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1. Introduction

These notes began as a companion to §§30–34 of [T2], which develops the basic
theory of elliptic functions and elliptic integrals. Material there starts with the
Weierstrass ℘ function, defined as a double series, shows how this and related
functions can be represented in terms of theta functions, and shows how elliptic
integrals can be represented in terms of inverses of ℘ functions. This last result is
known as the solution to the Abel inversion problem, and the route taken to do
this in [T2] involves constructing the Riemann surface of

√
q(ζ), whenever q(ζ) is

a polynomial of degree 3 or 4, with distinct roots.
We continue this theme in §2 of these notes, constructing the Riemann surface M

of
√

q(ζ) for a polynomial q(ζ) of degree ≥ 5, with distinct roots, and investigating
certain properties, such as its topology (it has genus g if q(ζ) has order 2g+1 or 2g+
2), and a basis of holomorphic 1-forms on M . Such surfaces constitute the family of
hyperelliptic surfaces. We record the well known fact that each compact Riemann
surface of genus 2 is hyperelliptic. (The surfaces dealt with in [T2] have genus 1
and are called elliptic.) This result uses the Riemann-Roch theorem, discussed in
Appendix A, which is of fundamental use in subsequent sections. At this point,
these notes acquire the role of also being a companion to §9 of [T1].

In §3 we consider general compact Riemann surfaces. The analogue of the Abel
inversion problem in this context (which for genus 1 was to present an isomorphism
of M with a torus C/Λ) is to map M into a complex g-dimensional torus Cg/Λ,
called the Jacobi variety and denoted J(M), establish that this is an embedding,
and examine the image, both of M and of k-fold products of M (especially for
k = g − 1 and k = g). This mapping Φ : M → J(M) is constructed in §3 and
shown there to be an immersion. The presentation in §3 and subsequent sections
draws heavily from two books on Riemann surfaces, [FK] and, particularly, [N].

In §4 we prove Abel’s theorem, characterizing which divisors on M are divisors
of a meromorphic function, and use this to show that the map Φ : M → J(M),
shown to be a immersion in §3, is also one-to-one, and hence an embedding.

In §5 we define the Riemann theta function ϑ and related theta functions. These
are functions on Cg with special properties under translation by elements of Λ
that allow one to regard them as holomorphic sections of certain line bundles over
Cg/Λ = J(M). In §6 we present basic results on the divisor of ϑ, and in §7
we present Riemann’s factorization theorem, expressing a general meromorphic
function on M as a product of factors of the form

ϑ(Φ(z)− Φ(pk)− ξ)
ϑ(Φ(z)− Φ(qk)− ξ)

times the exponential of
∫ z

p0
ζ, for some holomorphic 1-form on M , times a constant.
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In addition to Appendix A, mentioned above, there are several other appendices,
containing either background or complementary results. Appendix B discusses
special divisors, which is useful for §6. Appendix C has further commentary on the
factor exp

∫ z

p0
ζ, arising in §4 and in §7, and relates the material there to the question

of examining certain flat complex line bundles over M and determining whether
they are holomorphically trivial. Appendices D and E draw parallels between ∂ and
d ⊕ δ and discuss connections with Hodge theory. Appendix F discusses proofs of
the Uniformization Theorem for compact Riemann surfaces, and gives two proofs
when g = 0 and when g = 1, one set of proofs using the Riemann-Roch theorem
(standard) and the other using basic linear PDE (the treatment for g = 0 being
perhaps not well known).

Appendix G discusses holomorphic maps ϕL : M → CPk−1 defined for certain
holomorphic line bundles L → M , with emphasis on the canonical map ϕκ, which
one gets when L = κ is the canonical bundle and M has genus g ≥ 2. It is shown
that the canonical map is an embedding when M is not hyperelliptic. Appendix
H produces a basis for the canonical ring ⊕n≥0O(κn) in case M has genus 2; this
is a simple counterpoint to the more elaborate study of the canonical ring for non-
hyperelliptic M , which can be found in [ACGH].

Appendices I and J deal with holomorphic vector bundles over M , including the
extension of the Riemann-Roch theorem to this setting.
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2. Hyperelliptic Riemann surfaces

A hyperelliptic Riemann surface is the Riemann surface M of
√

q(ζ), where q(ζ)
has the form

(2.1) q(ζ) = (ζ − e1) · · · (ζ − em),

with ej ∈ C distinct and m ≥ 5. The cases m = 2, 3, and 4 were discussed in §34
of [T2], where the resulting Riemann surfaces M were seen to be ≈ S2 for m = 2
and tori ≈ C/Λ for m = 3 or 4. What was seen in §34 of [T2], in case m ≥ 5, was
the following construction of M .

Work on the Riemann sphere S2 = C∪{∞}, and picture ej ∈ S2. If m = 2g +1,
one has slits from e2j−1 to e2j , for j = 1, . . . , g, and a slit from e2g+1 to ∞, which
we denote e2g+2. If m = 2g + 2, one has slits from e2j−1 to e2j for j = 1, . . . , g + 1.
Say the slits are geodesics on S2. (Reorder {ej} if necessary to arrange that these
various geodesic segments are disjoint.) Such a slit version of S2 is a manifold X
with g + 1 boundary components. Cf. Fig. 1. Now

(2.2) M = X1 ∪X2/ ∼,

where X1 and X2 are two copies of X, and the equivalence relation ∼ identifies
the upper boundary of X1 along the slit γj with the lower boundary of X2 along
this slit and vice-versa, for each j. The identification amounts to gluing together
g + 1 pairs of pipes, and one gets a g-holed surface, i.e., a surface of genus g, and
a natural map

(2.3) ϕ : M −→ S2,

which is two-to-one except for the 2g + 2 points pj = ϕ−1(ej). The space M has
a unique Riemann surface structure for which ϕ is holomorphic. If ej 6= ∞, a
coordinate taking a neighborhood of pj in M bijectively onto a neighborhood of
the origin in C is given by ϕj(x) = (ϕ(x)− ej)1/2. If ej = ∞, a coordinate taking a
neighborhood of pj in M bijectively onto a neighborhood of the origin in C is given
by ϕj(x) = ϕ(x)−1/2.

As noted in §34 of [T2], the pull-back by ϕ of the double valued form dζ/
√

q(ζ)
gives a single valued holomorphic 1-form α on M , whenever m ≥ 3. If m = 3 or 4,
this form is nowhere vanishing on M . These results are consequences of the facts
that

(2.4) w2 = ζ =⇒ dζ√
ζ

= 2 dw,
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and

(2.5) w2 =
1
ζ

=⇒ dζ√
ζ3

= −2 dw.

If m ≥ 5, one sees that α does vanish on ϕ−1(∞), though it is nonzero elsewhere on
M . To see the order of vanishing at points in ϕ−1(∞), one can compute as follows.
If m = 2g + 1, g ≥ 1, use

(2.6) w2 =
1
ζ

=⇒ dζ

ζg+1/2
= −2w2g−2 dw,

and if m = 2g + 2, g ≥ 1, use

(2.7) w =
1
ζ

=⇒ dζ

ζg+1
= −wg−1 dw.

One can obtain other holomorphic 1-forms on M (i.e., elements of O(κ)) as
follows. If m = 2g + 1, we see from (2.6) that

(2.8) ζj dζ

ζg+1/2
= −2w2g−2−2j dw,

and if m = 2g + 2, we see from (2.7) that

(2.9) ζj dζ

ζg+1
= −wg−1−j dw.

Hence, in both cases,

(2.10) ϕ(z)j α ∈ O(κ), 0 ≤ j ≤ g − 1.

Such a form vanishes on ϕ−1(∞) to order 2g − 2− 2j if m = 2g + 2, and to order
g−1−j if m = 2g+1. In either case, ϕ(z)g−1 α is nonvanishing at ϕ−1(∞), though
of course it vanishes on ϕ−1(0).

It is clear from (2.8)–(2.9) that the set

(2.11) {ϕ(z)j α : 0 ≤ j ≤ g − 1} ⊂ O(κ)

is linearly independent. Here, following standard usage, we denote by O(κ) the
space of holomorphic 1-forms on M . More generally, if L → M is a complex
(holomorphic) line bundle over M , O(L) denotes the space of holomorphic sections
of L.

It is known that for a general compact Riemann surface M ,

(2.12) Genus M = g =⇒ dimO(κ) = g.
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See (A.13) and (D.16) for two different proofs. Thus for hyperelliptic M we see
that (2.11) gives a basis of O(κ).

An initially more general looking definition of hyperelliptic Riemann surfaces is
the class of compact Riemann surfaces M that have a holomorphic map ϕ : M → S2

that is a two-to-one branched cover. Actually, this is the same class as described
above. To see this, suppose the branch points in M are {pj : 1 ≤ j ≤ V }, branching
over {ej : 1 ≤ j ≤ V }. Connecting various of the points ej by geodesic segments on
S2, one can divide S2 into polygonal regions (say F of them), with E edges and V
vertices, namely {ej : 1 ≤ j ≤ V }. Then the preimages under ϕ partition M into
polygonal regions, with 2F faces, 2E edges, and V vertices, namely {pj : 1 ≤ j ≤
V }. Euler’s formula gives

(2.13)
V − E + F = χ(S2) = 2,

V − 2E + 2F = χ(M) = 2− 2g,

where g denotes the genus of M . Hence E − F = 2g and

(2.14) V = 2g + 2.

Thus we are in the situation described earlier, and M is biholomorphically diffeo-
morphic to the Riemann surface constructed by slitting S2 and forming (2.2).

There are lots of Riemann surfaces that are not hyperelliptic. However, the
following result is of interest.

Proposition 2.1. Each compact Riemann surface of genus 2 is hyperelliptic.

Proof. If M has genus > 0, to show M is hyperelliptic it suffices to show that there
is a nonconstant meromorphic function on M with poles contained in {p, q}, for
some p, q ∈ M , more precisely, a nonconstant u ∈M(−p− q). Such u must have at
least one pole, by the maximum principle, and it cannot have just one simple pole
since g 6= 0 ([T1], Proposition 9.8), so such u : M → S2 must be a 2-to-1 branched
cover. We have

(2.15) M(−p− q) ≈ O(E−p−q),

where E−p−q is the bundle of a divisor ([T1], (9.41)), so the goal becomes to show
that

(2.16) dimO(E−p−q) ≥ 2.

To get this, we apply the Riemann-Roch theorem, which yields

(2.17) dimO(E−p−q)− dimO(Ep+q ⊗ κ) = c1(E−p−q)− 1
2
c1(κ);

cf. [T1], (9.17). We also have ([T1], (9.19), (9.39))

(2.18) c1(κ) = 2g − 2, c1(E−p−q) = 2.
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Hence

(2.19) dimO(E−p−q) = dimO(κ⊗ Ep+q) + 3− g.

We now investigate

(2.20) O(Ep+q ⊗ κ) ≈M(κ, p + q),

the space of holomorphic 1-forms with zeros at p and q. This is a linear subspace of
O(κ), a space of dimension g = 2 > 0. Take a nonzero u ∈ O(κ). If νp(u) denotes
the order of vanishing of u at p, one has

(2.21)
∑

p

νp(u) = c1(κ) = 2.

Cf. [T1], (9.28). Say u vanishes at p and q; one writes ϑ(u) = p + q. If p = q, this
means u vanishes to second order at p. We see that, for g = 2,

(2.22) ∃ p, q ∈ M such that dimO(Ep+q ⊗ κ) ≥ 1.

This combined with (2.19) gives (2.16) and finishes the proof of Proposition 2.1.

Remark. If M is a compact Riemann surface for which dim M(−p− q) > 2, then
M must be equivalent to S2 and dim M(−p− q) = 3. Consequently,

(2.23) g ≥ 1 =⇒ dimM(−p− q) ≤ 2, ∀ p, q ∈ M.

Part of the proof of Proposition 2.1 shows that (for g ≥ 2)

(2.24) M is hyperelliptic ⇐⇒ dim M(−p− q) = 2, for some p, q ∈ M.

The rest of the proof of Proposition 2.1 is the demonstration that

(2.25) g = 2 =⇒ dimM(−p− q) = 2, for some p, q ∈ M.
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3. Holomorphic differentials, period lattice, and Jacobi variety

Results of §2 illustrate, for hyperelliptic Riemann surfaces, the following, valid
for a general compact Riemann surface M of genus g ≥ 1. Recall that O(κ) denotes
the space of holomorphic 1-forms on M . This has dimension g.

Proposition 3.1. Given p ∈ M , there exists ω ∈ O(κ) such that ω(p) 6= 0.

We give a proof using the Riemann-Roch formula. We consider

(3.1) M(κ, p) = {u ∈ O(κ) : u(p) = 0} ≈ O(κ⊗ Ep),

where Ep is a point bundle (cf. [T1], (9.41)). The Riemann-Roch formula ([T1],
(9.17); see also Appendix A) gives

(3.2) dimO(κ⊗ Ep)− dimO(κ−1 ⊗ E−1
p ⊗ κ) = c1(κ⊗Ep)− 1

2
c1(κ).

We also have ([T1], (9.19), (9.39))

(3.3) c1(κ) = 2g − 2, c1(Ep) = −1, c1(κ⊗Ep) = c1(κ) + c1(Ep).

Also O(κ−1 ⊗ E−1
p ⊗ κ) ≈ O(E−1

p ) = M(−p) ([T1], (9.41)) and

(3.4)
dimM(−p) = 2 if g = 0

1 if g ≥ 1.

(Cf. [T1], Proposition 9.9.) Consequently,

(3.5) g ≥ 1 =⇒ dimM(κ, p) = g − 1,

so M(κ, p) is a proper linear subspace of O(κ). This proves Proposition 3.1.

We comment further on results behind (2.12). Let {ζj : 1 ≤ j ≤ g} be a basis of
O(κ). Then {ζj : 1 ≤ j ≤ g} is a basis of O(κ), and the space of complex valued
harmonic 1-forms HC1 (M) has the direct sum decomposition

(3.6) HC1 (M) = O(κ)⊕O(κ).

Equivalently, with uj = Re ζj , vj = Im ζj , {uj , vj : 1 ≤ j ≤ g} is a basis of H1(M).
Using this, we can prove the following. Let {γj : 1 ≤ j ≤ 2g} denote a set of closed
curves giving a basis of H1(M,Z), and form

(3.7) Vj =
(∫

γj

ζ1, . . . ,

∫

γj

ζg

)
∈ Cg, 1 ≤ j ≤ 2g.
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Proposition 3.2. The set {Vj : 1 ≤ j ≤ 2g} is linearly independent over R.

Proof. An equivalent formulation is that

(3.8) Wj =
(∫

γj

u1,

∫

γj

v1, . . . ,

∫

γj

ug,

∫

γj

vg

)
∈ R2g, 1 ≤ j ≤ 2g

is linearly independent (over R). This in turn is a special case of deRham’s theorem.

Let

(3.9) Λ =
{ 2g∑

j=1

njVj : nj ∈ Z
}

.

This is the period lattice associated to the basis {ζ1, . . . , ζg} of O(κ). Proposition
2.2 implies that Cg/Λ is compact. We have a holomorphic mapping

(3.10) Φ : M −→ Cg/Λ,

given by picking z0 ∈ M and setting

(3.11) Φ(z) =
(∫ z

z0

ζ1, . . . ,

∫ z

z0

ζg

)
.

The g-dimensional torus Cg/Λ is called the Jacobi variety associated to M , and
sometimes denoted J(M). The following is a central result.

Theorem 3.3. If g ≥ 1, the map Φ in (3.10)–(3.11) is a holomorphic embedding
of M into Cg/Λ.

In case g = 1, the map Φ is a holomorphic diffeomorphism. This was demon-
strated in §34 of [T2], given that M is the Riemann surface of

√
q(ζ) with q(ζ) as in

(2.1), with m = 3 or 4. In fact, given Proposition 3.1 here, the proof of Proposition
34.1 in [T2] works under the general hypothesis that g = 1.

At this point we have for g ≥ 1 that Φ is well defined and holomorphic. Also
Proposition 3.1 guarantees that Φ′(z) 6= 0 for each z ∈ M , so Φ is an immersion.
It remains to show that Φ is one-to-one. This is a special case of Abel’s theorem,
which we will discuss in §4.

Here is a more invariant formulation of the holomorphic map (3.10). We can
define a homomorphism of additive groups

(3.12) ι : H1(M,Z) → O(κ)′, ι(γ)(ζ) =
∫

γ

ζ.
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Then Proposition 3.2 can be formulated as saying that ι is injective, and produces
a lattice Λ = ιH1(M,Z), for which O(κ)′/Λ is compact, and we have a holomorphic
mapping

(3.13) Φ : M −→ O(κ)′/Λ,

given by picking z0 ∈ M and setting

(3.14) Φ(z)(ζ) =
∫ z

z0

ζ, ζ ∈ O(κ).

Having this invariant formulation, we see we are free to pick a convenient basis of
O(κ) and of H1(M,Z) in order to establish Theorem 3.3.

A convenient choice of basis of H1(M,Z) for a Riemann surface M of genus g
has the form {aj , bj : 1 ≤ j ≤ g}. This is pictured in Fig. 2 in case g = 2. If ϕ is a
smooth 1-form on M , we set

(3.15) Ak(ϕ) =
∫

ak

ϕ, Bk(ϕ) =
∫

bk

ϕ.

The following is an important result of Riemann.

Proposition 3.4. If ζ ∈ O(κ), ζ 6= 0, and if M has genus g > 0, then

(3.16) Im
g∑

k=1

Ak(ζ)Bk(ζ) < 0.

See [N], p. 80, for a proof. Note the following:

Corollary 3.5. The map

(3.17) A : O(κ) −→ Cg, A(ζ) =
(∫

a1

ζ, . . . ,

∫

ag

ζ
)

is injective, hence an isomorphism.

It follows that there is a basis {ζj : 1 ≤ j ≤ g} of O(κ), called a normalized
basis, such that

(3.18)
∫

ak

ζj = δjk, 1 ≤ j, k ≤ g.

From here on we work with such a normalized basis. The following result constitutes
Riemann’s bilinear relations.
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Proposition 3.6. If (3.18) holds, then if

(3.19) Bjk =
∫

bj

ζk, 1 ≤ j, k ≤ g,

the matrix B = (Bjk) is symmetric, and its imaginary part is positive definite.

For a proof, see [N], p. 81.
With the choices of γj = aj for 1 ≤ j ≤ g, bj−g for g + 1 ≤ j ≤ 2g, and ζj as in

(3.18), we see that Vj in (3.7) are given by

(3.20) Vj = Ej , Vg+j = Bj , 1 ≤ j ≤ g.

where {Ej : 1 ≤ j ≤ g} is the standard basis of Rg and Bj = (Bj1, . . . , Bjg).
Another ingredient in the proof of Theorem 3.3 is the following result, of intrinsic

interest, concerning the conditions of existence of meromorphic 1-forms on M .

Proposition 3.7. Given distinct p1, . . . , pK ∈ M with disjoint neighborhoods Oj

and meromorphic 1-forms uj on Oj, with poles at pj, there exists a meromorphic
1-form u on M (we write u ∈M(κ)), such that u− uj is a holomorphic 1-form on
Oj, if and only if

(3.21)
K∑

j=1

Respj (uj) = 0.

Proof. We use the fact that the elliptic differential operator

(3.22) ∂κ : Hs(M, κ) −→ Hs−1(M, κ⊗ κ) ≈ Hs−1(M)

is Fredholm, with closed range, of finite codimension, whose orthogonal complement
is the null space of

(3.23) ∂
t

κ = −∂ : H1−s(M) → H−s(M, κ).

Clearly this null space is the space of holomorphic functions on M , i.e., constants.
Thus the range of ∂κ in (3.22) has codimension 1. Thus a family of distributions
with support on {p1, . . . , pK} in H−s(M, κ) (for s large enough) belongs to the
range of ∂κ in (3.22) provided one linear relation is satisfied. It is relatively easily
verified that for such a linear combination of distributions, (3.21) defines that linear
relation. In fact, one can take a smoothly bounded open set O containing {pj},
diffeomorphic to a disk, and deform ∂O to a1∪b1∪a−1

1 ∪b−1
1 ∪· · ·∪ag∪bg∪a−1

g ∪b−1
g .
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Corollary 3.8. Given distinct p, q ∈ M , there exists u ∈ M(κ), regular on M \
{p, q}, with first order poles at p and q, such that

(3.24) Resp u = 1, Resq u = −1.

Using Corollary 3.5, we see we can take such u and add an element of O(κ) to
obtain an element we denote τpq ∈ M(κ), holomorphic on M \ {p, q}, with first
order poles at p and q, satisfying (3.24) and

(3.25)
∫

aj

τpq = 0, 1 ≤ j, k ≤ g.

Here is another proof of Corollary 3.8, using the Riemann-Roch formula. Con-
sider the space of meromorphic sections of κ, with poles in {p, q}, of order ≤ 1,

(3.26) M(κ,−p− q) ≈ O(κ⊗ E−p−q).

The Riemann-Roch formula gives

(3.27)
dimO(κ⊗ E−p−q)− dimO(κ−1 ⊗ Ep+q ⊗ κ) = c1(κ⊗ E−p−q)− 1

2
c1(κ)

= g − 1 + c1(E−p−q)
= g + 1,

since c1(E−p−q) = 2 ([T1], (9.39)). Also O(Ep+q) = 0, so

(3.28) dimO(κ⊗ E−p−q) = g + 1,

or equivalently

(3.29) dimM(κ,−p− q) = dimO(κ) + 1.

Thus there exists u ∈ M(κ,−p − q), u /∈ O(κ). The final argument in the proof
of Proposition 3.7 shows the residues sum to 0, so multiplication by a constant
achieves (3.24).
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4. Abel’s Theorem and the Jacobi inversion problem

We prepare to state Abel’s theorem, which was mentioned after Theorem 3.3 as
a central ingredient in the proof of that imbedding result. The theorem involves
the notion of a divisor.

By a divisor on M we mean a formal sum

(4.1) ϑ =
∑
pj

njpj ,

where nj ∈ Z and pj ∈ M , with equivalence relations p1 + p2 = p2 + p1 and
mpj + npj = (m + n)pj . Given a meromorphic function u ∈ M, we say its divisor
ϑ(u) is as in (4.1) (with pj distinct) where if nj > 0, u has a zero of order nj at pj

and if nj < 0, u has a pole of order −nj at pj . An easy degree theory argument
shows that

∑
j nj = 0 whenever ϑ is the divisor of u ∈M(M). More generally, if u

is a meromorphic section of a complex line bundle L, ϑ(u) is defined similarly, and
one has

∑
j nj = c1(L) ([T1], (9.28)).

Theorem 4.1. (Abel’s Theorem) Given a divisor ϑ =
∑

j njpj, there exists u ∈
M(M) such that ϑ(u) = ϑ if and only if

∑
nj = 0 and

(4.2)
∑

njΦ(pj) = 0 (mod Λ),

where Φ is as in (3.10)–(3.11).

Before discussing the proof, we show how Theorem 4.1 implies injectivity of
Φ : M → Cg/Λ for g ≥ 1. Indeed, if p 6= q and Φ(p) = Φ(q), Theorem 4.1 implies
that there exists u ∈ M(M) such that ϑ(u) = p− q, so u has a single simple pole.
This implies that u : M → S2 is a holomorphic diffeomorphism ([T1], Proposition
9.9), so g = 0. Thus Theorem 3.3 is proven (modulo the proof of Theorem 4.1).

To show that (4.2) holds whenever ϑ = ϑ(u) for some u ∈ M(M), we use an
argument from [FK]. Namely, consider

(4.3) ψ : S2 −→ Cg/Λ, ψ(ζ) =
∑

p∈u−1(ζ)

Φ(p),

where {p ∈ u−1(ζ)} is counted with multiplicity. One sees that ψ is holomorphic.
Since S2 is simply connected, ψ lifts to a holomorphic map ψ̃ : S2 → Cg, which
(by the maximum principle) must be constant. Then (4.2) records the fact that
ψ(0) = ψ(∞).

We next present the converse implication in Theorem 4.1 (which is deeper and
more significant). It is convenient to write

(4.4) ϑ = p1 + · · ·+ pr − q1 − · · · − qr,
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with perhaps repetition among pjs and among qjs, but with pj 6= qk. The claim is
that if

(4.5)
r∑

j=1

Φ(pj) =
r∑

j=1

Φ(qj) (mod Λ),

then ϑ = ϑ(u) for some u ∈M(M). One produces such u in the form

(4.6) u = e

∫ z

z0
(τp1q1+···+τprqr +ζ)

,

where τpq is defined as in Corollary 3.8 and (3.24)–(3.25), and ζ ∈ O(κ) is selected
to guarantee that (4.6) is single valued on M . (The hypothesis (4.5) is used in
producing such ζ.) The condition for such single valuedness of u is that

(4.7)
∫

γ

(τp1q1 + · · ·+ τprqr + ζ) ∈ 2πiZ,

for each closed curve γ in M . It suffices to arrange this for γ = aj and for γ = bj ,
1 ≤ j ≤ g. We set

(4.8) ζ = 2πi(c1ζ1 + · · ·+ cgζg),

with ζj ∈ O(κ) as in (3.18), and the task is to produce constants cj such that (4.7)
holds.

Let us set θ = τp1q1 + · · ·+ τprqr + ζ. Note that, by (3.18) and (3.25),

(4.9)
∫

aj

θ = 2πicj .

To evaluate
∫

bj
θ, we use the following “reciprocity formula”:

Lemma 4.2. We have

(4.10)
∫

bj

τpq = 2πi

∫ p

q

ζj ,

the integral taken along a curve joining q to p in M \ ∪aj \ ∪bj.

For a proof of Lemma 4.2, see [N], pp. 82–83. Given this, we have

(4.11)
∫

bj

θ = 2πi

r∑

`=1

∫ p`

q`

ζj + 2πi

g∑

k=1

ckBjk,
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with Bjk as in (3.19). Now the hypothesis (4.5) says

(4.12)
r∑

`=1

∫ p`

q`

(ζ1, . . . , ζg) ∈ Λ,

while (using the symmetry Bjk = Bkj) we have

(4.13)
g∑

k=1

ck(B1k, . . . , Bgk) =
g∑

k=1

ckBk,

where {Bk : 1 ≤ k ≤ g} is half the set of generators of Λ given in (3.20). If we
write (4.12) as

(4.14)
r∑

`=1

∫ p`

q`

(ζ1, . . . , ζg) =
g∑

j=1

νjEj +
g∑

j=1

µjBj ,

with νj , µj ∈ Z, we have

(4.15)
(∫

b1

θ, . . . ,

∫

bg

θ
)

= 2πi

g∑

j=1

νjEj + 2πi

g∑

j=1

(µj + cj)Bj .

We see that if we take

(4.16) cj = −µj

in (4.8), then (4.7) is achieved. This proves Theorem 4.1.
Here is an application of Abel’s theorem. Given a holomorphic line bundle

L → M , we can define

(4.17) Ψ(L) ∈ J(M) = Cg/Λ

as follows. There is a nontrivial meromorphic section u ∈M(L) ([T1], Proposition
9.2). Given such a section, set

(4.18) Ψ(L) =
∑

njΦ(pj) (mod Λ), ϑ(u) =
∑

njpj .

Note that if we pick another nontrivial v ∈ M(L), with ϑ(v) =
∑

mkqk, then u/v
is a meromorphic function on M , with divisor

∑
njpj −

∑
mkqk, so the easy half

of Abel’s theorem implies
∑

mkqk =
∑

njpj mod Λ. Hence Ψ in (4.17)–(4.18) is
well defined. Using the deeper half of Abel’s theorem, we have the following.
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Proposition 4.3. If L → M is a holomorphic line bundle satisfying

(4.19) c1(L) = 0, Ψ(L) = 0 (mod Λ),

then L is holomorphically trivial.

Proof. Pick a nontrivial u ∈ M(L); say ϑ(u) =
∑

njpj . If (4.19) holds, then
there is a meromorphic function f on M such that ϑ(f) =

∑
njpj , by Abel’s

theorem. Then v = u/f is a holomorphic section of L, with no zeros, so it provides
a trivialization of L.

Corollary 4.4. Holomorphic line bundles Lj → M (j = 1, 2) are holomorphically
equivalent if and only if

(4.20) c1(L1) = c1(L2) and Ψ(L1) = Ψ(L2) (mod Λ).

Proof. First, L1 and L2 are holomorphically equivalent if and only if L1 ⊗ L−1
2 is

holomorphically trivial. Note that

(4.21) Ψ(L1 ⊗ L−1
2 ) = Ψ(L1)−Ψ(L2),

and also c1(L1 ⊗ L−1
2 ) = c1(L1)− c1(L2).

Remark. If Eϑ is the bundle of a divisor ϑ and u ∈M(Eϑ) the “natural” section,
we have

(4.22) ϑ(u) = −ϑ.

Hence

(4.23) Ψ(Eϑ) = −Φ(ϑ),

where we set

(4.24) Φ(ϑ) =
∑

mjΦ(pj) for ϑ =
∑

mjpj .

Here is another perspective. The set Div(M) of divisors on M forms a group.
The set Div0(M) of divisors of degree zero is a subgroup. Now (4.24) defines

(4.25) Φ : Div(M) −→ J(M) = Cg/Λ.

This depends a priori on the base point used to define Φ in (3.11). Note however
that its restriction to Div0(M),

(4.26) Φ : Div0(M) −→ J(M),
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is independent of the choice of base point, since

(4.27)
∫ p

z0

ζj −
∫ q

z0

ζj =
∫ p

q

ζj , (mod Λ),

so

(4.28) ϑ = p1 + · · ·+ pk − q1 − · · · − qk =⇒ Φ(ϑ) =
k∑

j=1

∫ pj

qj

(ζ1, . . . , ζg).

The set DivP (M) of divisors of degree zero such that Φ(ϑ) = 0 is a subgroup of
Div0(M), called the group of principal divisors on M . (Abel’s theorem says this is
precisely the set of divisors of meromorphic functions on M .) The quotient

(4.29) Pic(M) = Div0(M)/ DivP (M)

is called the Picard variety of M . Since Φ = 0 on DivP (M), we have an induced
map

(4.30) Φb : Pic(M) −→ J(M),

with the following fundamental property:

Proposition 4.5. The map Φb in (4.30) is a group isomorphism.

Proof. It is clear that Φb is a group homomorphism and that it is one-to-one, since
in passing from (4.26) to (4.30) we just divided out the kernel. It remains to show
that Φb is onto in (4.30), or equivalently that Φ is onto in (4.26). The task of
proving this, to which we now turn, is known as the Jacobi inversion problem.

To begin, we use Proposition B.3 to produce g distinct points p1, . . . , pg with the
property that

(4.31) ω ∈ O(κ), ω(pj) = 0 ∀ j ∈ {1, . . . , g} ⇒ ω ≡ 0.

Let Uj be coordinate neighborhoods of pj (diffeomorphic to the disk), let {ζ1, . . . , ζg}
be a basis of O(κ), and say

(4.32) ζj = ϕjk(zk) dzk on Uk.

It follows from (4.32) that the g × g matrix

(4.33)
(
ϕjk(pk)

)
is invertible.

Now define

(4.34) Φ̃ : U1 × · · · × Ug −→ Cg
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by

(4.35)
Φ̃(z1, . . . , zk) = Φ(z1 − p1 + · · ·+ zg − pg)

=
∫ z1

p1

(ζ1, . . . , ζg) + · · ·+
∫ zg

pg

(ζ1, . . . , ζg).

We require the paths from pj to zj lie in Uj , so we actually have a map to Cg rather
then merely to Cg/Λ. Say Φ̃ = (Φ̃1, . . . , Φ̃g). Note that

(4.36)
∂Φ̃j

∂zk
(p1, . . . , pg) = ϕjk(pk).

Thus the inverse function theorem implies

(4.37) Φ̃ maps U1 × · · · × Ug onto a neighborhood O of 0 ∈ J(M) = Cg/Λ.

From here the surjectivity of Φb in (4.30) follows easily. Take z ∈ J(M) = Cg/Λ.
Let z̃ ∈ Cg denote a preimage. Then there exists M ∈ N such that z̃/M ∈ O, given
in (4.37). Thus there exist qj ∈ Uj , j = 1, . . . , g, such that

(4.38) Φ̃(q1, . . . , qg) = M−1z̃,

and hence

(4.39) Φ(M(q1 − p1 + · · ·+ qg − pg)) = z (mod Λ).

The proof of Proposition 4.5 is complete.

Noting that (p1, . . . , pg) in (4.36) is fixed, we have the following corollary. Let
Div+

k (M) denote the set of positive divisors of degree k, i.e., divisors of the form
p1 + · · ·+ pk.

Corollary 4.6. If g ≥ 2,

(4.40) Φ : Div+
g (M) −→ J(M)

is surjective.

The following is a useful complement to Corollary 4.6. For a proof, see [N],
pp. 87–88.

Proposition 4.7. In the setting of Corollary 4.6, there exists an analytic set Y ⊂
Div+

g (M), of dimension < g, such that

(4.41) Φ : Div+
g (M) \ Y −→ J(M) \ Φ(Y ) is bijective.

In fact, Y consists precisely of the class of special divisors (of degree g). Further-
more, given D ∈ Div+

g (M), the rank of Φ at D is equal to

(4.42) g + 1− dimM(−D),

so Y ′ = Φ(Y ) is an analytic set of dimension ≤ g − 2.
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5. Theta functions

For the torus C/Λ where Λ is the lattice generated by 1 and τ (with Im τ > 0),
there is the Jacobi theta function

(5.1) ϑ3(z, τ) =
∑

n∈Z
eπin2τ+2πinz,

discussed in §32 of [T2], whose relation to ℘(z; Λ) arises from the formulas

(5.2)
ϑ3(z + 1, τ) = ϑ3(z, τ),

ϑ3(z + τ, τ) = e−πi(τ+2z)ϑ3(z, τ),

and variants for ϑj(z, τ), j = 1, 2, 4, given in (32.8)–(32.10) of [T2].
More generally, let Λ ⊂ Cg be a lattice, with generators as in (3.20), i.e.,

(5.3)
Λ =

{ 2g∑

j=1

njVj : nj ∈ Z
}

,

Vj = Ej , Vg+j = Bj , 1 ≤ j ≤ g,

where E1, . . . , Eg form the standard basis of Rg and

(5.4) Bj = (Bj1, . . . , Bjg),

with Bjk as in (3.19), or more generally B = (Bjk) ∈ M(g,C) satisfying

(5.5) B = Bt, ImB positive definite.

Then, generalizing (5.1), we have the Riemann theta function

(5.6) ϑ(z) = ϑ(z, B) =
∑

n∈Zg

eπinBnt+2πinzt

.

Here n, z ∈ Cg are row vectors, whose transposes nt, zt are column vectors. The
function ϑ(z, B) is seen to be holomorphic in z ∈ Cg (and in B satisfying (5.5)).
Parallel to (5.2), a computation gives

(5.7)
ϑ(z + Ek) = ϑ(z),

ϑ(z + Bk) = e−πi(Bkk+2zk)ϑ(z).
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Another way of writing this is

(5.8) ϑ(z + m + nB) = e−πi(nBnt+2znt)ϑ(z), m, n ∈ Zg.

Generalizations of the other Jacobi theta functions ϑj(z, τ) are defined as follows.
Pick ε, ε′ ∈ Rg and set

(5.9) ϑε,ε′(z) = ϑε,ε′(z,B) =
∑

n∈Zg

eπi(n+ε/2)B(n+ε/2)t+2πi(n+ε/2)(z+ε′/2)t

.

These functions are holomorphic in z ∈ Cg, and in B satisfying (5.5), and one
computes that

(5.10) ϑε,ε′(z + m + nB) = e−πi(nBnt+2znt−εmt+ε′nt)ϑε,ε′(z),

for m, n ∈ Zg. Note that

(5.11) ε, ε′ ∈ Zg =⇒ e−πi(−εmt+ε′nt) = (−1)εmt−ε′nt

.

When ε, ε′ ∈ Zg, one says ϑε,ε′(z) is a first order theta function with integer char-
acteristic. Another calculation gives

(5.12) ε, ε′, ν, ν′ ∈ Zg =⇒ ϑε+2ν,ε′+2ν′(z) = eπiν′εt

ϑε,ε′(z).

Hence, up to sign, there are 22g distinct first order theta functions with integer
characteristic. Let us also note that

(5.13) ε, ε′ ∈ Zg =⇒ ϑε,ε′(−z) = (−1)ε′εt

ϑε,ε′(z).

When g = 1, a comparison with (5.1) and with (32.8)–(32.10) of [T2] gives (for
B = τ)

(5.14)
ϑ0,0(z) = ϑ3(z), ϑ0,1(z) = ϑ4(z),

ϑ1,0(z) = ϑ2(z), ϑ1,1(z) = −ϑ1(z).

Another family of theta functions is given by

(5.15) θr,s(z) = θr,s(z,B) =
∑

n∈Zg

eπi(n+s/r)B(rn+s)t+2πi(rn+s)zt

,

with

(5.16) r ∈ N, s = (s1, . . . , sg) ∈ Zg, 0 ≤ sj < r.
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These functions are also holomorphic in z ∈ Cg and in B satisfying (5.5). This
time one has

(5.17) θr,s(z + m + nB) = e−πir(nBnt+2znt) θr,s(z), m, n ∈ Zg.

We note that

(5.18) θ1,0(z) = ϑ0,0(z) = ϑ(z),

and

(5.19) ϑε,ε′(z, B) = θ2,ε

(z

2
+

ε′

4
,
B

2

)
,

for ε, ε′ ∈ {0, 1}g.
The identity (5.8) allows us to regard ϑ = ϑ0,0 = θ1,0 as a holomorphic section

of a holomorphic line bundle

(5.20) L −→ Cg/Λ,

with Λ given by (5.3)–(5.5). (Cf. [N], p. 91.) More generally, (5.17) exhibits θr,s as
sections of ⊗rL. It is the case that for each r ∈ N,

(5.21) dimO(⊗rL) = rg,

and a basis is given by θr,s, as s runs over the set described in (5.16); cf. [N], p. 93.
Let us note that

(5.22) a ∈ Cg =⇒ ϑ(z + a)ϑ(z − a) ∈ O(⊗2L),

and more generally

(5.23) aj ∈ Cg, a1 + · · ·+ ak = 0 =⇒ ϑ(z + a1) · · ·ϑ(z + ak) ∈ O(⊗kL).
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6. The theta divisor

By (5.7)–(5.8) it is clear that the zero set of the theta function ϑ in Cg is
invariant under translation by Λ, so it defines an analytic variety in Cg/Λ of complex
dimension g− 1, which we denote Θ. Here we explore what Θ is and how it and its
translates intersect Φ(M), when Cg/Λ = J(M).

It is clear that for most ξ ∈ J(M) the image Φ(M) is not contained in Θξ = Θ+ξ.
For such generic ξ we have a nontrivial element

(6.1) Fξ ∈ O(Lξ), Lξ = Φ∗ξL,

where Lξ → M is the pull-back of L → J(M) by Φξ, with Φξ(p) = Φ(p)− ξ, and

(6.2) Fξ(p) = ϑ(Φ(p)− ξ).

Note that the divisor ϑ(Fξ) of Fξ (on M , identified with its image Φ(M)) is

(6.3) Φ(M) ∩Θξ = ϑ(Fξ),

provided we count the points in Φ(M) ∩ Θξ with multiplicity. The following is a
key result.

Proposition 6.1. If Φ(M) is not a subset of Θξ, then ϑ(Fξ) has degree g.

Proof. To begin, it is useful to examine Fξ on Ω, obtained by slitting M along the
curves aj , bj , 1 ≤ j ≤ g, as indicated in Figure 2. (Arrange that these curves avoid
the zeros of Fξ.) Thus ∂Ω consists of copies of aj , bj and of the reverse curves a′j , b

′
j .

Each point p ∈ aj (resp., q ∈ bj) has two preimages in ∂Ω, which we denote p, p′

(resp., q, q′), as indicated in Figure 3.
Note that we can define Φ as a map from Ω to Cg, by taking a path in Ω in

(3.11), and hence we can define Fξ : Ω → C. Then we have

(6.4)

p ∈ aj =⇒ Φ(p)− Φ(p′) =
∫ p

p′
(ζ1, . . . , ζg) = −

∫

bj

(ζ1, . . . , ζg) = −Bj ,

q ∈ bj =⇒ Φ(q)− Φ(q′) =
∫ q

q′
(ζ1, . . . , ζg) =

∫

aj

(ζ1, . . . , ζg) = Ej ,

and hence

(6.5)
p ∈ aj =⇒ Fξ(p′) = e−πiBjj e−2πi(Φj(p)−ξj) Fξ(p),

q ∈ bj =⇒ Fξ(q′) = Fξ(q).
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Now deg ϑ(Fξ) is equal to the number of zeros of Fξ in Ω, counted with multiplicity,
which in turn is equal to

(6.6)
1

2πi

∫

∂Ω

F ′ξ(z)
Fξ(z)

dz =
1

2πi

g∑

j=1

(∫

aj

+
∫

bj

)
d log

F+
ξ (z)

F−ξ (z)
,

where F+
ξ is Fξ restricted to aj ∪ bj ⊂ ∂Ω and F−ξ is Fξ restricted to a′j ∪ b′j . By

(6.5) we have

(6.7)

z ∈ aj =⇒ F+
ξ (z)

F−ξ (z)
= eπiBjj e2πi(Φj(z)−ξ)

=⇒ d log
F+

ξ (z)

F−ξ (z)
= 2πi dΦj(z),

and

(6.8) z ∈ bj =⇒ F+
ξ (z)

F−ξ (z)
= 1 =⇒ d log

F+
ξ (z)

F−ξ (z)
= 0,

so the right side of (6.6) is equal to

(6.9)
g∑

j=1

∫

aj

dΦj(z) =
g∑

j=1

1 = g.

This completes the proof.

Remark. A result equivalent to Proposition 6.1 is that

(6.10) c1(Lξ) = g,

for each ξ ∈ J(M) such that Φ(M) is not a subset of Θξ, hence, by continuity, for
all ξ ∈ J(M).

Here is a useful complement to Proposition 6.1:

Proposition 6.2. In the setting of Proposition 6.1, we have

(6.11) Φ(ϑ(Fξ)) = ξ − α0,

for some α0 ∈ J(M), independent of ξ.
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Here we are using Φ : Div(M) → J(M), defined by (4.24)–(4.25). Note that the
left side of (6.11) is

∑
Φ(pj(ξ)), where p1(ξ), . . . , pg(ξ) are the zeros of Fξ, counted

with muitiplicity. The proof of Proposition 6.2 starts with

(6.12)
g∑

j=1

Φ(pj(ξ)) =
1

2πi

∫

∂Ω

Φ(z) d log Fξ(z),

and makes use of (6.4)–(6.5). See [N], pp. 98–99, for details.
To state the next result about Θ, we use Wk ⊂ J(M), defined as

(6.13) Wk = Φ(Div+
k (M)), Φ : Div(M) → J(M).

Proposition 6.3. With α0 as in (6.11), we have

(6.14) Θ = Wg−1 + α0.

We refer to [N], pp. 100–101, for a proof. We mention that part of the argument
involves showing:

Lemma 6.4. Suppose D = p1 + · · ·+ pg ∈ Div+
g (M) \ Y , so (4.41) holds, and set

ξ = Φ(D) + α0. Then D is the divisor of Fξ. In particular, the zeros of Fξ are
simple. Consequently, (6.14) is an identity of divisors, not just sets.

We next want to specify α0. To do this, it is helpful to have the following.

Lemma 6.5. The divisor Θ is not invariant under any nonzero translation of
J(M).

For a proof, see [N], pp. 94–95. In light of (6.14) it is equivalent to saying that
Wg−1 is not invariant under any nontrivial translation of J(M). Here is the result
on α0.

Proposition 6.6. With Ψ defined as in (4.17)–(4.18), and κ → M the canonical
line bundle, we have

(6.15) Ψ(κ) = −2α0.

Proof. To start, pick an arbitrary D ∈ Div+
g−1(M). There is a nontrivial u ∈ O(κ)

such that ϑ(u) ≥ D, by the Riemann-Roch theorem (cf. (B.16)). Thus there exists
D′ ∈ Div+

g−1(M) such that ϑ(u) = D + D′, so Ψ(κ) = Φ(D) + Φ(D′). This holds
for arbitrary Φ(D) ∈ Wg−1. It follows that

(6.16) Ψ(κ)−Wg−1 = Wg−1.

Since ϑ(−z) = −ϑ(z), we have

(6.17)

Θ = Wg−1 + α0 = −Wg−1 − α0

= Wg−1 −Ψ(κ)− α0

= Θ−Ψ(κ)− 2α0.

Hence Lemma 6.5 implies Ψ(κ) + 2α0 = 0, giving (6.15).

We next specify when Φ(M) ⊂ Θξ.
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Proposition 6.7. Let ξ ∈ J(M). Then Φ(M) ⊂ Θξ if and only if ξ − α0 = Φ(D)
where D ∈ Div+

g (M) is a special divisor, i.e., if and only if ξ − α0 ∈ Φ(Y ), with Y
as in (4.41).

Proof. To say that Φ(p)−ξ ∈ Θ for each p ∈ M is to say that ξ−Φ(p) ∈ Wg−1 +α0

for each p ∈ M , or equivalently that

(6.18) ξ − α0 = Φ(D) for some D ∈ Div+
g (M) with p ∈ supp(D).

Consequently, if we pick some D0 ∈ Div+
g (M) such that Φ(D0) = ξ − α0, the

condition is that for each p ∈ M there is a divisor D ∈ Div+
g (M) containing p such

that (by Abel’s theorem) D−D0 is the divisor of a meromorphic function. This is
equivalent to the assertion that dim M(−D0) ≥ 2, i.e., to the condition that D0 is
special.

Bringing in Proposition 4.7, we have:

Corollary 6.8. If ξ ∈ J(M) and Φ(M) is not a subset of Θξ, then there is a
unique divisor D ∈ Div+

g (M) such that Φ(D) + α0 = ξ, namely the divisor of Fξ.

Also:

Corollary 6.9. The set

(6.19) Vξ = {ξ ∈ J(M) : Φ(M) ⊂ Θξ} = α0 + Φ(Y )

is an analytic set of complex dimension ≤ g − 2.
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7. Riemann’s factorization theorem

Here we prove Riemann’s result that each u ∈M(M) can be written as a product
of factors of the form

(7.1)
ϑ(Φ(z)− Φ(pk)− ξ)
ϑ(Φ(z)− Φ(qk)− ξ)

,

times an exponential factor exp{∫ z

p0
ζ} for some ζ ∈ O(κ) (reminiscent of Abel’s

theorem), times a constant. Here ξ will be a suitably chosen point in Θ ⊂ J(M).
Namely, we require

(7.2) ξ /∈ Y ′ + α0 − Φ(pk), and ξ /∈ Y ′ + α0 − Φ(qk),

for each k, where Y ′ = Φ(Y ), as in (4.41).
The first order of business is to record sufficient information on the zeros in M

of

(7.3) Fξ,p(z) = ϑ(Φ(z)− Φ(p)− ξ).

If the analogue of (7.2) holds, i.e., Φ(p)+ ξ−α /∈ Y ′, then Fξ,p has exactly g zeros,
p1, . . . , pg, and, by Proposition 4.7, p1 + · · · + pg is the only divisor in Div+

g (M)
satisfying Φ(D) = Φ(p) + ξ − α0. Given that we take ξ ∈ Θ, we have q0

j ∈ M such
that

(7.4) ξ = Φ(q0
1 + · · ·+ q0

g−1) + α0,

by Proposition 6.3. Hence

(7.5)
g∑

j=1

Φ(pj) = Φ(p) +
g−1∑

j=1

Φ(q0
j ).

The uniqueness result mentioned above implies

(7.6) p1 + · · ·+ pg = p + q0
1 + · · ·+ q0

g−1.

We have the following conclusion.

Proposition 7.1. If ξ ∈ Θ and Φ(p)− ξ−α0 /∈ Y ′, then the zeros of Fξ,p in (7.3)
consist of

(7.7) p, q0
1 , . . . , q0

g−1,

where q0
1 , . . . , q0

g−1 depend only on ξ, not on p.

We now state Riemann’s factorization theorem.
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Theorem 7.2. Let u ∈M(M) be nonconstant, with divisor ϑ(u) =
∑m

k=1(pk−qk).
Take ξ ∈ Θ, satisfying (7.2). Then there exist ζ ∈ O(κ) and c ∈ C such that

(7.8) u(z) = c e

∫ z

p0
ζ

m∏

k=1

ϑ(Φ(z)− Φ(pk)− ξ)
ϑ(Φ(z)− Φ(qk)− ξ)

.

Proof. We can write ξ in the form (7.4), i.e., ξ = Φ(D0)+α0, D0 = q0
1 + · · ·+ q0

g−1.
Now slit M along aj , bj , 1 ≤ j ≤ g, obtaining the simply connected domain Ω with
∂Ω = ∪(aj ∪ bj ∪ a′j ∪ b′j), as indicated in Figure 2, and arrange aj , bj to avoid the
points pk, qk, and q0

j . Define

(7.9) F (z) =
m∏

k=1

ϑ(Φ(z)− Φ(pk)− ξ)
ϑ(Φ(z)− Φ(qk)− ξ)

on Ω. Note that

ϑ(F ) =
(∑

pk + mD0

)
−

(∑
qk + mD0

)
=

∑
(pk − qk),

which is the divisor of u.
We now seek ζ ∈ O(κ) so that exp{∫ z

p0
ζ}F (z) = G(z) defines a single valued

function on M . For this, it suffices for the values of G on Ω to match up at
corresponding points p ∈ aj and p′ ∈ a′j , and also at corresponding points q ∈
bj and q′ ∈ b′j . (See Figure 3.) Recall the computations (6.4)–(6.5). For such
corresponding q, q′ as just mentioned, we have Φ(q′) = Φ(q)−Ej , and hence F (q) =
F (q′). Meanwhile, for their counterparts p, p′, we have Φ(p′) = Φ(p)+Bj , and hence

(7.10)

F (p′)
F (p)

=
m∏

k=1

e−2πi(Φj(p)−Φj(pk)−ξj)

e−2πi(Φj(p)−Φj(qk)−ξj)

= e2πi
∑m

k=1
(Φj(pk)−Φj(qk)).

Now by Abel’s theorem (the easy half) we have n, m ∈ Zg such that

(7.11)
m∑

k=1

(Φ(pk)− Φ(qk)) =
g∑

`=1

n`E` +
g∑

`=1

m`B`.

We set

(7.12) ζ = −2πi

g∑

`=1

m`ζ`,
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where ζ1, . . . , ζg is the normalized basis of O(κ) satisfying (3.18), and then we set

(7.13) ϕ(z) =
∫ z

p0

ζ,

with z ∈ Ω. We see that if q ∈ bj and q ∈ b′j are as above then eϕ(q) = eϕ(q′). Also,
if p ∈ aj and p′ ∈ a′j are as above, then

(7.14) eϕ(p′) = eϕ(p) e−2πi
∑

`
m`B`j .

Hence z 7→ eϕ(z)F (z) is single valued on M and defines an element of M(M) with
the same divisor as u. This proves (7.8).
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A. The Riemann-Roch formula

Given a holomorphic line bundle L → M over a compact Riemann surface M
of genus g, it is of great interest to have information about the dimension of the
space O(L) of holomorphic sections of L. The Riemann-Roch formula relates the
dimension of this space and that of O(L−1⊗κ), where κ is the canonical line bundle,
whose local sections over U ⊂ M consist of holomorphic 1-forms on U . The result
is

(A.1) dimO(L)− dimO(L−1 ⊗ κ) = c1(L)− 1
2
c1(κ).

Here c1(L) ∈ Z is the first Chern class of L. In particular,

(A.2) c1(κ) = −χ(M) = 2g − 2.

The original version of the Riemann-Roch formula has an alternative formulation,
stated in (A.7) below. To get it, we bring in Eϑ, the holomorphic line bundle
associated to the divisor

(A.3) ϑ =
∑

njpj

on M . It is constructed to have a natural section u whose divisor is given by
ϑ(u) = −ϑ. Cf. [T1], (9.36)–(9.38). Then if we set

(A.4) M(L, ϑ) = {u ∈M(L) : ϑ(u) ≥ ϑ},

where M(L) denotes the space of meromorphic sections of L, we have

(A.5) M(L, ϑ) ≈ O(L⊗ Eϑ).

Cf. [T1], (9.41). We also have ([T1], (9.39))

(A.6) c1(Eϑ) = −
∑

njpj = −deg ϑ.

Then (A.1), applied to L = Eϑ, yields

(A.7) dimM(ϑ)− dimM(κ,−ϑ) = −deg ϑ + 1− g.

Here M(ϑ) = M(1, ϑ), where 1 denotes the trivial line bundle.
It is useful to know that

(A.8) u ∈M(L) =⇒ deg ϑ(u) = c1(L).
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Cf. [T1], (9.28). In particular, if c1(L) < 0, then deg ϑ(u) < 0, so

(A.9) c1(L) < 0 =⇒ O(L) = 0.

Since c1(L−1 ⊗ κ) = 2g − 2− c1(L), we see from (A.1) that

(A.10) c1(L) > 2g − 2 =⇒ dimO(L) = c1(L)− g + 1.

For c1(L) ≤ 2g − 2, (A.1) yields Riemann’s inequality:

(A.11) dimO(L) ≥ c1(L)− g + 1,

which has content only if also c1(L) ≥ g. Note that

(A.12) c1(L) = 2g − 2 =⇒ dimO(L) ≥ g − 1.

As mentioned, c1(κ) = 2g − 2; in that case, as one sees by taking L = κ in (A.1),

(A.13) L = κ =⇒ dimO(L) = g.

The results given above, which are frequently used in these notes, are proven in
a number of places, including [FK], [N], and [T1].
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B. Special divisors and Weierstrass points

Let M be a compact Riemann surface of genus g. Consider a positive divisor
ϑ = p1+· · ·+pk, and the space of meromorphic functions u with divisor ϑ(u) ≥ −ϑ,

(B.1) M(−p1 − · · · − pk) ≈ O(E−ϑ).

The Riemann-Roch formula gives

(B.2) dimM(−p1 − · · · − pk) = dimO(Eϑ ⊗ κ) + c1(E−ϑ)− 1
2
c1(κ).

Note that

(B.3) c1(E−ϑ) = k, c1(Eϑ ⊗ κ) = 2g − 2− k,

so

(B.4) dimM(−p1 − · · · − pk) ≥ k − g + 1,

and in particular

(B.5) k ≥ g + 1 =⇒ dimM(−p1 − · · · − pk) ≥ 2,

so there is guaranteed to be a nonconstant meromorphic function on M with divisor
≥ −p1−· · ·−pk as long as k ≥ g +1. (Note parenthetically that k > 2g−2 implies
equality in (B.4).)

If k = g and there is such a meromorphic function, we say ϑ is a special divisor.
If this holds for ϑ = gp, we say p is a Weierstrass point, i.e.,

(B.6) p ∈ M is a Weierstrass point ⇐⇒ dimM(−gp) ≥ 2.

Clearly when g = 1 there are no Weierstrass points. It turns out that whenever
g ≥ 2 the set of Weierstrass points is a nonempty, finite set. Clearly if g ≥ 2 and
M is hyperelliptic, so there is a 2-fold holomorphic branched covering ϕ : M → S2,
then each of the 2g +2 branch points of ϕ is a Weierstrass point of M . It turns out
that these are all the Weierstrass points of such M . (See Proposition B.2 below.)
Furthermore, a compact Riemann surface of genus g is hyperelliptic if and only if
it has precisely 2g + 2 Weierstrass points ([FK], p. 95).

Here is a useful characterization of Weierstrass points, and more generally of
special divisors:



32

Proposition B.1. If g ≥ 2, a positive divisor of degree g, ϑ = p1 + · · · + pg is a
special divisor if and only if

(B.7) dimM(κ, ϑ) ≥ 1.

In particular, a point p ∈ M is a Weierstrass point if and only if dimM(κ, gp) ≥ 1,
i.e., if and only if there is a holomorphic 1-form on M , vanishing to order g at p,
but not identically zero.

Proof. Note that M(κ, ϑ) ≈ O(Eϑ ⊗ κ). Using (B.2) we have

(B.8) dimM(−ϑ) = dimO(Eϑ ⊗ κ) + 1,

so the criteria dim M(−ϑ) ≥ 2 and (B.7) are equivalent.

Proposition B.1 can be exploited as follows. Take a basis ζ1, . . . , ζg of O(κ). In
a local coordinate chart, say ζj = uj(z) dz. Form the Wronskian

(B.9) W = det




u1 u′1 · · · u
(g−1)
1

u2 u′2 · · · u
(g−1)
2

...
...

...
ug u′g · · · u

(g−1)
g


 .

Then a point in this coordinate chart is a Weierstrass point if and only if W vanishes
there. Now pasting together various coordinate charts reveals W as a global section
of ⊗Mκ, with M = 1 + 2 + · · ·+ g = g(g + 1)/2:

(B.10) W ∈ O(⊗Mκ), M =
1
2
g(g + 1).

Since we started with a basis, W is not identically zero. Hence

(B.11) ϑ(W ) =
∑

νp(W )p,

where νp(W ) ≥ 0, νp(W ) > 0 if and only if p is a Weierstrass point, and

(B.12)
∑

p

νp(W ) = c1(⊗Mκ) = Mc1(κ) = (g − 1)g(g + 1).

Thus the maximum number of Weierstrass points on M is g3− g. It turns out that
the minimum number is 2g + 2 ([FK], p. 85). This follows from the assertion that
νp(W ) ≤ (1/2)g(g − 1) for each p.

For notational convenience, denote (B.9) by W (u1, . . . , ug). Note that if f is
holomorphic,

(B.12) W (fu1, . . . , fug) = fgW (u1, . . . , ug),
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as can be seen by expanding the entries (fuj)(k) in the analogue to (B.9) via the
Leibniz formula and using the fact that matrices with two identical columns have
determinant zero. With this in mind, we can compute W when M is hyperelliptic
and we take the basis of O(κ) given by (2.11), using local ζ coordinates away from
the branch points. (There is no loss in generality in assuming one of the branch
points lies over ∞ ∈ S2.) We obtain

(B.13) W = q(ζ)−g/2 W (1, ζ, . . . , ζg−1),

which is clearly nonzero away from the branch points. This establishes the adver-
tised result:

Proposition B.2. If M is hyperelliptic (of genus g ≥ 2), its Weierstrass points
are precisely the branch points of the 2-fold branched cover M → S2.

The identity (B.12) implies that most points are not Weierstrass points. Here is a
complementary result, which is useful in the study of the Jacobi inversion problem.

Proposition B.3. If g ≥ 2, there is a set {p1, . . . , pg} of g distinct points of M
such that ϑ = p1 + · · ·+ pg is not special.

Proof. Via Proposition B.1, it suffices to find distinct p1, . . . , pg such that

(B.14) M(κ, p1 + · · ·+ pg) =
g⋂

`=1

M(κ, p`) = 0.

Clearly ∩p∈MM(κ, p) = 0, and (B.2) with k = 1 implies

(B.15) dimM(κ, p) = g − 1 = dimO(κ)− 1, ∀ p ∈ M,

since M(−p) ≈ C for g ≥ 2. (See also (3.5).) Another way to put this is that Vp,
the annihilator of M(κ, p) in O(κ)′, has dimension 1 for each p, and ⊕p Vp = O(κ)′.
We can hence choose p1, . . . , pg such that elements ej ∈ Vpj form a basis of O(κ)′,
and (B.14) is achieved.

Remark. One can avoid use of (B.2) in (B.15) by taking some nontrivial u ∈ O(κ),
setting Ω = {p ∈ M : u(p) 6= 0}, and noting that

dimM(κ, p) = g − 1, ∀ p ∈ Ω,

and that ∩p∈ΩM(κ, p) = 0. This sort of argument yields the following useful result
(cf. [N], p. 70):

Proposition B.3′. Let L → M be a holomorphic line bundle, V ⊂ O(L) a k-
dimensional linear subspace. Then there is a set of k distinct points p1, . . . , pk such
that

u ∈ V, u(p1) = · · · = u(pk) = 0 =⇒ u ≡ 0.

Here is a result complementary to (B.5).
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Proposition B.4. If g ≥ 2, we have

(B.16) k ≤ g − 1 =⇒ dimM(κ, p1 + · · ·+ pk) ≥ g − k.

Proof. Rewrite (B.2) as

(B.17) dimM(κ, p1 + · · ·+ pk) = dimM(−ϑ) + g − 1− k,

and use the fact that M(−ϑ) has dimension ≥ 1, since it contains constants.

This leads to the following counterpoint to Proposition B.3.

Proposition B.5. If g ≥ 2 and p1, . . . , pg−1 ∈ M are given, there exists pg ∈ M
such that p1 + · · ·+ pg is a special divisor.

Proof. By (B.16), there exists a nontrivial u ∈M(κ, p1 + · · ·+ pg−1). Now ϑ(u) is
a positive divisor of degree c1(κ) = 2g − 2 > g − 1, so one can take any point pg

such that p1 + · · ·+ pg−1 + pg ≤ ϑ(u).

Remark. We have defined special divisors ϑ = p1 + · · · + pk only for k = g. In
[ACGH] a divisor of this form, for any k, is called special provided dimO(Eϑ⊗κ) ≥
1. (This does require k ≤ 2g − 2.)
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C. Flat line bundles and the factor exp
∫ z

p0
ζ.

Let ζ = 2πi(c1ζ1 + · · ·+ cgζg) be a holomorphic 1-form on M , where ζj form a
basis of O(κ) satisfying (3.18)–(3.19). We consider

(C.1) A(z) = exp
∫ z

p0

ζ,

which appears as a factor in (4.6) and in (7.8). This is a single valued function on
M̃ , the universal cover of M . We have

(C.2) M̃ −→ M,

with covering group π1(M), which has a natural surjective homomorphism

(C.3) α : π1(M) −→ H1(M,Z),

in which the homotopy classes of ak and of bk are mapped to their corresponding
homology classes. If

(C.4) z′ = π(z), π ∈ π1(M), α(π) =
g∑

k=1

(νkak + µkbk),

then

(C.5)

A(z′) = A(z) exp 2πi

g∑

j=1

g∑

k=1

cj(νkδjk + µkBjk)

= A(z) exp 2πi

g∑

k=1

(νkck + µkdk),

where

(C.6) dk =
g∑

j=1

cjBjk.

This presents A as a holomorphic section of a flat line bundle

(C.7) Lc −→ M,

produced from the principal π1(M)-bundle M̃ → M via the representation Rc of
π1(M) on C given by

(C.8) Rc(π) = e2πi(cνt+cBµt),
∑

(νkak + µkbk) = α(π).
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Here, c, ν, and µ are regarded as row vectors.
The bundle Lc is holomorphically trivial; the section A ∈ O(Lc) provides a

trivialization.
A more general family of flat complex line bundles over M has the form

(C.9) Lc,d −→ M,

produced from the principal π1(M)-bundle M̃ → M via the representation Rc,d of
π1(M) on C given by

(C.10) Rc,d(π) = e2πi(cνt+dµt),
∑

(νkak + µkbk) = α(π),

where c, d ∈ Cg are arbitrary row vectors, uniquely determined modulo Zg.

Proposition C.1. The line bundle Lc,d is holomorphically trivial if and only if
there exist c0, d0 ∈ Zg such that

(C.11) d− d0 = (c− c0)B,

or equivalently, if and only if

(C.12) d− cB ∈ Λ,

where Λ is the lattice in Cg given by (3.9), (3.20).

Proof. One direction follows via the analysis above of (C.1). For the other direction,
suppose A is a non-trivial holomorphic section of Lc,d (necessarily nowhere vanish-
ing since c1(Lc,d) = 0). Then A defines a holomorphic function on M̃ , satisfying
the analogue of (C.5):

(C.13) z′ = πz =⇒ A(z′) = A(z) e2πi(cνt+dµt).

Also A has a logarithm: A(z) = eF (z), F : M̃ → C, holomorphic, so

(C.14) z′ = πz =⇒ F (z′) = F (z) + const(π).

Hence ζ = dF is a well defined holomorphic 1-form on M , and A has the form
(C.1), which gives (C.11)–(C.12).

One way of looking at part of the proofs of Theorem 4.1 and Theorem 7.2 is that

(C.15) exp
∫ z

z0

(τp1q1 + · · ·+ τprqr )

in (4.6) and

(C.16)
m∏

k=1

ϑ(Φ(z)− Φ(pk)− ξ)
ϑ(Φ(z)− Φ(qk)− ξ)

in (7.9) define sections of line bundles over M to which Proposition C.1 applies.
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D. ∂ versus d⊕ δ

As always, M is a compact, connected Riemann surface. We assume M carries a
Riemannian metric, consistent with the complex structure, so in local holomorphic
coordinates it has the form ds2 = A(x, y)(dx2 + dy2). The operator

(D.1) ∂ : C∞(M,C) −→ C∞(M, κ)

is given in local holomorphic coordinates by

(D.2)
∂f =

1
2

(∂f

∂x
+ i

∂f

∂y

)
dz

=
1
2

[(∂u

∂x
− ∂v

∂y

)
+ i

(∂u

∂y
+

∂v

∂x

)]
dz,

where

(D.3) u = Re f, v = Im f.

Compare this with

(D.4) D : C∞(M,R2) −→ C∞(M, Λ1),

given by

(D.5)
D

(
u

v

)
= du + ∗dv

=
(∂u

∂x
− ∂v

∂y

)
dx +

(∂u

∂y
+

∂v

∂x

)
dy,

where ∗ is the Hodge star operator, and we use local holomorphic coordinates.
Related to this comparison is the bundle isomorphism

(D.6) κp ≈ T ∗p , (u + iv) dz ↔ u dx + v dy.

Note that this correspondence intertwines multiplication by i on κp with ∗ on T ∗p .
We also have the isomorphism

(D.7) R2 ≈ C,

(
u

v

)
↔ u + iv.

These bundle isomorphisms intertwine 2∂ and D.
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Going further, we look at

(D.8) d⊕ δ : C∞(M, Λ0 ⊕ Λ2) −→ C∞(M, Λ1),

given by

(D.9) (d⊕ δ)
(

u

β

)
= du + δβ.

In this case we have the bundle isomorphism

(D.10) Λ0 ⊕ Λ2 ≈ R2,

(
u

β

)
↔

(
u

− ∗ β

)
,

which intertwines D with d ⊕ δ, since δ = − ∗ d∗ on 2-forms on the surface M .
Consequently 2∂ and d⊕ δ are intertwined.

Standard Hodge theory implies that d ⊕ δ in (D.8) yields a Fredholm operator
between Sobolov spaces:

(D.11) d⊕ δ : Hs(M, Λ0 ⊕ Λ2) −→ Hs−1(M, Λ1),

for all real s. In all cases the kernel is a 2-dimensional real linear subspace of
C∞(M, Λ0 ⊕ Λ2), independent of s, and the annihilator of the range is a 2g-
dimensional real linear subspace of C∞(M, Λ1), also independent of s, namely
the space of harmonic 1-forms. In view of the intertwining observed above, this
is equivalent to the assertion that

(D.12) ∂ : Hs(M,C) −→ Hs−1(M, κ)

is Fredholm for all real s. In all cases the kernel is a 1-dimensional complex linear
subspace of C∞(M,C), namely constants, and the annihilator of the range is a g-
dimensional complex linear subspace of C∞(M, κ), independent of s, namely O(κ).

One consequence of the reasoning above is the identification dim O(κ) = g,
without using the Riemann-Roch theorem. Here is another useful consequence:

Proposition D.1. Let V be a complex linear subspace of Hs−1(M, κ). If dim
V > g, then there is a nonzero element of V in the range of ∂ in (D.12).

Note that if s < 1/2 we can take elements

(D.13) fj ∈ Hs−1(M, κ), supp fj = {pj}, 1 ≤ j ≤ g + 1,

whose linear span has dimension g+1. We can arrange this for s ∈ [−1/2, 1/2), with
each fj having a δ-function type singularity and all the pj distinct. Alternatively,
we can take s < 1/2 − k and arrange fj to have the singularity of a derivative of
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order kj ≤ k of a delta function, and various pj could coincide. By Proposition
D.1, some nonzero linear combination

(D.14) f = a1f1 + · · ·+ ag+1fg+1

belongs to the range of ∂:

(D.15) ∂u = f, for some u ∈ Hs(M,C).

Note that such u is meromorphic on M , with poles at pj , of order kj . This gives
an alternative proof of (B.5) (once we throw in the constants).

Let us expand a little more on the isomorphism

(D.16) γ : H1(M) −→ O(κ),

where H1(M) is the 2g-dimensional real linear space of harmonic 1-forms on M ,
given the structure of a g-dimensional complex vector space by ∗. Namely, given a
(real) harmonic 1-form α on M , set

(D.17) γ(α) = α + i ∗ α.

Note that in a local holomorphic coordinate system we have

(D.18) α = u dx + v dy =⇒ γ(α) = (u− iv) dz,

with dz = dx + i dy. Note that

(D.19) γ(∗α) = ∗α− iα = −iγ(α).

The condition that α be harmonic is that dα = 0 and d ∗ α = 0, i.e.,

(D.20)
∂u

∂y
=

∂v

∂x
,

∂u

∂x
= −∂v

∂y
,

which is the condition that u− iv be holomorphic.
Let us also look at a consequence of the fact that ∗ : H1(M) → H1(M) satisfies

∗∗ = −I and is an isometry for the L2 inner product, given for 1-forms by (α, β) =∫
M

α ∧ ∗β. It follows that there is an orthonormal basis

(D.21) αj , βj 1 ≤ j ≤ g

of H1(M) such that

(D.22) ∗αj = βj , ∗βj = −αj .

Consequently,

(D.23)

(αj , αk) =
∫

αj ∧ βk = δjk,

(βj , βk) =
∫

αk ∧ βj = δjk,

(αj , βk) =
∫

αk ∧ αj =
∫

βk ∧ βj = 0.

In such a case,

(D.24) γ(αj) = αj + iβj , γ(βj) = −iγ(αj).
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E. Basic results on H1(M,R)

We discuss some basic results on the deRham cohomology group H1(M,R),
isomorphic via Hodge theory to H1(M), the space of harmonic 1-forms on M . As
stated before, this is a vector space of real dimension 2g, if M has genus g. Our goal
here is to make this argument, given that M is diffeomorphic to a g-holed torus.

A g-holed torus is depicted in Figure 4. There are closed curves ãk and b̃k, which,
it is useful to know, generate the fundamental group π1(M). For each k ∈ {1, . . . , g}
there is a smooth map

(E.1) Fk : M −→ T2 = S1 × S1,

taking ãk to ã and b̃k to b̃, and collapsing the other holes. Now T2 = S1×S1, with
coordinates (θ1, θ2) mod 2πZ, has closed 1-forms α = dθ1, β = dθ2, such that

(E.2)
∫

ã

α =
∫

b̃

β = 1,

∫

ã

β =
∫

b̃

α = 0.

Now if we set

(E.3) αk = F ∗k α, βk = F ∗k β,

we have

(E.4)
∫

ãk

αj =
∫

b̃k

βj = δjk,

∫

ãk

βj =
∫

b̃k

αj = 0.

Consequently

(E.5) {αk, βk : 1 ≤ k ≤ g}
are closed 1-forms whose images in H1(M,R) are linearly independent, since a
linear combination that is exact must integrate to 0 over each curve ãk and b̃k.

In fact, we have the following.

Proposition E.1. The images of (E.5) in H1(M,R) form a basis of this deRham
cohomology group.

For the proof, it remains to show that if ϕ is a closed 1-form, then ϕ is cohomol-
ogous to c1α1 + · · ·+ cgαg + d1β1 + · · ·+ dgβg, where

(E.6)
∫

α̃k

ϕ = ck,

∫

b̃k

ϕ = dk.

This is an immediate consequence of the following lemma, applied to ψ = ϕ −
(c1α1 + · · ·+ dgβg).
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Lemma E.2. If ψ is a closed 1-form on M such that

(E.7)
∫

ãk

ψ =
∫

b̃k

ψ = 0, ∀ k,

then ψ is exact.

Proof. Fix a base point p0 ∈ M and consider

(E.8) u(z) =
∫ z

p0

ψ.

If we show that u is single valued on M , we have ψ = du. To show u is single
valued, it suffices to show that

(E.9)
∫

γ

ψ = 0,

for each piecewise smooth closed curve γ on M . The topological fact that gives this
is that {ãk, b̃k : 1 ≤ k ≤ g} generates π1(M), so (E.9) follows from (E.7).
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F. Uniformization when g = 0 or 1

Here we discuss some proofs of the following results.

Proposition F.1. If M is a Riemann surface homeomorphic to S2, then M is
conformally diffeomorphic to S2, with its standard complex structure.

Proposition F.2. If M is a Riemann surface homeomorphic to a torus, then there
exists a lattice Λ ⊂ C such that M is conformally diffeomorphic to C/Λ.

These results can be proven using the Riemann-Roch formula. For Proposition
F.1, note that, given p ∈ M ,

(F.1) g = 0 =⇒ dimM(−p) ≥ 2,

so M has a nonconstant meromorphic function f with a simple pole at p. Such f
produces a map f : M → C ∪ {∞} ≈ S2, which is easily seen to be a conformal
diffeomorphism.

For Proposition F.2, note that

(F.2) g = 1 =⇒ dimO(κ) = 1, c1(κ) = 0,

so there exists a nonzero ζ ∈ O(κ), and it is nowhere vanishing. Then
∫ z

p
ζ provides

a holomorphic covering map M → C/Λ′, hence a conformal diffeomorphism M →
C/Λ (actually Λ = Λ′).

We now discuss alternative proofs of Propositions F.1–F.2, not using the Riemann-
Roch theorem, but rather some basic PDE.

To start with Proposition F.1, following an argument presented in [MT], we pick
a Riemannian metric on M , compatible with its conformal structure. Then pick
p ∈ M , and pick g ∈ D′(M), supported at p, given in local coordinates as a first-
order derivative of δp (plus perhaps a multiple of δp), such that 〈1, g〉 = 0. Hence
there exists a solution u ∈ D′(M) to

(F.3) ∆u = g.

Then u ∈ C∞(M \ p) and u is harmonic on M \ p and has a dist(x, p)−1 type
singularity. Now if M is homeomorphic to S2, then M \ p is simply connected, so
u has a single-valued harmonic conjugate on M \ p, given by v(x) =

∫ x

q
∗du, where

we pick q ∈ M \ p. We see that v also has a dist(x, p)−1 type singularity. Then
f = u + iv is holomorphic on M \ p and has a simple pole at p, so as argued above
f provides a conformal diffeomorphism of M with the standard Riemann sphere.

Moving on to Proposition F.2, again we put a compatible Riemannian metric g
on M . We claim there exists u ∈ C∞(M) such that g′ = e2ug is a flat Riemannian
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metric, i.e., has Gauss curvature zero. Given this, it is an elementary geometric fact
that (M, g′) is isometric to R2/Λ for some lattice Λ, and Proposition F.2 follows.
To get such u, we use the fact that if g has Gauss curvature k ∈ C∞(M), then g′

has Gauss curvature

(F.4) K = (−∆u + k)e−2u.

Cf. [T], Appendix C, (3.46). To achieve K ≡ 0, we must solve

(F.5) ∆u = k on (M, g).

This has a smooth solution as long as
∫

M
k dSg = 0. Now the Gauss-Bonnet

theorem gives

(F.6)
∫

M

k dSg = 2πχ(M) = 0,

so (F.5) is solvable and hence such a proof of Proposition F.2 works.

We mention the rest of the Uniformization Theorem for compact Riemann Sur-
faces:

Proposition F.3. If M is a compact Riemann surface of genus g ≥ 2, then M has
a compatible metric tensor g′ with Gauss curvature K ≡ −1. Hence M is covered
by the Poincaré disk.

To prove this, one can start with some compatible metric tensor g and seek
g′ = e2ug so that (F.4) holds with K ≡ −1, i.e., so that u solves

(F.7) ∆u = k + e−2u.

A proof of such solvability, due to M. Berger, is presented in [T], Chapter 14, §2.

Remark. Different PDE proofs of Propositions F.1–F.3 can be found in [J].

Remark. For a different proof of Proposition F.1 (observed in [Don], pp. 112–114),
note that if M is a compact Riemann surface of genus g, then, by the analysis of
(D.12) leading to Proposition D.1 (see also (I.3)–(I.4) below),

(F.8) ∂ : D′(M) −→ D′(M, κ)

has range of codimension g. Hence, if g = 0, ∂ is surjective. Thus we can solve

(F.9) ∂f = δp,

where δp is a delta function on M (adjusted to be a section of κ), to get the desired
meromorphic function on M with one simple pole.
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G. Embeddings into complex projective spaces

If L → M is a holomorphic line bundle over a compact Riemann surface M and
if dimO(L) = k ≥ 2, then, under a condition to be specified below, we can define
a holomorphic map

(G.1) ϕL : M −→ CPk−1,

as follows. Pick a basis u1, . . . , uk of O(L). Then

(G.2) z 7→ [u1(z), . . . , uk(z)]

defines (G.1). In more detail, if U ⊂ M is an open set on which there is a nonvan-
ishing holomorphic section v of L, we can define

(G.3) ϕL : U −→ CPk−1, ϕL(z) =
[u1(z)

v(z)
, . . . ,

uk(z)
v(z)

]
,

where, for z ∈ U , uj(z)/v(z) ∈ C, and the right side is the class in CPk−1 of
(u1(z)/v(z), . . . , uk(z)/v(z)) ∈ Ck. For this to be well defined, we need the following
condition on L:

(G.4) For each p ∈ M, there exists u ∈ O(L) such that u(p) 6= 0.

Then for each z ∈ U, (u1(z)/v(z), . . . , uk(z)/v(z)) ∈ Ck \0, so (G.3) is well defined.
It follows easily that (G.3) is independent of the choice of the nonvanishing section
v of L over U . Hence, for open Uj to which (G.3) applies, the maps coincide on
U1∩U2, so (G.1) is a well defined holomorphic map. The following is easy to verify.

Proposition G.1. Assume dim O(L) = k ≥ 2 and (G.4) holds. Then ϕL in (G.1)
is one-to-one if and only if the following holds:

(G.5) Given p, q ∈ M, p 6= q, there exist u ∈ O(L) such that u(p) = 0, u(q) 6= 0.

The map ϕL has injective derivative if and only if the following holds:
(G.6)
Given p ∈ M, there exists u ∈ O(L) such that u vanishes to just first order at p.

If both (G.5) and (G.6) hold, ϕL : M → CPk−1 is an embedding.

Remark. Given a different choice of basis ũ1, . . . , ũk of O(L), one gets a map
that agrees with (G.1) up to a holomorphic diffeomorphism CPk−1 → CPk−1. As
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a related matter, we can give a version of ϕL that avoids picking a basis of O(L),
as follows. If V is a complex vector space, let CP(V ) denote the manifold of one-
dimensional complex subspaces of V , so CP(Ck) = CPk−1. Assume (G.4) holds.
Then, for each p ∈ M ,

Lp = {u ∈ O(L) : u(p) = 0} ⊂ O(L)

is a codimension 1 linear subspace, whose annihilator

L⊥p ⊂ O(L)′

is a one-dimensional linear subspace. We have

ϕL : M −→ CP(O(L)′), ϕL(p) = L⊥p .

Let us specialize to the case L = κ, the canonical bundle, for which dimO(κ) = g.
That (G.4) holds whenever g ≥ 2 follows from Proposition 3.1. Hence, whenever
M has genus g ≥ 2, we have

(G.7) ϕκ : M −→ CPg−1,

called the canonical map. In case g = 2, we have ϕκ : M → CP1 ≈ S1. This is a
branched cover, but obviously not an embedding. For g ≥ 3, we have the following.

Proposition G.2. If M is not hyperelliptic, the canonical map ϕκ : M → CPg−1

is an embedding.

In light of Proposition G.1, to prove Proposition G.2 we need only establish the
following.

Proposition G.3. Assume M is not hyperelliptic. Then the following hold.
(a) Given p, q ∈ M, p 6= q, there exist u ∈ O(κ) such that u(p) = 0, u(q) 6= 0.
(b) Given p ∈ M , there exists u ∈ O(κ) with a simple zero at p.

Proof. The proof is somewhat parallel to that of Proposition 3.1. As there, we
consider

(G.8) M(κ, p) = {u ∈ O(κ) : u(p) = 0} ≈ O(κ⊗ Ep).

Now we also consider

(G.9) M(κ, p, q) = {u ∈ O(κ) : u(p) = u(q) = 0} ≈ O(κ⊗ Ep+q).

The content of (a) is that

(G.10) dimM(κ, p) > dimM(κ, p, q),
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provided M is not hyperelliptic. As seen in (3.5),

(G.11) g ≥ 1 =⇒ dimM(κ, p) = g − 1.

Meanwhile, the Riemann-Roch formula gives

(G.12) dimO(κ⊗ Ep+q)− dimO(κ−1 ⊗ E−1
p+q ⊗ κ) = c1(κ⊗ Ep+q)− 1

2
c1(κ).

Supplementing (3.3), we have

(G.13) c1(Ep+q) = −2, c1(κ⊗ Ep+q) = c1(κ) + c1(Ep+q).

Also O(κ−1 ⊗ E−1
p+q ⊗ κ) ≈ O(E−1

p+q) = M(−p− q). Thus we have

(G.14) dimM(κ, p, q) = dimM(−p− q) + g − 3,

and this equals (G.11) if and only if

(G.15) dimM(−p− q) = 2.

As noted in (2.24), if there exist p, q ∈ M such that (G.15) holds, then M must be
hyperelliptic. This proves the first part of Proposition G.3.

For the second part of Proposition G.3, we consider

(G.16) M(κ, 2p) = {u ∈ O(κ) : u has a double zero at p} ≈ O(κ⊗ E2p),

and note that the content of (b) is that, for each p ∈ M ,

(G.17) dimM(κ, p) > dimM(κ, 2p),

provided M is not hyperelliptic. This is established by the same sort of arguments
used above to establish (G.11).

Similar arguments involving the Riemann-Roch formula can be used to prove
the following.

Proposition G.4. If L → M is a holomorphic line bundle such that c1(L) > 2g,
then the map ϕL in (G.1) is well defined and is an embedding.

Remark. In such a case, (A.10) implies dim O(L) = c1(L)− g + 1 > g + 1.

We turn attention to the case where M is hyperelliptic and see how Proposition
G.3 fails. Such M yields a 2-fold branched covering ϕ : M → S2. If p ∈ M is
not a branch point, pick q 6= p such that ϕ(p) = ϕ(q). Then dim M(−p − q) ≥ 2,
and hence by (G.11) and (G.14) dimM(κ, p) = dimM(κ, p, q), so ϕκ(p) = ϕκ(q).
On the other hand, if ϕ(p) 6= ϕ(q), then any f ∈ M(−p− q) must be constant, so
dimM(−p−q) = 1 and the arguments in Proposition G.3 show that ϕκ(p) 6= ϕκ(q).
The conclusion is:
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Proposition G.5. If M is hyperelliptic, then ϕκ maps M as a 2-to-1 branched
cover of its image in CPg−1.

Let’s next look at

(G.18) ϕκ2 : M −→ CP3g−4,

where κ2 = κ⊗ κ. Note that

(G.19) c1(κ2) = 4g − 4,

and O(κ−2 ⊗ κ) = 0 for g ≥ 2, so, by (A.1)

(G.20) g ≥ 2 =⇒ dimO(κ2) = 3g − 3.

From Proposition G.4 we have:

Proposition G.6. The map ϕκ2 in (G.18) is an embedding as long as g ≥ 3,
whether or not M is hyperelliptic.

When g = 2, (G.19) gives c1(κ2) = 4 = 2g, and Proposition G.4 does not apply.
In fact, the following holds.

Proposition G.7. If M has genus 2, ϕκ2 : M → CP2 is a 2-to-1 branched covering
of its image.

Proof. We check whether (G.5) and (G.6) hold, for L = κ2, g = 2. Parallel to the
proof of Proposition G.3, this amounts to checking whether

(G.21) dimM(κ2, p) > dimM(κ2, p, q)

and

(G.22) dimM(κ2, p) > dimM(κ2, 2p),

where

(G.23) M(κ2, p) ≈ O(κ2 ⊗ Ep), M(κ2, p, q) ≈ O(κ2 ⊗ Ep+q).

The Riemann-Roch theorem gives

(G.24) dimO(κ2 ⊗ Ep) = c1(κ2 ⊗ Ep)− 1
2
c1(κ),

and

(G.25) dimO(κ2 ⊗ Ep+q) = dimO(κ−1 ⊗ E−p−q) + c1(κ2 ⊗ Ep+q)− 1
2
c1(κ),
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hence

(G.26) dimO(κ2 ⊗ Ep)− dimO(κ2 ⊗ Ep+q) = 1− dimO(κ−1 ⊗ E−p−q).

Given that g = 2, we have c1(κ2 ⊗ E−p−q) = 0, and

(G.27)
1− dimO(κ2 ⊗ E−p−q) = 0 if κ ≈ E−p−q

1 if κ not ≈ E−p−q.

Furthermore, when g = 2,

(G.28) κ ≈ E−p−q ⇐⇒M(κ, p, q) 6= 0.

Constructions of holomorphic 1-forms made in §1 and in §H readily show that when
g = 2 and ϕ : M → S2 is a 2-to-1 branched covering, if p 6= q ∈ M have the same
image under ϕ, there is a nonzero u ∈ O(κ) vanishing at p and q. Consequently

(G.29)
p 6= q ∈ M, ϕ(p) = ϕ(q) =⇒ dimM(κ2, p) = dimM(κ2, p, q)

=⇒ ϕκ2(p) = ϕκ2(q),

and Proposition G.7 is proven.

Note that

(G.30) g = 2 =⇒ c1(κ3) = 6g − 6 = 6, and dimO(κ3) = 5g − 5 = 5,

and, by Proposition G.4,

(G.31) ϕκ3 : M −→ CP4

is an embedding. A basis is O(κ3) is described in §H. This follows a description of
a basis of O(κ2), which leads to an alternative proof of Proposition G.7.
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H. The canonical ring of a genus 2 surface

Let M be a compact Riemann surface of genus 2. Thus M is hyperelliptic, and
there exists a 2-to-1 holomorphic branched cover

(H.1) ϕ : M −→ S2 = C ∪ {∞},
branching over six points aj ∈ S2, 1 ≤ j ≤ 6. We can assume that ∞ /∈ {aj} and
0 /∈ {aj}.

Denote by κ the canonical bundle over M and by O(κ) the space of its holomor-
phic sections, i.e., the holomorphic 1-forms on M . In this case, dim O(κ) = 2 and
a basis of O(κ) is given by

(H.2) ω1 = ϕ∗
dz√
q(z)

=
dϕ√
q(ϕ)

, ω2 = ϕω1,

where

(H.3) q(z) =
6∏

j=1

(z − aj).

We desire to produce bases of each space O(κn), n = 2, 3, . . . . By the Riemann-
Roch formula,

(H.4) dimO(κn) = c1(κn)− 1
2
c1(κ) = 2n− 1,

when the genus g = 2. Here is a first result.

Lemma H.1. A basis of O(κ2) is

(H.5) ω2
1 , ω1ω2, ω

2
2 .

Proof. The form ω1 has exactly two simple zeros, at ϕ−1(∞); similarly ω2 has
exactly two simple zeros, at ϕ−1(0). From this it is clear that the set (H.5) is
linearly independent. Since dimO(κ2) = 3, the result follows.

Note that

(H.6) dimO(κ3) = 5.

To form a basis of O(κ3), we take

(H.7) ω3
1 , ω2

1ω2, ω1ω
2
2 , ω3

2 ,

and add a fifth element:

(H.8) W = ω2
1 dϕ.

This is the “Wronskian” of ω1 and ω2. (Cf. (B.9).) The double zeros of ω2
1 cancel

the double poles of dϕ, and W is holomorphic, with zeros at the Weierstrass points
of M .
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Lemma H.2. A basis of O(κ3) consists of (H.7)–(H.8).

Proof. Given (H.6), it suffices to show that (H.7)–(H.8) is a linearly independent
set. Suppose

(H.9)
3∑

j=0

bjω
j
2ω

3−j
1 + cW = 0.

We use the identities

(H.10) ω2 = ϕω1, ω1 =
dϕ√
q(ϕ)

, W = ω2
1 dϕ =

√
q(ϕ)ω3

1

to deduce from (H.9) that

(H.11)
3∑

j=0

bjϕ
jω3

1 + c
√

q(ϕ)ω3
1 = 0,

hence

(H.12)
3∑

j=0

bjϕ
j + c

√
q(ϕ) = 0,

which forces b0 = · · · = b3 = c = 0.

The following is a natural extension.

Proposition H.3. For n ≥ 3, a basis of O(κn) consists of

(H.13) ωj
2ω

n−j
1 , 0 ≤ j ≤ n, and ωk

2ωn−3−k
1 W, 0 ≤ k ≤ n− 3.

Proof. Given (H.4), it remains to show that the holomorphic sections of κn listed
in (H.13) are linearly independent. Suppose

(H.14)
n∑

j=0

bjω
j
2ω

n−j
1 +

n−3∑

k=0

ckωk
2ωn−3−k

1 W = 0.

Using (H.10) again, we obtain

(H.15)
k∑

j=0

bjϕ
jωn

1 +
n−3∑

k=0

ckϕk
√

q(ϕ)ωn
1 = 0,
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hence

(H.16)
n∑

j=0

bjϕ
j +

n−3∑

k=0

ckϕk
√

q(ϕ) = 0,

which forces b0 = · · · = bn = c0 = · · · = cn−3 = 0.

Note that

(H.17) W 2 = q(ϕ)ω6
1 = q̃(ω2, ω1),

where

(H.18) q̃(z, w) =
6∏

j=1

(z − ajw) = q(z/w)w6.

We deduce that the canonical ring

(H.19)
⊕

n≥0

O(κn)

is isomorphic to

(H.20) C[ω1, ω2,W ]/(W 2 − q̃(ω2, ω1)),

when M has genus 2.
For results on the canonical ring when M is not hyperelliptic, see [ACGH],

Chapter 3, §3.
We relate basic constructions done above to results on maps of M into complex

projective spaces discussed in §G. We continue to assume M has genus 2. From
(H.2) we see that

(H.21) ϕκ = ϕ : M −→ CP1,

where ϕ is the 2-to-1 branched covering in (H.1). From Lemma H.1 we see that

(H.22) ϕκ2 = V ◦ ϕκ,

where

(H.23) V : CP1 −→ CP2

is the embedding given in homogeneous coordinates by

(H.24) [u, v] = [u2, uv, v2].
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This observation gives another proof of Proposition G.7. From Lemma H.2 we see
that

(H.25) ϕκ3 : M −→ CP4

is given by

(H.26) ϕκ3(p) = [1, ϕ(p), ϕ(p)2, ϕ(p)3,
√

q(ϕ(p))],

away from ϕ−1(∞), and by

(H.27) ϕκ3(p) =
[
ϕ(p)−3, ϕ(p)−2, ϕ(p)−1, 1, ϕ(p)−3

√
q(ϕ(p))

]
,

near ϕ−1(∞), extended by continuity to ϕ−1(∞). Two points p1 6= p2 with the
same image under ϕ (and hence under ϕκ and ϕκ2) have different images under
ϕκ3 , because

(H.28)
√

q(ϕ(p1)) = −
√

q(ϕ(p2)),

and q(ϕ(pj)) 6= 0. If p1 6= p2 ∈ ϕ−1(∞),

(H.29) {ϕκ3(pj) : j = 1, 2} = {[0, 0, 0, 1, ε] : ε = ±1}.

Note also that ϕκ3 descends to an embedding

(H.30) ψ : M −→ CP2,

given by

(H.31) ψ(p) = [1, ϕ(p),
√

q(ϕ(p))],

away from ϕ−1(∞), and

(H.32) ψ(p) =
[
ϕ(p)−3, ϕ(p)−2, ϕ(p)−3

√
q(ϕ(p))

]
,

near ϕ−1(∞), again extended by continuity to ϕ−1(∞).
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I. Holomorphic vector bundles and Riemann-Roch

Let E → M be a holomorphic vector bundle over a compact Riemann surface
M . The Riemann-Roch formula in this situation is

(I.1) dimO(E)− dimO(E′ ⊗ κ) = c1(E)− rank E

2
c1(κ).

Here E′ is the dual bundle to E, rank E is the complex fiber dimension of E, and,
as before, c1(κ) = −χ(M) = 2g − 2. Also,

(I.2) c1(E) = c1(det E), det E = ΛkE, k = rank E.

This can be deduced from the Atiyah-Singer index theorem in the same way (A.1)
is established in [T1]. To begin, one has

(I.3) ∂E : C∞(M, E) −→ C∞(M,E ⊗ κ),

with adjoint

(I.4) ∂
t

E : C∞(M, E′ ⊗ κ) −→ C∞(M, E ⊗ κ⊗ κ);

a Hermitian metric on the complex tangent space of M gives rise to a trivialization
of κ⊗ κ and a duality of L2(M,E ⊗ κ) with L2(M,E′ ⊗ κ). Hence the left side of
(I.1) is equal to the index of ∂E . As in (9.14)–(9.15) of [T1], we have

(I.5) Index ∂E =
〈
e−c1(κ)/2 Ch(E)Â(M), [M ]

〉
,

and, as there, Â(M) = 1 since M has real dimension 2. Furthermore, as in (6.36)
of [T1],

(I.6) Ch(E) = Tr e−Φ/2πi,

where Φ is the End(E)-valued curvature 2-form of a connection on E. Hence

(I.7) e−c1(κ)/2 Ch(E) = c1(E)− k

2
c1(κ),

where k = rank E, and we have (I.1).
In [HSW] there is a different proof of (I.1). This work starts with the Riemann-

Roch theorem for line bundles, proven a la Serre (as presented in [Gun]), and then
proves (I.1) by induction on the rank of E. To do this, the following is brought in.
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Lemma I.1. If E → M is a holomorphic vector bundle over a compact Riemann
surface, then E has a holomorphic line subbundle L.

From there the work applies homological algebra to the sequence

(I.8) 0 −→ O(L) −→ O(E) −→ O(E/L) −→ 0,

which is exact on the level of sheaves, plus the fact that

(I.9) dimO(E′ ⊗ κ) = dim H1(M,O(E)),

which follows from Serre duality.
We sketch a proof of Lemma I.1, similar to that of [HSW], except we take as

already known the identity (I.1), which implies

(I.10) dimO(E) ≥ c1(E)− k(g − 1).

For a line bundle L → M to be isomorphic to a subbundle of E, it is necessary and
sufficient for there to be a nowhere vanishing holomorphic section of L′ ⊗ E. Now
(I.10), with E replaced by L′ ⊗ E, implies

(I.11) dimO(L′ ⊗ E) ≥ c1(L′) + c1(E)− k(g − 1),

so

(I.12) c1(L′) ≥ 1− c1(E) + k(g − 1) =⇒ dimO(L′ ⊗ E) ≥ 1.

As noted in (A.3)–(A.6), the bundle Eϑ of a divisor ϑ satisfies

(I.13) c1(Eϑ) = −deg ϑ.

Sp we can pick p ∈ M and take

(I.14) L0 = Emp, m ≥ 1− c1(E) + k(g − 1),

and then c1(L′0) = m, so

(I.15) dimO(L′0 ⊗ E) ≥ 1.

Take a section u ∈ O(L′0 ⊗ E), not identically zero. If u is nowhere vanishing, we
are done, with L = L0. If not, u has a finite number of zeros, say

(I.16) ϑ(u) =
∑

njpj = ϑu.

The bundle Eϑu has a natural meromorphic section v with divisor −θu, and then
v ⊗ u is a nowhere vanishing holomorphic section of L′ ⊗ E, where

(I.17) L′ = Eϑu ⊗ L′0, i.e., L = E−ϑu ⊗ L0.

This finishes the proof of Lemma I.1.



55

J. Stable vector vector bundles

Let E → M be a holomorphic vector bundle over a compact Riemann surface
M . The identity I is a holomorphic section of End E. For a class of bundles called
stable, the only holomorphic sections of EndE are constant multiples of I, so

(J.1) E stable =⇒ dimO(EndE) = 1.

We can apply (I.1) with E replaced by

(J.2) End E = E′ ⊗ E.

Note that this bundle is isomorphic to its dual, and

(J.3) c1(End E) = 0,

so (I.1) gives

(J.4) dimO(End E)− dimO(κ⊗ EndE) = k2(1− g),

with k = rank E. Consequently, by (J.1),

(J.5) E stable =⇒ dimO(κ⊗ End E) = 1 + k2(g − 1).

Given a holomorphic section A ∈ O(κ ⊗ End E), one can form the characteristic
polynomial

(J.6) det(λI −A) = λk + α1λ
k−1 + · · ·+ αk, αj ∈ O(κj).

Thus we can regard

(J.7) det(λI −A) ∈ O(κ⊕ · · · ⊕ κk).

It follows from (A.2) and (A.10)–(A.13) that

(J.8) dimO(κ) = g, (cf. also (D.16))

and

(J.9) g > 1, j > 1 =⇒ dimO(κj) = (2j − 1)(g − 1).

Hence, when g > 1,

(J.10) dim(κ⊕ · · · ⊕ κk) = g +
k∑

j=2

(2j − 1)(g − 1) = 1 + k2(g − 1),
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which is equal to the dimension in (J.5).
As an alternative to (J.7), one can consider

(J.11) det(αI −A) ∈ O(κk), given α ∈ O(κ).

One also looks at the spectral curve of A ∈ O(κ⊗ End E), which consists of points
α in the total space κ → M on which

(J.12) det(αI −A) = 0.

I’m not sure why, but this seems to connect to the area of integrable systems.
Note that we can take any holomorphic line bundle L → M and consider

(J.13) α ∈ O(L), A ∈ O(L⊗ EndE), det(αI −A) ∈ O(Lk).

The special relevance of (J.11) seems to be connected to the fact that O(κ⊗End E)
is naturally isomorphic to the cotangent space at E of the moduli space M of stable
rank k holomorphic vector bundles over M (assuming E is stable).
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