Some matrix integrals related to random matrix theory
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ABSTRACT. We present a “naive” derivation of a formula of [BDK] for [, () | T0 M I|2dM,
of use in random matrix theory. We also calculate a more refined object, |, U(n) MI®

M~7 dM, which in turn yields a formula for fU(n) f(M)® g(M)dM.

1. Inner products of trace functions on U(n)

Let f : S — C be a bounded Borel function. Given M € U(n), we define
f(M) € End(C™) by the spectral representation, and consider the trace function

(1.1) Xf:U(n) —C, Xp(M)="Trf(M).
We are interested in formulas for
(1.2) | xs0nx,00am

U(n)

recovering some formulas from [BDK], involving identities of Dyson [D], also pre-
sented in [M]. We look for alternatives to the method of Dyson.
Note that (1.2) is equal to the trace of

(1.3) / FOM) ® g(M) dM.

We use Fourier series:
(14) an=Y> fonr. )= o / o) ds.
j=—o0 —
We see that (1.3) is equal to
(1.5) D FDak) Az, Ay = / M7 @ M*dM.
j.k

U(n)
1
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Performing the measure-preserving transformation M — ¥ M on U(n), we see

that

(1.6) Ajp = e UTRY 4,

for all ¢» € R, and hence A;, = 0 for j # —k. Hence

(1.7 [ ransgana =3 f@a-i)4,
U(n) ’

with

(1.8) Aj = / M’ @ M~ dM.

U(n)

Note that performing the measure-preserving transformation M — M~! on U(n)

yields
(1.9) Aj=A_;.
From (1.7) we deduce that
(1.10) [ xonx,an i =Y G-
U(n) !
where
(1.11) ajn=TrA; = / |Tr M7|? dM.
U(n)
Clearly
(1.12) aon = n>.

We will show in §2 that

a'n:j fOI‘]_SjSTL,
(1.13) ’ .
n for j>n.

By (1.9) we have a_;,, = a;j,. This provides an analysis of (1.2).

For the operator analysis of (1.3), we need a more precise analysis of the operators

Aj, given by (1.8). This analysis is carried out in §3.

2. The square-norm of Tr M7

Here we establish the following identity:



Proposition 2.1. We have

/ | TrMI>dM = j  for 1<j<n,
(2.1) Uln)
n for j>n.

As mentioned in §1, this was proven in [BDK], using Dyson’s formula. Another
proof was given in [DE| (Theorem 2.1, part (b)), using an identity between power-
sum symmetric functions and Schur functions. Here we give a “naive” proof, based
on Weyl’s integration formula, which implies that whenever ¢ : U(n) — C is
invariant under conjugation, then

(2.2) / H(M) dM = C, (27) " / H(D(0))7(0) dby - - - by,
U(n) T7L
where D(0) is the diagonal matrix with diagonal entries 1, ... e and
(2.3) J(0) = [ e — .
k<t

We will verify in calculations below that

1
In particular, (2.2) gives
(2.5) / |Tr M7 | dM = Cn(QW)—“/w@l 4+ €927 (0) db.
U(n) Tn

We re-state this as follows. Set (; = e | so
(2.6) €7 e 0P = U] P = GG
w,v

and

J(0) =[] 1e” — e > = ] I6k — eI

k<t k<t
(2.7) =[] =G =¢h)
k<t

= (sgn7) (G- G) T (G — ¢,

k<t
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where v is the permutation on {1,...,n} such that y(k) =n + 1 — k. We see that
fU(n) |Tr M7|* dM is the constant term in

(2.8) Co(sgn (G- 6™ (D) TGk — <o
8% k<t

Thus our task is to identify the constant term in this Laurent polynomial. To work
on the last factor, we recognize

(2.9) V() =T —¢)

k<t

as a Vandermonde determinant; hence

(2.10) V() = Z (SgHU)Cf(l)_l . C’g(n)ﬂ7
oeS,
where S,, denotes the group of permutations of {1,...,n}. Hence

211) J[(G—-¢)?*=V(©)*= Y (sgno)(sgnr)¢y V72 cgtmrrtn=2,

k<t o, 7ES,
Before getting back to (2.8), let us first identify the constant term in
(2.12) J(0) = (sgny)(Gr -+ G) "IV Q)2
We see this is
(2.13) (sgnv) Y (sgno)(sgn7),

where the sum is over all o,7 € S, such that o(k) + 7(k) = n + 1, for each
k€ {1,...,n}. In other words, we require T = o, where = is as specified in (2.7).
Thus the sum in (2.13) is equal to n!(sgn+)? = n!, which establishes (2.4).

Back to (2.8), i.e., the study of the constant term in

(2.14)
Cr(sgny) (¢ Cu)~ 0 > (sgno)(sgnm)Ci¢, ¢y T2 cotmtrn=2,
WV, O,T
which we write as
(2.15) Cr(sgny)(S1 + S2),

where S arises from the sum over y = v and S, arises from the sum over pu # v.
Parallel to the analysis of (2.12)—(2.13), we have

(2.16) S1 =n-n!(sgnvy),



or Cp(sgn~y)S1 = n.

It remains to consider S;. We see that, for a given u # v, a pair o,7 € S,
contributes to Sy in the sum (2.14) if and only if o(k) + 7(k) = n + 1 for all but
two values of k € {1,...,n}, namely k = 1 and v, and

o(p) +7(p) =n+1-4j,

(2.17) o(v) +7(v) =n-+1+].

Equivalently, we require 7 = tyo where v is as in (2.7) and ¢ € S,, has the
property that (k) = k except for two values of k € {1,...,n}, namely k1 = yo(u)
and ke = yo(v), and

Y(k1) = k1 —j, (k) = ko + .

This requires (k1) = ko, (ko) = ko, with

(2.18) k= ko + .
Then
(2.19) Sy =Y (sgnv)(sen ),

the sum running over such allowable (u, v, 0,1). Note that (2.18) constrains k;; we
require j + 1 < ky < n. Thus if j > n the sum in (2.19) is empty and Sy = 0.
If 1 < j < n-—1, then there are (n — j) - n! terms in the sum (2.19), and each
sgn1 = —1. Hence

(2.20) So=—(n—7j) -nl(sgny), 1<j<n-1,

and we have (2.1).

3. Operator analysis of A;

Here we want to compute the operators A; defined by (1.8), i.e.,
(3.1) Aj = / M’ @ M~ dM.
U(n)
Let us define 0 : C" @ C" — C™ @ C" by
(3.2) olu®v) =v®u,

and let I denote the identity operator on C" @ C". Let j A n denote min(j,n). We
will establish the following.
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Proposition 3.1. For j > 1, n > 2, we have

n?—(An)  (GAn)—1

(3:3) Aj = n(n? —1) n?—1

I.

Proof. Take X € U(n), acting on C" ® C" by X (v ® v) = Xu ® Xv. Then
(34) X 'A;X(u®v)= / X "M Xu@ X "M XvdM = Aj(u®v),
U(n)

since M +— X 1MX is a measure-preserving transformation on U(n). Thus A;
commutes with the action of U(n) on C" ® C"; it follows that

(35) Aj = Qo + Bjnla

for some scalars a;, and (;,. Taking the trace of the right side of (3.5) and
comparing this with (1.11)—(1.13), we have

(3.6) naj, +n?Bjn = j An.

To obtain a second identity involving «a;,, and (;,, we proceed as follows. Write
(3.5) as

(3.7) Aj(u®v) =ajnv@u+ Bjnu .
Setting u = v and taking the inner product of both sides with u ® u yields
(@ + Gllult = [ (Mue M Iuue ) du
U(n)
(3.8) = / (M u,u) (M~ u,u) dM
U(n)
= / |(M7u,u)|* dM.
U(n)
On the other hand, taking v | u and taking the inner product of both sides of (3.7)
with v ® u yields
jn |u)? |v]* = / (Miu® M v,v®u)dM
U(n)

(3.9) = /(Mju,v)(v,Mju)dM
U(n)

= / |(M7u,v)|* dM.
U(n)
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Now let eq,...,e, denote the standard orthonormal basis of C", and set u = ej.

Apply (3.8) for £ =1 and (3.9) with v = ey for £ > 1, and sum, to get

ajn‘f‘ﬁ]n a]n Z / |MJ61766 ’ dM

(3.10) ~u
= / ’Mj€1‘2 dM.
Uin)

Since |M7e;| = 1, we have our second identity:
(311) nan + 5jn = 1.

Now (3.3) follows.

With (3.3) in hand (and noting that Ag = I), we can finish the computation of

(1.7). We obtain

iy :
' - n21_ - (h(0) = (0)) (I — no)
+ h(0)]
where
(3.13) h(o) = - / F(@)gle — 0) de,

and where F, h denotes the nth Fejér mean of the Fourier series of h:

(3.14) Fhe)= 3 (1- ’9|$”)1}( et
<

Note that iL(O) is equal to the product of the mean values of f and g.

REMARK 3.1. Taking v orthogonal to v and taking the inner product of both sides

of (3.7) with v ® v yields the identity

(3.15) / (MIu,u)(Miv,v)dM = Bjp [ul? |v]?, for u L v.

U(n)



REMARK 3.2. It is apparent that the matrix entries of A; are given in terms of

(316) / Mo By majgjmaj+1ﬁj+l .. 'mazj,BZj dM = Po(;’g
U(n)

In particular, for j = 1 one has (1/n)da,a,08,8,, yielding a direct calculation of

A1, consistent with that case of (3.3). For general j, the quantities Pgﬁ) are matrix
entries of

(3.17) P = / (@' M) ® (&' M) dM,
U(n)

the orthogonal projection of (®/C") ® (®/C"™) onto the linear subspace Z on which
(@TM) @ (27 M) acst trivially for all M € U(n). The first fundamental theorem
of invariant theory (cf. [GW]) describes a spanning set of Z, but it is not an or-
thonormal basis. The projection P(®) has rank 2, and examining this yields another
calculation of A,. However, for larger j this approach to calculating A; does not
seem straightforward.
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