lg, L]. Note that
0<t< L.

The parts of V over the ranges 0 < t < Ly and Ly < t < L, respectively, are
illustrated in Figures 9.1 and 9.2. We see that V maps the segment of C from
7(0) to y(Lg) into the lower half of the circle S, and it maps the segment of C
from v(Lg) to (L) into the upper half of the circle St. Therefore V' (hence T') is
homotopic to a one-to-one map of C onto S!, preserving orientation, and (9.20) is
proved.

The material of this section can be cast in the language of deRham cohomology,
which we now define. Let M be a smooth manifold. A smooth k-form u is said
to be ezxact if u = dv for some smooth (k — 1)-form v, and closed if du = 0. Since
d? = 0, every exact form is closed:

(9.22) EF(M) c ck(M),

where £F (M) and C*¥ (M) denote respectively the spaces of exact and closed k-forms.
The deRham cohomology groups are defined as quotient spaces:

(9.23) HE (M) = CF(M)/EF(M).

There are no (—1)-forms, so E°(M) = 0. A 0-form is a real-valued function, and it
is closed if and only if it is constant on each connected component of M, so

(9.24) HY(M) ~R”, v =4 connected components of M.

An immediate consequence of Proposition 9.5 is the following;:

Proposition 9.13. If M is a compact connected oriented manifold of dimension
n, then

(9:25) H™ (M) ~ R.

Via the pull-back of forms, a smooth map F': X — Y between two manifolds
induces maps on cohomology:

(9.26) F*:HI(Y) — H/(X).
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If X and Y are both compact, connected, and oriented, and of dimension n, then
F*:H"(Y) - H"(X), and, via the isomorphisms H"(X) ~ R ~ H"(Y), this map
is simply multiplication by Deg F.

DeRham cohomology plays an important role in material we develop later, par-
ticularly in the theory of characteristic classes, in §§19-20. Also, the Hodge theory
of §§21-24 provides some useful tools in the study of deRham cohomology.

Exercises

1. Show that the identity map I : X — X has degree 1.
2. Show that, if F': X — Y is not onto, then Deg(F') = 0.
3. If A: S™ — S™ is the antipodal map, show that Deg(A4) = (—1)""1.

4. Show that the homotopy invariance property given in Proposition 9.7 can be
deduced as a corollary of Proposition 9.9.
Hint. Take M = X x [0, 1].

5. Let p(z) = 2" + a,_12"" ' + -+ + a1z + ag be a polynomial of degree n > 1.
Show that, if we identify S? ~ C U {oo}, then p : C — C has a unique continuous
extension p : S? — 82, with p(co) = co. Show that

Deg p = n.
Deduce that p : 52 — S? is onto, and hence that p : C — C is onto. In particular,
each nonconstant polynomial in z has a complex root. This result is the Funda-

mental Theorem of Algebra.
Hint. For z large, set ( = 1/z and consider

(€)=~ = o
P T D)0 T T+ anaC+ -+ agl”

=g(0)",

with
9 =CHb 4
Show that, for w € C, |w| small, ¢ ~!(w) consists of n points.

6. Suppose X,Y, and Z are compact and oriented, with Y and Z connected. Let
f: X =Y and g:Y — Z be smooth. Show that

Deg (g o f) = Deg (g) Deg (f).



62

10. Critical points and index of a vector field

A critical point of a vector field V is a point where V vanishes. Let V be a
vector field defined on a neighborhood O of p € R", with a single critical point, at
p. Then, for any small ball B, about p, B, C O, we have a map

- V(z)

. : — sl = i
(10.1) V. :0B, — S"", V() V(o)

The degree of this map is called the index of V at p, denoted ind,(V); it is clearly
independent of r. If V' has a finite number of critical points, then the index of V' is
defined to be

(10.2) Index (V) =) ind, (V).

If ¢ : O — O’ is an orientation preserving diffeomorphism, taking p to p and V'
to W, then we claim

(10.3) ind, (V) = ind, (W).

In fact, Dv(p) is an element of GL(n,R) with positive determinant, so it is homo-
topic to the identity, and from this it readily follows that V,. and W,. are homotopic
maps of B, — S™~ 1. Thus one has a well defined notion of the index of a vector
field with a finite number of critical points on any oriented manifold M.

A vector field V on O C R” is said to have a non-degenerate critical point at p
provided DV (p) is a nonsingular n x n matrix. The following formula is convenient.

Proposition 10.1. If V has a nondegenerate critical point at p, then

(10.4) ind,(V) = sgn det DV (p).

Proof. If p is a nondegenerate critical point, and we set ¥(xz) = DV (p)z, .(z) =
Y(x)/|Y(x)|, for x € OB,, it is readily verified that v, and V, are homotopic, for

r small. The fact that Deg(e),) is given by the right side of (10.4) is an easy
consequence of Proposition 9.8.

The following is an important global relation between index and degree.

Proposition 10.2. Let Q be a smooth bounded region in R" 1. Let V be a vector
field on Q, with a finite number of critical points p;, all in the interior Q. Define
F:00— S™ by F(z) =V (x)/|V(x)|. Then

(10.5) Index (V') = Deg (F).
Proof. If we apply Proposition 9.9 to M = Q \ U; B=(p;), we see that Deg(F) is
equal to the sum of degrees of the maps of 0B.(p;) to S™, which gives (10.5).

Next we look at a process of producing vector fields in higher dimensional spaces
from vector fields in lower dimensional spaces.
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Proposition 10.3. Let W be a vector field on R™, vanishing only at 0. Define a
vector field V. on R™* by V(z,y) = (W(x),y). Then V vanishes only at (0,0).
Then we have

Proof. If we use Proposition 9.8 to compute degrees of maps, and choose yy €
Sn—1 c §ntk=1 g regular value of W,., and hence also for V;., this identity follows.

We turn to a more sophisticated variation. Let M be a compact oriented n
dimensional surface in R"T*_ W a (tangent) vector field on M with a finite number
of critical points p;. Let Q be a small tubular neighborhood of X, 7 : Q — X
mapping z €  to the nearest point in M. Let ¢(z) = dist(z, X)2. Now define a
vector field V on Q by

(10.7) V(z) = W(n(2)) + Ve(2).

Proposition 10.4. If F : 9Q — S"t*=1 is given by F(z) = V(2)/|V(2)|, then
(10.8) Deg (F) = Index(W).

Proof. We see that all the critical points of V' are points in M which are critical

for W, and, as in Proposition 10.3, Index (W) = Index (V). But Proposition 10.2
implies Index (V) = Deg (F).

Since ¢(z) is increasing as one goes away from M, it is clear that, for z €
002, V(z) points out of €2, provided it is a sufficiently small tubular neighborhood
of M. Thus F : 9Q — S™+*~1 is homotopic to the Gauss map

(10.9) N :9Q — Skl

given by the outward pointing normal. This immediately gives:

Corollary 10.5. Let M be a compact oriented surface in R"T* Q a small tubular
neighborhood of M, and N : 0Q — S"T*=1 the Gauss map. If W is a vector field
on M with a finite number of critical points, then

(10.10) Index (W) = Deg (N).

Clearly the right side of (10.10) is independent of the choice of W. Thus any two
vector fields on M with a finite number of critical points have the same index, i.e.,
Index (W) is an invariant of M. This invariant is denoted

(10.11) Index (W) = x(M),
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and is called the Euler characteristic of M. See the exercises for more results on
X(M).

Exercises

A nondegenerate critical point p of a vector field V' is said to be a source if the real
parts of the eigenvalues of DV (p) are all positive, a sink if they are all negative,
and a saddle if they are all either positive or negative, and there exist some of each
sign. Such a critical point is called a center if all orbits of V' close to p are closed
orbits, which stay near p; this requires all the eigenvalues of DV (p) to be purely
imaginary.

In Exerises 1-3, V is a vector field on a region Q) C R?.

1. Let V have a nondegenerate critical point at p. Show that

—1

p saddle = ind, (V)
p(V)

p sink = ind, (V)
p(V)

p source — ind

1
1
1

p center = ind

2. If V has a closed orbit «, show that the map T : v — S, T'(x) = V(x)/|V (z)],
has degree +1.
Hint. Use Proposition 9.12.

3. If V has a closed orbit v whose inside O is contained in €2, show that V must
have at least one critical point in O, and that the sum of the indices of such critical
points must be +1.

Hint. Use Proposition 10.2.

If V has exactly one critical point in O, show that it cannot be a saddle.

4. Let M be a compact oriented 2-dimensional manifold. Given a triangulation of
M, within each triangle construct a vector field, vanishing at 7 points as illustrated
in Fig. 10.1, with the vertices as attractors, the center as a repeller, and the mid-
points of each side as saddle points. Fit these together to produce a smooth vector
field X on M. Show directly that

(10.12) Index (X) =V — E+F,
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where
V = # vertices, ' = # edges, F = # faces,

in the triangulation.

5. More generally, construct a vector field on an n-simplex so that, when a compact
oriented n-dimensional surface M is triangulated into simplices, one produces a
vector field X on M such that

(10.13) Index (X) = Zn:(—DjVj»
§=0

where v; is the number of j-simplices in the triangulation, i.e., vy = # vertices,
v, = # edges, ...,v, = # of n-simplices.

See Fig. 10.2 for a picture of a 3-simplex, with its faces (i.e., 2-simplices), edges,
and vertices labelled.

The right side of (10.13) is one definition of x(M). As we have seen that the left
side of (10.13) is independent of the choice of X, it follows that the right side is
independent of the choice of triangulation.

6. Let M be the sphere S™, which is homeomorphic to the boundary of an (n + 1)-
simplex. Computing the right side of (10.13), show that

(10.14) x(S™) =2 if n even, 0 if n odd.

Conclude that, if n is even, there is no smooth nowhere vanishing vector field on
S™. (This re-proves Proposition 9.4.)

7. Consider the vector field R on S? generating rotation about an axis. Show
that R has two critical points, at the “poles.” Classify the critical points, compute
Index(R), and compare the n = 2 case of (10.14). Do the same for a vector field
with a source at the north pole and a sink at the south pole. Generalize from S?
to S™.

8. Assume M™ C R™*1: let M be oriented as the boundary of a bounded domain
Q. If G: M — S™ denotes the Gauss map of M to its outward normal, show that

(10.15) (1+ (=1)")Deg G = Deg N = x(M).



66

In particular,
1
(10.16) n even => Deg G = §X(M)

Hint. Note that the manifold 092 in (10.9) consists essentially of 2 copies of M,
with opposite orientations.

9. Show that the computation of the index of a vector field X on a manifold M
is independent of orientation, and that Index (X) can be defined when M is not
orientable.

10. Comparing Index (X) and Index (—X), show that, for a compact smooth man-
ifold M,
dim M odd = x(M) = 0.

11. Let M, Q, and G be as in Exercise 8. Show that there exists a smooth vector
field W on Q, with only isolated critical points, such that W = G on 9. Hence
Deg G = Index W. Show that W gives rise to a vector field W on the double €2 of
Q such that Index W = (1 + (—1)"+1) Index W. Deduce that

1 ~
(10.17) n odd = DegG = §X(Q)

Remark. Material in §§23-24 will identify the right side of (10.17) with x(€2) (when

n is odd). Furthermore, it will be seen that x(9€) = 2x({2) when n is even. Hence,
whether n is even or odd, one has

(10.18) Deg G = x().

12. Let Q Cc R* € S* be a tubular neighborhood of a diffeomorphic image of T? in
R%, let M = 09, and define G : M — S2 as in Exercise 8. We have

x(Q) =0, DegG =0.
Consider Qy =S4\ Q. Tt follows from material in §24 (cf. (24.8)) that

Use this to produce a region Q; C R* diffeomorphic to Q9, with boundary 09,
diffeomorphic to M, and Gauss map

Gl : an — 53, DegG1 = 2.
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Note the contrast with (10.16), which shows that Deg G is a differential topological
invariant of M, when dim M is even.

13. Let M be a compact 2-dimensional surface. Let M be obtained by attaching a
handle to M. Show that .
X(M) = x(M) — 2.

Hint. Take a vector field X on M as in Exercise 4. Attach one end of the handle to
a circle about a source of X and the other to a circle about a sink of X. Produce
a vector field X on M with all the singularities of X, except that one source and
one sink are deleted. See Fig. 10.3.
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11. Geodesics on Riemannian manifolds

We want to re-do the derivation of §1 of the ODE for a geodesic on a Riemannian
manifold M. As before, let () be a one parameter family of curves satisfying
vs(a) = p, vs(b) = q, and (1.3). Then

(11.1) V = 057s(t)|s=0

is a vector field defined on the curve vy(t), vanishing at p and ¢, and a general
vector field of this sort could be obtained by a variation 7,(t). Let

(11.2) T = v,(t).

With the notation of (1.1), we have, parallel to (1.6),

b
L'(s):/ VT, TYV? dt
(11.3) -
:%/a V(T,T>dt, atSZO,

assuming -y has constant speed cg, as in (1.3). Now we need a generalization of
(0/0s)vL(t), and of the formula (1.7). One natural approach involves the notion of
a covariant derivative.

If X and Y are vector fields on M, the covariant derivative V xY is a vector field
on M. The following properties are to hold: we assume V xY is additive in both X
and Y, that

(11.4) VixY = fVyY,
for f € C>°(M), and
(11.5) Vi (fY) = fUXY + (XY,

i.e., Vx acts as a derivation. The operator Vx is required to have the following
relation to the Riemannian metric:

(11.6) X(Y,Z) = (VxY, Z) + (Y,VxZ).

Y

One further property, called the “zero torsion condition,” will uniquely specify V :
(11.7) VxY - VyX = [X,Y].

If these properties hold, one says V is a “Levi-Civita connection.” We have the
following existence result.
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Proposition 11.1. A Riemannian metric has associated a unique Levi-Civita con-
nection, given by

2AVXY, Z) =X(Y, Z) + Y(X,Z) — Z(X,Y)

(11.8) +([X,Y],2) — (X, 2].Y) — ([Y, 2], X).

Proof. To obtain the formula (11.8), cyclically permute X, Y, Z in (11.6) and take
the appropriate alternating sum, using (11.7) to cancel out all terms involving V
but two copies of (VxY, Z). This derives the formula and establishes uniqueness.
On the other hand, if (11.8) is taken as the definition of VxY, then verification of
the properties (11.4)—(11.7) is a routine exercise.

For example, if you interchange the roles of Y and Z in (11.8), and add to it the
resulting formula for 2(Y, Vx Z), you get cancellation of all terms on the right side
except X(Y, Z) + X(Z,Y); this gives (11.6).

We can resume our analysis of (11.3), which becomes

1 b
(11.9) L'(s) = c_/ (VyT,T)dt, ats=0.
0 Ja

Since 0/0s and 0/0t commute, we have [V,T] = 0 on -y, and (11.7) implies

1 b

(11.10) L'(s) = —/ (VrV,T)dt at s=0.
Co a

The replacement for (1.7) is

(11.11) TV, T = (V4V,T) + (V,VT),

so, by the fundamental theorem of calculus,

1 b
(11.12) L'0)=—-— [ (V,V7T)dt.

Co Ja
If this is to vanish for all smooth vector fields over 7, vanishing at p and ¢, we
must have

(11.13) VT = 0.

This is the geodesic equation for a general Riemannian metric.
If the Riemannian metric takes the form g;,(x), in a coordinate chart, and V is

the corresponding Levi-Civita connection, the Christoffel symbols I’kij are defined
by

(11.14) Vo, 05 = > T%;0k,
k
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where 0y = 0/0x. The formula (11.8) implies

110g, dg; 09g;;
(11.15) grel’ij = [ Jk | O _ g]]

200z, " 0x;  Oxy,

Note the coincidence with (1.34). We can rewrite the geodesic equation (11.13) for
Yo(t) = x(t) as follows. With x = (x1,...,2,), T = (&!,...,2"), we have

(11.16) 0=> V(&) =) [ir +&'Vrdy].
4 )4

In view of (11.14), this becomes
(11.17) Wil i T =0

(with the summation convention), just as in (1.33). The standard existence and
uniqueness theory applies to this system of second order ODE. We will call any
smooth curve satisfying the equation (11.13), or equivalently (11.17), a geodesic.
Shortly we will verify that such a curve is indeed locally length minimizing. Note
that if T' = +/(t), then T(T,T) = 2(VT,T), so if (11.13) holds (¢) automatically
has constant speed.

For a given p € M, the exponential map

(11.18) Exp,: U — M,
is defined on a neighborhood U of 0 € T, M by

(11.19) Exp,(v) = 74(1)

where 7,(t) is the unique constant speed geodesic satisfying

(11.20) Y (0) =p, 7,(0) = .

Note that Exp,(tv) = 7,(t). It is clear that Exp, is well defined and C* on a
sufficiently small neighborhood U of 0 € T}, M, and its derivative at 0 is the identity.
Thus, perhaps shrinking U, we have that Exp, is a diffeomorphism of U onto a
neighborhood O of p in M. This provides what is called an exponential coordinate
system, or a normal coordinate system. Clearly the geodesics through p are the
lines through the origin in this coordinate system. We claim that, in this coordinate
system,

(11.21) Tk (p) = 0.

Indeed, since the line through the origin in any direction ad; + by, is a geodesic,
we have

(11.22) v(a<9j+b<9k)(a8j +b0;) =0 at p,
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for all a,b € R, and all j, k. This implies
(11.23) Vo, 0 = 0 at p for all j, k,

which implies (11.21). We note that (11.21) implies dg;x/0z; = 0 at p, in this
exponential coordinate system. In fact, a simple manipulation of (11.15) gives

09jk
83:@
As a consequence, a number of calculations in differential geometry can be simplified
by working in exponential coordinate systems.

We now establish a result, known as the Gauss Lemma, which implies that a

geodesic is locally length minimizing. For a small, let 3, = {v € R" : ||v| = a},
and let S, = Exp,(X2,).

Proposition 11.2. Any unit speed geodesic through p hitting S, att = a is orthog-
onal to S,.

(11.24)

= Gkl o + Gms T ke

Proof. If vo(t) is a unit speed geodesic, 7(0) = p, y(a) =q € Sy, and V € T,M
is tangent to S, there is a smooth family of unit speed geodesics, vs(t), such that
vs(0) = p and (8/03)78((1)‘3:0 = V. Using (11.10)—(11.11) for this family, with
0 <t < a, since L(s) is constant, we have

(11.25) 0= /OGT<V, T)dt = (V,v4(a)),

which proves the proposition.

Corollary 11.3. Suppose Exp, : B, — M is a diffeomorphism of B, = {v €
T,M : |v| < a} onto its image B. Then, for each q € B, q = Exp,(w), the curve
v(t) = Expy(tw), 0 <t <1, is the unique shortest path from p to q.

Proof. We can assume |w| = a. Let o : [0,1] — M be another constant speed path
from p to q, say |o’(t)] = b. We can assume o(t) € B for all t € [0,1]; otherwise
restrict o to [0, 3] where § = inf{t : o(t) € OB} and the argument below will show
this segment has length > a.

For all ¢ such that o(t) € B\ p, we can write o(t) = Exp, (r(t)w(t)), for uniquely
determined w(t) in the unit sphere of T, M, and r(t) € (0, a] If we pull the metric
tensor of M back to B,, we have

o' ()] = 7' (t)* + r(6)* (1)),

by the Gauss lemma. Hence

b= l(o) :/0 o' (8)] dt

(11.26) — %/0
1

> 3/0 ' (t)% dt.

1
o’ ()] dt
1
/



72

Cauchy’s inequality yields

/01 ()] dt < (/01 r(1)2 dt>1/2,

so the last quantity in (11.26) is > a?/b. This implies b > a, with equality only if
|w’(t)| = 0 for all ¢, so the corollary is proven.

The following is a useful converse.

Proposition 11.4. Let v :[0,1] — M be a constant speed Lipschitz curve from p
to q that is absolutely length minimizing. Then v is a smooth curve satisfying the
geodesic equation.

Proof. We make use of the following fact, which will be established below. Namely,
there exists a > 0 such that, for each point x € v, Exp, : B, — M is a diffeomor-
phism of B, onto its image (and a is independent of = € ).

So choose ty € [0,1] and consider zy = 7y(ty). The hypothesis implies that ~
must be a length minimizing curve from z( to y(¢), for all ¢ € [0,1] By Corollary
11.3, v(t) coincides with a geodesic for ¢ € [to,to + o] and for t € [to — 3,10, where
to + @ = min(tp + a,1) and tyg — f = max(ty — a,0). We need only show that, if
to € (0,1), these two geodesic segments fit together smoothly, i.e., that v is smooth
in a neighborhood of ;.

To see this, pick ¢ > 0 such that ¢ < min(tg,a), and consider ¢; =ty — €. The
same argument as above applied to this case shows that v coincides with a smooth
geodesic on a segment including ¢¢ in its interior, so we are done.

The asserted lower bound on a follows from compactness plus the following
observation. Given p € M, there is a neighborhood O of (p,0) in TM on which

(11.27) E:0— M, &(x,v)=Exp;(v), (veTl.M)
is defined. Let us set

(11.28) F(z,v) = (z,Bxpz(v)), F:0— M x M.

DF(p,0) = G ?—)

as a map on T, M & T, M, where we use Exp, to identify T, yT,M ~ T,M &
TyM =~ T ) (M x M). Hence the inverse function theorem implies that F is a
diffeomorphism from a neighborhood of (p,0) in 7'M onto a neighborhood of (p, p)
in M x M.

Let us remark that, though a geodesic is locally length minimizing, it need not
be globally length minimizing. There are many simple examples of this, which we
leave to the reader to produce.

We readily compute that
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In addition to length, another quantity associated with a smooth curve v :
la,b] — M is energy:

1 b
(11.29) E = 5/ (T, T) dt,

which differs from the arclength integral in that the integrand here is (T',T'), rather
than the square root of this quantity. If one has a family ~, of curves, with variation
(11.1) and with fixed endpoints, then

(11.30) E'(0) = %/bV(T,T> dt.

This is just like the formula (11.3) for L’(0), except for the factor 1/2¢y in (11.3),

but to get (11.30) we do not need to assume that the curve -y has constant speed.
Now the computations (11.9)—(11.12) have a parallel here:

(11.31) E'(0) = —/b<v, vrT) dt.

Hence the stationary condition for the energy functional (11.29) is VT = 0, which
coincides with the geodesic equation (11.13).

Exercises

1. Verify that the definition of V x given by (11.8) does indeed provide a Levi-Civita
connection, having properties (11.4)—(11.7).

2. Let G be a compact Lie group, with a bi-invariant Riemannian metric (such as
SO(n), discussed in §4). Show that any unit speed geodesic v on G with v(0) = e,
the identity element, is a subgroup of G, i.e., v(s +t) = y(s)y(t). Hence the two
notions of the exponential map on T,.G coincide.

Hint. Given p = (to), define R, : G — G by R,(g9) = pg~'p. Show that this is
an isometry of G that fixes p and leaves 7 invariant, though reversing its direction.
Deduce from this that p? = ~(2tg).

3. Let M be a connected Riemannian manifold. Define d(p, q) to be the infimum
of lengths of smooth curves from p to ¢. Show this makes M a metric space.
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4. Let M be a connected Riemannian manifold which, with the metric of Exercise
3, is compact. Show that any p,q € M can be joined by a geodesic of length d(p, q).
Hint. Let v, : [0,1] — M, ~v(0) = p, 7(1) = ¢, be constant speed curves of
lengths ¢, — d(p,q). Use Ascoli’s theorem to produce a Lipschitz curve of length
d(p,q) as a uniform limit of a subsequence of these.

Exercises 57 deal with an extension of the result of Exercise 4, known as the Hopf-
Rinow theorem. We assume that M is a connected Riemannian manifold which is
“geodesically complete,” i.e., for each z € M, v € T, M, Exp,(tv) is defined for all
t € R. The theorem states that for such a manifold, any two points can be joined
by a geodesic.

Fix p,q € M, and set r = d(p,q). Assume a > 0 and Exp, : B, — B is a
diffeomorphism.

5. Show that there exists py € 9B such that d(p1,q) = inf {d(y, q) : y € OB}. Show
that

d(p1,q) =7 = a.
Let 7 : R — M be the unit speed geodesic such that v(0) = p, v(a) = p1.

6. Assume Exp,, : B,, — B is a diffeomorphism. Pick p; € 9B; such that
d(p2,q) = inf{d(y,q) : y € 0By1}. Show that d(p2,q) = r — a — a; and that
d(p,p2) = a + aj. Then show that

p2 =y(a+ay).

Hint. Recall Proposition 11.4.

7. Show that, for all ¢ € [0, 7],

d(y(t),q) =7 — 1.

Hint. Look at the set of ¢ € [0, r] for which the conclusion is true.

8. Given a connected Riemannian manifold M, show that M is geodesically com-
plete if and only if it is complete as a metric space, with metric defined as in Exercise
3.
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12. The covariant derivative and divergence of tensor fields

The covariant derivative of a vector field on a Riemannian manifold was intro-
duced in §11, in connection with the study of geodesics. We will briefly recall this
concept here and relate the divergence of a vector field to the covariant derivative,
before generalizing these notions to apply to more general tensor fields. A still more
general setting for covariant derivatives is discussed in §13.

If X and Y are vector fields on a Riemannian manifold M, then VxY is a vector
field on M, the covariant derivative of Y with respect to X. We have the properties

(12.1) Vix)Y = fVxY
and
(12.2) Vx(fY) = fVxY + (X[)Y,

the latter being the derivation property. Also, V is related to the metric on M by
(12.3) Z(X,)Y)=(VzX,Y)+ (X,VzY),

where (X,Y) = g;pX’Y* is the inner product on tangent vectors. The Levi-Civita
connection on M is uniquely specified by (12.1)—(12.3) and the torsion-free property:

(12.4) VxY - VyX = [X,Y].
There is the explicit defining formula (derived already in (11.8)):

2AVxY,Z) = XY, Z) +Y(X,Z) — Z(X,Y)

(12.5)
+ <[X7 Y]7Z> - <[X7 Z]7Y> - <[Y7 Z]7X>a

which follows from cyclically permuting X,Y, and Z in (12.3) and combining the
results, exploiting (12.4) to cancel out all covariant derivatives but one. Another
way of writing this is the following. If

(12.6) X =X*0,, Op= % (summation convention),
k

then

(12.7) Vo, X = X" 04

with

(12.8) XFy=0;,X"+) Th,;x*
12
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where the “connection coefficients” are given by the formula

(12.9) T,

L[99, O9kp Ogjk
— 99 [&xk * Oz 896“]’

equivalent to (12.5). We also recall that dgy,,/0z; can be recovered from Ty, :

agku

12.1 =

T + gee D

The divergence of a vector field has an important expression in terms of the
covariant derivative.

Proposition 12.1. Given a vector field X with components X* as in (12.6),

(12.11) div X = X7 ;.

Proof. This can be deduced from our previous formula for div X,

(12.12) div X = gfl/Qﬁj(gl/QXj)
. =9, X7 + (9;log g*/?) X7,

One way to see this is the following. We can think of VX as defining a tensor field
of type (1,1) :

(12.13) (VX)(Y) =VyX.
Then the right side of (12.11) is the trace of such a tensor field:
(12.14) X’ ;= Tr VX.

This is clearly defined independently of any choice of coordinate system. If we
choose an exponential coordinate system centered at a point p € M, then g, (p) =
i and g /0ze = 0 at p, so (12.12) gives div X = §; X7 at p, in this coordinate
system, while the right side of (12.11) is equal to 9; X7 +T7,; X* = 9, X7 at p. This
proves the identity (12.11).

The covariant derivative can be applied to forms, and other tensors, by requiring
V to be a derivation. On scalar functions, set

(12.15) Vxu= Xu.
For a 1-form «, Vxa is characterized by the identity

(12.16) (Y, VXa> = X<Y, Oé> - <V)(Y, a).
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Denote by X(M) the space of smooth vector fields on M, and by A'(M) the space
of smooth 1-forms; each of these is a module over C°°(M). Generally, a tensor field
of type (k,j) defines a map (with j factors of X(M) and k of A'(M))

(12.17) F:X(M)x - x X(M)x AY(M) x - x AY(M) — C>®(M),

which is linear in each factor, over the ring C*°(M). A vector field is of type (1,0)
and a 1-form is of type (0, 1). The covariant derivative V x F' is a tensor of the same
type, defined by

(12.18)
(VxF)(Y1,....Y,a1,...,04) = X - (F(Yl,... Y al,...,ozk))

y L
J
Y F(,...,VxYe,..., Y01, )

=1
k

- E F(Yl,...,Y},Ozl,...,vXOég,...,Oék),
=1

where V xay is uniquely defined by (12.16). We can naturally consider VF as a
tensor field of type (k,j + 1) :

(1219) (VF)(X, Yl, ceey Y}', A1,..., Cvk) = (VXF)(Yl, Ce ,Y}, A, ... ,O_/k).
For example, if Z is a vector field, VZ is a vector field of type (1, 1), as already

anticipated in (12.13). Hence it makes sense to consider the tensor field V(VZ2),
of type (1,2). For vector fields X and Y, we define the Hessian V%X Y)Z to be the

vector field characterized by

(12.20) (Vixy)Z, @) = (VVZ)(X,Y,q).

Since, by (12.19), if F = VZ, we have

(12.21) F(Y,a) = (Vy Z, a),

and, by (12.18),

(12.22) (VxF)(Y,a) =X - (F(Y,a)) = F(VxY,a) — F(Y,Vxa),
it follows by substituting (12.21) into (12.22) and using (12.16), that
(12.23) VixyyZ =VxVyZ -V

this is a useful formula for the Hessian of a vector field.
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More generally, for any tensor field F, of type (j, k), the Hessian V%Xy)F . also of

type (j, k), is defined in terms of the tensor field V2F = V(VF), of type (j,k +2),
by the same type of formula as (12.20), and we have

(12.24) Vixy)F =Vx(VyF) =V mF,

by an argument similar to that for (12.23).
The metric tensor g is of type (0,2), and the identity (12.3) is equivalent to

(12.25) Vxg=0

for all vector fields X, i.e., to Vg = 0. In index notation, this means
(12.26) gjk:e = 0, or equivalently, gjk;g =0.

We also note that the zero torsion condition (12.4) implies

(12.27) Usjsk = WUsksj

when u is a smooth scalar function, with second covariant derivative VVu, a tensor
field of type (0,2). It turns out that analogous second order derivatives of a vector
field differ by a term arising from the curvature tensor; this point is discussed in
§613-15.

We have seen an expression for the divergence of a vector field in terms of the
covariant derivative. We can use this latter characterization to provide a general
notion of divergence of a tensor field. If T is a tensor field of type (k,j), with
components

(12.28) T’ = Tuya,” P =T (0ays - Oa,,dzg,, . .. dug,)

in a given coordinate system, then div T is a tensor field of type (k — 1,7), with
components

(12.29) Ty, PE1E
In view of the special role played by the last index, the divergence of a tensor field
T is mainly interesting when 7" has some symmetry property.

In view of (12.11), we know that a vector field X generates a volume preserving
flow if and only if X7 ; = 0. Complementing this, we investigate the condition that
the flow generated by X consists of isometries, i.e., the flow leaves the metric g
invariant, or equivalently

(12.30) Lxg=0.
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For vector fields U, V, we have
(Lxg)(U,V)=—(LxUV)—(U,LxV)+ X(U,V)
(12.31) =(VxU - LxUV)+(UVxV —LxV)
= <VUX, V> + <U, VvX>
where the first identity follows from the derivation property of £ x, the second from
the metric property (12.3) expressing X (U, V) in terms of covariant derivatives,

and the third from the zero torsion condition (12.4). If U and V are coordinate
vector fields 0; = 0/0x;, we can write this identity as

(12.32) (Lx9)(0;,0k) = gre X’ + gje X" 1.

Thus X generates a group of isometries (one says X is a Killing field) if and only if
(12.33) gee Xt + g Xt = 0.

This takes a slightly shorter form for the covariant field

(12.34) X; = gjpX".

We state formally the consequence, which follows immediately from (12.33) and the
vanishing of the covariant derivatives of the metric tensor.

Proposition 12.2. X s a Killing vector field if and only if

(12.35) Xk;j + Xj;k = 0.

Generally, half the quantity on the left side of (12.35) is called the deformation
tensor of X. If we denote by & the 1-form § = ) X dx;, the deformation tensor is
the symmetric part of V&, a tensor field of type (0,2). It is also useful to identify
the antisymmetric part, which is naturally regarded as a 2-form.

Proposition 12.3. We have

1
(12.36) dg = 3 > (X — Xiyy) day A da.
7,k

Proof. By definition,

1
(12.37) dg = - > (0kX; — 0;Xy) day A daj,
7,k

and the identity with the right side of (12.36) follows from the symmetry I'* jk =
[
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There is a useful generalization of the concept of a Killing field, namely a con-
formal Killing field, which is a vector field X whose flow consists of conformal
diffeomorphisms of M, i.e., preserves the metric tensor up to a scalar factor:

(12.38) Fig=a(t,r)g < Lxg = \()g.
Note that the trace of Lxg is 2 div X, by (12.32), so the last identity in (12.38) is
equivalent to Lxg = (2/n)(div X)g, or, with (1/2)Lxg = Def X,
1
(12.39) Def X — —(div X)g =0
n

is the equation of a conformal Killing field.

To end this section, we note that concepts developed so far for Riemannian
manifolds, i.e., manifolds with positive definite metric tensors, have extensions to
indefinite metric tensors, including Lorentz metrics.

A Riemannian metric tensor produces a symmetric isomorphism

(12.40) G:T,.M — T;M,

which is positive. More generally, a symmetric isomorphism (12.40) corrsponds to a
nondegenerate metric tensor. Such a tensor has a well defined signature (j, k), j +
k =n =dim M; at eachz € M, T,, M has a basis {e1, ..., e, } of mutualy orthogonal

vectors such that (e1,e1) = --- = (ej,e;) =1, while (ej11,ej11) =+ = (en,€n) =
—1.Ifj=1 (or Kk =1), we say M has a Lorentz metric.

Exercises

1. Let ¢ be a tensor field of type (0, k) on a Riemannian manifold, endowed with
its Levi-Civita connection. Show that

(EX(P—VXQD)(Ul,7Uk> - ZQ@(Ul,...,VUjX,...,Uk).
How does this generalize (12.31)7

2. Recall the formula (6.27), when w is a k-form:

k
(dw)(Xo, ..., Xp) = Y (1) X, - w(Xo,..., Xj,..., X)

<)

7=0
+ > (1M w([Xe, X], Xo, - X,
0<l<j<k

e X,
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Show that the last double sum can be replaced by

= > (1 w(Xo, .. Vx, Xpy o X Xp)

1<j
=D (1 w(Xo, .. Xy Vi, Xey o Xy,
>3

3. Using Exercise 2 and the expansion of (Vij)(Xo,...,)?j,...,Xk) via the
derivation property, show that

(12.41) (dw)(Xo, .-, Xp) = > (=1 (Vx,w)(Xo, ..., X, ..., Xp).

J=0

Note that this generalizes Proposition 12.3.

4. Prove the identity

0;log /g = ZFégj.
¢

Use either the identity (12.11), involving the divergence, or the formula (12.9) for
It jk- Which is easier?

5. Show that the characterization (12.17) of a tensor field of type (k, 7) is equivalent
to the condition that F' be a section of the vector bundle (®jT*) ® (®kT), or
equivalently, of the bundle Hom (®77T, ®*T). Think of other variants.

6. The operation X; = g;, X ¥ is called lowering indices. It produces a 1-form (sec-
tion of T* M) from a vector field (section of T'M ), implementing the isomorphism
(12.38). Similarly one can raise indices, e.g.,

producing a vector field from a 1-form, i.e., implementing the inverse isomorphism.
Define more general operations raising and lowering indices, passing from tensor
fields of type (j, k) to other tensor fields, of type (¢,m), with £ +m = j + k. One
says these tensor fields are associated to each other via the metric tensor.
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7. Using (12.16) show that, if @ = a(7) dzx (summation convention) then Vg, a =
ay;; dry with

§ : l
CLk;j = 8jak — I kjag.
y4

Compare (12.8). Use this to verify that (12.36) and (12.37) are equal. Work out a
corresponding formula for V,T" when T is a tensor field of type (k, j), as in (12.28).
Show

S T T,
it
8. Using the formula (12.23) for the Hessian, show that, for vector fields X,Y, Z
on M,
(Vixy) = Vivx)Z = ([Vx, Vv] = Vix ) Z.

Denoting this by R(X,Y, Z), show that it is linear in each of its three arguments
over the ring C*°(M), e.g., R(X,Y, fZ) = f R(X,Y, Z) for f € C>°(M). Discussion
of R(X,Y, Z) as the curvature tensor is given in §15.

9. Verify (12.24). For a function u, to show that V?ny)u = V%Y,X)u, use the

special case
Vixyyu=XYu—(VxY)-u

of (12.24). Note that this is an invariant formulation of (12.27). Show that

1
V%X,Y)u = 5(5\/9)()(7 Y), V = grad u.

10. Let w be the volume form of an oriented Riemannian manifold M. Show that
V xw = 0 for all vector fields X.
Hint. To obtain the identity at zg, use a normal coordinate system centered at x.

11. Let X be a vector field on a Riemannian manifold M. Show that the formal
adjoint of Vx, acting on vector fields, is

(12.42) ViY = -VyY — (div X)Y.
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12. Show that the formal adjoint of Lx, acting on vector fields, is
(12.43) LYY = —LxY — (divX)Y — 2 Def (X)Y,

where Def(X) is a tensor field of type (1,1), given by

(12.44) (Lx9)(2,Y) = g(Z,Def (X)Y),

1
2

g being the metric tensor.

13. With div defined by (12.29) for tensor fields, show that

(12.45) div(X ®Y) = (div V)X + Vy X.

14. If we define Def : C°(M,T) — C>(M, S*T*) by Def(X) = (1/2)Lxg, show
that
Def*u = — divu,

where (div u)? = w/* 1, as in (12.29).

15. If ~(s) is a unit speed geodesic on a Riemannian manifold M, +'(s) = T(s),
and X is a vector field on M, show that

(12.46) T (), X (1())) = 3 (Ex0)(T,T).

Deduce that, if X is a Killing field, then (T, X') is constant on ~.
Hint. Show that the left side of (12.46) is equal to (T, V1 X).

16. Let M be the surface of revolution 22 + y? = g(2)?, discussed in Exercises 1-2
of §1, with ds® = (1 + ¢/(u)?)du® + g(u)*dv?. Show that 9/0v is a Killing field.
Deduce that a unit speed geodesic (z(t),y(t), z(t)) on M satisfies

1 [g(z)?—¢?
9(z)V 1+4(2)*

Hint. Representing the path as (u(t),v(t)), write out (T',0/0v) and (T,T), and
eliminate 0(t).

(12.47) i(t) = +

17. In the setting of Exercise 16, suppose ¢ > inf g(u). Show that a unit speed
geodesic on which (T, 0/0v) = ¢ must be confined to the region {(x,y, z) : g(z) > c}.
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13. Covariant derivatives and curvature on general vector bundles

Let £ — M be a vector bundle, either real or complex. A covariant derivative,
or connection, on F is a map

(13.1) Vy : C®(M,E) — C>(M, E)

assigned to each vector field X on M, satisfying the following four conditions:

(13.2) Vx(u+v)=Vxu+ Vxu,
(133) V(fx+y)u = fVxu+ Vyu,
(13.4) Vx(fu) = fVxu+ (X f)u,

where u,v are sections of FE, f is a smooth scalar function. The examples which
arose in §§11-12 are the Levi-Civita connection on a Riemannian manifold, in which
case I is the tangent bundle, and associated connections on tensor bundles.

One general construction of connections is the following. Let F' be a vector space,
with an inner product; we have the trivial bundle M x F. Let E be a subbundle
of this trivial bundle; for each x € M, let P, be the orthogonal projection of F' on
E, C F. Any u € C*°(M, E) can be regarded as a function from M to F, and for a
vector field X, we can apply X componentwise to any function on M with values
in F'; call this action u — Dxu. Then a connection on M is given by

(13.5) Vxu(z) = P,Dxu(x).

If M is imbedded in a Euclidean space RY, then T, M is naturally identified
with a linear subspace of RY for each € M. In this case one can verify that the
connection defined by (13.5) coincides with the Levi-Civita connection, where M is
given the metric induced from its imbedding in R™. See Corollary 16.2 for a proof.

Generally, a connection defines the notion of “parallel transport” along a curve
v in M. A section u of E over v is obtained from wu(vy(¢g)) by parallel transport if
it satisfies Vyru = 0 on v, where T' = 4(t).

Formulas for covariant derivatives, involving indices, are produced in terms of a
choice of local frame for E, i.e., a set e,, 1 < a < K, of sections of E over an open
set U which forms a basis of E, for each x € U; K = dim FE,. Given such a local
frame, a smooth section u of F over U is specified by

(13.6) u=u%e, (summation convention).
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If 0; = 0/0x; in a coordinate system on U, we set

(13.7) Vo,u=u"jeq = (0ju® + u’T%))eq,
the connection coefficients I'* 3; being defined by
(13.8) Vang =1 eq.

A vector bundle £ — M may have an inner product on its fibers. In that case,
a connection on F is called a metric connection provided that

(13.9) X(u,v) = (Vxu,v) + (u, Vxv)

for any vector field X and smooth sections u, v of E.
The curvature of a connection is defined by

(13.10) R(X, Y)u = [VX, Vy]u — V[X’y}u

where X and Y are vector fields and u is a section of E. It is easy to verify that
(13.10) is linear in X, Y, and u, over C°°(M). With respect to local coordinates, giv-
ing 0; = 0/0x;, and a local frame {e, } on E, as in (13.6), we define the components
R® ;1 of the curvature by

(13.11) R(0;,0k)ep = R gjkea,

as usual, using the summation convention. Since 0; and J;, commute, R(0;, 0x)eg =
[Vo,,Va,les. Applying the formulas (13.7)-(13.8), we can express the components
of R in terms of the connection coefficients. The formula is seen to be

(13.12) R, = 0;1 g — Ok '3 + T ;17 g, — I, 17 5.

The formulas (13.7) and (13.12) can be written in a shorter form, as follows.
Given a choice of local frame {e, : 1 < a < K}, we can define K x K matrices
I'; = (I'“g;) and R, = (R¥g,x). Then (13.7) can be written as

Vo,u= dju+Tju,
and (13.12) is equivalent to
(13.13) Rjr = 0Ty — 0kl + [T, ]
Note that R, is antisymmetric in j and k. Now we can define a “connection 1-form”
I' and a “curvature 2-form” 2 by

(13.14) I=>T,dz;, Q= %ijk dz; A day,.
J Jk
Then we can write (13.7) as
Vxu=Xu+T(X)u,
and the formula (13.12) is equivalent to
(13.15) Q=dl' +T AT.

The curvature has symmetries, which we record here, for the case of general
vector bundles. The Riemann curvature tensor, associated with the Levi-Civita
connection, has additional symmetries, which will be described in §15.
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Proposition 13.1. For any connection V on E — M, we have
(13.16) R(X,Y)u=—R(Y, X)u.
If V is a metric connection, then

(13.17) (R(X,Y)u,v) = —(u, R(X,Y)v).

Proof. (13.16) is obvious from the definition (13.10); this is equivalent to the an-
tisymmetry of R%g;; in j and k noted above. If V is a metric connection, we can
use (13.9) to deduce

0= (XY -YX - [X,Y]){(u,v)
= (R(X,Y)u,v) + (u, R(X,Y)v),

which gives (13.17).

Next we record the following implication of a connection having zero curvature.
A section u of FE is said to be parallel if V xu = 0 for all vector fields X.

Proposition 13.2. If E — M has a connection V whose curvature is zero, then
any p € M has a neighborhood U on which there is a frame {e,} for E consisting
of parallel sections: Vxe, =0 for all X.

Proof. 1t U is a coordinate neighborhood, e, is parallel provided Vg,e, = 0 for
7 =1,...,n = dim M. The condition that R = 0 is equivalent to the condition
that the operators Vy, all commute with each other, for 1 < j < n. Consequently,
Frobenius’ Theorem (see §I) allows us to solve the system of equations

(13.18) Voea =0, j=1,...,m,

on a neighborhood of p, with e, prescribed at the point p. If we pick e, (p), 1 <
a < K, to be a basis of E,, then e, (z), 1 < a < K, will be linearly independent in
E, for x close to p, so the local frame of parallel sections is constructed.

It is useful to record several formulas which result from choosing a local frame
{ew} by parallel translation along rays through a point p € M, the origin in some
coordinate system (x1,...,Zy), SO

(13.19) vra/area = 0, 1 S « S K.

It is important to know that each e, is smooth. To see this, let { f,} be an arbitrary
smooth local frame field such that f.(p) = ea(p); say Vo, fg = ['*g; fo. If we write
ea(z) = dP o () f3(z) and compute Vre,(tz) when T = +/(t), y(t) = tz, we obtain

Vreq(tx) = %aﬁa(m) + a7 (tx) x; l:ﬁw‘(ta:) fa(tz),
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and this vanishes for all z, i.e., (13.19) is satisfied, if and only if
d ~
Eaﬂa(tx) — a7 (tx) x; TP (tx) = 0,
for all 3. The initial condition is a”,(0) = 6°,. Now, let us replace a”,(tx) by
a® o (x,t), and consider the initial value problem
0 ~
aaﬁa(x,t) + TP (tx) zja” o(2,t) =0, a4 (z,0) = 67,.
It is seen that, for any ¢ > 0, a® ,(cx, t/c) also satisfies this problem, so a”(cz,t/c) =
a® o (z,t). This implies that a”,(x) = a®(z,1). Hence we have
ea(®) = a’ o (2, 1) f5(2).
This makes the smooth dependence of e, (x) on = manifest.

Now (13.19) means that ) z;Vy e, = 0. Consequently the connection coeffi-
cients (13.8) satisfy

(13.20) i + -+ 2,I'%, =0.
Differentiation with respect to x; gives

(13.21) Fagj = —$1ajFa51 — xnﬁjragn.

In particular,

(13.22) I'“s;(p) = 0.

Comparison of (13.21) with

(13.23) D5 = 21017 35(p) + -+ + 20l 35 (p) + O((a?)
gives

(13.24) oI'“g; = —0;1%gy, at p.
Consequently the formula (13.12) for curvature becomes

(13.25) R%gj, =2 0;T% a1 at p,

with respect to such a local frame. Note that, near p, (13.12) gives
(13.26) R%gik = 0;,1%x — Ok, + O(|z?).

Given vector bundles F; — M with connections V7, there is a natural covariant
derivative on the tensor product bundle £y ® Fo; — M, defined by the derivation

property

(13.27) Vx(uev)=(Viu) @ v+u® (Viv).
Also, if A is a section of Hom(E7, E3), the formula
(13.28) (VEA)u = V% (Au) — A(Viw)

defines a connection on Hom(F1, E3).

Regarding the curvature tensor R as a section of (®?T*) ® End(E) is natural
in view of the linearity properties of R given after (13.10). Thus if £ — M has a
connection with curvature R, and if M also has a Riemannian metric, yielding a
connection on T* M, then we can consider V x R. The following, known as Bianchi’s
identity, is an important result involving the covariant derivative of R.
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Proposition 13.3. For any connection on E — M, the curvature satisfies
(13.29) (VZzR)(X,Y)+ (VxR)(Y,Z)+ (VyR)(Z,X) =0,

or equivalently

(13.30) Raﬁij;k + Raﬁjk;i + Raﬂki;j = 0.

Proof. Pick any p € M. Choose normal coordinates centered at p and choose a
local frame field for E' by radial parallel translation, as above. Then, by (13.22)
and (13.26),

(13.31) Ragij;k = ak&-Fagj — 8k8jFO‘5i at p.

Cyclically permuting (i, j, k) here and summing clearly gives 0, proving the propo-
sition.

Note that we can regard a connection on E as defining an operator
(13.32) V:C®M,E) — C*(M,T* ® E),

in view of the linear dependence of Vx on X. If M has a Riemannian metric and
F a Hermitian metric, it is natural to study the adjoint operator

(13.33) V*:C¥(M,T*® E) — C(M, E)
If w and v are sections of E, & a section of T, we have

(v, V(€ ®@u) = (Vv, £ @u)
(13.34) = (Vxv,u)
= (U7 V}u)
where X is the vector field corresponding to £ via the Riemannian metric. Using
the divergence theorem we can establish:
Proposition 13.4. If E has a metric connection, then
V*(€E®u)=Viu

13.35
( ) = —Vxu — (div X)u,

Proof. The first identity follows from (13.34) and does not require E to have a
metric connection. If F does have a metric connection, integrating

(Vxv,u) =— (v, Vxu) + X {(v,u)



89

and using the identity

(13.36) /Xf dv = — /(div X)fdv, feCFM),
M M

which is a special case of (8.23), we have the second identity in (13.35). This
completes the proof.

Exercises

1. If V and V are two connections on a vector bundle E — M , show that
(13.37) Vxu = Vxu+C(X,u)

where C is a smooth section of Hom(T ® FE, F) ~ T*® End(FE). Show that con-

versely, if C is such a section and V a connection, then (13.37) defines V as a
connection.

2. If V and V are related as in Exercise 1, show that their curvatures R and R are
related by

(13.38)  (R—R)(X,Y)u=[Cx, Vylu—[Cy,Vx]u— Cxyju+ [Cx,Cylu,

where Cx is the section of End(F) defined by Cxu = C(X,u).

In Exercises 3-5, let P(x), * € M, be a smooth family of projections on a vec-
tor space F, with range F,, forming a vector bundle £ — M; E gets a natural
connection via (13.5).

3. Let v: I — M be a smooth curve through zy € M. Show that parallel transport
of u(zg) € E,, along I is characterized by the following (with P’(t) = dP(~(t))/dt,
etc.):

du
13. — = P'(t)u.
(13.39) o (t)u

Hint. One needs to see that, if (13.39) holds, then u(t) = P(t)u(t) and P(t)u/(t) =
0, granted u(0) € E,,. Show that (13.39) implies
d

(1= P@)ult) = —P)'(t) = —P'()(1 - P(1))ut),
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making use of PP’ = P'(I — P). Given (I — P(0))u(0) = 0, deduce that (I —
P(t))u(t) = 0 for all £, and complete the argument.

4. If each P(x) is an orthogonal projection of the inner product space F' onto F,,
show that you get a metric connection.

Hint. Show that du/dt 1 u(vy(t)) via P’P = (I — P)P".

Suppose FE, has codimension one in F'; pick unit N, 1 FE, and write P,u =
u — (u, Nz)N,. Show that (13.39) becomes (with T = ~/(t))

d
(13.40) d—if — —(u, D7N)N.

5. In what sense can I' = —dP P = —(I — P)dP be considered the connection
1-form, as in (13.13)7 Show that the curvature form (13.15) is given by
(13.41) Q=P dP ANdP P.

For more on this, see (16.50)—(16.53).

6. Show that the formula
(13.42) 0 =QAT —TAQ
follows from (13.15). Relate this to the Bianchi identity. Compare (14.13) in the

next section.

7. Let E — M be a vector bundle with connection V, with two local frame fields

{ea} and {f,}, defined over U C M. Suppose

fa(@) = ¢ a(@)es(@),  ealr) = ha(@)fo(2);

note that g%, (z)hY o (z) = 6°,. Let I'“3; be the connection coefficients for the frame

field {e,}, as in (13.7)—(13.8), and let I'*3; be the connection coefficients for the
frame field {f,}. Show that

(13.43) g5 = h*.I"y597 8 + h*4 (0597 5)-

8. Let E — M be a complex vector bundle. Show that F has a Hermitian inner
product. Given such an inner product, show that there exists a metric connection
on FE.
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9. Let 75(t) be a l-parameter family of curves on M. Let E — M be a vactor
bundle with connection. Say T = ~.(t), W = 0s7s(t). Assume u; is a section of E
over v, obtained by parallel translation, so Vyru = 0. Show that w = Vyu satisfies

(13.44) Vrw+ R(W, T)u = 0.

Hint. Start with Vi Vyu = 0 and use [W,T] = 0.
See Exercises 10-11 of §15 for further results, when £ = T'M.

10. In the setting of Exercise 9, suppose V has curvature zero. Assume M is simply
connected. Take p,q € M. Show that, if £, € £, is given, v is a path from p to g,
and ¢ is defined along « by parallel translation, then §, € E, is independent of the
choice of v. Use this to give another proof of Proposition 13.2.
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14. Second covariant derivatives and covariant-exterior derivatives

Let M be a Riemannian manifold, with Levi-Civita connection, and let £ — M
be a vector bundle with connection. In §13 we saw that the covariant derivative
acting on sections of E yields an operator

(14.1) V:C*®M,E) — C*°(M,T* ® F).
Now on T* ® E we have the product connection, defined by (13.27), yielding
(14.2) V:C®(T* @ E) — C®(M,T* @ T* @ E).

If we compose (14.1) and (14.2), we get a second order differential operator called
the Hessian:

(14.3) V2:C®(M,E) — C®(T*@T* ® E).

If u is a section of E, X and Y vector fields, (14.3) defines V?X’Y as a section of E;
using the derivation properties we have the formula

(14.4) Vg(’yu = Vvau — V(vxy)u.

Note that the antisymmetric part is given by the curvature of the connection on
E

(14.5) Viyu— Vi xu=R(X,Y)u.

Now the metric tensor on M gives a linear map T @ T* — R, hence a linear
bundle map v : T* ® T* ® F — E. We can consider the composition of this with
V2 in (14.3):

(14.6) yoV2:C®(M,E) — C®(M,E).

We want to compare v o V2 and V*V, in the case when E has a Hermitian metric
and a metric connection.

Proposition 14.1. If V is a metric connection on E, then

(14.7) V*V = —y0oV? on C™®(M,E).

Proof. Pick a local orthonormal frame of vector fields {e;}, with dual frame {v,}.
Then for u € C*(M,E), Vu =) v; ® V,,u, so (13.35) implies

(14.8) V*Vu = Z[—Vejveju — (div e;)ul.
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Using (14.4), we have
(14.9) V'Vu==Y Vi u=> [Vy, cu+(dive)Veul.

The first term on the right is equal to —y o V2u. Now, given p € M, if we choose
the local frame {e;} such that V., ex = 0 at p, the rest of the right side vanishes at

p. This establishes the identity (14.7).
We next define a “covariant exterior derivative” operator

(14.10) dV : C®°(M,\*T* @ E) — C®°(M,A*"'T* @ E)
as follows. For k =0, d¥ =V, given by (14.1), and we require
(14.11) d¥(BAu) = (dB) Au—BAdYu

whenever (3 is a 1-form and u a section of A¥T* ® E. The operator dV is also called
the “gauge exterior derivative.” Unlike the case of the ordinary exterior derivative,

d¥ odY : C®(M,A*T* ® E) — C®(M,A*"*T* ® E)

is not necessarily zero, but rather
(14.12) d¥d¥u = QAu,
where Q) is the curvature, and we use the antisymmetry (13.16) to regard 2 as a
section of A>T*® End (E), as in (13.15). Verification of (14.12) is a straightforward
calculation; (14.5) is in fact the special case of this, for k = 0.

The following is an alternative form of Bianchi’s identity (13.29):
(14.13) dvVQ =0,
where the left side is a priori a section of AT* @ End(FE). This can also be de-
duced from (14.12), the associative law dV (dVdY) = (dVdV)dY, and the natural
derivation property generalizing (14.11):

(14.14) d¥(AAu) = (dVA) Au+ (1) AN dYVu,

where u is a section of A¥T* ® E and A a section of AVT* @ End(E).

Exercises
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1. Let E — M be a vector bundle with connection V, u € C*(M, E). Fix p € M.
Show that, if Vu(p) = 0, then V_%(’Yu(p) is independent of the choice of connection
on M.

2. In particular, Exercise 1 applies to the trivial bundle R x M, with trivial flat
connection, for which Vxu = (X,du) = Xu. Thus, if u € C>®°(M) is real valued
and du(p) = 0, then D?u(p) is well defined as a symmetric bilinear form on T, M.
If, in a coordinate system, X = > X,;0/0x;, Y = > Y,;0/0x;, show that

(14.15) D% yu(p) =

Show that this invariance fails if du(p) # 0.

3. If u is a smooth section of A¥T* ® E, show that
(14.16)

d¥u(Xo, ..., X) = > (-1 Vx,u(Xo,...,Xj,..., Xp)
J
+ Y (=1 (X, X, Ko, Xy, X X

j<£

Compare formula (6.27) and Exercises 2-3 in §12.
4. Use (14.16) to verify the identity (14.12), i.e., dVdYu = Q A w.

5. If V and V are connections on E — M, related by Vxu = Vyu+C(X,u), C €
C>®(M,T* ® End(F)), with curvatures R and R, and curvature forms Q and €,
show that

(14.17) Q-Q=d"C+CNC.
Here the wedge product of two sections of T*®End(FE) is a section of A2T*®End(E),

produced in a natural fashion, as in (13.15). Show that (14.17) is equivalent to
(13.38).
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15. The curvature tensor of a Riemannian manifold

The Levi-Civita connection, which was introduced in §11, is a metric connection
on the tangent bundle T'M of a manifold M with a Riemannian metric, uniquely
specified among all such by the zero-torsion condition

(15.1) VyX —VxY =1[Y, X].
We recall the defining formula

2AVXY,Z) = XY, Z) +Y(X,Z) — Z(X,Y)

(15.2) +([X,Y],2) — (X, 2],Y) = ([\, 2], X),

derived in (11.8). Thus, in a local coordinate system with the naturally associated
frame field on the tangent bundle, the connection coefficients (13.8) are given by

e, — 1 o [%u L 09k _ 5gjk]

(15.3) 2 Oxy, ox; ox,,

The associated curvature tensor is the Riemann curvature tensor:
(15.4) R(X,Y)Z =[Vx,Vy|Z — V[XX}Z.

In a local coordinate system such as discussed above, the expression for the Riemann
curvature is a special case of (13.12), i.e.,

(15.5) R e = 0L oy = 0T 10 + 7 0T ke — Ty T g
Consequently we have an expression of the form

(159 Fhan = 1 (gus 5 50) + Qo 372,

where L is linear in the second order derivatives of gng(z) and @ is quadratic in
the first derivatives of gng(z), each with coefficients depending on g,g(z).

Building on Proposition 13.2, we have the following result on metrics whose
Riemannian curvature is zero.

Proposition 15.1. If (M,g) is a Riemannian manifold whose curvature tensor
vanishes, then the metric g is flat, i.e., there is a coordinate system about each
p € M in which g;i(z) is constant.
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Proof. 1t follows from Proposition 13.2 that on a neighborhood U of p there are
parallel vector fields V{;), 7 =1,...,n =dim M, i.e., in a given coordinate system
(15.7) Vo, Vij)y =0, 1< 7,k <n,

such that V(;y(p) form a basis of T}, M. Let v(;) be the 1-forms associated to V{;) by
the metric g, so

(15.8) v (X) = 9(X, Vi)
for all vector fields X. Hence
(15.9) Vovg) =0, 1<jk<n.

We have vy = Zv?j)d:ﬁk with U@-) = v(;)(Ok) = (O, v(;)). The zero torsion condi-
tion (15.1), in concert with (15.8), gives

(15.10) ag<v(j), 8k> — 8k<v(j), ag> = <U(j), Vaeak> — <U(j), Vakag> =0,
which is equivalent to
(15.11) dv(j) =0, j5=1,...,n.

(This also follows from (12.36).) Hence, locally, there exist functions z;, j =
1,...,n, such that

(15.12) vy = dxj.

The functions (z1,...,z,) give a coordinate system near p. In this coordinate sys-
tem the inverse of the matrix (g;x(z)) has entries ¢/*(z) = (dz;,dzy). Now, by
(13.9),

(15.13) Ovg?’* () = (Va,dx;, dry) + (dxj, Vo,day) = 0,
so the proof is complete.

We have seen in Proposition 13.1 that R has the following symmetries:

(15.14) R(X,)Y)=—-R(Y,X),
(15.15) (R(X,Y)Z,W)=—(Z,R(X,Y))W),
i.e., in terms of

(15.16) Rjiem = (R(9¢, Om )0k, 0;)

we have

(15.17) Rijkom = —Rjkme

and

(15.18) Rjkem = —Rijem.-

The Riemann tensor has additional symmetries:



97

Proposition 15.2. The Riemann tensor satisfies

(15.19) R(X,Y)Z + R(Y, Z2)X + R(Z,X)Y =0,
and

(15.20) (R(X,Y)Z,W) = (R(Z,W)X,Y),
1.€.,

(15.21) Rijke + Rikej + Rigjr =0

and

(15.22) Rijke = Ripij-

Proof. Plugging in the definition of each of the three terms of (15.19), one gets a
sum which is seen to cancel out by virtue of the zero torsion condition (15.1). This
gives (15.19) and hence (15.21). The identity (15.22) is an automatic consequence
of (15.17), (15.18), and (15.21), by elementary algebraic manipulations, which we
leave as an exercise, to complete the proof. Also, (15.22) follows from (15.50) below.
(In fact, so does (15.21).)

The identity (15.19) is sometimes called Bianchi’s first identity, (13.29) then
being called Bianchi’s second identity.

There are contractions of the Riemann tensor which are important. The Ricci
tensor is defined by

(15.23) Ricjx = R'jix = 9" Rejmk,

the summation convention being understood. By (15.22), this is symmetric in j, k.
We can also raise indices:

(15.24) Ric/, = ¢/* Ricy,;  Ric?® = ¢* Rid/,.
Contracting again defines the scalar curvature:
(15.25) S = Ric’;.

As we will see below, the special nature of R;ji, for dim M = 2 implies
. 1 o e
(15.26) Ricji, = §ngk, if dim M = 2.

The Bianchi identity (13.29) yields an important identity for the Ricci tensor.
Specializing (13.30) to a = i, = j and raising the second index gives

(15.27) RY ik + RY jiyi 4+ RY iy = 0,
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ie., Sy — Ricik;i — Ricjk;j =0, or
(15.28) S = 2 Ric/y,;.

This is called the Ricci identity. An equivalent form is
. gk 1 ik
(15.29) Ric’",; = 5(5 %)

The identity in this form leads us naturally to a tensor known as the Finstein
tensor:

. . 1 )
(15.30) G'¥ = Ric/* — o g'®.
The Ricci identity is equivalent to
ik
(15.31) Gk = 0.

As shown in §12, this means the Einstein tensor has zero divergence. This fact plays
an important role in Einstein’s equation for the gravitational field. Note that, by
(15.26), the Einstein tensor always vanishes when dim M = 2. On the other hand,
the identity (15.31) has the following implication when dim M > 2.

Proposition 15.3. If dim M = n > 2 and the Ricci tensor is a scalar multiple of
the metric tensor, the factor necessarily being 1/n times the scalar curvature:

1
(15.32) Ricj, = Engka

then S must be a constant.

Proof. (15.32) is equivalent to

= (-

By (15.31) and the fact that the covariant derivative of the metric tensor is 0, we
have
0= (l — 1)S~kgjk,
n 2/
or S, = 0, which proves the proposition.
We now make some comments on curvature of Riemannian manifolds M of di-
mension 2. In general R7%,,, are components of a section of End(A2T*). When

dim M = 2, such a section is naturally identified with a scalar. In this case, each
component R7%,,, is either 0 or +

(15.33) Ry = R?'5 = K,
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where K is a scalar function on M called the Gauss curvature of M, when dim
M = 2. We can write Ri212 = g1;925 R 12 = (g11922 — g12921) R*?12. Hence we
also have

(15.34) Rig12 = Ro121 = gK, g = det (gjx).
Suppose we pick normal coordinates centered at p € M, so g;x(p) = ;5. We see
that, if dim M = 2,
Ricjk(p) = Rijik + Rajok.
Now, the first term on the right is zero unless 7 = k = 2, and the second term is

zero unless j = k = 1. Hence, Ric;x(p) = K(p)d;k, in normal coordinates, so in
arbitrary coordinates

1
(15.35) Ricji, = Kg;i; hence K = 55, if dim M = 2.

Explicit formulas for K when M is a surface in R? are given by (16.22) and
(16.29), in the next section. (See also Exercises 2 and 5-7 below.) The following is
a fundamental calculation of the Gauss curvature of a 2-dimensional surface whose
metric tensor is expressed in orthogonal coordinates:

(15.36) ds* = E(x) dx? + G(x) dx3.

Proposition 15.4. Suppose dim M = 2 and the metric is given in coordinates by
(15.36). Then the Gauss curvature k(z) is given by

1 G hFE }

15.37 k = + 00| — ) | .
(15.37) @) =3 /5a { <\/ ) 2<\/EG>

To establish (15.37), one can first compute that

. 1 ( &E/E  8,E/E . 1 (%E/E —8,G/E

(19, — = — (19, = =
F= () = 5 <—62E/G oncc) T2=We)=5lgcc acic )
Then, computing Ry = (R 12) = 01y — o'y + 1Ty — [Ty, we have

Rlys = —581(81%> _ —82(82E)

(15.38) 1( HE 8,.G . o F 82G> <82E hE 0,G 816‘)
7 .

4 EF F E G E FE E G
Now Ris12 = E R'so in this case, and (15.34) yields
1 1
15.39 k =—R =_ R!
( ) (90) EG 1212 = G 212-

If we divide (15.38) by G, then in the resulting formula for k(z) interchange E and
G, and 0y and 05, and sum the two formulas for k(z), we get

)= [0 (5 + 30 O] -1 52 (%0) + 52 (3]

which is easily transformed into (15.37).
If E =G = e?¥, we obtain a formula for the Gauss curvature of a surface whose
metric is a conformal multiple of the flat metric:
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Corollary 15.5. Suppose dim M = 2 and the metric is given in coordinates by
(15.40) gik(x) = €60,

for a smooth v. Then the Gauss curvature k(x) is given by

(15.41) k(z) = —(Agv)e™",

where Ag is the flat Laplacian in these coordinates:

%v 0%

15.42 Agv = —5 + —5.
(15.42) oY or?  Ox3

For an alternative formulation of (15.41), note that the Laplace operator for the
metric g;; is given by
Af =g 20;(g" ' *0uf),

and in the case (15.40), g% = e72Y67% and ¢'/? = €%, so we have
(15.43) Af =e " Aof,

and hence (15.41) is equivalent to

(15.44) k(z) = —Awv.

The comparison of the Gauss curvature of two surfaces which are conformally
equivalent is a source of a number of interesting results. The following generalization
of Corollary 15.5 is useful.

Proposition 15.6. Let M be a two dimensional manifold with metric g, whose
Gauss curvature is k(z). Suppose there is a conformally related metric

(15.45) g = e*g.
Then the Gauss curvature K(x) of g’ is given by
(15.46) K(z) = (—Au+k(z))e >,

where A is the Laplace operator for the metric g.

Proof. We will use Corollary 15.5 as a tool in this proof. It is shown §N that (M, g)
is locally conformally flat, so we can assume without loss of generality that (15.40)
holds; hence k(x) is given by (15.41). Then

(15.47) ()jk =0, w=u+v,
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and (15.41) gives
(15.48) K(z) = —(Aow)e ?" = [—(Agu)e " — (Agv)e " ]e ™.

By (15.43) we have (Agu)e 2 = Au, and applying (15.41) for k(z) gives (15.46).

We end this section with a study of 0;0kgem (Po) when one uses a geodesic normal
coordinate system centered at py. We know from §11 that in such a coordinate
system T';x(po) = 0 and hence 9;gxe(po) = 0. Thus, in such a coordinate system,
we have

(15.49) R 1om (P0) = 0T ke (o) — O IV e (po),

and hence (15.3) yields

1
(15.50) Rjkem(po) = 5 <8j3mgke + Ok0egjm — 05 0egrm — akamgjz>-

In light of the complexity of this formula, the following may be somewhat surprising.
Namely, as Riemann showed, one has

1 1

(15.51) 0Ok gem(po) = —gjomk — gRékmj-

This is related to the existence of non-obvious symmetries at the center of a geodesic
normal coordinate system, such as 0;0,gem (Po) = 0¢Om9;k(po). To prove (15.51),
by polarization it suffices to establish

2 .
(15.52) 97 gee(po) = —3 R, Vit

Proving this is a 2-dimensional problem, since (by (15.50)) both sides of the asserted
identity in (15.52) are unchanged if M is replaced by the image under Exp, of the
2-dimensional linear span of 9; and J,. All one needs to show is that, if dim M = 2,

2
(15.53) 01922(po) = =3 K(po) and Ogu(po) =0,

where K (pg) is the Gauss curvature of M at pg. Of these, the second part is trivial,
since g11(x) = 1 on the horizontal line through py. To establish the first part of
(15.53), it is convenient to use geodesic polar coordinates, (r, ), in which

(15.54) ds® = dr® + G(r,0) do*.
By comparison, in normal coordinates (x1,x3), along the z;-axis, we have

(15.55) g22(5,0) = s72G(s,0).
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Since 9,g22(s,0) = 0 at s = 0, we have G(s,0) /s> = 14+0O(s?). This sort of behavior
holds along any ray through the origin, so we have

G(r,0) =r*H(r,0), H(r,0) =1+ O(r?).

Now, for the metric (15.54), the formula (15.37) implies that the Gauss curvature
1s

1 1 H H H?
15.56 K = —_82G - arG 2 _ _Hr o rr r
so at the center . ;
K(po) - _HT"I” - §Hrr - _iHrr.

On the other hand, since we have seen that gso(s,0) = G(s,0)/s* = H(s,0), the
rest of the identity (15.53) is established.

Exercises

Exercises 1-3 below concern the problem of producing 2-dimensional surfaces with
constant Gauss curvature.

1. For a 2-dimensional Riemannian manifold M, take geodesic polar coordinates,
so the metric is

ds* = dr?* + G(r,0) db>.
Use formula (15.55) for the Gauss curvature, to deduce that

92V G
Vel

K=-—

Hence, if K = —1, then
VG =VG.

Show that

VG(0,0) =0, 8.VG(0,0)=1,

and deduce that v/G(r,0) = o(r) is the unique solution to

Deduce that
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Use this computation to deduce that any two surfaces with Gauss curvature —1 are
locally isometric.

2. Suppose M is a surface of revolution in R3, of the form

2?4y = g(2)°.

If it is parametrized by = = g(u) cosv, y = g(u) sinv, z = u, then
ds* = (1+ ¢'(u)?) du® + g(u)* dv*.
Deduce from (15.37) that

g"(u) .
g(u)(1 + ¢'(u)?)”

K=—-

Hence, if K = —1,
2
g"(u) = g(u) (1 +g'(u)*)".

Note that a sphere of radius R is given by such a formula with g(u) = vV R? — u?.
Compute K in this case.

2A. Suppose instead that M is a surface of revolution, described in the form
2= f(Va? +17).
If it is parametrized by * = u cosv, y = u sinv, z = f(u), then
ds* = (1+ f'(v)?) du® + u* dv°.
Show that
/
K= e () <R 9= e

Thus deduce that

K=-1=¢pu)=u*+c= f(u /”uz—l—c_ldu

We note that this is an elliptic integral, for most values of ¢. Show that, for ¢ = 0,
you get

flu) = vl—u2——log(1+\/1—u2) log( M)
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3. Suppose M is a region in R? whose metric tensor is a conformal multiple of the
standard flat metric
9ik = E(x)éjk = 62U 5jk-

Suppose E = E(r), v =wv(r). Deduce from (15.37) and (15.41) that

1 1 1 1
K= _ﬁ <E//(T) + ;El('f’)) + _2E3 E/(T‘)2 = —(’U//(’f’) + ;'U/(T)>6_2v.

Hence, if K = —1,

1

v (r) + =0 (r) = e**

r

Compute K when
4

4. Show that, whenever g;, () satisfies, at some point po, gjx(po) = &, Org;k(po) =
0, then (15.50) holds at pg. If dim M = 2, deduce that

1
(15.57) K(po) = —5(812922 + 93911 — 20102012).

5. Suppose M C R? is the graph of
z3 = f(x1,22),
so, using the natural (x1,x3) coordinates on M,
ds* = (14 f7)dat + 2f1f2 dvy duo + (1 + f3) da3,
where f; = 0;f. Show that, if V f(0) = 0, then Exercise 4 applies, so
(15.58) Vf(0)=0= K(0) = furfa2 — fis-

Compare the derivation of (16.22) in the next section.

6. If M C R? is the surface of Exercise 5, then the Gauss map N : M — S? is

given by
(_f17 _f2; 1)

VIt 2+ 13

N(:E,f(x)) =
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Show that, if V f(0) = 0, then, at pg = (0, f(0)), DN (po) : R? — R? is given by

B 92f(0)  9102(0)
(15.59) DN(po) = - (azélf(o) 03£(0) )

Here, T}, M and T(()’O’l)SQ are both identified with the (z1, z2) plane. Deduce from
Exercise 5 that
K(po) = det DN(po).

7. Deduce from Exercise 6 that, whenever M is a smooth surface in R3, with Gauss
map N : M — S?, then, with DN (z) : T,M — TN(QC)SQ,

(15.60) K(x) = det DN(x), VY xz€ M.

Hint. Given x € M, rotate coordinates so that T, M is parallel to the (z1, z2) plane.
This result is Gauss’ Theorema Egregium for surfaces in R3. See Theorem 16.4 for
a more general formulation; see also (16.35), and Exercises 5, 8, 9, and 14 of §16.

8. Recall from §11, that if ~v4(¢) is a family of curves v4 : [a,b] — M satisfying
vs(a) = p, vs(b) = ¢, and if E(s) = (1/2) f;(T, T)dt, T = ~.L(t), then, with
V = (0/08)vs(t)|s=0, E'(s) = — f;(V, VrT)dt, leading to the stationary condition
for E that VT = 0, which is the geodesic equation. Now suppose v, s(t) is a 2-
parameter family of curves, v, s(a) = p, v.s(b) = ¢. Let V.= (9/98)vrs(t)]0,0, W =
(0/0r)Yr.s(t)]0,0. Show that

2

15.61
(15.61) 0sOr

E(0,0) = / ’ [(R(W, TYWV,T) + (VoV, Ve W) — (Vi V, VT | dt.

Note that the last term in the integral vanishes if vp o is a geodesic. Show that,
since V' vanishes at the endpoints of v ¢, the middle term in the integrand above
can be replaced by —(V, VoV W).

9. If Z is a Killing field, generating an isometry on M (as in §12), show that
Zj;k;ﬁ = ngkj Zm.

Hint. From Killing’s equation Zj.; + Zy.,; = 0, derive Zj.p.0 = —Zi.0. — R 1oy Zpn.

Iterate this process 2 more times, going through the cyclic permutation of (j, k, £).

Use Bianchi’s first identity. Note that the identity desired is equivalent to

VixyyZ = R(Y,Z2)X, if Z is a Killing field.
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10. Derive the following equation of Jacobi for a variation of geodesics. If v4(t) is
a one-parameter family of geodesics (of speed o(s), independent of t), T' = ~.(t),
and W = 047, then

VoV W = R(T,W)T.

A vector field W satisfying this equation is called a Jacobi field.
Hint. Start with 0 = V' V7T, and use [T, W] = 0.
Compare the conclusion of Exercise 8.

11. Suppose v € T, M, |v| =1, and Exp, is defined near tv, 0 <t < a. Show that
1
D Exp,(tv)w = ij (1),

where J,(t) is the Jacobi field along v(t) = Exp,(tv) such that
Jo(0) =0, VpJu(0) = w.

See Appendix X for more material on Jacobi fields.

12. Raising the second index of R? ¢, you obtain R7*,,,, the coordinate expression
for R, which can be regarded as a section of End(A%T).

Suppose M = X xY with a product Riemannian metric, and associated curvatures
R,Rx,Ry. Using the splitting

NVaeW)=AVeae (AVeANW)e AW,

write R as a 3 X 3 block matrix. Show that

Rx 0 0
R = 0 0 O
0 0 Ry

In Exercises 13-14, let X,Y, Z, etc., belong to the space g of left invariant vec-
tor fields on a Lie group G, assumed to have a bi-invariant Riemannian metric.
(Compact Lie groups have these.)

13. Show that any (constant speed) geodesic v on G with v(0) = e, the identity
element, is a subgroup of G, i.e., y(s +t) = v(s)7y(t). Deduce that Vx X = 0 for
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X eg.
Hint. The first part reiterates Exercise 2 of §11.
Show that

1
VxY = [X,Y], for XY eg.

Hint. 0 =VxX =VyY = V(X+y)(X +Y).
This identity is called the Maurer-Cartan structure equation.

14. Show that

R(X,Y)Z = —i[[x, Y], Z], and (R(X,Y)Z,W) = —iqx, Y], [Z,W)).

15. If E — M is a vector bundle with connection %, and V = V + C, as in
Exercises 1-2 of §13, and M has Levi-Civita connection D, so that Hom(7T' ® E, E)

acquires a connection from D and 6, which we’ll also denote V, show that (13.38)
is equivalent to

(15.62) (R— R)(X,Y)u= (VxC)(Y,u) — (VyCO)(X,u) + [Cx, Cyu.

This is a general form of the “Palatini identity.”

16. If g is a metric tensor and h a symmetric second order tensor field, consider the
family of metric tensors g, = g + 7h, for 7 close to zero, yielding the Levi-Civita
connections

VT =V +C(r),
where V = V0. If C' = C’(0), show that

(15.63) <c’<x,y>,z>:%(vxh)(y,2)+%(vyh)(x,2) (V4h)(X,Y).

1
2

Hint. Use (15.2).

17. Let R(7) be the Riemann curvature tensor of g,, and set R’ = R/(0). Show
that (15.62) yields

(15.64) R(X,Y)Z = (VxC')(Y, Z) — (VyC')(X, Z).
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Using (15.63), show that
(15.65)
2(R(X,Y)Z,W) = (Viwh)(X,Z) + (Vi zh) (Y, W) — (Viwh)(Y. 2)

— (V3 2h) (X, W) + h(R(X,Y)Z,W) + h(R(X, Y)W, Z).

Hint. Use the derivation property of the covariant derivative to obtain a formula
for VxC' from (15.63).

18. Show that
(15.66) )
6(R(X,Y)ZW)=K(X+W)Y+2Z)— K(Y+W,X+Z)

~K(X,Y+2)-KY,X+W)-KZX+W)-K(W,Y +2)
+ KX, Y4+W)+ K(Y,Z+W)+K(Z,Y +W)+KW,X + Z)
+K(X,2)+ K(Y,W)-K(X,Y)-K(Y,Z),

where

(15.67) K(X,Y)=(R(X,Y)Y, X).

See (16.34) for an interpretation of the right side of (15.67).

19. Using (15.51), show that, in exponential coordinates centered at p, g = det (g;x)
satisfies, for |z| small,

(15.68) g(z) = 1— % S Ricom (p)em + O(j2]?).

Deduce that, if A4,,_; = area of S”~! C R" and V,, = volume of unit ball in R",
then, for r small,

An—l

G2 o))

(15.69) V(B.(p)) = (Vn -

20. Recall that it was stated that (15.17) 4 (15.18) + (15.21) = (15.22). Relate this
to the following assertion about the symmetric group Sy, acting on {1,2,3,4}. Let
e denote the identity element of Sy. Consider the cycles a = (1 2), 5= (34), v=
(234). Let Z be the left ideal in the group algebra R(S,) generated by a+e, B+e,
and 72 + v +e.

Assertion. (13)(24) —ecZ.
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16. Geometry of submanifolds and subbundles

Let M be a Riemannian manifold, of dimension n, and let S be a submanifold,
of dimension k, with the induced metric tensor. M has a Levi-Civita connection V
and Riemann tensor R. Denote by V® and Rg the connection and curvature of S.
We aim to relate these objects. The second fundamental form is defined by

(16.1) II(X,Y)=VxY - V%Y

for X and Y tangent to S. Note that I is linear in X and in Y over C*°(S). Also,
by the torsion free condition,

(16.2) II(X,Y)=11(Y,X).
Proposition 16.1. [I(X,Y) is normal to S at each point.
Proof. It XY, Z are tangent to S, we have
(VxY,Z) = (V&Y,Z2) = —(Y,Vx2Z)+ XY, Z) + (Y,V% 2Z) - X (Y, Z),

and making the obvious cancellation we obtain

(16.3) (II(X,Y),2) = —(Y,11(X, Z)).
Using (16.2), we have
(16.4) (II(X,Y),Z) = —{Y,1I(Z, X)),

i.e., the trilinear form given by the left side changes sign under a cyclic permutation
of its arguments. Since three such permutations produce the original form, the left
side of (16.4) must equal its own negative, hence be 0. This proves the proposition.

Denote by v(S) the bundle of normal vectors to S, i.e., the normal bundle of S.
It follows that 7 is a section of Hom(7T'S ® T'S,v(S5)).

Corollary 16.2. For X and Y tangent to S, VY is the tangential projection on
TS Of VX}/.

Let £ be normal to S. We have a linear map, called the Weingarten map,

(16.5) A 1 T, — T,8

uniquely defined by

(16.6) (AeX)Y) = (£, 1I(X,Y)).

We also define the section A of Hom(v(S) ® T'S,T'S) by

(16.7) AL, X) = AcX.

We define a connection on v(S) as follows; if £ is a section of v(S5), set
Vké=PrVxe,

where P (x) is the orthogonal projection of T, M onto v, (.S). The following identity
is called the Weingarten formula.
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Proposition 16.3. If £ is a section of v(S),
(16.8) ka =Vx&+ AX.

Proof. It suffices to show that Vx¢& + A¢X is normal to S. In fact, if Y is tangent

to .S,
(Vx&Y) +{A:X,Y) = X(5,Y) — (§, VxY) + ( TI(X,Y))

= 0,
which proves the proposition.
An equivalent statement is that, for X tangent to S, £ normal to S,
(16.9) Vx&=Vié— A X
is an orthogonal decomposition, into components normal and tangent to S, respec-
tively. Sometimes this is taken as the definition of A¢, or equivalently, by (16.6), of
the second fundamental form.

In the special case that S is a hypersurface of M, i.e., dim M = dim S + 1, if
& = N is a smooth unit normal field to .S, we see that, for X tangent to S,

1
(VxN,N) = SX(N,N) =0,
so VL N =0 in this case, and (16.9) takes the form

(16.10) VxN =—-AnX,
the classical form of the Weingarten formula. In some texts, Ay is called the shape
operator.

We now compare the tensors R and Rg. Let X, Y, Z be tangent to S. Applications
of (16.1) and (16.8) yield

VxVyZ =Vx(VYZ +1I(Y, 7))

= VXVYZ +T1(X, VY. Z) — Ar1v, )X + VXIT(Y, Z).
Reversing X and Y, we have

VyVxZ=VyVYZ+I1I(Y,VXZ)— Arrx.2)Y + VyII(X,Z).

(16.11)

Also,
(16.12) Vixy1Z = Vixy1Z + 11([X,Y], 2).
From (16.11)—(16.12) we obtain the important identity

(R—Rs)(X,Y)Z ={II(X,VyZ) - II(Y,V%Z) — II([X,Y], Z)
(16.13) +VXII(Y,2) - VyII(X,Z)}

—{AnynX — Aix,z)Y }-

Here, the quantity in the first set of braces { } is normal to S and the quantity in
the second pair of braces is tangent to S. The identity (16.13) is called the Gauss-

Codazzi equation. A restatement of the identity for the tangential components is
the following, known as Gauss’ Theorema Egregium.
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Theorem 16.4. For X,Y, Z, W tangent to S,

(16.14) ((R— Rs)(X,Y)Z, W) = (II(Y,W),II(X, Z)) — (II(X,W), I[I1(Y, Z)).

The normal component of the identity (16.13) is specifically Codazzi’s equation.
It takes a shorter form in case S has codimension 1 in M. In that case, choose a
unit normal field IV, and let

(16.15) II(X,Y)=1II(X,Y)N:
IT is a tensor field of type (0,2) on S. Then Codazzi’s equation is equivalent to
(16.16) (R(X,Y)Z,N) = (V&ID(Y, Z) — (VYII)(X, Z),

for X,Y, Z tangent to S, since of course Rg(X,Y)Z is tangent to S.
In the classical case, where S is a hypersurface in flat Euclidean space, R = 0,
and Codazzi’s equation becomes

(16.17) (VYIT)(X, Z) — (V& IT)(Y, Z) =0,

ie., VOIT is a symmetric tensor field of type (0,3). In this case, from the iden-
tity 11jp,e = I1lpk;; we deduce Ak = Akk;j = (Tr A),; where A = Ay is the
Weingarten map. Equivalently,

(16.18) div A = d(Tr A).

An application of the Codazzi equation to minimal surfaces can be found in the
exercises after §29. See Exercise 10 below for an application to umbilic surfaces.
It is useful to note the following characterization of the second fundamental form
for a hypersurface M in R”. Translating and rotating coordinates, we can move a
specific point p € M to the origin in R"™ and suppose M is given locally by

zn, = f(2'), V[f(0)=0,
where 2’/ = (z1,...,2,-1). We can then identify the tangent space of M at p with
R"~1. Take N = (0,...,0,1) in (16.15).

Proposition 16.5. The second fundamental form of M at p is given by the Hessian
of f:

n—1
— 82f
(16.19) II(X,Y) = _ 9z,0m,

Jrk=

(0) X,Y5.
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Proof. From (16.9) we have, for any £ normal to M,
(16.20) (I1(X,Y),8) = —(VxE,Y)
where V is the flat connection on R". Taking

(16.21) §=(=01f,...,=0n-1f,1)
gives the desired formula.

If S is a surface in R3, given locally by x3 = f(x1,x2) with Vf(0) = 0, then the
Gauss curvature of S at the origin is seen by (16.14) and (16.19) to equal

9 £(0) )
ox j al‘k '
Recall the different derivation of this identity in (15.58). Consider the example of

the unit sphere in R3, centered at (0,0,1). Then the “south pole” lies at the origin,
near which S? is given by

(16.22) det (

(16.23) py=1-(1—22—22)"%

In this case (16.22) implies that the Gauss curvature K is equal to 1 at the south
pole. Of course, by symmetry it follows that K = 1 everywhere on the unit sphere
S2.

Besides providing a good conception of the second fundamental form of a hy-
persurface in R™, Proposition 16.5 leads to useful formulas for computation, one of
which we will give below, in (16.29). First, we give a more invariant reformulation
of Proposition 16.5. Suppose the hypersurface M in R"™ is given by

(16.24) u(z) = ¢,

with Vu # 0 on M. Then we can use the computation (16.20) with £ = grad u to
obtain

(16.25) (IT1(X,Y),grad u) = —(D?u)(X,Y)

where D?u is the Hessian of u; we can think of (D?u)(X,Y) as Y - (D?u) X, where
D?u is the n x n matrix of second order partial derivatives of . In other words,

(16.26) II1(X,Y) = —|grad u| ' (D%u)(X,Y),

for X,Y tangent to M, provided we take N to be a positive multiple of grad wu.
In particular, if M is a two dimensional surface in R3 given by (16.24), then the
Gauss curvature at p € M is given by

(16.27) K(p) = |grad u|~? det (Dzu)\TpM,

where D?ul|r, s denotes the restriction of the quadratic form D?*u to the tangent
space T, M, producing a linear transformation on 7, M via the metric on T, M.
With this calculation we can derive the following formula, extending (16.22).
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Proposition 16.6. If M C R? is given by
(16.28) z3 = [(z1,22),
then, at p = (2/, f(2")) € M, the Gauss curvature is given by

0% f )
8xj8xk ’

(16.29) Kp)=(1+|Via)P) det(

Proof. We can apply (16.27) with u(z) = f(z1,22) — x3. Note that |Vu|? = 1 +
[V£(2')]* and

_(D%*f 0
(16.30) D2u—< 0 0).

Noting that a basis of T, M is given by (1,0,0: f) = v1, (0,1,02f) = va, we readily
obtain

det(v; - (D*u)vy)

— 2y —1 2
dot(o, o) = ALTIVAEIF)  det D2,

(16.31) det D*ulz,p =

which yields (16.29).

If you apply Proposition 16.6 to the case (16.23) of a hemisphere of unit radius,
the calculation that K = 1 everywhere is easily verified. The formula (16.29) gives
rise to interesting problems in nonlinear PDE, some of which are studied in Chapter
14 of [T1].

We now define the sectional curvature of a Riemannian manifold M. Given p €
M, let II be a 2-plane in T,M, ¥ = Exp,(II). The sectonal curvature of M at p is

(16.32) K,(II) = Gauss curvature of ¥ at p.

If U and V form an orthonormal basis of T}, = II, then by definition of Gauss
curvature,

(16.33) K,(IT) = (R (U, V)V,U).

We have the following more direct formula for the sectional curvature.

Proposition 16.7. With U and V as above, R the Riemann tensor of M,

(16.34) K, (1) = (R(U, V)V, U).

Proof. 1t suffices to show that the second fundamental form of ¥ vanishes at p. Since
II(X,Y) is symmetric, it suffices to show that II(X, X) = 0 for each X € T, M.



114

So pick a geodesic v in M such that v(0) = p, 7v/(0) = X. Then v C ¥, and v must
also be a geodesic in .5, so

VrT =V3T, T =+'(t),

which implies 77(X, X) = 0. This proves (16.34).
Note that, if S C M has codimension 1, p € S, and II C 7,5, then, by (16.14),

B II(U,U) TI(U,V)
(16.35) K5(IT) — KM(IT) = det <ﬁ(V, Uy IV V)).

Note how this is a direct generalization of (15.60).

The results above comparing connections and curvatures of a Riemannian man-
ifold and a submanifold are special cases of more general results on subbundles,
which arise in a number of interesting situations. Let E be a vector bundle over a
manifold M, with an inner product, and a metric connection V. Let Fy — M be a
subbundle. For each x € M, let P, be the orthogonal projection of E, onto Ey,.
Set

(16.36) V&u(z) = P,V xu(z),
when u is a section of Ej. Note that, for scalar f,

Vi fu(z) = P (fVxu(z) + (X f)u)
= [PV xu(z) + (X fu(z),
provided u is a section of Ey, so Pyu(x) = u(z). This shows that (16.36) defines
a connection on Ejy. Since (VS-u,v) = (Vxu,v) for sections u,v of Ep, it is clear

that V is also a metric connection. Similarly, if E; is the orthogonal bundle, a
subbundle of F, a metric connection on Fj is given by

(16.37) Viv(z) = (I — P,)Vxv(z),

for a section v of Ej.

It is useful to treat VY and V! on an equal footing, so we define a new connection
V on E, also a metric connection, by

(16.38) V=v'g V.

Then there is the relation

(16.39) Vx =Vx + Cx
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where

(0 IIL
(16.40) CX—(H% 0)

Here, 11 : Eg — Ej is the second fundamental form of Eg C E,and I1% : By — Ey
is the second fundamental form of E; C E. We also set I17(X,u) = II%u. In this
context, the Weingarten formula has the form

(16.41) Ck = —Cx, ie, Ik =—(I1%)".

Indeed, for any two connections related by (16.39), with C' € Hom(TM ® E, E), if
V and V are both metric connections, the first part of (16.41) holds.

We remark that, when v is a curve in a Riemannian manifold M, and for p €
v, E, = T,M, Ey, = T,v, Ei, = v(7), the normal space, and if V is the Levi-
Civita connection on M, then V is sometimes called the Fermi-Walker connection
on . One also (especially) considers a timelike curve in a Lorentz manifold.

Let us also remark that, if we start with metric connections V7 on FE;, then form
V on E by (16.38), and then define V on E by (16.39), provided that (16.40) holds,
it follows that V is also a metric connection on E, and V7 are recovered by (16.36)
and (16.37).

In general, for any two connections V and V, related by (16.39) for some End(E)
valued 1-form C, we have the following relation between their curvature tensors R
and E, already anticipated in Exercise 2 of §13:

(16.42)  (R— R)(X,Y)u = {[Cx,Vy] - [Cy,Vx] - Cix.y }u+ [Cx, Cylu.

Incase V=V@®V!on E = Ey @ Eq, and V has the form (16.39), where Cx
exchanges Fy and E1, it follows that the operator in brackets { } on the right side
of (16.42) exchanges sections of Ey and FE1, while the last operator [Cx, Cy| leaves
invariant the sections of Fy and E;. In such a case these two components express
respectively the Codazzi identity and Gauss’ Theorema Egregium.

We will expand these formulas, writing R(X,Y), R(X,Y) € End(Ey® E1) in the
block matrix forms

_( Roo Rot ~ (Ry O
w a(le W) R (B 1)

Then Gauss’ equations become

(Roo — Ro)(X,Y)u = II11yu — I I3 11%u,

(16.44) N
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for a section u of Ey or Eq, respectively. Equivalently, if v is also a section of Ej
or Fq, respectively,

((Roo — Ro)(X,Y)u,v) = (IT%u, IIYv) — (119w, [I%v)

(16.45) R A
The second part of (16.45) is also called the Ricci equation (not to be confused with
the Ricci identity (15.28)).

Codazzi’s equations become

Rio(X,Y)u = I1xVyu — IRVYu — Ix yyu+ Villyu — VyIlu,

16.46
( ) Roy(X,Y)u = I1xVyu — Iy Vyu— Ijx yyu+ Villyu— VyIlxu,
for sections u of Fy and F1, respectively. If we take the inner product of the first
equation in (16.46) with a section v of Ej, we get
(16.47)

(Rio(X,Y)u,v) = — (VYu, [Txv) + (Viu, [Tyv) — (I yyu, v)

+ (I 1% u, Vyv) — (ITyu, Vi) + XTIy u,v) — Y {ITSu,v),

using the metric property of V® and V!, and the antisymmetry (16.40). If we
perform a similar calculation for the second part of (16.46), in light of the fact that
Rip(X,Y)! = —Rp1(X,Y), we see that these two parts are equivalent, so we need
retain only one of them. Furthermore, we can rewrite the first equation in (16.46)
as follows. Form a connection on Hom(T'M @ Ey, E1) via the connections V7 on E;
and a Levi-Civita connection VM on T'M, via the natural derivation property, i.e.,

(16.48) (VxIIO)(Y,u) = Vi I19u — 119V u — TI°(VYY, ).
Then (16.46) is equivalent to
(16.49) Rio(X,Y)u = (VxIIO)(Y,u) — (Vy II°)(X, u).

One case of interest is when FE; is the trivial bundle F; = M x R, with one-
dimensional fibre. For example, F; could be the normal bundle of a codimension
one surface in R™. In this case, it is clear that both sides of the last half of (16.45)
are tautologically zero, so Ricci’s equation has no content in this case.

As a parenthetical comment, suppose FE is a trivial bundle ¥ = M x R",
with complementary subbundles E;, having metric connections constructed as in
(16.36)—(16.37), from the trivial connection D on E, defined by componentwise
differentiation, so

(16.50) V%u = PDxu, Viu=(I— P)Dxu,
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for sections of Ey and E7, respectively. There is the following alternative approach
to curvature formulas. For V = V? @ V!, we have

(16.51) Vxu = Dxu+ (DxP)(I — 2P)u.

Note that, with respect to a choice of basis of R™ as a global frame field on M x R",
we have the connection 1-form (13.14) given by

(16.52) I =dP(I —2P).

Since dP = dP P+ P dP, we have dP P = (I —P)dP. ThusI' = P dP(I—P)— (I —
P)dP P casts I' = —C' in the form (16.40). We obtain directly from the formula
Q=dI' +T' AT, derived in (16.15), that the curvature of V is given by

(16.53) Q=dPAdP =P dPAdP P+ (I — P) dP AdP (I — P),

the last identity showing the respective curvatures of Ey and E;. Compare Exercise
5 of §13.

Our next goal is to invert the process above. That is, rather than starting
with a flat bundle ¥ = M x R™ and obtaining connections on subbundles and
second fundamental forms, we want to start with bundles £; — M, j = 1,2, with
metric connections V7, and proposed second fundamental forms II7, sections of
Hom(T'M ® E;, E;), and then obtain a flat connection V on E via (16.38)—(16.40).
Of course, we assume I1° and I1* are related by (16.41), so (16.39) makes V a metric
connection. Thus, according to equations (16.45) and (16.49), the connection V is
flat if and only if, for all sections u, v of Ej,

(VxII°)(Y,u) — (VyII°)(X,u) =0

(16.54) A o

and, for all sections u,v of F1,
(16.55) (IT3u, IT%v) — (ITu, ITHv) = (R (X, Y)u,v).

If these conditions are satisfied, then E will have a global frame field of sections
€1,...,en, such that Ve; = 0, at least provided M is simply connected. Then, for
each p € M, we have an isometric isomorphism

(16.56) J(p): E, — R™,

by expanding elements of E, in terms of the basis {e;(p)}. Thus Ey C E is carried
by J(p) to a family of linear subspaces J(p)Ey, = V, C R”, with orthogonal
complements J(p)E1, = N, C R".

We now specialize to the case Ey = T'M, where M is an m-dimensional Riemann-
ian manifold, with its Levi-Civita connection; F; is an auxiliary bundle over M,
with metric connection V. We will assume M is simply connected. The following
result is sometimes called the Fundamental Theorem of Surface Theory.
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Theorem 16.8. Let I1° be a section of Hom(TM ® TM, Ey), and set 11 =
—([1%)t. Make the symmetry hypothesis

(16.57) II°(X,Y) =I1I°(Y, X).

Assume the equations (16.54)-(16.55) are satisfied, producing a trivialization of
E = Ey @ Eq, described by (16.56). Then there is an isometric immersion

(16.58) X:M—R",

and a natural identification of FEy with the normal bundle of S = X (M) C R™, such
that the second fundamental form of S is given by I1°.

To get this, we will construct the map (16.58) so that

(16.59) DX(p) = J(p)| ppp-

for all p € M. To see how to get this, consider one of the n components of J, J,(p) :
E, — R. In fact, Jyu = (e,,u). Let B, (p) = Jl,(p)‘T A thus B, is a 1-form on M.

Lemma 16.9. FEach (3, is closed, i.e., d3, = 0.
Proof. For vector fields X and Y on M, we have

dﬁu(Xv Y) =X ﬁu(Y) -Y. ﬁu(X) - ﬁl/([Xv Y])

(16.60) =X-6,(Y) =Y - B,(X) = (VXY - VI.X).

Using Vx = V% + II% on sections of Ey = T M, we see that this is equal to

X -J,0Y)=Y - J,(X) = J,(VxY = VyX) + J,II%Y - II2X)
= (Vx L)Y — (Vy )X + J,(II%Y — I1)X).

By construction, Vx.J, = 0, while (16.57) says II$Y — 12X = 0. Thus dg, = 0.

Consequently, as long as M is simply connected, we can write 3, = dx, for
some functions z, € C°(M); define (16.58) by X(p) = (z1(p),...,z,(p)). Thus
(16.59) holds, so X is an isometric mapping. Furthermore it is clear that J(p)
maps F, precisely isometrically onto the normal space N, C R" to S = X (M) at
X (p), displaying I1° as the second fundamental form of S. Thus Theorem 16.8 is
established.

Let us specialize Theorem 16.8 to the case where dim M = n — 1, so the fibers
of E; are one-dimensional. As mentioned above, the Ricci identity (16.55) has
no content in that case. We have the following special case of the Fundamental
Theorem of Surface Theory.
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Proposition 16.10. Let M be an (n — 1)-dimensional Riemann manifold; assume

M is simply connected. Let there be given a symmetric tensor field ﬁ, of type (0,2).
Assume the following Gauss-Codazzi equations hold:

T1(Y, 2)II(X,W) — T1(X, Z)II(Y,W) = (RM(X,Y)Z, W),

(16.61) _ —
(VXII)(Y,Z)— (VY II)(X,Z) =0,

where VM is the Levi-Civita connection of M and RM its Riemann curvature ten-
sor. Then there is an isometric immersion X : M — R", such that the second

fundamental form of S = X(M) C R™ is given by I1.

Exercises

1. Let S C M, with respective Levi-Civita connections V°, V, respective Riemann
tensors R, R, etc., as in the text. Let v, : [a,b] — S be a 2-parameter family
of curves. One can also regard 75 : [a,b] — M. Apply the formula (15.61) for
the second variation of energy in these two contexts and compare the results, to
produce another proof of Gauss’ formula (16.14) for (R — Rs)(X,Y)Z, W) when
XY, Z W are all tangent to S.

Hint. Show that (VxZ,VxW) — (V& Z, VSW) = (II(X, Z), [1(X,W)).

2. Let S be a surface in R? given by (u,v) — X (u,v) € R3, for (u,v) € O C R%
Set £ = X, x X,, so a unit normal field to S is given by N = ¢/[{|. Let H = (hj)
be the 2 x 2 matrix with entries hj, = I1(0;X, 0, X), where 01 X = X,,, 0. X = X,.

Show that . .
5 : qu € : Xuv) e
H=— =4 )
< (g-XW € Xoo €

(the last identity defining Zg) Deduce that the Gauss curvature of S is given by

Cdet H 1 det A (X Xy Xy X,
_detG_|§|2 detG’ N Xv'Xu XU'XU .

Hint. By the Weingarten formula (16.9), (A:U,V) = —(Dyé&, V), where D is the
standard flat connection on R3. Hence the upper left entry of H is 1/|¢| times

Xy Ou(Xu X Xy) = —Xu+ (Xuw X Xo) = Xuu - (Xu x X,).
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3. Let ~y be a curve in R3, parametrized by arc length. Recall the Frenet apparatus,
sketched in §K. At p = ~(t), T = 7/(t) spans T,y and, if the curvature k of = is
nonzero, unit vectors N and B span the normal bundle v,(7), satisfying the system
of ODE

T = kN
(16.62) N' = —kT + 7B
B = - TN

and furthermore, B=T x N, T'= N x B, N = B xT. Let V denote the standard
flat connection on R3, and V°, V! the connections induced on T'(y) and v(v), as
in (16.1), (16.8). Show that

(16.63) II(T,T) = &N,
and that
(16.64) Vi-N =7B, V3B=-7N.

Compute the right side of the Weingarten formula
(16.65) Vré=V5ié+ AT, €=N,B,

and show that (16.63)—(16.65) is equivalent to (16.62).

4. Let S C R? be a surface, with connection V¥, second fundamental form I1°,
unit normal v. Let v be the curve of Problem 3, and suppose v is a curve in S.
Show that
IT°(T,T) = x(N,v)v
= kN — V3T,
If A, denotes the Weingarten map of S, as in (16.5), show that

~v geodesicon S = A, T = kT — 7B and N = v.

5. Use Theorem 16.4 to show that the Gauss curvature K of a surface S C R3 is
equal to det A, . Use the symmetry of A, to show that each 7},S has an orthonormal
basis 17, T5 such that A, T; = k;T}, and K = Kk1k2. An eigenvector of A, is called a
direction of principal curvature (and the eigenvalues are called principal curvatures).
Show that 7' € T},S is a direction of principal curvature if and only if the geodesic
through p in direction T has vanishing torsion 7 at p.
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6. Suppose M has the property that each sectional curvature K,(II) is equal to
K,, independent of II. Show that

R = K,I in End(AT},),
where R is as in Exercise 11 of §15. Show that K, is constant, on each connected

component of M, if dim M > 3.
Hint. To do the last part, use Proposition 15.3.

7. Show that the formula (16.42) for R — R is equivalent to the formula (14.17).
(This reiterates Exercise 5 of §14.) Also, relate (16.44) and (16.49) to (15.54).

Let M be a compact oriented hypersurface in R™. Let
N:M— s 1

be given by the outward pointing normal. This is called the Gauss map.

8. If n = 3, show that N*wy = Kw, where wy, w are the area forms of S? and M,
respectively, and K the Gauss curvature of M. Note that the degree of the Gauss
map is

1 *
Deg(N):E/N wo-
M

See §9 for basic material on degrees of maps.

9. For general n, show that N*wy = Jw with
J=(-1)""tdet Ay,

where w,wy are the volume forms and Ay : T,M — T, M is the Weingarten map
(16.5). Consequently

(16.66) Deg (N) = (;}L /(det An)dv,
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where A,,_; is the area of S?~1.
Hint. There is a natural identification of T,M and T,(S™" 1), as linear subspaces
of R", if ¢ = N(p). Show that the Weingarten formula gives

(16.67) DN(p) = —Ay € End (T,M) ~ L(T,M,T,S" ).

10. Let S be a hypersurface in R", with second fundamental form ﬁ, as in (16.15).

Suppose I1 is proportional to the metric tensor, II = A(z)g. Show that A is con-
stant, provided S is connected. (Assume n > 3.)

Hint. Use the Codazzi equation (16.17), plus the fact that Vg = 0.

Alternative. Use (16.18) to get d\ = (n — 1)dA.

11. When S is a hypersurface in R™, a point p where 7= Ag is called an umbilic
point. If every point on S is umbilic, show that S has constant sectional curvature
A2,

Hint. Apply Gauss’ Theorema Egregium, in the form (16.14).

12. Let S C R™ be a k dimensional submanifold (k < n), with induced metric g
and second fundamental form I1. Let & be a section of the normal bundle v(S5).
Consider the one parameter family of maps S — R"”,

(16.68) or(x) =z+7&x), €S, TE (—¢8).

Let g, be the family of Riemannian metrics induced on S. Show that

(16.69) %gT(X, V)| _,=—2(11(X,Y)).

More generally, if S C M is a submanifold, consider the one parameter family of
submanifolds given by

(16.70) o-(x) = Exp,(té(z)), z €S8, 7€ (—¢,¢),

where Exp, : T, M — M is the exponential map, determined by the Riemannian
metric on M. Show that (16.69) holds in this more general case.

13. Let M; C My C Mjs be Riemannian manifolds of dimension n; < ns < ng,
with induced metrics. For j < k, denote by IT7% the second fundamental form of
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M; C M, and A7k the associated Weingarten map. For z € M;, denote by Nk
the orthogonal complement of T, M; in T,, M}, and ¥V the natural connection on
NI*(Mj). Let X and Y be tangent to M; and & be a section of N'2(M;). Show
that
12y _ 413
A X = A8X.

Show that
Byle =12vie 4 I1173(X,€), orthogonal decomposition,
and that
IT3(X,Y) =II'"*(X,Y) + II**(X,Y), orthogonal decomposition.

Relate this to Exercises 3-5 when n; = j.

14. If S C M has codimension 1, and Weingarten map A : T,,S — T},S, show that
the Gauss equation (16.14) gives

(16.71) ((R—Rs)(X,Y)Z,W) = (A2A)(X AY),ZAW), X,Y,Z,W €T,5S.

Show that (with NV a unit normal to S) the scalar curvatures of M and S are related
by

(16.72) Sy — Sg = —2 Tr A2A + 2Ricp (N, N).

15. With the Ricci tensor Ric given by (16.23) and the sectional curvature K, (II) by
(16.32), show that, for X € T,,M, of norm 1, if = denotes the orthogonal complement
of X in T, M, then

n —

/ K, (U, X) dV (1),
S()

where S, (Z) is the unit sphere in 2, n = dim M, and K,(U, X) = K,(II) where
IT is the linear span of U and X. Show that the scalar curvature at p is given by

n(n—1)
Kp(
VOIGQ /

where G9 is the space of 2-planes in T,M. (For more on this space and other
Grassmannians, see Appendix V.)
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Special exercises on surfaces in R3

In Exercises 16-19, let M be an oriented surface in R3. Let {Ey, E;} be a (local)
oriented orthonormal frame field of tangent vectors to M, and let N = F3 =
E; x E,. Define 1-forms wj, on M by

(16.73) wik(X) = (DxEj, Ey),

where X is a tangent vector field to M and D is the standard flat connection on
R3. Let V° denote the natural connection on M, R? its curvature tensor, Ay the
Weingarten map.

16. Show that wj; = —wy; and

(1674) ANX = u)lg(X)El + u)23(X)E2.

17. Differentiating wi2(X) = (Dx F1, E3), etc., show that

(16.75) dwi2(X,Y) = wi3(X)ws2(Y) — wis(Y)wsa2 (X).

Hint. Use (6.26) to evaluate dwi2(X,Y). Show that (Dx E1, Dy E2) = w13(X)was(Y).
Note in particular from (16.74) that we obtain

(1676) dwlg(El,EQ) = — det AN.

18. Note that wi2(X) = (V% E1, F2). Show that

(16.77) dw2(X,Y) = (RY(X,Y)Ey, Ey).
Deduce that

(16.78) dwis = —K a,

where K is the Gauss curvature of M and « its area form. Comparing this with
Exercise 16, deduce another proof of Gauss’ Theorema Egregium, in this case.

19. Show that

dwlg(X, Y) = wlg(X>w23(Y> — wlg(Y)CUgg (X),

(16.79) dw23(X,Y) = wa1 (X)w13(Y) — wa1 (Y )wis(X),
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Hint. See Exercise 17. This time show that (Dx Eq, Dy F3) = wi2(Y )was(X).
The equations (16.75) and (16.79) can be written as

(1680) dwlg = W13 A\ w32, dwlg = W12 A\ w23, du)23 = W21 A w1s3.

For the connection between (16.79) and Codazzi’s equation, see Exercise 24.

Back to higher dimensions

In Exercises 2026, let M be an (n — 1)-dimensional oriented hypersurface in R"
and let {F1,..., E,} be an oriented orthonormal (local) frame field defined over M,
such that {Fy(z),..., E,_1(z)} is an oriented orthonormal basis of T, M. Define
1-forms wj, on M again by (16.73). Let P(x) : R®™ — T, M denote the orthogo-
nal projection, as in (16.50)—(16.53), specialized to the case at hand. Denote the
curvature form of M by (2.

20. Show that wj, = —wy; and that

n—1
(16.81) ANX =) win(X)E;.

j=1

21. Show that

(DXp)EJ = wjn(X)En, 1 <75 <n,

16.82
(16.82) (DxP)E, = AnX.

22. For X and Y tangent to M, one can write (16.53) as
(16.83) Q(X,Y) = (Dx P)(DyP) — (DyP)(DxP) = [Dx P, Dy P).
Deduce that, for 1 < j < n,
QUX,V)E; = win(Y)ANX — wjn(X)ANY.
Using (16.81), deduce that, for 1 < j, k < n,
(16.84)  (QX,Y)Ej, Ey) = (ANY, Ej) (AN X, Ey) — (AN X, Ej)(ANY, Ey),

yet again establishing Gauss’ Theorema Egregium in this case.
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23. Show that

(16.85) dwin(X,Y) =) {wje(X)wer(Y) — wje(Y)wen(X)}.
4

Hint. Follow those of Exercises 17 and 19. This time, show that

(Dx Ej, Dy Ex) Z wie(X)wre (Y

Note that (16.85) is equivalent to

(16.86) dwje =Y wje Awi.
0

These equations are called Cartan’s structure equations.

24. Show that the Codazzi equation (16.17) is equivalent to

(16.87) V& (ANY) = V9 (AN X) — An([X,Y]) = 0.
25. Show that (16.87) also follows from the case k = n of (16.86), i.e., from
(16.88) dwjn =Y wje Awpn.

¢

Hint. Start with
VY (ANY) = VO (AnX) = Z{vo win(Y)E;) = V9 (win(X)E;) },

and use the derivation identity. Asin Exercise 17, use (6.26) on dw;,(X,Y"). Deduce
that the left side of (16.87) is equal to

(16.89) D {win(VVXE; = win(X)VYE; } + ) dw;n(X,Y)E;.
j j
Show that VY E; = 3", _,, wjr(X)Ej. Then work on (16.89), using (16.88).

26. Let X (t) be a tangent vector field to M along a curve (t) given by parallel
translation, so X(t) € Ty M C R"™. Show that
dX

= —[I(X,T),

16.
(16.90) -

where T' = ~/(t).
Hint. Look at (13.40).
Generalize this result to higher codimension.

Hint. Look at (16.1). Note the difference in perspective, connected of course by
(16.10).
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17. The Gauss-Bonnet theorem for surfaces

If M is a compact oriented Riemannian manifold of dimension 2, the Gauss-
Bonnet theorem says that, if K is the Gauss curvature,

(17.1) K dV =2mx(M).
/

There is an associated formula if M has a boundary. There are a number of signif-
icant variants of this, involving for example the index of a vector field. We present
several proofs of the Gauss-Bonnet theorem and some of its variants here.

We begin with an estimate on the effect of parallel translation about a small
closed piecewise smooth curve. This first result holds for a general vector bundle
E — M with connection V and curvature

1
Q= 5 Raﬁjk d.’]?j Adxy,

with no restriction on dim M.

Proposition 17.1. If v is a closed piecewise smooth loop on M, parametrized by
arc length for 0 <t < b, v(b) = v(0), and if u(t) is a section of E over y defined
by parallel transport, i.e., Vou =0, T =+, then

(17.2) u®(b) — u(0) = —% 3 Raﬁjk(/ dz; A dxk>uﬁ<0) + oY),
j.k,B 4

where A is an oriented 2-surface in M with 0A = ~, and u®(t) are the components
of u with respect to a local frame.

Proof. If we put a coordinate system on a neighborhood of p = ~(0) € M, and
choose a frame field for E. then parallel transport is defined by

du® dzxy,
17. W _pag, Sk
(17:3) dt T

As usual, we use the summation convention. Thus

dxk

(17.4) u®(t) = u*(0) —/0 Fo‘gk(’y(s))uﬁ(s)g ds.

We hence have

(17.5) u®(t) = u*(0) — Fagk(p)uﬁ(O)(.rk — i) + O(t?).
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We can solve (17.3) up to O(#3) if we use

(17.6) I g;(x) = T%3;(p) + (zx — pr) 0T g5 + O(lx — p?).
Hence

u () = u®(0) - / [T 4(p) + (25 — )07 51()]

Dk gs 1+ O,

[u(0) = TP (p)u? (0) (e — pe)] —-

If y(b) = ~7(0), we get

b
u®(b) = u®(0) —/ xj dxy, (@Fagk)uﬁ(())
(17.8) °
+/ xj da Ts TP ;u7 (0) + O(b%),
0

the components of I' and their first derivatives being evaluated at p. Now Stokes’

theorem gives
/93]- dxy = /dxj Adxy,

o A
SO

(17.9)  u®(b) — u®(0) = [—ajraﬂk + F%kmﬁj} /dxj A dzy u?(0) + O(b%).
A

Recall that the curvature is given by
Q=dI' +T' AT,
ie.,
(17.10) Rgji = 0;1 g, — O35 + 117 g1, — T4, 17 5.

Now the right side of (17.10) is the antisymmetrization, with respect to j and k, of
the quantity in brackets in (17.9). Since [, dx; A dxy, is antisymmetric in j and &,
we get the desired formula (17.2).

In particular, if dim M = 2, then we can write the End(E) valued 2-form 2 as
(17.11) QO =TRu

where g is the volume form on M and R is a smooth section of End(E) over M. If
E has an inner product and V is a metric connection, then R is skew adjoint. If
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v is a geodesic triangle which is “fat” in the sense that none of its angles is small,
(17.2) implies

(17.12) u(b) — u(0) = —Ru(0)(Area A) + O((Area A)3/2).

If we specialize further, to oriented 2-dimensional M with E = T'M, possessing
the Levi-Civita connection of a Riemannian metric, then we take J : T, M — T},M,
to be counterclockwise rotation by 90°, which defines an almost complex structure
on M. Up to a scalar this is the unique skew-adjoint operator on T, M, and, by
(15.34),

(17.13) Ru=—-KJu, wueT,M,
where K is the Gauss curvature of M at p. Thus, in this case, (17.12) becomes
(17.14) u(b) — u(0) = K Ju(0)(Area A) + O((Area A)*/?).

On the other hand, if a tangent vector Xy € T, M undergoes parallel transport
around a geodesic triangle, the action produced on T,M is easily seen to be a
rotation in 7, M through an angle that depends on the angle defect of the triangle.
The argument can be seen by looking at Fig. 17.1. We see that the angle from X
to X3 is

(17.15) (r+a)—2n—0B—vy—-¢&) —&=a+ [+~ —m.

In this case, formula (17.14) implies
(17.16) oz+ﬁ+7—7r:/KdV+O((Area A)3/2).

We can now use a simple analytical argument to sharpen this up to the following
celebrated formula of Gauss.

Theorem 17.2. If A is a geodesic triangle in M?, with angles o, 3,7, then

(17.17) a+ﬁ+*y—7r:/KdV.
A

Proof. Break up the geodesic triangle A into N? little geodesic triangles, each of
diameter O(N~1), area O(IN~2). Since the angle defects are additive, the estimate
(17.17) implies

at+B+y—m= /KdV + N2O((N2)%/2)
A

(17.18)
= /KdV +O(N™h,
A
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and passing to the limit as N — oo gives (17.17).

Note that any region which is a contractible geodesic polygon can be divided
into geodesic triangles. If a contractible region O C M with smooth boundary
is approximated by geodesic polygons, a straightforward limit process yields the
Gauss-Bonnet formula

(17.19) /KdV + / Kk ds = 2m,
o 80

where & is the geodesic curvature of 9€2. We leave the details to the reader. Another
proof will be given at the end of this section.

If M is a compact oriented 2-dimensional manifold without boundary, we can
partition M into geodesic triangles. Suppose the triangulation of M so produced
has

(17.20) F faces (triangles), E edges, V vertices.

If the angles of the jth triangle are o, 3;,7;, then clearly summing all the angles
produces 27V. On the other hand, (17.17) applied to the jth triangle, and summed
over j, yields

J

(17.21) > (o + B +v5) =7F + /K av.
M

Hence [,, K dV = (2V — F)x. Since in this case all the faces are triangles, counting
each triangle three times will count each edge twice, so 3F' = 2F. Thus we obtain

(17.22) /KdV: on(V — E+ F).

This is equivalent to (17.1), in view of Euler’s formula (see (10.11)-(10.12)),
(17.23) X(M)=V —E+F.

We now derive a variant of (17.1) when M is described in another fashion.
Namely, suppose M is diffeomorphic to a sphere with g handles attached. The
number ¢ is called the genus of the surface. The case ¢ = 2 is illustrated in
Fig. 17.2. We claim that

(17.24) /KdV — 4n(1—g)

in this case. By virtue of (17.22), this is equivalent to the identity

(17.25) 2—-29=V —-E+F =x(M).
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Direct proofs of this are possible; see Exercise 13 of §10. Here we will provide a
proof of (17.24), based on the fact that

(17.26) / KdV = C(M)

depends only on M, not on the metric imposed. This follows from (17.22), by
forgetting the interpretation of the right side. Another argument yielding (17.26)
can be found in Appendix P. The point we want to make is, given (17.26), i.e., the
independence of choice of metric, we can work out what C (M) is, as follows.

First, choosing the standard metric on S2, for which K = 1 and Area S? = 4,
we have

(17.27) /KdV = 4.

Now suppose M is obtained by adding g handles to S?. Since we can alter the
metric on M at will, make sure it coincides with the metric of a sphere near a great
circle, in a neighborhood of each circle where a handle is attached to the main body
A, as illustrated in Fig. 17.2. If we imagine adding two hemispherical caps to each
handle H;, rather than attaching it to A, we turn each H; into a new sphere, so by
(17.27) we have

(17.28) / K dV = /KdV+/KdV

H;U caps caps
Since the caps fit together to form a sphere, we have fcaps K dV = 4m, so for each
Js
(17.29) /K dv =0,

provided that M has a metric such as described above. Similarly, if we add 2g caps
to the main body A, we get a new sphere, so

(17.30) / K dV = /K dV + 2¢(27),
AU caps

or

(17.31) /K dV = 2m(2 — 2g).

Together (17.29) and (17.31) yield (17.24), and we get the identity (17.25) for free.

We now give another perspective on Gauss’ formula, directly dealing with the
fact that TM can be treated as a complex line bundle, when M is an oriented
Riemannian manifold of dimension 2. We will produce a variant of Proposition 17.1
which has no remainder term, and which hence produces (17.16) with no remainder,
directly, so Theorem 17.2 follows without the additional argument given above. The
result is the following; again dim M is unrestricted.
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Proposition 17.3. Let EE — M be a complex line bundle. Let v be a piecewise
smooth closed loop in M, with v(0) = v(b) = p, bounding an oriented surface A. Let
V be a connection on E, with curvature Q. If u(t) is a section of E over ~y defined
by parallel translation, then

(17.32) u(b) = [exp(— / Q)]U(O).

A

Proof. Pick a nonvanishing section (hence a frame field) £ of E over S, assuming
S is homeomorphic to a disc. Any section u of E over S is of the form u =
v€ for a complex valued function v on S. Then parallel transport along ~(t) =
(x1(t),...,zn(t)) is defined by

dv dzxy,
The solution to this single first order ODE is
t d:L‘]C
(17.34) o(t) = [exp (- /O Cu(1(5) 7% ds)] w(0).
Hence
(17.35) u(t) = [exp (- / ) ]v(0).

Y

where I' = > " T'y, dxg. The curvature 2-form 2 is given, as a special case of (17.10),
by

(17.36) Q = dT,

and Stokes’ theorem gives (17.32), from (17.35), provided A is contractible, so
the section £ can be constructed. The general case follows from cutting A into
contractible pieces.

Next, we relate | 1 §2 to the “index” of a section of a complex line bundle £ — M,
when M is a compact oriented manifold of dimension 2. Suppose X is a section
of E over M \ S, where S consists of a finite number of points; suppose that X is
nowhere vanishing on M \ S, and that, near each p; € S, X has the following form.
There is a coordinate neighborhood O; centered at p;, with p; the origin, and a
nonvanishing section &; of E near p;, such that

(17.37) X =v;&§ on O, wv;:0;\p—C\O0.

Taking a small counterclockwise circle v, about p;, v;/|v;| = w; maps 7; to S';
consider the degree ¢; of this map, i.e., the winding number of ~; about S*. This is
the index of X at p;, and the sum over p; is the total index of X :

(17.38) Index (X) = ) ;.

We will establish the following.
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Proposition 17.4. For any connection on a complex line bundle E — M, with
curvature form 2, and X as above, we have

(17.39) /Q = —(2mi) - Indez (X).

Proof. You can replace X by a section of £\ 0 over M \ {p;}, homotopic to the
original, having the form (17.37) with

(17.40) vj = e'i? +wj,

in polar coordinates (r,6) about p;, with w; € C*(0;), w;(0) = 0. Excise small
disks D; containing p;; let D = UD;. Then, by Stokes’ theorem,

(17.41) / Q= —Z/F
M\D I,

where ; = 0D; and I' is the connection 1-form with respect to the section X, i.e.,
with Vi = Vy,, Or = 0/0z} in local coordinates,

(17.42) ViX =TpX, T=) Tidu.

Now (17.37) gives (with no summation)

(17.43) L& = (Okvj + 0T jn)E;
on 53', where fjkdl'k is the connection 1-form with respect to the section ;. Hence
(17.44) T = v; '0kv; + Dji
with remainder term fjk € C'(0;). By (17.40), we have
(17.45) /F = 2mil; + O(r)
Vi

if each D; has radius < C'r. Passing to the limit as the disks D; shrink to p; gives
(17.39).

Since the left side of (17.39) is independent of the choice of X, it follows that
the index of X depends only on E, not on the choice of such X.
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In case M is a compact oriented Riemannian 2-manifold, whose tangent bundle
can be given the structure of a complex line bundle as noted above, (17.39) is
equivalent to

(17.46) / K dV = 2r Tndex (X)
M

for any smooth vector field X, nonvanishing, on M minus a finite set of points.
This verifies the identity

(17.47) Index (X) = x(M)

in this case.

As a further comment on the Gauss-Bonnet formula for compact surfaces, let us
recall from Exercise 8 of §16 that, if M is a compact oriented surface in R3, with
Gauss map N : M — S2, then

1 1
1 . = — * = — .
(17.48) Deg (N) 47r/N wo 47T/KdV
M M

(Indeed, we can appeal to (15.60) for the second identity here.) Furthermore,
Corollary 10.5 yields an independent proof that, in this case,

(17.49) Deg (N) = % Index (X),

for any vector field X on M with a finite number of critical points. Hence (17.48)—
(17.49) provide another proof of (17.1), at least for a surface in R3. This line of
reasoning will be extended to the higher dimensional case of hypersurfaces of R"*1,
in the early part of §20, preparatory to establishing the general Chern-Gauss-Bonnet
Theorem.

To end this section, we provide a direct proof of the formula (17.19), using
an argument parallel to the proof of Proposition 17.3. Thus, assuming that M
is an oriented surface, we give T'M the structure of a complex line bundle, and
pick a nonvanishing section & of TM over a neighborhood of O. Let v = 90O be
parametrized by arc length, T'= +/(s), 0 < s < b, with v(b) = v(0). The geodesic
curvature k of «y, appearing in (17.19), is given by

(17.50) VT =kN, N=JT.

If we set T = ué, where u : O — C, then, parallel to (17.33), we have (17.50)
equivalent to
T

du d
17.51 —_— = — I, — LKA
(17.51) 7 Z kdsu+z/<:u
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The solution to this single first order ODE is (parallel to (17.34))

(17.52) u(t) = [exp <z /Ot k(s) ds — /Ot I (7(3))% ds)] u(0).

Hence

(17.53) u(b) = [exp(i / k(s) ds — / Q)] u(0).
vy (@]

By (17.13), we have

(17.54) 0= —iK dV,

and since u(b) = u(0), we have

(17.55) expli [ k(s)ds+i | KdV) =1,
o s f )

~

or

(17.56) / K dv + / k(s) ds = 27,

o ¥

for some v € Z. Now if O were a tiny disc in M, it would be clear that v = 1. Using
the contractibility of O and the fact that the left side of (17.56) cannot jump, we
have v = 1, which proves (17.19).

Exercises

1. Given a triangulation of a compact surface M, within each triangle construct a
vector field, vanishing at 7 points as illustrated in Fig. 10.1, with the vertices as
attractors, the center as a repeller, and the midpoints of each side as saddle points.
Fit these together to produce a smooth vector field X on M. Show directly that

Index(X)=V — E+F.

2. Let L — M be a complex line bundle, u and v sections of L with a finite number
of zeros. Show directly that v and v have the same index.
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Hint. Start with w = fv on M \ Z, where Z is the union of the zero sets, and
f:M\Z—C\O.

3. Let M; and M, be n-dimensional submanifolds of R¥. Suppose a curve 7 is
contained in the intersection M; N M>, and assume

p= ’}/(8) —_— Tle = TpMQ.

Show that parallel translations along v in M; and in M5 coincide.
Hint. If T = ~+/(s) and X is a vector field along v, tangent to M; (hence to M),
show that V¥1X = V%QX, using Corollary 16.2.

4. Let O be the region in S? C R3 consisting of points in S? of geodesic distance
< r from p = (0,0, 1), where r € (0,7) is given. Let v = 0O. Construct a cone,
with vertex at (0,0, sec r), tangent to S? along 7. Using this and Exercise 3, show
that parallel translation over one circuit of v is given by

counterclockwise rotation by 6 = 27 (1 — cosr).

Hint. Flatten out the cone, as in Fig. 17.3. Notice that + has length ¢ = 27 sinr.
Compare this calculation with the result of (17.32), which in this context implies

u(l) = [exp ’L/K dV} u(0).
@

5. Let v : [a,b] — R? be a smooth closed curve, so y(a) = v(b) and v/(a) = ' (b).
Assume 7 is parametrized by arclength, so v/(t) = T(t) and T : [a,b] — S?; hence
T is a smooth closed curve in S%. Note that the normal space to v at p = (¢) is
naturally identified with the tangent space to S? at T'(t) = q :

vp(y) = T,S2.

(a) Show that parallel translation along v of a section of the normal bundle v(v),
with respect to the connection described in Exercise 3 of §16, coincides with parallel
translation along the curve T of vectors tangent to S2.

Hint. Recall Exercise 3 of §13.

(b) Suppose the curvature x of 7 never vanishes, so the torsion 7 is well defined, as
in (16.62). Show that parallel translation once around « acts on v, (y) by multipli-

cation by
exp (—z’/T(s) ds).

Y
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Here we use the complex structure on v,(7y) given by JN = B, JB = —N.

Hint. Use (16.64).
Compare these two results.

6. Let M be a compact surface in R3, with principal curvatures s, k2. Set

W(M) 1 /(/114-/@2)26”/,

~or 2
M
_1 Iil—li22
C(M)_§/< > )dv.
M

Show that
W(M) =C(M)+ x(M).

For further discussion of these functionals, see [Wil2], Chapter 7.

7. Let z(s) be a unit speed curve in R?, with Frenet apparatus T'(s), N(s), B(s),
curvature k(s) (which we will assume to be > 0), and torsion 7(s); cf. (16.62). Fix
a > 0 (small) and consider the surface S, the boundary of a tube about this curve,
given by
X(s,t) = x(s) + a(cos t)N(s) + a(sin t)B(s).
Show that the outward unit normal v to S is given by
v(s,t) = (cos t)N(s) + (sin t)B(s),

and that, in the (s, t)-coordinates,

K dV = —k(s)(cos t) dsdt.
8. Let M be a compact surface imbedded in R3. Let KT = max (K, 0). Show that
/K+ dV > 4.
M

Hint. Show that the image of {x € M : K(z) > 0} under the Gauss map is all of
S2.
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9. Let x : [0, L] — R? be a smooth, closed, unit speed curve. Show that

L
/ k(s)ds > 2m.
0

Show that one has equality if and only if it is a convex plane curve. This result is
known as Fenchel’s theorem. (Assume k(s) > 0.)

Hint. Use the results of Exercises 7-8. Note that S has curvature K > 0 on the set
/2 <t <3m/2.

10. Let vy : [0,0] — M be a smooth, closed, unit-speed curve on a two-dimensional,
oriented Riemannian manifold. (In particular, assume +/(b) = ~/(0).) Let T' =
~', N = JT along 7. Show the (17.50) extends to

VTT = HN, VTN = —kT.

Deduce that, if U(t) is defined along «(t) by parallel translation then

Uy = e Lm0 o),

Show that, if v = 00O, this result plus Proposition 17.3 again implies the identity

(17.55), i.e.,
exp (i [ k(s)ds+i | KdV) =1.
p ( / + O/ )

Y
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18. The principal bundle picture

An important tool for understanding vector bundles is the notion of an under-
lying structure, namely that of a principal bundle. If M is a manifold and G a
Lie group, then a principal G-bundle P 2 M is a locally trivial fibration with a
G-action on P, such that G acts on each fiber P, = p~!(z) in a simply transi-
tive fashion. An example is the frame bundle of an oriented Riemannian manifold
M, F(M) — M, where F,(M) consists of the set of ordered oriented orthonor-
mal bases of the tangent space T, to M at z. If n = dim M, this is a principal
SO(n)-bundle.

If P — M is a principal G-bundle, then associated to each representation 7 of
G on a vector space V' is a vector bundle E — M. The set E is a quotient space of
the Cartesian product P x V, under the equivalence relation

(18.1) (y,v) ~ (y-g.m(g)"'v), geG.

We have written the G-action on P as a right action. One writes £ = P X, V. The
space of sections of E' is naturally isomorphic to a certain subspace of the space of
V-valued functions on P :

(18.2) C®(M,E)~{uec C®P,V):uly-g) =n(g) tuly), g € G}.

We describe how this construction works for the frame bundle F(M) of an
oriented Riemannian manifold, which, as mentioned above, is a principal SO(n)-
bundle. Thus, a point y € F, (M) consists of an n-tuple (ey,...,e,), forming an
ordered oriented orthonormal basis of T, M. If g = (g;x) € SO(n), the G-action is
given by

(18.3) (e1,...yen)-g=(f1,---, fn), fj:Zggjeg.
V4

One can check that (f1,..., f,) is also an oriented orthonormal basis of T, M, and
that (y-g) -9 =y - (g99) for g,¢g" € SO(n). If 7 is the “standard” representation
of SO(n) on R™, given by matrix multiplication, we claim that there is a natural
identification

(18.4) F(M) x, R" ~ TM.

In fact, if y = (e1,...,e,) € Fp(M) and v = (v1,...,v,) € R™, the map (18.4) is
defined by

(18.5) (y,v) — Zvjej e T, M.

J
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We need to show that this is constant on equivalence classes, as defined by (18.1),
i.e., for any g € SO(n),

(18.6) z=y-g=(f1,. ., fn), w=7(g9) v = Zwkfk: = Zvjej.

In fact, setting g~' = h = (hj), we see that

E W fr = E hij vj gex €0 = E d¢j v €p,
k J.t

Jik,L

since ), gexhi; = 6¢;, and this implies (18.6).

Connections are naturally described in terms of a geometrical structure on a
principal bundle. This should be expected, since as we saw in §13 a connection
on a vector bundle can be described in terms of a “connection 1-form” (13.14),
depending on a choice of local frame for the vector bundle.

The geometrical structure giving a connection on a principal bundle P — M is
the following. For each y € P, the tangent space T, P contains the subspace V, P of
vectors tangent to the fibre p~!(z), = = p(y). The space V, P, called the “vertical

space,” is naturally isomorphic to the Lie algebra g of (G, via the map

d
(18.7) Ly 19— VyP, 1y(X)=—(y-ExptX

dt )‘tZO'

A connection on P is determined by a choice of complementary subspace, called a
“horizontal space:”

(18.8) T, =V,P® H,P,
with the G-invariance
(18.9) g«(HyP) = Hy,.,P

where g, : T, P — T4 P is the natural derivative map.

Given this structure, a vector field X on M has a uniquely defined “lift” X to
a vector field on P, such that p*)zy = X, (x = p(y)) and )?y € HyP for each
y € P. Furthermore, if E is a vector bundle determined by a representation of G
and u € C°(M, V) corresponds to a section v of F, the V-valued function X - u
corresponds to a section of E which we denote V xv; V is the covariant derivative
on F defined by the connection on P just described. If V' has an inner product and
7 is unitary, I/ gets a natural metric, and V is a metric connection on E.

If 7; are representations of G on Vj, giving vector bundles E/; — M associated to
a principal bundle P — M with connection, then 7 ® 75 is a representation of G on
V1 ® V5 and we have a vector bundle £ — M, F = F; ® F>. The prescription above
associating a connection to F as well as to F; and F5 agrees with the definition
of a connection on a tensor product of two vector bundles given by (13.29). This
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follows simply from the derivation property of the vector field X , acting as a first
order differential operator on functions on P.

The characterization (18.8)—(18.9) of a connection on a principal bundle P — M
is equivalent to the following, in view of the natural isomorphism V, P ~ g. The
splitting (18.8) corresponds to a projection of T}, P onto V,, P, hence to a linear map
T, P — g which gives the identification V, P ~ g on the linear subspace V,, P of T}, P.
This map can be regarded as a g-valued 1-form £ on P, called the connection form.
Explicitly, for X € T, P,

§X)=1,'(X,), X=2X,+Xn X, €V,P, X € H,P.

Note that the invariance property (18.9) implies £(g.X) = £(g+X,), or equivalently

(g7 (X) = (976 (X),

where g* denotes the pull-back of the form ¢ induced from the G-action on P. A
calculation gives

(18.10) Ly g © s 0 ly = Adg
on g, and hence
(18.11) g*&=Ad, ¢, ged.

The way the Levi-Civita connection on an oriented Riemannian manifold gives
rise to a connection on the frame bundle F(M) — M is the following. Fix y €
F(M), x = p(y). Recall that the point y is an ordered (oriented) orthonormal basis
(é1,...,en) of the tangent space T, M. Parallel transport of each e; along a curve ~
through x thus gives a family of orthonormal bases for the tangent space to M at
7(t), hence a curve 4# in F|(M) lying over ~. The tangent to v* at y belongs to the
horizontal space Hy,F (M), which in fact consists of all such tangent vectors as the
curve 7y through z is varied. This construction generalizes to other vector bundles
E — M with connection V. One can use the bundle of orthonormal frames for E' if
V is a metric connection, or the bundle of general frames for a general connection.

Let us re-state how a connection on a principal bundle gives rise to connections
on associated vector bundles. Given a principal G-bundle P — M, consider a local
section o of P, over U C M. If we have a representation 7 of G on V, the associated
vector bundle £ — M, and a section u of E/, then we have uoo : U — V, using the
identification (18.2). Given a connection on P, with connection 1-form £, we can
characterize the covariant derivative induced on sections of E by

(18.12) (Vxu)oo=Lx(uoo)+T(X)uoo,
where Lx acts componentwise on v o o, and

(18.13) I'(X) = (dr)(&,(X)), y=o(z), X =Do(z)X,
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dm denoting the derived representation of g on V. To see this, note that the left
hand side of (18.2) is, by definition, equal to (£ u)oo. Meanwhile, apply the chain
rule to write

~

Lx(uwoo)= Du(oc) Do(X) = Du(c)X
= Du(0)X + Du(o)V
= (Lzu)oo+ (Lyu)oo,

where V = X — X is vertical. It follows from (18.2) that, is u is a section of E and
V' is vertical, then
Lyu=—dn(&(V))u.

~

Since £(V') = £(X), this establishes (18.12). Note the similarity of (18.12) to (13.7).
Note also that I'" depends on o; cf. Exercise 4 below.

Recall the curvature R(X,Y’) of a connection V on a vector bundle E — M,
defined by the formula (13.10). In case E = P x, V, and Vu is defined as above,
we have (using the identification (18.2))

(18.14) R(X, Y)u = ﬁ[}z’i;]u - ﬁ&\—/’y]u
Alternatively, using (18.12)—(18.13), we see that the curvature of V is given by
(18.15) R(X,Y)uoo = {.ch(Y) — LyT(X) + [I(X),T(Y)] = T([X, Y)) }u o0,

This is similar to (13.13). Next we want to obtain a formula similar to (but more
fundamental than) (13.15).

Fix y € P, x = p(y). It is convenient to calculate (18.15) at x by picking the
local section o to have the property that

(18.16) Do(x): TyM — H,P,
which is easily arranged. Then X =X at y, so I'(X) = 0 at y. Hence, at z,
R(X,Y)uoo ={LxI'(Y) - LyI'(X)}uoo

(18.17) = (dm){X -£(Y) -V -¢(X)}uoo
= (dm){(do"&)(X,Y) + (0" )([X, Y]) Juoo.

Of course, 0*¢ = 0 at x. Thus we see that
(18.18) R(X,Y)u = (dr){(d€)(X,Y) }u,

at y, and hence everywhere on P. In other words,

(18.19) R(X,Y) = (dr)(Q(X,Y)),
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where €2 is the g-valued 2-form on P defined by
(18.20) QX YH#) = (d€) (5 X7, Y T),

for X# Y# ¢ T, P. Here, s is the projection of T,, P onto H, P, with respect to the
splitting (18.9). One calls 2 the curvature 2-form of the connection £ on P.
If V and W are smooth vector fields on P, then

(18.21) (dE)(V.W) =V - W) =W - (V) = ¢([V. W]).

In particular, if V' = X , W = Y are horizontal vector fields on P, then since
(X)) =¢&(Y) =0, we have

(18.22) (d€)(X,Y) = —¢([X,Y)).
Hence, given X# Y7# € T, P, we have
(18.23) QX*, Y#) = —¢([X,Y]),

where X and Y are any horizontal vector fields on P such that X = »X# and
Y = 3Y# at y € P. Since £ annihilates [X, Y] if and only if it is horizontal, we see
that €2 measures the failure of the bundle of horizontal spaces to be involutive.

It follows from Frobenius’ Theorem (see §I) that, if @ = 0 on P, there is an
integral manifold S C P, such that, for each y € S, T, = H,P. Each translate
S - g is also an integral manifold. We can use this family of integral manifolds to
construct local sections vy,...vg of E (K = dim V), linearly independent at each
point, such that Vv; = 0 for all j, given that 2 = 0. Thus we recover Proposition
13.2, in this setting.

The following important result is known as Cartan’s formula for the curvature
2-form.

Theorem 18.1. We have

(18.24) Q=dé+ - [5 £].

The bracket [£,n] of g-valued 1-forms is defined as follows. Suppose, in local
coordinates,

(18.25) §=> &dry, =) mdry, &, m€g.

Then we set

(1826) [57 77] = Z[é.]?nk] de A dxk = Z([gjvnk] + [nja gk]) dxj A dxka

gk i<k
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which is a g-valued 2-form. Equivalently, if U and V' are vector fields on P,

(18.27) €, (U, V) = [§U), n(V)] + [n(U), £(V)].

In particular,

(18.28) SE €W V) = [6©), V)]

Note that, if 7 is a representation of G on a vector space V and dr the derived
representation of g on V, if we set A; = dn(¢;), then, for

(18.29) dn(§) ==Y A; duj,
we have

1
(18.30) ala= Z AjAg dx; N\ dxy, = 3 Z(AjAk — AL Aj) dxj A dxy.
j7k j7k

Hence

(18.31) aha= %(dﬂ)[{, .

Thus we see the parallel between (18.24) and (13.15).
To prove (18.24), one evaluates each side on (X#,Y#), for X# Y# € T,P. We

write X# = X + X, with X € H,P, X, € V, P, and similarly write Y# =Y +,,.
It suffices to check the following four cases:

(18.32) QX,)Y), QX.Y,), QX,Y), QX,VY,).

Without loss of generality, one can assume that X and Y are horizontal lifts of
vector fields on M, and that £(X,) and £(Y,) are constant g-valued functions on P.
By (18.20) and (18.28), we have

(1833)  XV)= @)X 7), EAET) =650 =0
so (18.24) holds in this case. Next, clearly
(18.34) QX,Y,) =0, [§(X),£(Y,)] =0,

while

(18.35) dE(X,Y,) = X -£(Y,) = Y, - €(X) — £([X, V).
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Now, having arranged that £(Y,) be a constant g-valued function on P, we have
that X - £(Y,) = 0. Of course, Y, - £(X) = 0. Also, [X,Y,] = —Ly, X is horizontal,
by (18.10), so £([X,Y,]) = 0. This verifies (18.24) when both sides act on (X,Y,),

and similarly we have (18.24) when both sides act on (X, Y ). We consider the final
case. Clearly

(18.36) Q(Xvayv) =0,
while
(18'37) dg(Xva) = Xv g(yvv) - Yv f(Xv> - 5([Xv7Yv]) = _5([Xv7va])a

and

(18.38) LA, Ya) = (60X, £0%)] = £(IX., Vo)),

so (18.24) is verified in this last case, and Theorem 18.1 is proved.
We next obtain a form of the Bianchi identity which will play an important role
in the next section. Compare (13.42) and (14.13).

Proposition 18.2. We have

(18.39) 0 = [, €.

Here, if Q =" Qi dz; A dzy in local coordinates, we set
(18.40)

Q.6 = [, &l day Aday Adzg = = (&, Qi dag Adaj A day = —[€, €.
Jrk,L gk, L

To get (18.39), apply d to (18.24), obtaining (since dd§ = 0)

(18.41) a0 = S1de, €] - 3¢, de] = [dé. €,
which differs from [, £] by (1/2)[[¢, €], &]. We have

(18.42) 16,60, €0 = D [1&5, &), & daj A day A day.

Jik,L

Now cyclic permutations of (j, k, ¢) leave dzj Adxy, Adz, invariant, so we can replace
[[€5, k], €] in (18.42) by the average over cyclic permutations of (j, k, ¢). However,
Jacobi’s identity for a Lie algebra is

[[£j7€k]7££] + Hék;f@]agj] + Hfﬁvgj]afk] = 07
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so [[£,£],€] = 0, and we have (18.39).

It is worth mentioning that, whenever ¢ is a g-vauled 1-form and €2 is given by
(18.24), then (18.39) holds. This observation will be useful in the proof of Lemma
19.3 in the next section.

Exercises

1. Let P 2 M be a principal G-bundle with connection, where M is a Riemannian

manifold. Pick an inner product on g. For y € P, define an inner product on

T,P =V,P® H,P so that, if Z € T;, P has decomposition Z = Z, + Z},, then
1Z]1* = 1&(Z)1I* + |1 Dp(y) Zn|>.

Show that this is a G-invariant Riemannian metric on P.

2. Conversely, if P % M is a principal G-bundle, and if P has a G-invariant
Riemannian metric, show that this determines a connection on P, by declaring
that, for each y € P, H, P is the orthogonal complement of V,, P.

3. A choice of section ¢ of P over an open set U C M produces an isomorphism
(18.43) Jjo : C*(U,E) — C>(U,V).

If & is another section, there is a smooth function g : U — G such that

(18.44) g(x)=o0(x) g(x), Vzel.
Show that
(18.45) js 0 s u(z) = w(g(x)) v().

4. According to (18.12), if u € C*°(U, F) and v = j,u, ¥ = jsu, we have
(18.46) (Vxuw oo =X -v+T(X), (Vxu)os=X- o+I(X)d
Show that

(18.47) I'(X) = W(g(x))_lF(X)w(g(:c)) + dr (DA g() (9(2)) 0 Dg(2)X),
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where Dg(x)X € Tyu)G, Ag(h) = g 'h, DX\,(g9) : T,G — T.G = g. Compare
(13.42).

Hint. Make use of (18.11), plus the identity (dr)(Ad,-1A) = n(g) *dr(A)n(g), A €
g.

5. Show that, for X, Y vector fields on M, Q(f(, }7) satisfies

(18.48) QX,Y)(y-g) = Ad(g) 'Q(X,Y).

Deduce that setting

(18.49) Q'(X,Y) = QX,Y)

defines 2’ as a section of A?T* @ (Ad P), where Ad P is the vector bundle
(18.50) Ad P =P Xa49.

Hint. Apply (18.10) and (18.23). Use also that 9. X = X, with a similar result for
[X, Y], and for its vertical component.

6. If & and &; are connection 1-forms on P — M, show that t&; + (1 — t)& is also,
for any ¢t € R. Generalize to > t;§;, with > ¢; = 1; allow ¢; to depend on x € M.
Using a partition of unity argument, prove that every principal G-bundle P — M
has a connection.

Hint. If Py and Pj are projections, show that tP; + (1 — t) Py is also, provided that
Py, and P; have the same range.

7. Let & and &; be two connection 1-forms for P — M, and let V be an arbitrary
third connection on P. Consider

(18.51) a=& —&.

If X is a vector field on M and X the horizontal lift determined by V, show that

(18.52) (X)) = a(X)

defines a® as an element of C*°(M, A'T* @ Ad P). Show that o’ is independent of
the choice of V. Compare (13.37).
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8. In the setting of Exercise 7, if €; are the curvatures of the connection 1-forms
§j, show that

(18.53) Q1 — O = da+ [, &) + %[a, al.

Compare (14.17) and (15.62). If dVa® is the (Ad P)-valued 2-form defined as in
§14, via the connection &g, relate d¥a® to da + [a, &).

9. Let E — M be a Hermitian vector bundle, with fiber dimension k and with
metric connection V. Let F(E) — M be the bundle of ordered orthonormal frames
for E. Show that this is a principal U (k)-bundle, yielding a bundle isomorphic to
E under the “standard” representation of U(k) on C*. Show that F(F) — M has
a connection, consistent with the connection V on E mentioned above.

Hint. Extend the arguments bearing on the frame bundle F'(M), around (18.3).
Extend this to other situations, e.g., considering general complex vector bundles
with connection and replacing U (k) by Gl(k,C).

10. Let P — M be a principal G-bundle, and let f : N — M be a smooth map.
Define a principal G-bundle f*P — N, with fiber over x € N equal to the fiber of
P over f(z) € M:

f*P = {(m,y) eNXP:ye Pf(:c)}-

Show that a connection on P induces a natural connection on f*P.
Hint. You get a map ® : f*P — P, taking (f*P); to Pf(y). Use ® to pull back the
connection 1-form on P.

11. If X is a vector field on M and X its horizontal lift to P (a principal G-bundle

with connection), show that the flow generated by X commutes with the G-action
on P. L
Hint. Use g. X = X.
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19. The Chern-Weil construction

Let P — M be a principal G-bundle, endowed with a connection, as in §18. Let
Q be its curvature form, a g-valued 2-form on P; equivalently there is the Ad P-
valued 2-form QP on M. The Chern-Weil construction gives closed differential forms
on M, whose cohomology classes are independent of the choice of connection on P.
These “characteristic classes” are described as follows.

A function f: g — C is called invariant if

(19.1) f(Ad(g)X) = f(X), Xe€g, geG.

Denote by Zj the set of polynomials p : g — C which are invariant and homogeneous
of degree k. If p € 7}, there is associated a symmetric Ad-invariant k-linear function
P on g, called the polarization of p, given by

1 oF

T KOt -0

such that p(X) = P(X, ..., X). Into the entries of P we can plug copies of €, or of
0P, to get 2k-forms

(19.3) p(Q) = P(Q,...,Q) € A**P,
and, with QY given by (18.49),

(19.4) p(Q°) = P(Qb,..., 0% € A** M.
Note that, if 7 : P — M is the projection, then

(19.5) p(Q) = 7 p(Q°);

we say p(2), a form on P, is basic, i.e., the pull-back of a form on M. The following
two propositions summarize the major basic results about these forms.

Proposition 19.1. For any connection V on P — M, p € Iy, the forms p(2) and
p(Q°) are closed. Hence p(Q°) represents a deRham cohomology class

(19.6) [p(Q%)] € H?* (M, C).

If ¢ € Z;, then pq € Tj4k, and (pq)(2) = p(Q) A q(Q). Furthermore, if f : N — M
is smooth and V¢ the connection on f*P pulled back from V on P, which has
curvature Qy = f*Q), then

(19.7) p(Q%) = fp().
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Proposition 19.2. The cohomology class (19.6) is independent of the connection
on P, so it depends only on the bundle.

The map Z, — H**(M,C) is called the Chern-Weil homomorphism. We first
prove that d p(£2) = 0 on P, the rest of Proposition 19.1 being fairly straightforward.
If we differentiate with respect to t at ¢ = 0 the identity

(19.8) P(Ad(Exp tY)X, ..., Ad(Exp tY)X) = p(X),
we get
(19.9) Y PX,...[V,X],...,X)=0.

Into this we can substitute the curvature form €2 for X and the connection form &
for Y, to get

(19.10) S P, [69,...,9) =0

Now the Bianchi identity d2 = —[¢, Q] obtained in (18.39) shows that (19.10) is
equivalent to d p(Q2) = 0 on P. Since 7* : AYM — AJ P is injective and (19.5) holds,
we also have d p(2°) = 0 on M, and Proposition 19.1 is proved.

The proof of Proposition 19.2 is conveniently established via the following result,
which also has further uses.

Lemma 19.3. Let § and & be any g-valued 1-forms on P (or any manifold). Set
a=¢& —&, & =& +ta, and Qp = d& + (1/2)[&, &), Given p € Ty, we have

(19.11) p() — p(Q) = k d[/ol Pla,Qy, ..., ) dt|.

Proof. Since (d/dt)Q = da + [£, ], we have

d
(1912) %p(gt) =k P(dOé—|— [gtaa]agta'“;gt)'
It suffices to prove that the right side of (19.12) is equal to k dP(c, Qy, ..., €). This
follows by the “Bianchi” identity d©); = —[&;, ¢] and the same sort of arguments
used in the proof of Proposition 19.1. Instead of (19.8), one starts with

P(Ad(EXp tY)Z, Ad(Exp tY)X, ..., Ad(Exp tY)X) =P(Z,X,...,X).

To apply Lemma 19.3 to Proposition 19.2, let £, and &; be the connection forms
associated to two connections on P — M, so )y and €21 are their curvature forms.
Note that each & defines a connection form on P, with curvature form €2;. Further-
more, o = & — &, acting on X7 € T, P, depends only on 7. X7 € T, M and gives
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rise to an Ad P-valued 1-form o’ on M (cf. Exercise 7 of §18). Thus the right side
of (19.11) is the pull back via 7* of the (2k — 1)-form

1
(19.13) k d[/ Plab,Qb,... Q) dt
0

on M, which yields Proposition 19.2.

We can also apply Lemma 19.3 to &; = &, a connection 1-form, and £, = 0. Then
& = t&; denote d&; + (1/2)[&, €] by ;. We have the (2k — 1)-form on P called the
transgressed form:

1
(19.14) Tp(Q) = k / P(&,®y,. .., ®,)dt,
0
with
(19.15) O, =1 dE + %t2[§,€]-

Then Lemma 19.3 gives
(19.16) P(Q) =d Tp(Q),

i.e., p(Q) is an ezact form on P, not merely a closed form. On the other hand,
as opposed to p(2) itself, T'p(£2) is not necessarily a basic form, i.e., the pull-back
of a form on M. In fact, p(Q°) is not necessarily an exact form on M; typically
it determines a nontrivial cohomology class on M. Transgressed forms play an
important role in Chern-Weil theory.

The Levi-Civita connection on an oriented Riemannian manifold of dimension
2 can be equated with a connection on the associated principal S'-bundle. If we
identify S' with the unit circle in C, its Lie algebra is naturally identified with iR,
and this identification provides an element of Z7, unique up to a constant multiple.
This is of course a constant times the product of the Gauss curvature and the
volume form, as shown in (17.13); see also (17.54). The invariance of Proposition
19.2 recovers the independence (17.26) of the integrated curvature from the metric
used on a Riemannian manifold of dimension 2. More generally, for any complex line
bundle L over M, a manifold of any dimension, L can be associated to a principal
S'-bundle, and the Chern-Weil construction produces the class [Q°] € H?(M,C).
The class ¢;(L) = —(1/2mi)[Q°] € H?(M,C) is called the first Chern class of the
line bundle L. In this case, the connection 1-form on P can be identified with an
ordinary (complex-valued) 1-form, and it is precisely the transgressed form (19.14).

Note that, if dim M = 2, then (17.39) says

c1(L)[M] = Index X,

for any nonvanishing section X of L over M \ {p1,...,px}.
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For general GG, there may be no nontrivial elements of Z;. In fact, if p: g — R is
a nonzero linear form, V' = ker p is a linear subspace of g of codimension 1, which
is Ad G invariant if p € Z;. This means V' is an ideal: [V, g] C V. Thus there are no
nontrivial elements of Z; unless g has an ideal of codimension 1. In particular, if g
is semisimple, Z; = 0.

When G is compact, there are always nontrivial elements of Z,, i.e., Ad invariant
quadratic forms on g. In fact, any bi-invariant metric tensor on GG gives a positive
definite element of Z5. Applying the Chern-Weil construction in this case then gives
cohomology classes in H*(M, C).

One way of obtaining elements of 7}, is the following. Let 7 be a representation
of G on a vector space V,, and set

(19.17) pek(X) = Tr APdn(X), X eg,

where dm(X) denotes the representation of g on V. In connection with this, note
that

M
(19.18) det (M + dm(X)) =Y AM™I Tr Mdr(X), M = dim V.
j=0

If P — M is a principal U(n)-bundle, or a principal GIl(n,C)-bundle, 7 the
standard representation on C™, then consider

271

(19.19) det <)\ - ﬂ) - Zn: cr(QAE,
k=0

The classes [c(Q°)] € H?*(M,C) are the Chern classes of P. If E — M is the
associated vector bundle, arising via the standard representation 7, we also call
this the kth Chern class of F :

(19.20) cr(E) = [er(Q)] € H?* (M, C).

The object

n

(19.21) o(E) =) c(E) e PH*"(M,C)

k=0

is called the total Chern class of such a vector bundle.
If P — M is a principal O(n)-bundle, 7 the standard representation on R™, then
consider

(19.22) det ()\ - %) - ; di(Q)A"k,
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The polynomials dy (€2) vanish for k odd, since Q! = —(, and one obtains Pontrjagin
classes:

(19.23) i (Q°) = dor () € HY* (M, R).

If FF— M is the associated vector bundle, arising from the standard representation
7, then pg(F) is defined to be (19.23).

Exercises

1. Show that P(Y7,...,Y}s), defined by (19.2), is linear in each Y;. Verify the
identity p(X) = P(X, ..., X).

Hint. Show that, for a € R, P(Y3,...,aY;,...,Y;) = aPY1,...,Y;,...,Y%). As
for the last part, use p(t1 X + -+ £, X) = (t1 + - - - + t5)*p(X).

2. If X4,..., X9, are vector fields on P, show that, for p € Z, with associated
k-linear form given by (19.2),

1
p(Q)(le cee 7X2k) = Q_k Z (Sgn U)P<Q(XU(1)7XU(2))7 SER) Q<XJ(2k:—1)7XJ(2k)))'

oeSoy

Hint. If P(Y1,...,Y,) = > Cay-ea, Y1 - - Yi'", where superscripts represent com-
ponents with respect to some basis chosen for g, then substitution of Q2 for each Y,
gives

anl...akﬂal Ao NQ

To apply this 2k-form to (Xi,...,Xok), use a variant of the formula below (6.3).

3. If X4q,..., X9, are vector fields on M, with horizontal lifts )?1, e ,sz, and
p € Iy, show that

1 ~ ~ ~ -

ok Z (sgn o) P(QUXy(1), Xo(2))s - - - UXo20-1), Xo20)))

o€Ssy

PO (X1, ..., Xop) =

regarded as a function on P, is constant on fibers, and hence defines a function on
M, so that (19.4)—(19.5) holds.
Hint. Use (18.48).
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4. Show that, if X,Y, and Z are vector fields on P, then
£, QX Y, Z) = [6(X),QY, Z2)] + [£(Y), Q(Z, X)] + [£(2), (X, Y)].

Verify the identity (19.10).

5. Flesh out the proof of Lemma 19.3. Show that, for p € Z,, P asin (19.2),
P(Y,Z2],X,....X)+ P(Z, [V, X],....X)+---+ P(Z,X,....,[V,X]) =
for X,Y,Z € g. Then show that

P([ft,a],gt,...,ﬂt)—P(Cl{,[gt,Qt],...,Qt)—"'—P(O[,Qt,...,[gt,gt]):O.

Note the minus signs. Use this to show that
dP(Oé,Qt,...,Qt) = P(da,Qt,...,Qt) —l—P([&,a],Qt,...,Qt),

as needed to prove (19.11).
Hint. For example, write

( [ftvgt] )(le" X2k)

3, 2k 5 Z (sgn o) P(a(Xo(1)), [€t, ) (Xo(2)s Xo3)s Xo@)s - - (KXo 2-1), Xo2r)))-

o€ Soy
Apply Exercise 4 and show that this equals

1
o1 Z (sgno)P(a(Xon)), (X)) Q(Xo@) Xo@)]s - - U Xo@r—1), Xo2n)))-

oc€Say

6. Let E — M be a complex vector bundle over a compact manifold M, with
fiber dimension k. It can always be endowed with a Hermitian inner product and a
metric connection. Consider the principal U (k)-bundle and the principal Gi(k, C)-
bundle associated with FE, as in Exercise 9 of §18. Show that the construction
(19.19)—(19.21) applied to these two principal bundles yields the same Chern classes
cy(E) € H* (M, C).

7. If E and F are complex vector bundles over M, we can form & F — M. Show
that

(19.24) c(E@F)=c(E)Nc(F),

where ¢(FE) is the total Chern class given by (19.21), i.e

b
(19.25) (B) = det (1 - QQ—) € HeV (M, C),

™
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for a curvature 2-form arising from a connection on FE.

8. Define the Chern character of a complex vector bundle £ — M as the cohomol-
ogy class ch(F) € H®V*"(M,C) of

(19.26) ch(QP) = Tre /27,

writing Tr e~ /2mi ¢ Do A%¥ M via the power series expansion of the exponential
function. Show that

ch(E® F) = ch(E) + ch(F),

(19.27) ch(E @ F) = ch(E) A ch(F)

in Heven(M, C).

9. If F — M is a real vector bundle and E = F' ® C its complexification, show that

(19.28) pi(F) = (=1)7co;(E).

10. Using so(4) ~ so(3) @ so(3), construct two different characteristic classes, in
HA(M,C), when M is a compact, oriented 4-dimensional manifold.

11. Let E — M be a complex vector bundle over a compact manifold M, of fiber
dimension k. Show that there exists a trivial bundle F ~ CV x M — M such that
FE is isomorphic to a subbundle of F.

Hint. Cover M with open sets O;, j =1,..., M, over which there are local frame
fields for E, and use a partition of unity {¢;} subordinate to {O;} to define a
bundle map E — CV x M, with N = kM.

12. Let Gk, n(C) be the Grassmannian of k-dimensional complex linear subspaces
of CN. Let 7 — G n(C) be the “tautological bundle,” i.e., if V € Gy n(C), the
fiber over V is 7y = V. Show that 7 has a natural metric connection.

Hint. Recall (13.5).

For more material on these Grassmannians, see Appendix V.

13. When E — M is a subbundle (of fiber dimension k) of the trivial bundle
CN x M, you get a natural smooth map ¢ : M — Gy n(C), namely ¢(x) = E, C
CN. Show that, for v € Z7T,

(19.29) e (E) = ¢* e, (7).
Hint. Recall (19.7).
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20. The Chern-Gauss-Bonnet theorem

Our goal in this section is to generalize the Gauss-Bonnet formula (17.1), pro-
ducing a characteristic class derived from the curvature tensor {2 of a Riemannian
metric on a compact oriented manifold M, say e(2) € A™(M), such that

(20.1) / () = x(M),

the right side being the Euler characteristic of M.
A clue to obtaining e(£2) comes from the higher dimensional generalization of
the index formula (17.47), i.e.,

(20.2) Index (X) = x(M),

valid for any vector field X on M with isolated critical points. The relation between
these two formulas when dim M = 2 was noted near the end of §17. It arises from
the relation between Index(X) and the degree of the Gauss map.

Indeed, let M be a compact n dimensional submanifold of R"**, X a (tangent)
vector field on M with a finite number of critical points, and 7 a small tubular
neighborhood of M. By Corollary 10.5, we know that, if N : 07 — S™T*~1 denotes
the Gauss map on 07, formed by the outward-pointing normals, then

(20.3) Index (X) = Deg (N).

As noted at the end of §17, if M is a surface in R3, with Gauss map Ny,
then Deg(Nyy) = (1/4w) [,, K dV, where K is the Gauss curvature of M, with its
induced metric. If 7 is a small tubular neighborhood of M in this case, then 07 is
diffeomorphic to 2 oppositely oriented copies of M, with approximately the same
metric tensor. The outer component of 97 has Gauss map approximately equal to
Ny, and the inner component has Gauss map approximately equal to —Nj,. From
this we see that (20.2)—(20.3) imply (20.1) with e(2) = (1/27)K dV, in this case.

We make a further comment on the relation between (20.2) and (20.3). Note that
the right side of (20.3) is independent of the choice of X. Thus (as noted already in
§10) any two vector fields on M, with only isolated critical points, have the same
index. Suppose M has a triangulation 7 into n-simplices. There is a construction
of a vector field X, illustrated in Fig. 10.1 for n = 2, with the property that X,
has a critical point at each vertex, of index +1, and a critical point in the middle
of each j-simplex in 7, of index (—1)7, so that

(20.4) Index (X,) = Y (=1)7v;(M),
j=0
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where v;(M) is the number of j-simplices in the triangulation 7 of M. We leave the
construction of X in higher dimensions as an exercise.

Now, in view of the invariance of Index(X), it follows that the right side of
(20.4) is independent of the triangulation of X. Also, if X has a more general cell
decomposition, we can form the sum on the right side of (20.4), where v; stands for
the number of j-dimensional cells in X. Each cell can be divided into simplices in
such a way that a triangulation is obtained, and the sum on the right side of (20.4)
is unchanged under such a refinement. This alternating sum is one definition of the
Euler characteristic, but there is another definition, namely

(20.5) (M) = Z(—l)j dim H7 (M).

J

We will temporarily denote the right side of (20.4) by x.(M).
Now we tackle the question of representing (20.3) as an integrated curvature,

to produce (20.1). We begin with the case when M is a compact hypersurface in
R™*1. In that case we have, by (16.66),

2
(20.6) Deg (N) = T /(det An) dV, for n even,
"

where A, is the area of S and Ay : T,M — T,M is the Weingarten map. The
factor 2 arises because 07 consists of two copies of M. We can express det An
directly in terms of the Riemann curvature tensor R;iem of M, using Gauss’ The-
orema Kgregium.

In fact, with respect to an oriented orthonormal basis {e;} of T,,M, the matrix

of Ay has entries A;, = II(ej,e;), and, by (16.14),

(207) Rjkgm == <R(6£, em)ek, €j> = det <Amk Amj)

Ao, Ay
In other words, the curvature tensor captures the action of A2Ay on A*T,M. If
n = 2k is even, we can then express det Ay as a polynomial in the components

Rjjom, using

(det Ay)er A+~ Nep = (A”AN)(el/\---/\en)

20.8
( ) = (Aey N Aeg) N+ A (Aep—1 A Aey,).

Now, by (20.7),

1
(20.9) Aej A Aep, = 5 Z Rgmjk er N\ €.
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Replacing (1,...,n) in (20.8) with all its permutations and summing, we obtain
1 .
(20.10) det Ay = /] Z(Sgn J)(s8n k)R jokiks = By jrkin—1kns
L

where j = (j1,...,Jn) stands for a permutation of (1,...,n). The fact that the
quantity (20.10), integrated over M, is equal to (A,,/2)x(M), when M is a hyper-
surface in R™*!, was first established by H. Hopf, as a consequence of his result
(20.2). The content of the generalized Gauss-Bonnet formula is that for any com-
pact Riemannian manifold M, of dimension n = 2k, integrating the right side of
(20.10) over M gives (A, /2)x(M).

One key point in establishing the general case is to perceive the right side of
(20.10) as arising via the Chern-Weil construction from an invariant polynomial on
the Lie algebra g = so(n), to produce a characteristic class. Now the curvature 2-
form can in this case be considered a section of A2T™* @ A%2T*, reflecting the natural
linear isomorphism g ~ A?T*. Furthermore, A*T* ® A*T* has a product, satisfying

(20.11) (01 ® B1) A (ag ® B2) = (o1 A aa) @ (B1 A B).
If we set
(20.12) Q= i ZRjkem(Bj Aek) @ (er N em),

then we form the k-fold product, k¥ = n/2, obtaining

(20']‘3) Q /\ e /\ Q = 2_n Z(Sgn j)(sgn k>Rj1j2k1k2 e Rjn—ljnkn—lkn (W ® CU),
7,k

with w = e; A -+ Ae,. Thus, the right side of (20.10), multiplied by w ® w, is equal
to 22 /n! times the right side of (20.13). (Observe the distinction between the
product (20.11) and the product on End(F) ® A*T, used in (19.19) and (19.22),
which assigns a different meaning to Q A --- A )

Now the Chern-Weil construction produces (20.13), with w ® w replaced by w, if
we use the Pfaffian

(20.14) Pf:so(n) — R, n =2k,

defined as follows. Let ¢ : so(n) — A?R"™ be the isomorphism

(20.15) £(X) = %ZXjk ej Neg, X = (Xji) € so(n).

Then, if n = 2k, take a product of k factors of £(X), to obtain a multiple of
w=-e1 A---Ae,. Then Pf(X) is uniquely defined by

(20.16) EX)N- AEX) = k! PE(X)w.
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Note that, if T : R™ — R" is linear, then T*£(X) = £(T*XT), so
(20.17) Pf(T'XT) = (det T)Pf (X).

Now any X € so(n) can be written as X = T'YT, where T' € SO(n), i.e., T is
an orthogonal matrix of determinant 1, and Y is a sum of 2 x 2 skew-symmetric
blocks, of the form

0 A
(20.18) Yl,_(_)\y 0>, A, €R.

Thus £(Y) = Mer Aeg+ -+ 4+ Agen_1 A €y, SO

(20.19) PE(Y) =X A

Note that det Y = (A1 -+ \x)?. Hence, by (20.17), we have
(20.20) Pf(X)? = det X,

when X is a real skew-symmetric n X n matrix, n = 2k. When (20.17) is specialized
to T € SO(n), it implies that Pf is an invariant polynomial, homogeneous of degree
k,ie., Pt €Iy, k=n/2.

Now, with € in (20.12) regarded as a g-valued 2-form, we have the left side
of (20.13) equal to (1/k!)Pf(€2). Thus we are on the way toward establishing the
generalized Gauss-Bonnet theorem, in the following formulation.

Theorem 20.1. If M is a compact oriented Riemannian manifold of dimension
n = 2k, then

(20.21) x(M) = (2n)~*F / PF(9).

M

The factor (27)~* arises as follows. From (20.10) and (20.13), it follows that,
when M is a compact hypersurface in R™*!, the right side of (20.6) is equal to
Cr [, P£(Q), with

2k+1 L1
20.22 _ i
(20.22) Ci A, nl

Now the area of the unit sphere is given by

4 omk+3 27k
PTrk+D T (k-5 ()

as is shown in (4.30), and substituting this into (20.22) gives Cy = (2m)~*.
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We give a proof of Theorem 20.1 which extends the proof of (17.24), in which
handles are added to a surface. To effect this parallel, we consider how the two
sides of (20.21) change when M is altered by a certain type of surgery, which we
will define in the next paragraph. First, we mention another ingredient in the proof
of Theorem 20.1. Namely, the right side of (20.21) is independent of the choice of
metric on M. Since different metrics produce different SO(2k) frame bundles, this
assertion requires a further argument. We will postpone the proof of this invariance
until near the end of this section.

We now describe the “surgeries” alluded to above. To perform surgery on M,
of dimension n, excise a set Hy diffeomorphic to S¢~! x B™, with m +¢ —1 = n,
where B™ = {x € R™ : |z| < 1}, obtaining a manifold with boundary X, 0X being
diffeomorphic to S~ x S™~1. Then attach to X a copy of B¢ x S™~ !, sewing them
together along their boundaries, both diffeomorphic to S~ x S™~1 to obtain M.
Symbolically, we write

(20.23) My = X#Hy, M, = X4H;.

We say M; is obtained from M, by a surgery of type (¢, m).

We compare the way each side of (20.21) changes when M changes from M to
M. We also look at how x.(M), defined to be the right side of (20.4), changes. In
fact, this definition easily yields

(20.24) X(X#H,) = x(X#Hy) — x(Ho) + x(H1).

For notational simplicity, we have dropped the “c” subscript. It is more convenient
to produce an identity involving only manifolds without boundary, so note that

x(Ho#Ho) = 2x(Ho) — x(0Hop)

(20.25) x(H1#H,) = 2x(H,) — x(0H1)

and, since 0Hy = 0H1, we have

(20.26) X(H1) — X(Ho) = S X(H#H) — S x(HottHo),
hence
(20.27) X(My) = X(Mo) + S (L #Hy) = Sx(Ho#Hy).

Note that Ho#Hy = S 1 x S™, H\#H, = 8¢ x S™~ 1. To compute the Eu-
ler characteristic of these two spaces, we can use multiplicativity of y. Note that
products of cells in Y7 and Y5 give cells in Y7 x Y5, and

(20.28) vi(Y1 x Y3) = Z vi(Y1)ve(Y2);
it+k=j



161

then from (20.4) it follows that

(20.29) XY x Y2) =) (=1)7 > vi(YV)ve(Ya) = x(Y1)x(Ya).
j=>0 i+k=j

We use the easily established result that x. satisfies
(20.30) x(S87) =2 if j is even, 0 if j is odd.

See (10.13). We have x(Ho#Ho) — x(H1#H1) equal to 4 if ¢ is odd and m even,
—4 if £ is even and m odd, and 0 if £ and m have the same parity (which does not
arise if dim M is even).

The change in x.(M) just derived in fact coincides with the change in x (M),
defined by (20.5). This follows from results on deRham cohomology which will
be obtained in §§21-24. In fact (24.8) implies (20.24), from which (20.25)—(20.27)
follow, (22.45) implies (20.29), when Y are smooth compact manifolds, and (22.49)
(22.50) implies (20.30), when x is defined by (20.5).

Thus, for e(M) = [,,e(€), to change the same way as x(M) under a surgery,
we need the following properties, in addition to “functoriality.” We need

e(S7 x §*) =0 if jor k is odd,

(20.31) L
4 if j and k are even.

If e(€2) is locally defined we have, upon giving X, Hy, and H; coherent orientations,

(20.32) / e() = / e() — / e(Q) + / e(9),

M1 Mo Ho Hl

parallel to (20.24). Place metrics on M; which are product metrics on (—¢,¢) X
S¢=1 % §™~1 on a small neighborhood of 9X. If we place a metric on H;# H; which
is symmetric with respect to the natural involution, we will have

(20.33) / e(Q):% / e()

H; H;#H;

provided e(€2) has the following property. Given an oriented Riemannian manifold
Y, let Y# be the same manifold with orientation reversed, and let the associated
curvature forms be denoted €2y and €2y%. We require

(20.34) e(Qy) = —e(Qy#).

Now e(Q2) = Pf(Q/27) certainly satisfies (20.34), in view of the dependence on
orientation built into (20.16). To see that (20.31) holds in this case, we need only
note that S* x S*¥ can be smoothly imbedded as a hypersurface in R‘T¥+1. This
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can be done via imbedding S* x I x B¥ into R****1 and taking its boundary (and
smoothing it out). In that case, since Pf(£2/27) is a characteristic class whose
integral is independent of the choice of metric, we can use the metric induced from
the imbedding. We now have (20.31)—(20.33). Furthermore, for such a hypersurface
M = H;#H;, we know that the right side of (20.21) is equal to x.(H;#H;), by the
argument preceding the statement of Theorem 20.1, and since (20.29) and (20.30)
are both valid for both x and x., we also have this quantity equal to x(H;#Hj;).

It follows that (20.21) holds for any M obtainable from S™ by a finite number of
surgeries. With one extra wrinkle we can establish (20.21) for all compact oriented
M. The idea for using this technique is one the author learned from J. Cheeger,
who used a somewhat more sophisticated variant in work on analytic torsion [Ch].

Assume M is connected. Imbed M in R¥ (for some K), fix p € M, and define
fo: M xR — Rby fo(z,t) = |z — p|?> + 2, where |z — p|? is the square-norm of
x —p € RX. For R sufficiently large, fo 1(R) is diffeomorphic to two copies of M,
under (x,t) +— z. For r > 0 sufficiently small, f;!(r) is diffeomorphic to the sphere
S

Our argument will use basic results of Morse Theory. A Morse function f :
Z — R is a smooth function on a manifold Z all of whose critical points are non-
degenerate, i.e., if Vf(z) = 0 then D?f(z) is an invertible v x v matrix, v = dim
Z. One also assumes f takes different values at distinct critical points, and that
f~Y(K) is compact for every compact K C R. Now the function fy above may not
be a Morse function on Z = M x R, but there will exist a smooth perturbation
f of fo which is a Morse function. This can be proven using Sard’s theorem; see
Appendix O. The new f will share with fy the property that f~1(r) is diffeomorphic
to S™ and f~1(R) is diffeomorphic to two copies of M. Note that an orientation
on M induces an orientation on M x R, and hence an orientation on any level set
f~Y(c) which is regular, i.e., which contains no critical points. In particular, f~(R)
is a union of two copies of M with opposite orientations. One of the fundamental
results of Morse Theory is the following.

Theorem 20.2. If ¢y < co are reqular values of a Morse function f: Z — R, and
there is exactly one critical point 2y, with c; < f(20) < ca, then My = f~1(c)
is obtained from My = f~Y(c1) by a surgery. In fact, if D*f(29) has signature
(¢,m), My is obtained from My by a surgery of type (m,¥).

This is a consequence of the following result, known as the Morse Lemma.

Proposition 20.3. Let f have a nondegenerate critical point at p € Z. Then there
is a coordinate system (x1,...,x,) centered at p in which

(20.35) f@)=fp)+at+ - +a] —3f — — T,
near the origin, where { +m = v = dim Z.

Proof. Suppose that in some coordinate system D? f(p) is given by a nondegenerate
symmetric v X v matrix A. It will suffice to produce a coordinate system in which

(20.36) F(z) = F(p) + %Aa: .
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near the origin, since going from here to (20.35) is a simple exercise in linear algebra.
We will arrange (20.36) by an argument due to R. Palais.
Begin with any coordinate system centered at p. Let

1
(20.37) w1 =df, wo=dg, where g(z) = EAI -z,

with A = D?f(0) in this coordinate system. Set w; = tw; + (1 — t)wp, which
vanishes at p for each ¢ € [0,1]. The nondegeneracy hypothesis on A implies that
the components of each w; have linearly independent gradients at p; hence there
exists a smooth time-dependent vector field X; (not unique), such that

Let F; be the flow generated by X;, with Fy = Id. Note that F; fixes p. It is then
an easy computation using (8.38), plus the identity Lxw = d(w|X) + (dw) ]| X, that

d *
(20.39) a(}} we) = 0.

Hence Ffw; = wyp, so f o F; = g and the proof of Proposition 20.3 is complete.

From Theorem 20.2, it follows that, given any compact oriented connected M,
of dimension n, a finite number of surgeries on S™ yields two copies of M, with
opposite orientations, say M and M#. Hence (20.21) holds with M replaced by
the disjoint union M U M#. But, in view of (20.34), both sides of the resulting
identity are equal to twice the corresponding sides of (20.21); for x. this follows
easily from (20.4), and for x it follows immediately from (20.5). We hence have the
Chern-Gauss-Bonnet formula, and also the identity x(M) = x.(M), modulo the
task of showing the invariance of the right side of (20.21) under changes of metric
on M.

We turn to the task of demonstrating such invariance. Say gy and g; are two
Riemannian metric tensors on M, with associated SO(n)-bundles Py — M, P —
M, having curvature forms Qg and ;. We want to show that Pf(Q}) — Pf(Q}) is
exact on M. To do this, consider the family of metric tensors g; = tg1 + (1 — t)go
on M, with associated SO(n)-bundles P, — M, for ¢t € [0,1]. These bundles fit
together to produce a principal SO(n)-bundle P — M x [0,1]. We know there
exists a connection on this principal bundle. Let T'= 9/0t on M x [0, 1], and let
T denote its horizontal lift (with respect to a connection chosen on P). The flow

generated by T commutes with the S O(n)-action on P. Flowing along one unit of
time then yields a diffeomorphism ® : Py — P;, commuting with the SO(n)-action,
hence giving an isomorphism of SO(n)-bundles. Now applying Proposition 19.2 to
the original connection on P, and to that pulled back from P; gives the desired
invariance.

Before S. S. Chern’s work, H. Hopf had established Theorem 20.1 when M is
a compact hypersurface in R?**1. Then C. Allendoerfer [Al] and W. Fenchel [Fen]
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proved it for the case when M is isometrically imbedded in R?¥*" by relating the
integral on the right side of (20.21) to the integral over 07 of the Gauss curvature
of the boundary of a small tubular neighborhood 7 of M, and using the known
result that x(07) = 2x(M). At that time, it was not known that any compact
Riemannian manifold could be isometrically imbedded in Euclidean space. By
other means, Allendoerfer and A. Weil [AW] proved Theorem 20.1, at least for real
analytic metrics, via a triangulation and local isometric imbedding. Chern then
produced an intrinsic proof of Theorem 20.1 and initiated a new understanding of
characteristic classes.

In Chern’s original paper [Cher], it was established that [, Pf(/27) is equal
to the index of a vector field X on M, by a sophisticated variant of the argument
establishing Proposition 17.4, involving a differential form on the unit sphere bundle
of M, related to, but more complicated than, the transgressed form (19.14). An
exposition of this argument can also be found in [Poo], and in [Wil]. When dim
M = 2, one can identify the unit sphere bundle and the frame bundle, and in that
case the form coincides with the transgressed form, and the argument becomes
equivalent to that used to prove Proposition 17.4. An exposition of the proof of
Theorem 20.1 using tubes can be found in [Gr].

We mention a further generalization of the Gauss-Bonnet formula. If £ — X is
an SO(2k)-bundle over a compact manifold X (say of dimension n), with metric
connection V and associated curvature 2, then Pf(£2/27) is defined as a 2k-form
on X. This gives a class Pf(E) € H?**(X), independent of the choice of connection
on F, as long as it is a metric connection. There is an extension of Theorem 20.1,
describing the cohomology class of Pf(Q/27) in H?*(X). Treatments of this can
be found in [KN] and in [Spi].

Exercises

1. Verify directly that, when €2 is the curvature 2-form arising from the standard
metric on S2*, then

/ Pf(Q/21) = 2.

S2k

2. Generalize Theorem 20.1 to the nonorientable case. .
Hint. If M is not orientable, look at its orientable double cover M. Use (20.4) to

show that x(M) = 2x(M).

Using (20.16) as a local identity, define a measure Pf () in the nonorientable case.
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3. If M, are compact Riemannian manifolds with curvature forms €2; and M; x M,
has the product metric, with curvature form €2, show directly that

7IPE(Q) A TiPE(Q) = PE(Q),

where 7; projects M; x M onto M;. If dim M is odd, set Pf(€2;) = 0. Use this to
reprove (20.31), when e(Q2) = Pf(Q).

4. Show directly that the right sides of (20.2) and (20.3) both vanish when M is a
hypersurface of odd dimension in R™*1.

5. Work out “more explicitly” the formula (20.21) when dim M = 4. Show that

cf. [Av]) ,

1
_ 2 Pie . a2
X(M) = oo /(|R| [Ric — 759 )dV,
M

where R is the Riemann curvature tensor, Ric the Ricci tensor, and S the scalar
curvature.

6. We say a Riemannian manifold is Einstein if its Ricci tensor is a scalar multiple
of its metric tensor. Show that, if M is a compact 4-dimensional Einstein manifold,

then
1

— 2
0D = 5o [ IREay.
M

Draw conclusions. See [Bes] for further material on Einstein manifolds.

7. Let E — M be a complex vector bundle, with a Hermitian inner product, and let
E — M denote the real vector bundle obtained by ignoring the complex structure
on F (so dimcFE, = k and dimREl, = 2k). Show that E has a natural structure as
an SO(2k)-bundle, and that

Pf(E) = c(E),

where the right side is the kth Chern class of E.
Hint. If k : u(k) — so(2k) is the natural inclusion, show that

Pf(@) _ det(—%), X € ulk).

™ ™
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8. Let M be a compact complex Hermitian manifold, of complex dimension n (i.e.,

real dimension 2n). Denote by 7 its tangent bundle, regarded as a complex vector
bundle, with fibers 7, of complex dimension n. Deduce that

[ el =xan),

M

where ¢, (7) is the top Chern class, defined by (19.19)—(19.20).

9. If E — M is an SO(2k)-bundle, show that
Pf(E) API(E) = pi(E),

where the right side is the kth Pontrjagin class of FE.
Note. This has no content when - =TM.
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21. The Hodge Laplacian on k-forms

If M is an n-dimensional Riemannian manifold, recall there is the exterior de-
rivative

(21.1) d: AF(M) — AFTL(M),
satisfying
(21.2) d? = 0.

The Riemannian metric on M gives rise to an inner product on 7} for each z € M,
and then to an inner product on AT}, via

(21.3) (V1 A - Ao, wp A+ Awg) = Z(Sgﬂ T) (U1, Wa(1)) (U, Wa(k))

T

where 7 ranges over the set of permutations of {1, ..., k}. Equivalently, if {e1, ..., e}
is an orthonormal basis of Ty M, then {ej, A--- Aej, = j1 < jo < -+ < ji} is an
orthonormal basis of A¥T* M. Consequently, there is an inner product on k-forms,
i.e., sections of A¥, given by

(21.4) (u,v) = /(u,v> v (z).

M
Thus there is a first order differential operator
(21.5) §: AP (M) — AR (M)
which is the formal adjoint of d, i.e., § is characterized by
(21.6)  (du,v) = (u,6v), uwe A*(M), ve A" (M), compactly supported.
We set § = 0 on 0-forms. Of course, (21.2) implies
(21.7) 6% = 0.
There is a useful formula for ¢, involving d and the “Hodge star operator,” which
will be derived in §22.

The Hodge Laplacian on k-forms

(21.8) A AR(M) — AR(M)
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is defined by

(21.9) ~A = (d+0)* =ds+ dd.
Consequently,
(21.10) (—Au,v) = (du, dv) + (du,6v) for u,v € C°(M, A¥).

Since § = 0 on A°(M), we have —A = dd on A°(M).

We will obtain an analogue of (21.10) for the case where M is a compact manifold
with boundary, so a boundary integral appears. To obtain such a formula, we
specialize the general Green-Stokes formula (8B.17) to the cases P = d and P = ¢.
First, we compute the symbols of d and ¢. Since, for a k-form wu,

(21.11) d(ue™) = iXe? (dp) Au+ eV du,
we see that

(21.12) %ad(:z:, Su=E Nu.

As a special case of (8B.12), we have

(21.13) o5(x,8) = aa(z,§)".

The adjoint of the map (21.12) from A*T* to AT is given by the interior
product

(21.14) teuw = u] X,

where X € T is the vector corresponding to £ € T under the isomorphism 7T, ~ T
given by the Riemannian metric. Consequently,

(21.15) %m;(sc,{)u = —Lcu.

Now, the Green-Stokes formula (8B.17) implies, for M a compact Riemannian
manifold with boundary,

(du,v) = (u, dv) + % /(ad(x, v)u,v)dS
oM

= (u’ (SU) + /(V VAN U,’U> dS,
oM

(21.16)
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and
(bu,v) = (u,dv) + % /(05@, v)u,v) dS
(21.17) oM
= (u, dv) — /(Lyu,w ds.
oM

Recall that v is the outward pointing unit normal to M.
Consequently, our generalization of (21.10) is

—(Au,v) = (du, dv) + (du, v)

(21.18) + % / [(crd(a:,y)éu, v) +05(x,y)du,v>]dS,
OM

or, equivalently,
—(Au,0) = (du, dv) + (3u, 60)
(21.19) B
+/[<M(5U),v> (1 (du), v)]dS.

oM

Taking adjoints of the symbol maps, we can also write
—(Au,v) = (du,dv) + (du, 6v)
(21.20) + / [(0u, 1,v) — (du,v A v)]dS.

oM
Let us note what the symbol of A is. By (21.12) and (21.15),
(21.21) —oa(z,§)u =& Nu+ €N Leu.

If we perform the calculation by picking an orthonormal basis for 7} of the for
{e1,..., ey} with £ = |£|e;, we see that

(21.22) oal(z, &u = —|¢u.
In other words, in a local coordinate system, we have, for a k-form u,
(21.23) Au = g7 (x) 0;00u + Yyu,
where Y}, is a first order differential operator.
Generally speaking, a differential operator P : C*°(M, Ey) — C*°(M, E4) is said

to be elliptic provided op(z,&) : Egr — FE1. is invertible for each x € M, and each
¢ # 0. By (21.22), the Laplace operator on k-forms is elliptic.
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Of course, the definition —A = dd for the Laplace operator on 0-forms coincides
with the definition given in (8.26). In this regard, it is useful to note explicitly
the following result about 6 on 1-forms. Let X be a vector field and & the 1-form
corresponding to X under a given metric:

(21.24) 9(Y, X) = (¥, ).
Then
(21.25) 8¢ = — div X,

This identity follows from (8.23), which can be rewritten

(&,du) = (X, grad u) = —(div X, u) + /(X7 vyuds,
oM

and the definition of § as the formal adjoint of d.

We end this section with some algebraic implications of the symbol formula
(21.21)-(21.22) for the Laplace operator. If we define Ae : A*T) — A*T) by
Ne(w) = EAw and define ¢¢ as above, by (10.14), then the content of this calculation
is

(21.26) Aete + tehe = |€]2.

As we have mentioned, this can be established by picking £/|£| to be the first
member of an orthonormal basis of 7. This identity has the following extension:

(21.27) Nety + tyhe = (&,m),

which follows from formula (6.8). Note the connection with (8.39).

Exercises

1. Show that the adjoint of the exterior product operator A is ¢, as asserted in
(21.14).

2. If a =Y ajp(x)dxj Adrg and a;F = g*ajy, relate da to the divergence a;” ,
2

as defined in (12.29).

3. Using (21.20), write down an expression for

(Au,v) — (u, Av)
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as a boundary integral, when u and v are k-forms.

4. Let w € A"(M), n = dim M, be the volume form of an oriented Riemannian
manifold M. Show that dw = 0.

Hint. Compare (21.6) with the special case of Stokes’ formula [, du = 0 for
u € A" 1(M), compactly supported.

5. Granted the result of Exercise 4, show that Stokes’ formula [, du = [, u, for
u € A"1(M), follows from (21.16).

6. If f € C°(M) and u € A*(M), show that

§(fu) = fou — t(gpu.

7. For a vector field u on the Riemannian manifold M, let u denote the associated
1-form. Show that

d(uAv) = (div v)u — (div u)v — [u, v],

for u,v € AY(M).
Reconsider this problem after reading §22.
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22. The Hodge decomposition and harmonic forms

Let M be a compact Riemannian manifold, without boundary. Recall from §21
the Hodge Laplacian on k-forms,

(22.1) A C™(M,A*) — C(M, AF),
defined by
(22.2) —A = (d+0)*=ds +dd,

where d is the exterior derivative operator and § its formal adjoint, satisfying
(22.3) (du,v) = (u, dv)

for a smooth k-form u and (k+ 1)-form v; § = 0 on 0-forms. Note that, for smooth
k-forms,

(22.4) —(Au,v) = (du, dv) + (du, ov).
The local coordinate expression
(22.5) Au = ¢7(2)0;0pu + Yiu,

where Y}, are first order differential operators, derived in (21.23), implies that the
Hodge Laplacian on k-forms is an elliptic differential operator, i.e., its symbol (de-
fined in §8B) oa(z,&) = —|£|? is invertible for all £ # 0. We will not present details
on the analysis of elliptic operators here, but we will state some of the implications
for the Hodge Laplacian, which will be important in the development of the Hodge
decomposition. A detailed presentation can be found in Chapter 5 of [T1].

First, for any fixed C; > 0, T = (—A + C1)~! is a compact self adjoint operator
on L?(M, A*). The identity (22.4) implies

(22.6) 0 < (Tu,u) < CyHlull7,

for nonzero u. The space L?(M,A*) has an orthonormal basis ul®) consisting of

J
eigenfunctions of 7T :
(22.7) Tl = pPul™s Wl e 5 (AR,

By (22.6), we have

(22.8) 0<pu® <ot
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For each k, we can order the ug-k) so that ,ug-k) N\, 0, as 7 oo. It follows that

(22.9) — Al = APyl
with
(k) _ 1
(22.10) MY = -5 =,
Kj
SO
(22.11) A >0, AP 200 as i — oo

The standard elliptic regularity results imply that
k 00
(22.12) ul? e 0= (M, A").

In particular, the 0-eigenspace of A on k-forms is finite dimensional, and consists
of smooth k-forms. These are called harmonic forms. We denote this 0-eigenspace
by Hy. By (22.4), we see that

(22.13) w € Hy <= u € C®°(M,A*), du =0, and du =0 on M.

Denote by P, the orthogonal projection of L?(M,A*) onto Hy. We also define a
continuous linear map

(22.14) G : L*(M,A*) — L*(M, A)
by
(22.15) Guy®) = 0 if A =0,

(/A a1 AP > 0,

Hence —AGug.k) =(I - Pk)ugk). It follows that

(22.16) ~AGu = (I — P)u for ue C>®(M,A").

Now the elliptic regularity implies

(22.17) G : C°(M,A*) — C>=(M, AF),

and, if C"(M) denotes a Hoélder space, then, for j =0,1,2,..., r € (0,1),
(22.18) G : OV (M, AF) — CIH2H7 (M, AF).

Using (22.2), we write (22.16) in the following form, known as the Hodge decompo-
sition.
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Proposition 22.1. Given u € C*°(M, A¥), we have
(22.19) u = déGu + 6dGu + Pyu.

The three terms on the right are mutually orthogonal in L?(M, A¥).

Proof. Only the orthogonality remains to be establishd. But if v € C°°(M, AF~1)
and v € C°° (M, A**1), then

(22.20) (du, dv) = (d*u,v) = 0,
and if w € Hy, so dw = dw = 0, we have
(22.21) (du,w) = (u,0w) =0, and (év,w) = (v,dw) = 0,

so the orthogonality is established.

A smooth k-form u is said to be exact if u = dv for some smooth (k — 1)-form v,
and closed if du = 0. Since d? = 0, every exact form is closed:

(22.22) EF(M) c CF(M),

where £F (M) and C*¥ (M) denote respectively the spaces of exact and closed k-forms.
Similarly, a k-form w is said to be co-exact if u = Jv for some smooth (k + 1)-form
v, and co-closed if du = 0, and since 62> = 0 we have

(22.23) CEM(M) c ccH(M),

with obvious notation. The deRham cohomology groups are defined, as in §9, as
quotient spaces:

(22.24) HE (M) = Cr(M)/EF(M).

The following is one of the most important consequences of the Hodge decomposi-
tion (22.19).

Proposition 22.2. If M is a compact Riemannian manifold, there is a natural
1somorphism

(22.25) HE (M) ~ Hy,.

Proof. Since every harmonic form is closed, there is an injection
(22.26) j i H, — CH(M),

which hence gives rise to a natural map

(22.27) J : Hyy — H* (M),
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by passing to the quotient (22.24). It remains to show that J is bijective. The
orthogonality (22.21) shows that

(Image j) N EX(M) =0,

so J is injective. Also (22.21) shows that, if u € C¥(M), then §dGu = 0 in (22.19),
so u = d0Gu + Pju, or u = Pyu mod £¥(M). Hence J is surjective, and the proof
is complete.

Clearly the space H*(M) is independent of the Riemannian metric chosen for
M. Thus the dimension of the space Hj of harmonic k-forms is independent of the
metric. Indeed, since the isomorphism (22.25) is natural, we can say the following.
Given two Riemannian metrics g and ¢’ for M, with associated spaces Hj, and H),
of harmonic k-forms, there is a natural isomorphism Hj; ~ H). Otherwise said,
each u € Hy, is cohomologous to a unique v’ € H;.

An important theorem of deRham states that H¥(M), defined by (22.24), is
isomorphic to a certain singular cohomology group. A variant is an isomorphism
of H¥(M,R) with a certain Cech cohomology group. We refer to [SiT], [BoT] for
material on this.

We now introduce the Hodge star operator

(22.28) x: C®(M,A") — C>®(M,A™ %) (m = dim M)

in fact, a bundle map
w0 ARTF — AmTRTE

which will be seen to relate ¢ to d. For (22.28) to be defined, we need to assume M
is an oriented Riemannian manifold, so there is a distinguished volume form

(22.29) we CO(M,A™).

Then the star operator (22.28) is uniquely specified by the relation

(22.30) u A xv = (u, v)w,

where (u, v) is the inner product on A*T*, which was defined by (21.3). In particu-
lar, it follows that *1 = w. Furthermore, if {e1,...,e,,} is an oriented orthonormal
basis of Ty M, we have

(22.31) *(ejy A---Nej ) =(sgnm) ey N---Neg,

where {j1,...,Jk, 01,y m—k} = {1,...,m}, and 7 is the permutation mapping
the one ordered set to the other. It follows that

(22.32) sk = (=1)Fm=k) on AR (M),
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where, for short, we are denoting C>°(M, A¥) by A*(M). We denote (22.32) by w,
and also set

(22.33) w = (—1)% on A*(M),
(22.34) du Av) =duANv+w(u) Adv.

It follows that, if u € AF~1(M),v € A¥(M), then w(u) Ad*v = —uAdx*w(v), so

d(u A\ *v) = du A *v —u A dxw(v)
(22.35) B
=duN*v—uA*w*dx*wv),

since xw* = id., by (22.32). Integrating over M, since M = (), we have, by Stokes’
formula, [, d(u A *v) =0, and hence

(dum):/du/\*vz/u/\*m*d*w(v)
M M
= (u, W x d *w(v)).

(22.36)

In other words,

d=wW*xdx*xw

22.37
( ) = (=1)km=k)=m+k=1y gy on AF(M).

Thus, by the characterization (22.13) of harmonic k-forms, we have
(22.38) *: Hp — Hpm—k,

and, by (22.32), this map is an isomorphism. In view of Proposition 22.2, we have
the following special case of Poincaré duality.

Corollary 22.3. If M is a compact oriented Riemannian manifold, there is an
isomorphism of deRham cohomology groups

(22.39) HE (M) =~ H™*(M).

As a further application of the Hodge decomposition, we prove the following
result on the deRham cohomology groups of a Cartesian product M x N of two
compact manifolds, a special case of the Kunneth formula.
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Proposition 22.4. If M and N are compact manifolds, of dimension m and n
respectively, then, for 0 < k < m + n,

(22.40) HE(M x N) ~ P [Hi(M)eaHﬂ‘(N) .
i+j=k

Proof. Endow M and N with Riemannian metrics, and give M x N the product

metric. If {uu } is an orthonormal basis of L?(M, A*) and {U(J )} is an orthonormal
basis of L2(N, A7), each consisting of eigenfunctions of the Hodge Laplace operator,
then {uﬁf) AP it G = k} is an orthonormal basis of L2(M x N, A¥), consisting
of eigenfunctions of the Hodge Laplacian, and since all these Laplace operators are
negative semi-definite, we have the isomorphism

(22.41) Hi(M x N) ~ @) [Hi(M) @ H;(N)],

iti=k

where H; (M) denotes the space of harmonic i-forms on M, etc., and by (22.25) this
proves the proposition.

We define the ith Betti number of M to be
(22.42) bi(M) = dim H'(M).
Thus, (22.40) implies the identity

(22.43) b(M x N) = > bi(
i+j=k

This identity has an application to the Fuler characteristic of a product. The Euler
characteristic of M is defined by

(2244 X(M) = 3 (=1)" bi(20),

where m = dim M. From (22.43) follows directly the product formula

(22.45) X(M x N) = x(M)x(N).

Exercises
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1. Let a € AL(M™), 3 € A¥(M™). Show that
(22.46) *(Lafl) = £a A *[.
Find the sign.

Hint. Start with the identity o A a A %8 = (o A a, B), given o € AF~1(M).
Alternative. Show %0 = £dx, which implies (22.46) by passing to symbols.

2. Show that, if X is a smooth vector field on M, and 3 € A¥(M™), then

Vx(x8) = *(Vxp).

3. Show that, if FF : M — M is an isometry which preserves orientation, then

F*(+8) = +(F* ).

4. If f : M — N is a smooth map between compact manifolds, show that the
pull-back f* : A¥(N) — A¥(M) induces a homomorphism f* : H¥(N) — H*(M).
If f;, 0 <t <1isasmooth family of such maps, show that fi = f; on H¥(N).
Hint. For the latter, recall formulas (6.31)—(6.35), or Exercise 6 of §6.

5. If M is compact, connected, and oriented, and dim M = n, show that
HO(M) ~ H™" (M) = R.

Relate this to Proposition 9.5.

In Exercises 68, let G be a compact connected Lie group, endowed with a bi-
invariant Riemannian metric. For each g € G, there are left and right translations
Ly(h) = gh, R4(h) = hg. Let Bj, denote the space of bi-invariant k-forms on G,

(22.47) By ={B€A*(G): R;3=p3=L:jforall g € G}.

6. Show that every harmonic k-form on G belongs to By.
Hint. If B € By, show Ry and L are both harmonic and cohomologous to 5.
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7. Show that every 8 € By, is closed, i.e., d3 = 0. Also, show that * : By — B,,_g
(n = dim G). Hence conclude
Br, = Hy.

Hint. To show that d3 = 0, note that, if t : G — G is t(g) = g~ !, then t*3 € B}, and
1*B(e) = (=1)*B(e). Since also df € By deduce that 1*dS equals both (—1)*d3
and (—1)k*+1dg.

8. With G as above, show that B; is linearly isomorphic to the center Z of the Lie
algebra g of G. Conclude that, if g has trivial center, then H!(G) = 0.

Exercises 9-10 look at H*(S™).

9. Let 8 be any harmonic k-form on S™. Show that g*(3 = (3, where g is any element
of SO(n+1), the group of rotations on R™*! acting as a group of isometries of S™.
Hint. Compare the argument used in Exercise 6.

10. Consider the point p = (0,...,0,1) € S™. The group SO(n), acting on R™ C
R"*+1 fixes p. Show that H¥(S™) is isomorphic to (a linear subspace of)

(22.48) Vi = {B € A*R" : g*3 = j3 for all g € SO(n)}.

Show that Vi, = 0 if 0 < k < n. Deduce that

(22.49) HF(S™) =0 if 0<k<n.

Hint. Given 8 € AFR"™, 1 < j,¢ < n, average g*3 over g in the group of rotations
in the x; — z, plane.

Note. By Exercise 5, if n > 1,

(22.50) H*(S™) =R if k=0 or n.

Recall the elementary proof of this, for £ = n, in Proposition 9.5.

11. Suppose M is compact, connected, but not orientable, dim M = n. Show that
H™ (M) = 0.
Hint. Let M be an orientable double cover, with natural involution ¢. A harmonic
n-form on M would lift to a harmonic form on M, invariant under ¢*; but ¢ reverses
orientation.
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Auxiliary exercises on the Hodge star operator

In most of the exercises to follow, adopt the following notational convention. For
a vector field u on an oriented Riemannian manifold, let u© denote the associated
1-form.

1. Show that
f= divu<= f=xdx*u.

If M = R3, show that
v = curl u <= v = *du.

2. If w and v are vector fields on R3, show that
w=uXv<=w==*UAD).

Show that, for @, € AY(M™), *(a A D) = (xa)|v.

If u x v is defined by this formula for vector fields on an oriented Riemannian 3-fold,

show that u x v is orthogonal to v and v.

3. Show that the identity
(22.51) div (u x v) = v - curl u — u - curl v,
for u and v vector fields on R3, is a special case of
%d( A 0) = (xdil, D) — (@L, *dv), 1,0 € A (M?).

Deduce this from d(@ A 9) = (d@) AU — @ A do.

In Exercises 4-6, we produce a generalization of the identity

curl (u x v) =v-Vu—u-Vu+ (div v)u — (div u)v

(22.52) = [v,u] + (div v)u — (div u)v,

valid for v and v vector fields on R3.
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4. For ,0 € A'(M™), use Exercise 2 to show that

d*x (WD) =—(d=*u)]v+ L,(xq).

5. If w € A™(M™) is the volume form, show that *(w|v) = ©. Deduce that

«[d(xa) Jv] = (div u)d.

6. Applying £, to (xu) A w = (u, w)w, show that

x L, (xu) = [v,u] + (div v)a,

and hence

P

xd* (4 A D) = [v,u] + (div v)@ — (div u)D,
generalizing (22.52).
In Exercises 7-10, we produce a generalization of the identity
(22.53) grad (u-v) =u-Vv+ov-Vu+u x curl v+ v x curl u,

valid for v and v vector fields on R3. Only Exercise 10 makes contact with the
Hodge star operator.

7. Noting that, for @, € AY(M™), d(@|v) = L4 — (du)]|v, show that

2d(it|v) = Loyii + Lo — (di) |v — (dB) u.

8. Show that

—~—

Lyt = [v,u]l + (Ly9)(-,u),
where ¢ is the metric tensor, and where A(-,u) = w means h(X,u) = g(X,w) =
(X, w). Hence
Lot~+ L,0=(Lyg)(,u) + (Lug)(,v).
9. Show that

(Ly9)( 1) + (L49) (- v) = d(@|v) + Vb + Vi
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10. Deduce that
d(u,v) = V, 0+ V,a — (da)|v — (dv) |u.

To relate this to (22.53), show using Exercises 1-2 that, for vector fields on R3,

w=v X curl u <= W = —(da)]v.

11. If u,v € A¥(M™) and w € A"~*(M™), show that
(w, *v) = (=1)FO=F) (50, v),
and

(xu, *v) = (u,v).

12. Show that *d = (—1)¥*16% on A*(M).

13. Verify carefully that A = *A. In particular, on A*(M™),
*A = Asx = (£1)[(£1)d * d + (£1) * d x dx].

Find the signs.
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23. The Hodge decomposition on manifolds with boundary

Let M be a compact Riemannian manifold with boundary, dim M = m. We
have the Hodge Laplace operator

A C®(M,A*) — C=(M,A").

As shown in §21, we have a generalization of Green’s formula, expressing —(Au, v)
as (du,dv) + (du,dv) plus a boundary integral. Two forms of this, equivalent to
formula (21.18), are

(23.1) —(Au,v) = (du,dv) + (du, ov) + % / [((oa(z,v)0u,v) + (du, oq(z,v)v)]dS
oM

and

(23.2) —(Au,v) = (du,dv) + (du, év) + % / [(6u, o5(z, v)v) + (05 (z, v)du, v)]dS.

oM
Recall from (21.12)—(21.14) that
1 1
(23.3) —og(z,v)u=v Au, =os(z,v)u=—i,u.
i i

We have studied the Dirichlet and Neumann boundary problems for A on 0-
forms in previous sections. Here we will see that for each k € {0,...,m} there is a
pair of boundary conditions generalizing these. For starters, suppose M is half of a
compact Riemannian manifold without boundary N, having an isometric involution
7 : N — N, fixing 9M and switching M and N \ M. For short, will say N is the
isometric double of M. Note that elements of C°°(/N) which are odd with respect
to 7 vanish on OM, i.e., satisfy the Dirichlet boundary condition, while elements
even with respect to 7 have vanishing normal derivatives on OM, i.e., satisfy the
Neumann boundary condition. Now, if u € A¥(N), then the hypothesis 7*u = —u
(which implies 7*du = —du and 7*6u = —du) implies

(23.4) oq(z,v)u =0 and o4(x,v)ou =0 on OM,
while the hypothesis 7*u = u (hence 7*du = du and 7*6u = Ju) implies
(23.5) os(z,v)u =0 and os(x,v)du = 0 on OM.

We call the boundary conditions (23.4) and (23.5) relative boundary conditions and
absolute boundary conditions, respectively. Thus, specialized to 0-forms, relative
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boundary condiitons are Dirichlet boundary conditions, and absolute boundary
conditions are Neumann boundary conditions.
It is easy to see that

(23.6) V/\u‘aM:0<:>j*u:0, where j : OM — M.

Thus the relative boundary conditions (23.4) can be rewritten

(23.7) Fu=0, j§*(6u)=0.

Using (23.3), we can rewrite the absolute boundary conditions (23.5) as
(23.8) u|v =0 and (du)|v =0 on OM.

Also, from Exercise 1 of §22, it follows that

oa(z,v)(xu) = £ x o5(x,v)u
(23.9) oq(z,v)d xu =+ x o5(x,v)du.

Thus the Hodge star operator interchanges absolute and relative boundary condi-
tions. In particular, the absolute boundary conditions are also equivalent to

(23.10) J (xu) =0, j*(0*u)=0.

Note that, if u and v satisfy relative boundary conditions, then the boundary inte-
gral in (23.1) vanishes. Similarly, if v and v satisfy absolute boundary conditions,
then the boundary integral in (23.2) vanishes.

There are elliptic regularity results for both the boundary conditions (23.4) and
(23.5). A detailed analysis is given in Chapter 5 of [T'1], but we will just summarize
some relevant results here. The boundary conditions define self adjoint extensions
of —A, which we will denote Lz and L4, respectively. We also use the notation
Ly, where b stands for R or A.

The maps

(23.11) Ty = (Ly+1)""
are compact self adjoint operators on L?(M,A¥), so we have orthonormal bases

{ugk)} and {vj(-k)} of L?(M, A¥) satisfying

(23.12) Trul® = @, Wl e o (3, AP),

and

k k k k /T
(23.13) Tl = vl o e o (M, AF),
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where Cg°(M, A¥) is the space of smooth k-forms on M satisfying the boundary
condition (23.4) if b = R, (23.5) if b = A. The eigenvalues of Tr and T4 all have
magnitude < 1, and we can order them so that, for each k, ,ug-k) and I/](-k) N\, O as
7 — oo. It follows that, for each k,

k k) (k k 1
(23.14) ERug. ) = pé )ug. ), pg ) = — 1 /7 o0,
J
and
1
k k) (k k
(23.15) ﬁAUj( ) :a§- )vj(- ), a§. ) = O 1,/ 0.
J

Here, pgk) > 0 and ag-k) > 0, and only finitely many of these quantities are equal to
Zero.

The 0-eigenspaces of Lg and £, are finite dimensional spaces in C* (M, A*);
denote them by HE and H,?, respectively. We see that, for b = R or A,

(23.16) u € HE = u € C(M,A"), Béo)u =0 on OM, and du = du =0 on M,
where
(23.17) B](%O)u =vAu, Bg))u = ulv.

Also recall that we can replace v Au by j*u. We call HE and HkA the spaces of har-

monic k-forms, satisfying relative and absolute boundary conditions, respectively.
Denote by PF and P the orthogonal projections of L2(M, A*) onto HE and

H;}. Parallel to (22.15)-(22.16), we have continuous linear maps

(23.18) G : C™®(M,\*) — C*(M,A"), b= Ror A,

such that G® annihlates H? and inverts —A on the orthogonal complement of H? :

(23.19) ~AG’u = (I — PP)u for u € C(M,A").

Furthermore, for j > 0,r € (0, 1),

(23.20) GP . CIT (M, A¥) — CIT247 (M, AF).

The identity (23.19) then produces the following two Hodge decompositions for a
compact Riemannian manifold with boundary.
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Proposition 23.1. Given u € C®(M,A*), j >0, we have

(23.21) u = d6GTu + 6dGRu + Pfu = PRu+ PRu + PRu,
and
(23.22) u = d6Gu 4 6dGAu + PPy = Piu+ Piu+ Piu.

In both cases, the three terms on the right side are mutually orthogonal in L?(M, A¥).

Proof. It remains only to check orthogonality, which requires a slightly longer ar-
gument than used in Proposition 22.1. We will use the identity

(23.23) (du,v) = (u, dv) + y(u,v),
for u € A=Y (M) and v € AJ(M), with

(23.24) Y(u,v) = l /(ad(x, v)u,v)dS = 7 /<’U,,O'5(£U, v)v) dS.

1
oM oM

Note that vy(u,v) = 0 if either

ue€ Cp(M, N1 = {ue CHM,Nh :j*u‘aM =0}
(23.25) or
vE€CH(M,N)={ueC'(M,N):ulv=0ondM}.
In particular, we see that
uwe€ Cr(M,A* ") = du L ker § N C'(M,A"),

23.26 _ -
( ) ve CY(M,A*) = 6v L ker dn CY(M,A*1).

From the definitions, we have

(23.27)  §: CR(M,N) — CH(L AT, d: C3(M,N) — CY (LAY,

where CZ(M, A7) consists of u € C?(M, AJ) satisfying the boundary condition b.

Thus
(23.28) dsC%(M,A*) L ker 6§ N CY(M,A"),
' 5dCA (M, A*) 1 ker dn C(M, A¥).

Now (23.28) implies for the ranges:

(23.29) R(PF) L R(PF) + R(Pl) and R(P{') L R(P;") + R(P).
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Furthermore, if u € HE and v = dGRw, then v(u,v) = 0, so (u,dv) = (du,v) = 0.
Similarly, if v € Hj' and u = 6G4w, then y(u,v) = 0, so (du,v) = (u,év) = 0.
Thus

(23.30) R(PE) L R(PE) and R(P3) L R(PY).
The proposition is proved.

We can produce an analogue of Proposition 22.2, relating the spaces Hz to
cohomology groups. We first look at the case b = R. Set

(23.31) C®(M,A*) = {u € C°(M,A*) : j*u = 0}.
Since d o j* = j* o d, it is clear that
(23.32) d: C®(M,A\*) — C°(M, M.

Our spaces of “closed” and “exact” forms are

(23.33)  CR(M) = {uec C(M,A") :du=0}, EE(M)=dC>(M,A\1).

We set

(23.34) HE(M,0M) = Ck(M)/EE(M).

Proposition 23.2. If M is a compact Riemannian manifold with boundary, there
18 a natural tsomorphism

(23.35) H*(M,0M) ~ HE.

Proof. By (23.16) we have an injection
j:HE — CR(M),
which yields a map o
J:HE — HF(M,0M),

by composing with (23.34). The orthogonality of the terms in (23.21) implies (Image
J)NEE(M) =0, so J is injective. Furthermore, if u € C%(M), then u is orthogonal
to 6v for any v € C>®(M,A**1), so the term §(dGTu) in (23.21) vanishes, and
hence J is surjective. This proves the proposition.

As in §22, it is clear that H¥(M,dM) is independent of a metric on M. Thus
the dimension of HE is independent of such a metric.
Associated to absolute boundary conditions is the family of spaces

(23.36) C®(M,A") = {u e C®°(M,A") : 1,u = 1, (du) = 0},

replacing (23.31). Note that C°(M,A*) = O (M,A*), while C(M,A*) #
C¥ (M, A*). We have

(23.37) d: C®(M,A*) — C=(M, A*1),

and, with C% (M) the kernel of d in (23.37) and £57!(M) its image, we can form
quotients. The following result is parallel to Proposition 23.2.
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Proposition 23.3. There is a natural isomorphism
(23.38) Hit ~ Ch (M) /5 (7).

Proof. Exactly parallel to the last proof.

We have refrained from denoting the right side of (23.38) by H¥ (M), since the
deRham cohomology of M has the standard definition

(23.39) HF (M) = CH(M) ) EF(M),
where C*(M) is the kernel and £¥+1(M) the image of d in
(23.40) d: C®(M,A\*) — C>(M,A\*1).

Note that no boundary conditions are imposed here. We now establish that (23.38)
is isomorphic to H*(M).

Proposition 23.4. The quotient spaces CX(M)/EX(M) and HE(M) are naturally
isomorphic. Hence

(23.41) HY ~ H*(M).

Proof. 1t is clear that there is a natural map

) CL(M)/ER(M) — H* (M),
since Ck(M) C CF(M) and EX(E) C E¥(M). To show that k is surjective, let
a € COO(_M, A¥) be closed; we want & € C¥(M) such that a — & = dB3 for some
B e C®(M,A1),

To arrange this, we use a 1-parameter family of maps
(23.42) o M — M, 0<t<I1,
such that (g is the identity map, and as t — 1, ¢, retracts a collar neighborhood

O of OM onto OM, along geodesics normal to OM. Set & = ¢ja. It is easy to see
that & € C*(M). Furthermore, o — & = df with

(23.43) f=— /1 or (] X (1)) dt € C(M, A1),

where X (t) = (d/dt)p:. Compare the proof of the Poincaré Lemma, Theorem 6.2.
It follows that s is surjective.
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Consequently we have a natural surjective homomorphism
(23.44) o HY — HP ().

It remains to prove that & is injective. But if o € Hy and a = dB, B €
C> (M, A*=1), then the identity (23.23) with du = dB, v = a implies (o, a) = 0,
hence o = 0. This completes the proof.

One can give a proof of (23.41) without using such a homotopy argument, in fact
without using Ck (M) /% (M) at all. See Exercise 5 in the exercises on cohomology
after this section. On the other hand, homotopy arguments similar to that used
above are also useful, and will arise in a number of problems in this set of exercises.

We can now establish the following Poincaré duality theorem, whose proof is im-
mediate, since by (23.9) the Hodge star operator interchanges absolute and relative
boundary conditions.

Proposition 23.5. If M is an oriented compact Riemannian manifold with bound-
ary, then

(23.45) x HE — HE
s an isomorphism, where m = dim M. Consequently,

(23.46) HE (M, 0M) ~ H™*(M).

We end this section with a brief description of a sequence of maps on cohomology,

associated to a compact manifold M with boundary. The sequence takes the form
(23.47)

= HEYOM) L HR(ML, OM) S HE (M) - HE (M) S HEYY(DT,0M) — - -
These maps are defined as follows. The inclusion
C (M, A*) — C°° (M, A"),

yielding C% (M) C C*(M) and EE(M) C E¥(M), gives rise to 7 in a natural fashion.
The map ¢ comes from the pull-back

§* 0 0 (M, A¥) —s C=(OM, A¥),

which induces a map on cohomology since j*d = dj*. Note that j* annihilates
C>®(M,A*), so Lom=0.

The “coboundary map” § is defined on the class [a] € H¥~1(OM,R) of a closed
form o € A*~1(OM) by choosing a form 8 € C>(M,A*~!) such that j*3 = o and
taking the class [df] of d3 € C%(M). Note that d3 might not belong to EX (M) if
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J*B is not exact. If another (3 is picked such that j*3 = o+ dry, then d(8 — B) does
belong to & (M), so 4 is well defined:

d[a] = [dB] with 7°5 = «a.

Note that, if [a] = L[B], via a = j*3 with 3 € C*(M), then d3 =0,s080¢=0.
Also, since df3 € EF(M), mo§ = 0.

In fact, the sequence (23.47) is exact, i.e., the image of each map is equal to
the kernel of the map which follows. This “long exact sequence” in cohomology is
a useful computational tool. Exactness will be sketched in some of the following
exercises on cohomology.

Another important exact sequence, the Mayer-Vietoris sequence, is discussed in
§24.

Exercises

1. Let u be a 1-form on M with associated vector field U. Show that the relative
boundary conditions (23.4) are equivalent to

U 1L OM and div U =0 on OM.
If dim M = 3, show that the absolute boundary conditions (23.5) are equivalent to
U || OM and curl U L OM.

Treat the case dim M = 2.

2. Form the orthogonal projections PC’Z = d6G?, Pg’ = 6dG®. With b = R or A,
show that the four operators

G®,P?, P}, and P}
all commute. Deduce that one can arrange the eigenfunctions ug-k), forming an

orthonormal basis of L2(M,A¥), such that each one appears in exactly one term
in the Hodge decomposition (23.21), and that the same can be done with the
(k)

eigenfunctions v;", relative to the decomposition (23.22).

3. If M is oriented, and * the Hodge star operator, show that

TA*:*TR;
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where Ty and Tg are as in (23.26). Show that
P« =% P and G + =« GR.
Also, with Pcll’ and Pé’ the projections defined above, show that

P}« =% Pf and P{* « =« PR,

Exercises on cohomology

1. Let M be a compact, connected manifold with nonempty boundary, and double
N. Endow N with a Riemannian metric invariant under the involution 7. Show that

(23.48) H¥(M,0M) ~ {u € Hp(N) : 7%u = —u}.
Deduce that, if M is also orientable,

(23.49) H"(M,0M) =R, n= dim M.

2. If M is connected, show directly that
HO(M) = R.

By Poincaré duality, this again implies (23.49), when M is orientable.

3. Show that, if M is connected and OM # (),
HO(M,0M) = 0.
Deduce that, if M is also orientable, n = dim M, then
H" (M) = 0.

Give a proof of this that also works in the non-orientable case.
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4. Show directly, using the proof of the Poincaré Lemma, Theorem 6.2 that
(23.50) HF(B") =0, 1<k<n,

where B™ is the closed unit ball in R”, with boundary S™~!. Deduce that

HMB?, S"H =0, 0<k<n,

23.51
( ) R, k=n.

5. Use (23.28) to show directly from Proposition 23.1 (not using Proposition 23.4)
that, if « € C(M, A¥) is closed, then a = df3 + P/« for some 8 € C®(M,Ak~1),
in fact, for 3 = 6G%a. Hence conclude that

Hit ~ H* (3

without using the homotopy argument of Proposition 23.4.

Let M be a smooth manifold without boundary. The cohomology with compact
supports HE (M) is defined via

(23.52) d: C§°(M,A*) — Cg° (M, AFTh),

as

He (M) = CE(M)/€5(M),
where the kernel of d in (23.52) is C¥(M) and its image is E¥+1(M).

In Exercises 6-7, we assume M is the interior of a compact manifold with boundary
M.

6. Via C5°(M, A*) — C°(M, A*), we have a well defined homomorphism
p: HE(M) — H*(M,0M).

Show that p is injective.

Hint. Let ¢, : M — M be as in (23.42); also, given K CC M, arrange that
each ¢, is the identity on K. If @ € C¥(M) has support in K and a = d@3, with
B € Cx(M,A*~1), show that 8= 7 has compact support and d3 = a.
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7. Show that p is surjective, and hence
(23.53) HY (M) ~ H*(M,0M).
Hint. If o € C&(M), set & = p}a and parallel the argument using (23.43), in the
proof of Proposition 23.4.
8. If M is connected and oriented, and dim M = n, show that
He (M) =R,

even if M cannot be compactified to a manifold with smooth boundary.

Hint. If o € Cg°(M,A™) and [,, @ = 0, fit the support of c in the interior ¥ of a
compact smooth manifold with boundary Y C M. Then apply arguments outlined
above.

9. Let X be a compact connected manifold; given p € X, let M = X \ {p}. Then
C§° (M, AF) — C>°(X, A*) induces a homomorphism

v HE (M) — HF(X).

Show that ~ is an isomorphism, for 0 < k < dim X.

Hint. Construct a family of maps ¢, : X — X, with properties like ¢; used in
Exercises 67, this time collapsing a neighborhood O of p onto p as t — 1. Establish
the injectivity and surjectivity of v by arguments similar to those used in Exercises
6 and 7, noting that the analogue of the argument in Exercise 7 fails in this case
when k = 0.

10. Using Exercise 9, deduce that
(23.54) HE(S™) =~ HE(R™), 0<k<n.
In light of Exercises 4 and 7, show that this leads to

HF(S™M) =0 if0<k<n,

(23.55) .
R if k=0 orn,

provided n > 1, giving therefore a demonstration of (22.49)-(22.50) different from
that suggested in Exercise 9 of §22.

Exercises 11-13 establish the exactness of the sequence (23.47).
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11. Show that ker ¢ C im 7. o
Hint. Given uEC’“(M), j*u = dv, pick w € A*¥~1(M) such that j*w = v, to get
u— dw € C2(M,A*), closed.

12. Show that ker § C im ¢.
Hint. Given o € C*(OM), if a = j*3 with [dB] = 0 in HFT(M,0M), i.e., d3 =

dB, B e C>(M,A*), show that [a] = ([ — f].

13. Show that ker 7 C im 4. o
Hint. Given u € CR(M), if u = dv, v € A*=1(M), show that [u] = §[v].

14. Applying (23.47) to M = B"*1 the closed unit ball in R"*! yields
(23.56) HF(BFT) & b (57) 2 {1 (BRFT §7) T, ket (Be),

Deduce that
H*(S™) ~ HFTL(BntL, 8™, for k> 1,

since by (23.50) the endpoints of (23.56) vanish for £ > 1. Then, by (23.51), there
follows a third demonstration of the computation (23.55) of H*(S™).

15. Using Exercise 3, show that, if M is connected and OM # (), the long exact
sequence (23.47) begins with

0 — HO(M) - HO(OM) > HY (M, OM) — - --
and ends with

oo WYL S H N (OM) S 1ML, OM) — 0.

16. Define the relative Euler characteristic

(23.57) X(M,0M) = " (~1)* dim H* (M, 0M).
k>0

Define x(M) and x(OM) as in (22.44). Show that

(23.58) X(3T) = x(3,0M) + x(dM).
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Hint. For any exact sequence of the form
0—-Vi—--—>VN—0,

with V}, finite dimensional vector spaces over R, show that 3 (—1)¥ dim V4 = 0.
k>0

17. Using Poincaré duality show that, if M is orientable, n = dim M,
(23.59) x(M) = (=1)"x(M,0M).

Deduce that, if n is odd, and M orientable,

(23.60) xX(OM) = 2x(M).

18. If N is the double of M, show that

(23.61) dim H*(N) = dim H* (M) + dim H* (M, 0M).

Deduce that, if M is orientable and dim M is even, then

(23.62) x(N) = 2x(M).

In Exercises 19-20, let M be a compact, oriented, n-dimensional manifold with
boundary OM, and with double N. Let X be a vector field, all of whose critical
points are isolated and in the interior M, and assume that, on M, X points out
of M. Our goal is to demonstrate that

(23.63) Index X = x(M).

Recall that, in case M = M has no boundary, this arose in (10.11), as a definition
of x(M). Its identity with x (M) as defined by (22.44) was established in §20. We
also mention that (23.63) extends the identity (10.18).

19. Show that X and —X can be fitted together on N to produce a vector field X
on N such that B
Index X = (14 (—1)") Index X.

Use this result and (23.62) to prove (23.63) when n is even.
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20. Let Y be a (tangent) vector field on OM with isolated critical points (so we know
Index Y = x(0M)). Use a construction like that in the proof of Proposition 10.4 to
construct a vector field Z on a collar neighborhood C of 9M in N such that Z points
away from C on OC (diffeomorphic to two copies of OM) and Index Z = Index Y.
Fit together X, —Z and X to produce a vector field on N, and deduce that

(23.64) 2 Index X + (—=1)"x(OM) = x(N).

Deduce (23.63) from this, using (23.62) if n is even and using (23.60) if n is odd.

In Exercises 21-23, let ﬁj be compact oriented manifolds of dimension n, with
boundary. Assume that 0€2; # 0 and that Qs is connected. Let F : Q1 — Qs bea
smooth map with the property that f = F | 00, 0y — 0€2s. Recall that we have
defined Deg f in §9, when 0€)5 is connected.

21. Let o € A™(f) satisfy f92 o = 1. Show that le F*o is independent of the

choice of such o, using H"(2;,0€;) = R. Compare Lemma 9.6. Define

Deg F = /F*U.
Q0

22. Produce a formula for Deg F, similar to (9.16), using F~(yo), yo € Qa.

23. Prove that Deg F' = Deg f, assuming 025 is connected.

Hint. Pick w € A" 1(dQp) such that [), w = 1, pick @ € A"(Qy) such that
J*0 = w, and let 0 = dw. Formulate an extension of this result to cases where 9¢);
has several connected components.

24. Using the results of Exercises 21-23, establish the “argument principle,” in
complex analysis.
Hint. A holomorphic map is always orientation preserving.

In Exercise 25, we assume that M is a compact manifold with boundary, with
interior M. Define H*(M) via the deRham complex, d : A¥(M) — A*1(M). Tt is
desired to establish the isomorphism of this with H*(M).
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25. Let C be a small collar neighborhood of OM, so My = M\ C is diffeomorphic
to M. With j : My — M, show that the pull-back j* : A¥(M) — A*(M) induces
an isomorphism of cohomology:
HE (M) ~ H*(M,).
Hint. For part of the argument, it is useful to consider a smooth family

oo M — M, 0<t<1

of diffeomorphisms of M onto manifolds M, with My = M and ¢ = id. If 5 €
AF(M) and dB = 0, and if 31 = ¢}j*3, then

p=n—a( [ ciolxa a).

where X (t)(x) = (d/dt)p¢(z). Contrast this with the proof of Proposition 23.4.
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24. The Mayer-Vietoris sequence in DeRham cohomology

Here we establish a useful complement to the long exact sequence (23.47), and
illustrate some of its implications. Let X be a smooth manifold, and suppose X
is the union of two open sets, My and Ms. Let U = My N Ms. The Mayer-Vietoris
sequence has the form
(24.1)

5

W) D HEX) L HE ) @ M (M) D KU)W ()

These maps are defined as follows. A closed form a € AF(X) restricts to a pair
of closed forms on M; and Ms, yielding p in a natural fashion. The map v also
comes from restriction; if ¢, : U — M, a pair of closed forms «, € Ak(M,,) goes
to tiay — Ly, defining v. Clearly ¢ (ala,) = t5(alu,) if @ € A¥(X), so yop=0.

To define the “coboundary map” & on a class [a], with o € A¥(U) closed, pick
B, € A¥(M,) such that o = 3y — B2. Thus dB; = df32 on U. Set

(24.2) 5[a] = [o] with o = dB, on M,

To show that (24.2) is well defined, suppose 3, € A*(M,) and 3 — B2 = dw
on U. Let {¢,} be a smooth partition of unity supported on {M,}, and consider
Y = o101 + 22, where ¢, [0, is extended by 0 off M,,. We have dy = @1 dfF, +
Yo dfBs + dp1 N (81 — B2) = 0 +dp1 A (01 — B2). Since dys is supported on U, we
can write

o=dy—d(dps Nw),

an exact form on X, so (24.2) makes § well defined. Obviously the restriction of o
to each M, is always exact, so pod = 0. Also, if & = tJa; — t5a9 on U, we can pick
B, = a,, to define é[a]. Then df, = da, =0, s0 oy = 0.

In fact, the sequence (24.1) is exact, i.e.,

(24.3) im0 = ker p, imp= kery, im~y= kerd.

We leave the verification of this as an exercise, which can be done with arguments
similar to those sketched in Exercises 11-13 in the set of exercises on cohomology
after §23.

If M, are the interiors of compact manifolds with smooth boundary, and U =
M, N M has smooth boundary, the argument above extends directly to produce
an exact sequence

(24.4)
o= HMHO) S HE ) B 1 () @ HE (M) T HEO) S H )
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Furthermore, suppose that instead X = M; U My and M; N M4 =Y is a smooth
hypersurface in X. One also has an exact sequence
(24.5)

S HENY) S HE(X) L HE (M) @ HE (M) 2 HE(Y) S HE(X) — -

To relate (24.4) and (24.5), let U be a collar neighborhood of Y, and form (24.4)
with M, replaced by M, UU. There is a map 7 : U — Y, collapsing orbits of a
vector field transversal to Y, and 7* induces an isomorphism of cohomology groups,
™ HMNU) =~ HE(Y).

To illustrate the use of (24.5), suppose X = S™, Y = S"~! is the equator, and
M, are the upper and lower hemispheres, each diffeomorphic to the ball B. Then
we have an exact sequence

(24.6)
= MU B EH T (BT L HE T (S S KR (S L HE(BT)eHN (BT — -

As in (23.50), H*(B") = 0 except for k = 0, when you get R. Thus
(24.7) 5 HFLS™Y) B HE(S™) for ko> 1.

Granted that the computation H'(S!) ~ R is elementary, (or see Exercise 1 below)
this implies H"(S™) ~ R, for n > 1. Looking at the segment

0 — HO(S™) & HO(B) @ HO(B7) L HO(S" ) & H(S™) — 0,

we see that, if n > 2, then ker v ~ R, so 7 is surjective, hence § = 0, so H*(S™) = 0
for n > 2. Also, if 0 < k < n, we see by iterating (24.7) that H*(S™) ~ H(S"~++1),
so H¥(S™) = 0 for 0 < k < n. Since obviously H"(S™) = R for n > 1, we have a
fourth computation of H*(S™), distinct from those sketched in Exercise 10 of §22
and in Exercises 10 and 14 of the set of exercises on cohomology after §23.

We note an application of (24.5) to the computation of Euler characteristics,
namely

(24.8) X(M1) 4+ x(M3) = x(X) + x(Y).

Note that this result contains some of the implications of Exercises 17 and 18 in
the set of exercises on cohomology, in §23.

Using this, it is an exercise to show that if one two dimensional surface X; is
obtained from another Xy by adding a handle, then x(X;) = x(Xo) —2. (Compare
Exercise 13 of §10.) In particular, if MY is obtained from S? by adding g handles,
then y(M?9) = 2 —2g. Thus, if MY is orientable, since H°(M9) ~ H?(MY) ~ R, we
have

(24.9) HY(MY) ~ R.
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It is useful to examine the beginning of the sequence (24.5):
(24.10) 0— HOUX) & HOM,) & HO (M) L HOY) S HU(X) — - -

Suppose C' is a smooth closed curve in S2. Apply (24.10) with M; = C, a collar
neighborhood of C, and My = (), the complement of C. Since dC is diffeomorphic
to two copies of C, and since H'(S?) = 0, (24.10) becomes

(24.11) 0-RELERGH Q) LRAR S0
Thus 7 is surjective while ker v = im p ~ R. This forces
(24.12) H(Q) ~RaR.

In other words, © has exactly two connected components. This is the smooth case
of the Jordan curve theorem. Jordan’s theorem holds when C' is a homeomorphic
image of S', but the trick of putting a collar about C' does not extend to this case.

More generally, if X is a compact connected smooth oriented manifold such
that H1(X) = 0, and if Y is a smooth compact connected oriented hypersurface,
then letting C be a collar neighborhood of ¥ and Q@ = X \ C, we again obtain
the sequence (24.11) and hence the conclusion (24.12). The orientability insures
that OC is diffeomorphic to two copies of Y. This result is (the smooth case of) the
following generalized Jordan-Brouwer separation theorem, which we state formally.

Theorem 24.1. If X is a smooth manifold, Y a smooth submanifold of codimension
1, and both are
compact, connected, and oriented,

di
and if HLX) — 0.

then X \'Y has precisely two connected components.

If all these conditions hold, except that Y is not orientable, then we replace RGR
by R in (24.11), and conclude that X \ Y is connected, in that case. As an example,
real projective space RP? sits in RP? in such a fashion.

Recall from §9 the elementary proof of Theorem 24.1 when X = R"*!, in par-
ticular the argument using degree theory that, if Y is a compact oriented surface in
R”*1 (hence, in S™*1), then its complement has at least 2 connected components.
One can extend the degree theory argument to the nonorientable case, as follows.

There is a notion of degree mod 2 of a map F' : Y — S™, which is well defined
whether or not Y is orientable. For one approach, see [Mil2]. This is also invariant
under homotopy. Now, if in the proof of Theorem 9.11, one drops the hypothesis
that the hypersurface Y (denoted X there) is orientable, it still follows that the
mod 2 degree of F, must jump by 1 when p crosses Y, so R"*1\ Y still must have
at least two connected components. In view of the result noted after Theorem 24.1,
this situation cannot arise. This establishes the following.
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Proposition 24.2. IfY is a compact hypersurface of R**t (or S"t1) then Y is
orientable.

Exercises

1. Show that the case n =1 of (24.6) yields
HO(SY) 25 HOI) @& HOI) L5 HO(S?) -2 HY(SY) -2 HA(I) & HA (D)

where I is a closed interval, so H!(I) = 0.

(a) Note that, since S° consists of two points, H%(S) ~ R?, so v above has the
form v : R? — R2.

(b) Show that the image p(H°(S')) in H°(I) ® H°(I) has dimension 1, so ker v
has dimension 1.

(¢) Deduce that ker ¢ has dimension 1, and hence that

(24.13) HY(SY) ~ R,
thus showing that this fact follows from the Mayer-Vietoris sequence.

(d) On the other hand, show that the specialization of the proof of Proposition 9.5
to the case M = S, implying (24.13), is trivial.
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25. Operators of Dirac type

Let M be a Riemannian manifold, £; — M vector bundles with Hermitian
metrics. A first order elliptic differential operator

is said to be of Dirac type provided D* D has scalar principal symbol. This implies
(252) O'D*D(xag) = g(xaé.)] : EOa: — EOI?

where g(z,€) is a positive quadratic form on 7;)M. Thus g itself arises from a
Riemannian metric on M. Now the calculation of (25.2) is independent of the choice
of Riemannian metric on M. We will suppose M is endowed with the Riemannian
metric inducing the form g(x, &) on T* M.

If By = Ey and D = D*, we say D is a symmetric Dirac-type operator. Given a
general operator D of Dirac type, if we set E = Ey® F; and define D on C>®(M,E)
as

(25.3) D= (10) 13*)

then D is a symmetric Dirac-type operator.

Let 9(z,&) denote the principal symbol of a symmetric Dirac-type operator.
With z € M fixed, set 9(§) = ¥(z, ). Thus ¥ is a linear map from T M = {{} into
End(E,), satisfying

(25.4) V(&) = 9(§)"
and
(25.5) 0(€)? = (&, 6)1.

Here, (, ) is the inner product on 7' M; let us denote this vector space by V. We
will show how ¥ extends from V' to an algebra homomorphism, defined on a Clifford
algebra CIl(V, g), which we now proceed to define.

Let V be a finite dimensional real vector space, g a quadratic form on V. We allow
g to be definite or indefinite if nondegenerate; we even allow g to be degenerate.
The Clifford algebra CI(V, g) is the quotient algebra of the tensor algebra

(25.6) RV=ReVoVeV)o(VaVeV)o: -
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by the ideal Z C Q) V generated by
(25.7) {vew+wev—2wv,w) -1:v,w eV},

where (, ) is the symmetric bilinear form on V' arising from g. Thus, in CI(V,g), V
occurs naturally as a linear subspace, and there is the anticommutation relation

(25.8) vw+wv =2(v,w) -1 in Cl(V,g), v,weV.

We will look more closely at the structure of Clifford algebras in the next section.
Now if ¥ : V' — End(F) is a linear map of the V' into the space of endomorphisms
of a vector space F, satisfying (25.5), i.e.,

(25.9) I()? = (v,0)I, veV,
it follows from expanding (v + w)? = [J(v) + J(w)]? that
(25.10) Y(v)Hw) + Hw)d(v) = 2(v,w)I, v,we V.

Then, from the construction of CI(V,g), it follows that ¥ extends uniquely to an
algebra homomorphism

(25.11) 9: CUV,g) — End(E), 9(1)=1I.

This gives E the structure of a module over Cl(V, g), i.e., of a Clifford module. If
E has a Hermitian metric and (25.4) also holds, i.e.,

(25.12) () =I(w)*, vevV,

we call E a Hermitian Clifford module. For this notion to be useful, we need g to
be positive definite.

In the case where £ = Ey @ E; is a direct sum of Hermitian vector spaces, we
say a homomorphism ¢ : Cl(V,g) — End(F) gives E the structure of a graded
Clifford module provided ¥(v) interchanges Ey and Fi, for v € V| in addition to
the hypotheses above. The principal symbol of (25.3) has this property, if D is of
Dirac type.

Let us give some examples of operators of Dirac type. If M is a Riemannian
manifold, the exterior derivative operator

(25.13) d: NM — N
has a formal adjoint

(25.14) §=d*: NNTIM — A M,
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discussed in §§21-23. Thus we have

(25.15) d+6: N*M — A" M,
where, with n = dim M,
AM =N M.
j=0

As was shown in §21, (d + §)*(d + ) = d*d + dd* is the negative of the Hodge
Laplacian on each A7M, so (25.15) is a symmetric Dirac-type operator. There is
more structure. Indeed, we have

(25.16) d+6: A" M — A4

If D is this operator, then D* = d+§ : A°d9M — A®V" M, and an operator of type
(25.3) arises.

Computations implying that (25.15) is of Dirac type were done in §21, leading
to (21.22) there. If we define

(25.17) Aot NV — NV Ao Ao Avj) = v Avg A Ay,
on a vector space V with a positive definite inner product, and then define
(25.18) Lyt ATV — ATV

to be its adjoint, then the principal symbol of d + 6 on V = T M is 1/i times
A¢ — t¢. That is to say,

(25.19) iM(v) = Ay — by
defines a linear map from V into End(A*V') which extends to an algebra homomor-

phism
M : Cl(V,g) — End(A*V).

Granted AyAyp = — Ay Ay and its analogue for ¢, the anticommutation relation
(25.20) M(v)M (w) + M (w)M (v) = 2(v,w)I

also follows from the identity

(25.21) Avtw + twNy = (v, W)

In this context we note the role that (25.21) played as the algebraic identity behind
Cartan’s formula for the Lie derivative of a differential form:

(25.22) Lxa=d(a|X)+ (da)|X;
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of. (6.20).

Another Dirac-type operator arises from (25.15) as follows. Suppose dim M =
n = 2k is even. Recall from §22 that d* = ¢ is given in terms of the Hodge star
operator on A7 M by

d* = (—1)7 =D+« dx
(25.23) .
= *d * if n=2k.

Also recall that, on AJM,

(25.24) w2 = (=179 = (=1)7  if n =2k

Now define on the complexification Az M of the real vector bundle A*M

(25.25) a: AM — AT M
by
(25.26) a=i#0" Dk on ALM.

It follows that

(25.27) =1
and
(25.28) a(d+6) = —(d + 8.

Thus we can write

(25.29) AM =ATM @A~ M with a =4I on A*M,
and we have

(25.30) DE =d+6: C®(M,A*) — C°(M, AT).

Thus D;} is an operator of Dirac type, with adjoint DF;. This operator is called the
Hirzebruch signature operator.

Both of the examples discussed above give rise to Hermitian Clifford modules.
We now show conversely that generally such modules produce operators of Dirac
type. More precisely, if M is a Riemannian manifold, 7 M has an induced inner
product, giving rise to a bundle CI(M) — M of Clifford algebras. We suppose
E — M is a Hermitian vector bundle such that each fiber is a Hermitian Cl, (M )-
module (in a smooth fashion). Let £ — M have a connection V, so

(25.31) V:C®(M,E) — C®(M,T* ® E).
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Now if E, is a Cl,(M)-module, the inclusion 7Tf < Cl, gives rise to a linear map
(25.32) m:C®(M,T*® F) — C*(M, E),
called “Clifford multiplication.” We compose these two operators; set
(25.33) D=imoV:C*M,E)— C*(M,E).
We see that, for v € E,,
(25.34) op(z,)v=m(lRv)=¢ v,
so op(x,&) is ||, times an isometry on E,. Hence D is of Dirac type.
If U is an open subset of M, on which we have an orthonormal frame {e;} of

smooth vector fields, with dual orthonormal frame {v;} of 1-forms, then, for a
section ¢ of F,

(25.35) Dp=iY w;-Ve,ponU.

Note that op(z,£)* = op(x, &), so D can be made symmetric, by at most altering
it by a zero order term. Given a little more structure, we have more. We say V
is a Clifford connection on E if V is a metric connection which is also compatible
with Clifford multiplication, in that

(25.36) Vx(-¢)=(Vxv) - p+v-Vxop,

for a vector field X, a 1-form v, and a section ¢ of E. Here, of course, V xv arises
from the Levi-Civita connection on M.

Proposition 25.1. If V is a Clifford connection on E, then D is symmetric.
Proof. Let ¢,¢ € C§°(M, E). We want to show that

(25.37) / [(Dwm — (o, DY) |dV = 0.

M

We can suppose ¢, 9 have compact support in a set U on which local orthonormal
frames e;,v; as above are given. Define a vector field X on U by

(X,0) = (p,v-9), veA'U.
If we show that, pointwise in U,

(25.38) i div X = (Dy, ¥) — (@, D),



207

then (25.37) will follow from the Divergence Theorem. Indeed, starting with
(25.39) div X =) (V, X, v;),

and using the metric and derivation properties of V, we have

div X = Z[ea‘ (X)) — (X, Vejvj>:|
= " [estens ) — (o, (Teyuy) - )]

Looking at the last quantity, we expand the first part into a sum of three terms,
one of which cancels the last part, and obtain

(25.40) div X = Z |:<Vej @,v; - w> + <(,0, vy - Vej w>]7

which gives (25.38) and completes the proof.

If E = FEy® E is a graded Hermitian CI(M )-module, and if Ey and E; are each
provided with metric connections, and (25.36) holds, then the construction above
gives an operator of Dirac type, of the form (25.3).

The examples (25.15) and (25.30) described above can be obtained from Hermit-
ian Clifford modules via Clifford connections. The Clifford module is A*M — M,
with natural inner product on each factor A* M and CI(M )-module structure given
by (25.19). The connection is the natural connection on A*M, extending that on
T*M, so that the derivation identity

(25.41) Vx(@eAY)=(Vxp) N+ oA (Vi)

holds for a j-form ¢ and a k-form . In this case it is routine to verify the compat-
ibility condition (25.36) and to see that the construction (25.33) gives rise to the
operator d + d* on differential forms.

We remark that it is common to use Clifford algebras associated to negative def-
inite forms rather than positive definite ones. The two types of algebras are simply
related. If a linear map ¥ : V' — End(F) extends to an algebra homomorphism
Cl(V,g) — End(E), then i extends to an algebra homomorphism CI(V,—g) —
End(E). If one uses a negative form, the condition (25.12) that E be a Hermitian
Clifford module should be changed to ¥(v) = —d(v)*, v € V. In such a case, we
should drop the factor of i in (25.33) to associate the Dirac-type operator D to
a Cl(M)-module E. In fact, getting rid of this factor of 7 in (25.33) and (25.35)
is perhaps the principal reason some people use the negative quadratic form to
construct Clifford algebras.
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Exercises

1. Let E be a Cl(M)-module with connection V. If ¢ is a section of E and f a
scalar function, show that

D(fe) = f Do +i(df) - ¢,

where the last term involves a Clifford multiplication.

2. If V is a Clifford connection on E, and w is a 1-form, show that
D(u-p)=—u-Dp+2iVyp+i(Du) - ¢
where U is the vector field corresponding to w via the metric tensor on M and
D:C>®(M,\") — C>®(M,Cl)

is given by
Du = inj Ve, u,

with respect to local dual orthonormal frames e;,v;, and V arising from the Levi-
Civita connection.

3. Show that D(df) = iAf.
Note. Compare Exercise 6 of §26.

4. If D arises from a Clifford connection on F, show that

D*(fo) = f D*¢ — 2Vgpaa s — (Af)e.
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26. Clifford algebras

In this section we discuss some further results about the structure of Clifford
algebras, which were defined in §25.

First we note that by construction CI1(V, g) has the following universal property.
Let Ay be any associative algebra over R, with unit, containing V" as a linear subset,
generated by V, such that the anticommutation relation (25.8) holds in Ay, for all
v,w € V, ie, vw + wv = 2(v,w) - 1 in Ag. Then there is a natural surjective
homomorphism

(26.1) a:Cl(V,g) — Ao.

If {e1,...,e,} is a basis of V| any element of CI(V,g) can be written as a poly-
nomial in the e;. Since eje, = —ege; +2(ej, ex) - 1 and in particular 5 = (ej,¢;) - 1,
we can, starting with terms of highest order, rearrange each monomial in such a
polynomial so the e; appear with j in ascending order, and no exponent greater
than one occurs on any e;. In other words, each element w € CI(V, g) can be written
in the form

(26.2) w = Z iy, €4 ---ein,

2, =0 or 1

with real coefficients a;,...;, .

Denote by A the set of formal expressions of the form (26.2), a real vector space
of dimension 2"; we have a natural inclusion V' C A. We can define a “product”
A® A — A in which a product of monomials (€% ---ein) - (el' ---ein) with each i,
and each j,, equal to either 0 or 1, is a linear combination of monomials of such a

form, by pushing each ej/* past the e’ for v > p, invoking the anticommutation
relations. It is routine to verify that this gives A the structure of an associative
algebra, generated by V. The universal property mentioned above implies that A is
isomorphic to CI(V,g). Thus each w € CI(V, g) has a unique representation in the
form (26.2), and dim CI{(V,g) = 2™ if dim V = n.

Recall from §25 the algebra homomorphism M : CI(V,g) — End(A*V), defined
there provided g is positive definite (which can be extended to include general g).
Then, we can define a linear map

(26.3) M:ClV,g9) — A*V; M(w) = M(w)(1),

for w € CI(V,g). Note that, if v € V C CI(V,g), then M(v) = v. Comparing
the anticommutation relations of C1(V,g) with those of A*V, we see that, if w €
Cl(V,g) is one of the monomials in (26.2), say w = eJ' ---elr, all j, either 0 or
1, k=351 + -+ jn, then

(26.4) M- eln) — et A Aedn e APV
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It follows easily that (26.3) is an isomorphism of vector spaces. This observation
also shows that the representation of an element of CI(V,g) in the form (26.2) is
unique. If g is positive definite and e; is an orthonormal basis of V, the difference
in (26.4) vanishes.

In the case g = 0, the anticommutation relation (25.8) becomes vw = —ww, for
v,w € V, and we have the exterior algebra:

CL(V,0) = A*V.

Through the remainder of this section we will restrict attention to the case where
g is positive definite. We denote (v,v) by |v[?. For V = R" with g its standard
Euclidean inner product, we denote CI(V, g) by Cl(n).

It is useful to consider the complexified Clifford algebra

Cl(n) = C® Cl(n),

as it has a relatively simple structure, specified as follows.

Proposition 26.1. There are isomorphisms of complex algebras

(26.5) Cl(1)=CaC, Cl(2)~ End(C?),
and
(26.6) Cl(n+ 2) = Cl(n) @ CI(2);

hence, with k = 2F,

(26.7) Cl(2k) ~ End(CF), CI(2k + 1) ~ End(C*) & End(CF).

Proof. The isomorphisms (26.5) are simple exercises. To prove (26.6), embed R™+2
into Cl(n) ® CI(2) by picking an orthonormal basis {ej,...,e,12} and taking

ej—~iejQeppienee for 1 <5 <n,
(26.8) )
e;—1Re; for j=n+1orn+2.

Then the universal property of Cl(n + 2) leads to the isomorphism (26.6). Given
(26.5)—(26.6), then (26.7) follows by induction.

While, parallel to (26.5), one has Cl(1) = R@® R and Cl(2) = End(R?), other
algebras Cl(n) are more complicated than their complex analogues; in place of
(26.6) one has a form of periodicity with period 8. We refer to [LM] for more on
this.

It follows from Proposition 26.1 that C2" has the structure of an irreducible
Cl1(2k) module, though making the identification (26.7) explicit involves some un-
tangling, in a way that depends strongly on a choice of basis. It is worthwhile
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to note the following explicit, invariant construction, for V| a vector space of real
dimension 2k, with a positive inner product ( , ), endowed with one other piece of
structure, namely a complex structure J. Assume J is an isometry for ( , ). Denote
the complex vector space (V,J) by V, which has complex dimension k. On V we
have a positive Hermitian form

(26.9) (u,v) = (u,v) + i(u, Jv).
Form the complex exterior algebra
k .

(26.10) ARV =P ALY,

§=0
with its natural Hermitian form. For v € V), one has the exterior product vA :
ALY — ALT'Y; denote its adjoint, the interior product, by j, : ALT'V — ALV, Set
(26.11) ipuv)p=vAp—jyp, vEV, peArV.

Note that v A ¢ is C-linear in v and j,p is conjugate linear in v, so u(v) is only
R-linear in v. As in (25.20), we obtain

(26.12) p(uw)p(v) + plv)p(u) = 2(u,v) - I,

so p: V — End(A{V) extends to a homomorphism of algebras
(26.13) w:Cl(V,g) — End(AgV),

hence to a homomorphism of C-algebras

(26.14) w: Cl(V,g) — End(AgV),

where CI(V, g) denotes C @ CI(V, g).

Proposition 26.2. The homomorphism (26.14) is an isomorphism, when V is
a real vector space of dimension 2k, with complex structure J, V the associated
complex vector space.

Proof. We already know that both CI(V, g) and End(A{V) are isomorphic to End(C*),

k = 2F. We will make use of the algebraic fact that this is a complex algebra
which has no proper 2-sided ideals. Now the kernel of 1 in (26.14) would have to be
a 2-sided ideal, so either 1 = 0 or u is an isomorphism. But for v € V| u(v)-1 = v,
so p # 0; thus p is an isomorphism.

We next mention that a grading can be put on CI(V,g). Namely, let CI°(V, g)
denote the set of sums of the form (26.2) with i1 + - - - + i, even, and let CI*(V, g)
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denote the set of sums of that form with i; + --- + 4, odd. It is easy to see that
this specification is independent of the choice of basis {e;}. Also we clearly have

(26.15) uweCl(V,g), we ClHV,g) = uw € CUTF(V, g),

where j and k are each 0 or 1, and we compute j + k mod 2. If (V,g) is R™ with
its standard Euclidean metric, we denote Cl’(V, g) by Cl?(n), j =0 or 1.
We note that there is an isomorphism

(26.16) j:Cl(2k —1) — CI°(2k)
uniquely specified by the property that, for v € R?*~1 j(v) = vegy, where {ey, ..., eor_1}
denotes the standard basis of R2*~1, with ey, added to form a basis of R?*. This will

be useful in the next section for constructing spinors on odd dimensional spaces.
We can construct a finer grading on CI(V, g). Namely set

(26.17)  ClF(V, g) = set of sums of the form (26.2) with i1 + - - - + i, = k.

Thus CIO1(V, g) is the set of scalars and CIIY(V,g) is V. If we insist that {e;} be
an orthonormal basis of V, then CII¥1(V, g) is invariantly defined, for all k. In fact,
using the isomorphism (26.3), we have

(26.18) CIM(V,g) = M1 (A*V).

Note that

Cl'(V,g) = @ ci™(v,g), ci'(V,9)= & ci

k even k odd

Let us also note that CI?1(V, g) has a natural Lie algebra structure. In fact, if
{e;} is orthonormal,

(26.19) leiej, exer] = e;ejeper — epeee;
’ = 2((5jk€¢€g — 54j8¢6k + 5¢k€gej — 5giek€j).

The construction (26.17) makes CI(V, g) a graded vector space, but not a graded

algebra, since typically C17(V, g) - CIF/(V, g) is not contained in CIU+kI(V, g), as
(26.19) illustrates. We can set

(26.20) Cl¥)(V,g) = P{C1V(V,g) : j <k, j =k mod 2},

and then C1U)(V,g) - CI%¥)(V, g) c CIUTF)(V, g). As k ranges over the even or the
odd integers, the spaces (26.20) provide filtrations of C1°(V,g) and CI}(V,g).
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Exercises

1. Let V have an oriented orthonormal basis {e1, - ,e,}. Set
v=e---e, €ClUV,g).

Show that v is independent of the choice of such a basis.
Note. M(v) =e1 A--- Ne, € A"V, with M as in (26.3).

2. Show that v? = (—1)"(n=1)/2,

3. Show that, for all u € V, vu = (=1)""tuwv.

4. With p as in (26.11)—(26.14), show that

pv)* = (=)D 2u), and p(v)*u(v) = 1.

5. Show that . .
M (vw) = cpp * M(w),

for w € CIM(V, g), where % : AV — A" *V is the Hodge star operator. Find the
constants ¢,

6. Let D: C®(M,T*) — C>°(M,CI) be as in Exercise 2 of §25, i.e.,

Du = inj Ve, u,

where {e;} is a local orthonormal frame of vector fields, {v;} the dual frame. Show
that

M(Dv) = —i(d + d*)v.

7. Show that End(C™) has no proper 2-sided ideals.
Hint. Suppose My # 0 belongs to such an ideal Z, and vy # 0 belongs to the range
of My. Show that every v € C™ belongs to the range of some M € Z, and hence
that every one-dimensional projection belongs to Z.
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27. Spinors

We define the spinor groups Pin(V, g) and Spin(V, g), for a vector space V' with
a positive quadratic form g; set |v]? = g(v,v) = (v,v). We set

(27.1) Pin(V,g) = {vi-- v, € CU(V,g) :v; €V, |v;| =1},
with the induced multiplication. Since (vy---wvg)(vg---v1) = 1, it follows that

k
Pin(V, g) is a group. We can define an action of Pin(V, g) on V as follows. If u € V
and x € V| then uz + xu = 2(z,u) - 1 implies

(27.2) uru = —zuu + 2(x, wu = —|u|*z + 2(x, u)u.

Ifalsoy €V,

(27.3) (uzu, uyu) = |u*(z,y) = (x,y) if |u| =1.

Thus if u = vy - - - v, € Pin(V, g) and if we define a conjugation on CI(V, g) by
(27.4) ut=vgv, v €V,

it follows that

(27.5) r—uzu®, xeV

is an isometry on V for each u € Pin(V, g). It will be more convenient to use
(27.6) u? = (=1)*u*, uw=wv- v

Then we have a group homomorphism

(27.7) 7:Pin(V,g9) — O(V, g),

defined by

(27.8) T(u)zr = vzu®, x €V, uecPin(V,g).

Note that, if v € V| |v| = 1, then, by (27.2),

(27.9) T(v)x =z — 2(x,v)v

is reflection across the hyperplane in V' orthogonal to v. It is easy to show that
any orthogonal transformation T' € O(V, g) is a product of a finite number of such
reflections, so the group homomorphism (27.7) is surjective.

Note that each isometry (27.9) is orientation reversing. Thus, if we define

Spin(V,g) = {vi-- v, € CU(V,g) :v; €V, |v;| =1, k even}

27.10
(27.10) = Pin(V, g) N C1°(V, g),
then
(27.11) 7 : Spin(V, g) — SO(V, g)

and in fact Spin(V, g) is the inverse image of SO(V,¢) under 7 in (27.7). We now
show that 7 is a 2-fold covering map.
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Proposition 27.1. 7 is a 2-fold covering map. In fact, ker T = {£1}.

Proof. Note that £1 € Spin(V, g) C CI(V, g) and £1 acts trivially on V, via (27.8).
Now, if u = vy - - v, € ker 7, k must be even, since 7(u) must preserve orientation,
so u? = u*. Since uru* = x for all z € V, we have ux = zu, so uru = |z|>u, z € V.
If we pick an orthonormal basis {ej,...,e,} of V and write u € ker 7 in the form
(26.2), each iy + - - - +i,, even, since ejue; = u for each j, we deduce that, for each

Js
U= Z(_l)ij Ay -y et if y e ker T.

Hence ¢; = 0 for all j, so u is a scalar; hence u = £1.

We next consider the connectivity properties of Spin(V, g).

Proposition 27.2. Spin(V, g) is the connected 2-fold cover of SO(V,g), provided g
1s positive definite and dim V > 2.

Proof. 1t suffices to connect —1 € Spin(V, g) to the identity element 1 € Spin(V, g)
via a continuous curve in Spin(V, g). In fact, pick orthogonal e;, ey, and set

v(t) = e1 - [—(cost)er + (sint)es|, 0<t <

If V = R™ with its standard Euclidean inner product g, denote Spin(V,g) by
Spin(n). It is a known topological fact that SO(n) has fundamental group Zs, and
Spin(n) is simply connected, for n > 3. Though we make no use of this result, we
mention that one route to it is via the “homotopy exact sequence” (see [BTu|) for
S™ = 50(n 4+ 1)/SO(n). This leads to 71 (SO(n + 1)) &~ m (SO(n)) for n > 3.
Meanwhile, one sees directly that SU(2) is a double cover of SO(3), and it is
homeomorphic to S3.

We next produce representations of Pin(V, ¢g) and Spin(V g), arising from the ho-
momorphism (26.13). First assume V' has real dimension 2k, with complex structure
J;let V = (V,J) be the associated complex vector space, of complex dimension k,
and set

(27.12) S(V,g,J) = ALV,

with its induced Hermitian metric, arising from the metric (26.9) on V. The inclu-
sion Pin(V, g) C Cl(V, g) C CI(V, g) followed by (26.14) gives the representation

(27.13) p: Pin(V,g) — Aut(S(V,g,J)).

Proposition 27.3. The representation p of Pin(V, g) is irreducible and unitary.

Proof. Since the C-subalgebra of CI(V, g) generated by Pin(V, g) is all of CI(V, g),
the irreducibility follows from the fact that p in (26.14) is an isomorphism. For
unitarity, it follows from (26.11) that u(v) is self adjoint for v € V; by (26.12),
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wu(v)? = |[v|?I, s0 v € V, |v| = 1 implies that p(v) is unitary, and unitarity of p on
Pin(V, g) follows.

The restriction of p to Spin(V, g) is not irreducible. In fact, set
(27.14) Se(V,g, J) = AZ™Y,  S_(V.g,J) = AZV.

Under p, the action of Spin(V, g) preserves both S and S_. In fact, we have (26.14)
restricting to

(27.15) p:Cl%(V,g) — Endc(94+(V,g,J)) & Ende(S—(V,g,J)),
this map being an isomorphism. On the other hand,

(27.16) z € ClY(V,g) = p(z) : S+ — S=.

From (27.15) we get representations

(27.17) Dy : Spin(V, 9) — Aut(S+(V. g, J))

which are irreducible and unitary.
If V = R? with its standard Euclidean metric, standard orthonormal basis

€1,...,62,, we impose the complex structure Je; = e;1x, Jejpp = —€;, 1 <1 <k,
and set
(27.18) S(2k) = S(R?*,| |2,0), S+(2k) = SL(R?** ||, ).

Then (27.17) defines representations
(27.19) Dy, : Spin(2k) — Aut(S£(2k)).

We now consider the odd dimensional case. If V = R?*~! we use the isomor-
phism

(27.20) Cl(2k — 1) — CI°(2k)
produced by the map
(27.21) v vegp, v € RI*FTL

Then the inclusion Spin(2k — 1) C CI(2k — 1) composed with (27.20) gives an
inclusion

(27.22) Spin(2k) — Spin(2k).
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Composing with D;F/Q from (27.19) gives a representation

(27.23) Df

1/2 1 Spin(2k — 1) — Aut S4(2k).

We also have a representation Dy, of Spin(2k — 1) on S_(2k), but these two

representations are equivalent. They are intertwined by the map
(27.24) w(ear) : Sy (2k) — S_(2k).

We now study spinor bundles on an oriented Riemannian manifold M, with
metric tensor g. Over M lies the bundle of oriented orthonormal frames,

(27.25) P — M,
a principal SO(n)-bundle, n = dim M. A spin structure on M is a “lift,”
(27.26) P— M,

a principal Spin(n)-bundle, such that P is a double covering of P in such a way
that the action of Spin(n) on the fibers of P is compatible with the action of SO(n)
on the fibers of P, via the covering homomorphism 7 : Spin(n) — SO(n). There
are topological obstructions to the existence of a spin structure, which we will not
discuss here. See [LM]. It turns out that there is a naturally defined element of
H?(M, Zs) whose vanishing guarantees the existence of a lift, and when such lifts
exist, equivalence classes of such lifts are parametrized by elements of H! (M, Zs).

Given a spin structure (27.26), spinor bundles are constructed via the represen-
tations of Spin(n) described above. Two cases arise, depending on whether n =
dim M is even or odd. If n = 2k, we form the bundle of spinors

(27.27) S(P) = P x, S(2k),

where p = D;F/Q @ D1_/2 is the sum of the representations (27.19); this is a sum of

the two vector bundles

(27.28) Si(P) =P x = Si(2k).

1/2
Recall that, as in §18, the sections of S(P) are in natural correspondence with
the functions f on P, taking values in the vector space S(2k), which satisfy the
compatibility conditions

(27.29) fp-9)=p(9)"'f(p), p€ P, geSpin(2k),

where we write the Spin(n)-action on P as a right action.
Recall that S(2k) is a Cl(2k)-module, via (26.13). This result extends to the
bundle level.
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Proposition 27.4. The spinor bundle S(P) is a natural C1(M)-module.

Proof. Given a section u of CI(M) and a section ¢ of S(P), we need to define
u - @ as a section of S(P). We regard u as a function on P with values in Cl(n)
and ¢ as a function on P with values in S(n). Then u is a function on P with
values in S(n); we need to verify the compatibility condition (27.29). Indeed, for
p e P, ge Spin(2k),

(27.30) = gu(p)g” ¢ (p)

since gg# = 1 for g € Spin(n). This completes the proof.

Whenever (M, g) is an oriented Riemannian manifold, the Levi-Civita connection
provides a connection on the principal SO(n)-bundle of frames P. If M has a spin
structure, this choice of horizontal space for P lifts in a unique natural fashion to
provide a connection on P. Thus the spinor bundle constructed above has a natural
connection, which we might call the Dirac-Levi-Civita connection.

Proposition 27.5. The Dirac-Levi-Civita connection ¥V on S(P) is a Clifford con-
nection.

Proof. Clearly V is a metric connection, since the representation p of Spin(2k) on
S(2k) is unitary. It remains to verify the compatibility condition (25.36), i.e.,
(27.31) Vxw-¢)=(Vxv)-¢+v-Vxep,

for a vector field X, a 1-form v, and a section ¢ of S (P) To see this, we first
note that, as stated in (27.30), the bundle CI(M) can be obtained from P — M
as P x, Cl(2k), where k is the representation of Spin(2k) on Cl(2k) given by
k(g)w = gwg?. Furthermore, T*M can be regarded as a subbundle of CI(M),
obtained from P X ,. R?* with the same formula for x. The connection on T*M
obtained from that on P is identical to the usual connection on T*M defined via
the Levi-Civita formula. Given this, (27.31) is a straightforward derivation identity.

Using the prescription (25.31)—(25.33) we can define the Dirac operator on a
Riemannian manifold of dimension 2k, with a spin structure:

(27.32) D :C>®(M,S(P)) — C>®(M,S(P)).
We see that Proposition 25.1 applies; D is symmetric. Note also the grading:
(27.33) D : C*®(M,S+(P)) — C>=(M,S+(P)).

In other words, this Dirac operator is of the form (25.3).
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On a Riemannian manifold of dimension 2k with a spin structure P> M , let
F — M be another vector bundle. Then the tensor product E = S(P) ® F is a
Cl(M)-module in a natural fashion. If F' has a connection, then E gets a natural
product connection. Then the construction (25.31)—(25.33) yields an operator Dp
of Dirac type on sections of F; in fact

(27.34) Dp: C®(M,Ey) — C®(M,Ez), Ei+=S+(P)®F.

If F has a metric connection, then E gets a Clifford connection. The operator Dp
is called a twisted Dirac operator. Sometimes it will be convenient to distinguish
notationally the two pieces of Dp; we write

(27.35) Df:C®(M,E.) — C>®(M,E_), Dy :C®(M,E_) — C™(M,E,).

When dim M = 2k — 1 is odd, we use the representation (27.24) to form the
bundle of spinors S;(P) = P XD, S (2k). The inclusion Cl(2k — 1) — CI°(2k)

defined by (27.20)—(27.21) makes S;(2k) a Cl(2k — 1)-module, and analogues of
Propositions 27.4 and 27.5 hold. Consequently there arises a Dirac operator, D :
C>®(M,S,(P)) — C>°(M,S,(P)), and twisted Dirac operators also arise; in place

of (27.34) we have Dy : C°(M, E,) — C=(M, E,), with E, = S, (P) ® F.

Exercises

1. Verify that the map (27.15) is an isomorphism, and that the representations
(27.17) of Spin(V, g) are irreducible, when dim V = 2k.

2. Let v be as in Exercises 1-4 of §26, with n = 2k. Show that:
a) The center of Spin(V, g) consists of {1, —1,v, —v}.
b) p(v) leaves Sy and S_ invariant.
¢) p(v) commutes with the action of C1°(V, g) under u, hence with the repre-
sentations Df[/Q of Spin(V g).
d) wp(v) acts as a pair of scalars on S} and S_ respectively. These scalars are

the two square roots of (—1)F.

3. Calculate u(v) - 1 directly, making use of the definition (26.11). Hence match
the scalars in exercise 2d) to Sy and S_.

Hint. ,u(ek+1 ce egk) -1 = (—i)k€k+1 N N eogg in AféV

Using ejyr =i e; in V, for 1 < j < k, we have
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wv)-1=pler---ex)(lex A+ Neg),
and there are k interior products to compute.

4. Show that CI12/(V,g), with the Lie algebra structure (26.19), is naturally iso-
morphic to the Lie algebra of Spin(V, g). In fact, if (a,x) is a real antisymmetric
matrix, in the Lie algebra of SO(n), which is the same as that of Spin(n), show
that there is the correspondence

A= (ajk) Za]k ej er = K(A).
In particular, show that k(A1 As — AsA;1) = k(A1)k(As) — k(A2)k(A1).

5. If X is a spin manifold and M C X is an oriented submanifold of codimension
1, show that M has a spin structure. Deduce that an oriented hypersurface in R™
has a spin structure.

6. As noted in §18, a section o of P — M (over an open set U C M) defines an
isomorphism

C*(U,E)~ C>(U,V),
for a vector bundle £ = P x, V, where 7 is a representation of G = SO(n) on V.

Given such o, there are two possible lifts to sections &; of P— M (over U, which
we assume is diffeomorphic to a ball), defining two isomorphisms

7, : C°(U, F) — C>(U,W),

for a vector bundle F = P x, W, where A is a representation of G = Spin(n) on
W. Show that 7 = —7».

7. Recall the formula (18.12) for the covariant derivative of a section of E. Suppose
E =TM. Then, with respect to o, we get connection coefficients I'“ 3;, defined over
U. Show that, for each j,

I'; = (I“g;) € Skew(n) = so(n).

Let Fy = Sy (P ) Then, with respect to ¢, we have connection coefficients r4 Bj>
and, for each j, N
['; € End(S+(2k)), 2k=n or n+1.
Show that
T; = (dDF,)(T)).

where lei/Q

representation D , of Spin(n) on Sy (2k).

is the derived representation of so(n) on Si(2k), associated to the
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28. Weitzenbock formulas

Let E — M be a Hermitian vector bundle with a metric connection V. Suppose
E is also a Cl(M)-module, and that V is a Clifford connection. If we consider
the Dirac operator D : C*°(M, E) — C*°(M, E) and the covariant derivative V :
C>®(M,E) — C>®(M,T*® FE), then D? and V*V are operators on C*°(M, E) with
the same principal symbol. It is of interest to examine their difference, clearly a
differential operator of order < 1. In fact, the difference has order 0. This can be
seen in principle from the following considerations. From Exercise 4 of §25, we have

(28.1) D*(fo) = f D*p — 2Vgpaa 1o — (Af)p

when ¢ € C®(M, E), f a scalar function. Similarly we compute V*V(fy). The
derivation property of V implies

(28.2) V(fe) = fVeo+df @ .

To apply V* to this, first a short calculation gives

(28.3) Viflu@e) = Vi (u®ep) - (df,u)e
for u € C°(M,T*), p € C°(M, E), and hence

(28.4) Vi (fVe) = [V'Vo = Vgraa ro.

This gives V* applied to the first term on the right side of (28.2). To apply V* to
the other term, we can use the identity

(28.5) Vi (u®e)=—-Vye— (div U)y,

where U is the vector field corresponding to w via the metric on M. Compare
(13.35). Hence

(28.6) V*(df ® ¢) = =Vigrad s — (Af)e.
Then (28.6) and (28.4) applied to (28.2) give
(28.7) VIV (fp) = fV'Ve = 2Vgraa ro — (Af)e.

Comparing (28.1) and (28.7), we have
(28.8) (D? = V*V)(fe) = f(D* = V*V)ep,

which implies D? — V*V has order zero, i.e., is given by a bundle map on E. We
now derive the Weitzenbock formula for what this difference is.
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Proposition 28.1. If E — M is a CI(M)-module with Clifford connection, and
associated Dirac-type operator D, then, for ¢ € C*°(M, E),

(28.9) D?*p = V*Vp — kaij(ek, ),

j>k
where {e;} is a local orthonormal frame of vector fields, with dual frame field {v;},
and K is the curvature tensor of (E, V).

Proof. Starting with Dy =14} v;V., ¢, we obtain
DQQO = - Z Ukvek (vjvej 90)
i k
(28.10)
= — Z Vi [Ujvekvejgp —+ (Vekvj)vej (pi| ,
3.k
using the compatibility condition (25.36). We replace V., V., by the Hessian, using
the identity
(28.11) V2 e;? = Ve Ve, 0 = Vv, c;#;
cf. (14.4). We obtain

2
D2g0 = — kavjvek7ej<p
Jik

(28.12)
- ka [UjvvgkejSO + (vekvj)vej (10] .
7,k

Let us look at each of the two double sums on the right. Using vjz = 1 and the

anticommutator property viyv; = —v;vy, for k # j, we see that the first double sum
becomes
(28.13) —Z ej,ejgo kavj (er,€j)e,

>k

since the antisymmetric part of the Hessian is the curvature. This is equal to the
right side of (28.9), in light of the formula for V*V established in Proposition 14.1.
As for the remaining double sum in (28.12), for any p € M, we can choose a local
orthonormal frame field {e;} such that V., ex = 0 at p, and then this term vanishes
at p. This proves (28.9).

We denote the difference D? — V*V by K, so

(28.14) (D? —V*V)p =Ky, KecC®(M,End E).
The formula for K in (28.9) can also be written
(28.15) Ky = kavj (er,€5)ep.

Since a number of formulas that follow will involve multiple summation, we will
use the summation convention.

This general formula for I simplifies further in some important special cases.
The first simple example of this will be useful for further calculations.
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Proposition 28.2. Let E = A*M, with Cl(M)-module structure and connection
described in §1, so KK € C*°(M, End A*). In this case,

(28.16) u € MMM = Ku = Ric(u).

Proof. The curvature of A*M is a sum of curvatures of each factor A¥M. In par-
ticular, if {e;,v;} is a local dual pair of frame fields,

(28.17) K (e ej)vp = —RF vy,

where R” ¢ij are the components of the Riemann tensor, with respect to these frame
fields, and we use the summation convention. In light of (28.15), the desired identity
(28.16) will hold provided

1 .
(28.18) évivjngkgij = Ric (vg),
so it remains to establish this identity. Since, if (7,7,¢) are distinct, v;vju, =
vev;V; = v;0pv; and since by Bianchi’s first identity

Rkeij + Rkjéi + Rkije =0,

it follows that in summing the left side of (4.18), the sum over (i,7,¢) distinct
vanishes. By antisymmetry of R¥ ¢ij, the terms with ¢ = j vanish. Thus the only
contributions arise from i = ¢ # j and i # ¢ = j. Therefore the left side of (28.18)
is equal to

(28.19) (—Uijn'j + UiRkﬂj) = UiRkjij = Ric (vk)v

DN | —

which completes the proof.

We next derive Lichnerowicz’s calculation of £ when E = S(P), the spinor
bundle of a manifold M with spin structure. First we need an expression for the
curvature of S(P).

Lemma 28.3. The curvature tensor of the spinor bundle 5(15) 1S given by

1
(28.20) K(ei,ej)p = Zngijvkvggo.

Proof. This follows from the relation between curvatures on vector bundles and
on principal bundles established in §18, together with the identification of the Lie
algebra of Spin(n) with CI?l(n) given in Exercise 4 of §27.
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Proposition 28.4. For the spin bundle S(P), K € C>(M, End S(P)) is given by
1

(28.21) Ko = ZSgp,

where S is the scalar curvature of M.

Proof. Using (28.20), the general formula (28.15) yields
Lok 1 k
(28.22) Ko = —gR 0ij ViVjUkVep = gvinWR tij VP,

the last identity holding by the anticommutation relations; note that only the sum
over k # ¢ counts. Now, by (28.18), this becomes

1

Ky = Zvikak]’ij‘P
1
(28.23) =1 Ric;;  (by symmetry)
1
=-5
4 QO,

completing the proof.

We record the generalization of Proposition 28.4 to the case of twisted Dirac
operators.

Proposition 28.5. Let E — M have a metric connection V, with curvature RF.
For the twisted Dirac operator on sections of F' = S(P)® E, the section K of End F
has the form

1 1
(28.24) Ko = ZScp + 3 Z viijE(eZ-, e;)e.
4,

Proof. Here RF(e;,e;) is shorthand for I ® RF(e;,e;) acting on S(P) @ E. This
formula is a consequence of the general formula (28.15) and the argument proving
Proposition 4.4, since the curvature of S(P) ® E is K ® I + I ® R”, K being the
curvature of S(P), given by (28.20).

We draw some interesting conclusions from some of these Weitzenbock formulas,
due to S.Bochner and A.Lichnerowitz.

Proposition 28.6. If M is compact and connected, and the section K in (28.14)-
(28.15) has the property that K > 0 on M and K > 0 at some point, then ker
D =0.

Proof. This is immediate from

(D%*p, ) = (Kp,9) + [|[Vo|22.
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Proposition 28.7. If M is a compact Riemannian manifold with positive Ricci
tensor, then by (M) = 0, i.e., the deRham cohomology group H'(M,R) = 0.

Proof. Via Hodge theory, we want to show that if v € A'(M) and du = d*u = 0,
then v = 0. This hypothesis implies Du = 0, where D is the Dirac-type operator
dealt with in Proposition 28.2. Consequently we have, for a 1-form u on M,

(28.25) IDull7> = (Ric (u),u) + | Vul3:,

so the result follows.

Proposition 28.8. If M is a compact connected Riemannian manifold with a spin
structure whose scalar curvature is > 0 on M and > 0 at some point, then M has
no nonzero harmonic spinors, i.e., kerD =0 in C*(M,S(P)).

Proof. In light of (28.21), this is a special case of Proposition 28.6.

Exercises

1. Let A be the Laplace operator on functions (0-forms) on a compact Riemannian
manifold M, Ay the Hodge Laplacian on k-forms. If Spec (—A) consists of 0 =
Ao < A1 < Ag < -+ show that A\ € Spec (—Ay).

2. If Ric > ¢gl on M, show that \; > ¢q.

3. Recall the deformation tensor of a vector field w :
1 1
Def u = §£ug = 5(vu +Vaut'), Def:C®(M,T) — C>(M,S?).

Show that
Def* v = —div o,

where (divv)? = v7¥ ;. Establish the Weitzenbock formula
(28.26) 2 div Def u = =V*Vu + grad div u + Ric(u).

The operator div on the right is the usual divergence operator on vector fields.
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4. Suppose M is a compact connected Riemannian manifold, whose Ricci tensor
satisfies

(28.27) Ric(z) <0on M, Ric(zg) < 0 for some z¢ € M.

Show that the operator Def is injective, i.e., there are no nontrivial Killing fields
on M, hence no nontrivial one-parameter groups of isometries.
Hint. From (28.26), we have

(28.28) 2||Def ul|7> = [|Vul72 + [|div ul|* = (Ric (u),u) ,,.

5. Asshown in (12.39), the equation of a conformal Killing field on an n-dimensional
Riemannian manifold M is

1
(28.29) Def X — —(div X)g = 0.
n

Note that the left side is the trace free part of Def X € C°°(M,S?*T*). Denote it
by DTFX Show that

1
(28.30)  Dip = —div|gy., DipDrpX = —div Def X + —(grad div X),
0 n

where SZT* is the trace free part of S?T*. Show that

1 1 1 . 1, .
(831)  [DreX|3s = SIVXIR + (5 — ) div X[3 — 5 (Ric(X), X)
Deduce that, if M is compact and satisfies (28.27), then M has no nontrivial one-

parameter group of conformal diffeomorphisms.

L2

6. Show that, if M is a compact Riemannian manifold which is Ricci flat, i.e., Ric
= 0, then every conformal Killing field is a Killing field, and the dimension of the
space of Killing fields is given by

(28.32) dimg ker Def = dim H'(M,R).
Hint. Combine (28.25) and (28.28).

7. Suppose dim M = 2 and M is compact and connected. Show that, for u €
C>(M, S3T™),

N 1
IDrpults = 51 Vulls+ [ Kluf? av
M

where K is the Gauss curvature. Deduce that, if K > 0 on M, and K (z() > 0 for
some xg € M, then Ker D}, = 0.

8. If u and v are vector fields on a Riemannian manifold M, show that
(28.33) div Vv =V, (div v) + Tr ((Vu)(Vv)) — Ric (u, ).

Relate this identity to the Weitzenbock formula for A on one-forms (a special case
of Proposition 28.2).
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29. Minimal surfaces

A minimal surface is one which is critical for the area functional. To begin, we
consider a k-dimensional manifold M (generally with boundary), in R™. Let £ be
a compactly supported normal field to M, and consider the 1-parameter family of
manifolds My C R™, images of M under the maps

(29.1) vs(x) =+ s&(x), =€ M.

We want a formula for the derivative of the k-dimensional area of M, at s = 0. Let
us suppose £ is supported on a single coordinate chart, and write

(29.2) A(s)z/H@lX/\~-~/\8kXH duy - - - duy,
Q

where Q C R¥ parametrizes M, by X (s,u) = Xo(u) + s&(u). We can also suppose
this chart is chosen so that [|01 Xo A -+ A 9 Xp|| = 1. Then we have

k
(293) A/(O) = Z/<81Xo/\' . -/\8j£/\- . -/\8kX0,81X0/\- : '/\akX0> du1 B duk
j=1

By the Weingarten formula (16.9) we can replace 0;€ by —A¢E;, where E; = 0;X).
Without loss of generality, for any fixed x € M, we can assume that Fy,..., Ej is
an orthonormal basis of T, M. Then

(29.4) (Ey N+~ NA¢E; N--- NEy, By N+ N Ey) = (A¢Ej, Ej),

at x. Summing over j yields Tr A¢(z), which is invariantly defined, so we have
(29.5) A'(0) = —/ Tr A¢(z) dA(z),
M

where A¢(x) € End(7T, M) is the Weingarten map of M and dA(x) the Riemannian
k-dimensional area element. We say M is a minimal submanifold of R™ provided
A’(0) = 0 for all variations of the form (29.1), for which the normal field £ vanishes
on OM.

If we specialize to the case where k = n—1 and M is an oriented hypersurface of
R™, letting N be the “outward” unit normal to M, for a variation M, of M given

by

(29.6) ps(r) =x+ sf(x)N(x), x€ M,
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we hence have

(29.7) A@:-/qmﬁ@ﬁ@mm@

M

The criterion for a hypersurface M of R™ to be minimal is hence that Tr Ay = 0
on M.

Recall from §16 that Ay (z) is a symmetric operator on T, M. Its eigenvalues,
which are all real, are called the principal curvatures of M at z. Various symmet-
ric polynomials in these principal curvatures furnish quantities of interest. The
mean curvature H(x) of M at z is defined to be the mean value of these principal
curvatures, i.e.,

1

(29.8) H(z) = - Tr An(2).

Thus a hypersurface M C R™ is a minimal submanifold of R™ precisely when H = 0
on M.

Note that changing the sign of N changes the sign of Ay, hence of H. Under
such a sign change, the mean curvature vector

(29.9) H(x) = H(z)N(z)

is invariant. In particular, this is well defined whether or not M is orientable, and
its vanishing is the condition for M to be a minimal submanifold. There is the
following useful formula for the mean curvature of a hypersurface M C R". Let
X : M — R"™ be the isometric imbedding. We claim that

(29.10) ﬁ@ﬁ:%AX,

with £ =n — 1, where A is the Laplace operator on the Riemannian manifold M,
acting componentwise on X. This is easy to see at a point p € M if we translate
and rotate R” to make p = 0 and represent M as the image of R¥ = R”~! under

(29.11) Y(z') = (2/, ("), 2’ =(z1,...,2x), Vf(0)=0.
Then one verifies that AX (p) = 97Y (0) + --- + 97Y (0) = (0,...,0,87f(0) + --- +
9%f(0)), and (29.10) follows from the formula
k
(29.12) (AN(0)X,Y) = ) 2:0;f(0) X,Y;
ij=1

for the second fundamental form of M at p, derived in (16.19).
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More generally, if M C R™ has dimension £ < n — 1, we can define the mean
curvature vector $)(zx) by

1
(29.13) (H(x), &) = z Tr Ae(x), $H(x) LT, M,
so the criterion for M to be a minimal submanifold is that $ = 0. Further-
more, (29.10) continues to hold. This can be seen by the same type of argument
used above; represent M as the image of R¥ under (6.11), where now f(z') =
(Tk+1,---,Tpn). Then (29.12) generalizes to

k
(29.14) (Ac(0)X,Y) = > (£,0,0;£(0)) X:Y;,

ij=1
which yields (29.10). We record this observation.

Proposition 29.1. Let X : M — R™ be an isometric immersion of a Riemannian
manifold into R™. Then M is a minimal submanifold of R™ if and only if the
coordinate functions x1,...,x, are harmonic functions on M.

A two-dimensional minimal submanifold of R"™ is called a minimal surface. The
theory is most developed in this case, and we will concentrate on the two-dimensional
case in the material below.

When dim M = 2, we can extend Proposition 29.1 to cases where X : M — R"”
is not an isometric map. This occurs because, in such a case, the class of harmonic
functions on M is invariant under conformal changes of metric. In fact, if A is the
Laplace operator for a Riemannian metric ¢g;; on M and A; that for gi;; = e2ugij,
then, since Af = g=1/29;(g"¢"/28; f), and g%/ = e~2%g% while gi/Q = ekugl/2 (if
dim M = k), we have

(29.15) Af =e 2 Af + e Fudf, deF=D) = e TAS, if k= 2.

Hence ker A = ker Ay, if K = 2. We hence have the following.

Proposition 29.2. If() is a Riemannian manifold of dimension 2 and X : () — R"
a smooth immersion, with image M, then M is a minimal surface provided X 1is
harmonic and X : Q — M is conformal.

In fact, granted that X : 2 — M is conformal, M is minimal if and only if X is
harmonic on €.

We can use this result to produce lots of examples of minimal surfaces, by the
following classical device. Take © to be an open set in R? = C, with coordinates
(u1,u2). Given a map X : Q@ — R”, with components z; : Q@ — R, form the complex
valued functions

. 8xj ,8Ij 8

(2916) w](C) = a—UI — Za—u2 = 28—C117j, C =uy + iUQ.
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Clearly v, is holomorphic if and only if x; is harmonic (for the standard flat metric
on ), since A = 4(9/9¢)(0/9¢). Furthermore, a short calculation gives

(29.17) ST 0(0)? = |0 X| — |0 X|" — 20 91X - 95X,
j=1

Granted that X : 2 — R™ is an immersion, the criterion that it be conformal is
precisely that this quantity vanish. We have the following result.

Proposition 29.3. If ¢y,...,%, are holomorphic functions on £ C C such that
(29.18) > (=0 on Q,

j=1
while >~ [1;(C)|> # 0 on §Q, then setting

(29.19) sj(w) = Re [ ;(0) d¢

defines an immersion X : Q — R™ whose image is a minimal surface.

If © is not simply connected, the domain of X is actually the universal covering
surface of 2.

We mention some particularly famous minimal surfaces in R? that arise in such
a fashion. Surely the premier candidate for (29.18) is

(29.20) sin? ¢ +cos?¢ —1=0.
Here, take 11 (¢) = sin(, 1¥2(¢) = —cos(, ¥3(¢) = —i. Then (29.19) yields
(29.21) x1 = (cosuy)(coshug), xo = (sinug)(coshuy), x3= us.

The surface obtained in R3 is called the catenoid. It is the surface of revolution
about the zs-axis of the curve 1 = coshzs in the z1-23 plane. Whenever v;(()
are holomorphic functions satisfying (29.18), so are e?4;((), for any § € R. The
resulting immersions Xy : {2 — R give rise to a family of minimal surfaces My C R"
which are said to be associated. In particular, My, is said to be conjugate to
M = Mjy. When M, is the catenoid, defined by (29.21), the conjugate minimal
surface arises from v1(() =i sin(, ¥2({) = —i cos(, ¥3(¢) =1, and is given by

(29.22) x1 = (sinwy)(sinhug), 2 = (cosuq)(sinhusg), x5 =u;.
This surface is called the helicoid. We mention that associated minimal surfaces

are locally isometric, but generally not congruent, i.e., the isometry between the
surfaces does not extend to a rigid motion of the ambient Euclidean space.
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The catenoid and helicoid were given as examples of minimal surfaces by Meusnier,
in 1776.

One systematic way to produce triples of holomorphic functions ;(() satisfying
(29.18) is to take

(20.23) b= f(1-g%), b= Lf0+g), b=

for arbitrary holomorphic functions f and g on 2. More generally, g can be mero-
morphic on €2, as long as f has a zero of order 2m at each point where g has a pole
of order m. The resulting map X :  — M C R3 is called the Weierstrass-Enneper
representation of the minimal surface M. It has an interesting connection with the
Gauss map of M, which will be sketched in the exercises. The example arising from
f =1, g = ¢ produces “Enneper’s surface.” This surface is immersed in R? but
not imbedded.

For a long time the only known examples of complete imbedded minimal surfaces
in R3 of finite topological type were the plane, catenoid, and helicoid, but in the
1980s it was proved by [HM1] that the surface obtained by taking ¢ = ¢ and
f(¢) = p(¢) (the Weierstrass p-function), is another example. Further examples
have been found; computer graphics have been a valuable aid in this search; see
[HM2].

A natural question is how general is the class of minimal surfaces arising from
the construction in Proposition 29.3. In fact, it is easy to see that every minimal
M C R™ is at least locally representable in such a fashion, using the existence of
local isothermal coordinates, established in §N. Thus any p € M has a neighborhood
O such that there is a conformal diffeomorphism X : Q — O, for some open set
Q C R2. By Proposition 29.2 and the remark following it, if M is minimal, then
X must be harmonic, so (29.16) furnishes the functions ;(¢) used in Proposition
29.3. Incidentally, this shows that any minimal surface in R” is real analytic.

As for the question of whether the construction of Proposition 29.3 globally
represents every minimal surface, the answer here is also “yes.” A proof uses
the fact that every noncompact Riemann surface (without boundary) is covered
by either C or the unit disc in C. A proof of this “uniformization theorem” can be
found in [FaKr]. A positive answer, for simply connected compact minimal surfaces,
with smooth boundary, is implied by the following result, which will also be useful
for an attack on the Plateau problem.

Proposition 29.4. If M is a compact simply connected Riemannian manifold of
dimension 2, with smooth boundary, then there exists a conformal diffeomorphism

(29.24) :M — D,

where D = {(z,y) € R? : 22 + y? < 1}.

This is a slight generalization of the Riemann Mapping Theorem. The following
is a sketch of the proof.
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Fix p € M, and let G € D'(M) N C>(M \ p) be the unique solution to
(29.25) AG =215, G =0 on OM.

Since M is simply connected, it is orientable, so we can pick a Hodge star operator,
and *dG = (3 is a smooth closed 1-form on M \ p. If 7 is a curve in M of degree 1
about p, then fv [ can be calculated by deforming v to be a small curve about p.
Basic theory of elliptic PDE gives G(x) ~ log dist(z,p), and one establishes that
f,y 3 = 2m. Thus we can write 3 = dH, where H is a smooth function on M \ p,

well defined mod 27Z. Hence ®(z) = e“+* is a single valued function, tending to
0 as x — p, which one verifies to be the desired conformal diffeomorphism (29.24).
More details can be found in Chapter 14 of [T1].

An immediate corollary is that the argument given above for local representation
of a minimal surface in the form (29.19) extends to a global representation of a
compact simply connected minimal surface, with smooth boundary

So far we have dealt with smooth surfaces, at least immersed in R™. The theorem
of Douglas and Rado which we now tackle deals with “generalized” surfaces, which
we will simply define to be the images of 2-dimensional manifolds under smooth
maps into R™ (or some other manifold). The theorem, a partial answer to the
“Plateau problem,” asserts the existence of an area minimizing generalized surface
whose boundary is a given simple closed curve in R".

To be precise, let v be a smooth simple closed curve in R™, i.e., a diffeomorphic
image of S'. Let
(29.26)

X, ={peC(D,R")NC>®(D,R™) : ¢p:S" — v monotone, and a(y) < oo},

where « is the area functional:

(29.27) alp) = / |01 A Oa¢p| dxrdxs.
D

Then let

(29.28) A, =inf {a(p) : o € X,}.

The existence theorem of Douglas and Rado is:
Theorem 29.5. There is a map ¢ € X, such that a(p) = A,.

We can choose ¢, € X, such that a(p,) \, Ay, but {¢,} could hardly be
expected to have a convergent subsequence unless some structure is imposed on
the maps ¢,. The reason is that a(¢) = a(p o ) for any C*° diffeomorphism
Y : D — D. We say @ o1 is a reparametrization of ¢. The key to success is to take
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¢, which approximately minimize not only the area functional a(p) but also the
energy functional

(29.29) () = [ IVo(a)? dodas,

so that we will also have ¥(p,) \, d,, where
(29.30) dy =inf {J(p) : p € X, }.

To relate these, we compare (29.29) and the area functional (29.27).
To compare integrands, we have

(29.31) IVe|* = [019] + [0260],

while the square of the integrand in (29.27) is equal to
(29.32)

019 A D20 = |010%[02¢0|* — (D10, Daip) < |O10]?]020|* < = (|010]* + |32<P|2)27

A~ =

where equality holds if and only if
(29.33) |01 = |02¢|, and (01, D2¢) = 0.

Whenever Vi # 0, this is the condition that ¢ be conformal. More generally, if
(29.33) holds, but we allow Vp(x) = 0, we say that ¢ is essentially conformal.
Thus, we have seen that, for each ¢ € X5,

(29.34) a(p) < 59(e),

1
2
with equality if and only if ¢ is essentially conformal. The following result allows
us to transform the problem of minimizing a(y) over X, into that of minimizing
Y(p) over X, which will be an important tool in the proof of Theorem 29.5. Set

(29.35) X2 ={p e C®D,R"): ¢: 5" — ~ diffeo}.
Proposition 29.6. Given ¢ > 0, any ¢ € X3° has a reparametrization @ o ¢ such
that
1
(29.36) 519(g0 o)) < alp)+e.

Proof. We will obtain this from Proposition 29.4, but that result may not apply
to (D), so we do the following. Take § > 0 and define 5 : D — R™2 by
®5(x) = (p(x),0z). For any 6 > 0, ®s is a diffeomorphism of D onto its image,
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and if § is very small, area ®5(D) is only a little larger than area ¢(D). Now,
by Proposition 29.4, there is a conformal diffeomorphism ¥ : ®5(D) — D. Set
Vv =1y = (\I/ o <I>5)_1 : D — D. Then ®s5 01 = U~ and, as established above,
(1/2)9(¥~1) = area(V (D)), i.e.,

(29.37) %19(@5 o)) = area(®s5(D)).

Since Y(p o ¢) < J(Ps 0 1), the result (29.34) follows, if § is taken small enough.

One can show that
(29.38) A, =inf {a(p) : o € X7}, dy=inf {J(p):p e XT}.

It then follows from Proposition 29.6 that A, = (1/2)d, and, if ¢, € X5° is chosen
so that ¥(¢,) — d, then a fortiori a(¢,) — A,.

There is still an obstacle to obtaining a convergent subsequence of such {¢,}.
Namely, the energy integral (29.29) is invariant under reparametrizations ¢ — @ot)
for which ¢ : D — D is a conformal diffeomorphism. We can put a clamp on this
by noting that, given any two triples of (distinct) points {p1, p2, p2} and {q1, g2, 93}
in S' = 0D, there is a unique conformal diffeomorphism ¢ : D — D such that
¥(pj) = qj,1 < j < 3. Let us now make one choice of {p;} on S, e.g., the 3 cube
roots of 1, and make one choice of a triple {g; } of distinct points in ~. The following
key compactness result will enable us to prove Theorem 29.5.

Proposition 29.7. For any d € (d,, o), the set
(29.39) Ya = { € X3 : ¢ harmonic, o(p;) = q;, and I(p) < d}

is relatively compact in C(D,R™).

In view of known estimates for harmonic functions, including mapping properties
of the Poisson integral, which can be found in Chapter 5 of [T1], this result is
equivalent to the relative compactness in C(9D, S1) of

(29.40) Sk = {ue C>™(S', 5" diffeo : u(p;) = ¢;, and |VPIL u|z2py < K},

for any given K < oo. Here PI u denotes the harmonic R"-valued function on D,
equal to u on 0D = S,
We will show that the oscillation of u over any arc I C S' of length 20 is

<CK / log %. This modulus of continuity will imply the compactness, by Ascoli’s

theorem.
Pick a point z € Sl_. Let C,. denote the portion of the circle of radius r and
center z which lies in D. Thus C, is an arc, of length < 7r. Let 6 € (0,1). As r
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varies from & to V8, C, sweeps out part of an annulus, as illustrated in Fig. 29.1.
We claim there exists p € [6, /8] such that

2
(29.41) /|Vg0| ds <K | —,
log 5
Cﬂ

if K =||V¢l|r2p), ¢ =PI u. To establish this, let

w(r) = r/ IVp|? ds.

C,

Vs dr Vs
/ w(r) —=/ /|Vg0|2 ds dr =1 < K2,
s r 54

By the mean value theorem, there exists p € [5, /8] such that

Vs
dr  w(p) 1
I= & _ P e 2
W(P)/g . 5 g

Then

For this value of p, we have

2K?

< .
log %

21
log % o

(29.42) p/ IVp|? ds =
Cp

Then Cauchy’s inequality yields (29.41), since length(C),) < mp.
This almost gives the desired modulus of continuity. The arc C), is mapped by
@ into a curve of length < K/27w / log %, whose endpoints divide v into 2 segments,

one rather short (if § is small), one not so short. There are two possibilities; ¢(2)
is contained in either the short segment (as in Fig. 29.2) or the long segment (as in
Fig. 29.3). However, as long as ¢(p;) = p; for three points p;, this latter possibility

cannot occur. We see that |u(a) — u(b)| < K4/2m/log 5, if a and b are the points
where C,, intersects S'. Now the monotonicity of u along S' guarantees that the

total variation of u on the (small) arc from a to b in St is < K, /27r/log %. This

establishes the modulus of continuity and concludes the proof.

Now that we have Proposition 29.7, we proceed as follows. Pick a sequence ¢,
in X5° such that 9¥(p,) — d,, so also a(p,) — A,. Now we do not increase J(¢, )
if we replace ¢, by the Poisson integral of gay} ap> and we no not alter this energy
integral if we reparametrize via a conformal diffeomorphism to take {p;} to {g;}.
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Thus we may as well suppose that ¢, € ¥;. Using Proposition 29.7 and passing to
a subsequence, we can assume

(29.43) 0, — ¢ in C(D,R™),

and we can furthermore arrange

(29.44) ¢, — ¢ weakly in H'(D,R").

By interior estimates for harmonic functions, we have

(29.45) Y, — @ in C(D,R").

The limit function ¢ is certainly harmonic on D. By (29.44), we have

(29.46) P ) < lim V() = d,.

V—00

Now (29.34) applies to ¢, so we have

(20.47) olg) < g9¢) < 5y = A,

N =

On the other hand, (29.43) implies that ¢ : 9D — ~ is monotone. Thus ¢ belongs
to X,. Hence we have

(29.48) alp) = A,.

This proves Theorem 29.5, and most of the following more precise result.

Theorem 29.8. If v is a smooth simple closed curve in R", there exists a contin-
wous map ¢ : D — R™ such that

(29.49) V) =dy,  alp) = Ay,

29.50 : D — R" is harmonic and essentially conformal,
(29.50) @ y

(29.51) @ : St — ~, homeomorphically.

Proof. We have (29.49) from (29.46)—(29.48). By the argument involving (29.31)—
(29.32), this forces ¢ to be essentially conformal. It remains to demonstrate (29.51).

We know that ¢ : S — ~, monotonically. If it fails to be a homeomorphism,
there must be an interval I C S* on which ¢ is constant. Using a linear fractional
transformation to map D conformally onto the upper half plane QT C C, we can
regard ¢ as a harmonic and essentially conformal map of QT — R", constant on an
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interval I on the real axis R. Via the Schwartz reflection principle, we can extend
® to a harmonic function

p:C\(R\I) — R™

Now consider the holomorphic function ¢ : C\ (R\I) — C", given by ¥(¢) = d¢/IC.
As in the calculations leading to Proposition 29.3, the identities

(29.52) 010> — |02 =0, D1+ Bap =0,

which hold on QF, imply >°7 | ¢, (€)? =0 on QT; hence this holds on C \ (R \ 1),
and so does (29.52). But since 01 = 0 on I, we deduce that d¢p = 0 on I, hence
1 = 0 on I, hence v = 0. This implies that ¢, being both R"-valued and anti-

holomorphic, must be constant, which is impossible. This contradiction establishes
(29.51).

Theorem 29.8 furnishes a generalized minimal surface whose boundary is a given
smooth closed curve in R". We know that ¢ is smooth on D. It has been shown
by S.Hildebrandt that ¢ is C* on D when the curve v is C*, as we have assumed
here. It should be mentioned that Douglas and others treated the Plateau problem
for simple closed curves v which were not smooth. We have restricted attention to
smooth ~ for simplicity. A treatment of the general case can be found in [Nit].

There remains the question of the smoothness of the image surface M = (D).
The map ¢ : D — R” would fail to be an immersion at a point z € D where
V(z) = 0. At such a point, the C"-valued holomorphic function 1) = dp/0¢ must
vanish, i.e., each of its components must vanish. Since a holomorphic function on
D C C which is not identically zero can only vanish on a discrete set, we have:

Proposition 29.9. The map ¢ : D — R" parametrizing the generalized minimal
surface in Theorem 29.8 has injective derivative except at a discrete set of points
m D.

If Vip(z) = 0, then p(z) € M = ¢(D) is said to be a branch point of the
generalized minimal surface M; we say M is a branched surface. If n > 4, there are
indeed generalized minimal surfaces with branch points which arise via Theorem
29.8. Results of R. Osserman, complemented by work of R. Gulliver, show that, if
n = 3, the construction of Theorem 29.8 yields a smooth minimal surface, immersed
in R3. Such a minimal surface need not be imbedded; for example, if 7 is a knot
in R3, such a surface with boundary equal to v is certainly not imbedded. If v is
analytic, it is known that there cannot be branch points on the boundary, though
this is open for merely smooth . An extensive discussion of boundary regularity is
given in Vol. 2 of [DHKW].

The following result of Rado yields one simple criterion for a generalized minimal
surface to have no branch points.

Proposition 29.10. Let v be a smooth closed curve in R™. If a minimal surface
with boundary v produced by Theorem 29.8 has any branch points, then -y has the
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property that
(29.53)
for some p € R™, every hyperplane through p intersects v in at least 4 points.

Proof. Suppose zp € D and V(zp) = 0, so ¢ = dp/0( vanishes at zg. Let L(z) =
a -z + ¢ = 0 be the equation of an arbitrary hyperplane through p = ¢(zp). Then
h(z) = L(p(x)) is a (real valued) harmonic function on D, satisfying

(29.54) Ah=0on D, Vh(z)=0.

The proposition is then proved, by the following:

Lemma 29.11. Any real valued h € C°°(D) N C(D) having the property (29.54)
must assume the value h(zp) on at least 4 points on OD.

Proof. First, composing h with a linear fractional transformation preserving D and
taking 0 to zg, we reduce the problem to proving the lemma when zy = 0. Also,
without loss of generality we can assume that h(0) = 0. In such a case, one can
deduce from the Poisson integral formula that the hypotheses in (29.54) imply

aéfds:/xfds:/yfds=0,

oD oD

where f = h|sp € C(9D). Our task is to deduce from this that f vanishes at four
points on dD.

Assume that f is not identically zero. Then faD fds = 0 implies f > 0 on
some arc Iy in 0D = S!, and vanishes at the endpoints. Let I be the largest arc
containing Iy on which f > 0. Rotating S!, we can assume I = {# : —a < 0 < a}
for some a € (0, 7). We also have

/(a:—a)fds=0, a = cos .

Sl

Note that [;(x —a)fds >0, while z —a <0on J ={0:a <6 <27 —a}, the
arc in S complementary to I. Now [,(z —a)fds <0, so we deduce that f > 0 on
some arc .J; inside J, so f must vanish at 4 points, as asserted.

The following result gives a condition under which a minimal surface constructed
by Theorem 29.8 is the graph of a function.

Proposition 29.12. Let O be a bounded convex domain in R? with smooth bound-
ary. Let g : 00 — R"~2 be smooth. Then there exists a function

(29.55) feC=(O,R"?)NC(O,R"?),
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whose graph is a minimal surface, whose boundary is the curve v C R™ which is
the graph of g, so

(29.56) f=g on 00.

Proof. Let ¢ : D — R™ be the function constructed in Theorem 29.8. Set F(x) =
(¢1(z), p2(x)). Then F : D — R? is harmonic on D and F maps S' = 9D home-
omorphically onto 00. It follows from convexity of O and the maximum principle
for harmonic functions that F : D — O.

We claim that DF(z) is invertible for each € D. Indeed, if g € D and DF(xg)
is singular, we can choose nonzero o = (a1, a3) € R? such that, at x = x,

1 0o .
= = =0, j=12.
@ ij +O{2 a.fL’j J

Then the function h(x) = ai1¢1(x) + aspa(x) has the property (29.54), so h(x)
must take the value h(zg) at 4 distinct points of 9D. Since F' : 0D — 00 is a
homeomorphism, this forces the linear function a1 + aszs to take the same value
at 4 distinct points of 9O, which contradicts convexity of O.

Thus F': D — O is a local diffeomorphism. Since F' gives a homeomorphism of
the boundaries of these regions, degree theory implies that F' is a diffeomorphism of
D onto O and a homeomorphism of D onto O. Consequently, the desired function

in (29.55) is f = @ o F~!, where ¢(z) = (p2(z), ..., on(x)).

Functions whose graphs are minimal surfaces satisfy a certain nonlinear PDE,
called the minimal surface equation, which we will derive and study in §31.

Let us mention that, while one ingredient in the solution to the Plateau problem
presented above was a version of the Riemann mapping theorem, Proposition 29.4,
there are presentations for which the Riemann mapping theorem is a consequence
of the argument, rather than an ingredient; see e.g., [Nit].

It is also of interest to consider the analogue of the Plateau problem when,
instead of immersing the disc in R™ as a minimal surface with given boundary, one
takes a surface of higher genus, and perhaps several boundary components. An
extra complication is that Proposition 6.4 must be replaced by something more
elaborate, since two compact surfaces with boundary which are diffeomorphic to
each other but not to the disc may not be conformally equivalent. One needs to
consider spaces of “moduli” of such surfaces. This problem was tackled by Douglas
[Dou2| and by Courant [Coul, but their work has been criticised by [ToT] and [Jos],
who present alternative solutions. The paper [Jos| also treats the Plateau problem
for surfaces in Riemannian manifolds, extending results of [Morl].

There have been successful attacks on problems in the theory of minimal subman-
ifolds, particularly in higher dimension, using very different techniques, involving
geometric measure theory, currents, and varifolds. Material on these important
developments can be found in [Alm], [Fed], and [Morg].
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So far in this section, we have devoted all our attention to minimal submanifolds
of Euclidean space. It is also interesting to consider minimal submanifolds of other
Riemannian manifolds. We make a few brief comments on this topic. A great deal
more can be found in [Law]|, [Law2|, and [Morl], and in survey articles in [Bom)].

Let Y be a smooth compact Riemannian manifold. Assume Y is isometrically
imbedded in R™, which can always be arranged, by Nash’s theorem (cf. Appendix
Y). Let M be a compact k-dimensional submanifold of Y. We say M is a minimal
submanifold of Y if its k-dimensional volume is a critical point with respect to
small variations of M, within Y. The computations (29.1)—(29.13) extend to this
case. We need to take X = X(s,u) with 0, X (s,u) = £(s,u), tangent to Y, rather
than X (s,u) = Xo(u) + s&(u). Then these computations show that M is a minimal
submanifold of Y if and only if, for each z € M,

(29.57) 9(z) L T,Y,

where $(z) is the mean curvature vector of M (as a submanifold of R™), defined
by (29.13).

There is also a well defined mean curvature vector 9y (z) € T,Y, orthogonal to
T, M, obtained from the second fundamental form of M as a submanifold of Y. One
sees that 9y (z) is the orthogonal projection of $)(x) onto 7. Y, so the condition
that M be a minimal submanifold of Y is that $y = 0 on M.

The formula (29.10) continues to hold, for the isometric imbedding X : M — R™.
Thus M is a minimal submanifold of Y if and only if, for each x € M,

(29.58) AX(z) L T,Y.

If dim M = 2, the formula (29.15) holds, so if M is given a new metric, conformally
scaled by a factor e?“, the new Laplace operator A; has the property that A; X =
e 2*AX, hence is parallel to AX. Thus the property (29.58) is unaffected by such
a conformal change of metric; we have the following extension of Proposition 29.2.

Proposition 29.13. If M is a Riemannian manifold of dimension 2 and X : M —
R™ is a smooth imbedding, with image My C Y, then My is a minimal submanifold
of Y provided X : M — M is conformal and, for each x € M,

(29.59) AX () L Tx (Y.

We note that (29.59) alone specifies that X is a harmonic map from M into Y.

Exercises

1. Consider the Gauss map N : M — S2, for a smooth oriented surface M C R3.
Show that N is antiholomorphic if and only if M is a minimal surface.
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Hint. If N(p) = q, DN(p) : T,M — T,S? ~ T,M is identified with —Ay. (Com-
pare (16.67).) Check when AyJ = —JAp, where J is counterclockwise rotation
by 90°, on T, M.

Thus, if we define the antipodal Gauss map N : M — §2 by N(p) = —N(p), this
map is holomorphic precisely when M is a minimal surface.

2. If x € §? C R3, pick v € T,5% C R3, set w = Jv € T,,5? C R?, and take
¢ =v+iw € C3. Show that the 1-dimensional complex span of ¢ is independent of
the choice of v, and that we hence have a holomorphic map

=:8% — CP3.

Show that the image Z(S?) C CP? is contained in the image of {¢ € C3\ 0 :
(% + (2 + ¢3 = 0} under the natural map C3\ 0 — CP3.

3. Suppose that M C R3 is a minimal surface constructed by the method of
Proposition 29.3, via X : Q@ — M C R3. Define ¥ : Q — C3\ 0 by ¥ = (1,2, 13),
and define X : Q — CP3 by composing ¥ with the natural map C3\ 0 — CP3. Show
that, for u € €, N

X(u) =Eo0 N(X(u)).

For the relation between 9; and the Gauss map for minimal surfaces in R", n > 3,
see [Law].

4. Give a detailed demonstration of (29.38).

5. If IT is the second fundamental form of a minimal hypersurface M C R™, show

that I7 has divergence zero. As in §12, we define the divergence of a second order
tensor field T’ by Tk ;.
Hint. Use the Codazzi equation (cf. (16.18)) plus the zero trace condition.

6. Similarly, if IT is the second fundamental form of a minimal submanifold M of

codimension 1 in S™ (with its standard metric), show that IT has divergence zero.
Hint. The Codazzi equation (16.16) is

(VyIT)(X, Z) = (Vy II)(Y, Z) = (R(X,Y)Z,N),
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where V is the Levi-Civita connection on M, X,Y, Z are tangent to M, Z is normal
to M (but tangent to S™), and R is the curvature tensor of S™. In such a case, the
right side vanishes. (See Exercise 6 in §16.) Thus the argument needed for Exercise
5 above extends.

7. Extend the result of Exercises 5—6 to the case where M is a codimension 1 mini-
mal submanifold in any Riemannian manifold {2 with constant sectional curvature.

8. Let M be a two-dimensional minimal submanifold of S3, with its standard
metric. Assume M is diffeomorphic to S2. Show that M must be a “great sphere”
in S3. . .
Hint. By Exercise 6, I is a symmetric trace-free tensor of divergence zero, i.e. 11
belongs to

V={uecC®M,S5T*) :divu=0} = ker Dip,

where D’ is defined by (28.30). See Exercise 7 of §28 for a proof that V = 0 if M
has positive curvature everywhere. Next, guided by Exercises 5-7 of §28, show that
Y = 0 provided the analogous space vanishes when M is given some conformally
equivalent metric.

Now it is known that, if M is any Riemannian manifold diffeomorphic to 52, then
it has a conformally equivalent metric isometric to S?, with its standard metric.
A proof of this (using the Riemann-Roch theorem) can be found in Chapter 10 of
[T1].



243

30. Second variation of area

We take up a computation of the second variation of the area integral, and some
implications, for a family of manifolds of dimension k, immersed in a Riemannian
manifold Y. First, we take Y = R™ and suppose the family is given by X(s,u) =
Xo(u) + s&(u), as in (29.1)—(29.5).

Suppose as in the computation (29.2)—(29.5) that |01 Xo A -+ A O Xo|| = 1 on
M, while E; = 0; X, form an orthonormal basis of 1T}, M, for a given point x € M.
Then, extending (29.3), we have

duy -+ - duy,.

k
HX N NOEN - NRX, XA A OX)
1) A(s) = < J ’
(30.1) A'(s) ;/ [ e

Consequently, A”(0) will be the integral with respect to duy - - duy of a sum of
three terms:

=) (O Xo A NOEN- NOxXo, 01 X0 A -+ A O Xo)
i.j

X <81X0/\"'/\(9j€/\"'AakXo,alXQ/\"'/\akXo>
(B02) oS (AXg A ADEA - AGEN- A DKo, DX A A DKo

i<j
+Z<81X0/\"'/\6j§/\"'AakXo,alXo/\"'/\8¢€/\"'/\8/€X0>.
,J
Let us write
(30.3) AeE; =) a}'Ey,
¢

with E; = 0; X as before. Then, as in (29.4), the first sum in (30.2) is equal to
(30.4) - Z a?aéj.
4,J

Let us move to the last sum in (30.2). We use the Weingarten formula 0;§ =
V}f — A¢Ej, to write this sum as

(30.5) > alaf +) (Vi€ ViE),
1,7 1,9
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at x. Note that the first sum in (30.5) cancels (30.4), while the last sum in (30.5)
can be written ||V1£||2. Here, V! is the connection induced on the normal bundle
of M.

Now we look at the middle term in (30.2), i.e.,

(30.6) QZZaéeagm<E1/\.../\Eg/\.../\Em/\.../\Ek”El/\.../\Ek%
1<j £,m

at x, where Fy appears in the ith slot and FE,,, appears in the jth slot, in the k-fold
wedge product. This is equal to

(30.7) 2 Z(a?a? — aéja‘gi) =2 Tr A% A,
i<j
at . Thus we have
(30.8) A" (0) = /[HV%‘HQ +2 Tr A2A4 dA(z).
M

If M is a hypersurface of R™, and we take £ = fNN, where N is a unit normal
field, then |[Vi¢||? = ||V f||* and (30.7) is equal to
(30.9) 2> (R(E;,E)E; E;) f* = Sf?,
1<J

by the Theorema Egregium, where S is the scalar curvature of M. Consequently, if
M C R™ is a hypersurface (with boundary), and M; are given by (29.6), with area
integral (29.2), then

(30.10) A”(o>:/[||Vf||2+5(x)f2 dA(z).

M
Recall that, when dim M = 2, so M C R?,
(30.11) S =2K,
W?ere K is the Gauss curvature, which is < 0 whenever M is a minimal surface in
. if M has general codimension in R™, we can rewrite (30.8) using the identity
(30.12) 2 Tr A2Ae = (Tr A¢)? — || Ae|?,
where ||A¢| denotes the Hilbert-Schmidt norm of Ag, i.e., ||A¢[> = Tr (Af Ag).
Recalling (29.13), if k = dim M, we get

(30.13) 40 = [[I9%¢P - J4el?® + K¥(5(2). 7] dAGe).

M
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Of course, the last term in the integrand vanishes for all compactly supported fields
¢ normal to M, when M is a minimal submanifold of R".

We next suppose the family of manifolds My is contained in a manifold ¥ C R".
Hence, as before, instead of X (s,u) = Xo(u)+s&(u), we require 05 X (s, u) = £(s,u)
to be tangent to Y. We take X (0,u) = Xo(u). Then (30.1) holds, and we need to
add to (30.2) the following term, in order to compute A”(0) :

k
(30.14) b = Z<31X0/\' . -/\8]41/\- : '/\akXo, 81X0/\' : '/\akX()>, R = 855 = 83X

J=1

If, as before, 0; Xy = E; form an orthonormal basis of T, M, for a given x € M,
then

(30.15) d =

J

k
<8jm, Ej>, at x.
=1

Now, given the compactly supported field £(0, u), tangent to Y and normal to M,
let us suppose that, for each u, v,(s) = X(s,u) is a constant speed geodesic in Y,
such that +7,(0) = £(0,u). Thus x = +//(0) is normal to Y, and, by the Weingarten
formula for M C R™,

(30.16) djk = Vi, k — AE;

at x, where V! is the connection on the normal bundle to M C R™ and A is as
before the Weingarten map for M C R™. Thus

(30.17) O =—> (AE;,Ej) = — Tr Ay = —k($(x), K),

where k£ = dim M.

If we suppose M is a minimal submanifold of Y, then $)(x) is normal to Y, so, for
any compactly supported field £, normal to M and tangent to Y, the computation
(30.13) supplemented by (30.14)—(30.17) gives

018) A7) = [ IV - [AelP - k($(a). )] dAa).

M

Recall that A is the Weingarten map of M C R".
We prefer to use Be, the Weingarten map of M C Y. It is readily verified that

(30.19) A¢ = Be € End T, M,

if ¢ € T,Y and & L T, M; see problem 13 in §16. Thus in (30.18) we can simply
replace ||A¢||* by || Be|/?. Also recall that V! in (30.18) is the connection on the
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normal bundle to M C R™. We prefer to use the connection on the normal bundle
to M C Y, which we denote V#. To relate these two objects, we use the identities

(30.20)  0;¢ = Vi — AcB;,  9;6 = Ve + 11V (E;€), V6 =VTe— BeEy,

where V denotes the covariant derivative on Y and IIY the fundamental form of
Y C R™. In view of (30.19), we obtain

(30.21) Vie=VIe+ 117 (E;,€),
a sum of terms tangent to Y and normal to Y, respectively. Hence

(30.22) IVie|® = IIV#£|\2+ZIIHY (E;, 6|

Thus we can rewrite (30.18) as

023) A7) = [[IVFEP - 1Bl + I (ELOF - Tr A dAGe).
M

We want to replace the last two terms in this integrand by a quantity defined
intrinsically by My C Y, not by the way Y is imbedded in R™. Now Tr A, =
S(IIM(E;, E;), k), where ITM is the second fundamental form of M C R™. On
the other hand, it is easily verified that
(30.24) k= 7(0) = IV (£,9).

Thus the last two terms in the integrand sum to

(30.25) = Z[HHY IR = (117 (¢,€), T (Ej, By))

We can replace IIM(E;, E;) by IIY (E;, E;) here, since these two objects have the
same component normal to Y. Then Gauss’ formula implies

(30.26) v = Z(RY (&, Ej)S, Ej),

where RY is the Riemann curvature tensor of Y. We define 8 € End N, M, where
N (M) is the normal bundle of N C Y, by

(30.27) (R(&),n) =D _(RY (& Ej)m. Ej),

J
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at x, where {E;} is an orthonormal basis of T, M. It follows easily that this is
independent of the choice of such an orthonormal basis.
Our calculation of A”(0) becomes

(30.28) 2(0) = [ [I9#el? - 1Bl + @), )] daG),

M

when M is a minimal submanifold of Y, where V# is the connection on the normal
bundle to M C Y, B is the Weingarten map for M C Y, and R is defined by (30.27).
If we define a second order differential operator £y and a zero order operator B on
O3 (M, N(M)) by

(30.29) Lo€ = (VF)'V7E, (B(&),n) = Tr (B, Be),
we can write this as
(30.30) A"(0) = (86,8 r2(ar), L€ = Lo — B(E) + R(E).

We emphasize that these formulas, and the ones below, for A”(0) are valid for
immersed minimal submanifolds of ¥ as well as for imbedded submanifolds.

Suppose M has codimension 1 in Y, and that Y and M are orientable. Complete
the basis {E;} of T, M to an orthonormal basis {E; : 1 < j < k+ 1} of T,Y. In
this case, Ex41(x) and £(x) are parallel, so (RY (&, Ex4+1)n, Ex41) = 0. Thus (30.27)
becomes

(30.31) R(E) = — RicY¢, if dimY = dim M + 1,

where RicY denotes the Ricci tensor of Y. In such a case, taking & = fEp,1 = fv,
where v is a unit normal field to M, tangent to Y, we obtain

(30.32) A"(0) = / IV A1 = (IBII? + (Rie¥ v,0)) /2] dA(w) = (LS, )2,
M

where
(30.33) Lf ==Af+¢f, ¢=—|B|*— (Ric"v,v).

We can express ¢ in a different form, noting that

k
(30.34) (Ric¥v,v) = ¥ =) (Ric" E;, Ej),
j=1
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where SY is the scalar curvature of Y. From Gauss’ formula we readily obtain, for
general M C Y, of any codimension,

(RicY E;, E;) = (RY (E;,v)v, E;) + (Ric™ E;, E;)
30.35
(30.35) S B~ k{Sy. TI(E;, E))),
4

where 11 denotes the second fundamental form of M C Y. Summing over 1 < 5 < k,
when M has codimension 1 in Y, and v is a unit normal to M, we get

(30.36) 2(RicYv,v) =S¥ — SM —||B,|I? + |9y ||*.

If M is a minimal submanifold of Y, of codimension 1, this implies that

1 M QY _l 2
5 (57 =87) = SlB.|
= %(SM —SY)+ Tr A’B,.

SO =
(30.37)

We also note that, when dim M = 2 and dim Y = 3, then, for x € M,
(30.38) Tr A’B,(2) = KM(z) — KY (T, M),

where KM = (1/2)SM is the Gauss curvature of M and KY (T, M) is the sectional
curvature of Y, along the plane T, M.
We consider another special case, where dim M = 1. We have

(RR(€),€) = —[€P K™ (Mare),

where K (IT¢) is the sectional curvature of Y along the plane in 7,.Y spanned by
T, M and &. In this case, to say M is minimal is to say it is a geodesic; hence B¢ = 0
and V#¢ = %Tﬁ , where V is the covariant derivative on Y, and T is a unit tangent
vector to M. Thus (30.28) becomes the familiar formula for the second variation of
arc-length for a geodesic:

(30.3) e0) = [ [I9r€]? - PR (L) ds,

~

where we have used 7 instead of M to denote the curve, and also ¢ instead of A
and ds instead of dA, to denote arc-length. Compare (15.61).

The operators £ and L are second order elliptic operators, which are self-
adjoint, with domain H2(M), if M is compact, without boundary, and domain
H?(M) N H} (M), if M is compact with boundary. In such cases, the spectra of
these operators consist of eigenvalues \; /" +oo. If M is not compact, but B and
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R are bounded, we can use the Friedrichs method to define self adjoint extensions
£ and L, which might have continuous spectrum.

We say a minimal submanifold M C Y is stable if A”(0) > 0 for all smooth
compactly supported variations £, normal to M (and vanishing on 0M). Thus the
condition that M be stable is that the spectrum of £ (equivalently, of L, if codim
M = 1) be contained in [0,00). In particular, if M is actually area minimizing
with respect to small perturbations, leaving OM fixed (which we will just call “area
minimizing” ), then it must be stable, so

(30.40) M area minimizing = spec £ C [0, 00).

The second variational formulas above provide necessary conditions for a minimal
immersed submanifold to be stable. For example, suppose M is a boundaryless,
codimension 1 minimal submanifold of Y, and both are orientable. Then we can
take f =1 in (30.32), to get

(30.41) M stable = /(||B,,||2 + (Ric¥ v, y>) dA < 0.
M

If dim M = 2 and dim Y = 3, then, by (30.37), we have

(30.42) M stable = /(HBVHQ +8Y — 2KM> dA <0.
M

In this case, if M has genus g, the Gauss-Bonnet theorem implies that [ K MdA =
4m(1 —g), so

(30.43) M stable — /(HBVH? + SY) dA < 87(1 - g).
M

This implies some nonexistence results.

Proposition 30.1. Assume Y is a compact, oriented Riemannian manifold, and
that' Y and M have no boundary.

If the Ricci tensor RicY is positive definite, then'Y cannot contain any compact,
oriented area-minimizing immersed hypersurface M. If Ric¥ is positive semidefi-
nite, then any such M would have to be totally geodesic in Y.

Now assume dim Y = 3. If Y has scalar curvature S¥ > 0 everywhere, then
Y cannot contain any compact, oriented area-minimizing immersed surface M of
genus g > 1.

More generally, if S¥ > 0 everywhere, and if M is a compact, oriented immersed
hypersurface of genus g > 1, then for M to be area-minimizing it is necessary that
g =1 and that M be totally geodesic in Y.
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Schoen and Yau [SY] obtained topological consequences, for a compact, oriented
3-manifold Y, from this together with the following existence theorem. Suppose M
is a compact, oriented surface of genus g > 1, and suppose the fundamental group
m1(Y') contains a subgroup isomorphic to 71 (M). Then, given any Riemannian
metric on Y, there is a smooth immersion of M into Y which is area-minimizing with
respect to small perturbations, as shown in [SY]. It follows that if Y is a compact,
oriented Riemannian 3-manifold, whose scalar curvature SY is everywhere positive,
then 71 (Y') cannot have a subgroup isomorphic to w1 (M), for any compact Riemann
surface M of genus g > 1.

We will not prove the result of [SY] on the existence of such minimal immersions.
Instead, we demonstrate a topological result, due to Synge, of a similar flavor but
simpler to prove. It makes use of the second variational formula (30.39) for arc-
length.

Proposition 30.2. IfY is a compact, oriented Riemannian manifold of even di-
mension, with positive sectional curvature everywhere, then Y is simply connected.

Proof. 1t is a simple consequence of Ascoli’s theorem that there is a length-minimizing
closed geodesic in each homotopy class of maps from S! to Y. Thus, if 71 (Y) # 0,
there is a nontrivial stable geodesic, . Pick p € 7, &, normal to v at p, (i.e.,
& € Np(7)), and parallel translate £ about +y, obtaining Zp € N,(v) after one
circuit. This defines an orientation-preserving, orthogonal linear transformation
T : Npyy — Npvy. If Y has dimension 2k, then N,y has dimension 2k — 1, so
T € SO(2k —1). It follows that 7 must have an eigenvector in N7, with eigenvalue
one. Thus we get a nontrivial smooth section £ of N () which is parallel over ~, so
(30.39) implies

(30.44) / KY (L) ds < 0.

If KY (II) > 0 everywhere, this is impossible.

One might compare these results with Proposition 28.7, which states that, if Y
is a compact Riemannian manifold and Ric¥ > 0, then the first cohomology group
HY(Y) = 0.

Regarding the hypotheses of Proposition 30.2, note that Y = P(R"™), the real pro-
jective space, with double cover 5", provides examples where the conclusion fails,
for non-orientable even-dimensional manifolds and for orientable odd-dimensional
manifolds.

Exercises

L. If M CY is a minimal submanifold, and p € M, show that there is a neighbor-
hood U of p in Y such that M = M NU is stable.
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31. The minimal surface equation

We now study a nonlinear PDE for functions whose graphs are minimal surfaces.
We begin with a formula for the mean curvature of a hypersurface M C R"*!
defined by u(z) = ¢, where Vu # 0 on M. If N = Vu/|Vu|, we have the formula

(31.1) (ANX,Y) = —|Vu| Y (D?u)(X,Y),

for X,Y € T, M, as shown in (16.26). To take the trace of the restriction of D?u
to T, M, we merely take Tr (D?u) — D?u(N, N). Of course, Tr (D?*u) = Au. Thus,
for x € M,

(31.2) Tr An(x) = —|Vu(z)| | Au — |Vu| 2 D*u(Vu, Vu)|.

Suppose now that M is given by the equation z,; = f(2'), 2’ = (x1,...,z,).
Thus we take u(x) = z,11 — f(2'), with Vu = (=V f,1). We obtain for the mean
curvature the formula

BL3)  nHE) = o [(VAAf = DA(VLYN] = M)
where (Vf)? = 1+ |V f(z')|?. Written out more fully, the quantity in brackets above
is

2 —
oI LD ).

.fEiaxj 8% 6.’L’j -

(31.4) (1+ |Vf\2)Af—Z 5

Thus the equation stating that a hypersurface x,,11 = f(2’) be a minimal subman-

ifold of R™*+1 is

—

(31.5) M(f)=0.
In case n = 2, we have the minimal surface equation, which can also be written as
(31.6) (L4 102f12)07f —2(00f - 02f) 0102 f + (1 +101f7) 03 f = 0.

It can be verified that this PDE also holds for a minimal surface in R™ described
by z” = f(a'), where 2 = (x3,...,x,), if (31.6) is regarded as a system of k
equations in k unknowns, k = n —2, and (0y f - 02 f) is the dot product of R¥-valued
functions. We continue to denote the left side of (31.6) by M(f).

Proposition 29.12 can be translated immediately into the following existence
theorem for the minimal surface equation.
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Proposition 31.1. Let O be a bounded convex domain in R? with smooth boundary.
Let g € O (00, RF) be given. Then there is a solution

(31.7) u e C®(0,RF) N C(O,RY)
to the boundary problem
(31.8) M) =0, ul,,=g

When k£ = 1, we also have uniqueness, as a consequence of the following.

Proposition 31.2. Let O be any bounded domain in R™. Let u; € C*°(0)NC(O)
be real-valued solutions to

(31.9) M(u;) =0, u; =g; on 00,
for 3 =1,2. Then
(31.10) g1 < g2 on 00 => u; < uy on O.

Proof. We prove this by deriving a linear PDE for the difference v = uy — u; and
applying the maximum principle. In general,

1
(31.11) O(uz) — ®(uy) = Lv, L= / D®(tus + (1 — 7)uq) dr.
0
Suppose P is a second order differential operator:
(31.12) ®(u) = F(u,0u,0*v), F = F(u,p,().
Then

(31.13) D®(u) = Fe¢(u, Ou, 0*u)0%v + F,(u,0u, 0*u)ov + F,(u, Ou, 0%u)v.
When &(u) = M(u) is given by (31.4), Fi,(u,&,¢) = 0, and we have

(31.14) DM (u)v = A(w)v + B(u)v,
where
ou Ou 0%
_ 2 _
(31.15) A(u)v = (1+|Vul?)Av Xj: I R e e

is strongly elliptic, and B(u) is a first order differential operator. Consequently, we
have

(31.16) M(us) — M(u;) = Av + Bu,

where A = fol A(Tuz + (1 — T)ug) dr is strongly elliptic of order 2 at each point
of O, and B is a first order differential operator, which annihilates constants. If
(31.9) holds, then Av + Bv = 0. Now (31.10) follows from the maximum principle
for elliptic differential equations (see Chapter 5 of [T1]).

While Proposition 31.2 is a sort of result that holds for a large class of second
order scalar elliptic PDE, the next result is much more special, and has interesting
consequences. It implies that the size of a solution to the minimal surface equation
(31.8) can sometimes be controlled by the behavior of g on part of the boundary.
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Proposition 31.3. Let O C R? be a domain contained in the annulus r1 < |z| < ra,

and let u € C2(O) N C(O) solve M(u) = 0. Set

(31.17) G(x;7) =7 cosh™ <m) , for |z| >r, G(z;r) <O0.
r

If

(31.18) u(z) < G(z;ry))+ M on {x €00 :|z| > r},

for some M € R, then
(31.19) u(z) < G(xzyr1)+ M on O.

Here, z = G(x; 1) defines the lower half of a catenoid, over {z € R? : |x| > r1}.
This function solves the minimal surface equation on |z| > r;, and vanishes on
|z| = 71.

Proof. Given s € (ry,r2), let
(31.20) e(s)= max |G(z;r) — G(z;8)|.

s<||<rs
The hypothesis (31.18) implies that
(31.21) u(z) < G(z;s) + M+ e(s)
on {x € 90 : |z| > s}. We claim that (31.21) holds for z in
(31.22) O@s)=0nN{z:s<|x| <ra}.

Once this is established, (31.19) follows by taking s “\, 71. To prove this, it suffices
by Proposition 31.2 to show that (31.21) holds on dO(s). Since it holds on 00, it
remains to show that (31.21) holds for z in

(31.23) C(s)=0n{zx: x| = s},

illustrated by a broken arc in Fig. 31.1. If not, then u(z) — G(z;s) would have a
maximum M; > M + &(s) at some point p € C(s). By Proposition 31.1, we have
u(z) — G(x;s) < My on O(s). However, Vu(z) is bounded on a neighborhood of p,
while

0
(31.24) aG(ac;s) =—00 on |z|=s.
This implies that u(z) —G(x;s) > M for all points in O(s) sufficiently near p. This
contradiction shows that (31.21) must hold on C(s), and the proposition is proved.

One implication is that, if © C R? is as illustrated in Fig. 31.1, it is not possible
to solve the boundary problem (31.8) with g prescribed arbitrarily on all of 00. A
more precise statement about domains O C R? for which (31.8) is always solvable
is the following.
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Proposition 31.4. Let O C R? be a bounded connected domain with smooth bound-
ary. Then (31.8) has a solution for all g € C*°(00) if and only if O is convez.

Proof. The positive result is given in Proposition 31.1. Now, if O is not convex, let
p € 00 be a point where O is concave, as illustrated in Fig. 31.2. Pick a disc D
whose boundary C' is tangent to O at p and such that, near p, C intersects the
complement O°¢ only at p. Then apply Proposition 31.3 to the domain O=0 \ D,
taking the origin to be the center of D and r1 to be the radius of D. We deduce
that, if u solves M(u) =0 on O, then

(31.25) u(z) < M+ G(x;r1) on 00\ D= u(p) < M,

which certainly restricts the class of functions g for which (31.8) can be solved.

Note that the function v(x) = G(z;r) defined by (31.17) also provides an example
of a solution to the minimal surface equation (31.8) on an annular region

O={zcR?:r<|z| < s},
with smooth (in fact, locally constant) boundary values
_1/(S
v=0 on |z|=7, wv=—r cosh (—) on |z|=s,
r
which is not a smooth function, or even a Lipschitz function, on @. This is another

phenomenon that is different when O is convex. We will establish the following.

Proposition 31.5. If O C R? is a bounded region with smooth boundary which is
strictly convez (i.e., 0O has positive curvature), and g € C°°(00) is real valued,
then the solution to (31.8) is Lipschitz at each point xy € 00.

Proof. Given zg € 9O, we have zy = (20, g(20)) € v C R?, where v is the boundary
of the minimal surface M which is the graph of z = u(z). The strict convexity
hypothesis on O implies that there are two planes II; in R® through z¢, such that
IT; lies below v and Il above «, and II; are given by z = «a; - (z — xo) + g(z0) =
W)z, (T), aj = aj(xg) € R3. There is an estimate of the form

(31.26) |aj (o) < K (o)llg 0 paollcz,

where p,, is radial projection (from the center of O) of 0O onto a circle C(zo)
containing O and tangent to 0O at zg, and K(zo) depends on the curvature of
C(xp). Now Proposition 31.2 applies to give

(31.27) Wiz, (7) < u(z) < wogy(x), €O,

since linear functions solve the minimal surface equation. This establishes the
Lipschitz continuity, with the quantitative estimate

(31.28) lu(zo) — u(z)| < Alx — 20|, 20 € 00, € O,
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where

(31.29) A= sup |ai(xo)|+ |az(zo)l-
o €00

This result points toward an estimate on |Vu(z)|, € O, for a solution to
(31.8). We begin the line of reasoning which leads to such an estimate, a line which
applies to other situations. First, let’s re-derive the minimal surface equation, as
the stationary condition for

(31.30) I(u) = / F(Vu(z)) dz,
(@)

where

(31.31) F) = (14 )",

so (31.30) gives the area of the graph of z = u(z). The method of the calculus of
variations yields the PDE

(31.32) > AT (Vu)d;d5u =0,
where
’ O%F
31.33 A (p) = .
(31.33) (p) i,

When F(p) is given by (31.31), we have
(31.34) A1 (p) = (p) 72 (6550)? — pips),

so in this case (31.32) is equal to —M (u), defined by (31.3). Now, when u is a
sufficiently smooth solution to (31.32), we can apply 0y = 0/dx, to this equation,
and obtain the PDE

(31.35) > 9;AY (Vu)djwe =0,

for wy = dyu, not for all PDE of the form (31.32), but whenever A% (p) is symmetric
in (i, 7) and satisfies

QAT 9A™

apm 8pj ’

which happens when A% (p) has the form (31.33). If (31.35) satisfies the ellipticity
condition

(31.37) > AT (Vu(z)) && > C@)Ef?,  Clx) >0,

for x € O, then we can apply the maximum principle, to obtain the following.

(31.36)
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Proposition 31.6. Assumeu € C1(O) is real valued and satisfies the PDE (31.52),
with coefficients given by (31.33). If the ellipticity condition (31.37) holds, then
Opu(zx) assumes its mazimum and minimum values on 0O; hence

(31.38) sup |Vu(x)| = sup |Vu(z)l.

Combining this result with Proposition 31.5, we have the following.

Proposition 31.7. Let O C R? be a bounded region with smooth boundary which
is strictly convex, g € C°(0) real valued. If u € C*(O) N CY(O) is a solution to
(81.8), then there is an estimate

(31.39) [uller @y < CO) llgllez0)-

Note that the existence result of Proposition 31.1 does not provide us with the
knowledge that u belongs to C1(0), and thus it takes further work to demonstrate
that the estimate (31.39) actually holds for an arbitrary real valued solution to
(31.8), when O C R? is strictly convex and g is smooth. This analysis can be found
in Chapter 14 of [T1].

We next look at the Gauss curvature of a minimal surface M, given by z =
u(x), * € O C R2 For a general u, the curvature is given by

0%u )

— 2\ 2
(31.40) K = (1+[Vul?) "2 det (axjaxk

See (16.29). When u satisfies the minimal surface equation, there are some other
formulas for K, in terms of operations on

(31.41) O(z) = F(Vu) ™' = (1 + |Vul?) 2,
which we will list, leaving their verification as an exercise:
Vo|?
(31.42) K = —1‘ — q|>2’
(31.43) K = 1 A,
29
(31.44) K = A log(1+ ).

Now if we alter the metric g induced on M via its imbedding in R3, by a conformal
factor:

(31.45) g =(1+d)%g=e*g, v=Ilog(l+d),
then we see that the Gauss curvature k of M in the new metric is
(31.46) k=(—Av+ K)e " =0,

i.e., the metric ¢’ = (1 + ®)2g is flat! Using this observation, we can establish the
following remarkable theorem of S. Bernstein:
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Theorem 31.8. Ifu:R? — R is an everywhere defined C? solution to the minimal
surface equation, then u is a linear function.

Proof. Consider the minimal surface M given by z = u(z), z € R?, in the metric

g = (1 + ®)2g, which, as we have seen, is flat. Now ¢’ > g, so this is a com-

plete metric on M. Thus (M, g’) is isometrically equivalent to R?. Hence (M, g) is
conformally equivalent to C.
On the other hand, the antipodal Gauss map

(31.47) N:M— 5% N=(Vu,—1)/(Vu)

is holomorphic; see Exercise 1 of §29. But the range of N is contained in the lower
hemisphere of S2, so if we take S? = C U {oo} with the point at infinity identified

with the “north pole” (0,0, 1), we see that N yields a bounded holomorphic function

on M =~ C. By Liouville’s theorem, N must be constant. Thus M is a flat plane in
RR3.

It turns out that Bernstein’s Theorem extends to u : R® — R, for n < 7, by
work of E. deGiorgi, F. Almgren, and J. Simons, but not to n > 8.

Exercises

1. If D/\j(u) is the differential operator given by (31.14)—(31.15), show that its
principal symbol satisfies

(3148) _aDﬁ(u)(wvg) = (1 + |p|2)‘€|2 - (p : 5)2 Z |€|2a

where p = Vu(x).

2. Show that the formula (31.3) for M(f) is equivalent to

(31.49) M) =3 0;,(¢V0) " 91).

3. Give a detailed demonstration of the estimate (31.26) on the slope of planes
which can lie above and below the graph of g over 0O (assumed to have positive
curvature), needed for the proof of Proposition 31.5.

Hint. In case OO is the unit circle S, consider the cases g(f) = cos* 6.

4. Establish the formulas (31.42)—(31.44), for the Gauss curvature of a minimal
surface.
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A. Metric spaces, compactness, and all that

A metric space is a set X, together with a distance function d : X x X — [0, c0),
having the properties that

d(z,y) =0<+=z =y,

(A.1) d(z,y) = d(y, z),
d(z,y) <d(z,z) +d(y, z).

The third of these properties is called the triangle inequality. An example of a

metric space is the set of rational numbers Q, with d(z,y) = |z — y|. Another
example is X = R", with d(z,y) = /(z1 —11)> + - + (20, — yn)?.
If (z,) is a sequence in X, indexed by v = 1,2,3,..., i.e., by v € Z*, one

says x, — y if d(x,,y) — 0, as v — oo. One says (z,) is a Cauchy sequence
if d(xy,x,) — 0 as p,v — oo0. One says X is a complete metric space if every
Cauchy sequence converges to a limit in X. Some metric spaces are not complete;
for example,Q is not complete. You can take a sequence (x,) of rational numbers
such that x, — /2, which is not rational. Then (x,) is Cauchy in Q, but it has no
limit in Q.

If a metric space X is not complete, one can construct its completion X as
follows. Let an element & of X consist of an equivalence class of Cauchy se-
quences in X, where we say (x,) ~ (y,) provided d(z,,y,) — 0. We write the
equivalence class containing (z,) as [z,]. If & = [z,] and n = [y,], we can set
d(&,n) = lim,_, d(z,,y,), and verify that this is well defined, and makes X a
complete metric space.

If the completion of Q is constructed by this process, you get R, the set of real
numbers.

A metric space X is said to be compact provided any sequence (z,) in X has a
convergent subsequence. Clearly every compact metric space is complete. There
are two useful conditions, each equivalent to the characterization of compactness
just stated, on a metric space. The reader can establish the equivalence, as an
exercise.

(i) If S C X is a set with infinitely many elements, then there is an accumulation
point, i.e., a point p € X such that every neighborhood U of p contains infinitely

many points in S.

Here, a neighborhood of p € X is a set containing the ball

(A.2) B.(p) ={z € X : d(z,p) < &},
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for some ¢ > 0.
(ii) Every open cover {U,} of X has a finite subcover.

Here, a set U C X is called open if it contains a neighborhood of each of its points.
The complement of an open set is said to be closed. Equivalently, K C X is closed
provided that

(A.3) x, €K, z, - pe X =pecK.

It is clear that any closed subset of a compact metric space is also compact.
If X;, 1 <j <m,is a finite collection of metric spaces, with metrics d;, we can
define a product metric space

(A4> X:Hva d(m,y)=d1(ac1,y1)+--~+dm(xm,ym).
j=1

Another choice of metric is §(z,y) = v/di(z1,y1)2 + - + dm(Tm, Ym)?. The met-
rics d and 0 are equivalent, i.e., there exist constants Cp, Cy € (0, 00) such that

(A.5) Cod(z,y) < d(z,y) < Cié(z,y), YVax,yecX.
We describe some useful classes of compact spaces.

Proposition A.l. If X; are compact metric spaces, 1 < j < m, so is X =
H;‘n:1 X

Proof. If (x,) is an infinite sequence of points in X, say x, = (1,,...,Zmy), pick a
convergent subsequence (x1,) in X1, and consider the corresponding subsequence of
(x,), which we relabel (z,). Using this, pick a convergent subsequence (z3,) in Xo.
Continue. Having a subsequence such that z;, — y; in X; for each j = 1,...,m,
we then have a convergent subsequence in X.

The following result is useful for calculus on R”.
Proposition A.2. If K is a closed bounded subset of R™, then K is compact.

Proof. The discussion above reduces the problem to showing that any closed interval
I =[a,b] in R is compact. Suppose S is a subset of I with infinitely many elements.
Divide I into 2 equal subintervals, Iy = [a,b1], Is = [b1,b], by = (a +b)/2. Then
either I; or I must contain infinitely many elements of S. Say I; does. Let x;
be any element of S lying in I;. Now divide I; in two equal pieces, I; = I;; U Ija.
One of these intervals (say ;i) contains infinitely many points of S. Pick zo €
I, to be one such point (different from ;). Then subdivide I;; into two equal
subintervals, and continue. We get an infinite sequence of distinct points z, € 5,
and |z, — z,4k| < 27Y(b—a), for k > 1. Since R is complete, (z,) converges, say to
y € I. Any neighborhood of y contains infinitely many points in .S, so we are done.

If X and Y are metric spaces, a function f : X — Y is said to be continuous
provided =, — x in X implies f(x,) — f(z) in Y.
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Proposition A.3. If X and Y are metric spaces, f : X — Y continuous, and
K C X compact, then f(K) is a compact subset of Y.

Proof. If (y,) is an infinite sequence of points in f(K), pick xz, € K such that
f(xzy) = yo. If K is compact, we have a subsequence z,, — p in X, and then

Yu, — f(p) in Y.

If F: X — R is continuous, we say f € C(X). A useful corollary of Proposition
A3 is:

Proposition A.4. If X is a compact metric space and f € C(X), then f assumes
a mazrimum and a minimum value on X.

Proof. We know from Proposition A.3 that f(X) is a compact subset of R. Hence
f(X) is bounded, say f(X) C I = [a,b]. Repeatedly subdividing I into equal halves,
as in the proof of Proposition A.2, at each stage throwing out intervals that do not
intersect f(X), and keeping only the leftmost and rightmost interval amongst those
remaining, we obtain points a € f(X) and g € f(X) such that f(X) C [«, 8]. Then
a = f(xg) for some zg € X is the minimum and § = f(x1) for some z; € X is the
maximum.

A function f € C'(X) is said to be uniformly continuous provided that, for any
€ > 0, there exists 6 > 0 such that

(A.6) z,y€X, dy) <éd=|f(z) - fly)| <e

An equivalent condition is that f have a modulus of continuity, i.e., a monotonic

function w : [0,1) — [0, 00) such that 6 \, 0 = w(d) \, 0, and such that
(A7) z,y € X, dz,y) <6< 1= |f(z) - f(y)| < w(9).

Not all continuous functions are uniformly continuous. For example, if X = (0,1) C
R, then f(z) = sinl/x is continuous, but not uniformly continuous, on X. The
following result is useful, for example, in the development of the Riemann integral
in §11.

Proposition A.5. If X is a compact space and f € C(X), then f is uniformly
cONtINUOUS.

Proof. If not, there exist z,,y, € X and € > 0 such that d(z,,y,) < 27" but

(A.8) [f(z) = fly)] Z &

Taking a convergent subsequence x,;, — p, we also have y,, — p. Now continuity
of f at p implies f(z,;) — f(p) and f(y,,) — f(p), contradicting (A.8).

If X and Y are metric spaces, the space C'(X,Y) of continuous maps f: X — Y
has a natural metric structure, under some additional hypotheses. We use

(A.9) D(f,9) = sup d(f(z),9(x)).

reX
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This sup exists provided f(X) and g(X) are bounded subsets of Y, where to say
B C Y is bounded is to say d : B x B — [0, 00) has bounded image. In particular,
this supremum exists if X is compact. The following result is useful in the proof of
the fundamental local existence theorem for ODE;, in §G.

Proposition A.6. If X is a compact metric space and Y is a complete metric
space, then C(X,Y'), with the metric (A.9), is complete.

We leave the proof as an exercise.

We end this appendix with a couple of slightly more sophisticated results on com-
pactness. The following extension of Proposition A.1 is a special case of Tychonov’s
Theorem.

Proposition A.7. If{X;:j € Z'} are compact metric spaces, sois X = H;’;l X;.
Here, we can make X a metric space by setting
[oe)

(A.10) dwy) =Y %.

It is easy to verify that, if z,, € X, then x, — y in X, as v — oo, if and only if, for
each j, p;(z,) — p;(y) in X;, where p; : X — X is the projection onto the jth
factor.

Proof. Following the argument in Proposition A.1, if (x,) is an infinite sequence of
points in X, we obtain a nested family of subsequences

(A.11) (2,) > (@) D (2%) DD (@) D -

such that pg(x7,) converges in Xy, for 1 < ¢ < j. The next step is a diagonal
construction. We set

(A.12) £ =1", € X.

Then, for each j, after throwing away a finite number N (j) of elements, one obtains
from (&,) a subsequence of the sequence (z7,) in (A.11), so ps(&,) converges in X
for all £. Hence (&,) is a convergent subsequence of (z,).

Before stating the next result, we establish a simple lemma.

Lemma A.8. If X is a compact metric space, then there is a countable dense subset

Y of X. (One says X is separable.)

Proof. For each v € Z*, the collection of balls B/, (x) covers X, so there is a finite
subcover, {By,(r,;) : 1 < j < N(v)}. It follows that ¥ = {z,; : j < N(v),v € ZT}
is a countable dense subset of X.

The next result is a special case of Ascoli’s Theorem.
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Proposition A.9. Let X and Y be compact metric spaces, and fix a modulus of
continuity w(d). Then

(A.13) Co={f€C(X,Y)d(f(2), [(y)) <w(d(z,y))}

is a compact subset of C'(X,Y).

Proof. Let (f,) be a sequence in C,. Let ¥ be a countable dense subset of X. For
each z € ¥, (fu(z)) is a sequence in Y, which hence has a convergent subsequence.
Using a diagonal construction similar to that in the proof of Proposition A.7, we
obtain a subsequence (p,) of (f,) with the property that ¢, (x) converges in Y, for
each x € X, say

(A.14) reX = p,(x) = ¢(x),

where ¢ : ¥ — Y.
So far, we have not used (A.13), but this hypothesis readily yields

(A.15) d(y(z),¥(y)) < w(d(z,y)),

for all z,y € X. Using the denseness of > C X, we can extend 1 uniquely to a
continuous map of X — Y, which we continue to denote . Also, (A.15) holds for
all x,y € X, i.e., ¢ € C,.

It remains to show that ¢, — 9 uniformly on X. Pick € > 0. Then pick 6 > 0
such that w(d) < /3. Since X is compact, we can cover X by finitely many balls
Bs(zj), 1 <j <N, z; € ¥. Pick M so large that ¢, (x;) is within /3 of its limit
for all v > M (when 1 < j < N). Now, for any x € X, picking £ € {1,..., N} such
that d(z,z¢) < 9§, we have, for k£ >0, v > M,

d( vk (@), 00(x)) < d(Pogk(@); rar(@e)) + d(Purr(ze), 00 (T0))

(A.16) + d(pu(2e), pu(z))
<e/3+¢e/3+¢/3,

proving the proposition.
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B. Topological spaces

As stated in §A, a metric space is a set X together with a “distance function”
d: X x X —[0,00), satisfying

d(z,y) = d(y, z),
(B.1) d(z,y) = 0 if and only if x =y,
d(z,y) < d(z,2) +d(y, 2),

the last condition known as the “triangle inequality.” For a metric space, there
is the following notion of convergence of a sequence (x,,); =, — y if and only if
d(z,,y) — 0 as n — oo.

A ball Bs(p) of radius § centered at a point p in a metric space X is {z € X :
d(xz,p) < d}. A set U C X is said to be open provided that for each p € X, there
is a ball Bs(p) C U, 6 > 0. A set S C X is closed provided X \ S is open. An
equivalent statement is that S is closed provided z,, € S, x,, — y in X imply y € S.

A more general notion is that of a topological space. This is a set X, together
with a family O of subsets, called open, satisfying the following conditions:

X, () open,
N

Uj open,1 <j < N = ﬂ U; open,
j=1

U, open,a € A = U U, open,
acA

where A is any index set. It is obvious that the collection of open subsets of a
metric space, defined above, satisfies these conditions. As before, a set S C X is
closed provided X \ S is open. Also, we say a subset N C X containing p is a
neighborhood of p provided N contains an open set U which in turn contains p.

If X is a topological space and S is a subset, S gets a topology as follows. For
each U open in X, U N S is declared to be open in S. This is called the induced
topology.

A topological space X is said to be Hausdorff provided that any distinct p,q € X
have disjoint neighborhoods. Clearly any metric space is Hausdorff. Most impor-
tant topological spaces are Hausdorff.

A Hausdorff topological space is said to be compact provided the following
condition holds. If {U, : o € A} is any family of open subsets of X, cover-
ing X, i.e., X = |J,ca Ua, then there is a finite subcover, i.e., a finite subset
{Uay, .- Uap = j € A} such that X = Uy, U---UU,, . An equivalent formulation
is the following, known as the finite intersection property. Let {S, : @ € A} be
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any collection of closed subsets of X. If each finite collection of these closed sets
has nonempty intersection, then the complete intersection [, 4 Sa is nonempty.
It is not hard to show that any compact metric space, defined in §A, satisfies this
condition.

Any closed subset of a compact space is compact. Furthermore, any compact
subset of a Hausdorff space is necessarily closed.

A Hausdorff space X is said to be locally compact provided every p € X has a
neighborhood N which is compact (with the induced topology).

A Hausdorff space is said to be paracompact provided every open cover {U, :
a € A} has a locally finite refinement, i.e., an open cover {Vz : § € B} such that
each V3 is contained in some U, and each p € X has a neighborhood N, such
that N, N V3 is nonempty for only finitely many 3 € B. A typical example of a
paracompact space is a locally compact Hausdorff space X which is also o-compact,
iLe, X =, X,, with X, compact. Paracompactness is a natural condition under
which to construct partitions of unity, as will be illustrated in §§E-F.

A map F : X — Y between two topological spaces is said to be continuous
provided F~(U) is open in X whenever U is open in Y. If F : X — Y is one to one
and onto, and both F and F~! are continuous, F is said to be a homeomorphism.
For a bijective map F : X — Y, the continuity of F~! is equivalent to the statement
that F'(V) is open in Y whenever V is open in X; another equivalent statement is
that F'(S) is closed in Y whenever S is closed in X.

If X and Y are Hausdorff, F' : X — Y continuous, then F(K) is compact in
Y whenever K is compact in X. In view of the discussion above, there arises the
following useful sufficient condition for a continuous map F' : X — Y to be a
homeomorphism. Namely, if X is compact, ¥ Hausdorff, and F' one to one and
onto, then F' is a homeomorphism.
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C. The derivative

Let O be an open subset of R™, and F': O — R™ a continuous function. We say
F' is differentiable at a point x € O, with derivative L, if L : R® — R™ is a linear
transformation such that, for y € R", small,

(C.1) F(x+y)=F(z)+ Ly + R(x,y)
with
(C.2) IR@ DN, sy = 0.

[yl

We denote the derivative at « by DF(x) = L. With respect to the standard bases
of R” and R™, DF(x) is simply the matrix of partial derivatives,

OF;
C.3 DF =2
(©3) @ =52,
so that, if v = (v1,...,v,), (regarded as a column vector) then

(C.4) v_@:@vk,.. Z@xk o).

It will be shown below that F' is differentiable whenever all the partial derivatives
exist and are continuous on O. In such a case we say F is a C'! function on O. More
generally, F is said to be C* if all its partial derivatives of order < k exist and are
continuous.

n (C.2), we can use the Fuclidean norm on R™ and R™. This norm is defined
by

(C.5) |z = (23 + - +a2)"?

for x = (x1,...,2,) € R™. Any other norm would do equally well.

We now derive the chain rule for the derivative. Let F' : O — R™ be differen-
tiable at € O, as above, let U be a neighborhood of z = F(z) in R™, and let
G : U — R* be differentiable at z. Consider H = G o F. We have

H(z+y)=GF(z+y))

(F(z) + DF(z)y + R(z,y))
(

(

(C.6)

z)+ DG(z (DF )y + R(z, )) + Ry(z,vy)

G
G
G(2) + DG(2)DF (z)y + Ro(x,y)
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with
| R2 (2, y)||
[yl
Thus G o F' is differentiable at =, and

—0asy — 0.

(C.7) D(Go F)(z) = DG(F(z)) - DF(x).

Another useful remark is that, by the fundamental theorem of calculus, applied
to p(t) = F(z + ty),

(C.8) Fr+y)=F(x)+ /01 DF(z + ty)y dt,

provided F is C*.

A closely related application of the fundamental theorem of calculus is that, if
we assume F': O — R"™ is differentiable in each variable separately, and that each
OF/0z; is continuous on O, then

Flz+y) = +Z (@ +2j) = Flz+21)] = F(x) +>_ Az, y)y;,
(C.9) =1

1
oF

Aj(z,y) :/ G '<~T+Zj—1 +tyj€j) dt,
0o 9%j

where 2o = 0, z; = (y1,.-.,9;,0,...,0), and {e;} is the standard basis of R".
Now (C.9) implies F is differentiable on O, as we stated below (C.4). As is shown
in many calculus texts, one can use the mean value theorem instead of the fun-
damental theorem of calculus, and obtain a slightly sharper result. We leave the
reconstruction of this argument to the reader.

We now describe two convenient notations to express higher order derivatives of
a C* function f : Q@ — R, where Q@ C R” is open. In one, let J be a k-tuple of
integers between 1 and n; J = (j1,...,jk). We set

(C.10) fINT) =0, -0, f(x), 0 =0/0x;.

We set |J| = k, the total order of differentiation. A basic result of calculus is
that 9,0,f = 0;0:f provided f € C?(Q). It follows that, if f € C*(Q), then
0j. - 05, f = O, -+ 0p, f whenever {{1,...,0;} is a permutation of {ji,..., i}
Thus, another convenient notation to use is the following. Let o be an n-tuple of
non-negative integers, a = («q, ..., a,). Then we set

(C.11) FO(x) =00 .90 f(x), |al=ai+- -+ ay.
Note that, if [.J| = |a| = k and f € C*(Q),

(C.12) FD(@) = f (), with oy = #{: j, = i}.
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Correspondingly, there are two expressions for monomials in x = (z1,...,2,) :

Qn

J— s o _ o
(C.13) z) =4 g, x¢ =] ",

and 2/ = 2 provided J and « are related as in (C.12). Both these notations are
called “multi-index” notations.

We now derive Taylor’s formula with remainder for a smooth function F': ) — R,
making use of these multi-index notations. We will apply the one variable formula,
ie.,

C1) o) = pl0) + @ O)t + " OF -+ WO + i),
with
(©15) elt) = g5 [ (6= ) s

given o € C**1(I), I = (—a,a). Let us assume 0 € Q, and that the line segment
from 0 to z is contianed in 2. We set ¢(t) = F(tz), and apply (C.14)—(C.15) with
t = 1. Applying the chain rule, we have

(C.16) Z@ F(tx)x Z FO (tz)x
1J|=1

Differentiating again, we have

(C.17) o't)= Y FUTE(ta)" K = Y PO ()
|J|=1,|K|=1 |J|=2

where, if |J| =k, |K| = ¢, we take J + K = (j1,...,Jk, k1, .., ke). Inductively, we
have

(C.18) pW(t) = Y F(ta)a’

|J|=k

Hence, from (C.14) with ¢t = 1,

F(z)=F(0)+ > FY(0)2" + Z FO0)z? + Ry (),

|J|=1 |J| k

or, more briefly,

(C.19) =) WF(‘]) z’ + Ry (),
[J|<k
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where

(C.20) By() =~ 3 (/ (1= /P (sa) ds)a?
“Jl=k+1 V0

This gives Taylor’s formula with remainder for F € C*¥*1(€), in the J-multi-index
notation.
As we stated above, for any j, k € {1,...,n},

(C.21) 00 f = 00, f

on Q C R”, if f € C?(Q). We will sketch a short proof of this, under the stronger
hypothesis that f € C5(Q). It suffices to prove (C.21) at 0, assumed to belong to
Q2. Now (C.19) gives

fl@)=Y_ ciz’ + Ry(x),

lJ]<2

where c; are constants and

Z / $)2f) (sx) ds)
IJ |=3
Now one can easily verify that 9;0,R2(0) = 0, provided f € C®(Q), so ;0 f(0) =
9;0kP>(0), where Py(z) is the polynomial 3~ ;5 ¢ gx?. Tt is also straightforward
to check that 0;0, P> = 0;,0; P, so we have (C.21).
We also want to write the Taylor formula in the a-multi-index notation. We
have

(C.22) Y FD(z)z’ = Y v(@)F ) (ta)a”
|J|=k la|=F

where
v(ia) =#{Ja=a(J)},

and we define the relation @ = «(J) to hold provided the condition (C.12) holds,
or equivalently provided z7 = x®. Thus v(«a) is uniquely defined by

(C.23) > =Y 2l =(z 4+ )"
|| =k |J|=k

One sees that, if || = k, then v(a) is equal to the product of the number of
combinations of k objects, taken 4 at a time, times the number of combinations
of k — a7 objects, taken s at a time, --- times the number of combinations of
k— (a1 + -+ a,_1) objects, taken «, at a time. Thus

. k k—Oél ]{I—Oél—"'—an_l . k!
c2 v = () () (T T T ) s
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In other words, for |a| = k,

k!
(C.25) v(ia) = o where a! = aq!- - ay!

Thus the Taylor formula (C.19) can be rewritten

(C.26) Fa) =Y $F<a><o>xa + Ry(x),
la|<k
where
(C.27) Ry (z) = Z %(/0 (1 — )" F) (s2) ds)xo‘.

|a|=k+1
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D. Inverse function and implicit function theorem

The Inverse Function Theorem, together with its corollary the Implicit Function
Theorem is a fundamental result in several variable calculus. First we state the
Inverse Function Theorem.

Theorem D.1. Let F be a C* map from an open neighborhood Q2 of po € R™ to
R™, with qo = F(po). Suppose the derivative DF(pg) is invertible. Then there is
a neighborhood U of py and a neighborhood V' of qo such that F' : U — V is one
to one and onto, and F~! : V — U is a C* map. (One says F : U — V is a
diffeomorphism.)

Using the chain rule, it is easy to reduce to the case pg = qo = 0 and DF(po) = I,
the identity matrix, so we suppose this has been done. Thus

(D.1) Fu)=u+ R(u), R(0)=0, DR(0)=0.

For v small, we want to solve

(D.2) F(u) =v.

This is equivalent to u + R(u) = v, so let

(D.3) Ty(u) = v — R(u).

Thus solving (D.2) is equivalent to solving

(D.4) T,(u) = u.

We look for a fized point u = K (v) = F~1(v). Also, we want to prove that DK (0) =

I,i.e., that K(v) = v+r(v) with r(v) = o(||v||). If we succeed in doing this, it follows
easily that, for general x close to 0,

DE(x) = (DF(K())) .

and a simple inductive argument shows that K is C* if F is C*.
A tool we will use to solve (D.4) is the following general result, known as the
Contraction Mapping Principle.

Theorem D.2. Let X be a complete metric space, and let T : X — X satisfy

(D.5) dist(Tz, Ty) < r dist(x,y),
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for some r < 1. (We say T is a contraction.) Then T has a unique fixed point x.
For any yo € X, TFyyp — x as k — oo.

Proof. Pick yo € X and let yp = T*yo. Then dist(ypi1,yx) < 7F dist(y1, yo), so

dist (Yr+m, Yr) < dist (Yrrm, Yrrm—1) + -+ -+ dist (Yx41, Yr)
(D.6) < (rk +- 4+ Tker’l) dist (y1, o)
< rk(l - r)fl dist (y1,yo)-

It follows that (yx) is a Cauchy sequence, so it converges; yr — . Since Ty = Yr+1
and T' is continuous, it follows that Tx = x, i.e., x is a fixed point. Uniqueness
of the fixed point is clear from the estimate dist (Txz,Tz’) < r dist (z,2’), which
implies dist (x,2’) = 0 if x and 2’ are fixed points. This proves Theorem D.2.

Returning to the problem of solving (D.4), we consider

(D.7) T, : Xy — X,
with
(D.8) Xy ={ue:|u—v|| <A}

where we set

(D.9) Ay = sup ||R(w)].

wl<2]lv]l

We claim that (D.7) holds if ||v|| is sufficiently small. To prove this, note that
T,(u) —v = —R(u), so we need to show that, provided ||v]| is small, u € X, implies
|R(u)|| < A,. But indeed, if u € X, then |ju|| < ||v] + Ay, which is < 2||v|| if ||v]]
is small, so then

Rl < sup [[R(w)]| = Ay;

wl<2[lv|
this establishes (D.7).

Note that if ||v|| is small enough, the map (D.7) is a contraction map, so there
exists a unique fixed point u = K (v) € X,. Note that, since u € X,

(D.10) 1K (v) — vl < Ay = o(||v]),

so the inverse function theorem is proved.

Thus if DF' is invertible on the domain of F, F'is a local diffeomorphism, though
stronger hypotheses are needed to guarantee that F' is a global diffeomorphism onto
its range. Here is one result along these lines.



272

Proposition D.3. If Q C R" is open and convezx, F : Q — R"™ is C', and the
symmetric part of DF(u) is positive definite for each u € Q, then F is one to one
on .

Proof. Suppose F'(u1) = F(u2), us = u; +w. Consider ¢ : [0,1] — R given by
o(t) =w - F(u + tw).

Thus ¢(0) = (1), so ¢’(tp) must vanish for some t, € (0,1), by the mean value
theorem. But ¢'(t) = w - DF (u; + tw)w > 0, if w # 0, by the hypothesis on DF.
This shows F' is one to one.

We can obtain the following Implicit Function Theorem as a consequence of the
Inverse Function Theorem.

Theorem D.4. Suppose U is a neighborhood of xo € R*, V a neighborhood of
20 € RY, and

(D.11) F:UxV —R*

is a C¥ map. Assume D,F(xq,zy) is invertible; say F(zo,z0) = ug. Then the
equation F(z,z) = ug defines z = f(x,ug) for x near xo, with f a C* map.

To prove this, consider H : U x V' — R* x R* defined by

(D.12) H(z,z) = (z,F(z,2)).
We have
(D.13) DH = <é gi«‘?)

Thus DH (xg, zo) is invertible, so J = H ! exists and is C*, by the Inverse Function
Theorem. It is clear that J(z,ug) has the form

(D.14) J(x,up) = (:L',f(x,uo)),

and f is the desired map.
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E. Manifolds

A manifold is a Hausdorff topological space with an atlas, i.e., a covering by open
sets U; together with homeomorphisms ¢; : U; — V;, V; open in R". The number
n is called the dimension of M. We say that M is a smooth manifold provided the
atlas has the following property. If U, = U; N Uy, # 0, then the map

Vix 9 (Ujk) — ox(Ujk)

given by @y o gpj_l, is a smooth diffeomorphism from the open set ¢;(U;i) to the
open set ¢ (Ujx) in R™. By this, we mean that v is C°°, with a C*° inverse. If
the 1, are all C* smooth, M is said to be C* smooth. The pairs (Uj, ;) are called
local coordinate charts.

A continuous map from M to another smooth manifold IV is said to be smooth
if it is smooth in local coordinates. Two different atlasses on M, giving a priori
two structures of M as a smooth manifold, are said to be equivalent if the identity
map on M is smooth from each one of these two manifolds to the other. Really a
smooth manifold is considered to be defined by equivalence classes of such atlasses,
under this equivalence relation.

One way manifolds arise is the following. Let f1,..., fr be smooth functions on
an open set U C R". Let M = {z € U : fj(z) = ¢;} for a given (ci1,...,¢c;) €
R*. Suppose that M # ) and, for each x € M, the gradients Vf; are linearly
independent at x. It follows easily from the implicit function theorem that M
has a natural structure of a smooth manifold of dimension n — k. We say M is
a submanifold of U. More generally, let F' : X — Y be a smooth map between
smooth manifolds, ¢ € Y, M = F~!(c), and assume that M # () and that, at each
point x € M, there is a coordinate neighborhood U of x and V of ¢ such that
the derivative DF' at = has rank k. More pedantically, (U, ¢) and (V,v) are the
coordinate charts, and we assume the derivative of 1) o F' o p~! has rank k at ¢(z);
there is a natural notion of DF(x) : T, X — T.Y, which will be defined in the next
section. In such a case, again the implicit function theorem gives M the structure
of a smooth manifold.

We mention a couple of other methods for producing manifolds. For one, given
any connected smooth manifold M, its universal covering space M has the natural
structure of a smooth manifold. M can be described as follows. Pick a base point
p € M. For x € M, consider smooth paths from p to =, v : [0,1] — M. We say
two such paths vy and v; are equivalent if they are homotopic, i.e., if there is a
smooth map o : I x I — M(I = [0,1]), such that o(0,t) = yo(t), o(1,t) = 71 (),
and o(s,0) = p, o(s,1) = x. Points in M lying over any given # € M consist of
such equivalence classes.

Another construction produces quotient manifolds. In this situation, we have a
smooth manifold M, and a discrete group I' of diffeomorphisms on M. The quotient
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space I' \ M consists of equivalence classes of points of M, where we set z ~ ~y(x)
for for each x € M, v € T'. If we assume that each x € M has a neighborhood U
containing no y(z), for v # e, the identity element of T', then I \ M has a natural
smooth manifold structure.

We next discuss partitions of unity. Supose M is paracompact. In this case,
using a locally finite covering of M by coordinate neighborhoods, we can construct
;€ C3°(M) such that for any compact K C M, only finitely many 1); are nonzero
on K, (we say the sequence v; is locally finite), and such that for any p € M, some
¥;(p) # 0. Then

__Yi(@)?
0;j(r) = =~
Zk) Vi(z)

is a locally finite sequence of functions in C§°(M), satisfying > ¢;(x) = 1. Such a
sequence is called a partition of unity. It has many uses.

A more general notion than manifold is that of a smooth manifold with boundary.
In this case, M is again a Hausdorff topological space, and there are two types of
coordinate charts (Uj, ¢, ). Either ¢, takes U; to an open subset V; of R" as before,
or ¢; maps U; homeomorphically onto an open subset of R} = {(z1,...,2,) €
R™ : x,, > 0}. Again appropriate transition maps are required to be smooth. In
case M is paracompact, there is again the construction of partitions of unity. For
one simple but effective application of this construction, see the proof of the Stokes
formula in §7.
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F. Vector bundles

We begin with an intrinsic definition of a tangent vector to a smooth manifold
M, at a point p € M. It is an equivalence class of smooth curves through p, i.e.,
of smooth maps v : I — M, I an interval containing 0, such that «(0) = p. The
equivalence relation is v ~ 1 provided that, for some coordinate chart (U, ¢) about
p, p: U —V CR" we have

(F.1) L (pom(0) = L(pom)0).
This equivalence is independent of choice of coordinate chart about p.

If V. C R™ is open, we have a natural identification of the set of tangent vectors
to V at p € V with R™. In general, the set of tangent vectors to M at p is denoted
T,M. A coordinate cover of M induces a coordinate cover of 7'M, the disjoint union
of T, M as p runs over M, making T'M a smooth manifold. T'M is called the tangent
bundle of M. Note that each T, M has the natural structure of a vector space of
dimension n, if n is the dimension of M. If F': X — M is a smooth map between
manifolds, € X, there is a natural linear map DF(z) : T, X — T,M, p = F(x),
which agrees with the derivative as defined in §C, in local coordinates. DF(x)
takes the equivalence class of a smooth curve v through = to that of the curve F o~y
through p.

The tangent bundle T'M of a smooth manifold M is a special case of a vector
bundle. Generally, a smooth vector bundle £ — M is a smooth manifold FE,
together with a smooth map 7 : E — M with the following properties. For each
p € M, the “fibre” E, = 7' (p) has the structure of a vector space, of dimension
k, independent of p. Furthermore, there exists a cover of M by open sets U;, and
diffeomorphisms ®; : 7= 1(U;) — U; x R with the property that, for each p €
Uj, ®; : E, — {p} x R* — R* is a linear isomorphism, and if U;, = U; N Uy # 0,
we have smooth “transition functions”

(F.2) po®; !t =W Uy x R* — Uy x R

which are the identity on the first factor and such that for each p € Ujy, ¥, 0(p) is a
linear isomorphism on R¥. In the case of complex vector bundles, we systematically
replace R* by C¥ in the discussion above.

The structure above arises for the tangent bundle as follows. Let (Uj, ;) be a
coordinate cover of M, ¢; : U; — V; C R™. Then ®; : TU; — U; x R" takes the
equivalence class of smooth curves through p € U; containing an element v to the
pair (p, (pjo 'y)’(())) e U; xR™.

A section of a vector bundle E — M is a smooth map 3 : M — FE such that
m(B(p)) = p for all p € M. For example, a section of the tangent bundle TM — M
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is a vector field on M. If X is a vector field on M, generating a flow F¢, then
X (p) € T,M coincides with the equivalence class of v(t) = F'p.

Any smooth vector bundle E' — M has associated a vector bundle E* — M, the
“dual bundle” with the property that there is a natural duality of E, and E; for
each p € M. In case F is the tangent bundle T'M, this dual bundle is called the
cotangent bundle, and denoted 7™ M.

More generally, given a vector bundle £ — M, other natural constructions in-
volving vector spaces yield other vector bundles over M, such as tensor bundles
®/E — M with fibre ®/E,, mixed tensor bundles with fibre (27FE,) ® (@*E3),
exterior algebra bundles with fibre AE,, etc. Note that a k-form, as defined in §5,
is a section of A¥T*M. A section of (®jT) ® (®kT*)M is called a tensor field of
type (j, k).

A Riemannian metric tensor on a smooth manifold M is a smooth symmetric
section g of ®*T* M which is positive definite at each point p € M, i.e., g,(X, X) > 0
for each nonzero X € T, M. For any fixed p € M, using a local coordinate patch
(U, ¢) containing p one can construct a positive symmetric section of ®2T*U. Using
a partition of unity, we can hence construct a Riemannian metric tensor on any
smooth paracompact manifold M. If we define the length of a path v : [0,1] — M

to be L(v) = fol g(v’(t),v’(O))l/zdt, then
(F.3) d(p,q) = inf{L(7) : 7(0) = p,7(1) = ¢}

is a distance function making M a metric space, provided M is connected.
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G. Fundamental local existence theorem for ODE

The goal of this section is to establish existence of solutions to an ODE
dy
We will prove the following fundamental result.

Theorem G.1. Let yg € O, an open subset of R™, I C R an interval containing
to. Suppose F' is continuous on I X O and satisfies the following Lipschitz estimate
my:

(G-2) [1F(ty1) — F(ty2)| < Ly — v2|

fort eI, y; € O. Then the equation (G.1) has a unique solution on some t-interval
containing to.

To begin the proof, we note that the equation (G.1) is equivalent to the integral
equation

(G3) ym=m+lF@mww.

Existence will be established via the Picard iteration method, which is the following.
Guess yo(t), €.g., yo(t) = yo. Then set

(G.4) yie(t) = yo + /t F(s,yp-1(s)) ds.

We aim to show that, as k — oo, yx(t) converges to a (unique) solution of (G.3),
at least for t close enough to ty.

To do this, we use the Contraction Mapping Principle, established in §D. We
look for a fixed point of T, defined by

(G.5) U@@=m+/F@MW®-

to

Let

(G.6) X = {ue C(JR") : u(ty) = yo, sup fJu(t) = yoll < K}.
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Here J = [tg — &,tp + €], where ¢ will be chosen, sufficiently small, below. K is
picked so {y : [y — yo|| < K} is contained in O, and we also suppose J C I. Then
there exists M such that

(G.7) sup  [|F(s,y)[| < M.
s€Jlly—yol <K

Then, provided

K
) < =
(@) e< 1
we have
(G.9) T: X — X.

Now, using the Lipschitz hypothesis (3.2), we have, for ¢t € J,

1(Ty)(t) = (T2) (@)l S/ Llly(s) — z(s)| ds
(GlO) to

<e L sup|ly(s) — z(s)]|
sedJ

assuming y and z belong to X. It follows that 7" is a contraction on X provided
one has

1
(Gll) e < Z,
in addition to the hypotheses above. This proves Theorem G.1.

In view of the lower bound on the length of the interval J on which the existence
theorem works, it is easy to show that the only way a solution can fail to be globally
defined, i.e., to exist for all ¢ € I, is for y(t) to “explode to infinity” by leaving every
compact set K C O, as t — t1, for some t; € I.

Often one wants to deal with a higher order ODE. There is a standard method
of reducing an nth order ODE

(G.12) y ) = ft gy y"Y)

to a first order system. One sets u = (ug, ..., u,—1) with

(G.13) Uy =9y, Uj= y(j)a

and then

(G.14) du = (ul, ey Un—1, f(t,ug, ... ,un_l)) = g(t,u).
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If y takes values in R”, then u takes values in RF".

If the system (G.1) is non-autonomous, i.e., if F' explicitly depends on t, it can be
converted to an autonomous system (one with no explicit t-dependence) as follows.
Set z = (t,y). We then have

(G.15) % - (1, %’) = (1,F(2)) = G(2).

Sometimes this process destroys important features of the original system (G.1).
For example, if (G.1) is linear, (G.15) might be nonlinear. Nevertheless, the trick
of converting (G.1) to (G.15) has some uses.

Many systems of ODE are difficult to solve explicitly. There is one very basic
class of ODE which can be solved explicitly, in terms of integrals, namely the single
first order linear ODE:

(@.16) Y — oty +b00). (0) = o

where a(t) and b(t) are continuous real or complex valued functions. Set
¢
(G.17) A(t) = / a(s) ds.
0
Then (G.16) can be written as

d, _
(G.18) eAt) %(e A(t)y) = b(t).

From (G.18) we get

t
(G.19) y(t) = eAWyg + AW / e~ (s) ds.
0

The solution to (G.1) is a function of ¢ and also of the initial data:

(G.20) y = y(t, vo)-

If F'is a C* function of its arguments, then y is also a C'"*° function of its arguments.
This result is important; it implies that a smooth vector field generates a smooth
flow. A proof can be found in Chapter 1 of [T1].
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H. Lie groups

A Lie group G is a group which is also a smooth manifold, such that the group
operations G x G — G and G — G given by (g, h) — gh and g — g~! are smooth
maps. Let e denote the identity element of GG. For each g € G, we have left and
right translations, L, and R, diffeomorphisms on G, defined by

(H.1) Ly(h) = gh, Ry(h) = hg.
The set of left invariant vector fields X on G, i.e., vector fields satisfying
(H.2) (DLg) X (h) = X(gh),

is called the Lie algebra of G, and denoted g. If X,Y € G, then the Lie bracket
[X,Y] belongs to g. Evaluation of X € g at e provides a linear isomorphism of g
with T, G.

A vector field X on G belongs to g if and only if the flow F% it generates
commutes with L, for all g € G, i.e., g(F&h) = Fk(gh) for all g, h € G. If we set

(H.3) vx(t) = Fxe,

we obtain yx (t + s) = F%(Fke) -e = (Fie)(Fxe), and hence

(H.4) Yx(s+1) =vx(s)rx(t)

for s,t € R; we say vx is a smooth one parameter subgroup of G. Clearly
(H.5) 7x (0) = X(e).

Conversely, if v is any smooth one parameter group satisfying +'(0) = X(e), then
Ftg = g-~(t) defines a flow generated by the vector field X € g coinciding with

X(e) at e.
The exponential map
(H.6) Exp:g — G
is defined by
(H.7) Exp(X) = yx(1).

Note that vsx (t) = vx(st), so Exp(tX) = vx(t). In particular, under the identifi-
cation g ~ TG,

(H.8) D Exp(0) : T.G — T.G is the identity map.

The fact that each element X € g generates a one parameter group has the
following generalization, to a fundamental result of S. Lie. Let h C g be a Lie
subalgebra, i.e., h is a linear subspace and X; € h = [X;, X;] € h. By Frobenius’
Theorem (which we will establish in §I), through each point p of G there is a smooth
manifold M, of dimension k = dim b, which is an integral manifold for b, i.e., b
spans the tangent space of M, at each ¢ € M,. We can take M, to be the maximal
such (connected) manifold, and then it is unique. Let H be the maximal integral
manifold of h containing the identity element e.
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Proposition H.1. H is a subgroup of G.

Proof. Take hg € H and consider Hy = hy, YH; clearly e € Hy. By left invariance,
Hj is also an integral manifold of H, so Hy = H. This shows that hg,h; € H =
halhl € H, so H is a group.

Given any ag € AFT*G, there is a unique k-form « on G, invariant under Ly,
Le., satisfying Lya = « for all g € G, equal to ag at e. In case kK = n = dim G,
if wy is a nonzero element of A"T*G, the corresponding left invariant n-form w
on GG defines also an orientation on G, and hence a left invariant volume form on
G, called (left) Haar measure. It is uniquely defined up to a constant multiple.
Similarly one has right Haar measure. In many but not all cases left Haar measure
is also right invariant; the G is said to be unimodular. It is very important to be
able to integrate over a Lie group using Haar measure.

We next define a representation of a Lie group G on a finite dimensional vector
space V. This is a smooth map

(H.9) 7: G — End(V)
such that
(H.10) m(e) =1, m(g9") =7(g)n(g"), 9.9 €G.

If FF € Cy(G), i.e., F is continuous with compact support, we can define 7(F') €
End(V') by

(H.11) m(F)v = /F(g)ﬁ(g)v dg.
G

We get different results depending on whether left or right Haar measure is used.
Right now, let us use right Haar measure. Then, for g € G, we have

(H.12) m(F)m(g)v = /F(CL‘)?T(.CL’Q)’U dx = /F(acg_l)ﬂ(:v)v dx.

G G

We also define the derived representation

(H.13) dr : g — End(V)
by
(H.14) drm = Dr(e) : T.G — End(V),

using the identification g ~ T.G. Thus, for X € g,
1
(H.15) dr(X)v = }iH(l) i [7(Exp tX)v —v].

The following result states that dr is a Lie algebra homomorphism.
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Proposition H.2. For X,Y € g, we have
(H.16) [d’/T(X),dW(Y)} = dﬂ([X, Y])

Proof. We will first produce a formula for 7(F)dr(X), given F' € C§°(G). In fact,
making use of (H.12), we have

A(F)in(X)o = lim ;[ [Flo)nlo)n(Exp £) ~ F(g)r(g)]v dg
G
(H.17) —timy 5 [ [F(g- Exp(-2X) - Flg)]n(g)e dg
G
= —7m(XF)v,

where X F' denotes the left invariant vector field X applied to F. It follows that
(H.18)
7(F)[dn(X)dr(Y) — dn(Y)dn(X)]v = n(YXF — XY F)vo = —7n([X,Y]F)w,

which by (H.17) is equal to 7( d7r( (X Y])v Now, if F' is supported near e € G
and integrates to 1, is is easily seen that w(F') is close to the identity I, so this
implies (H.16).

There is a representation of G on g, called the adjoint representation, defined as
follows. Consider

(H.19) K,:G— G, K,(h)=ghg!
Then K,(e) = e, and we set
(H.20) Ad(g) = DKg4(e) : T.G — T.G,

identifying T. G ~ g. Note that K, 0K, = K4, so the chain rule implies Ad(g)Ad(g') =

Ad(gg").
Note that vy(t) = g Exp(tX)g~! is a one-parameter subgroup of G satisfying
v'(0) = Ad(g)X. Hence

(H.21) Exp(t Ad(9)X) = g Exp(tX) g*
In particular,
(H.22) Exp((Ad Exp sY)tX) = Exp(sY) Exp(tX) Exp(—sY).

Now, the right side of (H.22) is equal to Fy° o F& o Fi(e), so by (3.1)-(3.3) we
have

(H.23) Ad(Exp sY)X = Fy . X.

If we take the s-derivative at s = 0, we get a formula for the derived representation
of Ad, which is denoted ad, rather than d Ad. Using (3.3)—(3.5), we have

(H.24) ad(Y)X =[Y, X].

In other words, the adjoint representation of g on g is given by the Lie bracket. We
mention that Jacobi’s identity for Lie algebras is equivalent to the statement that

(H.25) ad([X,Y]) = [ad(X),ad(Y)], VX,Y €g.
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I. Frobenius’ theorem

Let G : U — V be a diffeomorphism. Recall from §3 the action on vector fields:
(I.1) GyY(x) = DG(y) 'Y (y), y=Gla).

As noted there, an alternative characterization of GxY is given in terms of the flow
it generates. One has

(1.2) FyoG=Go ]:é#y.

The proof of this is a direct consequence of the chain rule. As a special case, we
have the following

Proposition I.1. If G4Y =Y, then FL. o G = G o Fi.

From this, we derive the following condition for a pair of flows to commute. Let
X and Y be vector fields on U.

Proposition 1.2. If X and Y commute as differential operators, i.e.,
(1.3) [X,Y] =0,

then locally 5 and Fi commute, i.e., for any po € U, there exists 6 > 0 such that,
for |s], [t] <6,

(L.4) FxFypo = Fy Fxpo.

Proof. By Proposition L1, it suffices to show that F%,Y =Y. Clearly this holds
at s = 0. But by (3.6), we have

d S S
%:FX#Y = fx#[Xa Y],

which vanishes if (I.3) holds. This finishes the proof.

We have stated that, given (1.3), then (I.4) holds locally. If the flows generated by
X and Y are not complete, this can break down globally. For example, consider X =
d/0x1, Y = 0/0x5 on R?, which satisfy (1.3) and generate commuting flows. These
vector fields lift to vector fields on the universal covering surface M of R? \ (0,0),
which continue to satisfy (I.3). The flows on M do not commute globally. This
phenomenon does not arise, for example, for vector fields on a compact manifold.

We now consider when a family of vector fields has a multidimensional integral
manifold. Suppose Xi,..., X, are smooth vector fields on U which are linearly
independent at each point of a k—dimensional surface ¥ C U. If each X is tangent
to X at each point, ¥ is said to be an integral manifold of (X7i,..., Xx).
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Proposition 1.3. Suppose X1,..., X are linearly independent at each point of U
and [X;, Xo] =0 for all j,£. Then, for each xo € U, there is a k-dimensional integral
manifold of (X1,...,Xy) containing xg.

Proof. We define a map F : V — U, V a neighborhood of 0 in R¥, by
(1.5) F(t1, ... ty) = Fy, - Fi xo.

Clearly (0/0t1)F = X1(F). Similarly, since ]:égj all commute, we can put any f;gj
first and get (0/0t;)F = X;(F'). This shows that the image of V under F' is an
integral manifold containing xg.

We now derive a more general condition guaranteeing the existence of integral
submanifolds. This important result is due to Frobenius. We say (Xi,..., X}) is
involutive provided that, for each j, £, there are smooth bZ‘(x) such that

k
(1.6) (X5, Xe] = ) bi(2) X,

The following is Frobenius’ Theorem.

Theorem 1.4. If (X1,...,Xy) are C™ wvector fields on U, linearly independent at
each point, and the involutivity condition (1.6) holds, then through each xq there is,
locally, a unique integral manifold X, of dimension k.

We will give two proofs of this result. First, let us restate the conclusion as

follows. There exist local coordinates (y1,...,y,) centered at z such that
0 0

1.7 X1, X)) = <——)

(1.7) span (X3 k) = span m o

First proof. The result is clear for k£ = 1. We will use induction on k. So let the set
of vector fields Xi,..., Xi4+1 be linearly independent at each point and involutive.
Choose a local coordinate system so that X1 = 9/0u;. Now let

0 , 0
Since, in (ug,...,u,) coordinates, no Yi,..., Yy involves 0/0u;, neither does any
Lie bracket, so
[Ytﬂ}/ﬂ]e Span (Yla"'vyk)a J7£§k‘i
Thus (Y7,...,Yy) is involutive. The induction hypothesis implies there exist local

coordinates (yi,...,yn) such that

0 0
span (Y7,...,Y;) = span (a—yl,,a—yk)
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Now let
" 0 )
(1.9) Z =Ygy1 — ;(Ykﬂye)a—w = ;(Ykﬂye)a_ye-
Since, in the (uq,...,u,) coordinates, Y7, ..., Yy do not involve 0/dJu;, we have

[Yit1,Yj] € span (Y1,...,Yk).

Thus [Z,Y;] € span (Y1, ...,Y}) for j <k, while (1.9) implies that [Z, 9/0y;] belongs
to the span of (0/dyk+1,...,0/0y,), for j < k. Thus we have
0

Z, —} —0, j<k.

[ 8y]~
Proposition 1.3 implies span (9/dy1, .. .,0/0yx, Z) has an integral manifold through
each point, and since this span is equal to the span of Xy,..., Xx41, the first proof
is complete.

Second proof. Let Xi,..., X, be C° vector fields, linearly independent at each
point, and satisfying the condition (I.6). Choose an n — k dimensional surface
O C U, transverse to X1,...,Xs. For V a neighborhood of the origin in R*, define
®:VxO—-Uby

We claim that, for x fixed, the image of V' in U is a k dimensional surface ¥ tangent
to each X, at each point of ¥. Note that, since ®(0,...,¢;,...,0,z) = ]—";gjx, we
have

(I.11) i<I>(0,...,0,:E):Xj(a:), z e 0.
ot;

To establish the claim, it suffices to show that .7-"§(j »X¢ is a linear combination
with coefficients in C*°(U) of Xi,..., Xj. This is accomplished by the following:

Lemma 1.5. Suppose [Y, X;] = > Nje(z) X, with smooth coefficients Ajo(x). Then
;
ff,#Xj is a linear combination of X1, ..., Xk, with coefficients in C>(U).

Proof. Denote by A the matrix (A\j¢) and let A(t) = A(t,z) = (\jo(FLx)). Now let
A(t) = A(t,x) be the unique solution to the ODE
d

(L12) AWM = ADA®D), A0 =1,
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Write A = («jr). We claim that

(1.13) FouX; = Z ajolt, ) X,

This formula will prove the lemma. Indeed, we have

d

S = (Fp)4lY X

V)4 Z)‘ijf

Z JZO}_Y #Xﬁ)
y4

Uniqueness of the solution to (1.12) gives (1.13), and we are done.

This completes the second proof of Frobenius’ Theorem.
There are a number of related results which go under the rubric of “Frobenius’
Theorem.” Here we mention one, needed for the proof of Proposition 13.2.

Proposition 1.6. Let A; be smooth m x m matriz functions on O C R™. Suppose
the operators L; = 0/0x; + Aj(z), acting on functions with values in R™, all
commute, 1 < j <n. If p € O, there is a solution in a neighborhood of p to

(I.14) Liu=0, 1<j<n,

with u(p) € R™ prescribed.

Proof. Assume p = 0, and O is a ball centered at 0. Let ug € R™ be given. First
solve

(1.15) Liu=0 on R'NO, u(0)=u,

which is just an ODE. Then solve

(I.16) Lou=0 on R2NO, ulleO given by (I.15).

Inductively, having u on R7 N O, solve

(I.17) Liziu=0 on RIT1NO, obtained in previous step.

“‘Rmo

At j+ 1 =n, you have u on O. Clearly u(0) = up and L,u = 0 on O. To see that
Upn—1 = Lp—_1u = 0 on O, note that

Lpyv,_1=LyLy_yu=L,_1Lyu= 07

by commutativity, and

Un—1|gn-1n0 = 0.

This implies v,,—1 = 0on O, i.e., L,_1u = 0 on O. Similarly one establishes L;u = 0
on O for all j < n.
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J. Exercises on determinants and cross products

If M, «, denotes the space of n X n complex matrices, we want to show that
there is a map

(J.1) det : Myywp, — C

which is uniquely specified as a function 9 : M, «,, — C satisfying:
) ¥ is linear in each column a; of A,

(a
(b) 9(A) = —19(A) if A is obtained from A by interchanging two columns.
(

c) 9(I) =

1. Let A = (ay,...,a,), where a; are column vectors; a; = (aij,...,an;j)". Show
that, if (a) holds, we have the expansion

det A = Zajl det (ej,a2,...,a,) = -
(1.2) '
- Z Ajr1Ajun det<€j17€j27”'7ejn)7

where {e1,...,e,} is the standard basis of C".

2. Show that, if (b) and (c) also hold, then

(J.3) det A = Z (sgn o) Ur(1)185(2)2 " " o (n)n>
oceS,

where S,, is the set of permutations of {1,...,n}, and

(J.4) sgn 0 = det (e5(1),. .-, €o(m)) = £1.

To define sgn o, the “sign” of a permutation o, we note that every permutation o
can be written as a product of transpositions: ¢ = 71 - - - 7,, where a transposition
of {1,...,n} interchanges two elements and leaves the rest fixed. We say sgn o =1
if v is even and sgn ¢ = —1 if v is odd. It is necessary to show that sgn o is
independent of the choice of such a product representation. (Referring to (J.4)
begs the question until we know that det is well defined.)
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3. Let 0 € S,, act on a function of n variables by

(J.5) (af)(@1,...,2n) = f(Zo@), - Tom))-

Let P be the polynomial

(J.6) P(zy,...,zn) =[] (2 — =)

1<j<k<n
Show that
(J.7) (oP)(x) = (sgn o) P(x),

and that this implies that sgn o is well defined. (This argument is due to Cauchy.)

4. Deduce that there is a unique determinant satisfying (a)—(c), and that it is given
by (J.3).

5. Show that (J.3) implies

(J.8) det A = det A",

Conclude that one can replace columns by rows in the characterization (a)—(c) of
determinants.
Hint. aq(jy; = agr(e) With £ = o (j), 7= o~ 1. Also, sgn 0 = sgn 7.

6. Show that, if (a)—(c) hold (for rows), it follows that

(d) 9(A) = 9(A) if A is obtained from A by adding cpy to p, for some ¢ € C,
where p1, ..., p, are the rows of A.

Re-prove the uniqueness of ¥ satisfying (a)—(d) (for rows) by applying row opera-
tions to A until either some row vanishes or A is converted to I.

7. Show that
(J.9) det (AB) = (det A)(det B).

Hint. For fixed B € M,,x,,, compare 91 (A) = det (AB) and ¥3(A) = (det A)(det B).

For uniqueness, use an argument from Exercise 6.
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8. Show that
1 ai2 s A1n 1 0 s 0
0 az -+ a2y 0 ag -+ a2y

(J.10) det | . . . =det | . . ) = det A1
0 an2 ot Ann 0 an2 ot Ann

where All = (ajk)zgjvkgn.
Hint. Do the first identity by the analogue of (d), for columns. Then exploit
uniqueness for det on M, _1)x (n—1)-

9. Deduce that det(ej,az,...,a,) = (—1)7"! det A;; where Ay; is formed by delet-
ing the kth column and the jth row from A.

10. Deduce from the first sum in (J.2) that

(Jll) det A = Z(—l)j_lajl det A1j~
j=1

More generally, for any k € {1,...,n},

(J.12) det A= (1) "Fa ), det Ay;.
j=1

This is called an expansion of det A by minors, down the kth column.

11. Show that

ai1; aiz2 -+ Qin
G2 -+ A2n

(J.13) det . . = Q11022 App-
ann

Hint. Use (J.10) and induction.

The following exercises deal with cross products of vectors in R3.
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12. If u,v € R3, show that the formula

wp U1 U1
(J.14) w-(uxv)=det | wa uz vy

w3 Uz Vs
for u x v = k(u,v) defines uniquely a bilinear map x : R? x R3 — R3. Show that it
satisfies

in:k?, ij:iy kXi:ja

where {i, 7, k} is the standard basis of R3.

13. We say T € SO(3) provided that T is a real 3 x 3 matrix satisfying T'T = T
and det T' > 0, (hence det T'=1). Show that

(J.15) TeSOB)= TuxTv="T(uxwv).

Hint. Multiply the 3 x 3 matrix in Exercise 12 on the left by 7.

14. Show that, if 6 is the angle between u and v in R3, then
(J.16) lu x v| = |u| |v| |sinf)|.

Hint. Check this for u =i, v = at + bj, and use Exercise 13 to show this suffices.

15. Show that k : R® — Skew(3), the set of antisymmetric real 3 x 3 matrices,
given by

0 Y3 Y2
(J.17) k(yL,y,ys) = y3 0 —w;
—Y2 N 0
satisfies
(J.18) Kr=yxz, K =k(y).

Show that, with [A, B] = AB — BA,

(J.19) Kz xy) = [m(az), /{(y)}, Tr (H(I)Ii(y)t) =2z -y.
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K. Exercises on the Frenet-Serret formulas

1. Let z(t) be a smooth curve in R3; assume it is parametrized by arclength, so
T(t) = 2/(t) has unit length; T'(¢) - T'(t) = 1. Differentiating, we have T"(t) LT'(t).
The curvature is defined to be k(t) = ||T"(¢)|]. If k() # 0, we set N(t) =T"/||T’|,
SO

T = kN,

and N is a unit vector orthogonal to 7. We define B(t) by

(K.1) B=TxN.

Note that (T, N, B) form an orthonormal basis of R? for each ¢, and
(K.2) T=NxB, N=BxT.

By (K.1) we have B’ = T' x N’. Deduce that B’ is orthogonal to both T" and B,
hence parallel to N. We set
B' = —7N,

for smooth 7(t), called the torsion.

2. From N’ = B’ x T + B x T" and the formulas for 7" and B’ above, deduce the
following system, called the Frenet-Serret formula:

T = kN
(K.3) N' = —kT +7B
B = — TN
Form the 3 x 3 matrix
0 —k O
(K.4) At)y=x 0 -7
0O 0

and deduce that the 3 x 3 matrix F'(t) whose columns are T, N, B :
F=(T,N,B)
satisfies the ODE

- = FA(®).
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3. Derive the following converse to the Frenet-Serret formula. Let T'(0), N(0), B(0)
be an orthonormal set in R3, such that B(0) = T'(0) x N(0), let x(t) and 7(t) be
given smooth functions, and solve the system (K.3). Show that there is a unique
curve z(t) such that z(0) = 0 and T'(¢t), N(t), B(t) are associated to z(t) by the
construction in Exercise 1, so in particular the curve has curvature x(t) and torsion
7(t).

Hint. To prove that (K.1)—(K.2) hold for all ¢, consider the next exercise.

4. Let A(t) be a smooth n x n real matrix function which is skew adjoint for all ¢ (of
which (K.4) is an example). Suppose F(t) is a real n x n matrix function satisfying

dF
— = FA(Y).
o (t)
If F(0) is an orthogonal matrix, show that F(t) is orthogonal for all ¢.
Hint. Set J(t) = F(t)*F(t). Show that J(t) and Jy(t) = I both solve the initial

value problem

d.J
= =[LAW], J0) =1

5. Let Uy =T, Uy =N, Us = B, and set
w(t)=71T+ KkB.
Show that (K.3) is equivalent to

Ui=wxUj, 1<5 <3

6. Suppose 7 and k are constant. Show that w is constant, so T'(t) satisfies the
constant coefficient ODE
T'(t) = w x T(t).

Note that w - T'(0) = 7. Show that, after a translation and rotation, z(t) takes the
form

~(t) = (i cos \t,

> B sin At Zt), A2 = k2 4+ 72,

A2 A

7. Suppose z(t), parametrized by arclength, lies in the sphere S = {z € R3 : |z| =
R}, for all t. If p(t) = k(t)~! denotes the radius of curvature of this curve, show

that . )
o (4 -
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Hint. Differentiate the identity x(¢)-z(t) = R? repeatedly, and substitute in various
parts of (K.3) for derivatives of T, etc.

8. In this problem, do not assume that x(t) is parametrized by arclength. Define the
arclength parameter s by ds/dt = |2'(t)|, and set T'(t) = 2/(t)/|x'(t)|, so dT'/ds =
kN. Show that

(K.5) 2 (t) = % T(t) + (%)%(t) N().

Taking the cross product of both sides with T'(¢), deduce that

2/ (t) x 2 (t)

(K.6) k(t) B(t) = FIOIE

Hence

_ |2 (@) x 2" (#)]
(K.7) k(t) = FIOE

Hint. Differentiate the identity x'(t) = (ds/dt)T(t) to get (K.5).

9. In the setting of Exercise 8, show that

(K.8) 2 (t) = {s" — (s')°k*}T + {35's"k + (s')°K'} N + (s')k7B.
Deduce that

(K.9) 2/ (t) x 2" (t) - 2" (t) = (s)°k>T,

and hence that the torsion is given by

2 (t) x 2 (t) - 2" (¢)

(10 = Tl <P

10. Let z(t) be a unit speed curve, with T, k, T, etc. as in Exercise 1. Consider
the curve y(t) = T'(t), a curve which is perhaps not of unit speed. Show that its
curvature and torsion are given by

(K.11) &:,/1+(£)2, %:K[Efﬁ.

Hint. Apply the results of Exercises 8-9 to y(t) = T'(t). Use (K.3) to derive

~—

R

T' = —k’T+k'N+ kB, T xT"=r’T+ k>B.

Then produce a formula for T".
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L. Exercises on exponential and trigonometric functions

1. Let a € R. Show that the unique solution to u'(t) = au(t), u(0) =1 is given by
al .
(L.1) u(t) =Y —t.

We denote this function by u(t) = e, the exponential function. We also write
exp(t) = e’

Hint. Integrate the series term by term and use the fundamental theorem of
calculus.

Alternative. Setting up(t) = 1, and using the Picard iteration method (G.4) to

define the sequence ug(t), show that ug(t) = Z?:o a’t’ /5!

2. Show that, for all s,t € R,
(L.Q) 6a(s—i—t) _ easeat‘

Hint. Show that u;(t) = e+ and us(t) = e*e? solve the same initial value
problem.
Alternative. Differentiate e®(stt)e—at,

3. Show that exp : R — (0, 00) is a diffeomorphism. We denote the inverse by
log : (0,00) — R.

Show that v(z) = log z solves the ODE dv/dx = 1/x, v(1) = 0, and deduce that

1
(L.3) / — dy = log x.
1 Y

4. Let a € R, i = /—1. Show that the unique solution to f'(t) = iaf, f(0) =1 1is
given by

(L.4) =3 “;,)‘7 .
j=0
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We denote this function by f(t) = e***. Show that, for all ¢ € R,

<L5) eia(s—i-t) — eiaseiat.
5. Write
N | P
<L6) e’ = Z (29)' <) —{—'LZ (2J n 1)'t J _ u(t) + w(t).
Jj=0 j=0

Show that
u'(t) = —v(t), v'(t) =ult).

We denote these functions by u(t) = cost, v(t) = sint. The identity
(L.7) e = cost +isint

is called Euler’s formula.

6. Use (L.5) to derive the identities

L8 sin(x + y) =sinx cosy + cosx siny
(L8) cos(x + y) = cosx cosy —sinx siny.

7. Use (L.7)—(L.8) to show that

(L.9) sin®t +cos’t =1, cos®t = =(1+cos2t).

N | =

8. Show that
~(t) = (cost,sint)

is a map of R onto the unit circle S* C R? with non-vanishing derivative, and, as ¢

increases, 7y(t) moves monotonically, counterclockwise.

We define 7 to be the smallest number ¢, € (0, 00) such that vy(t1) = (—1,0), so
cosm=—1, sinm =0.

Show that 27 is the smallest number ¢35 € (0, 00) such that y(t2) = (1,0), so

cos2mr =1, sin2m =0.
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Show that
cos(t + 2mw) = cost, sin(t+ 27) = sint

cos(t +m) = —cost, sin(t+7m)= —sint.

Show that (7w /2) = (0,1), and that

s ) ) s
cos(t + 5) = —sint, sm(t + 5) = cost.

9. Show that sin : (—7w/2,7/2) — (—1,1) is a diffeomorphism. We denote its
inverse by

T
in:(—1,1 (——,—).
arcsin : ( ) — 55
Show that u(t) = arcsin ¢ solves the ODE

du 1

— = 0) =0.
= 0
Hint. Apply the chain rule to sin (u(t)) =t.
Deduce that, for t € (—1,1),
t
dx
L.10 arcsin t :/ 3

10. Show that /3 3
. 1 3 . 3 1
mi/3 _ + —i, e71'1/6 = Y24 2
2 2 2 2
Hint. First compute (1/2+\/§i/2)3 and use Exercise 8. Then compute e™/2e~7%/3,

For intuition behind these formulas, look at Fig. L.1.

e

11. Show that sin7/6 = 1/2, and hence that
T B /1/2 dx B i an <1>2n+1
6 Jo VI-2? “Z2n+11\2 ’

2n +1
o+ 20

an, 1\ 2n+1 4=k
— = < -
Z2714—1(2) 3(2k + 3)

n=0

where

ap =1, apy1=

Show that

o
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Using a calculator, sum the series over 0 < n < 20, and verify that

T~ 3.141592653589 - - -

12. For z # (k+ 1/2)m, k € Z, set

Show that 1 + tan? x = 1/ cos? z. Show that w(x) = tan x satisfies the ODE

d
= =1+u? w(0)=0.

13. Show that tan : (—7/2,7/2) — R is a diffeomorphism. Denote the inverse by

T
tan : R (——,—).
arctan — 5 5

Show that

Yoodx
L.11 t = — .
( ) arctan y /0 2
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M. Exponentiation of matrices

Let A be an n x n matrix, real or complex. We consider the linear ODE

(M.1) — =Ay;  y(0) = yo.

In analogy to the scalar case, as treated in §L, we can produce the solution in the
form

(M.2) y(t) = e"yo,

where we define

(M.3) et = — Ak,

We will establish estimates implying the convergence of this infinite series for
all real ¢, indeed for all complex ¢. Then term by term differentiation is valid, and
gives (M.1). To discuss convergence of (M.3), we need the notion of the norm of a
matrix.

If u = (uy,...,uy) belongs to R™ or to C™, set

1/2
(M.4) lull = (fual? + -+ Jua ) 2.
Then, if A is an n X n matrix, set
(M.5) [ Al = sup{|[Aul| : [lul] < 1}.
The norm (M.4) possesses the following properties:
(M.6) lul| >0, |lu||=0<<= u=0,
(M.7) |lcul| = || ||u||, for real or complex c,

(M.8) [[u+ f| < flul] +{Jo]-
The last, known as the triangle inequality, follows from Cauchy’s inequality:

(M.9) |(w, )| < Jlull - [Jof],
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where the inner product is (u,v) = 101 + - - - + U, Uy, To deduce (M.8) from (M.9),
just square both sides of (M.8). To prove (M.9), use (u —v,u —v) > 0 to get

2 Re (u,v) < [Jull® + [[o]*.
Then replace u by eu to deduce
2|(u, )] < [lul® + Jlv]*.
Next, replace u by tu and v by t~!v, to get
2|(u, v)| < 2wl + 720l

for any ¢ > 0. Picking ¢ so that t? = ||v||/||u|, we have Cauchy’s inequality (M.9).
Granted (M.6)—(M.8), we easily get

IA]l = 0,
(M.10) leAll = fel AT,
A+ Bl < [|A]l + [ BI|

Also, ||A]| = 0 if and only if A = 0. The fact that ||A| is the smallest constant K
such that ||Au|| < K||u|| gives

(M.11) IAB| < [[A]l - |B]l
In particular,
(M.12) AR < [lA]*.

This makes it easy to check convergence of the power series (M.3).
Power series manipulations can be used to establish the identity

(M.13) e Aetd = estD4,
Another way to prove this is the following. Regard ¢ as fixed; denote the left side

of (M.13) as X(s) and the right side as Y'(s). Then differentiation with respect to
s gives, respectively

(M.14)

so uniqueness of solutions to the ODE implies X (s) = Y(s) for all s. We note that
(M.13) is a special case of the following.
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Proposition M.1. e!(ATE) = ¢tAetB for gll t, if and only if A and B commute.

Proof. Let
(M.15) Y(t) =B Z(1) = et et B,

Note that Y (0) = Z(0) = I, so it suffices to show that Y'(¢) and Z(t) satisfy the
same ODE, to deduce that they coincide. Clearly

(M.16) Y'(t) = (A+ B)Y(t).
Meanwhile
(M.17) Z'(t) = AettetP + et Bet P,

Thus we get the equation (4.16) for Z(t) provided we know that

(M.18) e'AB = Be!! if AB = BA.

This follows from the power series expansion for et4, together with the fact that
(M.19) A*B = BA* for all k > 0, if AB = BA.

For the converse, if Y (t) = Z(t) for all ¢, then !4 B = Be!4, by (M.17), and hence,
taking the t-derivative, e?AAB = BAet4; setting t = 0 gives AB = BA.

If A is in diagonal form

a1
(M.20) A=
Gn
then clearly
ot
(M.21) et =
otan

The following result makes it useful to diagonalize A in order to compute ‘.
Proposition M.2. If K is an invertible matriz and B = KAK ™!, then

(M.22) !B = Kt KL,

Proof. This follows from the power series expansion (4.3), given the observation
that

(M.23) BF = K AR K1
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In view of (M.20)-(M.22), it is convenient to record a few standard results about
eigenvalues and eigenvectors here. Let A be an n x n matrix over F, FF =R or C.
An eigenvector of A is a nonzero u € F" such that

(M.24) Au = lu

for some A € F. Such an eigenvector exists if and only if A — Al : F™ — F™ is not
invertible, i.e., if and only if

(M.25) det(A — ) =0.
Now (M.25) is a polynomial equation, so it always has a complex root. This proves

the following.

Proposition M.3. Given an n x n matriz A, there exists at least one (complex)
etgenvector u.

Of course, if A is real and we know there is a real root of (M.25) (e.g., if n is
odd) then a real eigenvector exists. One important class of matrices guaranteed to
have real eigenvalues is the class of self adjoint matrices. The adjoint of an n x n
complex matrix is specified by the identity (Au,v) = (u, A*v).

Proposition M.4. If A = A*, then all eigenvalues of A are real.
Proof. Au = Au implies

(M.26) Mul? = O, v) = (Au,u) = (u, Au) = (u, u) = X|u||®.

Hence A = ), if u # 0.
We now establish the following important result.

Theorem M.5. If A = A*, then there is an orthonormal basis of C" consisting of
eigenvectors of A.

Proof. Let uy be one unit eigenvector; Au; = Auy. Existence is guaranteed by
Proposition 4.3. Let V = (u;)* be the orthogonal complement of the linear span
of u;. Then dim V isn — 1 and

(M.27) A:V -V if A= A"

The result follows by induction on n.

Corollary M.6. If A = At is a real symmetric matriz, then there is an orthonormal
basis of R™ consisting of eigenvectors of A.

Proof. By Proposition M.4 and the remarks following Proposition M.3, there is one
unit eigenvector u; € R™. The rest of the proof is as above.
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The proof of the last four results rests on the fact that every nonconstant poly-
nomial has a complex root. This is the Fundamental Theorem of Algebra. A proof
is given in §9 (Exercise 5).

Given an ODE in upper triangular form,

d ail * *
Y
M.28 — = "

Qnn

you can solve the last ODE for y,, as it is just dy,/dt = anny,. Then you get
a single inhomogeneous ODE for y,_1, which can be solved as demonstrated in
(G.16)-(G.19), and you can continue inductively to solve. Thus it is often useful
to be able to put an n x n matrix A in upper triangular form, with respect to a
convenient choice of basis. We will establish two results along these lines. The first
is due to Schur.

Theorem M.7. For any n X n matriz A, there is an orthonormal basis uy,. .., Uy,
of C™ with respect to which A is in upper triangular form.

This result is equivalent to:

Proposition M.8. For any A, there is a sequence of vector spaces V; of dimension
7, contained in C™, with

(M.29) Vid Vo1 D---D Wy
and
M.30 AV, — V..

J J

To see the equivalence, if we are granted (M.29)—(M.30), pick u, LV,,_1, a unit
vector, then pick u,_1 € V,,_1 such that u,_ 1LV, _5, and so forth. Meanwhile,
Proposition M.8 is a simple inductive consequence of the following result.

Lemma M.9. For any matriz A acting on V,,, there is a linear subspace V,,_1, of
codimension 1, such that A :V,_1 — V,_1.

Proof. Use Proposition M.3, applied to A*. There is a vector vy such that A*v; =
M. Let V,,_1 = (v1)*. This completes the proof of the Lemma, hence of Theorem
M.7.

Let’s look more closely at what you can say about solutions to an ODE which
has been put in the form (M.28). As mentioned, we can obtain y; inductively by
solving nonhomogeneous scalar ODEs

dy;
(M.31) o = i ()
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where b;(t) is a linear combination of y;y1(t),...,yn(t), and the formula (G.19)
applies, with A(t) = a;;t. We have y,,(t) = Ce®t, 0 b,,_1(t) is a multiple of e®rn?.
If an—1n-1 # Gnn, Yn—1(t) will be a linear combination of e*»* and e%r-1n-1%,
but if ap—pp-1 = Ann, Yn—1(t) may be a linear combination of e* ' and te® .
Further integration will involve [ p(t)e** dt where p(t) is a polynomial. That no
other sort of function will arise is guaranteed by the following result.

Lemma M.10. If p(t) € P, the space of polynomials of degree < n, and o # 0,
then

(M.32) /p(t)eo‘t dt = q(t)e* +C

for some q(t) € P,.
Proof. The map p = Tq defined by (d/dt)(q(t)e®) = p(t)e** is a map on P,; in
fact we have

(M.33) Tq(t) = aq(t) +¢'(t).

It suffices to show T : P, — P, is invertible. But D = d/dt is nilpotent on
P,; D" =0. Hence

T '=a'I+a'D)y ' '=a'I-a'D+---+a "(-D)").
Note that this gives a neat formula for the integral (M.32). For example,

/t”e‘t dt =" +nt" 14 4 ne '+ C
(M.34)
1 2 1 ny, —t
:—n!<1+t+—t Heeb =t )e +C.
2 n!

This could also be established by integration by parts and induction. Of course,
when a = 0 in (M.32) the result is different; ¢(¢) is a polynomial of degree n + 1.

Now the implication for the solution to (M.28) is that all the components of y/(t)
are products of polynomials and exponentials. By Theorem M.7, we can draw the
same conclusion about the solution to dy/dt = Ay for any n x n matrix A. We can
formally state the result as follows.

Proposition M.11. For any n x n matrix A,
(M.35) ety = Z eritui(t),

where {\;} is the set of eigenvalues of A and v;(t) are C"-valued polynomials. All
the vj(t) are constant when A is diagonalizable.
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To see that the A\; are the eigenvalues of A, note that, in the upper triangular
case, only the exponentials €%t arise, and in that case the eigenvalues are precisely
the diagonal elements.

If we let £, denote the space of C"-valued functions of the form V (t) = e Mu(t),
where v(t) is a C"-valued polynomial, then &, is invariant under the action of both
d/dt and A, hence of d/dt — A. Hence, if a sum Vi(t) + --- + Vi(t), Vj(t) € &,
(with A;s distinct) is annihilated by d/dt — A, so is each term in this sum.

Therefore, if (M.35) is a sum over the distinct eigenvalues A; of A, it follows that
each term e*i'v;(t) is annihilated by d/dt — A, or equivalently is of the form e4w;

where w; = v;(0). This leads to the following conclusion. Set
(M.36) Gy = {v e C": e = e™u(t), v(t) polynomial}.
Then C™ has a direct sum decomposition

(M.37) C" =G\ +---+ Gy,

where A1, ..., Ay are the distinct eigenvalues of A. Furthermore, each G, is invari-
ant under A, and

(M.38) Aj = A|ij has exactly one eigenvalue, ;.

This last statement holds because, when v € G, et

v involves only the expo-
nential e*i’. We say G, is the generalized eigenspace of A, with eigenvalue ;. Of
course, Gy, contains ker (A—\;I). Now B; = A; —\;I has only 0 as an eigenvalue.

It is subject to the following result.
Lemma M.12. If B : C¥ — C* has only 0 as an eigenvalue, then B is nilpotent,

1.€.,

(M.39) B™ =0 for some m.

Proof. Let W; = BJ(CF); then C* > Wy D Wy D --- is a sequence of finite
dimensional vector spaces, each invariant under B. This sequence must stabilize, so
for some m, B : W,, — W,, bijectively. If W,,, # 0, B has a nonzero eigenvalue.

We next discuss the famous Jordan normal form of a complex n x n matrix. The
result is the following.

Theorem M.13. If A is an n X n matrix, then there is a basis of C™ with respect
to which A becomes a direct sum of blocks of the form

PV

(M.40) Aj

—
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In light of the decomposition (M.37) and Lemma M.12, it suffices to establish the
Jordan normal form for a nilpotent matrix B. Given vy € C¥, let m be the smallest
integer such that B™vy = 0; m < k. If m = k, then {vg, Bvg, ..., B™ 1vg} gives a
basis of C* putting B in Jordan normal form. We then say v is a cyclic vector for
B, and C* is generated by vg. We call {vg, ..., B™ vy} a string.

We will have a Jordan normal form precisely if we can write C* as a direct sum of
cyclic subspaces. We establish that this can be done by induction on the dimension.

Thus, inductively, we can suppose Wi = B(C¥) is a direct sum of cyclic sub-
spaces, so W7 has a basis that is a union of strings, let’s say a union of d strings
{vj, Bvj,...,B%v;}, 1 < j < d. In this case, ker BN W; = N; has dimension d,
and the vectors B vj, 1 < j < d, span N;. Furthermore, each v; has the form
v; = Bw; for some w; € CF.

Now dim ker B = k—r > d, where r = dim W;. Let {21,..., 2k—r_q} span a sub-
space of ker B complementary to Ny. Then the strings {w;,v; = Bwj,...,B%v;}, 1 <
j <d,and {z1},...,{2r_r_q} generate cyclic subspaces whose direct sum is C*,
giving the Jordan normal form.

The argument above is part of an argument of Filippov. In fact, Filippov’s proof
contains a further clever twist, enabling one to prove Theorem M.13 without using
the decomposition (M.37). See Strang [Stra] for Filippov’s proof.

We have seen how constructing e*4 solves the equation (M.1). We can also use
it to solve an inhomogeneous equation, of the form

(ML) Y — Ay y(0) =0

Direct calculation shows that the solution is given by
t
(M.42) y(t) = etyq +/ e=94 b(s) ds.
0

Note how this partially generalizes the formula (G.19).
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N. Isothermal coordinates

Let M be an oriented manifold of dimension 2, endowed with a Riemannian
metric g. We aim to sketch a proof of the following result.

Proposition N.1. There exists a covering U; of M and coordinate maps
(N.1) ¢ U; — O; CR?
which are conformal (and orientation preserving).

By definition, a map ¢ : U — O between two manifolds, with Riemannian
metrics g and gg is conformal provided

(N.2) ¥ g0 = \g

for some positive A € C*°(U). In (N.1), O; is of course given the flat metric
dx? + dy?. Coordinates (N.1) which are conformal are also called “isothermal co-
ordinates.” It is clear that the composition of conformal maps is conformal, so if
Proposition N.1 holds then the transition maps

(N.3) Vi =@jopr " 1 O — Oy,

are conformal, where Oj;, = ¢, (U; NUy). This is particularly significant, in view of
the following fact:

Proposition N.2. An orientation preserving conformal map
(N.4) PO — O
between two open domains in R2 = C is a holomorphic map.

One way to see this is with the aid of the Hodge star operator %, introduced in
§22, which maps A'(M) to AY(M) if dim M = 2. Note that, for M = R?, with its
standard orientation and flat metric,

(N.5) xdr = dy, *dy = —dx.
Since the action of a map (N.4) on 1-forms is given by
Yidr = gdw + gdy = df,
ox Jy
(N.6) 9 P
Yrdy = Zdz + 2Ly = dg,
ox oy

if ¢(z,y) = (f,g), then the Cauchy-Riemann equations

of _dg 99 _ Of .

— ==, —==-—(ie., xdf =d
are readily seen to be equivalent to the commutativity relation
(N.8) %0 (") = (¥*) o* on 1-forms.

Thus Proposition N.2 is a consequence of the following:

(N.7)
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Proposition N.3. If M is oriented and of dimension 2, then the Hodge star oper-
ator x : TyM — T3 M s conformally invariant.

In fact, in this case, * can be simply characterized as counterclockwise rotation
by 90°, as can be seen by picking a coordinate system centered at p € M such that
gjk = 0j, at p and using (10.5). This characterization of * is clearly conformally
invariant.

Thus Proposition N.1 implies that an oriented two-dimensional Riemannian man-
ifold has an associated complex structure. A manifold of (real) dimension two with
a complex structure is called a Riemann surface.

To begin the proof of Proposition N.1, we note that it suffices to show that, for
any p € M, there exists a neighborhood U of p and a coordinate map

(N.9) Y= (f9):U—0OCR?

which is conformal. If df(p) and dg(p) are linearly independent, the map (f,g)
will be a coordinate map on some neighborhood of p, and (f, g) will be conformal
provided

(N.10) «df = dg.
Note that, if df(p) # 0, then df(p) and dg(p) are linearly independent. Suppose

f e C>(U) is given. Then, by the Poincaré lemma, if U is diffeomorphic to a disk,
there will exist a g € C*°(U) satisfying (N.10) precisely when

(N.11) d+df =0.
Now, as we saw in §22, the Laplace operator on C'*°(M) is given by
(N.12) Af = =ddf = — xd*df,

when dim M = 2, so (N.11) is simply the statement that f is a harmonic function
on U. Thus Proposition N.1 is a consequence of the following.

Proposition N.4. There is a neighborhood U of p and a function f € C*°(U) such
that Af =0 on U and df (p) # 0.

Sketch of Proof. In a coordinate system x = (x1,x2), we have

Af(z) = g(z)20;(¢"" (x)g(x)"/? 01 f)
= ¢/ (2)0;01 f + b* (2) Ok f.

Pick some coordinate system centered at p, identifying the unit disk D C R? with
some neighborhood U; of p. Now dilate the variables by a factor e, to map the
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small neighborhood U, of p (the image of the disk D. of radius ¢ in the original
coordinate system) onto the unit disk D. In this dilated coordinate system, we have

(N.13) Af(z) = ¢g""(e2)0;0k f + eb* (ex) O f-

Now we define f = f. to be the harmonic function on U, equal to z1/¢ on 9U.
(in the original coordinate system), i.e., to 7 on 0D in the dilated coordinate
system. We need only show that, for € > 0 sufficiently small, we can guarantee

that df-(p) # 0.
To see this note that, in the dilated coordinate system, we can write

(N.14) fe =x1 —ev. on D,
where v, is defined by

(N.15) A v, = b'(ex) on D, 0,

Ve|pp =
A. being given by (N.13). Now the regularity estimates for elliptic PDE hold
uniformly in € € (0, 1] in this case; see Chapter 5 of [T1] for details. Thus we have
uniform estimates on v. in C1(D) as e — 0. This shows df.(p) # 0 for & small, and
completes the proof.
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O. Sard’s theorem

Let F : Q — R" be a C! map, with Q open in R”. If p € Q and DF(p) : R* — R"
is not surjective, then p is said to be a critical point, and F(p) a critical value. The
set C' of critical points can be a large subset of €), even all of it, but the set of
critical values F'(C') must be small in R™. This is part of Sard’s Theorem.

Theorem O.1. If F : Q — R" is a C' map, then the set of critical values of F
has measure 0 in R™.

Proof. If K C € is compact, cover K N C with m-dimensional cubes @;, with
disjoint interiors, of side ¢;. Pick p; € CNQ;, so Lj = DF(p;) has rank <n — 1.
Then, for z € Q;,

F(pj +z) = F(p;) + Ljz + R;(x), |R;(@)| < pj = nj59;,
where 7; — 0 as 0; — 0. Now L;(Q;) is certainly contained in an (n—1)-dimensional

cube of side Cyd;, where Cy is an upper bound for /m| DF|| on K. Since all points
of F(Q;) are a distance < p; from (a translate of) L;(Q;), this implies

meas F(Q;) < 2p;(Codj +2p;)" " < Cingo;,

provided d; is sufficiently small that p; < d;. Now >, 67 is the volume of the cover
of K NC. For fixed K this can be assumed to be bounded. Hence

meas F(CNK) < Ck n,

where 77 = max {n;}. Picking a cover by small cubes, we make n arbitrarily small,
so meas F'(C'N K) = 0. Letting K, /" Q, we complete the proof.

Sard’s theorem also treats the more difficult case when (2 is open in R™, m > n.
Then a more elaborate argument is needed, and one requires more differentiability,
namely that F is class C*, with k = m —n + 1. A proof can be found in Sternberg
[Stb]. The theorem also clearly extends to smooth mappings between separable
manifolds.

Theorem O.1 is applied in §9, in the study of degree theory. We give another
application of Theorem O.1, to the existence of lots of Morse functions. This
application gives the typical flavor of how one uses Sard’s theorem, and it is used
in a Morse theory argument in §20. We begin with a special case:

Proposition 0.2. Let  C R"™ be open, f € C(Q). For a € R", set f,(x) =
f(x) —a-z. Then, for almost every a € R™, f, is a Morse function, i.e., it has
only nondegenerate critical points.

Proof. Consider F(z) =V f(z); F: Q — R". A point = € 2 is a critical point of f,
if and only if F(x) = a, and this critical point is degenerate only if, in addition, a
is a critical value of F'. Hence the desired conclusion holds for all a € R™ that are
not critical values of F.

Now for the result on manifolds:
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Proposition 0.3. Let M be an n-dimensional manifold, imbedded in R¥. Let
f € C®(M), and, for a € RE, let f,(z) = f(x) —a-x, forx € M C RE. Then,
for almost all a € RX | f, is a Morse function.

Proof. Each p € M has a neighborhood (2, such that some n of the coordinates x,,
on R¥ produce coordinates on €,. Let’s say x1,...,z, do it. Let (ant1,...,ax)
be fixed, but arbitrary. Then, by Proposition O.2, for almost every (a1,...,a,) €
R", f, has only nondegenerate critical points on §2,. By Fubini’s theorem, we
deduce that, for almost every a € R¥, f, has only nondegenerate critical points on
Q,. (The set of bad a € RE is readily seen to be a countable union of closed sets,
hence measurable.) Covering M by a countable family of such sets €2, we finish
the proof.
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P. Variational property of the Einstein tensor

In this appendix, we calculate the variation of the integral of scalar curvature,
with respect to the metric.

Theorem P.1. If M is a manifold with nondegenerate metric tensor (g;i), asso-
ciated Einstein tensor G, = Ricj, — (1/2)Sg,k, scalar curvature S, and volume
element dV, then, with respect to a compactly supported variation of the metric we
have

(P.1) ) /s dV = /ij 6gF AV = —/ij g1 dV.

To establish this, we first obtain formulas for the variation of the Riemann cur-
vature tensor, then of the Ricci tensor and the scalar curvature. Let I'"'j; be the
connection coefficients. Then 6" is a tensor field. The formula (15.62) states

that, if R and R are the curvatures of the connections V and V = V + eC, then
(P.2) (R— R)(X,Y)u =¢e(VxO)(Y,u) — e(VyC)(X,u) + 2[Cx, Cy]u.

It follows that

(P.3) SR jke = 0T joe — 0T jios.
Contracting, we obtain

(P.4) & Ricjp = 01" jip — 6T s
Another contraction yields

(P.5) ¢’% § Ricjy = (gjk 6F€j4);k — (gjk M‘gjk);e
since the metric tensor has vanishing covariant derivative. The identities (P.3)—(P.5)
are called “Palatini identities.”

Note that the right side of (P.5) is the divergence of a vector field. This will be
significant for our calculation of (P.1). By the Divergence Theorem, it implies that

(P.6) /gjk((S Ricji) dV =0,

as long as dg;; (hence § Ricj) is compactly supported.
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We now compute the left side of (P.1). Since S = g’* Ric;x, we have
(P.7) 65 = Ricji, 0g7% + g% § Ricjy.
Now we have
(P.8) AV = +/|g] dz = §(dV) = —1g;x 6g°" dV,

since det(A +eB) = det(A) det(I +eA™'B) = det(A)(1+¢ Tr(A™'B) + O(e?)).
Hence
5(S dV) = Ricjy dg7F dV + ¢?%(5 Ric;y,) dV + S 6(dV)

P.9 . .
(P-9) = (Ricjr — 2Sgjx)0g’% dV + ¢7* (6 Ricsi) dV.

The last term integrates to zero, by (P.6), so we have (P.1).
Note that verifying (P.1) did not require computation of 6I'j; in terms of dg;y,
though this can be done explicitly. Indeed, formula (15.63) implies

(P.10) 0Tk = 5|09ej:k — Ogensj + 59jk;13]'

If dim M = 2, then, as shown by (15.26), G’* is identically zero. Thus (P.1) has
the following implication (since S = 2K in this case).

Corollary P.2. If M is a compact Riemannian manifold of dimension 2, then the
integrated Gauss curvature

(P.11) /K dv = C(M)

1s independent of the choice of Riemannian metric tensor on M.

This is a proof of (17.26), different from the other proofs given in §17. It thus
leads to another proof of the Gauss-Bonnet theorem for compact, orientable 2-
dimensional Riemannian manifolds, for example by following (P.11) with reasoning

used in (17.27)—(17.31), or alternatively, giving M a metric arising from an embed-
ding in R3, and using (17.48)—(17.49).
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Q. A generalized Gauss map

Let j : M — R™*! be a compact, connected hypersurface, with outward pointing
normal N. Let k : M — R™"! be given by k(z) = j(x) + sN(z), for fixed small s.
Define 7: M x M — S™ by

k() - i)
Q1) ) = @) =)

Thus 7(x,x) = N(z). Let w € A"S™ be a normalized volume element, so [, w = 1.
Then we have

(Q.2) [r*w] € H"(M x M) ~ @ H'(M)® H" (M),
j=0

via the Kunneth formula. We want to tackle the following;:

Problem. Identify the components

(Q.3) (T"w)jn—j € H (M) ® H" 7 (M).

To begin the analysis, and also to highlight the significance of making such an
explicit identification, we note that, if p € M is fixed and

<Q4) (O M — M x M, 21(33) = (l‘,p), 7'2(33) = (p> .’17),
then, by degree theory (compare (9.18)), we have:
(Q.5) i1(T*w)[M] =1, i5(7"w)=0.

Here and below, S[M] denotes [,, 8. To restate (Q.5), we have

(Q.6) (T*wW)no=p®1€ H"(M)® H*(M), with u[M] =1,
and
(Q.7) (T*w)on =0 € HY (M) @ H"(M).

Next, note that, if § : M — M x M is the diagonal map, d(x) = (x,z), then
Tod: M — S™is the Gauss map. Thus, by Hopf’s special case of the generalized
Gauss-Bonnet theorem, discussed in the early part of §20,

(Q.8) n even — 5% (7*w)[M] = %X(M).
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Now §* : H*(M x M) — H™(M) is given by the cup product on each part of the
Kunneth decomposition:

(Q.9) U: H/(M)® H* 7 (M) — H"(M).
Thus, when n is even, we have
- 1
(Q.10) D U W) jn—s M) = S X(M).
j=0
Another consequence of (Q.6)—(Q.7) is that
(Q.11) n=1=6(r"w)[M] =1.

This is equivalent to a result of Hopf regarding the index of a vector field with a
closed orbit. We can prove it by noting that, when n = 1, then

(Q.12) (T w)[M] = (T"w)1,0[M] + (T"w)o 1 [M] =1+0=1.

This result was established in §9 by a different argument; see Proposition 9.12.
Let’s look a little closer at the case dim M = 2. Then (Q.10) is a sum of three
terms, two of which are specified by (Q.6)—(Q.7). Hence

(Q.13) U(T*w)11[M] = =x(M) — 1 = —% dim H'(M).

This gives partial information on (7*w)1 € H'(M)® H'(M), in this case. Note
that, if ¢; and ¢ are closed curves in M, defining cycles for Hy (M), then

(Q.14) (T"w)11(c1 ® c2) = / T*w = linking #(k(c1),j(c2)),

c1 XC2

where the last identity defines the linking number of the curves in k(c;) and j(c2)
in R3. For short, let us denote this quantity by A(c; ® c2).

While the quantity (Q.13) is independent of the imbedding of M, (7*w); 1 itself
can depend on the imbedding, as illustrated by two surfaces of genus 2 in R3, in
Figures Q.1 and Q.2. The quantities A(b; ® b2) and A(by ® by) are different in the
two cases.

One might consider further generalizations, such as

TZM1XM2—>Sn

given by (Q.1), for general M; C R™"! such that M; N My = 0.



315

R. Moser’s area preservation result

Given two Riemannian manifolds which are diffeomorphic, typically there is no
isometry taking one to another. On the other hand, as long as the two volumes are
the same (and the manifolds are compact, connected, and orientable) the following
result of J.Moser shows that there is a volume preserving diffeomorphism from one
to another.

We define a “volume form” on an oriented smooth manifold M of dimension n
to be a nowhere vanishing n-form on M, determining its orientation.

Proposition R.1. Let wg and wy be two volume forms on a compact, connected,
oriented manifold M. If

(R.1) /wo _ /wl

M M

then there is a diffeomorphism F : M — M such that

(R.2) F*w; = wo.

Proof. Taking convex linear combinations, we have a smooth family w; of nowhere
vanishing n-forms w;, 0 < ¢t < 1, all with the same integral. We will construct a
1-parameter family F} of diffeomorphisms on M, such that Fyw; = wg for each ¢;
then taking F' = I} gives the desired result.

We will obtain F; as the flow of a t-dependent family of vector fields X; on M,
ie.,

d

(R.3) %Ft(x) = X (Fy(z)), Fo(z)=u=.
It remains to construct the family X; in such a fashion that Fj'w,; is independent
of t. Now,

d d
(R.4) (Ft*wt) = F; <£tht + —wt>,

dt dt
so we want to find X; with the property that

(R.5) Lx,w; = —wy,
where w; = dw,/dt. Note that

(R.6) /w,’5 =0, Vt.

M
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Thus we can set
(R.7T) w; =day, oy = 6Guwy,

using the Hodge decomposition (22.19) (for any metric on M, not necessarily related
to wy). Meanwhile, the left side of (R.5) is given by

(R8) Etht = (dwt)JXt + d(thXt) = d(thXt)
Thus (R.5) holds if X; has the property
(Rg) thXt = — Q.

In (R.9), we are given the nowhere vanishing n-form w; and the (n — 1)-form ay.
Thus X; is uniquely specified by (R.9), and this makes (R.4) vanish. This proves
the proposition.

We remark that Hodge theory can be avoided here. A careful examination of
the proof of Proposition 9.5 enables one to construct an operator T : A"(M) —
A"~1(M) such that [ 3 =0 implies 8 = d(T3), and one can use this T" instead of
5G in (R.7).

There is an analogous result for compact manifolds with boundary.

Proposition R.2. Let wy and wyi be two volume forms on a compact, connected,
oriented @nifold with boundary M. If (R.1) holds, then there is a diffeomorphism
F : M — M satisfying (R.2).

Proof. Of course, if OM # (), we want F' : 9M — OM. We produce F} as before, by
specifying a smooth family of vector fields X; on M such that (R.4) vanishes. The
only extra condition we have to impose is that each X; be tangent to M.

We get this using the Hodge decomposition (23.21) for relative cohomology. As
noted in (23.49), under our hypotheses on M,

(R.10) H"(M,0M) ~ R,
if n = dim M. We fix a Riemannian metric on M and then set
(R.11) o = 6GTW,

which implies do; = wj since [ 1y wi = 0. Once we have oy, then as above X; is
uniquely specified by the identity (R.9). By the characterization (23.7) of relative
boundary conditions, we see that

(R.12) j*ay =0, j:0M — M.

It follows that the vector field X; defined by (R.12) is tangent to M, so the proof
is done.
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S. The Poincaré disc and Ahlfors’ inequality

The Poincaré disc is the disc D = {(z,y) € R? : 22 4+ y? < 1}, with metric

4

(S.1) 9ij = mfsij-

This has Gauss curvature —1, as a consequence of the formula (15.41), which says
(S.2) gij = *6;; = K(z) = —(Av)e™?",
for any 2-dimensional surface, where

0%v  0%w

(83) AU = @ + a—y2

One reason this metric is important is that it is invariant under all “Md&bius trans-

formations,” i.e., maps F': D — D of the form
(5.4 P = ZE0 =1
. Z) = = y a — frnd ,
bz+a

where we identify (z,y) with z = x + iy.
Proposition S.1. When the metric tensor g is given by (S.1),

(S.5) Frg=g

for all maps F : D — D of the form (S.4).

We leave as an exercise the proof of this result, and also of the next result, to
the effect that the set M of Mobius transformations acts transitively on D.

Proposition S.2. For each pair p,q € D, there exists F' € M such that F(p) = q.

Note that, together, Propositions S.1 and S.2 imply that the Gauss curvature of
the Poincaré disc must be constant.

The following result, discovered by L. Ahlfors, is of great utility in complex
function theory. Let €2 be a planar region with a metric tensor (h;;) which is also
a conformal multiple of the Euclidean metric:

(86) hij = €2w51j.
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Theorem S.3. Assume that (2, h) has Gauss curvature K(x) < —1 everywhere.
If F: D — Q is a conformal map (in particular, if F is holomorphic) then it is
distance decreasing, i.e.,

4
1—r2)2

Proof. Replacing F' by F,(z) = F(pz), p / 1, we see that it suffices to show that
F7h is dominated by the Poincaré metric for all such p. Thus, it suffices to show
that (S.7) holds when u is bounded on D. Since €Y — oo on 9D, it follows that, in
such a case, we have e2“/e?¥ — 0 on 9D, so this quotient has a maximum inside
D, say at a point zg.

Thus, we will have (S.7) if we show that e2%(*0) < ¢2v(30) T establish this, note
that

(S.8) 0> Alog(

<S7) (F*h)w = GQU(SZ'J' - 62u < 62v =

2u
e
eT> (20) = 2Au(z0) — 2A0(z0).
Now, our curvature hypothesis is equivalent to —(Au)e™2* < —1, while the compu-

tation that the Poincaré metric has curvature —1 is equivalent to (—Av)e™2¥ = —1,

SO
(S.9) Av=e* Au> e

Combining (S.8) and (S.9), we have e?“(*0) < Au(z) < Av(zg) = e2*(*0) s0
Theorem S.3 is proved.

One of the most important examples of such (€2, h) as in Theorem S.3 is
(8.10) Q=C\{0,1} = R*\ {(0,0), (1,0)}.
given a metric of the form (S.6), with

L4 2] 14|z =13

2w(z) _
(S.11) e =A 2773 P

A calculation using (S.2) shows that, for any A > 0, the Gauss curvature of
satisfies K4(z) < —a < 0, and if A is small enough then K 4(x) < —1. Using this,
we can establish the following result, known as Picard’s Little Theorem:

Theorem S.4. If F': C — C\ {0,1} is an entire holomorphic function, then F' is
constant.

Proof. Consider the functions f, : D — C\ {0,1} given by f.(z) = F(rz)’D. Each
fr is distance decreasing, so |f,.(0)| must be uniformly bounded as r — oco. Since
f1(0) = rF’(0), this implies F’(0) = 0. Similarly considering F(rz + (), we get
F'(¢) =0 for all ¢ € C, and the proof is complete.

Further discussion of Ahlfors’ inequality, including a proof of Picard’s Big The-
orem, can be found in [Kran].

We remark that, using the results of §N, we can extend Theorem S.3 to the case
where () is any 2-dimensional surface with Gauss curvature < —1, and hence to the
case where () is any Riemannian manifold with sectional curvature < —1.
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T. Rigid body motion in R” and geodesics on SO(n)

Suppose there is a rigid body in R", with a mass distribution at ¢ = 0 given
by a function p(z), which we will assume is piecewise continuous and has compact
support. Suppose the body moves, subject to no external forces, only the constraint
of being rigid; we want to describe the motion of the body. According to the
Lagrangian approach to mechanics, we seek an extremum of the integrated kinetic
energy, subject to this constraint. For more on this approach to the equations of
classical mechanics, see [AbM] and [Ar].

If £(t, z) is the position in R™ at time ¢ of the point on the body whose position
at time 0 is x, then we can write the “Lagrangian” as

(1.1) 19=3 | [oleeo)ée.ap i

Here, £(t,2) = O¢/Ot.
Using center of mass coordinates, we will assume that the center of mass of the
body is at the origin, and its total linear momentum is zero, so

(T.2) (t,x) = W(ta, W(t) € SOn),

where SO(n) is the group of rotations of R™. Thus, describing the motion of the
body becomes the problem of specifying the curve W (t) in SO(n). We can write
(T.1) as

1) = %/t 1 /p(W(t):z:)|W’(t):I;\2 de dt

(T.3) _ %/tol /p(y),wf(t)W(t)‘lylz dy dt
i
(W)

=J

We look for an extremum, or other critical point, where we vary the family of paths
W : [to, t1] — SO(n) (keeping the endpoints fixed).

Let us reduce the formula (T.3) for J(W) to a single integral, over ¢. In fact, we
have the following.

Lemma T.1. If A and B are real n X n matrices, i.e., belong to M (n,R), then

(T.4) [ olo) (A, By) dy = Tr(BAL,) = Tr(AZ, BY)
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where

(T5) 7,— [ oly) yoy dye ®* R ~ M(n.R)

Proof. Both sides of (T.4) are linear in A and in B, and the formula is easily verified
for A = E;;, B = Ejy, where F;; has a 1 in the ¢th column and jth row, and zeros
elsewhere.

Recall that we are assuming that the body’s center of mass is at 0 and its total
linear momentum vanishes (at ¢t = 0), i.e.,

(T.6) /p(y)y dy = 0.
By (T.4), we can write the Lagrangian (T.3) as
TOW) = % / T (WOW ()W (W () di
(T.7) "
_ % /t S (Z(t)Z,2(t)") dt,
where
(T.8) Z(t) =W ()W ()"t

Note that, if W : (to,t1) — SO(n) is smooth, then
(T.9) Z(t) € so(n), Vte (tg,t1)-

where so(n) is the set of real antisymmetric n x n matrices, the Lie algebra of
SO(n); in particular so(n) is the tangent space to SO(n) C M (n,R) at the identity
element.

Now we can define an inner product on 7,50(n) for general g € SO(n) = G by

(U, V>g = <Ug_1a Vg_1>1
(T.10) =Tr (Ug™'Z,(Vg™)")
=Tr (Ug_leth),

where, as in (T.9), V € T,50(n) = Vg~ ! € so(n). Note that
(T.11) NV =gV, p,V=Vg ' geSO(n)
define actions of G = SO(n) :

(T.12) A T5G — TysG, pg: Ty — Th1G,
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satisfying Ag, g, = Ag; Ag, and pg, g, = pg, Pg,- The inner product (T.10) satisfies
(T.13) (U V)g = (p(W)U, p(W)V ) g1, ¥ g.h € G, U,V € T,G.

Thus we have a right invariant Riemannian metric on SO(n), defined by (T.10).
If 7, is a scalar multiple of the identity, it will also be left invariant, since, for

U,V eT,G,
(T.14) Mg WU Ng V) =T (¢97'UZL,Vg) = T (UZ,V?Y),

which is equal to (T.10) provided g~'Z,g = Z,.
Returning to (T.7), we see that

(T.15) JOW) = %/t (W0 ()

The discussion in (11.25)—(11.27) shows that the stationary condition for (T.15),
for a family of curves in SO(n), is precisely the condition that W (t) be a geodesic
in SO(n), endowed with the right invariant Riemannian matric defined in (T.10),
via the tensor Z,,.

We now pursue the stationary condition for (T.7) directly, independently of its
connection with geodesic motion. Let Wy be a one parameter family of curves in
SO(n), with endpoints (at ¢; and t3) fixed, such that Wy, = W. The variation

(T.16) A Ws(t)| _, = X ()

is a curve in M(n,R), belonging to Ty (+)G for each ¢, so

(T.17) XOW(t)~t =Y (t) € so(n).
We have
iJ(W ). = l/tl Tr (X’W—lz (W'w—1)t
ds Pls=02 [ P
(T18) _ W/w—le—lz'p(Wlw—l)t

+WW L XW 4+ WW LX) dt
Recalling that W/W~! = Z, we note that X'W~! =Y’ 4+ Y Z: hence

d I
(T.19) £J(WS)\SZO =3 / Tr (—2(Y’ +Y2)I,Z+YI,Z* YZQIp) dt.

to

If we integrate by parts, we see that the stationary condition is

(T.20) Tr (Y(2I,,Z’ —92T,7 +T,7% - ZQI,))> =0
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for all ¢ € (to,t1), Y € so(n). Now, given A € M(n,R), Tr(YA) = 0 for all
Y € so(n) if and only if A = A'. Thus the stationary condition is

(T.21) A— A" =0,

where

(T.22) A=21,7 —221,7 +1,72° — Z°T,
SO

(T.23) fA-AY=1,2'+2'T,+ I, 27,

i.e., the stationary condition is that Z satisfy the evolution equation
(T.24) 1,7'+ 2'T, = —[Z,,2?].

Note that, if we solve the first order nonlinear system (T.24), with initial condition
Z(0) = W'(0), then we can solve for W (t) the linear system W'(t) = Z(t)W (t),
arising from (T.8), with initial condition W (0) = I.

The equation (T.24) makes it natural to bring in the quantity

(T.25) M(t) =Z,Z(t) + Z(t)Z,.
We have M' =7,7' + Z'1,, and

(T.26) M, Z] = [Z,, 27
Hence the stationary condition is equivalent to

dM

(T.27) —

= M, Z].

Note that the inner product (U, V) = Tr (UZ,V") in (T.10) defines a linear trans-
formation

(T.28) L, : so(n) — so(n)
by
(T.29) T (L,(U)VY) = Tr (UZ,VY), U,V € so(n),

ie., L,(U) is the skew-adjoint part of UZ, :

(T.30) £,0) = 3 (UT, + T,0).
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Hence, in (T.25), M(t) = 2L,(Z(t)).
In case n = 3, we have an isomorphism x : R?® — s0(3) given by

0 —Ww3 )
(T.31) K(wi,wa,wg) = | ws 0 —w |,
—Ww9 w1 0

as in (J.17), so that the cross product on R? satisfies w x z = Az, A = k(w). Then
the vector-valued function

(T.32) w(t)=—k"12Z(t)

is called the angular velocity of the body. Note that
(T.33) (WX y,wxy) = (A Ayw,w),
where A, = k(y), and a calculation gives

(T.34) A Ay =ylPT -y @y

Consequently, the Lagrangian integral (T.7) is equal to

(T.35) JW) = %/t 1 (Tpw(t),w(t)) dt,
where
(T.36) T, = /p(y) [ly[*I —y®y] dy = (Tr T,)I — I,

As noted in (J.18)—(J.19), the isomorphism « has the properties
(T.37) Kz x y) = [k(@), 5], Tr(k(@)ry)") =2z -y.
Furthermore, a calculation shows that, if £, is given by (T.29)—(T.30), then
(T.38) K Lpn(w) = 5T,
so, with M (t) € so(3) defined by (T.25), we have
(T.39) ult) = —5IM(E) = Tyelt),

the first identity defining p(t) € R3. The equation (T.27) is then equivalent to

d
(T.40) d—'lz = —w X L.
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The vector p(t) is called the angular momentum of the body, and J, is called the
inertia tensor. The equation (T.40) is the standard form of Euler’s equation for the
free motion of a rigid body in R3.

Note that J, is a positive definite 3 x 3 matrix. Let us choose a positively
oriented orthonormal basis of R? consisting of eigenvectors of J,, say J,e; = Jje;.
Then, if w = (w1, w2, ws), we have u = (Jywi, Jows, J3ws), and

wx p = ((Js — Jo)waws, (J1 — J3)wiws, (Jo — J1)wiws).
Hence, (T.40) takes the form

Jiw + (Jg — JQ)CUQ(.US =0
(T41) JQCZ)Q + (Jl — Jg)(ﬂﬂdg =0

Jws + (JQ - Jl)wu,dg =0.
If we multiply the ¢th line in (T.41) by &, and sum over £, we get (d/dt)(Jiw? +
Jow3+J3w3) = 0, while if instead we multiply by Jewy and sum, we get (d/dt)(JEw?+
J2w3 + J3w3) = 0. Thus we have the conserved quantities

le% + szg + ngg = Cl,

T.42
(T.42) J2? 4 2R 4 2R = O,

If any of the quantities J; coincide, the system (T.41) simplifies. If, on the other
hand, we assume that J; < Jy < Js3, then we can write the system (T.41) as

(T.43) Wy = Pwiws, W = —aPwws, W3 = —7wiws,
where
J3—J2 J3—J1 J2_J1

T.44 ? = ? = ? = :
(T.44) o 7 B 5 7
If we then set
(T.45) (1 =awz, G =pPw, ¢ =afws,
this system becomes

¢1 = Gl
(T.46) o= —(iGs

(= —7*Cie.

For this system we have conserved quantities

(T.47) G+G=a, YE+E=c,
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a fact which is equivalent to (T.42). (We mention that arranging that J; < Jy < J3
might change the orientation, hence the sign in (T.40).)
Note that we can use (T.47) to decouple the system (T.46), obtaining

1/2

G = [(er = D2 —7v*¢D)]
(T-48) G =—[(er = G)(e2 = 7VPer + )] i
és = ~[(e2 — )er —y 22 +772¢)]

Thus (; are given by elliptic integrals; cf. [Lawd].
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U. Adiabatic limit and parallel transport.

Let H(t),t € I, be a smooth family of self adjoint operators on a Hilbert space
H, with a smoothly varying family of eigenspaces E(t), of constant dimension k,
with eigenvalues A(t). Assume the spectrum of H(t) on E(t)* is bounded away
from A(t). Making a trivial adjustment, we will assume A(¢) = 0. For simplicity,
assume all the operators H(t) have the same domain.

Consider the solution operator S(¢,s) to the “Schrédinger equation”

ou

(U.1) Fri iH (t)u,

taking wu(s) to u(t). Now slow down the rate of change of H, and consider the
solution operators Sy, (t,s) to

ou ./t
(U.2) o = H(n)u
The claim is that, if u(0) = ug € E(0), then S, (nt,0)ug — w(t) € E(t) as n — oo,
and there is a simple geometrical description of w(t).

This was established by T. Kato [Kat], and rediscovered by M. Berry [Berl], the
geometrical content brought out by B. Simon [Si]. Berry worked with the case dim
E(t) = 1, but that restriction is not necessary. The more general case was already
dealt with by Kato; that the argument can be so extended was rediscovered by
F. Wilczek and A. Zee [WZ]. A collection of subsequent literature can be found in
[SW]. Curiously, Kato’s work has been ignored, despite the fact that it was cited
by [Si].

The geometrical structure is the following. The family E(t) gives a vector bundle
E — I, a subbundle of the product bundle I x H. If P(t) denotes the orthogonal
projection of H on E(t), we have a covariant derivative on sections of E defined by

(U.3) Vru(t) = P(t)Drult),

where D7 is the standard componentwise derivative of H-valued functions. Parallel
transport is defined by Vru = 0. It is easily seen, using

(U.4) P'P=(I-P)P,
that parallel transport is also characterized by

(U.5) C;—f = P'(t)w, if w(0) € E(0).



327

See Exercise 3 of §13. The claim is that the adiabatic limit w(¢) mentioned above
exists and is equal to the solution to (U.5), with w(0) = ug € E(0).

To prove this, we will rescale the t-variable in the equation (U.2). Thus we
compare the solutions v and w to

ou
— =1inH(t)u
(U.6) 522 "
i P'(t)w,
given u(0) = w(0) = up € FE(0). Then we know w(t) € E(t) for each ¢, so
H(t)w(t) = 0. Also, by (U.4), P'(t)w = (I — P)P'w= (I — P)w'.
Let v(t) = u(t) — w(t). Then v(0) = 0 and
(U.7) % —inH(t)v = —PH(t)w’ = f(1).

Here we have used (U.4) and set P+ = I — P. Thus f(t) L E(t) for each t. Now let
Sn(t, s) denote the solution operator to du/0t = inH (t)u. Then the solution wv(t)
to (U.7) is given by

(U.8) o(t) = /O S(t, s)f(s) ds.
We know that
(U.9) %Sn(t, s) = —inS,(t,s)H(s).

Now the spectral hypothesis on H(t) implies we can set
(U.10) f(t) = H(t)g(t),

with ¢(¢) a smooth family of elements of H. Hence

o(t) = /O Su(t, s)H(s)g(s) ds

1 [to
(U.11) :_E/o 5550 (t:8) g(s) ds
=~ [g(t) ~ Sa(t,0)9(0)] + - / Salt,)g'(s) ds.
0
Hence
(U12) lo(®)ln < 2.
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This proves our assertion:
(U.13) Sn(t,0)ug — w(t) as n— oo if ug € E(0),
where w(t) is obtained from wug by parallel translation.

Note that if H(1) = H(0), so E(1) = E(0), then w(1) will typically differ from
ug by the application of a unitary operator on Fj, since the connection (U.3) on F
is typically not flat. In the case Berry considered, where dim¢ E(0) = 1, this could
only be multiplication by €%, 6 being called Berry’s phase.

If we assume that H(t) has purely distinct spectrum Ai(t) < Ao(t) < -+, of
constant multiplicity, and no crossings, then we can analyze the behavior of so-
lutions to Ou/dt = inH (t)u via superpositions. Let P;(t) denote the orthogonal
projection of H onto the \;(t)-eigenspace of H(t). Write u(0) = > u;(0), with
u;(0) € R(P;(0)) = E;(0). Let 7;(t) denote parallel translation in the vector bun-
dle R(P;(t)) = Ej;(t), i.e., the solution operator to
dw;

dt
Then we can compare w;(t) = 7;(t)u;(0) to the solution u,;(t) to
Ou,
ot
i.e., to S,(t,0)P;(0)u(0). By (U.11), we have
(U.16)
1

uj(t) = ein/\j(t){wj<t) — %[gj(t) —S;nlt, O)gj(O)} - %/0 Sin(t,s gj ds},

where Sj,,(t, s) denotes the solution operator for 8/dt—in(H (t)— A ( )), and g] (t)is

obtained in a fashion similar to g(¢) in (U.11). Also, we have set A;( fo (s)ds.
If all the spectral gaps are bounded below:

(Ul?) )\j+1(t) — )\j (t) >C >0,

then we can decompose any u(0) € H and sum over j, obtaining

(U.18)
0)= > ™M OT(t)u(0)

(U.15) = inH (t)u;, u;(0) = P;(0)u(0),

1 - !
i — Z oinh; (1) [gj (t) — Sjn(t,0)g,(0) + /0 Sjn(t, s)g;(s) ds|.
J

Similar approximations, for S;,(¢,0) and S;,(t, s), can be made on the right, and
this process iterated, to obtain higher order asymptotic expansions.
Of course, the hypothesis (U.17) is rather restrictive. If one weakens it to

(U.19) N (t) = A0 = Cy (1)~ >0,

then one can iterate (U.18), at least a finite number of times, provided u(0) belongs
to the domain of some power of H(0).
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V. Grassmannians (symmetric spaces, and Kéahler manifolds)

Given k < n, we let G, denote the space of k-dimensional linear subspaces
of R™. This space has a natural structure of a smooth manifold and a natural
Riemannian metric, which we proceed to construct. It will be helpful to consider
also an associated set of projections. Given a k-dimensional linear space V' C R",
let Py be the orthogonal projection of R™ onto V. The correspondence V — Py
sets up a bijection

(V.1) Grn =y, ={P € End (R"): P = P' = P?, Rank P = k}.

Let Vo € Gk, denote the space Vo = {(z1,...,2%,0,...,0) : , € R}. We have
a natural identification V5 = RF and VOL =R %, An element V € Gy.,n close to Vp
can be described uniquely as the graph of a map A € L(R*¥, R"~F) :
(V.2) V ={(z, Az) : x € R*},

where we take R” = R¥ @ R"~%. This provides a coordinate system for a neighbor-
hood of Vj in Gy, :

(V.3) ¢ : LRF R"F) — Gy
Alternatively,
(V.4) ©(A)=R(B), B=I®A:R" - R"

Note that Gy, \ image(yp) consists of the collection of k-dimensional subspaces V'
of R” such that V N (Vp)+ # 0.
The associated map

(V.5) Y LR R™™F) — 1T,

can be described as follows; 1(A) is the orthogonal projection of R™ onto the space
(V.2), i.e., onto R(B) = R(BB"). Hence

(V.6) Y(A) = B(B'B)"'B".
Recalling that B = (I, A)!, we have

(I+AtA)~L  (I+ AtA)~LAT
(V.7) v(d) = (A(I+AtA)—1 A(I+AtA)—1At)
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Note that
t
(V.8) DY(0)X = ()0( )g ) .

Thus, ¥ is a diffeomorphism of a neighborhood of 0 in £L(R*, R"~*) onto a k(n — k)-
dimensional manifold in End(R"™), more precisely onto a neighborhood in IIj ,, of
Py, the orthogonal projection of R™ on Vy. We have

(V.9) N {(;'( )ét) X € E(R"“,R”_k)} .

The space IIj ,, gets a natural Riemannian metric as a submanifold of End(R"),
endowed with the inner product

(V.10) (S,T) = Tr (S'T).
Note that the inner product induced on T’p, 11y, ,, is
(V.11) (X,Y) =2 Tr(XY).

since

ey osom (3 XY (8 0)= (57 0)

The group O(n) acts transitively on Gy . The subgroup fixing V; is O(k) x
O(n — k), so

(V.12) Grm ~ O(n)/(O(k) x O(n — k)).

The way O(n) acts on Il ,, is by restriction to Il ,, of the action by conjugation
on End(R"™) :

(V.13) g-P=gPg .

Clearly this action preserves the inner product (V.10) on End(R"™), so O(n) acts as
a group of isometries on Il ,,. Note that the derived action of O(k) x O(n — k) on
Tpy I} » is given by

w0 T2l )

Now, one can show that the action (h,g) - X = gXh™! of O(k) x O(n — k) on
L(R*, R"=F) is drreducible, i.e., there are no proper invariant linear subspaces. It
follows that, up to a constant multiple, the inner product (V.11) on Tp, Il , is the
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unique inner product which is invariant under the action of O(k) x O(n — k). Thus
the Riemannian metric on Il ,, constructed above is, up to a constant factor, the
unique metric invariant under the action of O(n).

We next consider the space Gy, ,,(C) of k-dimensional complex linear subspaces of
C™. This has a description similar to Gy, ,,. Here and below, “linear” means C-linear,
unless otherwise stated. We have

(V.15)  Ggn(C) =1}, (C) = {P € End(C"): P = P* = P? Rank P = k}.

Let Vo = C* = {(21,...,2,,0,...,0) : 2, € C}, Py the orthogonal projection of C"
on Vy. We have a map

(V.16) Y1 L(CF,C"F) — TT , (C)

given by (V.7), with A’ replaced by A*. The natural (real) inner product on
End(C") is

(V.17) (S,T) = Re Tr (S*T).
We have
(V.18) TPOHk,n((C) = {()0( )g*> X € ﬁ((Ck,(C”—k)} :

and the inner product induced on £(CF,C"~*) from that on T, I ,,(C) satisfies
(V.19) (X,Y) =2 Re Tr (X*Y).

The group U(n) acts transitively on Gy ,(C). The subgroup fixing V} is U(k) X
U(n — k), so

(V.20) Grn(C) = U(n)/(U(k) x U(n —k)).

The action of U(n) on ITj ,,(C) is given by (V.13), so this is an action by isometries.
The action of U (k) x U(n—k) on Tp, I ,,(C) is given by (V.14), with X replaced

by X*. Note that T'p Il ,(C), given by (V.18), has a natural complex structure,

via X +— iX € L£(CF,C"*). Denote this by

(V.21) J : Tplly ,(C) — TpIly ,(C),

where for now P = Py. In such a case, U(k) x U(n — k) acts as a group of complex

linear transformations on Tp, I ,,(C). Also, J is an isometry for the inner product

(V.19). Thus

(V.22) J=-J=-J!
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on Tp,IIj ,(C). It follows that there is a unique complex structure (V.21) on
Tplly »(C) for each P, coinciding with that described above if P = Py, and also
having the property that, if g € U(n) and g - P = P’, then

(V23) gx : TPHk’n(C) — Tp/Hk’n((C)

is complex linear. Also, J satisfies (V.22) at each P € II; ,,(C). One says IIj ,,(C)
has an almost complex structure. Note that, if R(P) =V,

(V.24) Tpln(C) = {X +X*: X € L(V,V1)},

where X + X* is shorthand for XP + X*(I — P) = PXP+ (I — P)X*(I — P). We
have

(V.25) J(X +X*)=iX —iX*.

There are some other algebraic structures that arise naturally. First, we can
define an R-bilinear form

(V.26) (X,Y) = (X,Y)+i(X,JY), X,Y €Tpll,(C),

where (X,Y) is the real inner product given by the Riemannian metric discussed
above. Note that

(V.27) (X, X) = (X,X), (JX,Y)=iX,Y), (X.Y)=(Y,X).

Thus, (, ) is a Hermitian inner product on the complex vector space (Tp,J), and
(V.28) (X,Y) = Re (X,Y).

Note that, in parallel with (V.19), we have

(V.29) (X,Y) =2 Tr (X*Y)

as the Hermitian inner product induced on £(C*, C"~*) from that on Tp, I} ,(C).
Also, the current analogue of (V.14) implies that U(k) x U(n — k) acts as a group
of unitary operators on T'p Il ,(C), with this Hermitian inner product. Now, this
action of U(k) x U(n — k) is irreducible, so it follows that this is (up to a positive
scalar) the only Hermitian inner product on T'p,IIj, ,,(C) invariant under this group
action. Consequently, (V.26) gives Tl ,,(C) the structure of a Hermitian complex
vector bundle, and this is the unique Hermitian structure (up to a positive constant
factor) which is invariant under the action of U(n). Generally, a Riemannian man-
ifold M with an almost complex structure satisfying (V.22) is called a Hermitian
(almost complex) manifold.
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We now look at the action on 1l ,,(C) of a special element of U(n), namely

(V.30) 6o = (‘I 1) |

which acts as —I on Vj and as I on V. Denote P+ gg - P = goPgo_1 by
(V31) L Hk,n(C) — Hk’n(C).

Clearly ¢ fixes Py. As for its action on T'p IIj ,,(C), this is given by
(V.32)

(3 )-( DG D D)

(V.33) Du(Py) = —1I.

ie.,

When a Riemannian manifold M has a transitive group G of isometries, it is
called a homogeneous space. If furthermore, there is a point po € M and an
isometry ¢ € G such that ¢(pg) = po and Di(pg) = —I on T}, M, one calls M a
symmetric space. We have just seen that Gy, (C) ~ Il ,,(C) is a symmetric space.
A similar argument shows that the real Grassmannian Gy, is also a symmetric
space.

If a symmetric space M has an almost complex structure J, satisfying (V.22),
which is invariant under the action of G, we say M is a Hermitian symmetric space.
The following result is useful.

Proposition V.1. If M is a Hermitian symmetric space with almost complex struc-
ture J (a tensor field of type (1,1)), then, for all vector fields X on M,

(V.34) VxJ =0.

Proof. Consider F' = VJ, a tensor field of type (1,2). It is invariant under the
action of G. However, since Di(pg) = —I, we must have (*F = —F at pg; hence
F=—F =0 at pp. Hence F' = 0 everywhere on M.

A Hermitian manifold whose almost complex structure J satisfies (V.34) is called
a Kdhler manifold. We have just seen that Gy, ,,(C) ~ IIj ,,(C) is a K&hler manifold.
Note that (V.34) is equivalent to

(V.35) Vx(JY) = J(VxY)

for all vector fields Y on M. Equivalently, on a Kahler manifold, parallel transport
along any smooth curve (say with endpoints at p,q € M) gives a C-linear map from
T,M to Ty M.
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The almost complex structure of a Kéhler manifold M is always integrable, i.e.,
there is a holomorphic coordinate system on M, so M is actually a complex manifold.
We will not prove this here though below we will say more about the integrability
condition. However, we note that the map ¢ : £L(CF,C"~*) — I ,,(C) given by
(V.7), with A? replaced by A*, is actually holomorphic, i.e., given X € £(CF,C"~F),

(V.36) Dyp(A)(iX) = J Dy(A)(X),

where J acts on Tplly ,(C), P = 9(A), in the manner specified in (V.24)-(V.25).
We leave this calculation to the reader. It follows that Gy ,(C) ~ I ,(C) is a
complex manifold.

A Kahler manifold M has another structure, a 2-form w, called the Kahler form,
defined by
(V.37) w(X,Y)=(X,JY).

That w(X,Y) = —w(Y, X) follows from (V.22). Since VJ = 0, it follows that
(V.38) Vw = 0.

The formula (12.41) for dw then gives

(V.39) dw =0,

i.e., w is a closed 2-form on M. Since J is invertible, w is nmondegenerate, i.e., if
w(X,Y)=0forall Y € T,M, then X =0 at p. (A nondegenerate closed 2-form is
called a symplectic form). It follows that, if M has complex dimension m (hence
real dimension 2m), then, for 1 < j < m,

(V.40) wl e NN(M), w #0, dw’ =0.

We claim that, for 1 < j < m, w’ is not cohomologous to zero if M is compact.
Clearly w™ is not; it is nowhere vanishing and so [ y @™ # 0. On the other hand,
if j <m,

(V.41) W =dB = W™ =W ANdf = £d(W™ T A B),
giving a contradiction. Thus
(V.42) M compact Kéhler = H* (M) #0, 1<j<m.
Note that (V.37) defines a nondegenerate 2-form whenever M is a Hermitian

almost complex manifold, whether or not M is Kéhler. The following is a useful
characterization of Kdhler manifolds.
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Proposition V.2. If M is a Hermitian complex manifold (i.e., the almost complex
structure is integrable) and w is defined by (V.837), then

(V.43) dw = 0= M is Kdhler.

The formula (12.41) shows that dw = 0 is equivalent to
(V.44) (Vxw)(Y,Z)+ (Vyw)(Z,X)+ (Vzw)(X,Y) =0
for all vector fields X,Y,Z on M. We want to show that this implies Vxw = 0,
which is equivalent to VxJ = 0, since
(V.45) (Y, (VxJ)Z) = (Vxw)(Y, Z).

Before proving this, we need to investigate further the integrability condition
on J that holds if M has a holomorphic coordinate system. The condition that a
function u : O — C be holomorphic, given O C M open, is that

(V.46) (X +iJX)u=0

for every (real) vector field X on M. If M has a holomorphic coordinate system, it
is readily verified that, for any X and Y,

(V.47) (X +iJX)Y +iJY] = [ X, Y] +i[JX, Y] +i[X,JY] - [JX,JY]
must also have the same form, i.e., that
(V.48) N(X,)Y)= J([X, Y] - [JX, JY]) — ([JX, Y]+ [X, JY])

must vanish. It is easily verified that N (fX,gY) = fgN(X,Y) for any smooth
(real valued) f and g, so N defines a tensor field of type (1,2), on any almost
complex manifold M. In the literature one frequently sees N(X,Y) = 2JN(X,Y),
called the Nijenhuis tensor.

The result that an almost complex manifold for which A" = 0 has a holomorphic
coordinate system is the Newlander-Nirenberg theorem. A proof can be found in
[FoKol, or in [T1].

On a general Hermitian almost complex manifold, one has the identity

(V.A9)  2(VxJ)Y,Z) = (dw)(X,JY,JZ) — (dw)(X,Y, Z) + (N(Y, Z), X).

The reader can verify this from the definitions. Thus, if M is a Hermitian almost
complex manifold, we have

(V.50) dw=0=2((VxJ)Y,Z) = (N(Y,Z),X).
Since the integrability condition is N/ = 0, we have Proposition V.2.
There is the following important consequence.

Corollary V.3. If M is a Kdhler manifold and X C M is a complex submanifold,
then X 1is also Kdhler.

Proof. If j : X — M denotes the inclusion, then wx = j*was, so dwx = j*dw)y;.

The study of Kahler manifolds is an important area, involving both differential
geometry and algebraic geometry. For more on this topic, see [Weil] and [Wel|. The
study of symmetric spaces is closely tied to the study of Lie groups; [Hel| has a
great deal of information on this.
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W. The Hopf invariant

Assume M and N are compact oriented manifolds, such that
(W.1) dimN =n, dimM =2n—1.
Also assume that
(W.2) N connected, H"(M)=0.

For example, one could take M = S$?"~! provided n > 2. Let f : M — N be a
smooth map. We define the Hopf invariant of f as follows.

Pick w € A"(N) such that [yw = 1. Let B = f*w. Pick A € A" *(M) such
that dA = B. The hypothesis (W.2) implies this can be done. Set

(W.3) B(f) = /A/\dA.

M

Note that, if n is odd, then d(A A A) = 2A A dA, so (W.3) vanishes. Thus n must
be even for the Hopf invariant to be nontrivial.

We establish independence of choices. Suppose we pick another w’ € A™(N) such
that [ w' =1, so

(W.4) W' =w+dB on N.

Then f*w’' = d(A+ f*f), and

/(A+f*ﬁ)/\(dA+df*ﬁ): /AAdAJr/(f*/j)/\dAJr/A/\df*ﬁ
M M M M

(W.5)
+ [ [TBANAfTB.
/

Consider the four integrals on the right side of (W.5). The second integrand is equal
to f*(B8Aw) = 0. The third integrand is equal to (—1)""*d(AAf*B)+(—1)"dANf* 3,
and as just seen the last term here is zero, so the second integral on the right
side of (W.5) vanishes. The last integrand on the right side of (W.5) is equal
to f*(8 AdB) = 0. Hence the left side of (W.5) is equal to (W.3), so (W.3) is
independent of the choice of w on N.

Next suppose dA = dA’, so A’ — A= a € A" (M) is closed. Then A’ A dA’ =
ANdA+andA = ANdA+(—1)""1d(aNA), so (W.3) is unchanged upon replacing
Aby A’

The following result asserts the homotopy invariance of the Hopf invariant.
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Proposition W.1. If fo: M — N and f1 : M — N are smoothly homotopic, then

(W.6) H(fo) = H(f1)-

This result is a special case of the following restricted cobordism invariance,
when Q = M x [0, 1].

Proposition W.2. Let M and N be as above, and suppose M = 0N, where §) is
a compact, oriented, 2n-dimensional manifold. Also assume that

(W.7) H"(Q) = 0.
Then
(W.8) F:Q— N, f=F|,, = 9(f)=0.

Proof. This time, let B = F*w € A™(f2), and take A € A"~1(Q) such that dA = B.
Apply Stokes’ formula to A A dA € A?"~1(Q), to get

(W.9) /dAAdA:/A/\dA.
Q o

The right side of (W.9) is equal to H(f). On the other hand, the integrand on the
left side is equal to F*(w Aw) = 0.

We mention the following additional flexibility in the formula for the Hopf in-
variant.

Proposition W.3. Let w and A be as in the definition (W.3). Let also [y w' =1
and f*w' = dA’. Then

(W.10) S(f) = /A’/\dA‘

M

Proof. Write w —w’ = da. Then dA — dA’ = df*a, so A — A’ — f*a = (3 is closed.
We have

(W.11) /(A—A’)AdAz/(f*a+ﬁ)Af*w.

M

Now f*(a Aw) =0and A f*w=FANdA = +d(B A A), so the right side of (W.11)
vanishes.

There is the following relationship between the Hopf invariant and degree.
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Proposition W.4. Let M and N be as above. Suppose also M’ is a compact
oriented manifold of dimension 2n — 1, with H"(M') =0, and ¢ : M' — M. Then

(W.12) H(fop) = (Degp)H(f).

Proof. It A’ = ¢* A, we have dA’ = p*dA = (fop)*w, and A’ ANdA" = p*(ANdA),

SO

ﬁ(fow)z/A’AdA’z/go*(AAdA)

(W.13) M M

= (Deggp)/A/\dA.
M

We now compute an important example of the Hopf invariant. Let N = S? and
M = SO(3). The group SO(3) has Lie algebra so(3), spanned by

0 0 -1 0 1
(W.14)  J; = 0 1], Jo= 0 , J3=1-1 0

satisfying commutation relations
(W15) [J17J2] :J37 [J27J3] :']17 [J37J1] :JZ-

The group SO(3) acts transitively in S? C R3, and the subgroup fixing the “north
pole” p = (0,0, 1) is the group generated by J3. This defines a map

(W.16) @ :8S0(3) — 52

Let us define a 1-form « on SO(3) as follows. If J, are extended as left-invariant
vector fields on SO(3), set

(Wl?) Oé(Jl) == OL(JQ) = 0, Oé(Jg) =1.

Then the formula da(X,Y) = Xa(Y) — Ya(X) — a([X,Y]), together with the
commutation relations (W.15) yields

<W18) da(‘]h JQ) =—1, da(J27 J3) =0, da(J?H Jl) =0,
and hence

(ng) Oé/\dOé(Jl,JQ,Jg,) = —1.
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It follows from (W.18) that, up to sign, da is the pull-back via ¢ of the volume
form wg> on S? given by its standard metric, so [g, wg2 = 4.

Before completing the computation of H(¢), let us bring in M’ = SU(2). We
have a two-fold covering homomorphism

(W.20) 7:S5U(2) — SO(3),

obtained by mapping X, to J,, where X, are the following basis of su(2),

1(i 0 170 1 170 i
(W.21) Xl_%(o —i)’ X2_§(—1 o)’ X3_§(z‘ 0)’

with the same commutation relations as in (W.15), i.e.,
(W.22) [X1, Xo] = X3, [Xo, X5] = X1, [X35,X4] = Xs.

Thus o = 7*« satisfies analogues of (W.17)—-(W.19), with J, replaced by X,,
extended to be left-invariant vector fields on SU(2). Now SU(2) acts simply tran-
sitively on S$® € C2. Note that

(W.23) e Xy = T,

and 47 is the smallest positive real number for which this holds. Hence, if SU(2)
is given the Riemannian metric induced from S3, we see that || X,| = 1/2. Also,
the X, are mutually orthogonal at each point of SU(2). Thus o’ A da’ is eight
times the volume element on SU(2) induced by this metric. By (4.30) we know
that Vol(S3) = 272, so

(W.24) / o Ndo = 1672,
SU(2)

provided we give SU(2) the orientation so that (—X;, —Xo, —X3) is an oriented
basis of the tangent space. Now, let us set

1 1 1

(W.25) W= —wse, A= e A = Eo/.
Then

(W.26) dA = p*w, dA =¢*w,

where

(W.27) p=ypor:8U>2) — 52,

and we have

(W.28) A NdA = 16;2 o' Ada.

By (W.24), we obtain the following:
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Conclusion. For the maps ¢ and ¢ given by (W.16) and (W.27), we have

(W.29) 9(p) =5 ) =1

The map (W.27) is essentially equivalent to the classical Hopf map
(W.30) f:8% — 82 #(f)=1.

Note that, upon composing f with a map ¢, : S — S3 of degree v and using
Proposition W.4, we obtain, for each v € Z, a map f, : S® — S? with H(f,) = v.

It is known that, whenever M = S?"~1 and f : $?"~! — N, then H(f) is an
integer. See [BTu| for a detailed discussion of the case n = 2. In fact, the Hopf
invariant of f : M — N is usually studied only for M = $?"~!. We claim that
generally, if M and N satisfy our standing hypotheses and f : M — N, then
$H(f) is a rational number. In fact, this is a consequence of formula (W.35) below,
established by C. Lebrun.

Let p € N be a regular value of f; almost all points in N are regular, by Sard’s
theorem. Let w be a (delta-function type distributional) n-form supported at p,
such that wa = 1, and let B = f*w. This is a distributional n-form on M,
supported on I' = f~1(p), a smooth (n — 1)-dimensional submanifold of M. A key
fact is that ' inherits a natural orientation such that

(W.31) Alezr/qp

for any smooth (n — 1)-form ¢ on M. This is readily established if 1) has support
on a small neighborhood of a point ¢ € I' on which f can be put in the normal
form (zq,...,29n-1) — (21,...,2,). Then a partition of unity argument treats the
general case.

In particular, if w’ is an n-form on N integrating to 1 and f*w’ = B’ = dA’,
then

(W.32) mﬁ:/Aﬂ

r

To proceed further, we bring in some consequences of the fact that the compact,
oriented manifold M is assumed to have H" (M) = 0. By Poincaré duality we have
for the real homology group H,_1(M) = 0. Hence the integral homology group
H,—1(M,Z) is a finite abelian group. This implies that there is a nonzero m € 7Z
and an integral chain X such that

(W.33) mI = 0X.
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Using this and applying Stokes’ theorem to (W.32), we have
1 y_ 1 .
(W.34) a(f)=— [dAa =~ [ fu.
m m
X X

Consequently, as is easily seen by picking w’ with support disjoint from {p},
1
(W.35) 5(f) = — deg[f - (X,T) = (N,p)].

Of course, if H"(M,Z) = 0, then we can take m = 1 in (W.33), and hence

in (W.35), and see that $(f) is an integer. This occurs in the classical case of
f:8%"1 - N,
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X. Jacobi fields and conjugate points

Jacobi’s equation and the concept of a Jacobi field arose in Exercises 811 of
§15. We recall that a Jacobi field is a vector field J along a unit speed geodesic y
that is a solution to Jacobi’s equation

(X.1) VrVod — R(T, J)T =0,
where T'(t) = +/(t). We have
1
(X.2) D Exp,(tv)w = ;Jw (1),
where J,,(t) is the Jacobi field along v(t) = Exp,(tv) such that

(X.3) Ju(0) =0, VrJu(0) = w.

Also if 74 is a 1-parameter family of curves such that vs(a) = p, vs(b) = ¢, and if
7o is a geodesic, then the second derivative at s = 0 of the energy integral

b
(X.4) B(s) =5 | bh®A0)de
is given by
b
E"(0) = / [(R(V,T)V,T) + (V7V,VrV)] dt
(X.5) @

_ / b [(R(V,T)V,T) — (V,VrVrV)] dt,

where V' = 0575(t)|s=0- Note that the right side of (X.5) vanishes if V' is a Jacobi
field along v that vanishes at the endpoints.

We say two points p and g on a geodesic v are conjugate if there exists a nontrivial
Jacobi field J along ~ that vanishes at p and ¢q. An equivalent condition is that
D Exp,, is singular at v € T,M, if y(t) = Exp,(tv), p = v(0), and ¢ = y(1).

The theory of Jacobi fields and conjugate points contains many important results,
and we touch on only a few here. For more material, one can consult [CE], [Mil].
We begin with a result of Jacobi.

Proposition X.1. If there is no t € (a,b] such that v(t) is conjugate to p = vy(a),
then E"(0) > 0 for all nontrivial V along ~y that vanish at v(a) and v(b).

Proof. We assume ~(t) is a unit speed geodesic. By (X.2) we see that we can write
v(a+t) = Exp,(tv) for some unit v € T, M, and Exp, gives a local diffeomorphism
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from a neighborhood Q of {tv:0 <t <b—a} into M. We now make an argument
similar to that in the proof of Corollary 11.3.

Given a smooth 1-parameter family 7, (t) with vo(¢) = y(t), vs(a) = p, vs(b) = ¢,
we can write, for v, (t) # p,

(X.6) s (t) = Expp (s (H)ws (1)),

at least for s close to 0, with w,(¢) in the unit sphere in 7, M and r4(t) > 0. We
have

(X.7) e = i) + Irs (Dl (),

using the metric tensor on {2 induced from M via Exp,, and applying the Gauss
lemma. Hence

b b
(X.8) E(s) = %/ ()2 dt+%/ s (t)wh(2)|* dt.

Comparing the first term on the right to f; |r.(t)| dt, as in the proof of Corollary
11.3, we see that

(X.9) / 02 di > B(0),

so under our hypotheses we have

b
(X.10) E(s) > E(0) + % / Irs ()l (£) ]2 dt,
b
(X.11) E”(o)z/ (t—a)2|8t88ws(t)]s:0|2dt.

Note that Jsws(b) = 0. Thus this last inequality implies that E”(0) > 0 if V(¢)
is transverse to y(t) anywhere. On the other hand, if V(¢) is parallel to T'(t)
everywhere, the first identity in (X.5) gives this result.

Sometimes one can guarantee that there are no conjugate points:

Proposition X.2. Suppose the sectional curvature of M is < 0 everywhere. Then
no two points of M are conjugate along any geodesic.

Proof. Let ~ be a unit speed geodesic, T = +/(t). Suppose J is a Jacobi field along
v, so (X.1) holds. A computation gives

d
—(VrJ, J) = |V J|? + (VrVrd, J)

(X.12) dt
= |V J|> = (R(J,T)T, J).
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If the sectional curvature is < 0, then this is > |VrJ|?. Thus if J(a) = 0 and
J(b) = 0 for some b > a, we deduce that f; V7 J(t)]?dt = 0, so J(t) vanishes along
.

An alternative proof follows from examining (X.5). If V = J is a Jacobi field
that vanishes at the endpoints ¢ = a and ¢ = b, the second integral on the right side
of (X.5) must vanish, but under the curvature hypotheses the first integral there is

> ff |V J|? dt, yielding the result.

Curvature conditions of the opposite flavor can guarantee the existence of con-
jugate points. The following is a result of Bonnet and Myers.

Proposition X.3. Lety:[a,b] — M be a unit speed geodesic, and suppose that
(X.13) Ric(T,T) > (n—1)k > 0,

where T =~ and n = dimM. If b—a > w/\/k, then there is a point ¢ = (t)
congugate to p = y(a), for some t € (a,b.

Proof. Let {T,e1,...,en—1} be an orthonormal basis of T,,M. Extend e; along
by parallel translation, and set V;(t) = sin(n(t — a)/¢) e;(t), with £ = b — a. If we
compute the second variation of energy (X.5) using V' =V}, and denote the result
by E7/(0), we obtain

0 2
;Eg’(o):/o {(n—1)7;—2 cos2”7f—Ric(T,T) sin27%}dt
V4 2
(X.14) < (n _ m oWt oml
<(n-1) 0{62 cos” = — ki sin g}dt

(2 ),

which is < 0 if £ > 7/+/k. The conclusion then follows from Proposition X.1.
When conjugate points exist, there can be important geometric consequences.

Proposition X.4. If v is a unit speed geodesic and p = ~y(a) and ¢ = ~y(b) are
conjugate along v, then d(p,~(t)) <t —a fort>b> a.

Proof. Tt suffices to show that there is a variation for which 92E(0) < 0, when F(s)
is given by (X.4), with b replaced by t; > b. To establish this, let J be a nontrivial
Jacobi field vanishing at t = a and t = b, so VpJ(b) # 0. Let J(t) = J(t) on
[a,b], 0 on [b,t1]. Let Z be a smooth vector field along v, vanishing at ¢ = a and
t = t1, such that Z(b) = —V1J(b). Then set

(X.15) V=J+eZ
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Using the first identity in (X.5) (valid for V' Lipschitz), we obtain

E"(0) = 2¢ /b{<vTJ, VrZ)+(R(Z,T)Z,T)} dt + O(?)

(X.16) — 2 /bT<VTJ, Z)dt + O(e?)

= 2|V ()2 + O(e2).

Thus, for sufficiently small € > 0, use of (X.15) yields E”(0) < 0, and we are done.

Proposition X.4 is due to Jacobi. M. Morse established a much more precise
result, which has had a great impact on modern geometry and topology. See [Mil]
for a treatment.

Together, Propositions X.3 and X.4 imply the following:

Corollary X.5. If M is a complete Riemannian manifold of dimension n and
Ric(X,X) > (n — 1)k|X|* for some k > 0, then M is compact, with diameter

< 7/VE-

Alternatively, one can deduce this directly from the calculation (X.14), without
bringing in the notion of Jacobi fields.
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Y. Isometric imbedding of Riemannian manifolds

In this appendix we will establish the following result.
Theorem Y.1. If M is a compact Riemannian manifold, there exists a C° map
(Y.1) d: M —RY
which is an isometric imbedding.

This was first proved by J. Nash [Na|, but the proof was vastly simplified by
M. Giinther [Gul]-[Gu3]. These works also dealt with noncompact Riemannian
manifolds, and derived good bounds for N, but to keep the exposition simple we
will not cover these results. The proof will make use of some results on elliptic
PDE, which can be found in Chapters 13-14 of [T1].

To prove Theorem Y.1, we can suppose without loss of generality that M is
a torus T*. In fact, imbed M smoothly in some Euclidean space R¥; M will sit
inside some box; identify opposite faces to have M C T*. Then smoothly extend
the Riemannian metric on M to one on T*.

If R denotes the set of smooth Riemannian metrics on T* and & is the set of
such metrics arising from smooth imbeddings of T* into some Euclidean space, our
goal is to prove

(Y.2) £=R.

Now R is clearly an open convex cone in the Frechet space V = C>(T*, §2T*)
of smooth second order symmetric covariant tensor fields. As a preliminary to
demonstrating (Y.2), we show that the subset £ shares some of these properties.

Lemma Y.2. £ is a convex cone in V.

Proof. 1f gg € £, it is obvious from scaling the imbedding producing go that agg € &,
for any a € (0,00). Suppose also g; € £. If these metrics g; arise from imbeddings
©Yj: T* — R¥, then go + g1 is a metric arising from the imbedding o @ ¢q : TF —
R¥ %1 This proves the lemma.

Using Lemma Y.2 plus some functional analysis, we will proceed to establish
that any Riemannian metric on T* can be approzimated by one in &. First, we
define some more useful objects. If u : T¥ — R™ is any smooth map, let 7, denote
the symmetric tensor field on T* obtained by pulling back the Euclidean metric on
R™. In a natural local coordinate system on T* = R¥/Z*  arising from standard
coordinates (z1,...,;) on R¥,

aUg 8u4
Z ox; (%UJ J

7.]7
Whenever u is an immersion, 7, is a Riemannian metric, and if » is an imbedding,
then 7, is of course an element of £. Denote by C the set of tensor fields on T* of
the form ~,. By the same reasoning as in Lemma Y.2, C is a convex cone in V.
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Lemma Y.3. £ is a dense subset of R.

Proof. If not, take g € R such that g ¢ &, the closure of £ in V. Now & is a closed
convex subset of V, so the Hahn-Banach theorem implies there is a continuous linear
functional £ : V — R such that £(€) < 0 while ¢(g) = a > 0.

Let us note that C C € (and hence C = &£). In fact, if u : TF — R™ is any smooth
map and ¢ : TF — R is an imbedding, then, for any € > 0, ep @ u : TF — R*+™
is an imbedding, and Vepmu = €27, + Y € €. Taking € \, 0, we have v, € .

Consequently, the linear functional £ produced above has the property £(C) < 0.
Now we can represent ¢ as a k x k symmetric matrix of distributions ¢;; on T*, and

we deduce that

(Y.4) > {0if0;f,liy) <0, Vf e C™(TH).

4,J
If we apply a Friedrichs mollifier J., in the form of a convolution operator on T*, it
follows easily that (Y.4) holds with ¢;; € D'(T*) replaced by \;; = J.£;; € C>(T*).
Now it is an exercise to show that, if \;; € C>(T*) satisfies Xij = Aji and the

analogue of (5.4), then A = ()\;;) is a negative semidefinite matrix valued function
on T*, and hence, for any positive definite G = (g;;) € C>(T*, S?T*),

,J
Taking \;; = J-4;; and passing to the limit € — 0, we have

2%}

for any Riemannian metric tensor (g;;) on T*. This contradicts the hypothesis that
we can take g ¢ £, so Lemma Y.3 is proved.

The following result, to the effect that £ has nonempty interior, is the analytical
heart of the proof of Theorem Y.1.

Lemma Y.4. There exists a Riemannian metric go € £ and a neighborhood U of
0 in V, such that go + h € £ whenever h € U.

We now prove (Y.2), hence Theorem Y.1, granted this result. Let g € R, and
take go € &£, given by Lemma Y.4. Then set g1 = g + a(g — go), where a > 0 is
picked sufficiently small that g; € R. It follows that g is a convex combination of gg
and g1, i.e., g = ago+(1—a)g; for some a € (0,1). By Lemma Y.4, we have an open
set U C V such that gg + h € £ whenever h € U. But by Lemma Y.3, there exists
h € U such that g1 —bh € £, b=a/(1 —a). Thus g = a(go + h) + (1 — a)(g1 — bh)
is a convex combination of elements of £, so by Lemma Y.1, g € £, as desired.

We turn now to a proof of Lemma Y.4. The metric gy will be one arising from
a free imbedding

(Y.7) u:TF — R¥,

defined as follows.
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Definition. An imbedding (Y.7) is free provided that the k + k(k + 1)/2 vectors
(Y.8) Oju(x), 0;0ku(x)

are linearly independent in R*, for each x € T*.

Here, we regard TF = R*/Z* so u : R¥ — R, invariant under the translation
action of Z¥ on R¥, and (x1,...x};) are the standard coordinates on R¥. It is not
hard to establish the existence of free imbeddings; see the exercises at the end of
this appendix.

Now, given that u is a free imbedding, and that (h;;) is a smooth symmetric
tensor field which is small in some norm (stronger than the C2-norm), we want to
find v € C>°(T*,R*), small in a norm at least as strong as the C'*-norm, such that,
with go = Vu,

(Y.9) Z 0i(ug + ve)0j(ue + ve) = goij + hij,
¢

or equivalently, using the dot product on R*,
(YlO) &u . 8jv + 8ju . &-v + @-v . 8jv == h”

We want to solve for v. Now, such a system turns out to be highly underdetermined,
and the key to success is to append convenient side conditions. Following [Gu3],
we apply A —1 to (Y.10), where A = 3~ 97, obtaining

&{(A —1)(Oju-v) + Av- (9jv} + 6’j{(A —1)(Ou-v) + Av - &-v}
(Y.11) —2{(A — 1)(0;05u - v) + 30 - 90 — B,04v - 0,00
—f-AU . 8i8jv + %(A - 1)h1]} = 0,
where we sum over ¢. Thus (Y.10) will hold whenever v satisfies the new system

(Y.12)
(A =1)(Gi(z) -v) = —Av-dw

(A= 1)(Gj(x) - v) = —L(A = 1)hy; + (aiaw 0,000 — Av - 0,050 — S04 - ajv).
Here we have set (;(z) = Oiu(z), (j(z) = 0;0;u(x), smooth R¥-valued functions
on T*.

Now (Y.12) is a system of k(k + 3)/2 = k equations in p unknowns, and it has
the form

(Y.13) (A =1)(&(z)v) + Q(D*v, D*v) = H = (0, —3(A — 1)hy;),
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where £(z) : R* — R" is surjective for each x, by the linear independence hypothesis
on (Y.8), and @ is a bilinear function of its arguments D?v = {Dv : |a| < 2}. This
is hence an underdetermined system for v. We can obtain a determined system for
a function w on T* with values in R”, by setting

(Y.14) v=§&(x) w,
namely
(Y.15) (A —1)(A(x)w) + Q(D*w, D*w) = H,

where, for each x € T*,
(Y.16) A(z) = &(2)é(x)t € End(R") is invertible.

If we denote the left side of (Y.15) by F'(w), the operator F' is a nonlinear differential
operator of order 2, and we have

(Y.17) DF(w)f = (A —1)(A(2)f) + B(D*w, D*f),
where B is a bilinear function of its arguments. In particular,
(Y.18) DF(0)f = (A —1)(A(z)f).

Elliptic estimates, which can be found in Chapter 13, §8 of [T1], imply that, for
any r € RT \ Z*,

(Y.19) DF(0) : C""3(T* R*) — C"(T*,R") is invertible.

Consequently, if we fix r € Rt \ Z*, and if H € C"(T*,R") has sufficiently small
norm, i.e., if (h;;) € C™T2(T* S2T*) has sufficiently small norm, then (Y.15) has
a unique solution w € C™2(T* R*), with small norm, and via (Y.14) we get a
solution v € C™+2(T*, R#), with small norm, to (Y.13). If the norm of v is small
enough, then of course v + v is also an imbedding.

Furthermore, if the C"*2-norm of w is small enough, then (Y.15) is an elliptic
system for w. By regularity results established, e.g., in Chapter 14, §4 of [T1], we
can deduce that w is C*° (hence v is C*), if h is C'°°. This concludes the proof of
Lemma Y.4, hence of Nash’s imbedding theorem.

Exercises
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In Exercises 1-3, let B be the unit ball in R*, centered at 0. Let ()\;;) be a smooth
symmetric matrix-valued function on B such that

(Y.20) Z/(aif)(x) (0;£)(x) Xij(z) dz <0, Vf e C5°(B).
0,J
1. Taking f. € C5°(B) of the form
fo(x) = f(e 2my,e7t2’), O0<e<],
examine the behavior as € \, 0 of (Y.20), with f replaced by f.. Establish that
A11(0) <0.

2. Show that the condition (Y.20) is invariant under rotations of R¥, and deduce
that (X;;(0)) is a negative semidefinite matrix.

3. Deduce that ()\ij (x)) is negative semidefinite for all z € B.

4. Using the results above, demonstrate the implication (Y.4) = (Y.5), used in the
proof of Lemma Y.3.

5. Suppose we have a C* imbedding ¢ : T¥ — R™. Take £ > 0. Define a map
Y :TF — R* @ S?R" ~ R*, u:n—k%n(n—l—l),
to have components
ej(x), 1<j<n, epi(x)p;(r), 1<i<j<n.

Show that v is a free imbedding.

6. Using Leibniz’ rule to expand derivatives of products, verify that (Y.10) and
(Y.11) are equivalent, for v € C°°(Tk, R*).

7. In [Nal, the system (Y.10) was augmented with 0;u - v = 0, yielding, instead of
(Y.12), the system

Ci(x) -v=0,

Y.21
-2 Gij(x) - v = 5(0w - Ojv — hij).

What makes this system more difficult to solve than (Y.12)?7
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Z. DeRham Cohomology of Compact Symmetric Spaces
A Riemannian manifold M is a homogeneous space provided its isometry group
acts transitively on M. A connected homogeneous Riemannian manifold is a sym-

metric space if, in addition, given p € M, there exists an isometry ¢, : M — M
such that

(Z.1) tp(p) =p, and diy(p) =—I on T,M.

Let M be a compact symmetric space, and let G be the connected component
of the identity in its isometry group. (Sometimes ¢, € G and sometimes ¢, ¢ G.)
For 0 <k <n=dimM, let

(Z.2) By ={BeAN(M):g"3=0, VgeG}.

Let Hj, denote the space of harmonic k-forms on M. Basic Hodge theory gives a
natural isomorphism

where the right side of (Z.3) is the kth deRham cohomology group of M. We aim
to prove the following.

Theorem Z.1. If M is a compact, connected symmetric space,

(Z.4) B = Hy.

To begin, we note that, since G is connected, § € Hy = ¢*( is both harmonic
and cohomologous to 3, hence equal to 3, so clearly

It remains to prove that By C Hi. We bring in some lemmas.

Lemma Z.2. Given the isometry v, as in (Z.1),

(Z.6) g€G@= 1,9, €G.

Proof. Take a continuous v : [0,1] — G, 7(0) = e (the identity element), v(1) = g.
Then ¢,y(t)e, ! € G for all t € [0,1].
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Lemma Z.3. We have

(Z.7) e By = L;ﬁ € By.

Proof. Given g € GG, Lemma 7.2 implies I,ng;1 =g € G. Now, for 3 € By,
(2.8) g B = (1pg9)" B = (gtp)"B = 1,978 = 1,3,

so (Z.7) holds.
Lemma Z.4. We have

(Z.9) B e B, = dB=0.

Proof. 1f B € By, we have that ¢, 8 € By, and, for each p € M,,

(2.10) 1B8(p) = (=1)"B(p).
Since 8 and ¢y 3 belong to By, (Z.10) plus the transitivity of G on M imply
(Z.11) B =(-1)"3 on M.

Also df € Byi1, so
(Z.12) vdB = (-1)*"1'd3 on M.

But u}df = dui = (=1)%dS on M, by (2.11), so (—1)""'dp = (—1)*dS on M,
which forces dg = 0.

The following complement to Lemma Z.4 establishes the reverse inclusion By C
‘H}., and completes the proof of Theorem Z.1.

Lemma Z.5. For § = d*, we have

(Z.13) B € B, = 63=0.

Proof. If M is oriented, it has a Hodge *-operator * : A¥(M) — A"~%(M). Since
each g € GG is an orientation-preserving isometry, * commutes with the action of
such g on forms, so

(Z.14) x: By — Bp_rk,

and, since 0 = + x dx, (Z.13) follows from (Z.9).
If M is not orientable, we use the following argument (thanks to S. Kumar).
While d commutes with all pull-backs ¢* for smooth ¢ : M — M, § = d* commutes
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with ¢* as long as ¢ is an isometry. In such a case, the action of ¢* on forms is
unitary (say U), and we have

(Z.15) AU =Ud=U"'d*=d*U" ' = d&*U = Ud".

Thus the proof of Lemma Z.4 extends as follows. If 3 € By, then for each p € M,
1y € By, and (11) holds. Also, since g*0 = dg* for g € G, 63 € By_1. Hence
1363 = 6133 equals both (—1)*64 and (—1)F~144, forcing 64 = 0.

An alternative endgame for the proof of Theorem Z.1 (noted by S. Kumar) is
to use # € By = 68 € By and apply Lemma Z.4 to deduce that dé3 = 0, hence
AB = —(dop + ddp) = 0.

It is desirable to say some more about By. So take p € M, and let

(2.16) K ={g9€G:gp=n},

so K is a closed subgroup of G and

(Z.17) M =G/K.

Given g € K, we have the representation

(2.18) m(g) = Dy(p) : T,M — T, M,

of K on T, M, yielding representations A*m of K on A*T,M.

Proposition Z.6. Let M be a compact symmetric space, G the connected compo-
nent of the identity in its isometry group, p € M, and K as in (Z.16). Take By as
in (Z.2). Then, for 0 <k <mn, By is isomorphic to

(Z.19) {v e A*T,M : N*r(g)v = v, Vg € K}.

Hence such a linear space is isomorphic to H*(M).

We can denote the space (Z.19) as Z%(T,M, K ), where, generally, if V is a finite-
dimensional real inner-product space and K a closed subgroup of O(V),

(Z.20) TV, K) = {v e AFV : APgv =, Vg € K}.
Note that
(Z.21) " (V,K) = P 1¢(V, K)

k

has a natural ring structure, and, in the setting of Proposition Z.6, Z*(T,M, K) is
isomorphic to the cohomology ring H*(M).
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Z2. Spheres, and real and complex projective spaces

For a straightforward application of Proposition Z.6, we consider the n-dimensional
sphere,

(Z2.1) S" = SO(n+1)/S0(n), n>2.

Here By, is isomorphic to (Z.19) with K = SO(n), acting in the canonical fashion on
R" ~ T,S™. Clearly A°R™ and A"R™ are one-dimensional spaces on which SO(n)
acts trivially. We claim that

(72.2) A‘R™ has no nonzero SO(n) invariant elements, for 1 < ¢ <n — 1.
To see this, take o € A’R™ and write it as a linear combination of monomomials
(Z2.3) ej, N Nej,, 1< < <je<n,

where {e,...,e,} is an orthonormal basis of R™. If 4,5 € {1,...,n}, i # j, then
let K;; denote the group of rotations in the (e;, €;)-plane. Given a monomial (Z2.3)
that contains one of the factors {e;, e;} but not the other, the average of the action
of K;; applied to such a monomial is 0. All other monomials, i.e., those containing
either both e; and e; or neither of these factors, are unaffected by such an averaging
process, but each such monomial will be annihilated by averaging the action of some
such subgroup Kgp. It follows that successively averaging any a € A‘R™ over all
these various group actions yields 0. Hence, if « is SO(n)-invariant, it must be 0.
Applying Proposition Z.6 and (Z2.2), we have

HY(S™) ~ R, for £=0,n,

(72.4)
0, for 1</<n-—1.

As a variant, consider real projective space,
(72.5) RP" = SO(n +1)/(S(O(1) x O(n)), n>2.

The group K = S(O(1) x O(n)) sits in SO(n + 1) as
(72.6) {(T a) ca € {£1}, T € O(n), adethl}.

The action of K on T,,RP" = R" is given by

(72.7) w(<T a))U:aTU.
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We have
m(K) = SO0(n), ifnisodd,

72.8
( ) O(n), if nis even.

We deduce from (Z2.2) that
(Z2.9) HYRPY) =0 for 1<f<n-—1.

Clearly A’R™ is a one-dimensional space on which O(n) acts trivially, so we have
HO(RP") ~ R, as we know, since RP" is connected. Now A™R" is one dimensional,
and as noted above, SO(n) acts trivially on this space. However, O(n) does not, so

(Z2.10) A"R™ has no nonzero elements invariant under O(n).
It follows from (Z2.8) that

H"(RP") ~ R, if nisodd,

0, if nis even.

(Z2.11)

This reflects the fact that RP™ is orientable if n is odd, but not orientable if n is
even.

Before taking up further specific cases, we record a general result that can be
deduced from Proposition Z.6.

Proposition Z2.1. In the setting of Proposition Z.6,

(22.12) —Ien(K)= HYM) =0, forall odd ¢ € N.

Proof. The transformation —I € L(T,M) acts as (—1)* on A“T, M.

NoTE. In light of (Z.1), the hypothesis —1 € 7(K) is equivalent to the hypothesis
that ¢, belongs to the conected component of the identity in the isometry group of
M. As a check, note that the conclusion in (Z2.12) holds for the sphere S™ when
n is even, but fails (at £ = n) when n is odd.

Let us see how Proposition Z2.1 applies to Grassmannians. Recall from Appendix
V that the Grassmannian manifolds Gy, (IF) of k-planes through the origin in F"
(F =R or C) are given by

(72.13) Grn(R) =S0(n)/S(O(k) x O(n —k)),
and

(Z2.14) Grn(C) = Un) /(U (k) x Un — k).
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With base point given by p = Vo = {(21,...,24,0,...,0) : z; € F}, we have

T,Grn(R) ~ L(RF R"F),

72.15
( ) T,Gr.n(C) = L(CF,C"F).

Regarding the latter identification, which is a vector space with a natural complex
structure, keep in mind that the exterior products in (Z.19) are taken with T, M
regarded as a real vector space. Now, given (A, B) € K, where, respectively, A €
O(k),B € O(n—k) and (det A)(det B) =1, 0or A € U(k), B € U(n—k), and given
T € L(F*¥,F"~*), the action of m(A, B) on T takes the form

(Z2.16) n(A, B)T = BT A".

We see that w(Iy, —1,—x) = 7(—Ik, [n—k) = —1 on T,G ,(F) provided F = C. For
F =R, (Iy,—I,—) € Kifn—Fkiseven, and (—Ij,I,_) € K if k is even. As a
result, (Z2.12) applies to M = Gy, ,(C) for alln € N, 1 < k <n—1, and it applies
to G n(R) provided either k or n — k is even.

Note that

<Z217) RP” - G17n+1<R), CP” - G17n+1((C),

so (Z2.12) applies to CP™ for all n € N, and it applies to RP" if k is even (since
k=1= (n+1) —k =n). Of course, this last observation merely recovers part of
(Z2.9) and (Z2.11).

Results on H*(CP") are somewhat different from those on H‘(RP"). For one
thing, as seen in Appendix V, the complex projective spaces CP™, and indeed all
the complex Grassmannians Gy, ,,(C), are Hermitian symmetric spaces, and hence,
by Proposition V.1, Kdhler manifolds. Thus, by (V.42),

(72.18) H? (CP™) #0, for 1<j<n.

Before identifying these spaces more precisely, we will bring in another general
result, Proposition Z2.2, whose proof will use some basic representation theory. To
wit, if K is a compact Lie group and 7 a unitary representation of K on an inner
product space (real or complex), then

(72.19) P = /W(g) dg

K

is the orthogonal projection of V' onto the linear space Vi on which 7 acts trivially.
Hence

(72.20) dimVp =Tr P = /Trﬁ(g) dg.
K

Here and below, dg denotes Haar measure on K. For a proof of (72.20), see §5 of
[T2].
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Proposition Z2.2. In the setting of Proposition Z.6, if n = dim M, then, for
A€ER,

(72.21) Zn:)\n_j dim H? (M) = /detR(AI +7(g)) dg.

Proof. We have

dim H’ (M) = dim B;

(72.22) _ / Trg AV7(g) dg,

K

by (Z2.20), so the left side of (Z2.21) is equal to

(22.23) / > AV Trg M r(g) dyg.
K =0
But
(72.24) detr(M +m(g)) = Y A" Trg A 7(g),
j=0

so we have (Z2.21).

Using Proposition Z2.2, together with some more representation theory, we will
establish the following.

Proposition Z2.3. The deRham cohomology of complex projective space satisfies
(72.25) HY(CP") ~ R, for 1<j<n.

Consequently, by (V.37)-(V.42), for each j € {1,...,n}, H?*(CP") is spanned by
w’, where w is the Kdihler form, given by (V.37).

Proof. By Proposition Z2.2, for A € R,

2n
> AP dim M (CP™) = / / detr (M + ag) dg da
=0

(22.26) ! v U

= / detr (A + g) dg.
U(n)
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Here, the representation m of U(1) x U(n) on T,,CP™ gives the standard action of
ag on C™. The second identity in (Z2.26) uses left invariance of Haar measure on
U(n). Now we use the identity

(Z2.27) A€ L(C") = detg A = | detc AJ?

to write the right side of (7Z2.26) as

(22.28) / | detc(M + g)|* dg.
U(n)

Now, parallel to (Z22.24), we have

n

(2:2.29) detc(M +g) = > A"/ Trc Mg,
j=0

0 (Z2.28) is equal to

(Z2.30) D A / (Tr ALg) (Tr Akg) dg.
54=0 U(n)

Now we bring in the fact that

(72.31) Aég , 0 <7 <n, are mutually inequivalent irreducible
. unitary representations of U(n) on Aé cn.

See [T2], §20. This together with the Weyl orthogonality relations (cf. [T2], §6)
gives

(72.32) / (Tr Afég) (Tr AlLg) dg = 6,5,
U(n)
and plugging this into (Z2.30), which is equal to (Z2.26), yields

(22.33) ZAQ" 7 dim H7 (CP™) Z/\Q” 2

7=0

proving (Z2.25).

Z3. Real Grassmannians

We now take a closer look at the real Grassmannians Gy, ,(R), starting with the
issue of orientability.
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Proposition Z3.1. Givenn > 2, 1 <k <n—1, G ,(R) is orientable if and only
if n is even.

Proof. The manifold G, (R) has dimension d = k(n—k), by (Z2.15). This manifold
is orientable if and only if Hg # 0, hence, by (Z.4), if and only if By # 0. In this
case, by (22.13),

(Z3.1) K =5(0(k) x O(n—k))
acts on A°L(R¥, R"~%), and the invariant elements of this space span By. If (4, B) €
S(O(k) x O(n — k)), with A € O(k), B € O(n — k), and T € L(R* R"*), then

m(A, B)T is given by (Z2.16). It follows that the action of A%r(A, B) on the one-
dimensional space A?L(R* R"~*) is given by multiplication by

(73.2) det (A, B) = (det A)" % (det B)*.

On the other hand, given A € O(k), B € O(n — k),

(73.3) (A,B) € S(O(k) x O(n — k)) = (det A)(det B) = 1.
Hence (Z3.2) is equal to (det A)"~2* so By # 0 if and only if n is even.

It is natural to look at the space ékm(R) of oriented k-planes through the origin
in R™. This is a 2-fold cover of G, (R), given by

(Z3.4) Grn(R) = SO(n)/SO(k) x SO(n — k).
This time we have

(Z3.5) H (G (R)) = By,

with

By = {v e A'L(R*,R"*) : An(A, B)v = v,

(23.6) VA€ SO(k), B e SO(n—k)},

where again the action 7(A,B) on T € L(R¥ R"*) is given by (Z2.16). An
argument parallel to the proof of Proposition Z3.1 shows that Gi ,(R) is always
orientable. A variant of the analysis below (Z2.15) shows that (Z2.12) applies to

ékn(R) provided either k& or n — k is even, so
(23.7) k(n —k) even = H*(Gj.n(R)) =0, for all odd .

The algebraic problem of specifying the spaces (Z3.6) has some intricacy. Let us
specialize to the case k = 2, and use

(Z3.8) LRER"H~RE@VaVaV, V=R"?
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together with

(23.9) MyveV)= @ ANVeA V.

J1t72=4,j.,2>0
To start, let us specialize to the case ¢ = 2, so we are looking at
(3.10) A(VeV)~(AVoAV)e (Ve V)as (AV e A'V),

carrying a natural SO(2) x SO(V') action. Each of the three summands on the right
side of (Z3.10) is invariant under the SO(V) action. The SO(2) action on V @V
is given by

(Z3.11) e, JeL(VaV), J:<? _OI).

An element 3 € A2(V @ V) is fixed by the SO(2) action if and only if
d
(Z3.11A) dA%2T B = %Azewﬁ}tzo =0.

To see the action of dA2%J, take an orthonormal basis of V @ V of the form
{e;j, f; :1 < j <n—2}, where {e;} is an orthonormal basis of the first summand
V, and {f;} an orthonormal basis of the second. Then orthonormal bases of the
three spaces on the right side of (Z3.10) are, respectively,

{finfo:1<j<k<m}, {ejAfu:1<jk<ml,

73.12
( ) {ej/\€k21§j<k§m}v

where m = n — 2. Since Je; = f; and Jf; = —e;, the action of dA%J is

dAZJ(fJ A fk) = —ej A fk — fj N €k,
(73.13) dAZJ(ej A fr) = fiNfr —ej Neg,
dAzj(ej Aeg) = fiNew+e; N fi.

Note in particular that
(Z3.13A) dA*J(e; A fj) =0, dA*J(ej Ner+ fj A fr) = 0.

We are now ready to specify the SO(2) x SO(V)-fixed subspaces of A?2(VaV). We
start with the SO(V')-fixed subspaces. As mentioned, SO(V') leaves each summand
on the right side of (Z3.10) invariant. If dim V' = 2, then SO(V) acts trivially on
the one-dimensional space A2V. If dim V' > 2, then, by (Z2.2), SO(V) acts on A2V,
with no nonzero invariant elements. As for the action on V ® V, the isomorphism
V ®V ~ L(V), via the inner product on V', shows that there is a one-dimensional
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SO(V)-fixed subspace, spanned by the identity I € L(V'), hence, in terms of the
second basis in (Z3.12), by

(Z3.14) c=erNfi+-+enAfm.

This element is also invariant under the action of A250(2), as (Z3.13A) shows. In
fact, o is the symplectic form on V @ V', and all its exterior powers are invariant
under the SO(2) x SO(V') action.

When dim V' > 2, SO(V) acts irreducibly on C® V', and the subspace of V@V of
elements on which SO(V') acts trivially is one-dimensional, so the only contributions
to SO(V)-fixed elements in A2(V @ V) from V ® V are scalar multiples of (Z3.14).
When dim V' = 2, there is a two-dimensional subspace of V ® V ~ L(V') on which
SO(V) acts trivially, spanned by

1 0 0 -1
I—<0 1), and J0—<1 0).

The image of the latter element in A%2(V @ V) is given by
(Z314A) er N\ f2 —ea A fl-

This element is not annihilated by the action of dA?J, as one sees from (Z.3.13).
Hence this does not yield an additional SO(2) x SO(V)-fixed element of A%(V &V).

In case dim V = 2, we also have the SO(2) x SO(V)-invariant element of (A°V @
A%V) @ (A2V @ AYV), given by

(Z3.15) er Nex + fi A fa,
the SO(2) invariance following from (Z3.13A).

These arguments establish the following.

Proposition Z3.2. For n > 4, we have

2(Gon(R)) =~ R2, if n=4
R, if n>4.

From here, we can identify all the deRham cohomology groups H*(Ga,,(R)) for
n = 4 and 5. Note that dim G, (R) = 2(n — 2), which is 4 for n = 4 and 6 for

n = 5. We see that
HY(Gou(R) ~ R, if £=0 or 4,
(Z3.17) R?, if (=2,

0, otherwise,
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and

HY(Gas5(R) ~ R, if £=0,2,4,6,
0, otherwise,

this by (Z3.16) for ¢ = 2, and by Poincaré duality for ¢ = 4.

We move on to an examination of H!(Gy.,(R)) for general £. By (Z3.7), we can
restrict attention to even ¢, i.e., £ = 2v, so we specialize (Z3.9) to

A (Vo V)
~ P ANVesrv
(Z3.19) J1+i2=2v,j, >0
= (ANVoAV)e (VoA V) - (AN VRATV)D---
(AT R V)e (A*V @ AY).

Again each summand is invariant under the SO(V) action. We divide the study
into two cases.

(23.18)

Case A. dimV # 2v.

Then none of the summands on the right side of (Z3.19) can have SO(V)-fixed
elements except perhaps

AV @ A"V,

If v > dim V, this space is 0. If v < dimV (but 2v # dim V), then SO(V) acts
irreducibly on the complexification of A¥V', so there is a one-dimensional subspace
of A"V @ A*V ~ L(A"V) consisting of SO(V)-fixed elements, namely the span of
I € L(A”V). The image of this in A?*(V @ V) is

(73.20) Yo e A, Afi Ao Afi,
1<i1 <<, <m

where m = dimV = n — 2. This is a constant times ¢”, with ¢ as in (23.14).
One sees that this is annihilated by dA?”J, and is fixed by the SO(2)-action. Thus
A?"(V @ V) has a one-dimensional space of elements fixed by the SO(2) x SO(V)
action, provided dimV # 2v and v < dim V. This establishes the following.

Proposition Z3.3. Assume v <n — 2, i.e., 2v < dim égm(R). Then

(23.21) H? (Gan(R)) ~ R,
provided

1 ~
(73.22) 2v#n—2, d.e., provided 2v # 3 dim G, (R).

Case B. dimV = 2v.
The following result completes the description of the deRham cohomology of

Ga.n(R). Here we also make use of basic results on representation theory for SO(V'),
which can be found in [T2].
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Proposition Z3.4. Assume 2v =n — 2, i.e.,

(23.23) 2w = % dim G, (R).
Then
(23.24) H? (Ga.n(R)) ~ R2.

Proof. In (Z3.19), we decompose A?(V & V) into 2v + 1 pieces APV @ A2~V
p € {0,...,2v}. For each such p, this is a tensor product of two equivalent repre-
sentations of SO(V), intertwined by the Hodge star operator. If u # v, the repre-
sentation of SO(V') on the complexification of A*V is irreducible, so AV @ A2V =+
has a one dimensional subspace on which SO(V') acts trivially, and it is spanned

by

(23.25) a, = D e A e, Nx(fiy A A fi)

1<y <<, <2v

If u = v, we have the following modification. The action of SO(V') on the complex-
ification of A¥V has two irreducible components, and we have a two-dimensional
space of elements of AV ® A¥V on which SO(V) acts trivially, namely the span
of o, in (Z3.25), with p = v, together with the element (Z3.20), which, recall, is
a nonzero multiple of ¢”. Our remaining task is to take the space E, of SO(V)-
invariant elements of A?”(V @ V), just described, and examine the behavior of
dA?”J on this space (which is mapped to itself since dA?”.J commutes with the
SO(V) action).

Note that since A?”e!’ is a group of isometries on A2V (V @ V), dA?"J is skew
adjoint on this space, hence on the subspace E,. As we have seen, dA%”.J annihilates
o”. Hence is acts as a skew-adjoint transformation on

(73.26) F, = Span{a,, : 0 < p < 2v},
a real vector space of dimension 2v + 1. since
(73.27) dA*J:F, — F,

is skew adjoint, its range must have even dimension, hence its null space must have
odd dimension. The content of (Z3.24) is that this null space has dimension 1. To
see this, we make the following observations. First,

(Z3.28) dA?"J : Span(ay,) — Span(ay,—1,a,41), 0< pu <2,
where, by convention, we set a_; = a9,+1 = 0. Next
(Z3.29) dA*"J(e,) has a nonzero component in Span(a,,+1), for 0 < pu < 2v—1.

It follows that the range of dA?”.J in (Z3.27) has dimension 2v. Thus the null space
of dA?"J on F,, is one dimensional, and we have the proof of Proposition Z3.4.
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