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Introduction

These notes were produced to complement other material used by students in a
first-year graduate course in elementary differential geometry at UNC. The primary
texts used for the course were [E] and [O]. Also, the students received copies of
the notes [T], which deal with the basic notions of multivariable calculus needed
as background for differential geometry. This background material includes the
notion of the derivative as a linear map, the inverse function theorem, existence and
uniqueness of solutions to ODE, the multidimensional Riemann integral, including
the change of variable formula, and an introduction to differential forms. Further
material on differential geometry can be found in [T2].

The current notes contain 15 sections and a few appendices. Sections 1-3 are sim-
ply collections of exercises on determinants, cross products, trigonometric functions,
and the elementary geometry of curves in Euclidean space. Section 4 establishes a
special result about curves which we will not comment on here. Section 5 introduces
the notion of a surface, and its metric tensor and surface measure. Much of this is
done in n dimensions, but the focus of this course is on 2-dimensional surfaces in
R3, and subsequent sections largely restrict attention to this case.

Sections 6-14 bear on the heart of the course. Section 6 discusses vector fields
on a surface M, and defines Vi W when V is tangent to M (while W may or may
not be tangent to M). Section 7 defines the shape operator on a surface M C R3
by S(V) = —Vy N, where N is a unit normal field to M. The Gauss curvature and
mean curvature are defined via the shape operator.

In §8 we define the covariant derivative on a surface M as VMW = PV, W,
for V,W tangent to M, where P(z) is the orthogonal projection of R® onto the
tangent space of M at z. The Riemann tensor R is defined in terms of VM, and a
formula for R is derived in terms of “connection coefficients” I'/;,. Using this, we
prove the Gauss Theorema Egregium, to the effect that the Gauss curvature of M is
derivable from the metric tensor on M, without reference to the shape operator. A
complementary result, known as the Codazzi equation, is treated in the exercises.
This section differs most from the approaches in [E] and [O]; it makes closer contact
with a variety of other treatments, including [DoC] and [Sp].

Sections 9-11 are devoted to geodesics, locally length-minimizing curves on a
surface. These are characterized in terms of vanishing geodesic curvature, and also
as solutions to certain systems of ODE. Material of §8 is used to treat the geodesic
equations.

Section 12 connects the perspectives of §8 on curvature with those of [E] and
[O], through material on frame fields and connection forms. At this point, I devote
about 2 weeks to a treatment of differential forms, including Stokes’ theorem. 1
used §§6-9 of [T] here.

In §13 the material of §12 and Stokes’ formula are used to establish the Gauss-
Bonnet formula, the pinnacle of this course. In §14 we discuss the Cartan structure
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equations associated with a frame field, again making close contact with [E] and
[O]. We use these structure equations to re-derive Gauss-Codazzi equations of §8
and §12.

As a complement to the study of surfaces in Euclidean space R?, in §15 we look
at surfaces in Minkowski space R?'!, particularly hyperbolic space, which has Gauss
curvature K = —1.

There are several appendices. Appendix A discusses exponentiation of matrices,
useful for solving constant-coefficient systems of ODE, and in particular useful for
an exercise in §3. Appendix B derives an identity for the exterior derivative of
a 1-form, used in §14. Appendices C and D provide proofs for some results on
multivariable integrals used in the treatment of Crofton’s formula in [E]. As this
course has evolved, this topic is no longer covered in class, but we can still offer it
to the interested reader.
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1. Exercises on determinants and cross products

If M, «, denotes the space of n X n complex matrices, we want to show that
there is a map

(1.1) det : M, ., — C

which is uniquely specified as a function ¥ : M,, «,, — C satisfying:
) ¥ is linear in each column a; of A,

(a
(b) ¥(A) = —19(A) if A is obtained from A by interchanging two columns.
(c) 9(I) =

1. Let A = (ay,...,a,), where a; are column vectors; a; = (aij,...,an;)". Show
that, if (a) holds, we have the expansion

detA:Zajl det(ej,ag,...,an):~--
(1.2)
= Z ajll---ajnn det(ejl,ejQ,...,ejn),

where {eq,...,e,} is the standard basis of C".

2. Show that, if (b) and (c) also hold, then

(1.3) det A = Z (sgn o) A5(1)105(2)2 " Qo (n)ns
o€Sy

where S, is the set of permutations of {1,...,n}, and

(1.4) sgn o = det (eg(1), - -+ Co(n)) = 1.

To define sgn o, the “sign” of a permutation o, we note that every permutation o
can be written as a product of transpositions: ¢ = 7y - - - 7,, where a transposition
of {1,...,n} interchanges two elements and leaves the rest fixed. We say sgn o =1
if v is even and sgn 0 = —1 if v is odd. It is necessary to show that sgn o is
independent of the choice of such a product representation. (Referring to (1.4)
begs the question until we know that det is well defined.)
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3. Let 0 € S,, act on a function of n variables by

(1.5) (af)(zl,...,xn) :f($0(1),...,$0(n)).

Let P be the polynomial

(1.6) P(zy,...,zn) =[] (2 — =)
1<j<k<n

Show that

(1.7) (0P)(z) = (sgn o) P(x),

and that this implies that sgn o is well defined.

4. Deduce that there is a unique determinant satisfying (a)—(c), and that it is given
by (1.3). If (c) is replaced by ¥(I) = r, show that ¥(A) = r det A.

5. Show that (1.3) implies
(1.8) det A = det A".

Conclude that one can replace columns by rows in the characterization (a)—(c) of
determinants.
Hint. ay(;5); = aer(ey with £ = o(j), 7=0"". Also, sgn o = sgn .

6. Show that, if (a)—(c) hold (for rows), it follows that

(d) 9(A) = 9(A) if A is obtained from A by adding cpy to p, for some ¢ € C,
where p1, ..., p, are the rows of A.

Re-prove the uniqueness of ¥ satisfying (a)—(d) (for rows) by applying row opera-
tions to A until either some row vanishes or A is converted to I.

7. Show that
(1.9) det (AB) = (det A)(det B).

Hint. For fixed B € M, compare ¥1(A) = det (AB) and ¥2(A) = (det A)(det B).
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8. Show that
1 ajp - aip 1 0 - 0
0 azx -+ a2, 0 azx -+ a

(1.10) det | . . _ =det | . . . = det Aqq
0 an2 e Ann 0 an2 ot Ann

where A11 = (ajk)2<jk<n-
Hint. Do the first identity by the analogue of (d), for columns. Then exploit
uniqueness for det on M, _1)x(n—1)-

9. Deduce that det(e;, as,...,a,) = (—1)7~1 det A;; where Ay, is formed by delet-
ing the kth column and the jth row from A.

10. Deduce from the first sum in (A.2) that

(111) det A = Z(—l)j_lajl det Alj'
j=1

More generally, for any k& € {1,...,n},

(1.12) det A= (1) "Fa ), det Ay;.
j=1

This is called an expansion of det A by minors, down the kth column.

11. Show that

ajl; aiz2 -+ QAin
Q22 -+ A2p

(113) det . . = a110a22 """ Qpn-
a'nn

Hint. Use (1.10) and induction.

12. Given A € M,, ., show that A is invertible if and only if det A # 0.
Hint. 1If AB = I, apply (1.9). On the other hand, if the rows of A are linearly
dependent, apply Exercise 6.
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The following exercises deal with the cross product of vectors in R3.

13. If u,v € R3, show that the formula

wy ur U1
(1.14) w-(uxv)=det | wa uz vy
w3 Uz U3

for u x v = k(u, v) defines uniquely a bilinear map x : R? x R?® — R3. Show that it
satisfies

ixg=k, jxk=1i kxi=yj,
where {i, 7, k} is the standard basis of R3.

14. We say T € SO(3) provided that T is a real 3 x 3 matrix satisfying T'T = T
and det T' > 0, (hence det T'=1). Show that

(1.15) TeSOB)=TuxTv="T(uxv).
Hint. Multiply the 3 x 3 matrix in Exercise 13 on the left by T.

15. Show that, if @ is the angle between v and v in R3, then
(1.16) lu x v| = |u| |v| |sin@|.
More generally, show that for all u,v,w,z € R3,

(uxv) - (wxz)=(u-w)(v-z)—(u-x)(v-w).

Hint. Check this for u =i, v = at + bj, and use Exercise 14 to show this suffices.

16. Show that x : R® — Skew(3), the set of antisymmetric real 3 x 3 matrices,
given by

0 Y3 Y2
(1.17) k(yL,y2,y3) = y3 0 —wm
—Y2 N 0
satisfies
(1.18) Kr=yxz, K=&(y).

Show that, with [A, B] = AB — BA,

Kz x y) = [K(x), K(y)],

(1.19) Tr (k(z)k(y)") =22 - y.
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2. Exercises on trigonometric functions

1. Let ¥(t) be a unit-speed parametrization of the unit circle S' = {z € R? : |z| =
1}, such that v(0) = (1,0) and 4/(0) = (0,1). Define cos ¢ and sin t by

(2.1) ~(t) = (cos t,sin t).
Show that
(2.2) 7' (t) = (—sin t,cos t),

without using previously acquired facts about sin and cos.
Hint. Use |7/(t)| = 1 and the implication y(t) - y(t) = 1 = ~(t) - v/(t) = 0.

2. Let

(2.3) R _<cost —sint)
. t — .

sint cost
Show that, for each s € R,
(2.4) os(t) = Riy(s)’

is a unit-speed curve lying on S, with 0,(0) = ~(s)!. Deduce that R;y(s)! =
v(s + t)!, and use this to show that

(25) RtRS - Rs+t-
3. Use (2.5) to derive the identities

06 sin(x +y) =sinx cosy + cosx siny
(26) cos(x + y) = cosx cosy —sinx siny.

4. Use (2.1) and (2.6) to show that

(2.7) sin®t 4+ cos®t =1, cos’t = —(1+ cos2t).

N | —



ELEMENTARY DIFFERENTIAL GEOMETRY 9

5. Note that v(t) = (cost,sint) is a map of R onto the unit circle S' C R? with
non-vanishing derivative, and, as ¢ increases, (t) moves monotonically, counter-
clockwise.

We define m to be the smallest number ¢; € (0, 00) such that v(¢;) = (—1,0), so

(2.8) cosm=—1, sinm=0.
Show that 27 is the smallest number t5 € (0, 00) such that y(t2) = (1,0), so
(2.9) cos2m =1, sin2m =0.

Show that
cos(t + 2mw) = cost, cos(t+ m)= —cost

sin(t + 2m) = sint, sin(t+ 7) = —sint.
Show that ~(7w/2) = (0,1), and that

s ) i s
cos<t+ 5) = —sint, sm(t~|— 5) = cost.

6. Show that sin : (—7/2,7/2) — (—1,1) is a diffeomorphism. We denote its
inverse by

arcsin : (—1,1) — (—g, g)

Show that u(t) = arcsin ¢ solves the ODE

du 1
Hint. Apply the chain rule to sin(u(t)) = t.
Deduce that, for t € (—1,1),
bodx
2.10 arcsin t = e
(2.10) | =

7. Show that

Hint. Let
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Compute S2 and show that S = R, s3 Then compute R, /QR;/lg.
For intuition behind these formulas, look at Fig. 2.1.

8. Show that sin7/6 = 1/2, and hence that

7T_/1/2 dx _i a, <1>2n—|—1
6 Jo VI-a22 “Z2n+11\2 ’

where
2n +1

o+ 2

T k an 1\ 2n+1 4=k
E_;mﬂ(é) <302k +3)

Using a calculator, sum the series over 0 < n < 20, and verify that

ap = 17 an+1 =

Show that

m ~ 3.141592653589 - - -

9. Forz # (k+1/2)7, k € Z, set

Show that 1 + tan? x = 1/ cos? z. Show that w(x) = tan x satisfies the ODE

d
= =1+u? w(0)=0.

10. Show that tan : (—7/2,7/2) — R is a diffeomorphism. Denote the inverse by

arctan : R — (—z 7T>.

272
Show that
Y dx
(211) arctan Yy = A m
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3. Exercises on the Frenet-Serret formulas

1. Let z(t) be a smooth curve in R3; assume it is parametrized by arclength, so
T(t) = 2/(t) has unit length; T'(¢) - T'(t) = 1. Differentiating, we have T"(t) LT'(t).
The curvature is defined to be k(t) = ||T7(t)||. If x(t) # 0, we set N(t) =T"/||T"|,
SO

T = kN,

and N is a unit vector orthogonal to 7. We define B(t) by

(3.1) B=TxN.

Note that (T, N, B) form an orthonormal basis of R? for each ¢, and
(3.2) T=NxB, N=BxT.

By (3.1) we have B’ = T x N’. Deduce that B’ is orthogonal to both 7" and B,
hence parallel to N. We set
B’ = —7N,

for smooth 7(t), called the torsion.

2. From N’ = B’ x T + B x T’ and the formulas for 7" and B’ above, deduce the
following system, called the Frenet-Serret formula:

T = kN
(3.3) N' = —kT +7B
B' = - TN
Form the 3 x 3 matrix
0 —x O
(3.4) At)=|rx 0 —7
0O 7 0

and deduce that the 3 x 3 matrix F'(t) whose columns are T, N, B :
F=(T,N,B)
satisfies the ODE

- = FA(®).
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3. Derive the following converse to the Frenet-Serret formula. Let T'(0), N(0), B(0)
be an orthonormal set in R3, such that B(0) = T'(0) x N(0), let x(t) and 7(t) be
given smooth functions, and solve the system (3.3). Show that there is a unique
curve z(t) such that z(0) = 0 and T'(¢t), N(t), B(t) are associated to z(t) by the
construction in Exercise 1, so in particular the curve has curvature x(t) and torsion
7(t).

Hint. To prove that (3.1)—(3.2) hold for all ¢, consider the next exercise.

4. Let A(t) be a smooth n x n real matrix function which is skew adjoint for all ¢ (of
which (3.4) is an example). Suppose F'(t) is a real n x n matrix function satisfying

dF
— = FA(Y).
o (t)
If F(0) is an orthogonal matrix, show that F(t) is orthogonal for all ¢.
Hint. Set K(t) = F(t)*F(t). Show that K(t) and Ky(t) = I both solve the initial

value problem

dK
—r = [KA®), KO =1

5. Let Uy =T, Uy =N, Us = B, and set
w(t)=71T+ KkB.
Show that (3.3) is equivalent to

Ui=wxUj, 1<5 <3

6. Suppose 7 and k are constant. Show that w is constant, so T'(t) satisfies the
constant coefficient ODE
T'(t) = w x T(t).

Note that w - T'(0) = 7. Show that, after a translation and rotation, z(t) takes the
form

~(t) = (i cos \t,

> B sin At Zt), A2 = k2 4+ 72,

A2 A

7. Suppose z(t), parametrized by arclength, lies in the sphere S = {z € R3 : |z| =
R}, for all t. If p(t) = k(t)~! denotes the radius of curvature of this curve, show

that . )
o (4 -
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Hint. Differentiate the identity x(¢)-z(t) = R? repeatedly, and substitute in various
parts of (3.3) for derivatives of T', etc. Use this to show that

x-T=0, z-N=—p, z-B=-p/t.
8. In this problem, do not assume that x(t) is parametrized by arclength. Define the

arclength parameter s by ds/dt = |2/(t)], and set T'(t) = 2/(t)/|x'(t)|, so dT'/ds =
kN. Show that

(3.5) o (t) = % T(t) + (%)i&(t) N(b).

Taking the cross product of both sides with T'(¢), deduce that

(1) x 2" (t)

(3.6) K(t) B(t) = PIOE

Hence

_ () x 2" ()]
(3.7) W) =

Hint. Differentiate the identity «'(t) = (ds/dt)T'(t) to get (3.5).

9. In the setting of Exercise 8, show that

(3.8) 2" (t) = {s" — (s')°k*}T + {35's"k + (s')°K'} N + (s')°k7B.
Deduce that

(3.9) x'(t) x 2" (t) - 2" (t) = (s)°k>T,

and hence that the torsion is given by

' (t) x 2" (t) - 2" (t)
|2'(2) x 2" (£)[?

(3.10) (t) =

10. Let z(t) be a unit speed curve, with T, k, 7, etc. as in Exercise 1. Consider
the curve y(t) = T'(t), a curve which is perhaps not of unit speed. Show that its
curvature and torsion are given by

(3.11) 7= 1+(£)2, %:ﬁ.
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Hint. Apply the results of Exercises 8-9 to y(t) = T'(¢). Use (3.3) to derive
T" = —k?’T+k'N+ kB, T xT"=r*T+ k*B.

Then produce a formula for T".

11. Counsider a plane curve (z1(t), z2(t)). Show that its curvature at is given by

r(t) =[xy — ahpaf] /],

Hint. Apply (3.7) to v(t) = (x1(t), z2(t),0).

A unit speed curve x(t) in R? is called a cylindrical helix provided there is a unit
u € R3 such that T(t)-u = c is constant. Rotating, we can assume u = k and write

(3.12) z(t) = (z1(2), z2(t), ct), (2))* + (zh)* =1- "

Exercises 12-16 deal with cylindrical helices.

12. Directly computing " = T" = kN from (3.12) and comparing the calculation
of the quantities in (3.6), show that
K=ol (1= et = (g — haf)?
13. If y(t) = (x1(t), z2(t)) is the planar projection of (3.12), show that its curvature
k satisfies 0
k(t

k(t) = .

A(t) 1—¢?
14. Show that a unit-speed curve z(t) in R? is a cylindrical helix if and only if

7(t)/k(t) is constant (equal to +c¢/v1 — ¢?).

One approach. If z(t) has the form (3.12), show that

k1l N=k=cl(t)++1-c2B(t),

and differentiate this, using (3.3).
Another approach. Use (3.11).

15. Let k(t) > 0 be a given smooth function and let 5 € R be given. Show
that a cylindrical helix with curvature x(t) and torsion 7(¢) = (k(t) is given by

z(t) = [y T(s)ds, with
(T(t), N(t), B(t)) = e” K,
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where
0 -1 0 ¢
K=[1 0 -p], o) :/ k(s)ds.
0 8 0 0
Hint. Take T'(0) =i, N(0) = j, B(0) = k and use Exercise 2.

16. Let K be the 3 x 3 matrix of Exercise 15. Let
v=(1+8)72(Bi+ k), w=(1+08)7"2 - Bk).
Show that v, j, w form an orthonormal basis of R? and
Kv=0, Kj=—-(1+p8)"%w, Kw=1+p3*)"?.

Deduce that

e"K v

v,
= (cosn)j — (sinn)w,
Kw = (sinn)j + (cos n)w,
where n = (1 + 5%)'/2%0.
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4. Curves with nonvanishing curvature

Proposition 4.1. Let v be a smooth curve in R3. Then ~ can be smoothly approz-
imated by a sequence of curves in R3 with nowhere vanishing curvature.

Proof. If ~ is a line, it can be approximated by helices. Otherwise, making a pre-
liminary approximation, e.g., by a real analytic curve, we can assume the curvature
has only isolated zeros.

Suppose for example that for ¢ in a segment [a, b], the curvature of v(t) vanishes
at just one point, ¢ty € (a,b). We can assume there exist a > 0 and ¢ > 0 such that
k(t) > a for t € [a,a+ ¢] and for t € [b — ¢,b]. We will perturb v on a compact
subset of (a,b) to get a curve whose curvature vanishes nowhere on [a, b]. Iteration
of this procedure proves the proposition.

Since curvature is independent of parametrization, there is no loss of generality
in assuming that v (t) = (z1(t), x2(t), t), for ¢t € [a,b]. Then

V() x (1) = (=25 (1), 21 (), 21 ()25 (£) — 2] (H)x5(t)).

A similar calculation holds for a perturbed curve ¥(t) = (x1(t) + &1(t), z2(t) +
&2(t),t). Hence it suffices to produce an arbitrarily small perturbation (&1(t), &2(t)),
supported on t € [a + ¢/2,b — ¢/2], with the property that

o(t) = («7(t) + &' (1), 25 (1) + & (1))

is nowhere vanishing for ¢ € [a + ¢, b — ¢].

To get this, fix a bump function ¢ € C§°(a + ¢/2,b — ¢/2), equal to 1 on the
interval [a+ ¢, b— c|. Since the image of (z/(t), x4 (t)) has empty interior in R?, one
can choose a point (p1,p2) € R? arbitrarily close to (0,0), not in this image. Now
simply take

(61(1). £2() = —(t) (pr.p2).
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5. Surfaces, metric tensors, and surface integrals

A smooth m-dimensional surface M C R™ is characterized by the following
property. Given p € M, there is a neighborhood U of p in M and a smooth map
¢ : O — U, from an open set O C R™ bijectively to U, with injective derivative
at each point. Such a map ¢ is called a coordinate chart on M. We call U C M a
coordinate patch. If all such maps ¢ are smooth of class C*, we say M is a surface
of class C*. In §8 we will define analogous notions of a C* surface with boundary,
and of a C* surface with corners.

There is an abstraction of the notion of a surface, namely the notion of a “man-
ifold,” which is useful in more advanced studies. A treatment of calculus on mani-
folds can be found in [Sp].

If ¢ : O — U is a C* coordinate chart, such as described above, and ¢(zg) = p,
we set

(5.1) T, M = Range Dy(x),

a linear subspace of R™ of dimension m, and we denote by N,M its orthogonal
complement. It is useful to consider the following map. Pick a linear isomorphism
A:R"™™ — N,M, and define

(5.2) O:OxR"™ — R D(z,2) =p(r)+ Az

Thus ® is a C* map defined on an open subset of R™. Note that
(5.3) D®(zq,0) ( ;’j) = Dy (z0)v + Aw,

so D®(xp,0) : R — R™ is surjective, hence bijective, so the Inverse Function
Theorem applies; ® maps some neighborhood of (zg,0) diffeomorphically onto a
neighborhood of p € R™.

Suppose there is another C* coordinate chart, ¢ : Q — U. Since ¢ and 1) are
by hypothesis one-to-one and onto, it follows that F = ¢~lop: O — Qis a well
defined map, which is one-to-one and onto. See Fig. 5.1. In fact, we can say more.

Lemma 5.1. Under the hypotheses above, F is a C* diffeomorphism.

Proof. Tt suffices to show that F and F~' are C* on a neighborhood of zy and
Yo, respectively, where p(xg) = ©¥(yo) = p. Let us define a map ¥ in a fashion

similar to (5.2). To be precise, we set T,M = Range D (yo), and let NpM be its
orthogonal complement. (Shortly we will show that T,AM = T,,M, but we are not
quite ready for that.) Then pick a linear isomorphism B : R"~™ — N, M and set
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U(y,2) = ¢(y) + Bz, for (y,2) € Q x R*~™. Again, ¥ is a C* diffeomorphism from
a neighborhood of (yp,0) onto a neighborhood of p.

It follows that =1 o ® is a C* diffeomeophism from a neighborhood of (zg,0)
onto a neighborhood of (yg,0). Now note that, for = close to xg and y close to yo,

(5.4) U o ®(2,0) = (F(z),0), @ 'oW¥(y,0)=(F'(y),0).

These identities imply that F' and F~! have the desired regularity.

Thus, when there are two such coordinate charts, ¢ : O — U, ¢ : Q — U, we
have a C* diffeomorphism F : O — Q such that

(5.5) p=1oPF.
By the chain rule,
(5.6) De(z) = Dy(y) DF(z), y=F(z).

In particular this implies that Range Dy(zo) = Range D (yo), so T, M in (5.1) is
independent of the choice of coordinate chart. It is called the tangent space to M
at p.

We next define an object called the metric tensor on M. Given a coordinate
chart ¢ : O — U, there is associated an m x m matrix G(z) = (g;x(z)) of functions
on O, defined in terms of the inner product of vectors tangent to M :

o | L 0p 0p = Oy Dy
(5.7) gik(a) = De(x)e; - Dp(z)ey = ox; Oxy ; Ox; Oz,

where {ej : 1 < j <m} is the standard orthonormal basis of R™. Equivalently,
(5.8) G(z) = Dyp(z)" Dy(x).

We call (g,1) the metric tensor of M, on U, with respect to the coordinate chart ¢ :
O — U. Note that this matrix is positive-definite. From a coordinate-independent
point of view, the metric tensor on M specifies inner products of vectors tangent
to M, using the inner product of R".

If we take another coordinate chart ¢ : Q — U, we want to compare (g,5) with
H = (hji), given by

(5.9) hjk(y) = DY (y)e; - DY(y)er, ie., H(y) = Dy(y)" Dy(y).

As seen above we have a diffeomorphism F' : O — Q such that (5.5)—(5.6) hold.
Consequently,

(5.10) G(z) = DF(x)' H(y) DF(z),
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or equivalently,

_— oz Z OF, 0F; ,

Ox; &I;k

We now define the notion of surface integral on M. If f : M — R is a continuous
function supported on U, we set

(5.12) A{de:/focp ) V() dz,

where
(5.13) g(z) = det G(x).

We need to know that this is independent of the choice of coordinate chart ¢ : O —
U. Thus, if we use ¥ :  — U instead, we want to show that (5.12) is equal to

Jo fot(y) /h(y) dy, where h(y) = det H(y). Indeed, since fot o F = fop, we
can apply the change of variable formula for multidimensional integrals, to get

Gat) [ fouly) VAl dy = [ fop(e) VAFG)) det DF ()] da,
Q O

Now, (5.10) implies that

(5.15) Vo(@) = |det DF(z)| v/h(y

so the right side of (5.14) is seen to be equal to (5.12), and our surface integral
is well defined, at least for f supported in a coordinate patch. More generally, if
f+ M — R has compact support, write it as a finite sum of terms, each supported
on a coordinate patch, and use (5.12) on each patch.

Let us pause to consider the special cases m = 1 and m = 2. For m = 1, we are
considering a curve in R™, say ¢ : [a,b] — R™. Then G(z) is a 1 x 1 matrix, namely
G(x) = |¢'(x)|. If we denote the curve in R™ by ~, rather than M, the formula
(5.12) becomes

b
(5.16) /f@:/fwmnwwww

In case m = 2, let us consider a surface M C R3, with a coordinate chart ¢ : O —
U C M. For f supported in U, an alternative way to write the surface integral is
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where u x v is the cross product of vectors v and v in R3. To see this, we compare
this integrand with the one in (5.12). In this case,

Orp-0 O - O
(5.18) g = det ( O Orp Do aj:j) = 01910201 — (D19 Oap)”.

Recall from §1 that |u x v| = |u| |v| |sin |, where 0 is the angle between u and v.
Equivalently, since u - v = |u| |v| cos#,

(5.19) lu x v|? = |ul*|v]*(1 = cos® 0) = [ul*|v]* = (u-v)>.

Thus we see that |01¢ x 02| = /g, in this case, and (5.17) is equivalent to (5.12).

An important class of surfaces is the class of graphs of smooth functions. Let
u € CH(Q), for an open Q C R™~! and let M be the graph of z = u(z). The map
¢(x) = (z,u(u)) provides a natural coordinate system, in which the metric tensor
is given by

ou Ou
(5.20) gjk(x) = djk + a_m]@_xk

If u is C', we see that g, is continuous. To calculate g = det(g;x), at a given point
p € Q, if Vu(p) # 0, rotate coordinates so that Vu(p) is parallel to the x; axis. We
see that

(5.21) Va=(1+|vuP)'?
In particular, the (n — 1)-dimensional volume of the surface M is given by

(5.22) Vn_l(M):/dS:/(1+|Vu(a:)|2)1/2da:.

M Q
Particularly important examples of surfaces are the unit spheres S*~! in R,
(5.23) St ={r cR": |z| = 1}.
Spherical polar coordinates on R™ are defined in terms of a smooth diffeomorphism
(5.24) R:(0,00) x S" 1 — R"\ 0, R(r,w)=rw.

Let (h¢pm) denote the metric tensor on S™~! (induced from its inclusion in R™) with
respect to some coordinate chart ¢ : O — U C S™~!. Then, with respect to the
coordinate chart ® : (0,00) x O — U C R" given by ®(r,y) = rp(y), the Euclidean
metric tensor can be written

(5.25) (ejk) = < 1 Tzhgm) .
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To see that the blank terms vanish, i.e., 0,® - 9,,® = 0, note that ¢(z) - p(x) =
1= 0g,0(x) - p(x) = 0. Now (5.25) yields
(5.26) Ve =r""h.

We therefore have the following result for integrating a function in spherical polar
coordinates.

(5.27) / f(z)dz = / [ /O h f(rw)r”_ldr] dS(w).
R™ §n-1

We next compute the (n — 1)-dimensional area A,,_; of the unit sphere S*~1 C
R™, using (5.27) together with the computation

(5.28) /e_|x|2 dr = 7"/2,
Rn

which can be reduced to the case n = 2 and done there in polar coordinates. First
note that, whenever f(z) = ¢(|z]), (5.27) yields

(5.29) /gp(|a:|) do = A, /OOO o(r)r dr.

In particular, taking ¢(r) =€ and using (5.28), we have
(5.30) /2 = An—l/ e L dp = %An—l/ e $s"/271 (s,
0 0

where we used the substitution s = 72 to get the last identity. We hence have

27Tn/2
(5.31) Apn-1= =5
I'(3)
where I'(z) is Euler’s Gamma function, defined for z > 0 by
(5.32) I'(2) :/ e *s77 1 ds.
0

We need to complement (5.31) with some results on I'(z) allowing a computation
of I'(n/2) in terms of more familiar quantities. Of course, setting z = 1 in (5.32),
we immediately get

(5.33) T(1) = 1.

Also, setting n =1 in (5.30), we have

o0 5 o0
7l/? = 2/ e dr :/ e %5712 ds,
0 0
or

(5.34) r(%) — l/2,

We can proceed inductively from (5.33)—(5.34) to a formula for I'(n/2) for any
n € Z*, using the following.
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Lemma 5.2. For all z > 0,

(5.35) [(z+1) ==2I'(2).

Proof. We can write

> d —s z . Oo—sd z
F(z+1):—/0 (Ee >s ds—/o e E(s)ds,

the last identity by integration by parts. The last expression here is seen to equal
the right side of (5.35).

Consequently, for k € ZT,

1 1 1
pu— — ' _— p— —— .« .. —_— ]"/2
(5.36) T(k) = (k— 1)), P<k+ 2) (k: 2) (2>7r .
Thus (5.31) can be rewritten
27k 27k
(5.37) Agp_1 = Ao =

(k—1)I

1 1y"
(k=3)-(3)
We discuss another important example of a smooth surface, in the space M (n) ~

R™ of real n x n matrices, namely SO(n), the set of matrices T € M (n) satisfying
T'T = I and det T > 0 (hence det T = 1). The exponential map Exp: M(n) —
M (n) defined by Exp(A) = e has the property

(5.38) Exp : Skew(n) — SO(n),

where Skew(n) is the set of skew-symmetric matrices in M (n). Also D Exp(0)A =
A; hence

(5.39) D Exp(0) = ¢ : Skew(n) — M (n).

It follows from the Inverse Function Theorem that there is a neighborhood O of
0 in Skew(n) which is mapped by Exp diffeomorphically onto a smooth surface
U C M(n), of dimension m = n(n — 1)/2. Furthermore, U is a neighborhood of I
in SO(n). For general T' € SO(n), we can define maps

(5.40) er: O — S0(n), ¢r(A) =T Exp(A),

and obtain coordinate charts in SO(n), which is consequently a smooth surface
of dimension n(n — 1)/2 in M (n). Note that SO(n) is a closed bounded subset of
M (n); hence it is compact.

We use the inner product on M (n) computed componentwise; equivalently,

(5.41) (A, B) = Tr (B'A) = Tr (BA").

This produces a metric tensor on SO(n). The surface integral over SO(n) has the
following important invariance property.
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Proposition 5.3. Given f € C(SO(n)), if we set
(5.42) prf(X) = f(XT), Arf(X)=f(T'X),

for T, X € SO(n), we have

(5.43) /prdS: / Arf dS = / f ds.

SO(n) SO(n) SO(n)

Proof. Given T' € SO(n), the maps Rp, Ly : M(n) — M(n) defined by Rp(X) =
XT, Lp(X) = TX are easily seen from (5.41) to be isometries. Thus they yield
maps of SO(n) to itself which preserve the metric tensor, proving (5.43).

Since SO(n) is compact, its total volume V (SO(n)) = fSO(n) 1 dS is finite. We
define the integral with respect to “Haar measure”

1
(5.44) / f(g)dgzm / fds.

SO(n) SO(n)

This is used in many arguments involving “averaging over rotations.”

Exercises

1. Define ¢ : [0,0] — R? to be ¢(t) = (cost,sint). Show that, if 0 < 6 < 27, the
image of [0, #] under ¢ is an arc of the unit circle, of length 6. Deduce that the unit
circle in R? has total length 2. This result follows also from (5.37).

Remark. Use the definition of m given in the auxiliary problem set after §3.

This length formula provided the original definition of 7, in ancient Greek geometry.

2. Compute the volume of the unit ball B" = {x € R™ : |z| < 1}.
Hint. Apply (5.29) with ¢ = x[0,1]-

3. Taking the upper half of the sphere S™ to be the graph of 2,1 = (1 — |z|?)"/2,
for x € B™, the unit ball in R", deduce from (5.22) and (5.29) that

/2
A, =24, 4 r— 24, 4 / (sin 6)" do.
0

1 n—1
| =



24 BY MICHAEL E. TAYLOR

Use this to get an alternative derivation of the formula (5.37) for A,,.
Hint. Rewrite this formula as

™
A, = Ap_1bn_1, b= / sin® 6 de.
0
To analyze bx, you can write, on the one hand,
™
bto = by, — / sin® 0 cos? 0 do,
0
and on the other, using integration by parts,

b2 = /o cos 6 d% sin® 1 6 df.

Deduce that

_k+1
k+2
4. Suppose M is a surface in R” of dimension 2, and ¢ : O — U C M is a coordinate

chart, with O C R?. Set p;x(z) = (p;(x), (), s0 @ji : O — R2. Show that the
formula (5.12) for the surface integral is equivalent to

/f dS:/fogp(:v) > (det Dgojk(x))z da.
M 16) i<k

k2 by.

Hint. Show that the quantity under ,/— is equal to (5.18).

5. If M is an m-dimensional surface, ¢ : O — M C M a coordinate chart, for
J = (1, Jm) set

i) = (‘le (x),.. -,Sij(%)), w7: 0 —=R™

Show that the formula (5.12) is equivalent to

/f ds = /fow(a:) Z (det Dng(:/r:))2 dx.
M o

J1<<Jm

Hint. Reduce to the following. For fixed o € O, the quantity under VI8 equal
to g(z) at = xo, in the case Dp(z¢) = (Dp1(x0), ..., Dem(20),0,...,0).
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6. Let M be the graph in R"™ of z,.; = u(z), * € O C R™. Show that,
for p = (x,u(x)) € M, T,M (given as in (5.1)) has a 1-dimensional orthogonal

complement N, M, spanned by (—Vu(z),1). We set N = (1+ \Vu|2)_1/2(—Vu, 1),
and call it the (upward-pointing) unit normal to M.

7. Let M be as in Exercise 6, and define N as done there. Show that, for a
continuous function f : M — R™*1,

/f "N dS = /f(x,u(x)) (=Vu(z),1) dz.
M (@)

The left side is often denoted [, f - dS.

8. Let M be a 2-dimensional surface in R3, covered by a single coordinate chart,
0 : O — M. Suppose f: M — R3 is continuous. Show that, if fM f - dS is defined
as in Exercise 7, then

/f HdS = /f(sp("”)) - (D1 x Do) du,
M o

assuming N is a positive multiple of d1¢ X da¢p.

9. Consider a symmetric n x n matrix A = (a;x) of the form a;; = vjv,. Show that
the range of A is the one-dimensional space spanned by v = (v1,...,v,) (if this is
nonzero). Deduce that A has exactly one nonzero eigenvalue, namely A = |v|?. Use
this to give another derivation of (5.21) from (5.20).

10. Let  C R™ be open and u :  — R be a C* map. Fix ¢ € R and consider
S={ze€Q:ulx)=c}.

Assume S # () and that Vu(z) # 0 for all z € S. Show that S is a C* surface of
dimension n — 1. Show that, for each p € S, T},S has a 1-dimensional orthogonal
complement N,S spanned by Vu(p).

Hint. Use the Implicit Function Theorem.



26 BY MICHAEL E. TAYLOR

11. Let S be as in Exercise 10. Assume moreover that there is a C* map ¢ :
O — R, with O c R""! open, such that u(z’, o(2')) = ¢, and that 2’ — (z/, p(z"))

parametrizes S. Show that
/de:/f Vul
|Onul
s o

where the functions in the integrand on the right are evaluated at (z’, ¢(z')).
Hint. Compare the formula in Exercise 6 for N with the fact that £+ N = Vu/|Vu,
and keep in mind the formula (5.22).
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6. Vector fields on surfaces

Let M be an m-dimensional surface in R", as in §5. Say U C M and ¢ : O — U
is a coordinate chart, with © open in R™. A function W : M — RF is said to be
smooth on U provided W o ¢ : @ — RF is smooth. By Lemma 5.1, this concept of
smoothness is independent of the choice of a coordinate chart.

If V: M — R" is smooth and V(p) € T, M for each p € M, we say V is a
smooth tangent vector field on M. It is easily established that, for any coordinate
chart ¢ : O — U, there exist unique smooth a; : O — R such that

(6.1) Voo(r) =) ajx) a%
In fact, A, = Do(z) : R™ — T,;)M is an isomorphism, and

(a1,...,am)" = A7V (0(2)).
Alternatively, with notation as in (5.2),
(a1,...,am,0,...,0)" = D®(z,0) "V (p(z)).

If V is a tangent vector field and W : M — R¥ is smooth, we want to define
VyW : M — RF. We want the following property to hold. Given p € M, let
v : (—e,e) — R™ be a smooth curve, contained in M, such that «(0) = p and
~'(0) = V(p). Then we want

d

(6.2) VvWip) =

W)=
To show this is independent of the choice of v and obtain other desirable properties,
such as linearity in V', we produce an alternative formula, as follows.

Given such =, there is a smooth curve o : (—¢,e) — O such that 0(0) = ¢ (where
©(q) = p) and y(t) = p(c(t)); in fact with ® as in (5.2), ~1(v(¢)) = (o(t ) 0). Let
us set

W=Wop, W:0—RF

Then W o~y =Woao, so

d

%W(’y(t)) = DW(a(t)) a'(t),

and hence (6.2) gives

(6.3) Vv W (p) = DW(q)A, 'V (p).
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The right side of (6.3) is independent of the choice of 7. It is also linear in V. Using
(6.2) and (6.3) together, one readily verifies the following identities:

(6.4) ViviaranW = AV W + £V, W,

(6.5) Vi (W1 + Wa) = Vy Wy + Vi Wa,

(6.6) Vv (fW) = [Vy W + (Vv )W,

(6.7) Vi (Wy - Wa) = (VyWh) - Wa + Wy - (VyWa),

where the last identity involves the dot product of two maps W; : M — R¥, and it
is assumed that V,V} are tangent vector fields, f, f; real-valued functions.

The following remark is also frequently useful. Suppose €2 is an open neighbor-
hood of M in R™ and W : M — R¥ has a smooth extension W :  — R*. Then if
V' is a tangent vector field to M,

(6.8) VvW(p) = DW(p)V(p), Vpe M.

Exercise

1. Show that, if M is a smooth surface in R™ and W is a smooth vector field on
M, then W has a smooth extension W to a neighborhood of M in R".
Hint. Use the map & given in (5.2), which was used in the proof of Lemma 5.1.
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7. Shape operators and curvature

We now restrict attention to two-dimensional surfaces M C R3. If X : O — U
is a coordinate chart on M, then, for p = X (u,v), T,M is spanned by X, and X,
and a unit normal field N is defined by

X, X X,

1 N=———.
(7.1) | X x X

We define the shape operator (also known as the Weingarten map)

(7.2) S:T,M — R?
by
(7.3) S(V)=—-VyN.

Proposition 7.1. We have

(7.4) S:T,M — T,M.

Proof. It suffices to show that, for V€ T,M, S(V)- N = 0. Indeed, applying Vy
to N - N =1, using (6.7), we have

0=Vy(N-N)=2(VyN)-N.

Using (7.4), we define the Gauss curvature of M at p:
(7.5) K(p) = det S(p),
and the mean curvature of M at p:
1
(7.6) H(p) = 5 TrS(p).

The metric tensor on M, in the X-coordinate system, is given by

(77) g]k = X] : Xk:) Xl — Xu7 X2 — Xv7
or

E F
(7.8) G=o30) = (F G)’

E=X, Xu, F=X, X,, G=X, X,.
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To make computations involving the shape operator, we also consider

(7.9) hjk = S(X;) - Xk,
{ m
(7.10) H=(hge) = (m n)

0=S5(Xy) Xy, m=8Xy,) Xy, n=58X,) X,.
Implicit in (7.10) is the identity
(7.11) S(Xu) - Xy = S(Xy) - X,
which is equivalent to the assertion that S in (7.4) is symmetric:
(7.12) S =g

This will be established in the proof of the next result.

Proposition 7.2. We have

(7.13) =N -Xyu, m=N-Xy, =N -Xpy, n=DN-Xu.

Proof. To begin, we have
(7.14) S(Xy) = =Ny, S(Xy) =—-N,,

by (6.3). Hence ¢ = —N,, - X,,. Now applying 0/0Ju to the identity N - X,, = 0 we
have 9

= %(
This proves the identity for £ in (7.13). The other parts of (7.13) follow similarly,
and the identity (7.11) follows from X, = X,,.

Let us denote by S = (s;x) the matrix representation of S with respect to the
basis (X1, X2) = (X, Xy) of T,M:

0 N-X,) =N, Xu+N - Xuu.

(7.15) S(X;) = sjeXe.
L

Taking the dot product of both sides with Xj, we have

(7.16) hjr = Z Sje 9tk
¢
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ie.,
(7.17) H=8G, or S=HG "
Taking determinants, we see that the Gauss curvature is given by

/n — m?

Noting that

1 1 G -—F
(7.19) g —m(_F E)7

one readily computes that

B 1Gl —2Fm + En
2 EG - F?

(7.20)

The following furnishes other tools to compute the Gauss curvature and mean
curvature.

Proposition 7.3. Suppose V and W span T,M. Then

(7.21) S(V)x S(W)=K(p)(V x W),
and
(7.22) S(V)xW+V xS(W)=2H(p)(V x W).

Proof. Writing S(V') = aV + bW, S(W) = cV + dW, we have
S(V)x S(W) = (aV +bW) x (¢V +dW) = (ad — be)(V x W),
which gives (7.21). The proof of (7.22) is similar.
In particular, for p = X (u,v), using (7.14) plus (7.21) we have
(7.23) N, x N, = K(p)(Xa x X,).

The formula for N might be sufficiently more complicated than that for some other
normal field to M (not of unit length), such as perhaps X, x X,, that calculations
become cumbersome. It is useful to produce formulas for curvature involving more
general normal fields, not assumed to have unit length. Say Z is such a normal
field; assume it is a positive multiple of N, and write

(7.24) N=oZ op=Z"
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We have N, = ¢, Z + ¢Z,,, and hence
Nu X Ny =@*Zy x Zy + {000 Z X Zy + 0y Zy X Z}.

The vector field in brackets is tangent to M, while the left side is normal to M.
Hence
Z - Ny x N, =@*Z -7, X Z,,.

If we take the dot product of both sides of (7.23) with Z we deduce that

L Ly X Ly

2 K = .
(7.25) P) = ZF1x, < x,]

Let us apply formula (7.25) when M is the graph of a function:
(7.26) z = f(x,y).
Then a coordinate patch is given by X (u,v) = (u,v, f(u,v)), and we can take
(7.27) Z =Xy x Xy = (=fu, = [0, 1).

We compute
Zu X Zq; = (fuufvv - Sv)k’

and hence
(7.28) Z - Zy X Zy = fuufor — 2.
Then (7.25) gives for the Gauss curvature

. fuufml B zzw
(7:29) R PR ey

We can extend the scope of (7.25) to a setting not involving a particular coordi-
nate system, as follows.

Proposition 7.4. Suppose V' and W span T,M, and N is a positive multiple both
of V.x W and of a normal vector field Z. Then the Gauss curvature is given by

Z - sz X VWZ
7.30 K(p) =

Proof. Say N = ¢Z. Start with

S(V) = —VvN = —QDV\/Z — (VVQO)Z,
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and a similar formula for S(W'). Hence
S(V)x S(W) = p*VyZ xVwZ + R,
where R is seen to be tangent to M. Thus, by (7.21),
Kp)Z-VxW=p*Z-VyZxVwZ.

Now Z -V xW = |Z|- |V x W| and ¢ = |Z|™, so (7.30) follows.

We apply (7.30) to compute the Gauss curvature of a family of quadratic surfaces
of the following form. Let A be an invertible symmetric 3 x 3 matrix, set

(7.31) u() = 5o - Ar,

and consider

(7.32) M, = {z € R® : u(x) = c}.

Let us take

(7.33) Z(x) = Vu(z) = Az.

Then

(7.34) VvZ =AV, VwZ =AW,

and the numerator in (7.30) becomes

(7.35) Z-VyZ xVwZ= Az AV x AW = (det A)z-V x W.

Hence (7.30) gives, for x € M.,

_detA:I;-VxW_detAx
- |Az[3 |V x W] N |Az|3

(7.36) K(x) N,

with N = (V x W)/|V x W|. Also N = Z/|Z| = Axz/|Az|, and since = - Ax = 2¢
for x € M., we obtain

det A

Note that no specific formulas for V' and W were required in this computation.
We have an analogue of Proposition 7.4 for mean curvature.
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Proposition 7.5. With notation as in Proposition 7.4, the mean curvature of M
18 given by

Z-(VyZxW4+V xVyZ)

1
. H(p) = —
(7.38) ) =5 Z2 [V < W]

Proof. This is deduced from (7.22) in a fashion parallel to the proof of Proposition
7.4.

In the particular case when we have a coordinate chart X : O — U C M and
take V = X,,, W = X,,, we have the following complement to (7.25):

172 (Zu % Xo+ Xu - Zy)
2 1Z2 [ X0 x X,

(7.39) H(p) =

If we consider the surface that is the graph of z = f(z,y), as in (7.26), and take
Z as in (7.27), we compute

Zu X Xv = (_fuvfmfuufm_fuu)a

(740) Xy X 2, = (fm;fm _fuvfua _fvv)’

and hence (7.39) yields

(T41) = {0t D 2l (L ) (Ut 24 1)

Next, we compute the mean curvature of a quadratic surface of the form (7.31)—
(7.31), with Z,Vy Z and Vy Z given by (7.33)—(7.34). Thus we have

1 Az (AV X W+ V x AW)
2 [Az2 [V x W]

(7.42) H(z) =

Treating this seems to require more computation than (7.35)—(7.36). Let us assume
for now that A is a diagonal matrix:

a1
(7.43) A= ao
as

Then one can grind out from
a1y a2 asxs3

Ax - AV x W =det | a1V1 asVa a3Vs
Wy Wo W3
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and
a1x1 agxo asxrs
Az -V x AW =det | W, Va V3
a1 W1 a2W2 a3W3
that

Az - (AV x W + V x AW) = al(ag + GJ3>(‘/2W3 — V3W2)$1
+ (12((11 + a3)(V3W1 — V1W3)332
+ ag(ar + a2)(ViWsy — VaWi)zs.

Recalling what are the components of V' x W, we see that this yields

(7.44) Az - (AV X W +V x AW) =Y -V x W,
with
(745) Y = (a1 (CLQ + (Ig)l’l, ag(al + ag)l‘g, ag(a1 + ag)xg),

or equivalently

(7.46) Y = Adz, A= (TrA)I-A.

Then, since V x W/|V x W| = N = Axz/|Az|, we have

H()——l 1 VxWw 1Y Az
VT Az W[ 2 Az
or equivalently
1 Az - AAz
A4 Hz)=———7— M.,.
(7.47) (x) > Az x €

Since one can always arrange (7.43) via a rotation, it follows that (7.47) holds for
all invertible symmetric A.

Exercises
1. Let M C R3 be a surface of revolution, with coordinate chart
(7.48) X(u,v) = (g(u), h(u) cosv, h(u) sinv).

This surface is obtained by taking the curve
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in the zy-plane and rotating it about the z-axis in R3. Show that

E =g (u)?+ 1 (u)? = |y (u)?

F=0,
G = h(u)?,
and that
) W) () — o/ ()" ()
|7/ (w)] ’
m =0,
_ h(u)g'(w)
7/ (u))|
Show that, with respect to the X,,, X,-basis of T;, M, the matrix representation of
S is
_(¢/E 0
§= ( 0 n/G) ’
and that

g/(h/g// _ g/h//)

K= @ e

2. Consider the torus in R?® given by (7.48) with
v(u) = (a cosu,a sinu + b,0),

with 0 < a < b. Compute explicitly the quantities mentioned in Exercise 1. Here
0 <u<27and 0 <wv < 27. Compute

AreaM:/ldS
M

[ xas
M

3. Consider the catenoid in R3, given by (7.48) with

and

+(u) = (u, ccosh(u/c), 0),
a catenary. Compute explicitly the quantities mentioned in Exercise 1. Show that

H =0.
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4. Let M C R? be a helicoid, with coordinate chart
X (u,v) = (u cosv,u sinv, bv),
where b # 0. Show that

b2

5. Suppose v(t) is a unit-speed curve in R3, with curvature x(¢) > 0. Fix ¢ > 0
small and consider the boundary of the e-tube about ~, parametrized by

X (u,v) =v(u) + e(cosv) N (u) 4 e(sinv) B(u),

where (T, N, B) is the Frenet frame of 7. Show that

X, X X, .
m = —(COS U)N(U) — (Sln U)B(U)
Show that
K (u,v) = k(u) cosv

(1 —er(u) cosv)’

6. For a smooth surface M C R? with shape operator S : .M — T,M, we
define the principal curvatures of M at p to be the eigenvalues of S. Show that the
principal curvatures are the roots of

A —2H(p)\ + K(p) = 0.

7. Show there exists an orthonormal basis {e;,e2} of T, M such that Se; = kje;,
where k1, ko are the principal curvatures of M at p. We say e; and es are principal
directions (or directions of principal curvature) at p € M.

8. Let A : R? — R3 be symmetric, b € R, and consider

1
u(x) = §x-Ax+b-a:, M, = {z € R : u(zx) = c}.
Using Z(x) = Vu(z) = Ax + b, so VyZ = AV,VwZ = AW for V, W tangent to
M., and using Proposition 7.4, show that

x - (Ax +b) n b- AV x AW
| Az + b|* | Az + b2 |V x W|’

K(z) = (det A)
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Here V- x W/|V x W| = (Axz +b)/|Ax + b|. Show that, if A is invertible,
b- AV x AW A7 (Az +b)
—————— = (det A
v et A —rEy
Then show that, whether or not A is invertible,

b- AV x AW (cof A)b- (Ax +b)
vV xwW| | Az + 0]

Deduce that
(Az +b) - (cof A)(Azx + b)

| Az + b|*
Check this against (7.29) for the graph of z = 22 +y? and the graph of z = 22 — 2.

K =

9. If U € T,M is a unit vector, we define the normal curvature of M (at p) in the
direction U to be
ky =U-S(U).

Suppose 7 is a unit speed curve in M with v(0) = p,~7'(0) = U. Show that
ku =+"(0) - N(p).
Hint. Take U(t) = +/(t) and differentiate U(t) - N(t) = 0.

10. Given a surface M C R3, U € T,M a unit vector, let II denote the plane
through p with tangent space generated by U and N(p), the normal to M at p.
Show that, near p, II intersects M along a curve 7, whose signed curvature at p
(with respect to the normal N(p)) is equal to k.

11. Suppose ej, ez form an orthonormal basis of T, M such that S(p)e; = kje;. Set
U(0) = (cosB)er + (sinf)es.
Show that the normal curvature of M in the direction U(6) is given by
ki) = (cos® 0)ky + (sin® 0)ks.

If k1 > ko, deduce that ky(gy is maximal at 6 = 0,7 and minimal at § = £7/2.

12. We say a point p € M is an umbilic provided the principal curvatures of M
are equal at p, i.e., k1(p) = ka(p). Show that the condition that p is an umbilic is
equivalent to each of the following:

a) S(p) = AI for some A € R (I = identity on T,M).

b) There exists A € R such that £ = A\E,m = AF,n = \G at p.

c) K(p) = H(p)*.
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Show that always K (p) < H(p)?2.

13. Consider the ellipsoid M:

(7.49) a12? + axxs + azri = 1.

Assume a; > as > a3 > 0. Consider the point p = (z1,0, z3), with
2?2 = blay — az)as, 3 = bai(ay — as3),

and with b chosen so (7.49) holds. Show that p is an umbilic. Find a total of four
umbilics on M.
Hint. Use (7.37) and (7.47) to compute K(p) and H(p).

14. Consider the torus described in Exercise 2. Show that this surface has no
umbilics.

15. For a surface M C R3, with unit normal N, define the Gauss map

(7.50) G:M — S* G(p) = N(p).

Show that, for p € M,

(7.51) DG(p) : TyM — Tg,)S* = T, M,

with equality as linear subspaces of R3. Show that the Gauss curvature is given by
(7.52) K(p) = det DG(p).

16. For the graph of z = f(z,y), parametrized by X (u,v) = (u,v, f(u,v)), verify
that
E=1+f}, F=fufo, G=1+f]

and

fuu qu f’U’U

VitV T i v VIR VIE

and re-derive the formulas (7.29) and (7.41) for K and H.
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8. The covariant derivative on a surface and Gauss’ Theorema Egregium

Let M C R3 be a smooth surface. Let P(x) : R®> — T,M be the orthogonal
projection of R? onto T, M. If V and W are smooth vector fields tangent to M, we
define the covariant derivative on M by

(8.1) VUW =PVyW.

Note that, for any X € R3,

(8.2) PX =X - (X -N)N,

where N is a unit normal field to M. Hence

(8.3) VMW = VyW — (N - VyW)N.

Also note that, for a vector field W tangent to M,

(8.4) N-W=0= N-VyW =—(VyN) - W =5V-W,
where S is the shape operator for M. Thus we can write

(8.5) VMW = VyW — (SV - W)N.

This is called Weingarten’s formula.
It is an easy consequence of (6.4)-(6.7) that VM has the following properties:

(8.6) Vv W = AVEW + VW,

(8.7) VMW, +Wy) = VMW, + VMW,

(8.8) VV (W) = VYW + (Vv /)W,

(8.9) Vv (Wi - Wa) = (VIWL) - Wo + Wy - (Vi Wa).

We next establish an important identity for VMW — VMV, Using (8.5), we have

(8.10) VIW = VIV =VyW —VyV = [(SV-W) - (SW - V)|N
' =VyW - VwV,

since S = S* on T, M. To consider this further, let us assume V and W are extended
to smooth vector fields on an open neighborhood O of M in R3. This can always
be done. Hence V and W are smooth vector fields on O that are tangent to M.
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Generally, if V= VJie;, W = > W/ej, {e;} the standard basis of R, we have
VyW =Y V9, Wie;, hence

oW oV
k k_ )
L )ej.

(8.11) VyW — ViV = Z(

There is another way to look at (8.11). We think of a vector field V' as defining
a differential operator on real-valued functions, via

(8.12) Vi=Vyf= ZVJ%]

Then VW and WV are both second order differential operators:

VW = ZW (Wk of )

8Ik
(8.13) k
— Wk o°f VI ow ﬁ
Z VW Oz ;j0xy, Z dx; Oxy
Hence, if we define the commutator
(8.14) V,W|f=VW[f-WV/,

we see that [V, W] is also a vector field (called the Lie bracket of V- and W):

9 VN
(8.15) VWS = Z( L kaZ,Z)a_gi'

Comparing this with (8.11) we have (for all vector fields on an open set in R3)
(8.16) [V, W] = Vi W — Vi V.

Hence, from (8.10) we have (for V and W tangent to M)

(8.17) vMw — vV = [V, W].

Not only is this a useful identity for V{\/J — V%V, but also, since the left side of
(8.17) is clearly tangent to M, we have:

Proposition 8.1. If V and W are smooth vector fields on an open set O C R3
and both are tangent to M, so is [V, W].

It is also useful to examine commutators of Vi and Vy, and of V¥ and VL.
First, a routine calculation (parallel to (8.13)—(8.15)) gives
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for any smooth vector fields on an open set in R3. Now assume V, W, and X are
tangent to M. To examine V¥ VX — VM VM X we repeatedly use (8.5). To
begin,

VV (Ve X) = Vv (Vg X) — (SV - Vig X)N
(8.19) = VyViwX — Vy ((SW - X)N) — (SV - Vi X)N
=VvVwX + (SW . X)SV mod (N),

where by “mod(/N)” we mean a scalar multiple of N has been omitted. Hence we
have

(8.20) VMVEX - VIV X = VyViw X — Vi Vi X
' + (SW - X)SV — (SV - X)SW, mod (N),

and, bringing in (8.18), we obtain

(8.21) VY Vi X — VigV/ X = Vi X = (SW - X)SV — (SV - X)SW.

This time there is no “mod(N)” remainder, since both sides of (8.21) are tangent to
M. (In fact, the vanishing of the remainder has some significance; see the exercises.)
The left side of (8.21) is typically denoted R(V, W)X, i.e., by definition

(8.22) R(V,W)X = V{/ Vig X — Vg V' X — Vi X.
Hence the content of (8.21) is the identity
(8.23) R(V,W)X = (SW - X)SV — (SV - X)SW.

R is called the Riemann tensor. We can relate this to Gauss curvature:

Proposition 8.2. If {ui,us} is any orthonormal basis of T,M, then

(8.24) uy - R(uy, ug)ug = K(p).

Proof. Suppose Su; = ajju; + az1u2, Sus = ajauy + asgus. (The symmetry of S
implies ag; = a12.) Now, by (8.23) we have

ul - R(ul,UQ)UQ = (SU2 . u2)(Su1 . Ul) — (Su1 . UQ)(SUQ . ul) = a11a22 — CL%Q.

Since the right side is det S, we have (8.24).

The next result implies that VY is determined by the intrinsic geometry of M.
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Propoisition 8.3. There is only one operator VM satisfying (8.6)-(8.9) and (8.17).
It satisfies the following identity, for all smooth vector fields X,Y, Z tangent to M :

27 -V¥Y =Vx(Y - 2)+Vy(X - Z2) = Vz(X-Y)

(8.25) LIX,Y]-Z—[X,Z]-Y —[Y,Z]- X.

Proof. To obtain the formula (8.25), cyclically permute X, Y, and Z in the identity
Vx(Y-2)=(V¥Y) - Z+Y - (VY 2),

and take the appropriate alternating sum, using (8.17) to cancel out all terms
involving VM but two copies of Z - VIV

Suppose you have a coordinate chart X : O — U C M, and pick the basis
D, =X,,Dy =X, of T,M. Then

(8.26) [D1, D3] = 0.
In fact, if f: U —Rand f = foX : O — R, we have

of
ov’

(D1f)OX:%7 (D2f)o X =

(or, in notation as we commonly abuse it, D1 f = 0f/0u, Dyof = 0f/0v), so

0 0 0 0

- L = DDy = Dy D;.

udv wow 2 2
Since D; - Dy, = g, are the coeflicients of the metric tensor, as in (7.7), we deduce
from (8.25) that

(8.27) Dy - Vi Dy, = =(9; gre + Ok gje — Oe gjk)

N | =

where 0y = 9/0u, 0y = 0/0v. Equivalently, we have

(8.28) Vi Dp=> T D,
i
where the coefficients 'y, known as connection coefficients, are given by

. 1 .
(8.29) Iy = 3 Zgw(@j gre + Ok gje — Ov gjk ),
¢
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where (g7%) denotes the matrix inverse to (g;x), i.e., as in (7.19),

; 1 G -F
Jky —
(8.30) (&) = 25— (_F E)
It is a consequence of (8.7)—(8.8) that
(8.31) V=Y "D — VNV = Z(ajv’“ + var’fgjpk.
k k ¢

Another common notation is

(8.32) V%JV = Z’Uk;j Dk, Uk;j = 8j1)k + ZF% ’Ug.
k £

We now make some computations that will result in expressing the Gauss cur-
vature of M in terms of the connection coeflicients. Define Remjk by

(8.33) R(D;,D)Dry =Y R'1ji Dy
J4

Applying the definition (8.22), the fact that [D;, Di] = 0, and the formula (8.32),
we obtain

(8.34) R i = 05T i = Okl + ) (T8 i — Tk T ).

Now {D;, Dy} is typically not an orthonormal basis of T),M, but we can expand
D; in terms of an orthonormal basis:

(835) D1 = auy + bUQ, DQ = cuy + dUQ.

Then we can express Dy - R(D1, D3)Ds in terms of uy - R(uq,u2)us, by using a
couple of antisymmetries which we now state.

Proposition 8.4. If VW, X, and Y are smooth vector fields tangent to M, we

have

(8.36) RV.W)X = —-R(W, V)X
and

(8.37) Y -RV,W)X =-X-R(V,W)Y.

Proof. The identity (8.36) follows directly from the definition (8.22). To prove
(8.37), one can repeatedly apply (8.9), to get

(8.38) 0=(VW -WV —[V,W])(X-Y)=RV,W)X-Y + X - R(V,W)Y.
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Using (8.36), we obtain
(8.39) R(D1, D3)Dy = (ad — bc)R(uq, ug)Da,
and then using (8.37) we get
(8.40) D - R(Dy, D3)Dy = (ad — be)? uy - R(uy, ug)us.

Note that the metric tensor satisfies

E F\ [(a®>+b ac+bd
(8.41) (F G)_(ac+bd +d® )
Hence
(8.42) EG — F? = (ad — bc)>.

Thus the formula (8.24) for the Gauss curvature yields

1
(843) K - m _D1 . R(Dl, _DQ)_DQ.
Using (8.33) we have
(8.44) D; - R(Dj,D)Dy = > gie R mji-
¢

This establishes the following;:

Proposition 8.5. The Gauss curvature is given by

1
(845) K= T~ 12 Zglg Reglg.
EG - F 7

For an alternative formulation, set

(8.46) Rimjr = Y _ gie Rl mji,
¢
S0
(8'47) Rimjk =D;- R<Dj, Dk)Dm.

Then (8.45) is equivalent to the identity

Ri912
A4 K=—"—"=.
(8.48) EG — F?
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A derivation of (8.48) that avoids the computations in (8.35)—(8.42) can be given
as follows. Directly from (8.23) we have

(8.49) Dy -R(Dy,D3)Dy = (SDy - D3)(SDy - D1) — (SD1 - Dy)? = fn — m?,
using the formula (7.10) for ¢, m,n. Then (8.48) follows from (7.18).

Now formulas (8.29) and (8.34) show that the right side of (8.45) (or of (8.48))
is given by the metric tensor alone (and its derivatives of order < 2). The shape

operator does not play a role in this formula, as it did in the definition (7.5) or the
formula (7.18). This result is known as Gauss’ Theorema Egregium.

Exercises

1. Show directly from the definition (8.22) (using (8.6)—(8.8)) that, for smooth
f:M—R,

R(fV.W)X = R(V, fW)X = R(V,W)(fX) = f R(V,W)X.
2. Define 2 x 2 matrices
Ly = ([T%;), Rk = (R%;n)-
Show that the formula (8.34) for R, ;x is equivalent to
(8.50) R, = 0,11 — OuT; + [Ty, T,

where we use the matrix commutator: [A, B] = AB — BA.

3. Show that the “mod(N)” term missing from the right side of (8.19) is equal to
—(Vy(SW - X))N — (SV - Vi X)N.

Compute the “mod(N)” term missing from the right sides of (8.20) and (8.21).
Show that the vanishing of the one in (8.21) is equivalent to the identity

Viy(SW-X)+ SV -VMX =V (SV-X)+SW-V¥X +S(V,W]) - X,

for vector fields V, W, X tangent to M. Show that this in turn is equivalent to the
identity

(8.51) VM (SW) — V¥(SV) = S([V, W]).
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This is a form of the Codazzi equation.

4. Let M C R3 be a connected surface. Assume every p € M is an umbilic, so
S(p) = M(p)I for all p € M. Show that A(p) is constant.

Hint. Apply the Codazzi equation (8.51). Using a coordinate chart X : O — U C
M and taking V = X,,, W = X,,, show that O\/Ju = OA/Ov = 0.

5. Retain the hypotheses of Exercise 4. Show that M lies in either a plane or a
sphere (of radius 1/)).

Hint. 1f S = X and X # 0, define ¢ : M — R3 by ¢(z) = z + (1/A\)N. For V
tangent to M, compute Vy 1.

6. Suppose you have a coordinate system in which the metric tensor is

(8.52) g:(lg g)
Show that
a1 ( E,JE E,/E
(8.53) Fi=(r bl)_é(—Ev/G Gu/G>’
' e N Y(E,)E —G./E
FQ_(FbZ)_i(Gu/G GU/G>'

Compute R and show that the Gauss curvature is given by
1 < 0 G, 0 FE, )

(8.54) = 3755 g

ouVEG  0vVEG

7. One says M has a Clairaut parametrization if there is a coordinate patch in
which the metric tensor has the form (8.52), with ' = E(u) and G = G(u). (Only
exceptional surfaces have Clairaut parametrizations, but this class does include
some interesting examples.) Show that, in a Clairaut parametrization, you have

Fl:1<Eu/E 0 )

(8.55) 2\ 0 G./G
' r_L( 0 -GJE
>7 2\ G./G 0 ’
and
1 u
(8.56) K = 0_G

 2VEG ouVEG'
8. Suppose M is a surface of revolution, with coordinate chart
X (u,v) = (9(u), h(u) cosv, h(u) sinv).

Show this is a Clairaut parametrization. Work out the specific formulas for the
quantities in (8.55)—(8.56) in this case. Compare the result for K with that obtained
in Exercise 1 of §7.
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9. Geodesics on surfaces

Suppose M is a smooth (n—1)-dimensional surface in R™. If y(t) = (21(¢),...,zn(t)), a <
t < b, is a smooth curve in M, its length is

(9.1) L= / @l d.

where
(9.2) Iy (@) = Zw}(t)2-

A curve 7 is said to be a geodesic if, for |t; — t2| sufficiently small, ¢; € [a,b], the
curve y(t), t; <t <ty has the shortest length of all smooth curves in M from ~(t;)
to y(t2).

Our first goal is to derive an equation for geodesics. So let vo(f) be a smooth
curve in M (a <t <b), joining p and ¢. Suppose 7s(t) is a smooth family of such
curves. We look for a condition guaranteeing that vy(¢) has minimum length. Since
the length of a curve is independent of its parametrization, we may as well suppose

(9.3) 176 ()| = co, constant, for a <t < b.
Let N denote a field of normal vectors to M. Note that, with 0svs(t) = (0/0s)7s(t),
(9.4) V = 9s7s(t) L N.

Also, any vector field V' L N over the image of 7 can be obtained by some variation
vs of 7o, provided V' =0 at p and ¢. Recall we are assuming vs(a) = p, vs(b) = gq.
If L(s) denotes the length of 7,, we have

b
(9.5) L(s) = / I (0] dt.

and hence
b
L) =5 [ 0.0, ) de
(9.6) T
= [ @A) dt, at s =0,
Using the identity
(9.7) L (OB 1L(1) = (D28, 7)) + (Oura(t) A (E)).

dt
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together with the fundamental theorem of calculus, in view of the fact that

(9.8) 0s7s(t) =0 at t = a and b,

we have
1 b

(9.9) L'(s) = - (V(t),~)(t)) dt, at s = 0.
0

Now, if 79 were a geodesic, we would have
(9.10) L'(0) =0,

for all such variations. In other words, we must have ~(/(t) L V for all vector fields
V tangent to M (and vanishing at p and ¢), and hence

(9.11) %o @) N.

This vanishing of the tangential curvature of vy is the geodesic equation for an
(n — 1)-dimensional surface in R".
For a unit speed curve ~y in M, the quantity

9(t) =15(t)-U, U=NxT,

is called the geodesic curvature of 7. Note that v = 7" L T, so 7 must be a
linear combination of NV and U. The condition for vy to be a geodesic is hence the
vanishing of its geodesic curvature.

We proceed to derive from (9.11) an ODE in standard form. Suppose M is
defined locally by u(x) = C, Vu # 0. Then (9.11) is equivalent to

(9.12) 0 (t) = KVu(o(t))

for a scalar K which remains to be determined. But the condition that u(vy(t)) = C
implies

%0(t) - Vu(yo(t)) =0,

and differentiating this gives

(9-13) 7% (8) - Vu(yo(t)) = =75(t) - D*ulo(t)) (1)

where D?u is the matrix of second order partial derivatives of u. Comparing (9.12)
and (9.13) gives K, and we obtain the ODE

v 20 - Dulyo(t))
(9.14) Yo (1) = |Vu o) Vu(vo(t))
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for a geodesic g lying in M.

The fact that any solution to the geodesic equation does have the length-minimizing
property (at least locally) will be established in §11.

Exercises

1. Show that any curve vy on a surface M satisfying (9.11) must have constant
speed, i.e.,

d / 2
— t)|© =0.
= ho)l

Show that any solution to (9.14) on an interval containing ¢, must lie on a level set
of u, provided v (to) L Vu(y(to)).

2. Let M C R3 be a surface of revolution about the z-axis, given by

? +y? = f(2),

where f(z) is a smooth positive function of z. Write out the geodesic equation,
making use of (9.14).

3. If v(t) = (x(t),y(t), 2(t)) is a geodesic on such a surface of revolution as consid-
ered in Exercise 2, show that

(9.15) — (z(t)y'(t) — y(t)2'(t)) = 0.
Hence, for each such geodesic, there is a constant a, such that

(9.16) z()y'(t) — y()a'(t) = ay.
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9B. Other special curves

A curve vy in M C R3? is called a principal curve if 4'(t) is an eigenvector of the
shape operator S at y(t) for all ¢ (equivalently, 4/(¢) points in a principal direction).

A nonzero vector V' € T, M is said to be asymptotic provided SV -V = 0. There
exist asymptotic vectors in T, M if and only if K(p) < 0. A curve v in M is said
to be an asymptotic curve provided +/(t) is an asymptotic vector, for each t.

In the remainder of this section, let us denote the unit normal field to M by Z
rather than by N (to avoid confusing (9.16) below with ingredients in the Frenet-
Serret formulas).

1. Show that a curve v in M is principal if and only if 7/(¢) and Z’(t) are parallel
for all t. (Here, Z(t) stands for Z(~(t)).)

2. Show that a curve v in M is asymptotic if and only if " (¢) is tangent to M
for all t. (Note that this is the opposite to the condition (9.11) for a curve to be a
geodesic.)

3. Given a unit-speed curve v in M C R3, instead of the Frenet frame field on
~ studied in §3, consider the following frame, called the Darboux frame. Take
T(t) =~'(t), Z(t) (the unit normal to M at (t)), and

U=7ZxT.
Show that
T = gU + kZ
(9B.1) U'=—gT +bZ
7' = —kT—bU
where
g=U-9"
is the geodesic curvature of ~,
kE=S(T)-T
is the normal curvature of M in the direction 7', and
b=S(T)-U.

4. In the setting of Exercise 3, show that ~ is
a geodesic <= g = 0,
asymptotic <= k = 0,
principal <= b = 0.
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10. Geodesic equation and covariant derivative

We want to re-do the derivation of the ODE for a geodesic on a surface M. As

before, let v5(t) be a one parameter family of curves satisfying vs(a) = p, vs(b) = q,
and (9.3). Then

(10.1) V = 057s(t)|s=0

is a vector field defined on the curve vy(t), vanishing at p and ¢, and a general
vector field of this sort could be obtained by a variation 7,(t). Let

(10.2) T =~/ (1).

With the notation of (9.1), we have, parallel to (9.6),

b
L’(s):/ V{(T,T)'/? dt
o —i bVTTdt ts=0
_% ) (I, T)dt, ats=0,

assuming =y has constant speed cg, as in (9.3). Now we need a generalization of
(0/0s)v%(t), and of the formula (9.7).

One natural approach involves the notion of a covariant derivative, as defined in
§8. Using (8.9), we deduce from (10.3) that

b
(10.4) L'(s) = i/ (VMT T)dt, ats=0.

Co

Since 0/0s and 0/0t commute, we have [V, T] = 0 on -y, and (8.17) implies

1 b

(10.5) L'(s) = C—/ (VHV, Ty dt at s=0.
0 Ja

The replacement for (9.7) is

(10.6) TV, T) = (VMV,T) + (V, V¥T),

so, by the fundamental theorem of calculus,

1 b
(10.7) L'(0) = - | W VvMT) dt.
0 Ja
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If this is to vanish for all smooth vector fields over 7, vanishing at p and ¢, we
must have

(10.8) vHT =0.
This is the geodesic equation, in an alternative formulation.

If the metric tensor on M takes the form gjx(x), in a coordinate chart, the
connection coefficients I'*;; are defined by (8.28), i.e.,

(10.9) Vi Di=>» T%; Dy,
k

As seen in (8.29),

1 9gjk . 09 0gij
10.1 I‘Z,L-- [ ke J - i\

We can rewrite the geodesic equation (10.8) for vy(t) as follows. Say X : O — U C
M is a coordinate chart, and vo(t) = X (x(t)). As before, set D; = 0X/0xy,. With
x = (x1,...,%,), we have T'= > &y Dy, and (10.8) yields

(10.11) 0= Z VTM (:thg) = Z[flﬁng + jﬁquMDg].
¢ ¢

In view of (10.9), this becomes

(10.12) Fo+ Y el =0
gk

The standard existence and uniqueness theory applies to this system of second order
ODE. We will call any smooth curve satisfying the equation (10.8), or equivalently
(10.12), a geodesic. In the next section we will verify that such a curve is indeed
locally length minimizing. Note that if T = ~/(t), then T(T,T) = 2(V¥T,T), so if
(10.8) holds 7(t) automatically has constant speed.

We take a closer look at the geodesic equations in the special case when M is
a 2-dimensional surface with a Clairaut parametrization, as in Exercise 7 of §8.
(Recall that this applies to surfaces of revolution.) Then the geodesic equation
(10.12) can be written out using the formulas in (8.55) for I'j;. It is convenient to
present this information in the following fashion:

(M%) = % (E,({E _GQ/E) ,

(10.13) 0 o
2 N\ /G
=5 (e “°):
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Recall that £ = F(u),F' = 0, and G = G(u) in this case, with (u,v) = (z1,z2).
Hence the system (10.12) takes the form

(10.14) 2E 2 E

(10.15) — (G(u)v) = 0.

That is to say, along each geodesic y(t) = X (u(t),v(t)), we have a constant a- such
that

(10.16) G(u(t)) v(t) = a,.

Since we have

. (E 0 0 .
70 %,60) = @i (5 g) (7) =6
the identity (10.16) is equivalent to
(10.17) v Xo(7) = ay,

for each geodesic v on a surface with a Clairaut parametrization. Compare this
with Exercise 3 of §9.

Using (10.16) we could eliminate v from the first equation in (10.14). But in fact
it is more efficient to recall that a solution to the geodesic equations has constant
speed (say c¢) and eliminate ¥ from

(10.18) E(u)i? + G(u)v® = ¢2,
obtaining

2, 9 2
10.1 E(u)i =
(10.19) ()t +G(u) c”,
or

(10.20) CC% = i\/ﬁ (c2 - Ga&))
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an ODE amenable to separation of variables. Note that (10.19) forces ¢* > a2 /G(u),
or equivalently

@y
(10.21) G(u) > —, on 7.

Exercises

1. Parametrize the surface of revolution x2 + 32 = f(z) by
(10.22) X (u,v) = (h(u) cosv, h(u) sinv,u),

where h(u) =/ f(u). Write out the geodesic equation in these coordinates, in the
form (10.14). Note that the metric tensor is given by

gt = ("5 e )

u

2. Consider a surface of revolution of the form (10.22) with h(u) = e~ ™. Given

a € R, consider the geodesic 7,(t) on this surface satisfying

7(1(0) = (17070)7 'Y:z(o) = (—1,&, 1)'

(Check that +/(0) is tangent to the surface.) Show that, for some ¢, € (0,00),
k- va(ts) is maximal. Compute this maximum.
Hint. Use (10.21).

3. For a surface of revolution of the form (10.22), show that (10.17) and (9.16) are
equivalent.

4. Suppose (u(t),v(t)) gives a unit-speed geodesic in a Clairaut patch, for ¢ in an
interval I containing ty. Show that

0(tg) = 0= v(t) const. V¢t € I.
Show that
w(to) =0, G'(u(tg)) = 0= u(t) const., and ©(t) const. V t € I.

Interpret these results for a surface of revolution, of the form (10.22).
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10B. Geodesics on an inner tube

To produce a unit speed geodesic on a surface of revolution, or more generally
in a Clairaut patch, it is convenient to integrate numerically the system

(10B.1) U+ -—=u" —-— =5 =0, G(u)=a,,

which results from (10.14) and (10.16). If one can guarantee that @ # 0 on a given
geodesic v, it would be easier to integrate the pair (10.16), (10.20), but this gives
trouble when @ = 0. As noted in (10.21), we have G(u) > a2 on . If one picks an
initial point (u(0),v(0)) = (uo,vo), then ay can range over

(10B.2) 0 <ay < /G(uo).

One can use (10.20) to specify @(0):

| !
(10B.3) a(0) = \/E(UO) (1 - G(UO)2).

We work this out for the torus in R? obtained by taking the circle of radius a in
the yz-plane, centered at y = b > a, z = 0, and rotating it about the z-axis. One
has the pametrization

(10B.4) X (u,v) = ((a cos u+b) cos v, (a cos u+ b)sin v,a sin u).

One computes that

u u

- X a?
. ¢ 0
X, = (a cos u + ).

(10B.5)

:

Q =&
I

X
X
Xy -

Thus the system (10B.1) becomes (with w = )

(10B.6) G(u)’
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with

(10B.7) G(u) = (a cos u + b)>.

Note that

(10B.8) Gmax = G(0) = (a +b)?, Guin = G(7) = (b—a)?.

We pick initial data

(10B.9) =0 —0 _1 1 ( Ay )2
: u v wo = —1/1—
0 ’ 0 ) 0 a a b)

the formula for wy arising from (10B.3), and we let a., range over [0, a+b|, producing
a variety of geodesics on this torus, passing through the point X (0,0) = (a+b,0,0).
The pictures we show take the case a =1, b= 2.

The system (10B.6) is integrated numerically using a Runge-Kutta difference
scheme, which is described as follows for a general autonomous first order system
of ODEs

(10B.10) X' = F(X), X(0)=Xo.

Choose a small time step h. Then the approximation X,, to X (nh) is given recur-
sively by

h
(10B11) Xn+1 - Xn + E(Knl + 2Kn2 + 2Kn3 + Kn4)a

where

K, = F(Xn); Ko = F(Xn + %hKn1)7

(10B.12)
Kn3 = F(Xn + %hKn2)7 Ky = F<Xn + hKnB)

The pictures that follow include both graphs of the geodesics in (x,y, z)-space
and graphs in (u,v)-space (with u the vertical coordinate). Each picture is labeled
with the value of a, (denoted “ag” in these pictures), ranging over (0,3]. The
geodesic through (3,0,0) for which a, = 1 spirals in towards the closed geodesic
given by u = 7, never quite reaching it. A number of pictures show geodesics for
which a., is close to 1. The geodesic through (3,0, 0) for which a, = 3 is the closed
geodesic given by u = 0.
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11. The exponential map

For a given p € M, the exponential map
(11.1) Exp, : U — M,
is defined on a neighborhood U of 0 € T, M by

(11.2) Expy,(v) = 7,(1)

where 7,(t) is the unique constant speed geodesic satisfying

(11.3) Y(0) =p,  7,(0) = 0.

Note that Exp,(tv) = ~,(t). It is clear that Exp, is well defined and C* on a
sufficiently small neighborhood U of 0 € T,,M, and its derivative at 0 is the identity.
Thus, perhaps shrinking U, we have that Exp, is a diffeomorphism of U onto a
neighborhood O of p in M. This provides what is called an exponential coordinate
system, or a normal coordinate system. Clearly the geodesics through p are the
lines through the origin in this coordinate system. We claim that, in this coordinate
system,

(11.4) Tk (p) = 0.

Indeed, since the line through the origin in any direction aD; + bDj, is a geodesic,
we have

(11.5) V(ap;+bDy)(@Dj +bDy) =0 at p,
for all a,b € R, and all j, k. This implies
(11.6) Vp, Dy =0 at p for all j, k,

which implies (11.4). We note that (11.4) implies 0g;;/0x, = 0 at p, in this
exponential coordinate system. In fact, a simple manipulation of (10.10) gives

m
As a consequence, a number of calculations in differential geometry can be simplified
by working in exponential coordinate systems.
We now establish a result, known as the Gauss Lemma, which implies that a
geodesic is locally length minimizing. For a small, let ¥, = {v € R™ : ||v|| = a},

and let S, = Exp,(X2,).
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Proposition 11.1. Any unit speed geodesic through p hitting S, att = a is orthog-
onal to S,.

Proof. If vo(t) is a unit speed geodesic, v0(0) = p, Yo(a) = q € Su, and V € T, M
is tangent to S,, there is a smooth family of unit speed geodesics, v4(t), such
that v5(0) = p and (8/83)%(@)‘8:0 = V. Using (10.5)—(10.6) for this family, with
0 <t < a, since L(s) is constant, we have

(11.8) 0= /Oa T(V,T)dt = (V,vy(a)),

which proves the proposition.

Corollary 11.2. Suppose Exp, : B, — M is a diffeomorphism of B, = {v €
T,M : |v| < a} onto its image B. Then, for each q € B, q¢ = Exp,(w), the curve
v(t) = Expy(tw), 0 <t <1, is the unique shortest path from p to q.

Proof. We can assume |w| = a. Let o : [0,1] — M be another constant speed path
from p to q, say |o'(t)] = b. We can assume o(t) € B for all t € [0,1]; otherwise
restrict o to [0, 5] where § = inf{t : o(t) € OB} and the argument below will show
this segment has length > a.

For all ¢ such that o(t) € B\ p, we can write o(t) = Exp,(r(t)w(t)), for uniquely
determined w(t) in the unit sphere of T,,M, and r(t) € (0,a] If we pull the metric
tensor of M back to B,, we have

o' () = 1" (t)* + (&))" ()],

by the Gauss lemma. Hence
1
b:gwy:/|a@nﬁ
0

(11.9) :%A
1

> 3/0 ' (t)% dt.

1
o’ (t)]* dt
1
/

Cauchy’s inequality yields

lA”ﬂ@ﬂdtg(Kfﬂ@ﬁdOLQ

so the last quantity in (11.9) is > a?/b. This implies b > a, with equality only if
|w’(t)| = 0 for all ¢, so the corollary is proven.

The following is a useful converse.
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Proposition 11.3. Let v:[0,1] — M be a constant speed Lipschitz curve from p
to q that is absolutely length minimizing. Then v is a smooth curve satisfying the
geodesic equation.

Proof. We make use of the following fact, which will be established below. Namely,
there exists a > 0 such that, for each point = € v, Exp, : B, — M is a diffeomor-
phism of B, onto its image (and a is independent of x € 7).

So choose ty € [0,1] and consider xy = 7(tp). The hypothesis implies that ~
must be a length minimizing curve from z( to 7(t), for all ¢ € [0,1] By Corollary
11.2, y(t) coincides with a geodesic for ¢ € [to,to + «] and for t € [to — (3,10, where
to + o = min(tg + a,1) and ¢ty — 8 = max(to — a,0). We need only show that, if
to € (0,1), these two geodesic segments fit together smoothly, i.e., that 7 is smooth
in a neighborhood of tg.

To see this, pick € > 0 such that € < min(¢g,a), and consider ¢; = tg — e. The
same argument as above applied to this case shows that v coincides with a smooth
geodesic on a segment including ¢y in its interior, so we are done.

The asserted lower bound on a follows from compactness plus the following
observation. Given p € M, there is a neighborhood O of (p,0) in T'M on which

(11.10) E:0— M, &(x,v)=Exp,(v), (veT,M)
is defined. Let us set
(11.11) F(z,v) = (z,Exps(v)), F:0— M x M.

DF(p,0) = G ?—)

as a map on T, M & T, M, where we use Exp, to identify T, nT,M ~ T,M &
TyM =~ T p)(M x M). Hence the inverse function theorem implies that F is a
diffeomorphism from a neighborhood of (p,0) in 7'M onto a neighborhood of (p, p)
in M x M.

Let us remark that, though a geodesic is locally length minimizing, it need not
be globally length minimizing. There are many simple examples of this, which we
leave to the reader to produce.

In addition to length, another quantity associated with a smooth curve v :
la,b] — M is energy:

We readily compute that

1 b
(11.12) E = —/ (T,T) dt,

2 a
which differs from the arclength integral in that the integrand here is (T',T'), rather
than the square root of this quantity. If one has a family ~, of curves, with variation
(10.1) and with fixed endpoints, then

b
(11.13) E'(0) = -/ V(T,T) dt.
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This is just like the formula (10.3) for L’(0), except for the factor 1/2¢q in (10.3),

but to get (11.13) we do not need to assume that the curve 7 has constant speed.
Now the computations (10.4)—(10.7) have a parallel here:

b
(11.14) E'(0) = —/ (V,VIT) dt.

Hence the stationary condition for the energy functional (11.12) is VM T = 0, which
coincides with the geodesic equation (10.8).
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12. Frame fields, connection coefficients, and connection forms

In §8 we did calculations of covariant derivatives in a local coordinate chart
X :0 — U C M in terms of the connection coefficients Feij, defined by

(12.1) Vi Di =Y T%%; Dy,
L

where {D1, Dy} is the frame field given by D; = X, Dy = X, assuming X =
X (u,v).

Here we consider a more general frame field {E, Es}, spanning T, M for each
p € U C M. We also denote E, o X by E,(u,v). Given such a frame field, we
define the connection coefficients I'®g; by

(12.2) Vh Es =Y FI%;E,.

Note that both the coordinate frame field {D;, D2} and the frame field {E;, Es}
play a role in (12.2). Parallel to (8.31) we have

(123) V=3 0" Ba = VHV =3 (907 + 30" Py ) B,
[ e B

where, as before, 0; = 9/0u, 02 = 0/0v.
The Riemann tensor was defined in (8.22) as

(12.4) R(V,W)X = VWV X — VgV X — Vi X,
for V,W, X tangent to M. Parallel to (8.33), we define £ R%g;) by

(12.5) R(D;,Dy)Es = PR3, Ea.

Then, parallel to (8.34), we have

(12.6)  PR%gjn = 8;"T % — 06T, + Y (P00, "1 g — FL0.17 ).
vy

As in (8.50) we can express this in a shorter form, by defining 2 x 2 matrices

(12.7) Pr;=("T%;), "R = (PR s).
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Then (12.6) becomes
(12.8) ER = 05Ty — 0Ty + [FT,, BTy
For V tangent to M, let us define “I'®5(V) by

(12.9) Vi Eg =Y FIrs(V)E,,

so P12, = ET94(D;) and, by (12.2),

(12.10) v=>Y v/ D; = Pro(V)=> FI;.

J J

We also define

(12.11) Ewup(V) = VM E, - Eg,

SO

(12.12) Poag(V) = ey PI0(V), epy = Eg- E,.
Y

Throughout the rest of this section, we assume that {Ey, E5} forms an orthonor-
mal basis of T, M for each p € U, i.e.,

(12.13) Eo - Eg = dag,

where §,5 = 1 for a = 3, 0 for a # 3. We drop the superscript E from Fw,z(V),
simply writing w,g(V). Differentiating the identity (12.13), we have VM E,, - E5 +
E, - V‘Ang =0, or

(12.14) wag(V) = —u)ga(V).

Hence, in this case,

Eq 0 1 0 -1
(12.15) (CTs(V)) = FTo(V) = wia(V) :
-1 0 1 0
Thus, in the computation (12.8), the matrix commutator is zero, and we have
ERip = 0,"T2 — 8,71

12.16 R
( ) = {01w12(D2) — Oawi2(D1) } ((1) 01) '
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We now bring in the language of differential forms. We have
(1217) Wi = wlg(Dl)du+w12(D2) dv.

The exterior derivative of this 1-form is a 2-form, given by

(12.18) dwlz = {alwlg(Dg) — agwlg(Dl)}dU N d’U,
SO
(1219) 01w12(D2) — 82w12(D1) = dW12(D1, Dg),

and we can write (12.16) as

(1220) Emlg = dwlg(Dl, DQ) ((1) _01> .
Equivalently,
(1221) R(Dl, Dg)(alEl + CLQEQ) = dwlg(Dl, Dg)(—agEl —+ alEg).

Hence, for all V, W tangent to M,
(12.22) R(V, W)(a1E1 + CLQEQ) = dw12<v, W)(—CLQEl + a1E2>.

In particular,

(1223) R(El, E2)E2 = —dwlg(El,Eg)El,
SO
(1224) E1 : R(El, EQ)EQ = —dwlg(El, Eg)

Since we are assuming {E;, Es} is an orthonormal basis of T, M, we see from
(8.24) that the left side of (12.24) is equal to the Gauss curvature K of M. Re-
garding the right side, suppose

(12.25) Dj=3 ajgEs, A= (ap).

B
Then the metric tensor G = (g;x) is given by g; = Dj - Dy = ZB ajgakg, 1.e.,
G = AA'. We have

dwlg(Dl, Dg) = Z amag,y dW12<E5, E/y)
(12.26) By

= (a11a22 - a12a21) dw12(E1, EQ)-
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Now ajiagy — ajsaz; = det A and g = det G = (det A)?. We say that {E1, Ey} is
positively oriented with respect to {D1, Dy} if det A > 0. In such a case, we have

(1227) dwlz(Dl, DQ) =V EG — F? dwlg(El, Eg) =-K \V EG — F2,

the last identity by the comment after (12.24). Equivalently,
(12.28) dw12 =-K dA,

where dA denotes the area 2-form on M.

Exercises

1. Suppose {E1, E2} and {F}, Fy} are two frame fields defined over U C M, with a
fixed coordinate chart. Say they are related by

Fg = Z aag Ea.
Show that ET%5(V) and ¥T'®4(V) are related by the following identity:

> a0 FT(V) =Y Ere (V) a¥s + Vva®s,
vy Y

for all o, 3. Forming the 2 x 2 matrices
A=(a"), "r(V)=("Ts(V)), "T(V)=/("T%(V)),
show this is equivalent to
Fr(vy= AT ED(V) A+ A7V A,

where Vy A is computed componentwise.
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13. The Gauss-Bonnet formula

Let M be a smooth, oriented surface in R3. Let 8 C M be a compact subset,
with boundary 0f2, consisting of piecewise smooth curves, perhaps with corners.
The Gauss-Bonnet formula relates [, K dA to geometrical data on 92, where K is
the Gauss curvature of M.

To begin the evaluation of fQ K dA, let us first assume that there is a smooth,
positively oriented, orthonormal frame {E;, Ey}, spanning T,,M for each p € Q.
Take N = E; X E5. We use the connection form wiy given by (12.11), i.e.,

(13.1) wi2(V) = VI By - By = —wa1 (V),

and the identity (12.28), i.e.,

(13.2) dwlg =-K dA,

to write

(13.3) /KdA = —/du)lg = —/wlg,
Q Q o

the last identity following by Stokes’ formula. The next result provides the crucial
link with the geometry of 0f2.

Assume that a part of 92 is given by a smooth, unit speed curve v : (a,b) —
0, T(t) =~'(t). Define a smooth function ¢ : (a,b) — R such that

(13.4) T(t) = cos ¢(t) Eq +sin p(t) Es.
Lemma 13.1. If k,(t) denotes the geodesic curvature of y(t), then

Proof. Recall that
(13.6) k() =T U, U=NxT.
Differentiating (13.4) gives

T' = — ¢ sin ¢ Ey +cos ¢ VrE;
(13.7) , .
+ @' cos ¢ Fo +sin o V.

Now VrE; - U =V¥E;-U and

VjMEl = Z(V¥E1 . EQ)EQ = wll(T)El + wlg(T)EQ = wlg(T)EQ.

«
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Making the same calculation for V¥ E,, we obtain
(13.8) VME| = wis(T)Ey, VY Ey=wy (T)E,
so (13.7) becomes
(13.9) T" =sin o(—¢" + w21 (T)) E1 + cos (¢’ +wi2(T))E2, mod (N).
To compute the dot product with U, we note that

U=NxT=cos ¢(N x E1)+sin ¢ (N x E3)

13.10
( ) = —sin ¢ Fq + cos ¢ Fo,

so (13.6) gives
ky(t) = — sin? ¢ (—cp’ — wlg(T)) + cos? ¢ (go’ + W12<T)) = + wia(T),

as desired.
We have the following consequence of (13.3) and (13.5).

Proposition 13.2. Assume Q is contractible and 0 is smooth. Then

(13.11) Q/KdA =21 — /k:g(s) ds.

oN

Proof. We have

(13.12) /KdA: —/wm = —/kg(s) ds+/<p’(s) ds.

Q o o2 o0

By the fundamental theorem of calculus, [, ¢'(s)ds = @(¢) — ¢(0), if Q has
length ¢ and is given by a unit speed curve 7 : [0,¢] — M. Assuming 0 is smooth,
we have T'(¢) = T'(0), so ¢(¢) — ¢(0) must be an integral multiple of 27r. In fact we
claim that

(13.13) o(l) — ¢(0) = 2.

This is a consequence of the contractibility of Q. This contractibility implies
that there is a continuous family €., defined for 0 < ¢ < 1, with Q; = €, such that
08, has length o and, for small o, €2, is a disk (in some coordinate system), small
enough that F; and F, have only small variation over €2,. We have corresponding
functions ¢, (t) defined, for 0 <t < ogf. Now 0(0) = p,(0f) — p,(0) takes values in
277 and is continuous in ¢ € (0,1]. On the other hand, it follows from Euclidean
geometry that 6(c) — 27 as 0 — 0. Hence we have (13.13), and this proves (13.11).
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It is of interest to allow 0f) to have corners; say
(13.14) ONV=y U--- U

where each 7, is a smooth, unit speed curve, v; : [(;,0;4+1] — 0Q C M, with
ty = 0, lgp1 = £ = length of 99, and v;({;11) = Vj+1({j+1), 1(0) = 7(0).
Replace (13.4) by

(1315) ’)/;(t) = COSs QOJ(t) E1 + sin (pj(t) EQ, gj S t S £j+1~
Then (13.12) is replaced by

(13.16) /KdA: —/kg(s) ds+i/¢;(s) ds.

o2

This time the fundamental theorem of calculus gives

k k
(1317) S [ eteds = D lesttrn) — 6]

I=15;
We can rewrite the right side of (13.16) as
(13.18) [p1(€2) — pa(lo)] + -+ -+ [wr—1(k) — @r(l)] + [9x(£) — ¢1(0)].

Note that each ¢;(t) is well defined up to an additive constant of the form 2wm;, m; €
Z. These ambiguities cancel out in each term in the sum on the right side of (13.17).
They might not cancel out in each term in brackets in (13.18), though of course they
all cancel out in the total sum. To make a definite choice, let us define the turning
angle 0; and the interior angle o;; of O at the corner p; = v;(4j41) = Vj+1(lj+1)
by

(13.19) pir1(lir1) — i(lip1) =05, o5 =m—0;.

See Fig. 13.1. Then we demand that

(13.20) —1<1(0)<m, O0<a;<2m, 1<j<k-—1.

(We could also consider limiting cases of cusps, with a; = 0 or a;; = 27, but we

will not dwell on this.) Now the quantity in (13.18) is equal to

k—1

(13.21) er(l) —1(0) = > _ 0.

<.
Il

Let us suppose that 71 (0) = 7% (¢) is a regular point of €2, so v1(0) = 7;.(¢), and
or(f) — ¢1(0) is an integral multiple of 27. If Q is contractible, a deformation
argument such as used above gives

(13.22) o(0) = 41(0) = 2.

We have the following result, known as the Gauss-Bonnet formula.
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Theorem 13.3. Assume Q is contractible and that O is piecewise smooth, with
corners pi,...,pr—1 having turning angles 61, ...,0,_1. then

k—1
(13.23) /KdA =2m— ) 0; - /k:g(s) ds.
Q g=1

o2

For the next result, suppose M is a compact, oriented surface in R3, without
boundary. Suppose we have M partitioned into F' contractible pieces (faces), each
of which has piecewise smooth boundary, with finitely many corners. We assume
M has V vertices, at which these corners are located, and we assume M has F
edges. Each edge is a smooth path connecting two vertices, making up part of the
common boundary of two faces.

Each face 2, (1 <v < F) is a contractible set with piecewise smooth boundary,
with corners at those vertices that belong to Q,; say they have turning angles 0.
We can apply (13.23) to each Q,,, and then sum over v. For each edge, there are
two contributions that involve a line integral of the geodesic curvature, and these
cancel each other. We get

(13.24) /KdA =2rF =) 0,
M v.J

Note that, if we sum the interior angles o, ; = ™ — 0,,;, we get 27 for each vertex,
SO

(13.25) > (7w —0,;) =2V

Furthermore, there are two terms in the sum on the left side of (13.25) for each
edge, so this identity is equivalent to 27 E — EV’ j 6, ; = 2mV, and we have

(13.26) /KdA =2 (F—E+V).
M

The quantity
(13.27) XM)=F—-E+V

is called the Euler characteristic of M. Since the left side of (13.26) is independent
of the particular division of M into faces, so is the right side, so (13.27) is an
intrinsic quantity associated to M. We record this result, as the Gauss-Bonnet
formula for a compact, oriented surface in R3.

Proposition 13.4. If M C R3? is a compact, oriented surface, without boundary,
then

(13.28) K dA =2mx(M).
/
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14. Cartan structure equations and Gauss-Codazzi equations

Let M C R? be an oriented surface, with unit normal field N. Let U C M be an
open subset over which there is a smooth, positively oriented, orthonormal frame
field {E1, E2}, spanning T, M for each p € U. We complete this to an orthonormal
basis of R? at each p by throwing in F5 = N. It will also be convenient to extend
Eq () to a smooth orthonormal frame on an open neighborhood O of U in R3.

We define wqg for 1 < a, 8 < 3 by

(14.1) wag(V) = Vy Eq - Eg.

If a, € {1,2} and V is tangent to M, this coincides with the definition of w,g in
(12.11); in particular

(14.2) V' tangent to M = wi3(V) = VAV4E1 - Es.

In the present context, the shape operator is also captured:
2
(14.3) V' tangent to M — S(V) = — ngﬁ(V)Eg.
B=1

As before, the orthonormality of {E1, Ey, Es} yields Vy (E, - Eg) = 0, and hence
(14.4) wag(V) = —u)@a(V).

Given the orthonormal frame field {E;, Eo, E3} on O C R3, we define the dual
frame field {6, 03,0s} of 1-forms on O by

(14.5) 0 (Ep) = bas.

If {e1, e, e3} is the standard orthonormal basis of R3, consisting of unit vectors e;
pointing in the z;-direction, we can write

(146) Ea = ZAO‘j €;, Acxj = Ea c€5.
J
Then
(147) 9(1 = ZAaj d.’l?j.
J

It is convenient to use the 3 x 3 matrices
(14.8) A= (Aaj), Q= (wag)-

If we write F4, Fo, F5 as column vectors, then A = (F4, Eo, F5). Note that this is
an orthogonal matrix. The following is a computationally convenient formula for

Wag-
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Proposition 14.1. We have

3
(14.9) wap = Y dAak Ap.
k=1

Proof. If V' is a vector field on O, then
(14.10) dAak(V) = VVAak = Van - €k,

since Vyer = 0. Hence

3

dAak(V) Agk = Y (Vv Ea - ex)(Ep - ex),
k=1 k=1

NE

(14.11)

which is clearly equal to the right side of (14.1).

In matrix notation, (14.9) says
(14.12) Q=dAA"=dAA™!,

the last identity because A is orthogonal.
We now obtain identities known as Cartan’s structural equations.

Proposition 14.2. We have

3
(14.13) df, = Z wap N O3, (first structural equation),
B=1
3
(14.14) dwap = Z Way A w~g, (second structural equation,).
y=1

Proof. By (14.7),

(14.15) o =) dAaj Adz;.

J

Now (14.12) gives dA = QA, or

(14.16) dAq; = Z wap Agj,
B
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and plugging this into (14.15) gives (14.13). Next, since d? = 0, (14.12) gives
dQ) = —dA A (dA)
= —dA A" N A(dA)

= —(dAAYY A (dAA)
= QAQ,

(14.17)

the second identity by the orthogonality of A. This gives (14.14).

In view of the antisymmetry wog = —wga, (14.14) contains three identities. One
is

(14.18) dwis = w13 A was. (Gauss equation)
In other words
(14.19) dwi2(V, W) = wi3(V)wsa (W) — wiz(W)wsa (V).

Using (14.3) we see that, if V and W are tangent to M,

(14.20) w,33(V) = S(V) -Eﬁ, Wﬁg,(W) = S(W) . Eg,

and in particular
(1422) dwlg(El,Eg) =—det S=—-K.

This is a second derivation of (12.24), hence of (12.28), so (14.18) is a variant of
the Gauss equation.
The other two identities contained in (14.14) are

(14.23) dwiz = wiz A was (Codazzi equation)
dwaz = wo1 N wr3.

We use this to give a second proof that
(14.24) VM(SW) — VIE(SV) — S([V,W]) = 0,
for V., W tangent to M, which is the version of the Codazzi equation stated in §8.

To begin, we have from (14.3) that

(14.25) VYV SW = Vi SV =Y { Vi (was(W)Ea) — Vig (was(V)Ea) }.

a=1



ELEMENTARY DIFFERENTIAL GEOMETRY 73
If we use the derivation identity and the formula
(14.26) dwaz(V,W) = Vwaz (W) — Wwas(V) — was([V, W]),
we see that the left side of (14.24) is equal to
2 2
(14.27) D {was(W)VY Eq = was(V)ViF Ea} + > dwas(V, W) Eq.
a=1 a=1

Now, for V tangent to M, VM E, = > pezwWap(V)Eg (if 1 < a < 2). If we plug
this into (14.27) and then apply (14.23), we obtain the identity (14.24).

Suppose you have an oriented coordinate patch X : O — U C M for which the
metric tensor takes the form

(14.28) G— (g g)

Then an orthonormal frame field for T'U is given by
(14.29) E,=E7Y2X,, FE,=G'?X,,
with dual frame field (pulled back to O)

(30) 0, = EYV?du, 6, =GY?dv.

Note that, if x : M < R3 is the inclusion, then, since #3 annihilates vectors tangent
to M, we have

(14.31) K 03 = 0.

Hence Cartan’s first structure equations, when pulled back to M (or to O) shorten
to

db, = wia2 N 03,

14.32
( 3 ) d92:w21/\«91.

It is notable that these identities uniquely determine w12 on M, given 6; and 65 on
M. In the present case, suppose wis (pulled back to Q) is given by

(14.33) W12 = @ du + ’QZJ dv.
To solve for ¢ and 1 we compute the left sides of (14.32):

(14.34) d6y = —(0,EYV?)du A dv, dfy = (0,GY?)du A dv,
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and the right sides of (14.32):
(14.35) wig A Oy = goGl/Q du A dv, wo A0y = VEY? du A dv,

and compare, to get

1 E, G,
2VEG VEG

We can use (14.36) together with the equation

(14.36) Wig = — du + dv.

DN | =

(1437) du)lg = —-KdA
to compute the Gauss curvature. Recall that the area element is given by
(14.38) dA = VEGdu A dv.

From (14.36) we have

10 G, o E,
(14.39) dwrs = 5{%\/E_G+%@}du/\dv.
Hence
1 9 G, o E,
14.40 K=-— — + — )
( ) WEG { ou\/EG 0v+EG }

This recovers the formula (8.54).
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15. Minkowski space and hyperbolic space

Minkowski space R™1 is the (n+1)-dimensional vector space R"*! endowed with
the inner product

(15.1) (VW) = vjwy + -+ + vpWy — Upy1Wint1,

for vectors V = (v1,...,vp41), W = (wq,...,wyy1). Here we will concentrate on
the 3-dimensional case R?!, with coordinates (z,y,2). A natural replacement for
the sphere in this case is the set

(15.2) H? = {(z,y,2) 1 2® +9* — 2% = -1, 2 > 0},
the upper half of a 2-sheeted hyperboloid. This is parametrized by
(15.3) X (u,0) = (sinhu cos #,sinhu sin 0, coshu).

These coordinates are singular at u = 0, corresponding to (z,y,z) = (0,0, 1), but
we need not worry about that. A computation gives

<Xu7Xu> = 17
(15.4) (Xu, Xg) =0,
(Xg, Xg) = sinh?u,

using the inner product (15.1). In particular, we see that, for each p € H?, the
inner product (15.1) restricted to T,H? is positive definite. A surface M C R?!
with this property is said to be spacelike.

Using the metric tensor on H? given by (15.4), we can define VZ~ via (8.25), then
define the Riemann tensor via (8.22) and use (8.24) to define the Gauss curvature,
ie.,

(15.5) K(p) = (u1, R(uy,u2)us),

where {u1,us2} is an orthonormal basis of T, H2. (It is readily verified that this is
independent of the choice of orthonormal basis of T, H?.) Note that (15.4) implies
the coordinates (u,6) on H? are orthogonal. Hence the formula (8.54) for K holds.
We have G, = 2coshu sinhu, VEG = sinhu, Ey = 0, and hence

1 1 9
K=—- — (2 cosh
2 sinhu 8u( coshu),
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ie.,
(15.6) K =-1.

The space H? is called hyperbolic space.

Suppose M C R?>! is a spacelike surface. One can verify that a nonzero vector
Z(p) € R*! orthogonal (with respect to (15.1)) to T, M must be timelike, i.e.,
(Z(p), Z(p)) < 0. We pick N(p) orthogonal to T, M with z-coordinate positive,
such that (N(p), N(p)) = —1, and call this our unit timelike normal to M.

If V and W are vector fields tangent to M, we can set

(15.7) VMW = PV, W,
parallel to (8.1). In this case, we have
(15.8) VHW = VyW + (N, VyW)N.

Note the sign change, compared to (8.3), due to the fact that here (N, N) = —1.
We can write

(15.9) VMW =V, W — (SV,W)N,

parallel to (8.5), where, this time, we set

(15.10) SV = Vi N.

Note again a sign change compared to (7.3). Again we have
(15.11) S(p) : TyM — T, M.

We leave it as an exercise to the reader to show that we still have
(15.12) (SV,(W) =(V,SW), V,W eT,M.

Then we again have the identities (8.6)—(8.10), (8.17), and (8.25). Regarding the
analysis of the Riemann tensor on M, we have, for X,Y, Z tangent to M,
VM(VMX)=VyVwX — Vy((SW,X)N) mod N

(15.13)
=VyVwX — (SW, X)SV mod .

Note the sign change in the last term, compared to (8.19). With R(V, W)X defined
as in (8.22), this gives

(15.14) R(V,W)X = —(SW, X)SV + (SV, X)SW,
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the right side having the opposite sign from the right side of (8.23). Hence, defining
the Gauss curvature of M by (15.5), for an orthonormal basis {u;,us} of T, M, we
have

(15.15) K = —(Suy,u1)(Sug, us) + (Suy,us)(Sug, uq).
If we define the Gauss map

(15.16) G:M — H? G(p)=N(p),

we see that

(15.17) DG(p) : TyM — TgH? = T, M,

and (15.15) yields

(15.18) K(p) = —det DG(p).

Note once more a sign change, compared to (7.52). In case M = H? G is the
identity map, and (15.18) is consistent with (15.6).

Exercises

1. Show that if you set

(15.19) r:tanhg, 0<r<l1,

the metric tensor on H? in the (r,6) coordinate system becomes

(15.20) (g5%) = ﬁ <(1) 7,02) :

If you switch to Cartesian coordinates (x,y) = (r cos,r sinf), the metric tensor
becomes

4
(15.21) (9j%) = (1— 22 — 42)2 ((1) (1)) ’

on the disk D = {(x,) : 22 +y* < 1}. The disk D with this metric tensor is called
the Poincaré disk.

2. Identify R? with C via z = x+iy. Show that the linear fractional transformations

b
(15.22) Yap(z) = gz + . a,beC, |a\2 _ ‘b’2 =1,
bz +a

map the disk D onto itself and preserve the metric tensor (15.21).
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A. Exponentiation of matrices

Let A be an n X n matrix, real or complex. We consider the linear ODE

dy
Al L~ Ay y(0) = yo.
(A.1) o y;  y(0) = yo

We can produce the solution in the form

(A.2) y(t) = eyo,

where we define
tk:
(A.3) et =3 A

We will establish estimates implying the convergence of this infinite series for
all real ¢, indeed for all complex ¢. Then term by term differentiation is valid, and
gives (A.1). To discuss convergence of (A.3), we need the notion of the norm of a
matrix.

If u = (uy,...,uy) belongs to R™ or to C™, set

1/2
(A4) ull = (sl + - + Jun ) 2.
Then, if A is an n X n matrix, set
(A.5) [ Al = sup{[[Au] : fJul < 1}.

The norm (A.4) possesses the following properties:

(A.6) |lul| >0, |u||=0+=u=0,
(A.7) |lcul| = || ||u||, for real or complex ¢,
(A.8) lu+ o] < flull + o]

The last, known as the triangle inequality, follows from Cauchy’s inequality:
(A.9) |(u, 0)| < Jul| - [Jo]l,

where the inner product is (u,v) = 101 + - - - + u,Uy,. To deduce (A.8) from (A.9),
just square both sides of (A.8). To prove (A.9), use (u — v,u —v) > 0 to get

2 Re (u,v) < [lull* + [|v]]*.
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Then replace u by eu to deduce
2|(u, )] < [lu* + Jlv]*.
Next, replace u by tu and v by t~!v, to get
2|(u, )| < lu* + 720l

for any ¢ > 0. Picking ¢ so that t? = ||v||/||u||, we have Cauchy’s inequality (A.9).
Granted (A.6)—(A.8), we easily get

IA]l > 0,
(A.10) leAll = fel AT,
A+ Bl < [|A]l + [ BI|

Also, ||A]| = 0 if and only if A = 0. The fact that ||A| is the smallest constant K
such that ||Au|| < K||ul|| gives

(A.11) [AB] < [[A]l - || B]l.
In particular,
(A.12) 1A*] < 114",

This makes it easy to check convergence of the power series (A.3).
Power series manipulations can be used to establish the identity

(A.13) esAetd = estD4,
Another way to prove this is the following. Regard ¢ as fixed; denote the left side

of (A.13) as X(s) and the right side as Y (s). Then differentiation with respect to
s gives, respectively

(A.14)

so uniqueness of solutions to the ODE implies X (s) = Y (s) for all s. We note that
(A.13) is a special case of the following.

Proposition A.1. e!(AtB) = ¢t4etB for qll t, if and only if A and B commute.

Proof. Let

(A.15) Y (t) = B Z(1) = etetB.
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Note that Y (0) = Z(0) = I, so it suffices to show that Y (¢) and Z(t) satisfy the
same ODE, to deduce that they coincide. Clearly

(A.16) Y'(t) = (A+ B)Y (¢).
Meanwhile
(A.17) Z'(t) = AetetP + 4 BetP.

Thus we get the equation (A.16) for Z(t) provided we know that

(A.18) e B = B! if AB = BA.

This follows from the power series expansion for e*4, together with the fact that
(A.19) A*B = BA* for all k > 0, if AB = BA.

For the converse, if Y (t) = Z(t) for all t, then !4 B = Be!4, by (A.17), and hence,
taking the t-derivative, e?*AB = BAet4; setting t = 0 gives AB = BA.

If A is in diagonal form

ai
(A.20) A=
Qn
then clearly
etal
(A.21) eth =
etan

The following result makes it useful to diagonalize A in order to compute e*4.
Proposition A.2. If K is an invertible matriz and B = KAK ™!, then

(A.22) elB = KA KL

Proof. This follows from the power series expansion (A.3), given the observation

that

(A.23) BF = K AR KL

There are a number of ways to show that

(0 -1 tg __ [cost —sint
(A-24) J_<1 O):>e _(sint cost>'

We invite the reader to find one or more demonstrations of this.
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B. A formula for do

We recall from §7 of [T] that, if a is a k-form on an open set O C R", given by

(B.1) Oz:Zaj(x)dle A« Ndxj,,

where the sum is over k-multi-indices j = (j1,...,Jk), 1 < j, < n, and we have the
anti-commutation rule dz, A dxg = —dxg A dz,, then

(B.2) da:Z%dm/\dajjl A Ndxy, .
4.8

Also, in §6 of [T] such a k-form is interpreted as a k-linear functional on vector
fields. In particular, as noted there, if (3 is a 2-form,

(B.3) B=> bjr(z)dx; Aduy,
7,k

and we have vector fields

) )
— J__— — k_=
(B.4) U=> u 5z, 1% o g
then
(B.5) BUV) = (b — bij)ulo.
7,k

We look at the exterior derivative of a 1-form

(B.6) o= Z ax(x) dzy,
given by

(B.7) da = Z % dx; A dxy.

We aim to establish the following identity, which is useful in §14 (cf. (14.26)).
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Proposition B.1. If « is a 1-form and U,V wvector fields on O C R", then

(B.8) da(U,V) = Ua(V) — Va(U) — a([U, V]).
Proof. From (B.5) and (B.7) we have

da da;\
(B.9) da(U, V) = Z(a—; - 8—mi>u]vk.
d.k J

Since a(U) = 3" a;u’ and a(V) =3 axv®, we calculate that

- aCL -81}’“
_ 3ok Sk iz
Ua(V) = ;k <uv ! + u jak),

(B.10)

- 0a; - Ouk
Va(U) = Z(u%ka—zi + vja—xjak)
4.k

Meanwhile, using the formula (8.15) for [U, V], we have

(B.11) a([U, V]) :Z(uﬂ'a—vk —vj@)ak.

Combining (B.9)-(B.11), we have (B.8).
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C. Sard’s theorem

Let F : Q — R" be a C! map, with Q open in R”. If p € Q and DF(p) : R* — R"
is not surjective, then p is said to be a critical point, and F(p) a critical value. The
set C of critical points can be a large subset of {2, even all of it, but the set of
critical values F'(C') must be small in R™. This is part of Sard’s Theorem.

Theorem C.1. If F : Q — R" is a C' map, then the set of critical values of F
has measure 0 in R™.

Proof. If K C ) is compact, cover K N C with m-dimensional cubes @;, with
disjoint interiors, of side ¢;. Pick p; € C'NQ;, so Lj = DF(p;) has rank <n — 1.
Then, for z € Q;,

(C.1) F(p; +x) = F(pj) + Ljz + Rj(x), ||R;(z)|| < p;j = n;6;,

where n; — 0 as d; — 0. Now L;(Q);) is certainly contained in an (n—1)-dimensional
cube of side Cyd;, where Cj is an upper bound for /m| DF|| on K. Since all points
of F(Q;) are a distance < p; from (a translate of) L;(Q;), this implies

(C.2) meas F(Q;) < 2p;(Cod; + 2p;)" ™" < Cin;0},

provided §; is sufficiently small that p; < 6;. Now > ;07 is the volume of the cover
of K N C. For fixed K this can be assumed to be bounded. Hence

(C.3) meas F(CNK) < Ck n,

where 77 = max {n;}. Picking a cover by small cubes, we make n arbitrarily small,
so meas F'(C'NK) = 0. Letting K; / Q, we complete the proof.

Sard’s theorem also treats the more difficult case when 2 is open in R™, m > n.
Then a more elaborate argument is needed, and one requires more differentiability,
namely that F is class C¥, with k = m —n + 1. A proof can be found in [St].

The main application of Sard’s theorem in this course is to the proof of the
change of variable theorem we present in the next section. Here, we give another
application of Sard’s theorem, to the existence of lots of Morse functions. This
application gives the typical flavor of how one uses Sard’s theorem. We begin with
a special case:

Proposition C.2. Let Q@ C R™ be open, f € C°(Q). For a € R”, set f,(x) =
f(x) —a-x. Then, for almost every a € R™, f, is a Morse function, i.e., it has
only nondegenerate critical points.

Proof. Consider F'(x) =V f(x); F:Q — R™. A point z € Q is a critical point of f,
if and only if F'(x) = a, and this critical point is degenerate only if, in addition, a
is a critical value of F'. Hence the desired conclusion holds for all a € R™ that are
not critical values of F.

Now for the result on manifolds:
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Proposition C.3. Let M be an n-dimensional manifold, imbedded in R¥. Let
f € C®(M), and, for a € RE, let f,(z) = f(x) —a-x, forx € M C RE. Then,
for almost all a € RX | f, is a Morse function.

Proof. Each p € M has a neighborhood (2, such that some n of the coordinates x,,
on R¥ produce coordinates on €,. Let’s say x1,...,z, do it. Let (ant1,...,ax)
be fixed, but arbitrary. Then, by Proposition C.2, for almost every (aq,...,a,) €
R", f, has only nondegenerate critical points on §2,. By Fubini’s theorem, we
deduce that, for almost every a € R¥, f, has only nondegenerate critical points on
Q,. (The set of bad a € RE is readily seen to be a countable union of closed sets,
hence measurable.) Covering M by a countable family of such sets €2, we finish
the proof.



ELEMENTARY DIFFERENTIAL GEOMETRY 85

D. A Change of Variable Theorem

Theorem D.1. Let Q C R™ be open and let F : Q — R™ be a C' map. For x € R"
set n(z) = card F~1(x). Then n is measurable and for any measurable u > 0 on

R™,

(D.1) / w(F(2))| det DF ()| de = / w(z) n(z) dz.

9] R™

This is an extension of the standard change of variable formula, in which one
assumes that F' is a diffeomorphism of 2 onto its image. (Then n(z) is the charac-
teristic function of F'(€2).) We will make use of this standard result in the proof of
the theorem.

We make a sequence of reductions. Let

K={zeQ:det DF(z) =0}, Q=0Q\K, F=F[5, 7(z)=cardF '(z).

Sard’s theorem implies F'(K) has measure zero. Hence n(z) = n(x) a.e. on R", so if
we can show that n is measurable and (D.1) holds with €, F, n replaced by ﬁ, F 1,
we will have the desired result. Thus we will henceforth assume that det DF(z) # 0
for all x € Q.

Next, for k € Zt, let

Dy ={x € Q:|z| <k, dist(z,00) > 1/k}.

Each Dy is a compact subset of (2. Furthermore, Dy C Dy41 and 2 = UDy. Let
F = F‘Dk and ny(z) = card F}, '(x). Then, for each x € R", ng(z) / n(x) as
k — oo. Suppose we can show that, for each k, nj is measurable and

(D.2) /u(F(x)) |det DF(x)|dx = /u(:zs) ni(z) dz.

Dy R™

Now the monotone convergence theorem implies that, as k& — oo the left side of
(D.2) tends to the left side of (D.1) and the right side of (D.2) tends to the right
side of (D.1). Hence (D.1) follows from (D.2), so it remains to prove (D.2) (and
the measurability of ny).

For notational simplicity, drop the index k. We have a compact set D C R",
F is C! on a neighborhood 2 of D, and det DF(x) is nowhere vanishing. We set
np(z) = card DN F~!(x) and desire to prove that np is measurable and

(D.3) /u(F(a:)) |det DF(z)|dx = /u(x) np(x)dz.

D R™
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By the inverse function theorem, each x € €2 has a neighborhood O, such that
F' is a diffeomorphism of O, onto its image. Since D is compact, we can cover D
with a finite number of open sets O; on each of which F' is a diffeomorphism. Then
there exists 0 > 0 such that any subset of D of diameter < § is contained in one of
these sets O,. Tile R"™ with closed cubes of edge §/+/n (so they intersect only along
their faces). Let {Qr : 1 < k < N} denote those cubes that intersect D, and let
Er = DN Q. Then Ej is compact and the standard change of variables theorem
gives

(D.4) /U(F(ac)) |det DF(x)|dx = / u(x) dz.

If we sum the left side of (D.4) over k we get the left side of (D.3). Since the
faces of each cube, and also their images under F', all have measure zero, we also
have

N
np(x) =card{k:z € F(Ey)} = ZXF(Ek)(I) a.e. on R".
k=1

Since F(Ey) is compact, this proves that np is measurable, and also implies that
if we sum the right side of (D.4) over k we get the right side of (D.3). The theorem
is hence proven.
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