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ABSTRACT. This is a very informal set of notes on integration on Lie groups and
connections with basic representation theory. We give some constructions of the Lie
group integral, show how some integrals can be computed by using simple symmetry
considerations, and present some cases where more earnest efforts are required to
compute integrals.



1. Construction of Haar measure

For our first construction, assume G is a compact subgroup of the unitary group
U(n), sitting in M,,(C), the space of complex n x n matrices. The space M, (C)
has a Hermitian inner product,

(1.1) (A, B) = Tr AB* = Tr B* A,

giving a real inner product (A, B) = Re (A, B). This induces a Riemannian metric
on (G. Let us define, for g € G,

(1.2) Ly, Ry: M, (C) — M,(C), L,X=gX, R,X=Xy.

Clearly each such map is a linear isometry on M,,(C), and we have isometries L,
and R, on G.

A Riemannian metric tensor on a smooth manifold induces a volume element on
M, as follows. In local coordinates (z1,...,zyx) on U C M, say the metric tensor
has components h;;(z). Then, on U,

(1.3) dV(z) = y/det(h;i) dzy - - - dzy.

In such a way we get a volume element on a compact group G C U(n), and since
L, and R, are isometries, they also preserve the volume element. We normalize
this volume element to define normaluized Haar measure on G:

(1.4) [ oo = ﬁ [rav.
G G

We have left invariance

(15) [ kgyds = [ 16)dg

G G

and right invariance
(16) [ Hanyds = [ ft0)ds,
G G

for all h € G, in such a situation.
We now give a second construction of Haar measure, valid in much greater
generality. Let G be any Lie group, say of dimension N. Pick any nonzero w, €
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ANT*@, where e denotes the identity element of G. Then there is a unique N form
wyp on GG such that

(1.7) wele) =we, Ljwe=wy, VgeG,
and a unique N-form w, on G such that
(1.8) wr(e) =we, Rywr=w, Vgeaq.

In fact we = Liwe(g) and we = Ryw,(g). If we use wy (or w;) to define an orientation
on G, then we have volume elements, which we denote dV; and dV,.. Note that, for
all h € G,

(1.9) /fhg )dVi(g /f )dVi(g /fgh )dV,.(g /f )dV,(g

Since ANT G is 1-dimensional, it is clear that both dV; and dV,. are unique, up to
a constant positive multiple.

Note that L} and Rj commute for each g,h € G. Hence Rjwy is left-invariant
and Ljw, is right-invariant for each g,h € G. The uniqueness mentioned above
implies

(1.10) Rywe = a(h)we, Lyw, = B(g)wr,
forall g,h € G, with a, 5 : G — (0,00). It is clear that o and /3 are homomorphisms:

(1.11) a(gh) = a(g)a(h), B(gh) = B(g)B(h).

We say G is unimodular if & = 1 (equivalently, 5 = 1). In such a case, the left
invariant Haar measure is also right invariant; we say Haar measure is bi-invariant
on GG, and that G is unimodular. The Haar measure constructed on a compact group
G C U(n) at the begining of this section is bi-invariant. From another perspective,
note that the image of G under « is a subgroup of (0, c0); if G is compact this must
be a compact subgroup, hence {1}.

Lots of noncompact Lie groups are also unimodular, but some are not unimod-
ular.



2. Integrating a representation

Let G be a compact Lie group, m a unitary representation of G on V', a finite-
dimensional vector space with an inner product. We set

Pu= / 7(g)v dg.

G
Claim. P is the orthogonal projection of V' on the space where 7 acts trivially.
The proof consists of four easy pieces:

(2.1) m(g)Pv=Pv, Vgea,

(2.2) P = / r(g~Y)dg = P,

(2.3) P? = //W(g)w(h) dgdh = //W(gh) dgdh = P,

(2.4) m(g)lv=vVg= Pv=v.



3. Weyl orthogonality

Let G be a compact Lie group. Assume 7 is an irreducible unitary representation
of G on V and A an irreducible unitary representation of G on W. Define P acting
on Hom(V, W) as follows. If A:V — W, set

(3.1) P(A) = / A(g)An(g)~ dg.

G

It is readily verified that
(3:2) Mg)P(A)r(g)~" = P(4), VgeG.
In other words, P(A) intertwines 7 and A. Now Schur’s lemma gives the following:

mnot =~ A\ = P(A) =0, VA,

(3.3) T =A== P(A) = c (A,

where ¢ (A) is scalar and I the identity operator on V' = W. In the latter case,
taking the trace yields dc;(A) = TrA (where d, = dim V), hence c¢;(A) =
d-! Tr A, so

(3.4) /W(g)AW(g)* dg = d *(Tr A)I.

G

If matrix entries are denoted 7(g);x, Ajk, etc., we have

Z/ kAkgﬂ' dg = d 6]m Tr A

(3.5) e
=d; " Sjm Y OreAre,
kel
hence
(3.6) [ 7@ dg = " 8y 1

G

These are Weyl orthogonality relations. They are complemented by

(3.7) /W(g)jk)\(g)mg dg =0, mnot= A\,

which follows from the first part of (3.3).



4. The adjoint representation

The adjoint representation of a Lie group G is a representation of G on its Lie
algebra g. We recall that g consists of left invariant vector fields on G. Such X € g
is uniquely determined by X(e) € T.G, so g =~ T.G. A vector field X on G is left
invariant if and only if the flow F% it generates commutes with L, for all g € G,

that is, g(Fih) = Fi(gh) for all g,h € G. If we set
(41) ’YX(t) = Fg{&

we obtain vx(t + s) = Fy(Fke) - e = (Fke)(Fie), and hence vx(s +t) =
vx (s)yx (t), for s,t € R. Clearly 7% (0) = X (e). The exponential map

(4.2) Exp:g — G
is defined by
(4.3) Exp(X) = yx(1).

If G is a Lie subgroup of Gl(n,C), then T.G is a subspace of M,(C), and (4.2)
coincides with the matrix exponential eX.
To define the adjoint representation of GG on g, consider

(4.4) K,:G— G, Ky(h)=ghg '

Then K,(e) = e, and we set

(4.5) Ad(g) = DK (e) : T.G — T.G,
identifying T.G' ~ g. Since K, = K, o K}, the chain rule implies
(4.6) Ad(gh) = Ad(g) Ad(h).

Note that v(t) = g Exp(tX)g~! is a l-parameter subgroup of G satisfying
v'(0) = Ad(g)X. Hence

(4.7) Exp(t Ad(9)X) = g Exp(tX)g™ "
In particular,
(4.8) Exp(Ad(Exp sY)tX) = Exp(sY) Exp(tX) Exp(—sY).

The right side of (4.8) is equal to Fy o Fh o Fy-*(e).
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In general a representation m of G on V yields a representation dm of g on V by
(4.9) dm(X) = Dn(e)X, Dm(e):T.G—V.
One shows that, for X, Y € g,
(4.10) [dr(X),dn(Y)] = dr([X,Y]),
where [X,Y] denotes the Lie bracket of vector fields. (See [T2], Appendix B, for
more details on this, and on the material below.) From (4.8) it can be deduced
that D Ad(X) = ad X, given by
(4.11) ad X(Y) =[X,Y].

We mention another useful identity:
(4.12) X = Ad(Exp X),
a special case of the more general identity

(4.13) et "X — r(BExptX),

valid when 7 is a representation of G on V.

Finally we tie in with the question of whether G is unimodular. A comparison
of (1.10) and (4.4) shows that
(4.14) a(g) = det Ad(g).

In other words, G is unimodular if and only if det Ad(g) = 1.



5. Haar measure in exponential coordinates

Let G be a Lie group, with Lie algebra g. We assume G C GI(C"), so g C
End(C"), and Exp : g — G is given by Exp(X) = eX. We have

(2) = 1—6_2.

Here D Exp(X) : g — T,G, g = Exp(X), and also left multiplication by e*
of Z(ad X)Y € g yields an element of T,G C End(C"). Using the left-invariant
volume form on G, we have

(5.2) det D Exp(X) = det Z(ad X).

Thus Haar measure pulled back to g is given by H(X)dX, with dX Lebesgue
measure on g and H(X) = |det Z(ad X)|. If G is unimodular, i.e., if det Adg =1
for all g € G, then

(5.1) D Exp(X)Y = eX Z(ad X)Y,

(1]

sinh (z/2) ‘

(5.3) H(X) = |det S@dX)|, 8() = =3

Derivative of the exponential map

We sketch a proof of (5.1), which is equivalent to

(5.4) %eXHY}tZO = e Z(ad X)Y,
(at least when G is a matrix group). To get this, look at
(5.5) Uls, t) = X+,
Then 0,U (s, t) satisfies

0

(5.6) 5,0V (s,t) = %(X +tY)U (s, 1)
= (X +tY)0,U(s,t) + YU(s, 1),

and 9;U(0,t) = 0. The unique solution to this ODE is
(5.7) O,U (s,1) = / (5= ) (XHY )y o (X+8Y) g
0

Taking s =1, t = 0 gives
d

1
X+tY _ (1-0)X oX
dte ‘t:O_/ e Ye* do
0

(5.8) )
=X / Ad(e™*)Y do,
0

and since Ad(e=%) = e7734X this gives (5.1).



6. The Weyl integration formula

Say G is a compact, connected Lie group, T' C G a maximal torus. We derive
Weyl’s formula:

00 [ f@dr= g [ ([ £ ko) dg)ldet(z — AdR)g a.
G T G

using a variant of an argument from [DK]. Here W is the order of the Weyl group.
We get this formula from a study of

(6.2) F:GxT—G, F(g,h)= ghg™t,
and its induced action
(6.3) F:(G/T)xT — G.

Since there are natural volume elements on (G/T)xT and on GG, we need to compute
det DF. Note that DF(g,h) : TyG © T,T — Typ,-1G; it is convenient to produce
a linear map that takes T.G & T, T — T.G. That would be

(6.4) DLgj-14-1(ghg™") o DF(g,h) o (DLy(e) x DLy(e)),
where L,(x) = gx. Note that (6.4) is equal to DG(e, €), where

G(IL’,Z) = Lgh_lg_l oFo (Lg X Lh)(l’, Z)

= gh lzhzz lg™t.

(6.5)
Note that G(e,e) = e; we compute
(6.6) DG(e,e): gt — g,
where t denotes the Lie algebra of T
First, with Z € t, 2(t) a curve in T such that z(0) = e, 2/(0) = Z, we have

d _
D>G(e,e)Z = ggz(t)g 1‘15:0

= Adg(2).

(6.7)

Next, with X € g, x(¢) a curve in G such that x(0) = e, 2/(0) = X, we have

d -1,-1
D1G(e,e)X = Egh x(t)hx(t) g }t:O

=AdgDK(e)X,

(6.8)



10

where
(6.9) K(x) = h tzha™ 1,
SO
DE(e)X = Ly t)ha(t)™?
()X = 5 b~ a(®ha(t) ],
=(Adh ! - D)X.

(Here we take G C End(C"™), to simplify the calculation.) Putting together (6.7),
(6.8), and (6.10), we have

(6.11) DG(e,e)(X,Z) =Adg(Adh™' — )X +Adg Z.
Now we can take X € g/t. Thus we have
(6.12) det DF(g,h) = det(Adh™! —I)4/¢ = det(I — Ad h) 4.

The formula (6.1) now follows upon noting that Fin (6.3) is onto and, for generic
g€ G, F1(g) C (G/T) x T has W elements.

In the case G = U(n), we take T to be the set of diagonal matrices with diagonal
entries in S' C C. The surjectivity of Fis equivalent to the statement that every
unitary matrix yields an orthonormal basis of eigenvectors. If g € U(n) has distinct
eigenvalues, then the eigenspaces are all 1-dimensional, and the diagonalized form
is determined up to ordering of the eigenvalues, so such a matrix has n! pre-images
in (G/T)xT.

We give an explicit formula for the right side of (6.12) when G = U(n). In such a
case, gc = End(C™). Let e be the matrix with 1 at row j, column k, 0 elsewhere,
and set e; = ie;;. Then t is the real linear span of {ej :1<j<n}, and

(6.13) H= Zt e; = [H,ejx] = i(t; — tr)ejk.

Using this, we have that, when G = U(n), h = diag(e’®1,... ") € T,
(6.14) Adh(ejy) = el0i=00) ¢

Thus

det(] — Adh)g/ = det(I — Adh)g, /i,

_ H . Z(G 70;@

(6.15) J#k
_ H 0k (1% — ¢i05),
i#k
and hence
(6.16) |det(I — Adh)g| = [] e — "

J<k
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7. Ensembles of Hermitian matrices

Let H be the space of self-adjoint operators on C"; H has a Lebesgue measure.
We derive the formula

(7.1) f(z)dx = C, f(g~*hg) dg)D(h) dh.
H/ / ( / g~"hg) dg)

Here G = U(n), with Haar measure dg, D is the space of diagonal matrices with
real diagonal entries, with Lebesgue measure dh, and C,, is a constant, depending
on the normalizations of these measures. The factor D(h) is the discriminant of h:

(7.2) h=diag(A1,..., A\) => D(h) = [T (N — M)
i<k

This is somewhat similar to Weyl’s formula for integration on U(n).
We will get (7.1) from a study of

(7.3) F:GxD—H, F(g,h)=ghg™ !,
and its induced action
(7.4) F:(G/T)x D — H,

where T' C G is the group of diagonal unitary matrices; note that both domain and
range in (7.4) have real dimension 2n2. Since there are natural volume elements on

(G/T)x D and on H, we need to compute det DF'. Note that DF (g, h) : T,GoD —
H. 1t is convenient to produce a linear map that takes T.G & D — H. We take

(7.5) G(x,h) = Fo(Lyg xI)(z,h) = F(gz,h) = grhx g1,

with Lyz = gx, so we want to study DG(e,h) : u@® D — H, where u is the Lie
algebra of G, i.e., u is the space of skew-adjoint operators on C", or equivalently u =
iH. Note that, given Z € D, and taking z(¢) a curve in D with z(0) = h, 2/ (0) = Z,
we have

(7.6) DyG(e,h)Z = %gz(t)g_l‘tzo = Adg(2).

Next, given X € u and taking z(¢) a curve in G with z(0) = e, 2’(0) = X, we have

d
D1G(e,h)X = %gx(t)hx(t)_lg_l‘tzo
— Adg(Xh— hX).

(7.7)
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Hence, with G given by (7.5),
(7.8) DG(e,h)(X,Z) = Adg(ad h(X) + Z).

Recall g € G,h € D, X € u,Z € D. Note that the right side of (7.8) is well defined
for X € u/t, where t is the Lie algebra of T', so t = iD. It follows that

(7.9) det DF(g,h) = detadih| K

The demonstration that this equals D(h), given by (7.2), is given in §8. The
formula (7.1) now follows, upon noting that F' in (7.3) is onto and, for generic
r € H, F~Y(z) C (G/T) x D has n! elements.
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8. The discriminant of a matrix

Take A € End(C™). Say Spec A = {\1,...,\,}, counting multiplicities. Then
(81)  La,Ra:End(C") — End(C"), LiX = AX, RsX = XA,

have the same spectrum, with n-fold increases in multiplicity. Since L4 and R4
commute, we can say about ad A = Ly — R4 that

(8.2) Specad A = {\; — A\ : 1 < j,k <n}.
We thus have
det(sI —ad A) = [][s = (A; — A)]
4.k

(8:3) =" [][s* = Oy = )7
j<k
— (_1)n(n—1)/2 SnD(A) + O(Sn_H),

as s — 0, where D(A) is the discriminant of A:
(84) D(A) = [T\ —xw)*
i<k
It follows that
(_1)n(n—1)/2 dm

(8.5) D(A) = — T det(sI —ad A)|

s=0"

Suppose A is diagonal, say A = diag(Ai,...,\,). Let Ej; denote the n x n
matrix with a 1 in row 7, column k, zeroes elsewhere. We have

(8.6) [A, Ej] = (A\j — A\i) Ej.
It follows readily from (8.6) that, when A is diagonal,

(8.7) D(A) = detad A[g, oy

where D is the space of complex diagonal matrices. This yields

(8.8) D(A) = detad A|u/t,

when A € t, u = set of skew-adjoint operators on C", t = space of diagonal matrices
with purely imaginary diagonal entries.
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9. The integral of | Tr M7|?

Here we establish the following identity:

Proposition 9.1. We have

/ | TrMI>dM = j  for 1<j<n,
(9.1) Un)
n for j>n.

This was proven in [BDK], using Dyson’s formula. Another proof was given
in [DE] (Theorem 2.1, part (b)), using an identity between power-sum symmetric
functions and Schur functions. Here we give a “naive” proof, based on Weyl’s
integration formula, which implies that whenever ¢ : U(n) — C is invariant under
conjugation, then

(9.2) / o(M)dM = Cn(27r)_“/g0(D(9))J(9) déy ---db,,
U(n) T
where D(0) is the diagonal matrix with diagonal entries ¢'%1,... e» and
(9.3) J(0) =[] le — 2.
k<t
We will verify in calculations below that
1
In particular, (9.2) gives
(9.5) / ITe MY dM = Cyy(27) " / €79 44 €0 27(6) .
U(n) T

We re-state this as follows. Set ¢; = €%, so

(9.6) €7 e 0P = I P = GG
W,V
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and
J0) =[]l — e = 1] I¢n — Gl
k<t k<t
(9.7) = 1=t =¢™h
k<t
= (sgn ) (G- G) "I TG = )%,
k<t

where 7 is the permutation on {1,...,n} such that v(k) =n+ 1 — k. We see that
fU(n) |Tr M7|? dM is the constant term in

(9.8) Co(sgn )G+ 6D (3 i) TGk — o™
8% k<t

Thus our task is to identify the constant term in this Laurent polynomial. To work
on the last factor, we recognize

(9.9) V() =]k —¢)
k<t
as a Vandermonde determinant; hence
(9.10) V(Q) =Y (sgno)r VT grm
o€eS,

where S,, denotes the group of permutations of {1,...,n}. Hence
(9_11) H(Ck . Q)Z _ V(C)2 _ Z (sgna)(sgnT)gf(lHT(l)_z o CZ(")+T(")_2-

k<t o, TES,

Before getting back to (9.8), let us first identify the constant term in

(9.12) J(0) = (sgn7)(Gr -+ Ga)~ "IV ()%,

We see this is

(9.13) (sgnv) Y (sgno)(sen7),

where the sum is over all o,7 € S, such that o(k) + 7(k) = n + 1, for each
k€ {1,...,n}. In other words, we require 7 = o, where = is as specified in (9.7).

Thus the sum in (9.13) is equal to n!(sgnv)? = n!, which establishes (9.4).
Back to (9.8), i.e., the study of the constant term in
(9.14)

Cr(sgn7)(Cr- - Cu) ™ Z (Sgna)(sgnT)(ig;jgf(l)”(l)_Q...Cg(n)+T(n)—2’

/J/7V70-7T
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which we write as
(9.15) Cn(sgny)(S1 + S2),

where S; arises from the sum over y = v and S» arises from the sum over p # v.
Parallel to the analysis of (9.12)—(9.13), we have

(9.16) S1 =n-n!(sgnvy),

or Cp(sgn~)S; = n.

It remains to consider S;. We see that, for a given p # v, a pair o,7 € S,
contributes to Sy in the sum (9.14) if and only if o(k) + 7(k) = n + 1 for all but
two values of k € {1,...,n}, namely k = 1 and v, and

o(p)+7(p)=n+1-14,
(9.17) o) +7(v) =n+1+].

Equivalently, we require 7 = 1yo where « is as in (9.7) and ¢ € S,, has the
property that ¢ (k) = k except for two values of k € {1,...,n}, namely k; = vyo(u)
and ko = yo(v), and

(ki) = k1 —j, (k) =ka+].
This requires (k1) = ko, (ko) = ko, with

(9.18) k1 = ko + 7.
Then
(9.19) Sy =) (sgnv)(sgn ),

the sum running over such allowable (i, v, o,1). Note that (9.18) constrains ki; we
require j + 1 < k; < n. Thus if j > n the sum in (9.19) is empty and Sy = 0.
If 1 < j < n-—1, then there are (n — j) - n! terms in the sum (9.19), and each
sgn1 = —1. Hence

(9.20) So=—(n—7j)-nl(sgny), 1<j<n-1,

and we have (9.1).

The formula (9.1) is useful for evaluating inner products of trace functions on
U(n), which arise as follows. If f : S' — C is a bounded Borel function, define
f(M) by the spectral representation of M € U(n). Set X¢(M) = Tr f(M). Using
(9.1), one can show that

(9.21) /Xf(M)Xg(M)dMZ S any f()a(—5),
U(n) j=reo

where f(j) are the Fourier coefficients of f, ano = n?, and an; = min(|j|,n) for

j#0.
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10. The integral of | Tr M|/
In this section we investigate
(10.1) L, = / | Tr M|* dM.
U(n)
This integral can be evaluated in representation-theoretic terms, using the identities
| Tr M|* = | Tr @7 M|?
(10.2) . N
=Tr[(®’ M) ® (&' M)].

Here ®’ M acts on ®/C" and (®/M) ® (/M) acts on (2/C") ® (2/C"). Thus we
see that

(103) In_j ="Tr Pnj;

where

(10.4) P, = / (&' M) @ (2 M) dM
U(n)

is the orthogonal projection of (®/C")®(®/C™) onto the space E,,j, where (&7 M)®
(®IM) acts trivially for all M € U(n). Equivalently,

(105) Inj = dim Enj-

The first fundamental theorem of invariant theory specifies a spanning set of
E,;, consisting of {t, : m € S;}, where

(10.6) tr(V1 ® - ®uj, w1 @ - @wy) = (V1, Wr(1)) - (Vj, Wr(j))-

See [GW]. However, this is not an orthonormal set typically, so it does not render the
structure of P,; obvious. (We examine below when this set is a basis of E,;.) An
equivalent formulation is obtained as follows. The representation M +— (®/M) ®
(®7 M) is equivalent to the representation 9,,; of U(n) on End(®/C") given by

(10.7) Inj (M)A = (& M)A(RTM™1).

Using this isomorphism, we identify E,,; with &,;, the space of operators on ®’C"
that commute with the U(n) action. A reformulation of the first fundamental
theorem is that &,; is spanned by the operators

(10.8) 7(m) € End(®'C"), 7€ S;, 7(m)(v1 @ - @ Vj) = Vr(1) @+ & Un(j)-
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To elaborate, (10.8) yields a linear map

(10.9) 7 01(S;) — End(@'C),
and &,; is the range of 'rj;. In particular,
. J!
10.10 I, =dimé&,; = ——.
( ) ! ? dim Ker Tff;

Since it is not straightforward to specify dim E,;, the calculations given above
are not the end of the story of evaluating (10.1). Let us turn to consequences of the
first identity in (10.2). We make use of more detailed results on the representation
theory of U(n), and of S}, which can be found in [S]. Let us note that the U(n)
action on ®/C™ together with (10.8) produces a representation of S; x U(n) on
®C™. A fundamental result on decomposing this into irreducibles yields

(10.11) Tr(r(m) - @ M) = Y x3(m)sx(M).
AEF,,;

Here F,; is the set of Young diagrams, with rows of length Ay > Ay --- > Ay, such
that A\ +---+X¢ = |A\| = j and ¢ < n. Associated to each A € F},; is an irreducible
representation of U(n), with character s)(M), and an irreducible representation of
S;, with character x5 (7). In particular, we have

(10.12) (Tr M) =Tr@’M = Y frsy(M), f*=x3(id.).
AEF,;

It follows from §3 that the characters of irreducible representations of U(n) form
an orthonormal set, so

(10.13) / | Te M [P dM = > ()2
U(n) )\GFnj

A further study of Young tableaux, involving something known as the Robinson-
Schensted-Knuth correspondence, yields the following identity:

(10.14) I; =#{m € S;: Lj(m) <n},

where L; : S; — C% is defined as follows. L;(m) is the length of the largest
increasing subsequence of (mw(1),...,7(j)). Note in particular that if j < n then
L;j(m) <n for all m, so (10.14) implies

(10.15) jsn= I =jl

In other words, with 7'775- given by (10.9),

(10.16) j<n=Kerr} =0.

One can tackle the exercise of deducing this directly from (10.8)—(10.9). For a proof
of (10.14), see, e.g., [VM].

In fact, the study of I,,; has motivated many recent papers; we mention [BDJ],
[DE], [J], [TW], and various papers in [BI], and papers cited there.
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