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1. Introduction

This work is a continuation of [15], particularly §§3—4 of that paper. The first
two sections of [15] recalled work of the author with P. Baum and R. Douglas [5] on
relative K-homology classes in K;(2, 0Q2) defined by elliptic operators on a manifold
with boundary. Central to that work were identities in relative K-homology, which,
via the boundary map 0 : K,;(€Q,00) — K;_1(02), led to identities in K;_;(092).
Of particular interest is the following result, proved in [5]. Let € be a strongly
pseudoconvex complex manifold. Then there is the Szegd projector S acting on
L?(09Q), and also 99 has a natural spin®-structure, with associated Dirac operator
D. The identity is

(1.1) (D] =[S] in K.(09).

As explained in [5], this provides a refinement of Boutet de Monvel’s index the-
orem (and also an extension, as this result generalizes to a large class of weakly
pseudoconvex manifolds). The identity (1.1) has also further implications for index
theory.

In particular (1.1) applies to @ = B*M, the ball bundle of a smooth compact
manifold M. With the identity (1.1) in hand, it is possible to prove

(1.2) D] = Py in K:(S*M),

where Py € K1(S*M) is the “pseudodifferential operator extension,” which asso-
ciates to each p € C(S*M) the pseudodifferential operator with principal symbol
p, which is well defined modulo the ideal K of compact operators on L?(M), and
hence gives a *-homomorphism C(S*M) — Q(L?*(M)), the Calkin algebra. One
way in which the identity (1.2) is useful is the following. There is the commutative
diagram, analyzed in [3]

KO9(S*M) —2— K, (M)
(1'3) ﬁ’PMl% lid.

T
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with the following property. If A : C°(M, Ey) — C>®(M, Ey) is an elliptic self
adjoint pseudodifferential operator defining a class [A] € K1(M), and if E, — S*M
is the vector subbundle of 7*FEy — S*M which is the direct sum of the positive
eigenspaces of the symbol of A, then

(1.4) m(Ex N Pa) = [A], and p([E]) = [A].

By (1.2) we can replace Py by [D] in (1.3). Using the Bott map, it is then
established in [5] that there is a commutative diagram of the form:

KO(M) —"— Ko(M)

(1.5) o) |~ [

Ko(M) ——— Ko(M)

T

Here M is the double of the ball bundle in T*M. A vector bundle E over M is
obtained from a pair of bundles Ey, E1 — M via the clutching construction, given
a symbol over S*M of an elliptic pseudodifferential operator P : L?(M, Ey) —
L?(M, Ey), and

(L6) io([E]) = [P] in Ko(M).

Every elliptic pseudodifferential operator P is obtained, and amongst other things
(1.5) implies that the index of every such pseudodifferential operator is equal to
the index of an explicitly described twisted Dirac operator.

We note here another implication of (1.5); namely this can be used to prove that
every element of Ky(M) is represented by an elliptic pseudodifferential operator.
Indeed, since the double of the ball bundle M — M has a section, the map m, :
Ko(]\/i) — Ko(M) is surjective. Since the operation N[D] is an isomorphism, i, is
also surjective, so the result is established.

It is interesting to compare this with the following commutative diagram, a
variant of (1.3):

(1.7) mfPMlz lid.

Here, if ® : S*M — Gl(k, C) is a smooth map, defining a class [®] € K*(S*M), then
p([®]) is the class of a pseudodifferential operator on M whose principal symbol is
given by ®. Thus the image of

(1.8) Tt Ko(S*M) — Ko(M)
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consists precisely of classes in Ky(M) that can be represented by elliptic operators
acting on trivial bundles, P : L?(M,C*) — L?(M,C*). When M has a nonvan-
ishing vector field, the map (1.8) is surjective, but it is not always surjective. For
example, with M = S?, one has

(1.9) Ko(S?*)=Z®Z, Ky(S*S?) =K'(RP?) =27,

so T, is certainly not surjective in this case.

Sections 3 and 4 of [15], upon which we will build in this paper, dealt with
the K-cohomology of the C*-algebra W°(M), the L?-operator norm closure of the
algebra OPS%(M) of classical scalar pseudodifferential operators on order 0 on a
compact manifold M. The K-cohomology groups K7(¥°(M)) are closely related
to the K-homology groups of the sphere bundle S*M, K;(S*M). As noted in §3
of [15], the general K-cohomology exact sequence easily yields the following, with
exact top rows and commuting squares:

0 — Ko(S*M) —Z— KO(TO(M)) — 0
(1.10) - | I

Ko(M) — Ko(M)
and
0—2Z % K(5* M) T KY(WO(M)) — 0
(1.11) - | [
K1(M) — K1 (M)

In concert with Poincaré duality, we hence have isomorphisms
(1.12) KW (M) ~ KY(S* M), K'(U°(M))~ K°(S*M).

One of our motivations for looking at K7 (¥%(M)) is that elliptic pseudodifferen-
tial operators, which define cycles for classes in K;(M), may also define classes in
K7 (WY(M)) that have more structure. For example, if A : C>°(M, E) — C>(M, E)
is a self adjoint elliptic operator in OPS™ (M), let () denote the orthogonal pro-
jection onto the positive spectral space of A, Q € OPS°(M), acting on L?(M, E).
Let R denote its range. Then

(1.13) f—= QM| (mod K)

defines a *-homomorphism C(M) — Q(R), hence an element [A] € K;(M). (Gen-
erally, /C will denote the space of compact operators on a Hilbert space, and Q the
Calkin algebra.) Now also

(1.14) P QP|, (mod K),
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where P € OPS?(M) is scalar and P is any operator on L2(M, E) with the same
(scalar) principal symbol as P, defines a *-homomorphism ¥°(M) — Q(R), hence
an element {A} € K*(W°(M)), satisfying

(1.15) {4} = [A]

The extra structure in { A} arises because its construction uses the fact that pseudo-
differential operators of order 0 (such as @) have compact commutator with general
0 order pseudodifferential operators with scalar principal symbol, not just with mul-
tiplication operators, and it is reflected in the fact that the map p* : K1(¥%(M)) —
K1(M) is not generally injective, though it is always surjective.

In case M = 0N is the boundary of a strongly pseudoconvex manifold, the
Szego projector S belongs to OPS? 2.1 /2(M ), so it has compact commutator with

elements of OPSY(M). Tt follows that the map

(1.16) P SP}RangeS (mod K)

gives a *-homomorphism ¥°(M) — Q(Range S), hence an element {S} € K!(¥°(09)),
as noted in [15]. Since the Dirac operator D on 02 also gives an element {D} €
KY(WO(M)), it is natural to ask if we can specify a relation between these two
elements, refining the result (1.1). We will show in §3 of this paper that in some
cases the identity (1.1) can be strengthened to {D} = {S} in K*(¥%(9Q)).

An elliptic pseudodifferential operator P : C*°(M, Ey) — C*°(M, E1) gives rise
to an element [P] of Ko(M), but not necessarily an element of K°(¥°(M)). To
see this, we recall how [P] arises. If P has order 0, it intertwines mod K the
*_representations of C(M) on L*(M, Ey) and L?*(M, E;), given by scalar multi-
plication. Now there are not such *-representations of ¥°(M) on L?*(M, E;) in
general. If E; is trivial there is, but as noted in §3 of [15], an obstruction to this
for nontrivial F; is given by a map

(1.17) 7: KO(M) — KY(U°(M)),

characterized as follows. If E — M is a vector bundle, P € OPS%(M) is scalar,
then P : L?*(M,E) — L?(M, E) with scalar principal symbol equal to the symbol
of P is well defined mod OPS~!(M), and this gives rise to a *-homomorphism
O(M) — Q(L2(M, E)), defining 7(E) € K'(¥°(M)). Now 7(E) = 0 when E is
trivial, so (1.17) factors through a map

(1.18) 71 KO(M) — K'Y (¥°(M)).

As shown in §3 of [15], ker 7 consists of [E] € K°(M) such that 7*[E] is stably
trivial over S*M, where 7* : K%(M) — K°(S*M) is the natural map. Whenever
m* is injective, for example when M has a nonvanishing vector field, the map 7 in

(1.18) is injective.
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The map 7 also helps measure the failure of p* in (1.11) to be injective, as one
clearly has p*7 = 0. In §3 of [15] it was shown that the sequence

(1.19) KO(M) =5 KYHWO(M)) S K1 (M) — 0

is exact whenever M has a trivial tangent bundle. There are indications that
this exactness holds more generally, though I have not been able to establish the
exactness for all M. We recall from (3.33) of [15] that this is equivalent to exactness

of
(1.20) KO(M) == KO(S*M) -2 K (M) — 0,

with p as in (1.3).

Returning to K°(¥Y(M)), we conclude that an elliptic pseudodifferential op-
erator P : C°(M, Ey) — C>(M, E,) determines an element {P} € K°(V°(M))
provided E; are trivial bundles. There is an essential converse to this result, which is
derived as follows. The commutative diagram (1.7) can be enlarged to the diagram

KYS*M) ——  Ky(M)

(1.21) P |~ G
Fo(S*M) —S— KO(WO(M))

o*

satisfying the property that, if P € OPS°(M,C¥) is elliptic, with symbol @ :
S*M — Gl(k,C), defining {®} € K'(S*M), then

(1.22) o*([®] N Py) = {P} in K°(W°(M)).

Thus, complementing the conclusions drawn after (1.7), we see that every element
of K9(WO(M)) is of the form {P} where P is an elliptic operator on a trivial bundle
over M.

We remark that if P is an elliptic operator between sections of trivial bundles
FEy and FE4, the class of P depends on a choice of trivializations of these bundles.
Different trivializations might yield different K-cohomology classes.

In addition to (1.21), we also have the following enlargement of the diagram
(1.3):

K°(s*M) —% s KO(S*M) —2— K1 (M)

(1.23) T zlmw lu*

0—7Z — Ki(S"M) —— KY(UO(M)) — 0

g
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the bottom row being exact. In particular, the identity (1.4) has the refinement
(1.24) o*(Ey NPy) = {A} in K'(TO(M)).

Indeed, when the bundle Ey — M on whose sections A acts is trivial, the proof
of (1.4) given in Lemma 4.13 of [3] actually implies (1.24). To establish (1.24) in
general it remains to note that when A = I on L?(M, E), so E; = n*E, then

(1.25) o (T"ENPy)=1(E),

which is easily verified; compare Proposition 3.1 of [15].

As we stated above, one of the main goals of this paper is to derive identities
in K7(U°(M)) refining previously obtained identities in K;(M). The identities
(1.22) and (1.24) are elementary examples of this. In the next section we set up
some machinery to derive more subtle identities. As in [5], these are obtained
by applying the (co)boundary map to certain relative cohomology classes. In §2
we set up a C*-algebra = of operators on a compact manifold 2 with boundary
90 = M, and a *-ideal Z( such that Z/=y ~ ¥°(M). The pair Z, Z, also has other
technically useful properties, required to carry out the necessary program. In §3
we derive extensions of (1.1), for certain types of pseudoconvex domains. We see
this as the first look into a phenomenon that might be quite subtle.

Identities in K-(co)homology lead to index formulas, via the intersection product.
In §4 we make note of some properties of the intersection product K;(¥°(M)) x
K7 (¥°(M)) — Z, and how this relates to identities obtained in §3.

As results of this paper focus on K-cohomology and K-homology of algebras
of pseudodifferential operators, we note that papers of Brylinski-Getzler [9] and
Wodzicki [17] deal with related subjects. These papers focus on rather different
phenomena from those considered here, and there seems to be almost no overlap
with the present paper, though future developments might incorporate these various
perspectives.

2. Approach to identities in K!(¥°) via the (co)boundary map

Here we develop further the technique of using the coboundary map
(2.1) §: KOA,3) — KY(A/7)

to produce identities in K1(2(/J), which figured in the analysis in [5]. First we recall
the general set-up. If 2 is a C*-algebra with unit and J a *-ideal, a cycle defining a
class in K°(2,J) consists of a pair (o,T). Here 0 = 09 @® 0y is a representation of 2
on a sum Hy® H; of Hilbert spaces, and T : Hy — H; is a bounded map, assumed to
have closed range and be a partial isometry mod C, the space of compact operators.
We require in addition the following two conditions:

(2.2) o1(f)T =Too(f) mod K, Vfe,



and
(2.3) oi(f)P; K, VfeT,
where P; is the orthogonal projection onto Ker 7" or Ker 7™, for j = 0 or 1.

Given such a cycle, the image §[(o,T)] € K'(/7) is defined as follows. We have
*_homomorphisms

(2.4) 7j : A/T — Q(Range P}),
given by
(2.5) 7 (f) = Pijo;(f)P; (mod K),

f € A being any preimage of f € A/J. The hypothesis (2.3) guarantees that (2.5)
is well defined mod K. Thus we have classes [r;] € K'(2(/J), and

(2.6) 8[(0,T)] = [ro] — [m1] € K'(A/37).

A pair (0,T) as above satisfies more than enough conditions to define also a class
in the Kasparov group K K(J,C). In [4] it was proved that there is an isomorphism
KK(3,C) ~ K°%,7), which makes (2.1) consistent with Kasparov’s coboundary
map ¢ : KK(J,C) — K'(2/J). One consequence of this isomorphism is that the
rich set of equivalence relations established amongst cycles in Kasparov K-theory
can to a large degree be transferred to K°(2(,J). In particular one has the following
result. Let (o,7") define another cycle for KY(2,73), with o = oq ® o1 as before.
Then, provided

Too(f) =T o0o(f) mod K,

(2.7) o1(f)T = o1(f)T" mod K,

for all f € J, we have
(2.8) [(0,T)] = [(0,T")] € K°(2, 7).

Applications of the formula (2.6) for J to identities of the form (2.8) yield identities
in K1(2(/73) that are nontrivial. As mentioned in the introduction, the identity
(1.1) is an example of this, established in [5].

We produce identities (2.8) by taking different closed extensions of an unbounded
operator D from Hy to Hy, with densely defined domain in Hy. Suppose D, is one
such closed extension. We set

(2.9) T = Dc(D;D. +1)7'/2,
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a bounded operator from Hj to Hy. In §1 of [5] we established a sufficient condition
that (o, T) define a cycle for K°(21,J), a variant of a result of Baaj-Julg. We suppose
there is a dense *-subalgebra 20y of 2 such that

(2.10) oo(f) preserves D(D.), Vf €U,

and
(2.11)
o1(f)De — Dc.oo(f) extends from D(D,.) to a bounded operator Hy — Hj.

Suppose furthermore that

Either (DfD. + I)~* € K(Hy),

(2.12) -
or (DD +1)"" € K(H,).

Our result is the following.

Lemma 2.1. Under hypotheses (2.10)-(2.12), T is a partial isometry mod KC with
closed range, satisfying the condition (2.2). Thus (o, T) defines a cycle for K°(,7J)
provided also (2.3) holds, or equivalently provided

(2.13)  oo(f) (DD, +1)"" and o (f)(DDF + 1)~ are compact, ¥ f € 3.

This result was applied in [5] in the following situation. With Q a compact
manifold with boundary, we took 2 = C(Q), J = Cy(Q), the space of functions
f € C(Q) vanishing on the boundary 9. Thus 2/J = C(M), with M = 9. The
operator D was a first order elliptic differential operator between sections of vector
bundles, and we took Ay = C°°(Q). The maps o; gave the usual scalar action
on sections of vector bundles. In that case, we saw that (2.10)—(2.13) hold for
certain closed extensions D, of D; for example they hold for the maximal extension
Dyax. For a pair of closed extensions of D satisfying the hypotheses of Lemma
2.1, identities of the form (2.8) were proved in [5] via a finite propagation speed
argument, of a sort that will be extended in the proof of Theorem 2.4 below.

We now construct a new algebra of operators on L?(2), when € is such a com-
pact manifold with boundary 02 = M. Impose a collaring C = [0,1) x M on a
neighborhood of 9 in ; {0} x M = 9. Give Q a Riemannian metric, of product

type on C. We say an operator P belongs to ‘B if it is of the following form:
(2.14) Pu(z) = p(z)u(z), =€Q\C,
with p € C*°(Q\ C), and, on C, with (s,y) € [0,1) x M,

(2.15) Pu(s,y) = P(s)u(s,y),
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with P(s) = p(s,y, D,) a smooth function of s € [0,1] with values in OPS®(M),
having the property that for s € (1/2,1), P(s) is a multiplication operator, match-
ing up smoothly with p(z) in (2.14) at s = 1. Note that the L2-operator norm of
such P is given by

(2.16) 1P| = sup {|p(=)], z € Q\C, [P(s)ll, s €[0,1]},

where ||P(s)|| denotes the operator norm of P(s) on L?(M). Let B, denote the
subset of P consisting of operators such as just described such that P(0) = 0, and
let Poo denote the subset consisting of those operators such that P(s) = 0 for s
sufficiently close to 0.

Let = be the L?-operator norm closure of 3, and let 2y be the closure of y.
From (2.16) it easily follows that

(2.17) E/Z0 ~ (M),
and that
(2.18) Poo is dense in Zj.

From (2.17), we have § : K°(Z,Zg) — K (¥°(M)).

Now let D : C®(Q, Eq) — C>(Q, E1) be an elliptic first order differential oper-
ator between sections of vector bundles £; — Q. Let D, be a closed extension such
that D(Dmin) C D(D.) C D(Dmax). We make the assumption

(2.19) Ey and FE; are trivial bundles over C,

which holds provided Fy and F; are trivial over 0€2. In fact, it suffices to assume
that Ey is trivial over 0f2, since the symbol of D evaluated at the conormal vector
gives an isomorphism of Ey and E; over 0f2. Given trivializations of E; over C, the
algebra = acts on L?(12, E;) in a natural way; denote these actions by o;. Let us
furthermore assume that

(2.20) oo(P) presrves D(D.), VP eP.
It follows that
(2.21) 01(P)D. — D.oo(P) is bounded from L*(Q, Ey) to L*(, Ey),

for each P € 3, since this commutator is multiplication by a smooth Hom(Ey, E)
valued function on Q2 \ C, and on C = [0, 1] x M we have

(222) [p(svya Dy)aDyj] ZQj<8,y,Dy),

a smooth function of s with values in OPS°(M), and
dp

(2.23) [p(s,y, Dy), Ds] = 2-(5,y, Dy).

We can hence apply Lemma 2.1 and deduce the following.
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Proposition 2.2. If hypotheses (2.19)—(2.20) hold and if either D} D. or D.D?
has compact resolvent, then T, given by (2.9), is a partial isometry, mod K, with
closed range, and the pair (o,T) defines a cycle for K°(Z,Z,).

Proof. Tt remains only to verify (2.13) in this case, with f = P € o, in view of
(2.18). Since (D:D.+1I)~! and (D.D? +1)~! both map L?*(2, E;) to HZ (2, E;),
this follows from Rellich’s theorem.

We denote the relative cohomology class by
(2.24) {D.} € K°(E,Z).

We note that as long as (2.19) holds, (2.20) is always valid for D, = Dyax, SO we
have {Dpax} € K°(Z,Z0) in such a case. We consider more generally the following
class of extensions. Let F' be a vector bundle over 992, let B € C'*° (02, Hom(Ey, F))
have constant rank, and let D be the closure of the restriction of D to

(2.25) {ue C™®(Q, Ey): Bu=0 on 00Q}.

(Note that Dp = Dpax if B = 0.) Then an action oq of ¢ on C>(Q, Ey) can be
defined so that D(Dp) is preserved provided the following condition is satisfied:

Ker B is a trivial subbundle of EO‘ o0
(2.26) . .
with a trivial complementary bundle.

Thus Proposition 2.2 yields the following.

Corollary 2.3. Let D : C®(Q, Ey) — C=(Q, Ey) be a first order elliptic differen-
tial operator between sections of bundles that are trivial over OS2, and let Dp be the
closure of D acting on the space (2.25). Assume that (2.26) holds. Then, provided
either Dy Dp or DpD% has compact resolvent, the conclusion of Proposition 2.2
holds, and we have a class

(2.27) {Dp} € K(E,Z)).

We are now ready to state the main result of this section, giving rise to identities
in K1(WO(M)).

Theorem 2.4. Let D and D¢ be two closed extensions of an elliptic operator D,
satisfying all the hypotheses of Corollary 2.3. Then

(2.28) {Dg} ={Dc} in K°(E,E).
Hence

(2.29) §{Dgp} =6{Dc} in K'(¥°(M)).
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Proof. The identity (2.28) is established by an argument similar to the proof of the
identity (2.8) in [5]; compare the discussion following Proposition 1.1 in [15]. In
detail, we set

_ (V0 Dy
- p( %),

and define B’ similarly, with Dg replaced by Do. Then B and B’ are self adjoint
on L3(Q, Ey ® Ey). Tt suffices to show that

(2.31) ©(B)o(P) = ¢(B")o(P) mod K, VP e PBoo,
where
(2.3 o —

VLT

The operator ¢(B), defined by the Spectral Theorem, can be analyzed as

(2.33) o(B) = \/% /_ T B dt.

Here ¢ € §’(R) is singular only at ¢ = 0; on R\0 it is smooth, and rapidly decreasing
as |t| — oo. For each € > 0, we can write ¢ = @1 + @2 with supp ¢ C (—¢,¢) and
w2 € S(R). Thus, for any given P € Poo, we can write the difference of the two
sides of (2.31) as

(2.34) [p1(B) — 1(B")]o(P) + [p2(B) — w2(B')]o(P).

We can analyze the first of these two terms by exploiting finite propagation speed
for €8 and B’ solution operators to symmetric hyperbolic systems. Thus, for
any given P € Py, if ¢ is picked small enough, the first term in (2.34) vanishes. The
second term is the product of the compactly supported factor o(P) by a smoothing
operator, and hence is compact. This proves the theorem.

We can calculate §{ Dy« } by the same argument used to prove Proposition 4.4 of
[5], in case D is an operator of “Dirac type,” i.e., the symbol op(x,§) : Eop — Ei,
is proportional to an isometry, |[op(x,&)v| = ||£] - ||v]|. In this case there is a self
adjoint first order differential operator D# on 92 = M, whose principal symbol is
of the form

(2.35) 7(z) top(z,€) : Eoy — Eosy, 7(x) = —0(x,v),

for x € 0N, v denoting the conormal to 9. The operator D# is of Dirac type.
Precisely as in Proposition 4.4 of [5], we have the following result:
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Proposition 2.5. Let D : C*®(Q, Ey) — C>®(Q, Ey) be a first order elliptic dif-
ferential operator between sections of bundles that are trivial over 02 = M. Then,
with D¥ specified above

(2.36) 5{Dumax} = {D¥} in K'(WO(M)),

Consequently, if Dp is any other closed extension of D satisfying the hypotheses of
Corollary 2.3,

(2.37) {D#} =6{Dp} in K'(¥°(M)).

At this point we can extend the scope of the discussion following Proposition 4.4
of [5], as follows. If Q is an even dimensional spin®-manifold with boundary, £ — Q
a smooth Hermitian vector bundle, and D an associated twisted Dirac operator,
then, provided £ ® S} and F ® S_ are trivial over 02 = M (S being the bundles
of spinors), we have {Dg max} € K°(Z,Z0), and the operator (Dg)# described
above is Dy, the twisted Dirac operator on 02, with its induced spin®-structure,
and with F' = E|pq. In this case, (2.36) becomes

(2.38) S{DE max} = {Dr} in K'(T°(M)).

3. Identities involving the Szego6 projector

_ Let 2 be a strongly pseudoconvex manifold. There is a standard O-operator,
9 : A0even(Q) — A%dd(Q) and the operator

(3.1) D=040 : A%V (Q) — A%d(D)

is eliptic. Furthermore, it is the Dirac operator on 2, with spin®-structure induced
from its complex structure. Throughout this section we will make the following
hypothesis:

(3.2) ADVen g trivial over Of.
Note that this holds provided
(3.3) A% s trivial over 09Q;

of course, this holds whenever Q is a domain in C". Granted (3.2), it follows
that Dyay defines a class in K(Z,Z) and, by Proposition 2.5 and the discussion
following it,

(3.4) 0{Dmax} = {Doa} in K'(¥°(69)),
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where Dyq, is the Dirac operator on 02, with its induced spin®-structure.

We now recall the closed extension used in [5] to obtain the identity (1.1), defined
by the zero-order part of the 9-Neumann boundary condition. The operator Dy is
the closure of the restriction of D in (3.1) to

(3.5) {u € A%V (Q) . o5(z,dr)*u = 0 on 00},

where {r = 0} defined 0f2. In any case where the condition (2.26) holds, since
Dy D7 has compact resolvent by the subelliptic estimates for the O-Neumann prob-
lem, Corollary 2.3 applies. In such a case, the same calculations used to establish
Proposition 4.6 in [5] yield the identity

(3.6) §{Dy} ={S} in K'(¥°(0Q)),

where S is the Szegd projector, the orthogonal projection of L?(92) onto the space
of L?-boundary values of functions holomorphic in . Whenever this holds, then,
comparing (3.4) with (3.6) and appealing to Theorem 2.4, we have

(3.7) {Dpa} = {S} in K'(¥°(00)).

These calculations apply whenever € is a strongly pseudoconvex manifold that
has the property

Ker oz(xz,dr)* is a trivial subbundle of A%

with trivial complementary bundle.

(3.8) oo

We now look at some cases where this holds, in case {2 has complex dimension two.
In this case, we have

£ . 70,0 0,2 0,1
(3.9) og(z,dr)* . A ’89 @A ‘89 — A ’89,

and the kernel consists precisely of the bundle A%°|5q, which of course is trivial.
We therefore have the following.

Proposition 3.1. If Q) is a strongly pseudoconvex manifold of complex dimension
2, with the property that the line bundle

(3.10) AY2

aa U trivial,

then Dy defines a class in K°(2,20), and the identity (3.7) relating the Szegi
projector and the Dirac operator holds.

Clearly (3.10) holds whenever (3.3) holds, in particluar whenever €2 is a strongly
pseudoconvex domain in C?. In fact, since A%%|5q @ A%?|5q and A%1|5q are equiv-
alent in this case, (3.10) is actually equivalent to (3.3). The following gives another
class of manifolds for which the identity (3.7) can be deduced.
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Proposition 3.2. Let M be a compact orientable surface, @ = B*M. Then (3.3)
holds. Hence Proposition 3.1 applies to Q@ = B*M, and thus (3.7) holds with
o) = S*M.

Proof. For p € S*M, let T,,Q2 denote the tangent space, as a real vector space of
dimension 4, and 7,2 the tangent space as a complex vector space, of complex
dimension 2. Endow M with a Riemannian metric. Then H,(2, the horizontal
space determined by the Levi-Civita connection on M, is a totally real subspace
of 7,9 (of real dimension 2). There is a tautological section s; of HS) over S*M;
an orientation of M then gives an orthogonal section s, of HS) over S*M. This
gives a splitting HQ g~y = 31 @ g, a sum of two trivial line bundles over S*M.
Complexifying >; gives a splitting

(3.11) 70

S*M:E?&@E#’

a sum of two trivial complex line bundles over S*M. From this observation it is
easy to construct a trivialization of A%1Q over S*M.

REMARK. For Q = B*M as above, the tangent bundle of 92 = S*M is of the form
(s1) + L, where (s1) is the real linear span of s; and £ is a complex line bundle,
defining the CR-structure of 0€2. Using s, we can construct a nonvanishing section,
hence a trivialization, of £. Thus the results of §4 in [15], given there for the case
where () is a strongly pseudoconvex domain in C?, also apply to Q = B*M.

We next consider the extent to which Propositions 3.1 and 3.2 refine the identity
(1.1), i.e.,

(3.12) [Doa] = [S] in K,(9Q).

Of course, the identity (3.7) refines (3.12) precisely when the natural map p* :
KYU0(09)) — K1(09) is not injective. Since 02 has a nonvanishing vector
field, we see from the discussion following (1.18) that p* is not injective whenever
K°(0%) # 0.

When Q is diffeomorphic to a ball in C?, 9Q is diffeomorphic to S2. Now
K°(53) = 0; moreover, as shown in (3.20) of [15], we have

(3.13) K1 (UY(8%) = K,(S%) = Z,
so (3.7) gives no improvement over (3.12) in this case.

On the other hand, we claim that, for Q = B*M, 02 = S*M, as in Proposition
3.2, the result (3.7) is always stronger than (3.12). For example, when M = T2, we
have Q) = T3, and as shown in (3.11) of [15],

(3.14) K(T*) =7 K (¥%T%)=2".
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In this case, K°(T3) = Z3.

In the case M = S?, we have S*M = RP3, and it is a well known calcula-
tion (cf. [1]; compare the use of (3.38) in [15]) that K°(RP3) = Z,. To compare
K1(5*S5?) and K1(W°(S*S?)), we first note that, by Poincaré duality,

(3.15) K (S*S?) = K°(S*S?) = Z @ Zs.

Since S$*S? has trivial tangent bundle, Proposition 3.2 of [15] implies that the
sequence

0 — KO(5*8%) T KL(00(5*52)) X5 K1 (8*S?) — 0
(3.16) I I
Zo YASY S,

is exact.

Now consider a surface M of genus g > 2. Rather than calculate K 0(S*M)
directly to show it is nonzero (we suspect this calculation is well known but have not
seen it), we bring in some connections with K-homology of M. Recall from (1.12)
that K°(S*M) is isomorphic to K*(¥(M)), which surjects by u* onto K1(M), so
it suffices to show that K; (M) # 0 in this case. Since M has a spin®-structure, we
have K1 (M) ~ K'(M). But the Chern character produces an isomorphism

(3.17) Ch: KY(M)®Q = HY(M,Q) = Q%,

so this point is established.

We discuss briefly the condition (3.8) for 2 of higher dimension. First, using
exactness of the symbol sequence for 5*, we have (3.8) if and only if the analogous
condition holds, with A%€ve"|5q replaced by A%°44|55. Then by duality and another
use of exactness, we deduce that (3.8) is equivalent to the following condition on

(318) Ug(IE,dT) . AO,oddlaQ N AO,evenl897

namely

Ker o5(z,dr) is a trivial subbundle of AO’Odd|8Q,
(3.19) G
with trivial complementary bundle.

This is also equivalent to the same sort of condition with A%°dd|5q replaced by
A%even| 0. Furthermore, condition (3.19) holds provided

(3.20) (Or) has a trivial complementary bundle in A%! | 00

where (Or) denotes the complex line bundle spanned by dr, over 9§2. We formalize
this:
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Proposition 3.3. The identity (3.7) holds whenever Q is a strongly pseudoconvez
manifold satisfying the condition (3.20).

This condition is a strong topological resriction in higher domensions. A family
of examples is provided by the following straightforward extension of Proposition
3.2.

Proposition 3.4. Let M be a compact manifold, H — S*M the pull-back of T*M .
Suppose H s trivial and furthermore that the tautological line subbundle of H has
a trivial complementary bundle. Then Q = B*M satisfies the condition (3.20), and
hence the identity (3.7) holds.

An example of a class of manifolds M to which Proposition 3.4 applies is the
following. Let M be a conpact 4-dimensional manifold with a quaternionic action
on each cotangent space 1y M, so that S*M — M gets the structure of a principal
SU(2)-bundle. Then applying the quaternions i,j,k to an arbitrary v € SiM
provides a trivialization of the complementary bundle to the tautological bundle in
H, so (3.7) applies to Q = B*M, 02 = S*M, in such a case.

We end this section by noting a special property possessed by the class {S} of
the Szegd projector in K'(¥Y(9Q)). This is connected to the special section of
S*(09), corresponding to the natural contact structure on 9f2, and the fact that
the wave front relation of S is contained in this contact ray bundle.

More generally, suppose M is a compact manifold such that S*M has a section
x- This gives rise to a map

(3.21) X« K1 (M) — K1(S™M),

which then fits into the diagram (1.11). If S € OPS?/QJ/Q(M) is a projection,
defining

(3.22) [S] € K1 (M), {S}e K (¥°(M)),

and if the wave front relation of S is contained in the cone generated by y, then
(3.23) {S} = 0*x.[S] in K'(¥O(M)).

We can restate this as {S} = o*x.p*{S}. Now we have pu*(c*x.) = mex« = id. on
Kl (M)a S0

(3.24) I, = o*x.u* is a projection on K'(¥"(M)).

Note that Id. — II,, is a projection onto the kernel of p* : K1 (¥°(M)) — K;(M).
Then (3.23) is equivalent to the relation

(3.25) {S} =T, {S} in K'(V°(M)).
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Now, for M = 012, the boundary of a strongly pseudoconvex manifold, since
(3.12) holds generally, we see that the refinement (3.7) holds if and only if

(3.26) {Doa} = 0" x«[Daql,

equivalently if and only if

(3.27) {Doa} =11, {Dsa},

X being a section of S*(9€2) defining the contact structure on 0.

4. The intersection product K;(¥°) x K'(¥%) — Z

One way to understand how identities in K*(W(M)) refine identities in K,(M)
is to study the intersection product

(4.1) K;(W°(M)) x K (9°(M)) — K7F(9°(M)),

followed by the index map K°(¥°(M)) — Z if j + ¢ = 0 mod 2. We begin this
study by deriving a few elementary facts about the K-homology geoups K; (V" (M)),
parallel to (1.10)—(1.12).

We start with a more general situation. Let 2 be a C*-algebra, acting on a
Hilbert space H, containing the set IC of compact operators. From the exact se-
quence 0 — K — 2A — A/IC — 0 there arises the K-homology exact sequence. Since

Ky(K) =7 and K;(K) = 0, this takes the form
(4.2) 0— K1) — K (A/K) 25 Z — Ko(A) — Ko(A/K) — 0.

Here ¢ : K1 (A/K) — Z is given by Kasparov product with the element [2/K] €
KY(?/K) defined by the natural homomorphism 2A/K — Q(H) induced by the
action of 2 on H. Provided this map ¢ is surjective, we can break this exact
sequence into two pieces:

0 — K1 (A) — K1 (A/K) > Z — 0

(4.3)
0 — Ko() — Ko(*/K) — 0.

Now, in the case 2 = WO(M), A/K = C(S*M), we have the commutative
diagram (which can be compared with (1.21)):

KYS*M) —— Z

(4.4) mPMl% Tind.
Ko(S"M) —— Ko(M)

T
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which makes it clear that § : K'(S*M) — Z is surjective. Thus we have the
following commutative diagrams, with exact top rows:

0— Ko(WO(M)) —Z— K%S*M)—0

(4.5) o [

KO(M)  ———  KO(M)

and

(4.6) /‘*T TW*

In particular, we have the isomorphisms

(4.7) Ko(PO(M)) =~ K°(S*M), K (¥°(M))~Kers C K*(S*M).
Compare these with the isomorphisms implied by (1.10)—(1.11):

(4.8) KO (U0 (M)) = Ko(S™M), K (U(M)) = Ki(S™M)/(Py).

It is useful to record the following fact about §, whose proof is routine.

Proposition 4.1. Let & : S*M — GIl(k,C) be a smooth map, defining a class
[®] € K1(S*M). Let P € OPS°(M,C¥) have principal symbol on S*M given by
®. Then

(4.9) p([®]) = [P] in Ko(M).

Thus 6([®]) is equal to the index of P.

In light of (4.7)—(4.8), it is reasonable to analyze the product K;(¥°(M)) x
KY(WO(M)) — Z in terms of a product

(4.10) [Ker § ¢ K'(S*M)] x K*(V°(M)) — Z.

This product has the following description.

Proposition 4.2. Let ® : S*M — GIl(k,C) be a symbol of a pseudodifferential
operator of index 0, defining a class [®] € Kerd C K'(S*M). Consider {A} €
KY(WO(M)), where A € OPS™(M, E) is elliptic and self adjoint. Let Q denote
the orthogonal projection of L*(M) onto the positive spectral space of A. Let ®F €
OPS°(M, E®CF) be an arbitrary pseudodifferential operator with principal symbol
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I®Q, and let Q) € OPS°(M,E ® CF) be the direct sum of k copies of Q. Then
the product (4.10) satisfies

(4.11) [®] - {A} = Index Qi) PF |

where R is the range of Q-

Note that a special case of this involves A = I[g, the identity operator on
C>(M,E), where E — M is a nontrivial vector bundle. In that case we have
{Ig} =7(FE), and, by (4.11),

(4.12) [@] - 7(E) = Index ®%.
This last identity also follows from the commutative diagram
K%(M) —— K'(9°(M))

w13 ol I

KO(S*M) 22, K (S*M)
discussed in §3 of [15], which implies
(4.14) [®] - 7(E) = [®] N (7" (E) N Par).

We now discuss intersection products involving the class {S} of the Szegd pro-
jector on M = 0f), where € is a strongly pseudoconvex manifold. Recall {S} €
KY(WO(M)). In analogy with (4.11), we have

(4.15) [@] - {S} = Index S(y®|, 1)
where Sy = S ® I on L?(M,CF), ®° is as above in the case of the trivial line

bundle E, and H*) denotes the orthogonal sum of k copies of the range of S.
The fact that the wave front set of .S is contained in the image of the section y

of S*M defining the contact structure on M = 0f) has the following implication

for the index calculation (4.15). Given ® : S*M — Gl(k,C), define ®% to be ® o,

so ®° : M — Gl(k, C). We also regard this map as ®, : S*M — Gl(k,C), constant
on the fibers. We denote by ®$¥ the operator on L?(M,C¥) obtained by matrix
multiplication by <I>l;<. Then

o Io) —1/2
Sy (9 — B € 0P51/2{1/2(M),

hence is compact on L?(M). We conclude that if ®°7 has index zero,

(4.16) [®] - {S} = [®x] - {5}
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This identity is also related to properties of {S} discussed at the end of §3.
In fact, since [®,] = 7*x*[®] in L' (S* M), functoriality of the intersection prod-
uct gives

(4.17) (@] = [®] o

for all & € K'(W°(M)), where IL, is the projection given by (3.24). In view of this,
(4.16) then follows from the identity (3.25).

We furthermore note that whenever the sequence (1.19) is exact, for each a €
KY(WO(M)) we can write

(4.18) a=1Il,a+7(E), for some E € K°(M).
When this holds, then (4.17) implies

(9] - [8,])) - @ =[] - (@ — I,a)
(4.19) ~ @] - 7(E)

= Index ®%,

the latter identity following from (4.12).

Finally, let us relate these computations to the question of whether {S} = {Daq }
in K1(W0(09)), when 99 is the boundary of a strongly pseudoconvex manifold. In
view of (4.16), this identity would yield the following identity, also implied by (3.27):

(4.20) (@] - {Doa} = [P] - {Doq},

for each @ : S*(0€2) — Gl(k,C) such that ®°7 has index zero. Now each side of
(4.20) can in principle be calculated by the Atiyah-Singer index theorem, in light
of the formula (4.11).

We close with the following speculative note. It seems rather likely that in general
{S} and {Dsq} are not indentical in K'(¥°(9R)), i.e., (Id. — IL,){Daq} # 0. It
is tempting to guess that a further general refinement of Boutet de Monvel’s index
theorem would involve specifying this difference, in terms of the map 7.
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