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Connections and Curvature

Introduction

In this appendix we present results in differential geometry that serve as a
useful background for material in the main body of the book. Material in
§1 on connections is somewhat parallel to the study of the natural connec-
tion on a Riemannian manifold made in §11 of Chapter 1, but here we also
study the curvature of a connection. Material in §2 on second covariant
derivatives is connected with material in Chapter 2 on the Laplace operator.
Ideas developed in §§3 and 4, on the curvature of Riemannian manifolds
and submanifolds, make contact with such material as the existence of com-
plex structures on two-dimensional Riemannian manifolds, established in
Chapter 5, and the uniformization theorem for compact Riemann surfaces
and other problems involving nonlinear, elliptic PDE, arising from studies
of curvature, treated in Chapter 14. Section 5 on the Gauss-Bonnet theo-
rem is useful both for estimates related to the proof of the uniformization
theorem and for applications to the Riemann-Roch theorem in Chapter 10.
Furthermore, it serves as a transition to more advanced material presented
in §§6–8.

In §6 we discuss how constructions involving vector bundles can be de-
rived from constructions on a principal bundle. In the case of ordinary
vector fields, tensor fields, and differential forms, one can largely avoid this,
but it is a very convenient tool for understanding spinors. The principal
bundle picture is used to construct characteristic classes in §7. The mate-
rial in these two sections is needed in Chapter 10, on the index theory for
elliptic operators of Dirac type. In §8 we show how one particular charac-
teristic class, arising from the Pfaffian, figures into the higher-dimensional
version of the Gauss-Bonnet formula. The proof given here is geometrical
and uses the elements of Morse theory. In Chapter 10 this result is derived
as a special case of the Atiyah-Singer index formula.
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1. Covariant derivatives and curvature on general vector
bundles

Let E → M be a vector bundle, either real or complex. A covariant

derivative, or connection, on E is a map

(1.1) ∇X : C∞(M,E) −→ C∞(M,E)

assigned to each vector field X on M , satisfying the following three condi-
tions:

∇X(u + v) = ∇Xu + ∇Xv,(1.2)

∇(fX+Y )u = f∇Xu + ∇Y u,(1.3)

∇X(fu) = f∇Xu + (Xf)u,(1.4)

where u, v are sections of E, and f is a smooth scalar function. The ex-
amples contained in Chapters 1 and 2 are the Levi-Civita connection on a
Riemannian manifold, in which case E is the tangent bundle, and associ-
ated connections on tensor bundles, discussed in §2.2.

One general construction of connections is the following. Let F be a
vector space, with an inner product; we have the trivial bundle M × F .
Let E be a subbundle of this trivial bundle; for each x ∈ M , let Px be
the orthogonal projection of F on Ex ⊂ F . Any u ∈ C∞(M,E) can be
regarded as a function from M to F , and for a vector field X, we can apply
X componentwise to any function on M with values in F ; call this action
u 7→ DXu. Then a connection on M is given by

(1.5) ∇Xu(x) = PxDXu(x).

If M is imbedded in a Euclidean space R
N , then TxM is naturally iden-

tified with a linear subspace of R
N for each x ∈ M . In this case it is easy to

verify that the connection defined by (1.5) coincides with the Levi-Civita
connection, where M is given the metric induced from its imbedding in
R

N . Compare with the discussion of submanifolds in §4 below.
Generally, a connection defines the notion of “parallel transport” along a

curve γ in M . A section u of E over γ is obtained from u(γ(t0)) by parallel
transport if it satisfies ∇T u = 0 on γ, where T = γ̇(t).

Formulas for covariant derivatives, involving indices, are produced in
terms of a choice of “local frame” for E, that is, a set eα, 1 ≤ α ≤ K,
of sections of E over an open set U which forms a basis of Ex for each
x ∈ U ;K = dim Ex. Given such a local frame, a smooth section u of E
over U is specified by

(1.6) u = uαeα (summation convention).

If Dj = ∂/∂xj in a coordinate system on U , we set

(1.7) ∇Dj
u = uα

;jeα = (∂ju
α + uβΓα

βj)eα,
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the connection coefficients Γα
βj being defined by

(1.8) ∇Dj
eβ = Γα

βjeα.

A vector bundle E → M may have an inner product on its fibers. In
that case, a connection on E is called a metric connection provided that

(1.9) X〈u, v〉 = 〈∇Xu, v〉 + 〈u,∇Xv〉,

for any vector field X and smooth sections u, v of E.
The curvature of a connection is defined by

(1.10) R(X,Y )u = [∇X ,∇Y ]u −∇[X,Y ]u,

where X and Y are vector fields and u is a section of E. It is easy to verify
that (1.10) is linear in X,Y , and u, over C∞(M). With respect to local
coordinates, giving Dj = ∂/∂xj , and a local frame {eα} on E, as in (1.6),
we define the components Rα

βjk of the curvature by

(1.11) R(Dj ,Dk)eβ = Rα
βjkeα,

as usual, using the summation convention. Since Dj and Dk commute,
R(Dj ,Dk)eβ = [∇Dj

,∇Dk
]eβ . Applying the formulas (1.7) and (1.8), we

can express the components of R in terms of the connection coefficients.
The formula is seen to be

(1.12) Rα
βjk = ∂jΓ

α
βk − ∂kΓα

βj + Γα
γjΓ

γ
βk − Γα

γkΓγ
βj .

The formula (1.12) can be written in a shorter form, as follows. Given
a choice of local frame {eα : 1 ≤ α ≤ K}, we can define K × K matrices
Γj = (Γα

βj) and also Rjk = (Rα
βjk). Then (1.12) is equivalent to

(1.13) Rjk = ∂jΓk − ∂kΓj + [Γj ,Γk].

Note that Rjk is antisymmetric in j and k. Now we can define a “connection
1-form” Γ and a “curvature 2-form” Ω by

(1.14) Γ =
∑

j

Γj dxj , Ω =
1

2

∑

j,k

Rjk dxj ∧ dxk.

Then the formula (1.12) is equivalent to

(1.15) Ω = dΓ + Γ ∧ Γ.

The curvature has symmetries, which we record here, for the case of
general vector bundles. The Riemann curvature tensor, associated with the
Levi-Civita connection, has additional symmetries, which will be described
in §3.

Proposition 1.1. For any connection ∇ on E → M , we have

(1.16) R(X,Y )u = −R(Y,X)u.
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If ∇ is a metric connection, then

(1.17) 〈R(X,Y )u, v〉 = −〈u,R(X,Y )v〉.

Proof. Equation (1.16) is obvious from the definition (1.10); this is equiv-
alent to the antisymmetry of Rα

βjk in j and k noted above. If ∇ is a metric
connection, we can use (1.9) to deduce

0 = (XY − Y X − [X,Y ])〈u, v〉
= 〈R(X,Y )u, v〉 + 〈u,R(X,Y )v〉,

which gives (1.17).

Next we record the following implication of a connection having zero

curvature. A section u of E is said to be “parallel” if ∇Xu = 0 for all
vector fields X.

Proposition 1.2. If E → M has a connection ∇ whose curvature is zero,
then any p ∈ M has a neighborhood U on which there is a frame {eα} for
E consisting of parallel sections: ∇Xeα = 0 for all X.

Proof. If U is a coordinate neighborhood, then eα is parallel provided
∇jeα = 0 for j = 1, . . . , n = dim M . The condition that R = 0 is equivalent
to the condition that the operators ∇Dj

all commute with each other, for
1 ≤ j ≤ n. Consequently, Frobenius’s theorem (as expanded in Exercise 5
in §9 of Chapter 1) allows us to solve the system of equations

(1.18) ∇Dj
eα = 0, j = 1, . . . , n,

on a neighborhood of p, with eα prescribed at the point p. If we pick
eα(p), 1 ≤ α ≤ K, to be a basis of Ep, then eα(x), 1 ≤ α ≤ K, will be
linearly independent in Ex for x close to p, so the local frame of parallel
sections is constructed.

It is useful to note, in general, several formulas that result from choosing
a local frame {eα} by parallel translation along rays through a point p ∈ M ,
the origin in some coordinate system (x1, . . . , xn), so

(1.19) ∇r∂/∂reα = 0, 1 ≤ α ≤ K.

This means
∑

xj∇Dj
eα = 0. Consequently, the connection coefficients

(1.8) satisfy

(1.20) x1Γ
α

β1 + · · · + xnΓα
βn = 0.

Differentiation with respect to xj gives

(1.21) Γα
βj = −x1∂jΓ

α
β1 − · · · − xn∂jΓ

α
βn.
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In particular,

(1.22) Γα
βj(p) = 0.

Comparison of (1.21) with

(1.23) Γα
βj = x1∂1Γ

α
βj(p) + · · · + xn∂nΓα

βj(p) + O(|x|2)
gives

(1.24) ∂kΓα
βj = −∂jΓ

α
βk, at p.

Consequently, the formula (1.12) for curvature becomes

(1.25) Rα
βjk = 2 ∂jΓ

α
βk, at p,

with respect to such a local frame. Note that, near p,

(1.26) Rα
βjk = ∂jΓ

α
βk − ∂kΓα

βj + O(|x|2).
Given vector bundles Ej → M with connections ∇j , there is a natural

covariant derivative on the tensor-product bundle E1 ⊗ E2 → M , defined
by the derivation property

(1.27) ∇X(u ⊗ v) = (∇1
Xu) ⊗ v + u ⊗ (∇2

Xv).

Also, if A is a section of Hom(E1, E2), the formula

(1.28) (∇#
XA)u = ∇2

X(Au) − A(∇1
Xv)

defines a connection on Hom(E1, E2).
Regarding the curvature tensor R as a section of (⊗2T ∗) ⊗ End(E) is

natural in view of the linearity properties of R given after (1.10). Thus if
E → M has a connection with curvature R, and if M also has a Riemannian
metric, yielding a connection on T ∗M , then we can consider ∇XR. The
following, known as Bianchi’s identity, is an important result involving the
covariant derivative of R.

Proposition 1.3. For any connection on E → M , the curvature satisfies

(1.29) (∇ZR)(X,Y ) + (∇XR)(Y,Z) + (∇Y R)(Z,X) = 0,

or equivalently

(1.30) Rα
βij;k + Rα

βjk;i + Rα
βki;j = 0.

Proof. Pick any p ∈ M . Choose normal coordinates centered at p, and
choose a local frame field for E by radial parallel translation, as above.
Then, by (1.22) and (1.26),

(1.31) Rα
βij;k = ∂k∂iΓ

α
βj − ∂k∂jΓ

α
βi, at p.

Cyclically permuting (i, j, k) here and summing clearly give 0, proving the
proposition.
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Note that we can regard a connection on E as defining an operator

(1.32) ∇ : C∞(M,E) −→ C∞(M,T ∗ ⊗ E),

in view of the linear dependence of ∇X on X. If M has a Riemannian metric
and E a Hermitian metric, it is natural to study the adjoint operator

(1.33) ∇∗ : C∞(M,T ∗ ⊗ E) −→ C∞(M,E).

If u and v are sections of E, ξ a section of T ∗, we have

(1.34)

(
v,∇∗(ξ ⊗ u)

)
= (∇v, ξ ⊗ u)

= (∇Xv, u)

= (v,∇∗
Xu),

where X is the vector field corresponding to ξ via the Riemannian metric.
Using the divergence theorem we can establish:

Proposition 1.4. If E has a metric connection, then

(1.35) ∇∗(ξ ⊗ u) = ∇∗
Xu = −∇Xu − (div X)u.

Proof. The first identity follows from (1.34) and does not require E to
have a metric connection. If E does have a metric connection, integrating

〈∇Xv, u〉 = −〈v,∇Xu〉 + X〈v, u〉
and using the identity

(1.36)

∫

M

Xf dV = −
∫

M

(div X)f dV, f ∈ C∞
0 (M),

give the second identity in (1.35) and complete the proof.

Exercises

1. If ∇ and e∇ are two connections on a vector bundle E → M , show that

(1.37) ∇Xu = e∇Xu + C(X, u),

where C is a smooth section of Hom(T ⊗ E, E) ≈ T ∗⊗ End(E). Show that
conversely, if C is such a section and ∇ a connection, then (1.37) defines e∇ as
a connection.

2. If ∇ and e∇ are related as in Exercise 1, show that their curvatures R and eR
are related by

(1.38) (R − eR)(X, Y )u = [CX , e∇Y ]u − [CY , e∇X ]u − C[X,Y ]u + [CX , CY ]u,

where CX is the section of End(E) defined by CXu = C(X, u).
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In Exercises 3–5, let P (x), x ∈ M , be a smooth family of projections on a
vector space F , with range Ex, forming a vector bundle E → M ; E gets a
natural connection via (1.5).

3. Let γ : I → M be a smooth curve through x0 ∈ M . Show that paral-
lel transport of u(x0) ∈ Ex0 along I is characterized by the following (with
P ′(t) = dP (γ(t))/dt):

du

dt
= P ′(t)u.

4. If each P (x) is an orthogonal projection of the inner-product space F onto
Ex, show that you get a metric connection. (Hint: Show that du/dt ⊥ u(γ(t))
via P ′P = (I − P )P ′.)

5. In what sense can Γ = −dP P = −(I − P ) dP be considered the connection
1-form, as in (1.13)? Show that the curvature form (1.15) is given by

(1.39) Ω = P dP ∧ dP P.

For more on this, see (4.50)–(4.53).
6. Show that the formula

(1.40) dΩ = Ω ∧ Γ − Γ ∧ Ω

follows from (1.15). Relate this to the Bianchi identity. Compare with (2.13)
in the next section.

7. Let E → M be a vector bundle with connection ∇, with two local frame fields
{eα} and {fα}, defined over U ⊂ M . Suppose

fα(x) = gβ
α(x)eβ(x), eα(x) = hβ

α(x)fβ(x);

note that gβ
γ(x)hγ

α(x) = δβ
α. Let Γα

βj be the connection coefficients for
the frame field {eα}, as in (1.7) and (1.8), and let eΓα

βj be the connection
coefficients for the frame field {fα}. Show that

(1.41) eΓα
βj = hα

µΓµ
γjg

γ
β + hα

γ(∂jg
γ

β).

2. Second covariant derivatives and covariant-exterior
derivatives

Let M be a Riemannian manifold, with Levi-Civita connection, and let
E → M be a vector bundle with connection. In §1 we saw that the covariant
derivative acting on sections of E yields an operator

(2.1) ∇ : C∞(M,E) −→ C∞(M,T ∗ ⊗ E).

Now on T ∗⊗E we have the product connection, defined by (1.27), yielding

(2.2) ∇ : C∞(T ∗ ⊗ E) −→ C∞(M,T ∗ ⊗ T ∗ ⊗ E).

If we compose (2.1) and (2.2), we get a second-order differential operator
called the Hessian:

(2.3) ∇2 : C∞(M,E) −→ C∞(T ∗ ⊗ T ∗ ⊗ E).
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If u is a section of E and X and Y are vector fields, (2.3) defines ∇2
X,Y as

a section of E; using the derivation properties, we have the formula

(2.4) ∇2
X,Y u = ∇X∇Y u −∇(∇XY )u.

Note that the antisymmetric part is given by the curvature of the connec-
tion on E:

(2.5) ∇2
X,Y u −∇2

Y,Xu = R(X,Y )u.

Now the metric tensor on M gives a linear map T ∗ ⊗ T ∗ → R, hence a
linear bundle map γ : T ∗ ⊗T ∗ ⊗E → E. We can consider the composition
of this with ∇2 in (2.3):

(2.6) γ ◦ ∇2 : C∞(M,E) −→ C∞(M,E).

We want to compare γ ◦∇2 and ∇∗∇, in the case when E has a Hermitian
metric and a metric connection.

Proposition 2.1. If ∇ is a metric connection on E, then

(2.7) ∇∗∇ = −γ ◦ ∇2 on C∞(M,E).

Proof. Pick a local orthonormal frame of vector fields {ej}, with dual
frame {vj}. Then, for u ∈ C∞(M,E), ∇u =

∑
vj ⊗ ∇ej

u, so (1.35)
implies

(2.8) ∇∗∇u =
∑[

−∇ej
∇ej

u − (div ej)u
]
.

Using (2.4), we have

(2.9) ∇∗∇u = −
∑

∇2
ej ,ej

u −
∑[

∇∇ej
ej

u + (div ej)∇ej
u
]
.

The first term on the right is equal to −γ ◦ ∇2u. Now, given p ∈ M , if we
choose the local frame {ej} such that ∇ej

ek = 0 at p, the rest of the right
side vanishes at p. This establishes the identity (2.7).

We next define a “covariant-exterior derivative” operator

(2.10) d∇ : C∞(M,ΛkT ∗ ⊗ E) −→ C∞(M,Λk+1T ∗ ⊗ E)

as follows. For k = 0, d∇ = ∇, given by (2.1), and we require

(2.11) d∇(β ∧ u) = (dβ) ∧ u − β ∧ d∇u

whenever β is a 1-form and u is a section of ΛkT ∗⊗E. The operator d∇ is
also called the “gauge exterior derivative.” Unlike the case of the ordinary
exterior derivative,

d∇ ◦ d∇ : C∞(M,ΛkT ∗ ⊗ E) −→ C∞(M,Λk+2T ∗ ⊗ E)

is not necessarily zero, but rather

(2.12) d∇d∇u = Ω ∧ u,
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where Ω is the curvature, and we use the antisymmetry (1.16) to regard
Ω as a section of Λ2T ∗ ⊗ End(E), as in (1.15). The verification of (2.12)
is a straightforward calculation; (2.5) is in fact the special case of this, for
k = 0.

The following is an alternative form of Bianchi’s identity (1.29):

(2.13) d∇Ω = 0,

where the left side is a priori a section of Λ3T ∗ ⊗ End(E). This can also
be deduced from (2.12), the associative law d∇(d∇d∇) = (d∇d∇)d∇, and
the natural derivation property generalizing (2.11):

(2.14) d∇(A ∧ u) = (d∇A) ∧ u + (−1)jA ∧ d∇u,

where u is a section of ΛkT ∗ ⊗ E and A is a section of ΛjT ∗ ⊗ End(E).

Exercises

1. Let E → M be a vector bundle with connection ∇, u ∈ C∞(M, E). Fix
p ∈ M . Show that if ∇u(p) = 0, then ∇2

X,Y u(p) is independent of the choice
of connection on M .

2. In particular, Exercise 1 applies to the trivial bundle R × M , with trivial flat
connection, for which ∇Xu = 〈X, du〉 = Xu. Thus, if u ∈ C∞(M) is real-
valued and du(p) = 0, then D2u(p) is well defined as a symmetric bilinear
form on TpM . If, in a coordinate system, X =

P

Xj ∂/∂xj , Y =
P

Yj ∂/∂xj ,
show that

(2.15) D2
X,Y u(p) =

X ∂2u

∂xj∂xk
(p) XjYk.

Show that this invariance fails if du(p) 6= 0.
3. If u is a smooth section of ΛkT ∗ ⊗ E, show that
(2.16)

d∇u(X0, . . . , Xk) =
X

j

(−1)j∇Xj u(X0, . . . , bXj , . . . , Xk)

+
X

j<ℓ

(−1)j+ℓu([Xj , Xℓ], X0, . . . , bXj , . . . , bXℓ, . . . , Xk).

Compare with formula (13.56) of Chapter 1 and Exercises 2 and 3 in §3 of
Chapter 2.

4. Verify the identity (2.12), namely, d∇d∇u = Ω ∧ u.
5. If ∇ and e∇ are connections on E → M , related by ∇Xu = e∇Xu+C(X, u), C ∈

C∞(M, T ∗ ⊗ End(E)), with curvatures R and eR, and curvature forms Ω and
eΩ, show that

(2.17) Ω − eΩ = d∇C + C ∧ C.

Here the wedge product of two sections of T ∗⊗End(E) is a section of the
bundle Λ2T ∗⊗End(E), produced in a natural fashion, as in (1.15). Show that
(2.17) is equivalent to (1.38).
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3. The curvature tensor of a Riemannian manifold

The Levi-Civita connection, which was introduced in §11 of Chapter 1, is
a metric connection on the tangent bundle TM of a manifold M with a
Riemannian metric, uniquely specified among all such connections by the
zero-torsion condition

(3.1) ∇Y X −∇XY = [Y,X].

We recall the defining formula

(3.2)
2〈∇XY,Z〉 = X〈Y,Z〉 + Y 〈X,Z〉 − Z〈X,Y 〉

+ 〈[X,Y ], Z〉 − 〈[X,Z], Y 〉 − 〈[Y,Z],X〉,

derived in (11.22) of Chapter 1. Thus, in a local coordinate system with
the naturally associated frame field on the tangent bundle, the connection
coefficients (1.8) are given by

(3.3) Γℓ
jk =

1

2
gℓµ

[∂gjµ

∂xk
+

∂gkµ

∂xj
− ∂gjk

∂xµ

]
.

The associated curvature tensor is the Riemann curvature tensor:

(3.4) R(X,Y )Z = [∇X ,∇Y ]Z −∇[X,Y ]Z.

In a local coordinate system such as that discussed above, the expression
for the Riemann curvature is a special case of (1.12), namely,

(3.5) Rj
kℓm = ∂ℓΓ

j
km − ∂mΓj

kℓ + Γj
νℓΓ

ν
km − Γj

νmΓν
kℓ.

Consequently, we have an expression of the form

(3.6) Rj
kℓm = L(gαβ , ∂µ∂νgγδ) + Q(gαβ , ∂µgγδ),

where L is linear in the second-order derivatives of gαβ(x) and Q is qua-
dratic in the first-order derivatives of gαβ(x), each with coefficients depend-
ing on gαβ(x).

Building on Proposition 1.2, we have the following result on metrics
whose Riemannian curvature is zero.

Proposition 3.1. If (M, g) is a Riemannian manifold whose curvature
tensor vanishes, then the metric g is flat; that is, there is a coordinate
system about each p ∈ M in which gjk(x) is constant.

Proof. It follows from Proposition 1.2 that on a neighborhood U of p there
are parallel vector fields V(j), j = 1, . . . , n = dim M , namely, in a given
coordinate system

(3.7) ∇Dk
V(j) = 0, 1 ≤ j, k ≤ n,
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such that V(j)(p) form a basis of TpM . Let v(j) be the 1-forms associated
to V(j) by the metric g, so

(3.8) v(j)(X) = g(X,V(j)),

for all vector fields X. Hence

(3.9) ∇Dk
v(j) = 0, 1 ≤ j, k ≤ n.

We have v(j) =
∑

vk
(j) dxk, with vk

(j) = v(j)(Dk) = 〈Dk, v(j)〉. The zero-
torsion condition (3.1), in concert with (3.8), gives

(3.10) ∂ℓ〈v(j),Dk〉 − ∂k〈v(j),Dℓ〉 = 〈v(j),∇Dℓ
Dk〉 − 〈v(j),∇Dk

Dℓ〉 = 0,

which is equivalent to

(3.11) d v(j) = 0, j = 1, . . . , n.

Hence, locally, there exist functions xj , j = 1, . . . , n, such that

(3.12) v(j) = dxj .

The functions (x1, . . . , xn) give a coordinate system near p. In this co-
ordinate system the inverse of the matrix

(
gjk(x)

)
has entries gjk(x) =

〈dxj , dxk〉. Now, by (1.9),

(3.13) ∂ℓg
jk(x) = 〈∇Dℓ

dxj , dxk〉 + 〈dxj ,∇Dℓ
dxk〉 = 0,

so the proof is complete.

We have seen in Proposition 1.1 that R has the following symmetries:

R(X,Y ) = −R(Y,X),(3.14)

〈R(X,Y )Z,W 〉 = −〈Z,R(X,Y )W 〉.(3.15)

In other words, in terms of

(3.16) Rjkℓm = 〈R(Dℓ,Dm)Dk,Dj〉,
we have

(3.17) Rjkℓm = −Rjkmℓ

and

(3.18) Rjkℓm = −Rkjℓm.

The Riemann tensor has additional symmetries:

Proposition 3.2. The Riemann tensor satisfies

(3.19) R(X,Y )Z + R(Y,Z)X + R(Z,X)Y = 0

and

(3.20) 〈R(X,Y )Z,W 〉 = 〈R(Z,W )X,Y 〉,
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or, in index notation,

(3.21) Rijkℓ + Rikℓj + Riℓjk = 0

and

(3.22) Rijkℓ = Rkℓij .

Proof. Plugging in the definition of each of the three terms of (3.19),
one gets a sum that is seen to cancel out by virtue of the zero-torsion
condition (3.1). This gives (3.19) and hence (3.21). The identity (3.22)
is an automatic consequence of (3.17), (3.18), and (3.21), by elementary
algebraic manipulations, which we leave as an exercise, to complete the
proof. Also, (3.22) follows from (3.50) below.

The identity (3.19) is sometimes called Bianchi’s first identity, with
(1.29) then called Bianchi’s second identity.

There are important contractions of the Riemann tensor. The Ricci

tensor is defined by

(3.23) Ricjk = Ri
jik = gℓmRℓjmk,

where the summation convention is understood. By (3.22), this is symmet-
ric in j, k. We can also raise indices:

(3.24) Ricj
k = gjℓRicℓk; Ricjk = gkℓRicj

ℓ.

Contracting again defines the scalar curvature:

(3.25) S = Ricj
j .

As we will see below, the special nature of Rijkℓ for dim M = 2 implies

(3.26) Ricjk =
1

2
Sgjk if dim M = 2.

The Bianchi identity (1.29) yields an important identity for the Ricci
tensor. Specializing (1.30) to α = i, β = j and raising the second index
give

(3.27) Rij
ij;k + Rij

jk;i + Rij
ki;j = 0,

hence, S;k − Rici
k;i − Ricj

k;j = 0, or

(3.28) S;k = 2 Ricj
k;j .

This is called the Ricci identity. An equivalent form is

(3.29) Ricjk
;j =

1

2
(S gjk);j .

The identity in this form leads us naturally to a tensor known as the Ein-

stein tensor:

(3.30) Gjk = Ricjk − 1

2
S gjk.
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The Ricci identity is equivalent to

(3.31) Gjk
;j = 0.

As shown in Chapter 2, this means the Einstein tensor has zero divergence.
This fact plays an important role in Einstein’s equation for the gravitational
field. Note that by (3.26) the Einstein tensor always vanishes when dim
M = 2. On the other hand, the identity (3.31) has the following implication
when dim M > 2.

Proposition 3.3. If dim M = n > 2 and the Ricci tensor is a scalar
multiple of the metric tensor, the factor necessarily being 1/n times the
scalar curvature:

(3.32) Ricjk =
1

n
Sgjk,

then S must be a constant.

Proof. Equation (3.32) is equivalent to

(3.33) Gjk =
( 1

n
− 1

2

)
Sgjk.

By (3.31) and the fact that the covariant derivative of the metric tensor is
0, we have

0 =
( 1

n
− 1

2

)
S;kgjk,

or S;k = 0, which proves the proposition.

We now make some comments on the curvature of Riemannian manifolds
M of dimension 2. By (3.17) and (3.18), in this case each component Rjkℓm

of the curvature tensor is either 0 or ± the quantity

(3.34) R1212 = R2121 = gK, g = det(gjk).

One calls K the Gauss curvature of M when dim M = 2.
Suppose we pick normal coordinates centered at p ∈ M , so gjk(p) = δjk.

We see that if dim M = 2,

Ricjk(p) = R1j1k + R2j2k.

Now, the first term on the right is zero unless j = k = 2, and the second
term is zero unless j = k = 1. Hence, Ricjk(p) = K(p)δjk, in normal
coordinates, so in arbitrary coordinates

(3.35) Ricjk = Kgjk; hence K =
1

2
S if dim M = 2.

Explicit formulas for K when M is a surface in R
3 are given by (4.22)

and (4.29), in the next section. (See also Exercises 2 and 5–7 below.)
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The following is a fundamental calculation of the Gauss curvature of a
two-dimensional surface whose metric tensor is expressed in orthogonal
coordinates:

(3.36) ds2 = E(x) dx2
1 + G(x) dx2

2.

Proposition 3.4. Suppose dim M = 2 and the metric is given in coordi-
nates by (3.36). Then the Gauss curvature k(x) is given by

(3.37) k(x) = − 1

2
√

EG

[
∂1

( ∂1G√
EG

)
+ ∂2

( ∂2E√
EG

)]
.

To establish (3.37), one can first compute that

Γ1 =
(
Γj

k1

)
=

1

2

(
E−1∂1E E−1∂2E
−G−1∂2E G−1∂1G

)
,

Γ2 =
(
Γj

k2

)
=

1

2

(
E−1∂2E −E−1∂1G
G−1∂1G G−1∂2G

)
.

Then, computing R12 = (Rj
k12) = ∂1Γ2 − ∂2Γ1 + Γ1Γ2 − Γ2Γ1, we have

(3.38)

R1
212 = − 1

2
∂1

(∂1G

E

)
− 1

2
∂2

(∂2E

E

)

+
1

4

(
−∂1E

E

∂1G

E
+

∂2E

E

∂2G

G

)
− 1

4

(∂2E

E

∂2E

E
− ∂1G

E

∂1G

G

)
.

Now R1212 = E R1
212 in this case, and (3.34) yields

(3.39) k(x) =
1

EG
R1212 =

1

G
R1

212.

If we divide (3.38) by G and then in the resulting formula for k(x) inter-
change E and G, and ∂1 and ∂2, and sum the two formulas for k(x), we
get

k(x) = −1

4

[
1

G
∂1

(∂1G

E

)
+

1

E
∂1

(∂1G

G

)]

− 1

4

[
1

E
∂2

(∂2E

G

)
+

1

G
∂2

(∂2E

E

)]
,

which is easily transformed into (3.37).
If E = G = e2v, we obtain a formula for the Gauss curvature of a surface

whose metric is a conformal multiple of the flat metric:

Corollary 3.5. Suppose dim M = 2 and the metric is given in coordinates
by

(3.40) gjk(x) = e2vδjk,
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for a smooth v. Then the Gauss curvature k(x) is given by

(3.41) k(x) = −(∆0v)e−2v,

where ∆0 is the flat Laplacian in these coordinates:

(3.42) ∆0v =
∂2v

∂x2
1

+
∂2v

∂x2
2

.

For an alternative formulation of (3.41), note that the Laplace operator
for the metric gjk is given by

∆f = g−1/2 ∂j(g
jkg1/2 ∂kf),

and in the case (3.40), gjk = e−2vδjk and g1/2 = e2v, so we have

(3.43) ∆f = e−2v∆0f,

and hence (3.41) is equivalent to

(3.44) k(x) = −∆v.

The comparison of the Gauss curvature of two surfaces that are con-
formally equivalent is a source of a number of interesting results. The
following generalization of Corollary 3.5 is useful.

Proposition 3.6. Let M be a two-dimensional manifold with metric g,
whose Gauss curvature is k(x). Suppose there is a conformally related
metric

(3.45) g′ = e2ug.

Then the Gauss curvature K(x) of g′ is given by

(3.46) K(x) =
(
−∆u + k(x)

)
e−2u,

where ∆ is the Laplace operator for the metric g.

Proof. We will use Corollary 3.5 as a tool in this proof. It is shown in
Chapter 5, §11, that (M, g) is locally conformally flat, so we can assume
without loss of generality that (3.40) holds; hence k(x) is given by (3.41).
Then

(3.47) (g′)jk = e2wδjk, w = u + v,

and (3.41) gives

(3.48) K(x) = −(∆0w)e−2w =
[
−(∆0u)e−2v − (∆0v)e−2v

]
e−2u.

By (3.43) we have (∆0u)e−2v = ∆u, and applying (3.41) for k(x) gives
(3.46).

We end this section with a study of ∂j∂kgℓm(p0) when one uses a geodesic
normal coordinate system centered at p0. We know from §11 of Chapter 1
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that in such a coordinate system, Γℓ
jk(p0) = 0 and hence ∂jgkℓ(p0) = 0.

Thus, in such a coordinate system, we have

(3.49) Rj
kℓm(p0) = ∂ℓΓ

j
km(p0) − ∂mΓj

kℓ(p0),

and hence (3.3) yields

(3.50) Rjkℓm(p0) =
1

2

(
∂j∂mgkℓ + ∂k∂ℓgjm − ∂j∂ℓgkm − ∂k∂mgjℓ

)
.

In light of the complexity of this formula, the following may be somewhat
surprising. Namely, as Riemann showed, one has

(3.51) ∂j∂kgℓm(p0) = −1

3
Rℓjmk − 1

3
Rℓkmj .

This is related to the existence of nonobvious symmetries at the center of
a geodesic normal coordinate system, such as ∂j∂kgℓm(p0) = ∂ℓ∂mgjk(p0).
To prove (3.51), by polarization it suffices to establish

(3.52) ∂2
j gℓℓ(p0) = −2

3
Rℓjℓj , ∀ j, ℓ.

Proving this is a two-dimensional problem, since (by (3.50)) both sides of
the asserted identity in (3.52) are unchanged if M is replaced by the image
under Expp of the two-dimensional linear span of Dj and Dℓ. All one needs
to show is that if dim M = 2,

(3.53) ∂2
1g22(p0) = −2

3
K(p0) and ∂2

1g11(p0) = 0,

where K(p0) is the Gauss curvature of M at p0. Of these, the second part
is trivial, since g11(x) = 1 on the horizontal line through p0. To establish
the first part of (3.53), it is convenient to use geodesic polar coordinates,
(r, θ), in which

(3.54) ds2 = dr2 + G(r, θ) dθ2.

It is not hard to show that G(r, θ) = r2H(r, θ), with H(r, θ) = 1 + O(r2).
For the metric (3.54), the formula (3.37) implies that the Gauss curvature
is

(3.55) K = − 1

2G
∂2

rG +
1

4G2
(∂rG)2 = −Hr

rH
− Hrr

2H
+

H2
r

4H2
,

so at the center

(3.56) K(p0) = −Hrr −
1

2
Hrr = −3

2
Hrr.

On the other hand, in normal coordinates (x1, x2), along the x1-axis, we
have g22(s, 0) = G(s, 0)/s2 = H(s, 0), so the rest of the identity (3.53) is
established.
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Exercises

Exercises 1–3 concern the problem of producing two-dimensional surfaces
with constant Gauss curvature.

1. For a two-dimensional Riemannian manifold M , take geodesic polar coor-
dinates, so the metric is

ds2 = dr2 + G(r, θ) dθ2.

Use the formula (3.55) for the Gauss curvature, to deduce that

K = −∂2
r

√
G√

G
.

Hence, if K = −1, then

∂2
r

√
G =

√
G.

Show that
√

G(0, θ) = 0, ∂r

√
G(0, θ) = 1,

and deduce that
√

G(r, θ) = ϕ(r) is the unique solution to

ϕ′′(r) − ϕ(r) = 0, ϕ(0) = 0, ϕ′(0) = 1.

Deduce that

G(r, θ) = sinh2 r.

Use this computation to deduce that any two surfaces with Gauss curvature
−1 are locally isometric.

2. Suppose M is a surface of revolution in R
3, of the form

x2 + y2 = g(z)2.

If it is parameterized by x = g(u) cos v, y = g(u) sin v, z = u, then

ds2 =
“

1 + g′(u)2) du2 + g(u)2 dv2.

Deduce from (3.37) that

K = − g′′(u)

g(u)
“

1 + g′(u)2
”2 .

Hence, if K = −1,

g′′(u) = g(u)
“

1 + g′(u)2
”2

.

Note that a sphere of radius R is given by such a formula with g(u) =√
R2 − u2. Compute K in this case.

2A. Suppose instead that M is a surface of revolution, described in the form

z = f
“

p

x2 + y2
”

.

If it is parameterized by x = u cos v, y = u sin v, z = f(u), then

ds2 =
“

1 + f ′(u)2
”

du2 + u2 dv2.
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Show that

K = − 1

u
p

1 + f ′(u)2
d

du

 

1
p

1 + f ′(u)2

!

= −ϕ′(u)

2u
, ϕ(u) =

1

1 + f ′(u)2
.

Thus deduce that

K = −1 ⇒ ϕ(u) = u2 + c ⇒ f(u) =

Z

r

1

u2 + c
− 1 du.

We note that this is an elliptic integral, for most values of c. Show that, for
c = 0, you get

f(u) =
p

1 − u2 − 1

2
log
“

1 +
p

1 − u2
”

+
1

2
log
“

1 −
p

1 − u2
”

.

3. Suppose M is a region in R
2 whose metric tensor is a conformal multiple of

the standard flat metric

gjk = E(x)δjk = e2v δjk.

Suppose E = E(r), v = v(r). Deduce from (3.37) and (3.41) that

K = − 1

2E2

„

E′′(r) +
1

r
E′(r)

«

+
1

2E3
E′(r)2 = −

„

v′′(r) +
1

r
v′(r)

«

e−2v.

Hence, if K = −1,

v′′(r) +
1

r
v′(r) = e2v.

Compute K when

gjk =
4

(1 − r2)2
δjk.

4. Show that whenever gjk(x) satisfies gjk(p0) = δjk, ∂ℓgjk(p0) = 0, at some
point p0, then (3.50) holds at p0. If dim M = 2, deduce that

(3.57) K(p0) = −1

2

“

∂2
1g22 + ∂2

2g11 − 2∂1∂2g12

”

.

5. Suppose M ⊂ R
3 is the graph of

x3 = f(x1, x2),

so, using the natural (x1, x2)-coordinates on M ,

ds2 = (1 + f2
1 ) dx2

1 + 2f1f2 dx1 dx2 + (1 + f2
2 ) dx2

2,

where fj = ∂jf . Show that if ∇f(0) = 0, then Exercise 4 applies, so

(3.58) ∇f(0) = 0 =⇒ K(0) = f11f22 − f2
12.

Compare the derivation of (4.22) in the next section.
6. If M ⊂ R

3 is the surface of Exercise 5, then the Gauss map N : M → S2 is
given by

N
“

x, f(x)
”

=
(−f1,−f2, 1)
p

1 + f2
1 + f2

2

.
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Show that if ∇f(0) = 0, then, at p0 =
“

0, f(0)
”

, DN(p0) : R
2 → R

2 is

given by

(3.59) DN(p0) = −
„

∂2
1f(0) ∂1∂2f(0)

∂2∂1f(0) ∂2
2f(0)

«

.

Here, Tp0M and T(0,0,1)S
2 are both identified with the (x1, x2)-plane. De-

duce from Exercise 5 that

K(p0) = det DN(p0).

7. Deduce from Exercise 6 that whenever M is a smooth surface in R
3, with

Gauss map N : M → S2, then, with DN(x) : TxM → TN(x)S
2,

(3.60) K(x) = det DN(x), ∀ x ∈ M.

(Hint: Given x ∈ M , rotate coordinates so that TxM is parallel to the
(x1, x2)-plane.)
This result is Gauss’ Theorema Egregium for surfaces in R

3. See Theorem
4.4 for a more general formulation; see also (4.35), and Exercises 5, 8, 9,
and 14 of §4.

8. Recall from §11 of Chapter 1 that if γs(t) is a family of curves γs : [a, b] → M
satisfying γs(a) = p, γs(b) = q, and if E(s) =

R b

a
〈T, T 〉dt, T = γ′

s(t), then,

with V = (∂/∂s)γs(t)|s=0, E′(s) = −2
R b

a
〈V,∇T T 〉 dt, leading to the station-

ary condition for E that ∇T T = 0, which is the geodesic equation. Now
suppose γr,s(t) is a two-parameter family of curves, γr,s(a) = p, γr,s(b) = q.
Let V = (∂/∂s)γr,s(t)|0,0, W = (∂/∂r)γr,s(t)|0,0. Show that

(3.61)
∂2

∂s∂r
E(0, 0) = 2

Z b

a

»

〈R(W, T )V, T 〉 + 〈∇T V,∇T W 〉 − 〈∇W V,∇T T 〉
–

dt.

Note that the last term in the integral vanishes if γ0,0 is a geodesic.
9. If Z is a Killing field, generating an isometry on M (as in Chapter 2, §3),

show that

Zj;k;ℓ = Rm
ℓkj Zm.

(Hint: From Killing’s equation Zj;k + Zk;j = 0, derive Zj;k;ℓ = −Zk;ℓ;j −
Rm

kℓj Zm. Iterate this process two more times, going through the cyclic
permutations of (j, k, ℓ). Use Bianchi’s first identity.) Note that the identity
desired is equivalent to

∇2
(X,Y )Z = R(Y, Z)X if Z is a Killing field.

10. Derive the following equation of Jacobi for a variation of geodesics. If γs(t)
is a one-parameter family of geodesics, X = γ′

s(t), and W = (∂/∂s)γs, then

∇X∇X W = R(X, W )X.

(Hint: Start with 0 = ∇W∇XX, and use [X, W ] = 0.)
11. Raising the second index of Rj

kℓm, you obtain Rjk
ℓm, the coordinate ex-

pression for R, which can be regarded as a section of End(Λ2T ). Suppose
M = X × Y with a product Riemannian metric and associated curvatures
R,RX ,RY . Using the splitting

Λ2(V ⊕ W ) = Λ2V ⊕
“

Λ1V ⊗ Λ1W
”

⊕ Λ2W,
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write R as a 3 × 3 block matrix. Show that

R =

0

@

RX 0 0
0 0 0
0 0 RY

1

A .

In Exercises 12–14, let X, Y, Z, and so forth, belong to the space g of left-
invariant vector fields on a Lie group G, assumed to have a bi-invariant
Riemannian metric. (Compact Lie groups have these.)

12. Show that any (constant-speed) geodesic γ on G with γ(0) = e, the iden-
tity element, is a subgroup of G, that is, γ(s + t) = γ(s)γ(t). Deduce that
∇XX = 0 for X ∈ g.
(Hint: Given p = γ(t0), consider the “reflection” Rp(g) = pg−1p, an isome-
try on G that fixes p and leaves γ invariant, though reversing its direction.
From this, one can deduce that p2 = γ(2t0).)

13. Show that ∇XY = (1/2)[X, Y ] for X, Y ∈ g. (Hint: 0 = ∇XX = ∇Y Y =
∇(X+Y )(X + Y ).)
This identity is called the Maurer-Cartan structure equation.

14. Show that

R(X, Y )Z = −1

4
[[X, Y ], Z], 〈R(X, Y )Z, W 〉 = −1

4

D

[X, Y ], [Z, W ]
E

.

15. If E → M is a vector bundle with connection e∇, and ∇ = e∇ + C, as
in Exercises 1 and 2 of §1, and M has Levi-Civita connection D, so that
Hom(T ⊗E, E) acquires a connection from D and e∇, which we’ll also denote
as e∇, show that (1.38) is equivalent to

(3.62) (R − eR)(X, Y )u = (e∇XC)(Y, u) − (e∇Y C)(X, u) + [CX , CY ]u.

This is a general form of the “Palatini identity.”
16. If g is a metric tensor and h a symmetric, second-order tensor field, consider

the family of metric tensors gτ = g + τh, for τ close to zero, yielding the
Levi-Civita connections

∇τ = ∇ + C(τ),

where ∇ = ∇0. If C′ = C′(0), show that

(3.63) 〈C′(X, Y ), Z〉 =
1

2
(∇Xh)(Y, Z) +

1

2
(∇Y h)(X, Z) − 1

2
(∇Zh)(X, Y ).

(Hint: Use (3.2).)
17. Let R(τ) be the Riemann curvature tensor of gτ , and set R′ = R′(0). Show

that (3.62) yields

(3.64) R′(X, Y )Z = (∇XC′)(Y, Z) − (∇Y C′)(X, Z).

Using (3.63), show that
(3.65)

2〈R′(X, Y )Z, W 〉 = (∇2
Y,W h)(X, Z) + (∇2

X,Zh)(Y, W ) − (∇2
X,W h)(Y, Z)

− (∇2
Y,Zh)(X, W ) + h

“

R(X, Y )Z, W
”

+ h
“

R(X, Y )W, Z
”

.

(Hint: Use the derivation property of the covariant derivative to obtain a
formula for ∇XC′ from (3.63).)
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18. Show that

(3.66)

6〈R(X, Y )Z, W 〉 = K̃(X + W, Y + Z) − K̃(Y + W, X + Z)

− K̃(X, Y + Z) − K̃(Y, X + W ) − K̃(Z, X + W )

− K̃(W, Y + Z) + K̃(X, Y + W ) + K̃(Y, Z + W )

+ K̃(Z, Y + W ) + K̃(W, X + Z) + K̃(X, Z)

+ K̃(Y, W ) − K̃(X, Y ) − K̃(Y, Z),

where

(3.67) K̃(X, Y ) = 〈R(X, Y )Y, X〉.

See (4.34) for an interpretation of the right side of (3.67).
19. Using (3.51), show that, in exponential coordinates centered at p, the func-

tion g = det(gjk) satisfies, for |x| small,

(3.68) g(x) = 1 − 1

3

X

ℓ,m

Ricℓm(p)xℓxm + O
“

|x|3
”

.

Deduce that if An−1 = area of Sn−1 ⊂ R
n and Vn = volume of unit ball in

R
n, then, for r small,

(3.69) V
“

Br(p)
”

=

„

Vn − An−1

6n(n + 2)
S(p)r2 + O(r3)

«

rn.

4. Geometry of submanifolds and subbundles

Let M be a Riemannian manifold, of dimension n, and let S be a subman-
ifold, of dimension k, with the induced metric tensor. M has a Levi-Civita
connection ∇ and Riemann tensor R. Denote by ∇0 and RS the connec-
tion and curvature of S, respectively. We aim to relate these objects. The
second fundamental form is defined by

(4.1) II(X,Y ) = ∇XY −∇0
XY,

for X and Y tangent to S. Note that II is linear in X and in Y over
C∞(S). Also, by the zero-torsion condition,

(4.2) II(X,Y ) = II(Y,X).

Proposition 4.1. II(X,Y ) is normal to S at each point.

Proof. If X,Y and Z are tangent to S, we have

〈∇XY,Z〉 − 〈∇0
XY,Z〉 = −〈Y,∇XZ〉 + X〈Y,Z〉 + 〈Y,∇0

XZ〉 − X〈Y,Z〉,

and making the obvious cancellation, we obtain

(4.3) 〈II(X,Y ), Z〉 = −〈Y, II(X,Z)〉.
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Using (4.2), we have

(4.4) 〈II(X,Y ), Z〉 = −〈Y, II(Z,X)〉;
that is, the trilinear form given by the left side changes sign under a cyclic
permutation of its arguments. Since three such permutations produce the
original form, the left side of (16.4) must equal its own negative, hence be
0. This proves the proposition.

Denote by ν(S) the bundle of normal vectors to S, called the normal
bundle of S. It follows that II is a section of Hom(TS ⊗ TS, ν(S)).

Corollary 4.2. For X and Y tangent to S, ∇0
XY is the tangential pro-

jection on TS of ∇XY .

Let ξ be normal to S. We have a linear map, called the Weingarten map,

(4.5) Aξ : TpS −→ TpS

uniquely defined by

(4.6) 〈AξX,Y 〉 = 〈ξ, II(X,Y )〉.
We also define the section A of Hom(ν(S) ⊗ TS, TS) by

(4.7) A(ξ,X) = AξX.

We define a connection on ν(S) as follows; if ξ is a section of ν(S), set

∇1
Xξ = P⊥∇Xξ,

where P⊥(x) is the orthogonal projection of TxM onto νx(S). The following
identity is called the Weingarten formula.

Proposition 4.3. If ξ is a section of ν(S),

(4.8) ∇1
Xξ = ∇Xξ + AξX.

Proof. It suffices to show that ∇Xξ + AξX is normal to S. In fact, if Y
is tangent to S,

〈∇Xξ, Y 〉 + 〈AξX,Y 〉 = X〈ξ, Y 〉 − 〈ξ,∇XY 〉 + 〈ξ, II(X,Y )〉
= 0 − 〈ξ,∇0

XY 〉 − 〈ξ, II(X,Y )〉 + 〈ξ, II(X,Y )〉
= 0,

which proves the proposition.

An equivalent statement is that, for X tangent to S, ξ normal to S,

(4.9) ∇Xξ = ∇1
Xξ − AξX
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is an orthogonal decomposition, into components normal and tangent to S,
respectively. Sometimes this is taken as the definition of Aξ or, equivalently,
by (4.6), of the second fundamental form.

In the special case that S is a hypersurface of M (i.e., dim M = dim
S + 1), if ξ = N is a smooth unit normal field to S, we see that, for X
tangent to S,

〈∇XN,N〉 =
1

2
X〈N,N〉 = 0,

so ∇1
XN = 0 in this case, and (4.9) takes the form

(4.10) ∇XN = −ANX,

the classical form of the Weingarten formula.
We now compare the tensors R and RS . Let X,Y and Z be tangent to

S. Then

(4.11)
∇X∇Y Z = ∇X

(
∇0

Y Z + II(Y,Z)
)

= ∇0
X∇0

Y Z + II(X,∇0
Y Z) − AII(Y,Z)X + ∇1

XII(Y,Z).

Reversing X and Y , we have

∇Y ∇XZ = ∇0
Y ∇0

XZ + II(Y,∇0
XZ) − AII(X,Z)Y + ∇1

Y II(X,Z).

Also,

(4.12) ∇[X,Y ]Z = ∇0
[X,Y ]Z + II([X,Y ], Z).

From (4.11) and (4.12) we obtain the important identity

(4.13)

(R − RS)(X,Y )Z =
{
II(X,∇0

Y Z) − II(Y,∇0
XZ) − II([X,Y ], Z)

+ ∇1
XII(Y,Z) −∇1

Y II(X,Z)
}

−
{
AII(Y,Z)X − AII(X,Z)Y

}
.

Here, the quantity in the first set of braces { } is normal to S, and the
quantity in the second pair of braces is tangent to S. The identity (4.13)
is called the Gauss-Codazzi equation. A restatement of the identity for
the tangential components is the following, known as Gauss’ Theorema

Egregium.

Theorem 4.4. For X,Y,Z and W tangent to S,

(4.14)
〈(R − RS)(X,Y )Z,W 〉 = 〈II(Y,W ), II(X,Z)〉

− 〈II(X,W ), II(Y,Z)〉.

The normal component of the identity (4.13) is specifically Codazzi’s
equation. It takes a shorter form in case S has codimension 1 in M . In
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that case, choose a unit normal field N , and let

(4.15) II(X,Y ) = ĨI(X,Y )N ;

ĨI is a tensor field of type (0, 2) on S. Then Codazzi’s equation is equivalent
to

(4.16) 〈R(X,Y )Z,N〉 = (∇0
X ĨI)(Y,Z) − (∇0

Y ĨI)(X,Z),

for X,Y,Z tangent to S, since of course RS(X,Y )Z is tangent to S.
In the classical case, where S is a hypersurface in flat Euclidean space,

R = 0, and Codazzi’s equation becomes

(4.17) (∇0
Y ĨI)(X,Z) − (∇0

X ĨI)(Y,Z) = 0,

that is, ∇0ĨI is a symmetric tensor field of type (0, 3). In this case, from
the identity ĨIjk;ℓ = ĨIℓk;j , we deduce Aj

k
;k = Ak

k
;j = (Tr A);j , where

A = AN is the Weingarten map. Equivalently,

(4.18) div A = d(Tr A).

An application of the Codazzi equation to minimal surfaces can be found
in the exercises after §6 of Chapter 14.

It is useful to note the following characterization of the second fundamen-
tal form for a hypersurface M in R

n. Translating and rotating coordinates,
we can move a specific point p ∈ M to the origin in R

n and suppose M is
given locally by

xn = f(x′), ∇f(0) = 0,

where x′ = (x1, . . . , xn−1). We can then identify the tangent space of M
at p with R

n−1.

Proposition 4.5. The second fundamental form of M at p is given by the
Hessian of f :

(4.19) ĨI(X,Y ) =

n−1∑

j,k=1

∂2f

∂xj∂xk
(0) XjYk.

Proof. From (4.9) we have, for any ξ normal to M ,

(4.20) 〈II(X,Y ), ξ〉 = −〈∇Xξ, Y 〉,
where ∇ is the flat connection on R

n. Taking

(4.21) ξ = (−∂1f, . . . ,−∂n−1f, 1)

gives the desired formula.

If S is a surface in R
3, given locally by x3 = f(x1, x2) with ∇f(0) = 0,

then the Gauss curvature of S at the origin is seen by (4.14) and (4.19) to
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equal

(4.22) det
( ∂2f(0)

∂xj∂xk

)
.

Consider the example of the unit sphere in R
3, centered at (0, 0, 1). Then

the “south pole” lies at the origin, near which S2 is given by

(4.23) x3 = 1 − (1 − x2
1 − x2

2)
1/2.

In this case (4.22) implies that the Gauss curvature K is equal to 1 at the
south pole. Of course, by symmetry it follows that K = 1 everywhere on
the unit sphere S2.

Besides providing a good conception of the second fundamental form of
a hypersurface in R

n, Proposition 4.5 leads to useful formulas for compu-
tation, one of which we will give in (4.29). First, we give a more invariant
reformulation of Proposition 4.5. Suppose the hypersurface M in R

n is
given by

(4.24) u(x) = c,

with ∇u 6= 0 on M . Then we can use the computation (4.20) with ξ =
grad u to obtain

(4.25) 〈II(X,Y ), grad u〉 = −(D2u)(X,Y ),

where D2u is the Hessian of u; we can think of (D2u)(X,Y ) as Y ·(D2u)X,
where D2u is the n × n matrix of second-order partial derivatives of u. In
other words,

(4.26) ĨI(X,Y ) = −|grad u|−1(D2u)(X,Y ),

for X,Y tangent to M .
In particular, if M is a two-dimensional surface in R

3 given by (4.24),
then the Gauss curvature at p ∈ M is given by

(4.27) K(p) = |grad u|−2 det (D2u)|TpM ,

where D2u|TpM denotes the restriction of the quadratic form D2u to the
tangent space TpM , producing a linear transformation on TpM via the
metric on TpM . With this calculation we can derive the following formula,
extending (4.22).

Proposition 4.6. If M ⊂ R
3 is given by

(4.28) x3 = f(x1, x2),

then, at p = (x′, f(x′)) ∈ M , the Gauss curvature is given by

(4.29) K(p) =
(
1 + |∇f(x′)|2

)−2
det

( ∂2f

∂xj∂xk

)
.
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Proof. We can apply (4.27) with u(x) = f(x1, x2)−x3. Note that |∇u|2 =
1 + |∇f(x′)|2 and

(4.30) D2u =

(
D2f 0

0 0

)
.

Noting that a basis of TpM is given by (1, 0, ∂1f) = v1, (0, 1, ∂2f) = v2,
we readily obtain

(4.31) det D2u|TpM =
det

(
vj · (D2u)vk

)

det(vj · vk)
=

(
1 + |∇f(x′)|2

)−1
det D2f,

which yields (4.29).

If you apply Proposition 4.6 to the case (4.23) of a hemisphere of unit
radius, the calculation that K = 1 everywhere is easily verified. The for-
mula (4.29) gives rise to interesting problems in nonlinear PDE, some of
which are studied in Chapter 14.

We now define the sectional curvature of a Riemannian manifold M .
Given p ∈ M , let Π be a 2-plane in TpM, Σ = Expp(Π). The sectional
curvature of M at p is

(4.32) Kp(Π) = Gauss curvature of Σ at p.

If U and V form an orthonormal basis of TpΣ = Π, then by the definition
of Gauss curvature,

(4.33) Kp(Π) = 〈RΣ(U, V )V,U〉.
We have the following more direct formula for the sectional curvature.

Proposition 4.7. With U and V as above, R the Riemann tensor of M ,

(4.34) Kp(Π) = 〈R(U, V )V,U〉.

Proof. It suffices to show that the second fundamental form of Σ vanishes
at p. Since II(X,Y ) is symmetric, it suffices to show that II(X,X) = 0 for
each X ∈ TpM . So pick a geodesic γ in M such that γ(0) = p, γ′(0) = X.
Then γ ⊂ Σ, and γ must also be a geodesic in S, so

∇T T = ∇0
T T, T = γ′(t),

which implies II(X,X) = 0. This proves (4.34).

Note that if S ⊂ M has codimension 1, p ∈ S, and Π ⊂ TpS, then, by
(4.14),

(4.35) KS
p (Π) − KM

p (Π) = det

(
ĨI(U,U) ĨI(U, V )
ĨI(V,U) ĨI(V, V )

)
.

Note how this is a direct generalization of (3.60).
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The results above comparing connections and curvatures of a Riemannian
manifold and a submanifold are special cases of more general results on
subbundles, which arise in a number of interesting situations. Let E be
a vector bundle over a manifold M , with an inner product and a metric
connection ∇. Let E0 → M be a subbundle. For each x ∈ M , let Px be
the orthogonal projection of Ex onto E0x. Set

(4.36) ∇0
Xu(x) = Px∇Xu(x),

when u is a section of E0. Note that, for scalar f ,

∇0
Xfu(x) = Px

(
f∇Xu(x) + (Xf)u

)

= fPx∇Xu(x) + (Xf)u(x),

provided u is a section of E0, so Pxu(x) = u(x). This shows that (4.36)
defines a connection on E0. Since 〈∇0

Xu, v〉 = 〈∇Xu, v〉 for sections u, v of
E0, it is clear that ∇0 is also a metric connection. Similarly, if E1 is the
orthogonal bundle, a subbundle of E, a metric connection on E1 is given
by

(4.37) ∇1
Xv(x) = (I − Px)∇Xv(x),

for a section v of E1.
It is useful to treat ∇0 and ∇1 on an equal footing, so we define a new

connection ∇̃ on E, also a metric connection, by

(4.38) ∇̃ = ∇0 ⊕∇1.

Then there is the relation

(4.39) ∇X = ∇̃X + CX ,

where

(4.40) CX =

(
0 II1

X

II0
X 0

)
.

Here, II0
X : E0 → E1 is the second fundamental form of E0 ⊂ E, and

II1
X : E1 → E0 is the second fundamental form of E1 ⊂ E. We also set

IIj(X,u) = IIj
Xu. In this context, the Weingarten formula has the form

(4.41) Ct
X = −CX , i.e., II1

X = −
(
II0

X

)t
.

Indeed, for any two connections related by (4.39), with C ∈ Hom(TM ⊗
E,E), if ∇ and ∇̃ are both metric connections, the first part of (4.41)
holds.

We remark that when γ is a curve in a Riemannian manifold M , and
for p ∈ γ, Ep = TpM, E0p = Tpγ, E1p = ν(γ), the normal space, and
if ∇ is the Levi-Civita connection on M , then ∇̃ is sometimes called the
Fermi-Walker connection on γ. One also (especially) considers a timelike
curve in a Lorentz manifold.
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Let us also remark that if we start with metric connections ∇j on Ej ,
then form ∇̃ on E by (4.38), and then define ∇ on E by (4.39), provided
that (4.40) holds, it follows that ∇ is also a metric connection on E, and
the connections ∇j are recovered by (4.36) and (4.37).

In general, for any two connections ∇ and ∇̃, related by (4.39) for some
End(E) valued 1-form C, we have the following relation between their
curvature tensors R and R̃, already anticipated in Exercise 2 of §1:

(4.42) (R− R̃)(X,Y )u =
{
[CX , ∇̃Y ]− [CY , ∇̃X ]−C[X,Y ]

}
u + [CX , CY ]u.

In case ∇̃ = ∇0 ⊕∇1 on E = E0 ⊕ E1, and ∇ has the form (4.39), where
CX exchanges E0 and E1, it follows that the operator in brackets { }
on the right side of (4.42) exchanges sections of E0 and E1, while the last
operator [CX , CY ] leaves invariant the sections of E0 and E1. In such a
case these two components express respectively the Codazzi identity and
Gauss’ Theorema Egregium.

We will expand these formulas, writing R(X,Y ) ∈ End(E0 ⊕ E1) in the
block matrix form

(4.43) R =

(
R00 R01

R10 R11

)
.

Then Gauss’ equations become

(4.44)
(R00 − R0)(X,Y )u = II1

XII0
Y u − II1

Y II0
Xu,

(R11 − R1)(X,Y )u = II0
XII1

Y u − II0
Y II1

Xu,

for a section u of E0 or E1, respectively. Equivalently, if v is also a section
of E0 or E1, respectively,

(4.45)
〈(R00 − R0)(X,Y )u, v〉 = 〈II0

Xu, II0
Y v〉 − 〈II0

Y u, II0
Xv〉,

〈(R11 − R1)(X,Y )u, v〉 = 〈II1
Xu, II1

Y v〉 − 〈II1
Y u, II1

Xv〉.
The second part of (4.45) is also called the Ricci equation.

Codazzi’s equations become
(4.46)

R10(X,Y )u = II0
X∇0

Y u − II0
Y ∇0

Xu − II0
[X,Y ]u + ∇1

XII0
Y u −∇1

Y II0
Xu,

R01(X,Y )u = II1
X∇1

Y u − II1
Y ∇1

Xu − II1
[X,Y ]u + ∇0

XII1
Y u −∇0

Y II1
Xu,

for sections u of E0 and E1, respectively. If we take the inner product of
the first equation in (4.46) with a section v of E1, we get

(4.47)

〈R10(X,Y )u, v〉
= − 〈∇0

Y u, II1
Xv〉 + 〈∇0

Xu, II1
Y v〉 − 〈II0

[X,Y ]u, v〉

+ 〈II0
Xu,∇1

Y v〉 − 〈II0
Y u,∇1

Xv〉 + X〈II0
Y u, v〉 − Y 〈II0

Xu, v〉,
using the metric property of ∇0 and ∇1, and the antisymmetry of (4.40).
If we perform a similar calculation for the second part of (4.46), in light of
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the fact that R10(X,Y )t = −R01(X,Y ), we see that these two parts are
equivalent, so we need retain only one of them. Furthermore, we can rewrite
the first equation in (4.46) as follows. Form a connection on Hom(TM ⊗
E0, E1) via the connections ∇j on Ej and a Levi-Civita connection ∇M on
TM , via the natural derivation property, that is,

(4.48) (∇̃XII0)(Y, u) = ∇1
XII0

Y u − II0
Y ∇0

Xu − II0(∇M
X Y, u).

Then (4.46) is equivalent to

(4.49) R10(X,Y )u = (∇̃XII0)(Y, u) − (∇̃Y II0)(X,u).

One case of interest is when E1 is the trivial bundle E1 = M × R, with
one-dimensional fiber. For example, E1 could be the normal bundle of a
codimension-one surface in R

n. In this case, it is clear that both sides of
the last half of (4.45) are tautologically zero, so Ricci’s equation has no
content in this case.

As a parenthetical comment, suppose E is a trivial bundle E = M ×R
n,

with complementary subbundles Ej , having metric connections constructed
as in (4.36) and (4.37), from the trivial connection D on E, defined by
componentwise differentiation, so

(4.50) ∇0
Xu = PDXu, ∇1

Xu = (I − P )DXu,

for sections of E0 and E1, respectively. There is the following alternative
approach to curvature formulas. For ∇̃ = ∇0 ⊕∇1, we have

(4.51) ∇̃Xu = DXu + (DXP )(I − 2P )u.

Note that with respect to a choice of basis of R
n as a global frame field on

M × R
n, we have the connection 1-form (1.13) given by

(4.52) Γ = dP (I − 2P ).

Since dP = dP P + P dP , we have dP P = (I − P ) dP . Thus, writing the
connection 1-form as Γ = P dP (I −P )− (I −P ) dP P casts Γ = −C in the
form (4.40). We obtain directly from the formula Ω = dΓ + Γ ∧ Γ, derived
in (4.15), that the curvature of ∇̃ is given by

(4.53) Ω = dP ∧ dP = P dP ∧ dP P + (I − P ) dP ∧ dP (I − P ),

the last identity showing the respective curvatures of E0 and E1. Compare
with Exercise 5 of §1.

Our next goal is to invert the process above. That is, rather than starting
with a flat bundle E = M × R

n and obtaining connections on subbundles
and second fundamental forms, we want to start with bundles Ej → M, j =
1, 2, with metric connections ∇j , and proposed second fundamental forms
IIj , sections of Hom(TM ⊗ Ej , Ej′), and then obtain a flat connection
∇ on E via (4.38)–(4.40). Of course, we assume II0 and II1 are related
by (4.41), so (4.39) makes ∇ a metric connection. Thus, according to
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equations (4.45) and (4.49), the connection ∇ is flat if and only if, for all
sections u, v of E0,

(4.54)
(∇̃XII0)(Y, u) − (∇̃Y II0)(X,u) = 0,

〈R0(X,Y )u, v〉 = 〈II0
Y u, II0

Xv〉 − 〈II0
Xu, II0

Y v〉,

and, for all sections u, v of E1,

(4.55) 〈R1(X,Y )u, v〉 = 〈II1
Y u, II1

Xv〉 − 〈II1
Xu, II1

Y v〉.

If these conditions are satisfied, then E will have a global frame field
of sections e1, . . . , en, such that ∇ej = 0, at least provided M is simply
connected. Then, for each p ∈ M , we have an isometric isomorphism

(4.56) J(p) : Ep −→ R
n

by expanding elements of Ep in terms of the basis {ej(p)}. Thus E0 ⊂ E
is carried by J(p) to a family of linear subspaces J(p)E0p = Vp ⊂ R

n, with
orthogonal complements J(p)E1p = Np ⊂ R

n.
We now specialize to the case E0 = TM , where M is an m-dimensional

Riemannian manifold, with its Levi-Civita connection; E1 is an auxiliary
bundle over M , with metric connection ∇1. We will assume M is sim-
ply connected. The following result is sometimes called the fundamental

theorem of surface theory.

Theorem 4.8. Let II0 be a section of Hom(TM⊗TM,E1), and set II1
X =

−(II0
X)t. Make the symmetry hypothesis

(4.57) II0(X,Y ) = II0(Y,X).

Assume the equations (4.54) and (4.55) are satisfied, producing a trivial-
ization of E = E0 ⊕ E1, described by (4.56). Then there is an isometric
immersion

(4.58) X : M −→ R
n,

and a natural identification of E1 with the normal bundle of S = X(M) ⊂
R

n, such that the second fundamental form of S is given by II0.

To get this, we will construct the map (4.58) so that

(4.59) DX(p) = J(p)
∣∣
TM

,

for all p ∈ M . To see how to get this, consider one of the n components of
J, Jν(p) : Ep → R. In fact, Jνu = 〈eν , u〉. Let βν(p) = Jν(p)

∣∣
TpM

; thus βν

is a 1-form on M .

Lemma 4.9. Each βν is closed, that is, dβν = 0.



Exercises 31

Proof. For vector fields X and Y on M , we have

(4.60)
dβν(X,Y ) = X · βν(Y ) − Y · βν(X) − βν([X,Y ])

= X · βν(Y ) − Y · βν(X) − βν(∇0
XY −∇0

Y X).

Using ∇X = ∇0
X + II0

X on sections of E0 = TM , we see that this is equal
to

X · Jν(Y ) − Y · Jν(X) − Jν(∇XY −∇Y X) + Jν(II0
XY − II0

Y X)

= (∇XJν)Y − (∇Y Jν)X + Jν(II0
XY − II0

Y X).

By construction, ∇XJν = 0, while (4.57) says II0
XY − II0

Y X = 0. Thus
dβν = 0.

Consequently, as long as M is simply connected, we can write βν = dxν

for some functions xν ∈ C∞(M). Let us therefore define the map (4.58) by
X(p) = (x1(p), . . . , xν(p)). Thus (4.59) holds, so X is an isometric map-
ping. Furthermore, it is clear that J(p) maps E1p precisely isometrically
onto the normal space Np ⊂ R

n to S = X(M) at X(p), displaying II0 as
the second fundamental form of S. Thus Theorem 4.8 is established.

Let us specialize Theorem 4.8 to the case where dim M = n − 1, so the
fibers of E1 are one-dimensional. As mentioned above, the Ricci identity
(4.55) has no content in that case. We have the following special case of
the fundamental theorem of surface theory.

Proposition 4.10. Let M be an (n − 1)-dimensional Riemann manifold;
assume M is simply connected. Let there be given a symmetric tensor field
ĨI, of type (0,2). Assume the following Gauss-Codazzi equations hold:

(4.61)
〈RM (X,Y )Z,W 〉 = ĨI(Y,Z)ĨI(X,W ) − ĨI(X,Z)ĨI(Y,W ),

(
∇M

X ĨI
)
(Y,Z) −

(
∇M

Y ĨI
)
(X,Z) = 0,

where ∇M is the Levi-Civita connection of M and RM is its Riemann
curvature tensor. Then there is an isometric immersion X : M → R

n such
that the second fundamental form of S = X(M) ⊂ R

n is given by ĨI.

Exercises

1. Let S ⊂ M , with respective Levi-Civita connections ∇0,∇, respective Rie-
mann tensors Rs, R, and so on, as in the text. Let γs,t : [a, b] → S be
a two-parameter family of curves. One can also regard γs,t : [a, b] → M .
Apply the formula (3.52) for the second variation of energy in these two con-
texts, and compare the results, to produce another proof of Gauss’ formula
(4.14) for 〈(R − RS)(X, Y )Z, W 〉 when X, Y, Z, W are all tangent to S.

2. With the Ricci tensor Ric given by (3.23) and the sectional curvature Kp(Π)
by (4.32), show that, for X ∈ TpM , of norm 1, if Ξ denotes the orthogonal
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complement of X in TpM , then

Ric(X, X) =
n − 1

vol Sp(Ξ)

Z

Sp(Ξ)

Kp(U, X) dV (U),

where Sp(Ξ) is the unit sphere in Ξ, n = dim M , and Kp(U, X) = Kp(Π),
where Π is the linear span of U and X. Show that the scalar curvature at p
is given by

S =
n(n − 1)

vol G2

Z

G2

Kp(Π) dV (Π),

where G2 is the space of 2-planes in TpM .
3. Let γ be a curve in R

3, parameterized by arc length. Recall the Frenet
apparatus. At p = γ(t), T = γ′(t) spans Tpγ, and if the curvature κ of γ is
nonzero, unit vectors N and B span the normal bundle νp(γ), satisfying the
system of ODE

(4.62)

T ′ = κN,

N ′ = −κT + τB,

B′ = − τN,

and furthermore, B = T × N, T = N × B, N = B × T . Compare with
Exercises 4–6 in Chapter 1, §5. Let ∇ denote the standard flat connection
on R

3, and ∇0, ∇1 the connections induced on T (γ) and ν(γ), as in (4.1),
(4.8). Show that

(4.63) II(T, T ) = κN

and that

(4.64)
∇1

T N = τB,

∇1
T B = −τN.

Compute the right side of the Weingarten formula

(4.65) ∇T −∇1
T = −(IIT )t,

and show that (4.63)–(4.65) are equivalent to (4.62).
4. Let S ⊂ R

3 be a surface, with connection ∇S , second fundamental form IIS ,
and unit normal ν. Let γ be the curve of Exercise 3, and suppose γ is a curve
in S. Show that

IIS(T, T ) = κ〈N, ν〉ν
= κN −∇S

T T.

If Aν denotes the Weingarten map of S, as in (4.5), show that

AνT = κT − τB and N = ν,

provided γ is a geodesic on S.
5. Use Theorem 4.4 to show that the Gauss curvature K of a surface S ⊂ R

3

is equal to det Aν . Use the symmetry of Aν to show that each TpS has
an orthonormal basis T1, T2 such that AνTj = κjTj ; hence K = κ1κ2. An
eigenvector of Aν is called a direction of principal curvature. Show that
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T ∈ TpS is a direction of principal curvature if and only if the geodesic
through p in direction T has vanishing torsion τ at p.

6. Suppose M has the property that each sectional curvature Kp(Π) is equal to
Kp, independent of Π. Show that

R = KpI in End(Λ2Tp),

where R is as in Exercise 4 of §3. Show that Kp is constant, on each connected
component of M , if dim M ≥ 3. (Hint: To do the last part, use Proposition
3.3.)

7. Show that the formula (4.42) for R − eR is equivalent to the formula (2.17).
(This reiterates Exercise 5 of §2.) Also, relate (4.44) and (4.49) to (3.54).

Let M be a compact, oriented hypersurface in R
n. Let

N : M → Sn−1

be given by the outward-pointing normal. This is called the Gauss map.
8. If n = 3, show that N∗ω0 = Kω, where ω0 and ω are the area forms of

S2 and M , respectively, and K is the Gauss curvature of M . Note that the
degree of the Gauss map is

Deg(N) =
1

4π

Z

M

N∗ω0.

See §19 of Chapter 1 for basic material on degrees of maps.
9. For general n, show that N∗ω0 = Jω, with

J = (−1)n−1 det AN ,

where ω and ω0 are the volume forms and AN : TpM → TpM is the Wein-
garten map (4.5). Consequently,

(4.66) Deg(N) =
(−1)n−1

An−1

Z

M

“

det AN

”

dV,

where An−1 is the area of Sn−1. (Hint: There is a natural identification of
TpM and Tq(S

n−1) as linear subspaces of R
n, if q = N(p). Show that the

Weingarten formula gives

(4.67) DN(p) = −AN ∈ End(TpM) ≈ L(TpM, TqS
n−1).)

10. Let S be a hypersurface in R
n, with second fundamental formfII, as in (4.15).

Suppose fII is proportional to the metric tensor, fII = λ(x)g. Show that λ is
constant, provided S is connected. (Hint: Use the Codazzi equation (4.17),
plus the fact that ∇0g = 0.)

11. When S is a hypersurface in R
n, a point p, where fII = λg, is called an

umbilic point. If every point on S is umbilic, show that S has constant
sectional curvature λ2.
(Hint: Apply Gauss’ Theorema Egregium, in the form (4.14).)

12. Let S ⊂ R
n be a k-dimensional submanifold (k < n), with induced metric g

and second fundamental form II. Let ξ be a section of the normal bundle
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ν(S). Consider the one-parameter family of maps S → R
n,

(4.68) ϕτ (x) = x + τξ(x), x ∈ S, τ ∈ (−ε, ε).

Let gτ be the family of Riemannian metrics induced on S. Show that

(4.69)
d

dτ
gτ (X, Y )

˛

˛

˛

τ=0
= −2〈ξ, II(X, Y )〉.

More generally, if S ⊂ M is a submanifold, consider the one-parameter family
of submanifolds given by

(4.70) ϕτ (x) = Expx

“

τξ(x)
”

, x ∈ S, τ ∈ (−ε, ε),

where Expx : TxM → M is the exponential map, determined by the Rie-
mannian metric on M . Show that (4.69) holds in this more general case.

13. Let M1 ⊂ M2 ⊂ M3 be Riemannian manifolds of dimension n1 < n2 < n3,
with induced metrics. For j < k, denote by IIjk the second fundamental
form of Mj ⊂ Mk and by Ajk the associated Weingarten map. For x ∈ Mj ,
denote by N jk

x the orthogonal complement of TxMj in TxMk and by jk∇1

the natural connection on N jk(Mj). Let X and Y be tangent to M1, and let
ξ be a section of N12(M1). Show that

A12
ξ X = A13

ξ X.

Also show that

13∇1
Xξ = 12∇1

Xξ + II23(X, ξ), orthogonal decomposition,

and that

II13(X, Y ) = II12(X, Y ) + II23(X, Y ), orthogonal decomposition.

Relate this to Exercises 3–5 when nj = j.
14. If S ⊂ M has codimension 1 and Weingarten map A : TpS → TpS, show that

the Gauss equation (4.14) gives

(4.71)
D

(R−RS)(X, Y )Z, W
E

=
D

(Λ2A)(X ∧Y ), Z ∧W
E

, X, Y, Z, W ∈ TpS.

Show that (with N a unit normal to S) the scalar curvatures of M and S are
related by

(4.72) SM − SS = −2 Tr Λ2A + 2 RicM (N, N).

5. The Gauss-Bonnet theorem for surfaces

If M is a compact, oriented Riemannian manifold of dimension 2, the
Gauss-Bonnet theorem says that

(5.1)

∫

M

K dV = 2π χ(M),

if K is the Gauss curvature of M and χ(M) its Euler characteristic. There
is an associated formula if M has a boundary. There are a number of
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significant variants of this, involving, for example, the index of a vector
field. We present several proofs of the Gauss-Bonnet theorem and some of
its variants here.

We begin with an estimate on the effect of parallel translation about a
small closed, piecewise smooth curve. This first result holds for a general
vector bundle E → M with connection ∇ and curvature

Ω =
1

2
Rα

βjk dxj ∧ dxk,

with no restriction on dim M .

Proposition 5.1. Let γ be a closed, piecewise smooth loop on M . Assume
it is parameterized by arc length for 0 ≤ t ≤ b, γ(b) = γ(0). If u(t) is a
section of E over γ defined by parallel transport (i.e., ∇T u = 0, T = γ̇),
then

(5.2) uα(b) − uα(0) = −1

2

∑

j,k,β

Rα
βjk

(∫

A

dxj ∧ dxk

)
uβ(0) + O(b3),

where A is an oriented 2-surface in M with ∂A = γ, and the uα(t) are the
components of u with respect to a local frame.

Proof. If we put a coordinate system on a neighborhood of p = γ(0) ∈ M
and choose a frame field for E, then parallel transport is defined by

(5.3)
duα

dt
= −Γα

βkuβ dxk

dt
.

As usual, we use the summation convention. Thus

(5.4) uα(t) = uα(0) −
∫ t

0

Γα
βk(γ(s))uβ(s)

dxk

ds
ds.

We hence have

(5.5) uα(t) = uα(0) − Γα
βk(p)uβ(0)(xk − pk) + O(t2).

We can solve (5.3) up to O(t3) if we use

(5.6) Γα
βj(x) = Γα

βj(p) + (xk − pk) ∂kΓα
βj + O

(
|x − p|2

)
.

Hence

(5.7)
uα(t) = uα(0) −

∫ t

0

[
Γα

βk(p) + (xj − pj) ∂jΓ
α

βk(p)
]

·
[
uβ(0) − Γβ

γℓ(p)uγ(0)(xℓ − pℓ)
] dxk

ds
ds + O(t3).
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If γ(b) = γ(0), we get

(5.8)

uα(b) = uα(0) −
∫ b

0

xj dxk

(
∂jΓ

α
βk

)
uβ(0)

+

∫ b

0

xj dxkΓα
βkΓβ

γju
γ(0) + O(b3),

the components of Γ and their first derivatives being evaluated at p. Now
Stokes’ theorem gives

∫

γ

xj dxk =

∫

A

dxj ∧ dxk,

so

(5.9) uα(b)−uα(0) =
[
−∂jΓ

α
βk + Γα

γkΓγ
βj

] ∫

A

dxj ∧ dxk uβ(0) + O(b3).

Recall that the curvature is given by

Ω = dΓ + Γ ∧ Γ,

that is,

(5.10) Rα
βjk = ∂jΓ

α
βk − ∂kΓα

βj + Γα
γjΓ

γ
βk − Γα

γkΓγ
βj .

Now the right side of (5.10) is the antisymmetrization, with respect to j and
k, of the quantity in brackets in (5.9). Since

∫
A

dxj ∧ dxk is antisymmetric
in j and k, we get the desired formula (5.2).

In particular, if dim M = 2, then we can write the End(E)-valued 2-form
Ω as

(5.11) Ω = Rµ,

where µ is the volume form on M and R is a smooth section of End(E)
over M . If E has an inner product and ∇ is a metric connection, then R
is skew-adjoint. If γ is a geodesic triangle that is “fat” in the sense that
none of its angles is small, (5.2) implies

(5.12) u(b) − u(0) = −Ru(0)(Area A) + O
(
(Area A)3/2

)
.

If we specialize further, to oriented two-dimensional M with E = TM ,
possessing the Levi-Civita connection of a Riemannian metric, then we
take J : TpM → TpM to be the counterclockwise rotation by 90◦, which
defines an almost complex structure on M . Up to a scalar this is the unique
skew-adjoint operator on TpM , and, by (3.34),

(5.13) Ru = −K Ju, u ∈ TpM,
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where K is the Gauss curvature of M at p. Thus, in this case, (5.12)
becomes

(5.14) u(b) − u(0) = K Ju(0)(Area A) + O
(
(Area A)3/2

)
.

Figure 5.1

On the other hand, if a tangent vector X0 ∈ TpM undergoes parallel
transport around a geodesic triangle, the action produced on TpM is easily
seen to be a rotation in TpM through an angle that depends on the angle
defect of the triangle. The argument can be seen by looking at Fig. 5.1.
We see that the angle from X0 to X3 is

(5.15) (π + α) − (2π − β − γ − ξ) − ξ = α + β + γ − π.

In this case, formula (5.14) implies

(5.16) α + β + γ − π =

∫
K dV + O

(
(Area A)3/2

)
.

We can now use a simple analytical argument to sharpen this up to the
following celebrated formula of Gauss.
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Theorem 5.2. If A is a geodesic triangle in M2, with angles α, β, and γ,
then

(5.17) α + β + γ − π =

∫

A

K dV.

Proof. Break up the geodesic triangle A into N2 little geodesic triangles,
each of diameter O(N−1), area O(N−2). Since the angle defects are addi-

tive, the estimate (5.17) implies

(5.18)

α + β + γ − π =

∫

A

K dV + N2O
(
(N−2)3/2

)

=

∫

A

K dV + O(N−1),

and passing to the limit as N → ∞ gives (5.17).

Note that any region that is a contractible geodesic polygon can be di-
vided into geodesic triangles. If a contractible region Ω ⊂ M with smooth
boundary is approximated by geodesic polygons, a straightforward limit
process yields the Gauss-Bonnet formula

(5.19)

∫

Ω

K dV +

∫

∂Ω

κ ds = 2π,

where κ is the geodesic curvature of ∂Ω. We leave the details to the reader.
Another proof will be given at the end of this section.

If M is a compact, oriented two-dimensional manifold without boundary,
we can partition M into geodesic triangles. Suppose the triangulation of
M so produced has

(5.20) F faces (triangles), E edges, V vertices.

If the angles of the jth triangle are αj , βj , and γj , then summing all the
angles clearly produces 2πV . On the other hand, (5.17) applied to the jth
triangle, and summed over j, yields

(5.21)
∑

j

(αj + βj + γj) = πF +

∫

M

K dV.

Hence
∫

M
K dV = (2V −F )π. Since in this case all the faces are triangles,

counting each triangle three times will count each edge twice, so 3F = 2E.
Thus we obtain

(5.22)

∫

M

K dV = 2π(V − E + F ).
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This is equivalent to (5.1), in view of Euler’s formula

(5.23) χ(M) = V − E + F.

Figure 5.2

We now derive a variant of (5.1) when M is described in another fashion.
Namely, suppose M is diffeomorphic to a sphere with g handles attached.
The number g is called the genus of the surface. The case g = 2 is illustrated
in Fig. 5.2. We claim that

(5.24)

∫

M

K dV = 4π(1 − g)

in this case. By virtue of (5.22), this is equivalent to the identity

(5.25) 2 − 2g = V − E + F = χ(M).

Direct proofs of this are possible, but we will provide a proof of (5.24),
based on the fact that

(5.26)

∫

M

K dV = C(M)

depends only on M , not on the metric imposed. This follows from (5.22), by
forgetting the interpretation of the right side. The point we want to make
is, given (5.26)—that is, the independence of the choice of metric—we can
work out what C(M) is, as follows.

First, choosing the standard metric on S2, for which K = 1 and the area
is 4π, we have

(5.27)

∫

S2

K dV = 4π.

Now suppose M is obtained by adding g handles to S2. Since we can alter
the metric on M at will, we can make sure it coincides with the metric of a
sphere near a great circle, in a neighborhood of each circle where a handle
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is attached to the main body A, as illustrated in Fig. 5.2. If we imagine
adding two hemispherical caps to each handle Hj , rather than attaching it
to A, we turn each Hj into a new sphere, so by (5.27) we have

(5.28) 4π =

∫

Hj∪ caps

K dV =

∫

Hj

K dV +

∫

caps

K dV.

Since the caps fit together to form a sphere, we have
∫
caps

K dV = 4π, so
for each j,

(5.29)

∫

Hj

K dV = 0,

provided M has a metric such as described above. Similarly, if we add 2g
caps to the main body A, we get a new sphere, so

(5.30) 4π =

∫

A∪ caps

K dV =

∫

A

K dV + 2g(2π),

or

(5.31)

∫

A

K dV = 2π(2 − 2g).

Together (5.29) and (5.31) yield (5.24), and we get the identity (5.25) as a
bonus.

We now give another perspective on Gauss’ formula, directly dealing with
the fact that TM can be treated as a complex line bundle, when M is an
oriented Riemannian manifold of dimension 2. We will produce a variant
of Proposition 5.1 which has no remainder term and which hence produces
(5.16) with no remainder, directly, so Theorem 5.2 follows without the
additional argument given above. The result is the following; again dim M
is unrestricted.

Proposition 5.3. Let E → M be a complex line bundle. Let γ be a
piecewise smooth, closed loop in M , with γ(0) = γ(b) = p, bounding a
surface A. Let ∇ be a connection on E, with curvature Ω. If u(t) is a
section of E over γ defined by parallel translation, then

(5.32) u(b) =
[
exp

(
−

∫

A

Ω
)]

u(0).

Proof. Pick a nonvanishing section (hence a frame field) ξ of E over S,
assuming S is homeomorphic to a disc. Any section u of E over S is of the
form u = vξ for a complex-valued function v on S. Then parallel transport
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along γ(t) = (x1(t), . . . , xn(t)) is defined by

(5.33)
dv

dt
= −

(
Γk

dxk

dt

)
v.

The solution to this single, first-order ODE is

(5.34) v(t) =
[
exp

(
−

∫ t

0

Γk(γ(s))
dxk

ds
ds

)]
v(0).

Hence

(5.35) v(b) =
[
exp

(
−

∫

γ

Γ
)]

v(0),

where Γ =
∑

Γk dxk. The curvature 2-form Ω is given, as a special case of
(5.10), by

(5.36) Ω = dΓ,

and Stokes’ theorem gives (5.32), from (5.35), provided A is contractible.
The general case follows from cutting A into contractible pieces.

As we have mentioned, Proposition 5.3 can be used in place of Propo-
sition 5.1, in conjunction with the argument involving Fig. 5.1, to prove
Theorem 5.2.

Next, we relate
∫

M
Ω to the “index” of a section of a complex line bundle

E → M , when M is a compact, oriented manifold of dimension 2. Suppose
X is a section of E over M \ S, where S consists of a finite number of
points; suppose that X is nowhere vanishing on M \S and that, near each
pj ∈ S, X has the following form. There are a coordinate neighborhood
Oj centered at pj , with pj the origin, and a nonvanishing section ξj of E
near pj , such that

(5.37) X = vjξj on Oj , vj : Oj \ p → C \ 0.

Taking a small counterclockwise circle γj about pj , vj/|vj | = ωj maps γj

to S1; consider the degree ℓj of this map, that is, the winding number of
γj about S1. This is the index of X at pj , and the sum over pj is the total
index of X:

(5.38) Index(X) =
∑

j

ℓj .

We will establish the following.

Proposition 5.4. For any connection on E → M , with curvature form Ω
and X as above, we have

(5.39)

∫

M

Ω = −(2πi) · Index(X).
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Proof. You can replace X by a section of E \ 0 over M \ {pj}, homotopic
to the original, having the form (5.37) with

(5.40) vj = eiℓjθ + wj ,

in polar coordinates (r, θ) about pj , with wj ∈ C1(Oj), wj(0) = 0. Excise
small disks Dj containing pj ; let D = ∪Dj . Then, by Stokes’ theorem,

(5.41)

∫

M\D

Ω = −
∑

j

∫

γj

Γ,

where γj = ∂Dj and Γ is the connection 1-form with respect to the section
X, so that, with ∇k = ∇Dk

, Dk = ∂/∂xk in local coordinates,

(5.42) ∇kX = ΓkX.

Now (5.37) gives (with no summation)

(5.43) Γkvjξj = (∂kvj + vjΓ̃jk)ξj

on Dj , where Γ̃jk dxk is the connection 1-form with respect to the section
ξj . Hence

(5.44) Γk = v−1
j ∂kvj + Γ̃jk,

with remainder term Γ̃jk ∈ C1(Oj). By (5.40), we have

(5.45)

∫

γj

Γ = 2πiℓj + O(r)

if each Dj has radius ≤ Cr. Passing to the limit as the disks Dj shrink to
pj gives (5.39).

Since the left side of (5.39) is independent of the choice of X, it follows
that the index of X depends only on E, not on the choice of such X. In
Chapter 10, this formula is applied to a meromorphic section of a complex
line bundle, and in conjunction with the Riemann-Roch formula it yields
important information on Riemann surface theory.

In case M is a compact, oriented Riemannian 2-manifold, whose tangent
bundle can be given the structure of a complex line bundle as noted above,
(5.39) is equivalent to

(5.46)

∫

M

K dV = 2π Index(X),

for any smooth vector field X, nonvanishing, on M minus a finite set of
points. This verifies the identity

(5.47) Index(X) = χ(M)

in this case.
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As a further comment on the Gauss-Bonnet formula for compact surfaces,
let us recall from Exercise 8 of §4 that if M is a compact, oriented surface
in R

3, with Gauss map N : M → S2, then

(5.48) Deg(N) =
1

4π

∫

M

N∗ω0 =
1

4π

∫

M

K dV.

Furthermore, in §20 of Chapter 1, Corollary 20.5 yields an independent
proof that, in this case,

(5.49) Deg(N) =
1

2
Index(X),

for any vector field X on M with a finite number of critical points. Hence
(5.48)–(5.49) provide another proof of (5.1), at least for a surface in R

3.
This line of reasoning will be extended to the higher-dimensional case of hy-
persurfaces of R

n+1, in the early part of §8, as preparation for establishing
the general Chern-Gauss-Bonnet theorem.

To end this section, we provide a direct proof of the formula (5.19),
using an argument parallel to the proof of Proposition 5.3. Thus, assuming
that M is an oriented surface, we give TM the structure of a complex line
bundle, and we pick a nonvanishing section ξ of TM over a neighborhood
of O. Let γ = ∂O be parameterized by arc length, T = γ′(s), 0 ≤ s ≤ b,
with γ(b) = γ(0). The geodesic curvature κ of γ, appearing in (5.19), is
given by

(5.50) ∇T T = κN, N = JT.

If we set T = uξ, where u : O → C, then, parallel to (5.33), we have (5.50)
equivalent to

(5.51)
du

ds
= −

∑
Γk

dxk

ds
u + iκu.

The solution to this single, first-order ODE is (parallel to (5.34))

(5.52) u(t) =
[
exp

(
i

∫ t

0

κ(s) ds −
∫ t

0

Γk

(
γ(s)

) dxk

ds
ds

)]
u(0).

Hence

(5.53) u(b) =
[
exp

(
i

∫

γ

κ(s) ds −
∫

O

Ω
)]

u(0).

By (5.13), we have

(5.54) Ω = −iK dV,

and since u(b) = u(0), we have

(5.55) exp
(
i

∫

γ

κ(s) ds + i

∫

O

K dV
)

= 1,
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or

(5.56)

∫

O

K dV +

∫

γ

κ(s) ds = 2πν,

for some ν ∈ Z. Now if O were a tiny disc in M , it would be clear that
ν = 1. Using the contractibility of O and the fact that the left side of
(5.56) cannot jump, we have ν = 1, which proves (5.19).

Exercises

1. Given a triangulation of a compact surface M , within each triangle construct
a vector field, vanishing at seven points as illustrated in Fig. 5.3, with the
vertices as attractors, the center as a repeller, and the midpoints of each side
as saddle points. Fit these together to produce a smooth vector field X on
M . Show directly that

Index (X) = V − E + F.

Figure 5.3

2. Let L → M be a complex line bundle, and let u and v be sections of L with
a finite number of zeros. Show directly that u and v have the same index.
(Hint: Start with u = fv on M \Z, where Z is the union of the zero sets and
f : M \ Z → C \ 0.)

3. Let M1 and M2 be n-dimensional submanifolds of R
k. Suppose a curve γ is

contained in the intersection M1 ∩ M2, and assume

p = γ(s) =⇒ TpM1 = TpM2.

Show that parallel translations along γ in M1 and in M2 coincide. (Hint: If
T = γ′(s) and X is a vector field along γ, tangent to M1 (hence to M2), show
that ∇M1

T X = ∇M2

T X, using Corollary 4.2.)
4. Let O be the region in S2 ⊂ R

3 consisting of points in S2 of geodesic distance
< r from p = (0, 0, 1), where r ∈ (0, π) is given. Let γ = ∂O. Construct
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a cone, with vertex at (0, 0, sec r), tangent to S2 along γ. Using this and
Exercise 3, show that parallel translation over one circuit of γ is given by

counterclockwise rotation by θ = 2π(1 − cos r).

(Hint: Flatten out the cone, as in Fig. 5.4. Notice that γ has length ℓ =
2π sin r.)
Compare this calculation with the result of (5.32), which in this context implies

u(ℓ) =

»

exp i

Z

O

K dV

–

u(0).

Figure 5.4

5. Let γ : [a, b] → R
3 be a smooth, closed curve, so γ(a) = γ(b) and γ′(a) = γ′(b).

Assume γ is parameterized by arc length, so γ′(t) = T (t) and T : [a, b] → S2;
hence T is a smooth, closed curve in S2. Note that the normal space to γ at
p = γ(t) is naturally identified with the tangent space to S2 at T (t) = q:

νp(γ) = TqS
2.

a) Show that parallel translation along γ of a section of the normal bundle
ν(γ), with respect to the connection described in Exercise 3 of §4, coincides
with parallel translation along the curve T of vectors tangent to S2. (Hint:
Recall Exercise 3 of §1.)
b) Suppose the curvature κ of γ never vanishes, so the torsion τ is well defined,
as in (4.62). Show that parallel translation once around γ acts on νp(γ) by
multiplication by

exp

„

−i

Z

γ

τ(s) ds

«

.

Here we use the complex structure on νp(γ) given by JN = B, JB = −N .
(Hint: Use (4.64).) Compare the results of parts a and b.
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6. The principal bundle picture

An important tool for understanding vector bundles is the notion of an
underlying structure, namely that of a principal bundle. If M is a manifold
and G a Lie group, then a principal G-bundle P

p−→ M is a locally trivial
fibration with a G-action on P such that G acts on each fiber Px = p−1(x) in
a simply transitive fashion. An example is the frame bundle of an oriented
Riemannian manifold M, F (M) → M , where Fx(M) consists of the set of
ordered oriented orthonormal bases of the tangent space Tx to M at x. If
n = dim M , this is a principal SO(n)-bundle.

If P → M is a principal G-bundle, then associated to each representation
π of G on a vector space V is a vector bundle E → M . The set E is a
quotient space of the Cartesian product P × V , under the equivalence
relation

(6.1) (y, v) ∼ (y · g, π(g)−1v), g ∈ G.

We have written the G-action on P as a right action. One writes E =
P ×π V . The space of sections of E is naturally isomorphic to a certain
subspace of the space of V -valued functions on P :

(6.2) C∞(M,E) ≈ {u ∈ C∞(P, V ) : u(y · g) = π(g)−1u(y), g ∈ G}.

We describe how this construction works for the frame bundle F (M) of
an oriented Riemannian manifold, which, as mentioned above, is a principal
SO(n)-bundle. Thus, a point y ∈ Fx(M) consists of an n-tuple (e1, . . . , en),
forming an ordered, oriented orthonormal basis of TxM . If g = (gjk) ∈
SO(n), the G-action is given by

(6.3) (e1, . . . , en) · g = (f1, . . . , fn), fj =
∑

ℓ

gℓjeℓ.

One can check that (f1, . . . , fn) is also an oriented orthonormal basis of
TxM and that (y ·g) ·g′ = y · (gg′), for g, g′ ∈ SO(n). If π is the “standard”
representation of SO(n) on R

n, given by matrix multiplication, we claim
that there is a natural identification

(6.4) F (M) ×π R
n ≈ TM.

In fact, if y = (e1, . . . , en) ∈ Fx(M) and v = (v1, . . . , vn) ∈ R
n, the map

(6.4) is defined by

(6.5) (y, v) 7→
∑

j

vjej ∈ TxM.

We need to show that this is constant on equivalence classes, as defined by
(6.1), that is, for any g ∈ SO(n),

(6.6) z = y · g = (f1, . . . , fn), w = π(g)−1v =⇒
∑

wkfk =
∑

vjej .
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In fact, setting g−1 = h = (hjk), we see that

(6.7)
∑

k

wkfk =
∑

j,k,ℓ

hkjvjgℓkeℓ =
∑

j,ℓ

δℓjvjeℓ

since

(6.8)
∑

k

gℓkhkj = δℓj ,

and this implies (6.6).
Connections are naturally described in terms of a geometrical structure

on a principal bundle. This should be expected since, as we saw in §1, a
connection on a vector bundle can be described in terms of a “connection
1-form” (1.14), depending on a choice of local frame for the vector bundle.

The geometrical structure giving a connection on a principal bundle P →
M is the following. For each y ∈ P , the tangent space TyP contains the
subspace VyP of vectors tangent to the fiber p−1(x), x = p(y). The space
VyP , called the “vertical space,” is naturally isomorphic to the Lie algebra
g of G. A connection on P is determined by a choice of complementary
subspace, called a “horizontal space”:

(6.9) TyP = VyP ⊕ HyP,

with the G-invariance

(6.10) g∗(HyP ) = Hy·gP,

where g∗ : TyP → Ty·gP is the natural derivative map.
Given this structure, a vector field X on M has a uniquely defined “lift”

X̃ to a vector field on P , such that p∗X̃y = Xx (x = p(y)) and X̃y ∈ HyP
for each y ∈ P . Furthermore, if E is a vector bundle determined by a
representation of G and u ∈ C∞(M,V ) corresponds to a section v of E,
the V -valued function X̃ ·u corresponds to a section of E, which we denote
∇Xv; ∇ is the covariant derivative on E defined by the connection on P
just described. If V has an inner product and π is unitary, E gets a natural
metric and ∇ is a metric connection on E.

If the πj are representations of G on Vj , giving vector bundles Ej → M
associated to a principal bundle P → M with connection, then π1 ⊗ π2

is a representation of G on V1 ⊗ V2, and we have a vector bundle E →
M, E = E1 ⊗ E2. The prescription above associating a connection to E
as well as to E1 and E2 agrees with the definition in (1.29) of a connection
on a tensor product of two vector bundles. This follows simply from the
derivation property of the vector field X̃, acting as a first-order differential
operator on functions on P .

The characterization (6.9)–(6.10) of a connection on a principal bundle
P → M is equivalent to the following, in view of the natural isomorphism
VyP ≈ g. The splitting (6.9) corresponds to a projection of TyP onto VyP ,
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hence to a linear map TyP → g, which gives the identification VyP ≈ g on
the linear subspace VyP of TyP . This map can be regarded as a g-valued
1-form ξ on P , called the connection form, and the invariance property
(6.10) is equivalent to

(6.11) g∗ξ = Adg−1ξ, g ∈ G,

where g∗ξ denotes the pull-back of the form ξ, induced from the G-action
on P .

The Levi-Civita connection on an oriented Riemannian manifold gives
rise to a connection on the frame bundle F (M) → M in the following
way. Fix y ∈ F (M), x = p(y). Recall that the point y is an ordered
(oriented) orthonormal basis (e1, . . . , en) of the tangent space TxM . The
parallel transport of each ej along a curve γ through x thus gives a family
of orthonormal bases for the tangent space to M at γ(t), hence a curve γ#

in F (M) lying over γ. The tangent to γ# at y belongs to the horizontal
space HyF (M), which in fact consists of all such tangent vectors as the
curve γ through x is varied. This construction generalizes to other vector
bundles E → M with connection ∇. One can use the bundle of orthonormal
frames for E if ∇ is a metric connection, or the bundle of general frames
for a general connection.

Let us restate how a connection on a principal bundle gives rise to con-
nections on associated vector bundles. Given a principal G-bundle P → M ,
consider a local section σ of P , over U ⊂ M . If we have a representation
π of G on V , the associated vector bundle E → M , and a section u of E,
then we have u ◦ σ : U → V , using the identification (6.2). Given a con-
nection on P , with connection 1-form ξ, we can characterize the covariant
derivative induced on sections of E by

(6.12) (∇Xu) ◦ σ = LX(u ◦ σ) + Γ(X)u ◦ σ,

where LX acts componentwise on u ◦ σ, and

(6.13) Γ(X) = (dπ)
(
ξy(X̂)

)
, y = σ(x), X̂ = Dσ(x)X,

dπ denoting the derived representation of g on V . That (6.12) agrees with
(L eXu) ◦ σ follows from the chain rule, the fact that X̂ − X̃ is vertical, and
the fact that if v ∈ TyP is vertical, then, by (6.2), Lvu = −dπ

(
ξ(v)

)
u.

Note the similarity of (6.12) to (1.7).
Recall the curvature R(X,Y ) of a connection ∇ on a vector bundle E →

M , defined by the formula (1.10). In case E = P ×π V , and ∇u is defined
as above, we have (using the identification in (6.2))

(6.14) R(X,Y )u = L[ eX,eY ]u − L
[̃X,Y ]

u.
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Alternatively, using (6.12) and (6.13), we see that the curvature of ∇ is
given by

(6.15)
R(X,Y )u ◦ σ

=
{
LXΓ(Y ) − LY Γ(X) +

[
Γ(X),Γ(Y )

]
− Γ

(
[X,Y ]

)}
u ◦ σ.

This is similar to (1.13). Next we want to obtain a formula similar to (but
more fundamental than) (1.15).

Fix y ∈ P, x = p(y). It is convenient to calculate (6.15) at x by picking
the local section σ to have the property that

(6.16) Dσ(x) : TxM −→ HyP,

which is easily arranged. Then X̂ = X̃ at y, so Γ(X) = 0 at y. Hence, at
x,

(6.17)

R(X,Y )u ◦ σ =
{
LXΓ(Y ) − LY Γ(X)

}
u ◦ σ

= (dπ)
{
X̂ · ξ(Ŷ ) − Ŷ · ξ(X̂)

}
u ◦ σ

= (dπ)
{
(dσ∗ξ)(X,Y ) + (σ∗ξ)([X,Y ])

}
u ◦ σ.

Of course, σ∗ξ = 0 at x. Thus we see that

(6.18) R(X,Y )u = (dπ)
{
(dξ)(X̃, Ỹ )

}
u,

at y, and hence everywhere on P . In other words,

(6.19) R(X,Y ) = (dπ)
(
Ω(X̃, Ỹ )

)
,

where Ω is the g-valued 2-form on P defined by

(6.20) Ω(X#, Y #) = (dξ)(κX#, κY #),

for X#, Y # ∈ TyP . Here, κ is the projection of TyP onto HyP , with
respect to the splitting (6.9). One calls Ω the curvature 2-form of the
connection ξ on P .

If V and W are smooth vector fields on P , then

(6.21) (dξ)(V,W ) = V · ξ(W ) − W · ξ(V ) − ξ
(
[V,W ]

)
.

In particular, if V = X̃, W = Ỹ are horizontal vector fields on P , then
since ξ(X̃) = ξ(Ỹ ) = 0, we have

(6.22) (dξ)(X̃, Ỹ ) = −ξ
(
[X̃, Ỹ ]

)
.

Hence, given X#, Y # ∈ TyP , we have

(6.23) Ω(X#, Y #) = −ξ
(
[X̃, Ỹ ]

)
,

where X̃ and Ỹ are any horizontal vector fields on P such that X̃ = κX#

and Ỹ = κY # at y ∈ P . Since ξ annihilates [X̃, Ỹ ] if and only if it is
horizontal, we see that Ω measures the failure of the bundle of horizontal
spaces to be involutive.
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It follows from Frobenius’s theorem that, if Ω = 0 on P , there is an
integral manifold S ⊂ P such that, for each y ∈ S, TyS = HyP . Each
translate S · g is also an integral manifold. We can use this family of
integral manifolds to construct local sections v1, . . . vK of E (K = dim V ),
linearly independent at each point, such that ∇vj = 0 for all j, given that
Ω = 0. Thus we recover Proposition 1.2, in this setting.

The following important result is Cartan’s formula for the curvature 2-
form.

Theorem 6.1. We have

(6.24) Ω = dξ +
1

2
[ξ, ξ].

The bracket [ξ, η] of g-valued 1-forms is defined as follows. Suppose, in
local coordinates,

(6.25) ξ =
∑

ξj dxj , η =
∑

ηk dxk, ξj , ηk ∈ g.

Then we set

(6.26) [ξ, η] =
∑

j,k

[ξj , ηk] dxj ∧ dxk =
∑

j<k

(
[ξj , ηk] + [ηj , ξk]

)
dxj ∧ dxk,

which is a g-valued 2-form. Equivalently, if U and V are vector fields on
P ,

(6.27) [ξ, η](U, V ) = [ξ(U), η(V )] + [η(U), ξ(V )].

In particular,

(6.28)
1

2
[ξ, ξ](U, V ) = [ξ(U), ξ(V )].

Note that if π is a representation of G on a vector space V and dπ the
derived representation of g on V , if we set Aj = dπ(ξj), then, for

(6.29) dπ(ξ) = α =
∑

Aj dxj ,

we have

(6.30) α ∧ α =
∑

j,k

AjAk dxj ∧ dxk =
1

2

∑

j,k

(AjAk − AkAj) dxj ∧ dxk.

Hence

(6.31) α ∧ α =
1

2
(dπ)[ξ, ξ].

Thus we see the parallel between (6.24) and (1.15).
To prove (6.24), one evaluates each side on (X#, Y #), for X#, Y # ∈

TyP . We write X# = X̃ + Xv, with X̃ ∈ HyP, Xv ∈ VyP , and similarly
write Y # = Ỹ + Yv. It suffices to check the following four cases:

(6.32) Ω(X̃, Ỹ ), Ω(X̃, Yv), Ω(Xv, Ỹ ), Ω(Xv, Yv).
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Without loss of generality, one can assume that X̃ and Ỹ are horizontal
lifts of vector fields on M and that ξ(Xv) and ξ(Yv) are constant g-valued
functions on P . By (6.20) and (6.28), we have

(6.33) Ω(X̃, Ỹ ) = (dξ)(X̃, Ỹ ),
1

2
[ξ, ξ](X̃, Ỹ ) = [ξ(X̃), ξ(Ỹ )] = 0,

so (6.24) holds in this case. Next, clearly

(6.34) Ω(X̃, Yv) = 0, [ξ(X̃), ξ(Yv)] = 0,

while

(6.35) dξ(X̃, Yv) = X̃ · ξ(Yv) − Yv · ξ(X̃) − ξ
(
[X̃, Yv]

)
.

Now, having arranged that ξ(Yv) be a constant g-valued function on P , we
have that X̃ · ξ(Yv) = 0. Of course, Yv · ξ(X̃) = 0. Also, [X̃, Yv] = −LYv

X̃
is horizontal, by (6.10), so ξ

(
[X̃, Yv]

)
= 0. This verifies (6.24) when both

sides act on (X̃, Yv), and similarly we have (6.24) when both sides act on
(Xv, Ỹ ). We consider the final case. Clearly,

(6.36) Ω(Xv, Yv) = 0,

while

(6.37) dξ(Xv, Yv) = Xv · ξ(Yv) − Yv · ξ(Xv) − ξ
(
[Xv, Yv]

)
= −ξ

(
[Xv, Yv]

)

and

(6.38)
1

2
[ξ, ξ](Xv, Yv) = [ξ(Xv), ξ(Yv)] = ξ

(
[Xv, Yv]

)
,

so (6.24) is verified in this last case, and Theorem 6.1 is proved.
We next obtain a form of the Bianchi identity that will play an important

role in the next section. Compare with (1.40) and (2.13).

Proposition 6.2. We have

(6.39) dΩ = [Ω, ξ].

Here, if Ω =
∑

Ωjk dxj ∧ dxk in local coordinates, we set

(6.40)

[Ω, ξ] =
∑

j,k,ℓ

[Ωjk, ξℓ] dxj ∧ dxk ∧ dxℓ

= −
∑

j,k,ℓ

[ξℓ,Ωjk] dxℓ ∧ dxj ∧ dxk = −[ξ,Ω].

To get (6.39), apply d to (6.24), obtaining (since ddξ = 0)

(6.41) dΩ =
1

2
[dξ, ξ] − 1

2
[ξ, dξ] = [dξ, ξ],
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which differs from [Ω, ξ] by (1/2)[[ξ, ξ], ξ]. We have

(6.42) [[ξ, ξ], ξ] =
∑

j,k,ℓ

[[ξj , ξk], ξℓ] dxj ∧ dxk ∧ dxℓ.

Now cyclic permutations of (j, k, ℓ) leave dxj ∧ dxk ∧ dxℓ invariant, so we
can replace [[ξj , ξk], ξℓ] in (6.42) by the average over cyclic permutations of
(j, k, ℓ). However, Jacobi’s identity for a Lie algebra is

[[ξj , ξk], ξℓ] + [[ξk, ξℓ], ξj ] + [[ξℓ, ξj ], ξk] = 0,

so [[ξ, ξ], ξ] = 0, and we have (6.39).

Exercises

1. Let P
p→ M be a principal G-bundle with connection, where M is a Riemann-

ian manifold. Pick an inner product on g. For y ∈ P , define an inner product
on TyP = VyP ⊕ HyP so that if Z ∈ TyP has decomposition Z = Zv + Zh,
then

‖Z‖2 = ‖ξ(Zv)‖2 + ‖Dp(y)Zh‖2.

Show that this is a G-invariant Riemannian metric on P .
2. Conversely, if P

p→ M is a principal G-bundle, and if P has a G-invariant
Riemannian metric, show that this determines a connection on P , by declaring
that, for each y ∈ P , HyP is the orthogonal complement of VyP .

3. A choice of section σ of P over an open set U ⊂ M produces an isomorphism

(6.43) jσ : C∞(U, E) −→ C∞(U, V ).

If σ̃ is another section, there is a smooth function g : U → G such that

(6.44) σ̃(x) = σ(x) · g(x), ∀ x ∈ U.

Show that

(6.45) jσ̃ ◦ j−1
σ v(x) = π

“

g(x)
”−1

v(x).

4. According to (6.12), if u ∈ C∞(U, E) and v = jσu, ṽ = jσ̃u, we have

(6.46) (∇Xu) ◦ σ = X · v + Γ(X)v, (∇Xu) ◦ σ̃ = X · ṽ + eΓ(X)ṽ.

Show that

(6.47) eΓ(X) = π
“

g(x)
”−1

Γ(X)π
“

g(x)
”

+ dπ
“

Dλg(x)(g(x)) ◦ Dg(x)X
”

,

where Dg(x)X ∈ Tg(x)G, λg(h) = g−1h, Dλg(g) : TgG → TeG ≈ g. Compare
with (1.41). (Hint: Make use of (6.11), plus the identity (dπ)(Adg−1A) =
π(g)−1dπ(A)π(g), A ∈ g.)

5. Show that, for X, Y vector fields on M, Ω( eX, eY ) satisfies

(6.48) Ω( eX, eY )(y · g) = Ad(g)−1Ω( eX, eY ).

Deduce that setting

(6.49) Ωb(X, Y ) = Ω( eX, eY )
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defines Ωb as a section of Λ2T ∗ ⊗ (Ad P ), where Ad P is the vector bundle

(6.50) Ad P = P ×Ad g.

6. If ξ0 and ξ1 are connection 1-forms on P → M , show that tξ1+(1−t)ξ0 is also,
for any t ∈ R. (Hint: If P0 and P1 are projections, show that tP1 + (1 − t)P0

is also a projection, provided that P0 and P1 have the same range.)
7. Let ξ0 and ξ1 be two connection 1-forms for P → M , and let ∇ be an arbitrary

third connection on P . Consider

(6.51) α = ξ1 − ξ0.

If X is a vector field on M and eX the horizontal lift determined by ∇, show
that

(6.52) αb(X) = α( eX)

defines αb as an element of C∞(M, Λ1T ∗⊗Ad P ). Show that αb is independent
of the choice of ∇.

8. In the setting of Exercise 7, if Ωj are the curvatures of the connection 1-forms
ξj , show that

(6.53) Ω1 − Ω0 = dα + [α, ξ0] +
1

2
[α, α].

Compare with (2.17) and (3.62). If d∇αb is the (Ad P )-valued 2-form defined
as in §2, via the connection ξ0, relate d∇αb to dα + [α, ξ0].

7. The Chern-Weil construction

Let P → M be a principal G-bundle, endowed with a connection, as in
§6. Let Ω be its curvature form, a g-valued 2-form on P ; equivalently,
there is the Ad P -valued 2-form Ωb on M . The Chern-Weil construction
gives closed differential forms on M , whose cohomology classes are inde-
pendent of the choice of connection on P . These “characteristic classes”
are described as follows.

A function f : g → C is called “invariant” if

(7.1) f(Ad(g)X) = f(X), X ∈ g, g ∈ G.

Denote by Ik the set of polynomials p : g → C which are invariant and
homogeneous of degree k. If p ∈ Ik, there is associated an Ad-invariant
k-linear function P on g, called the polarization of p, given by

(7.2) P (Y1, . . . , Yk) =
1

k!

∂k

∂t1 · · · ∂tk
p(t1Y1 + · · · + tkYk),

such that p(X) = P (X, . . . ,X). Into the entries of P we can plug copies
of Ω, or of Ωb, to get 2k-forms

(7.3) p(Ω) = P (Ω, . . . ,Ω) ∈ Λ2kP
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and

(7.4) p(Ωb) = P (Ωb, . . . ,Ωb) ∈ Λ2kM.

Note that if π : P → M is the projection, then

(7.5) p(Ω) = π∗p(Ωb);

we say p(Ω), a form on P , is “basic,” namely, the pull-back of a form on M .
The following two propositions summarize the major basic results about
these forms.

Proposition 7.1. For any connection ∇ on P → M, p ∈ Ik, the forms
p(Ω) and p(Ωb) are closed. Hence p(Ωb) represents a deRham cohomology
class

(7.6) [p(Ωb)] ∈ H2k(M, C).

If q ∈ Ij , then pq ∈ Ij+k and (pq)(Ω) = p(Ω) ∧ q(Ω). Furthermore, if
f : N → M is smooth and ∇f the connection on f∗P pulled back from ∇
on P , which has curvature Ωf = f∗Ω, then

(7.7) p(Ωb
f ) = f∗p(Ωb).

Proposition 7.2. The cohomology class (7.6) is independent of the con-
nection on P , so it depends only on the bundle.

The map I∗ → H2∗(M, C) is called the Chern-Weil homomorphism. We
first prove that d p(Ω) = 0 on P , the rest of Proposition 7.1 being fairly
straightforward. If we differentiate with respect to t at t = 0 the identity

(7.8) P
(
Ad(Exp tY )X, . . . ,Ad(Exp tY )X

)
= p(X),

we get

(7.9)
∑

P (X, . . . , [Y,X], . . . ,X) = 0.

Into this we can substitute the curvature form Ω for X and the connection
form ξ for Y , to get

(7.10)
∑

P (Ω, . . . , [ξ,Ω], . . . ,Ω) = 0.

Now the Bianchi identity dΩ = −[ξ,Ω] obtained in (6.8) shows that (7.10)
is equivalent to d p(Ω) = 0 on P . Since π∗ : ΛjM → ΛjP is injective and
(7.5) holds, we also have d p(Ωb) = 0 on M , and Proposition 7.1 is proved.

The proof of Proposition 7.2 is conveniently established via the following
result, which also has further uses.

Lemma 7.3. Let ξ0 and ξ1 be any g-valued 1-forms on P (or any mani-
fold). Set α = ξ1 − ξ0, ξt = ξ0 + tα, and Ωt = dξt + (1/2)[ξt, ξt]. Given
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p ∈ Ik, we have

(7.11) p(Ω1) − p(Ω0) = k d
[∫ 1

0

P (α,Ωt, . . . ,Ωt) dt
]
.

Proof. Since (d/dt)Ωt = dα + [ξt, α], we have

(7.12)
d

dt
p(Ωt) = k P (dα + [ξt, α],Ωt, . . . ,Ωt).

It suffices to prove that the right side of (7.12) equals k dP (α,Ωt, . . . ,Ωt).
This follows by the “Bianchi” identity dΩt = −[ξt,Ωt] and the same sort of
arguments used in the proof of Proposition 7.1. Instead of (7.8), one starts
with

P
(
Ad(Exp tY )Z,Ad(Exp tY )X, . . . ,Ad(Exp tY )X

)
= P (Z,X, . . . ,X).

To apply this to Proposition 7.2, let ξ0 and ξ1 be the connection forms
associated to two connections on P → M , so Ω0 and Ω1 are their curvature
forms. Note that each ξt defines a connection form on P , with curvature
form Ωt. Furthermore, α = ξ1 − ξ0, acting on X# ∈ TyP , depends only on
π∗X

# ∈ TxM and gives rise to an Ad P -valued 1-form αb on M . Thus the
right side of (7.11) is the pull-back via π∗ of the (2k − 1)-form

(7.13) k d
[∫ 1

0

P (αb,Ωb
t , . . . ,Ω

b
t) dt

]

on M , which yields Proposition 7.2.
We can also apply Lemma 7.3 to ξ1 = ξ, a connection 1-form, and ξ0 = 0.

Then ξt = tξ; denote dξt + (1/2)[ξt, ξt] by Φt. We have the (2k − 1)-form
on P called the transgressed form:

(7.14) Tp(Ω) = k

∫ 1

0

P (ξ,Φt, . . . ,Φt) dt,

with

(7.15) Φt = t dξ +
1

2
t2[ξ, ξ].

Then Lemma 7.3 gives

(7.16) P (Ω) = d Tp(Ω);

that is, p(Ω) is an exact form on P , not merely a closed form. On the other
hand, as opposed to p(Ω) itself, Tp(Ω) is not necessarily a basic form, that
is, the pull-back of a form on M . In fact, p(Ωb) is not necessarily an exact
form on M ; typically it determines a nontrivial cohomology class on M .
Transgressed forms play an important role in Chern-Weil theory.

The Levi-Civita connection on an oriented Riemannian manifold of di-
mension 2 can be equated with a connection on the associated principal
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S1-bundle. If we identify S1 with the unit circle in C, its Lie algebra is
naturally identified with iR, and this identification provides an element of
I1, unique up to a constant multiple. This is of course a constant times
the product of the Gauss curvature and the volume form, and the invari-
ance of Proposition 7.2 recovers the independence (5.26) of the integrated
curvature from the metric used on a Riemannian manifold of dimension
2. More generally, for any complex line bundle L over M , a manifold
of any dimension, L can be associated to a principal S1-bundle, and the
Chern-Weil construction produces the class [Ω] ∈ H2(M, C). The class
c1(L) = −(1/2πi)[Ω] ∈ H2(M, C) is called the first Chern class of the line
bundle L. In this case, the connection 1-form on P can be identified with
an ordinary (complex-valued) 1-form, and it is precisely the transgressed
form (7.14).

Note that if dim M = 2, then (5.39) says that

c1(L)[M ] = Index X,

for any nonvanishing section X of L over M \ {p1, . . . , pK}.
For general G, there may be no nontrivial elements of I1. In fact, if

p : g → R is a nonzero linear form, V = ker p is a linear subspace of g

of codimension 1, which is Ad G-invariant if p ∈ I1. This means V is an
ideal: [V, g] ⊂ V . Thus there are no nontrivial elements of I1 unless g has
an ideal of codimension 1. In particular, if g is semisimple, I1 = 0.

When G is compact, there are always nontrivial elements of I2, namely,
Ad-invariant quadratic forms on g. In fact, any bi-invariant metric tensor
on G gives a positive-definite element of I2. Applying the Chern-Weil
construction in this case then gives cohomology classes in H4(M, C).

One way of obtaining elements of Ik is the following. Let π be a repre-
sentation of G on a vector space Vπ, and set

(7.17) pπk(X) = Tr Λkdπ(X), X ∈ g,

where dπ(X) denotes the representation of g on Vπ. In connection with
this, note that

(7.18) det
(
λI + dπ(X)

)
=

M∑

j=0

λM−j Tr Λjdπ(X), M = dim Vπ.

If P → M is a principal U(n)-bundle or Gl(n, C)-bundle, and π the
standard representation on C

n, then consider

(7.19) det
(
λ − 1

2πi
Ω

)
=

n∑

k=0

ck(Ω)λn−k.

The classes [ck(Ω)] ∈ H2k(M, C) are the Chern classes of P . If E → M is
the associated vector bundle, arising via the standard representation π, we
also call this the kth Chern class of E:

(7.20) ck(E) = [ck(Ω)] ∈ H2k(M, C).
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The object

(7.21) c(E) =
∑

ck(E) ∈
n⊕

k=0

H2k(M, C)

is called the total Chern class of such a vector bundle.
If P → M is a principal O(n)-bundle, and π the standard representation

on R
n, then consider

(7.22) det
(
λ − 1

2π
Ω

)
=

n∑

k=0

dk(Ω)λn−k.

The polynomials dk(Ω) vanish for k odd, since Ωt = −Ω, and one obtains
Pontrjagin classes:

(7.23) pk(Ω) = d2k(Ω) ∈ H4k(M, R).

If F → M is the associated vector bundle, arising from the standard rep-
resentation π, then pk(F ) is defined to be (7.23).

Exercises

1. If E and F are complex vector bundles over M , we can form E ⊕ F → M .
Show that

c(E ⊕ F ) = c(E) ∧ c(F ),

where c(E) is the total Chern class given by (7.21), that is,

c(E) = det

„

I − 1

2πi
Ω

«

∈ Heven(M, C),

for a curvature 2-form arising from a connection on M .
2. Define the Chern character of a complex vector bundle E → M as the coho-

mology class Ch(E) ∈ Heven(M, C) of

Ch(Ω) = Tr e−Ω/2πi,

writing Tr e−Ω/2πi ∈
L

k≥0 Λ2kP via the power-series expansion of the expo-
nential function. Show that

Ch(E ⊕ F ) = Ch(E) + Ch(F ),

Ch(E ⊗ F ) = Ch(E) ∧ Ch(F )

in Heven(M, C).
3. If F → M is a real vector bundle and E = F ⊗C is its complexification, show

that

pj(F ) = (−1)jc2j(E).

4. Using so(4) ≈ so(3) ⊕ so(3), construct two different characteristic classes in
H4(M, C), when M is a compact, oriented, four-dimensional manifold.



58 C. Connections and Curvature

8. The Chern-Gauss-Bonnet theorem

Our goal in this section is to generalize the Gauss-Bonnet formula (5.1),
producing a characteristic class derived from the curvature tensor Ω of a
Riemannian metric on a compact, oriented manifold M , say e(Ω) ∈ Λn(M),
such that

(8.1)

∫

M

e(Ω) = χ(M),

the right side being the Euler characteristic of M .
A clue to obtaining e(Ω) comes from the higher-dimensional generaliza-

tion of the index formula (5.47), namely,

(8.2) Index(X) = χ(M),

valid for any vector field X on M with isolated critical points. The relation
between these two when dim M = 2 is noted at the end of §5. It arises
from the relation between Index(X) and the degree of the Gauss map.

Indeed, let M be a compact, n-dimensional submanifold of R
n+k, X a

(tangent) vector field on M with a finite number of critical points, and T
a small tubular neighborhood of M . By Corollary 20.5 of Chapter 1, we
know that if N : ∂T → Sn+k−1 denotes the Gauss map on ∂T , formed by
the outward-pointing normals, then

(8.3) Index(X) = Deg(N).

As noted at the end of §5 of this chapter, if M is a surface in R
3, with

Gauss map NM , then Deg(NM ) = (1/4π)
∫

M
K dV , where K is the Gauss

curvature of M , with its induced metric. If T is a small tubular neighbor-
hood of M in this case, then ∂T is diffeomorphic to two oppositely oriented
copies of M , with approximately the same metric tensor. The outer com-
ponent of ∂T has Gauss map approximately equal to NM , and the inner
component has Gauss map approximately equal to −NM . From this we
see that (8.2) and (8.3) imply (8.1) with e(Ω) = (1/2π)K dV in this case.

We make a further comment on the relation between (8.2) and (8.3).
Note that the right side of (8.3) is independent of the choice of X. Thus,
any two vector fields on M with only isolated critical points, have the
same index. Suppose M has a triangulation τ into n-simplices. There is a
construction of a vector field Xτ , illustrated in Fig. 5.3 for n = 2, with the
property that Xτ has a critical point at each vertex, of index +1, and a
critical point in the middle of each j-simplex in τ , of index (−1)j , so that

(8.4) Index(Xτ ) =

n∑

j=0

(−1)jνj(M),

where νj(M) is the number of j-simplices in the triangulation τ of M . We
leave the construction of Xτ in higher dimensions as an exercise.
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A proof that any smooth, paracompact manifold M is triangulable is
given in [Wh]. There it is shown that if you imbed M smoothly in R

N ,
produce a fine triangulation of R

N , and then perhaps jiggle the imbedding
a bit, the intersection provides a triangulation of M .

Now, in view of the invariance of Index(X), it follows that the right side
of (8.4) is independent of the triangulation of M . Also, if M has a more
general cell decomposition, we can form the sum on the right side of (8.4),
where νj stands for the number of j-dimensional cells in M . Each cell can
be divided into simplices in such a way that a triangulation is obtained, and
the sum on the right side of (8.4) is unchanged under such a refinement.
This alternating sum is one definition of the Euler characteristic, but as we
have used another definition in §§8 and 9 of Chapter 5, namely

(8.5) χ(M) =
n∑

j=0

(−1)j dim Hj(M),

we will temporarily denote the right side of (8.4) by χc(M).
Now we tackle the question of representing (8.3) as an integrated cur-

vature, to produce (8.1). We begin with the case when M is a compact
hypersurface in R

n+1. In that case we have, by (4.66),

(8.6) Deg(N) =
2

An

∫

M

(
det AN

)
dV, for n even,

where An is the area of Sn and AN : TpM → TpM is the Weingarten
map. The factor 2 arises because ∂T consists of two copies of M . We can
express det AN directly in terms of the Riemann curvature tensor Rjkℓm

of M , using Gauss’ Theorema Egregium.
In fact, with respect to an oriented orthonormal basis {ej} of TpM , the

matrix of AN has entries Ajk = ĨI(ej , ek), and by (4.14),

(8.7) Rjkℓm = 〈R(eℓ, em)ek, ej〉 = det

(
Amk Amj

Aℓk Aℓj

)
.

In other words, the curvature tensor captures the action of Λ2AN on
Λ2TpM . If n = 2k is even, we can then express det AN as a polynomial in
the components Rjkℓm, using

(8.8)
(det AN )e1 ∧ · · · ∧ en =

(
ΛnAN

)
(e1 ∧ · · · ∧ en)

= (Ae1 ∧ Ae2) ∧ · · · ∧ (Aen−1 ∧ Aen).

Now, by (8.7),

(8.9) Aej ∧ Aek =
1

2

∑
Rℓmjk eℓ ∧ em.
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Replacing (1, . . . , n) in (8.8) with all its permutations and summing, we
obtain

(8.10) det AN =
1

2n/2n!

∑

j,k

(sgn j)(sgn k)Rj1j2k1k2
· · ·Rjn−1jnkn−1kn

,

where j = (j1, . . . , jn) stands for a permutation of (1, . . . , n). The fact that
the quantity (8.10), integrated over M , is equal to (An/2)χ(M) when M is
a hypersurface in R

n+1 was first established by E. Hopf, as a consequence
of his result (8.2). The content of the generalized Gauss-Bonnet formula
is that for any compact Riemannian manifold M of dimension n = 2k,
integrating the right side of (8.10) over M gives (An/2)χ(M).

One key point in establishing the general case is to perceive the right
side of (8.10) as arising via the Chern-Weil construction from an invariant
polynomial on the Lie algebra g = so(n), to produce a characteristic class.
Now the curvature 2-form can in this case be considered a section of Λ2T ∗⊗
Λ2T ∗, reflecting the natural linear isomorphism g ≈ Λ2T ∗. Furthermore,
Λ∗T ∗ ⊗ Λ∗T ∗ has a product, satisfying

(8.11) (α1 ⊗ β1) ∧ (α2 ⊗ β2) = (α1 ∧ α2) ⊗ (β1 ∧ β2).

If we set

(8.12) Ω =
1

4

∑
Rjkℓm(ej ∧ ek) ⊗ (eℓ ∧ em),

then we form the k-fold product, k = n/2, obtaining
(8.13)

Ω ∧ · · · ∧ Ω = 2−n
∑

j,k

(sgn j)(sgn k)Rj1j2k1k2
· · ·Rjn−1jnkn−1kn

(ω ⊗ ω),

with ω = e1 ∧ · · · ∧ en. Thus, the right side of (8.10), multiplied by ω ⊗ ω,
is equal to 2n/2/n! times the right side of (8.13). (Observe the distinction
between the product (8.11) and the product on End(E) ⊗ Λ∗T , used in
(7.19) and (7.22), which assigns a different meaning to Ω ∧ · · · ∧ Ω.)

Now the Chern-Weil construction produces (8.13), with ω ⊗ ω replaced
by ω, if we use the Pfaffian

(8.14) Pf : so(n) −→ R, n = 2k,

defined as follows. Let ξ : so(n) → Λ2
R

n be the isomorphism

(8.15) ξ(X) =
1

2

∑
Xjkej ∧ ek, X = (Xjk) ∈ so(n).

Then, if n = 2k, take a product of k factors of ξ(X) to obtain a multiple
of ω = e1 ∧ · · · ∧ en. Then Pf (X) is uniquely defined by

(8.16) ξ(X) ∧ · · · ∧ ξ(X) = k! Pf (X)ω.

Note that if T : R
n → R

n is linear, then T ∗ξ(X) = ξ(T tXT ), so

(8.17) Pf (T tXT ) = (det T )Pf (X).
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Now any X ∈ so(n) can be written as X = T tY T , where T ∈ SO(n), that
is, T is an orthogonal matrix of determinant 1, and Y is a sum of 2 × 2
skew-symmetric blocks, of the form

(8.18) Yν =

(
0 λν

−λν 0

)
, λν ∈ R.

Thus ξ(Y ) = λ1e1 ∧ e2 + · · · + λken−1 ∧ en, so

(8.19) Pf (Y ) = λ1 · · ·λk.

Note that det Y = (λ1 · · ·λk)2. Hence, by (8.17), we have

(8.20) Pf (X)2 = det X,

when X is a real, skew-symmetric, n × n matrix, n = 2k. When (8.17)
is specialized to T ∈ SO(n), it implies that Pf is an invariant polynomial,
homogeneous of degree k (i.e., Pf ∈ Ik, k = n/2).

Now, with Ω in (8.12) regarded as a g-valued 2-form, we have the left side
of (8.13) equal to (1/k!)Pf (Ω). Thus we are on the way toward establishing
the generalized Gauss-Bonnet theorem, in the following formulation.

Theorem 8.1. If M is a compact, oriented Riemannian manifold of di-
mension n = 2k, then

(8.21) χ(M) = (2π)−k

∫

M

Pf (Ω).

The factor (2π)−k arises as follows. From (8.10) and (8.13), it follows
that when M is a compact hypersurface in R

n+1, the right side of (8.6) is
equal to Ck

∫
M

Pf (Ω), with

(8.22) Ck =
2k+1

An

k!

n!
.

Now the area of the unit sphere is given by

A2k =
2πk+1/2

Γ(k + 1
2 )

=
2πk

(
k − 1

2

)
· · ·

(
1
2

) ,

as is shown in Appendix A of Chapter 3; substituting this into (8.22) gives
Ck = (2π)−k.

We give a proof of this which extends the proof of (5.24), in which handles
are added to a surface. To effect this parallel, we consider how the two sides
of (8.21) change when M is altered by a certain type of surgery, which we
will define in the next paragraph.

First, we mention another ingredient in the proof of Theorem 8.1. Namely,
the right side of (8.21) is independent of the choice of metric on M . Since
different metrics produce different SO(2k) frame bundles, this assertion is
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not a simple consequence of Proposition 7.2. We will postpone the proof
of this invariance until near the end of this section.

We now describe the “surgeries” alluded to above. To perform surgery on
M0, a manifold of dimension n, excise a set H0 diffeomorphic to Sℓ−1×Bm,
with m + ℓ− 1 = n, where Bm = {x ∈ R

m : |x| < 1}, obtaining a manifold
with boundary X, ∂X being diffeomorphic to Sℓ−1 × Sm−1. Then attach
to X a copy of Bℓ × Sm−1, sewing them together along their boundaries,
both diffeomorphic to Sℓ−1 × Sm−1, to obtain M1. Symbolically, we write

(8.23) M0 = X#H0, M1 = X#H1.

We say M1 is obtained from M0 by a surgery of type (ℓ,m).
We compare the way each side of (8.21) changes when M changes from

M0 to M1. We also look at how χc(M), defined to be the right side of
(8.4), changes. In fact, this definition easily yields

(8.24) χ(X#H1) = χ(X#H0) − χ(H0) + χ(H1).

For notational simplicity, we have dropped the “c” subscript. It is more
convenient to produce an identity involving only manifolds without bound-
ary, so note that

(8.25)
χ(H0#H0) = 2χ(H0) − χ(∂H0),

χ(H1#H1) = 2χ(H1) − χ(∂H1),

and, since ∂H0 = ∂H1, we have

(8.26) χ(H1) − χ(H0) =
1

2
χ(H1#H1) −

1

2
χ(H0#H0),

hence

(8.27) χ(M1) = χ(M0) +
1

2
χ(H1#H1) −

1

2
χ(H0#H0).

Note that H0#H0 = Sℓ−1 ×Sm, H1#H1 = Sℓ ×Sm−1. To compute the
Euler characteristic of these two spaces, we can use multiplicativity of χ.
Note that products of cells in Y1 and Y2 give cells in Y1 × Y2, and

(8.28) νj(Y1 × Y2) =
∑

i+k=j

νi(Y1)νk(Y2);

then from (8.4) it follows that

(8.29) χ(Y1 × Y2) =
∑

j≥0

(−1)j
∑

i+k=j

νi(Y1)νk(Y2) = χ(Y1)χ(Y2).

Using the fairly elementary result that

(8.30)
χ(Sj) = 2 if j is even,

0 if j is odd,
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we have χ(H0#H0) − χ(H1#H1) equal to 4 if ℓ is odd and m even, −4 if
ℓ is even and m odd, and 0 if ℓ and m have the same parity (which does
not arise if dim M is even).

The change in χc(M) just derived in fact coincides with the change in
χ(M), defined by (8.5). This follows from results on deRham cohomology
obtained in Chapter 5. In fact (B.8) of Chapter 5 implies (8.24), from which
(8.25)–(8.27) follow; (8.52) of Chapter 5 implies (8.29) when Yj are smooth,
compact manifolds; and (8.56) and (8.57) of Chapter 5 imply (8.30).

Thus, for e(M) =
∫

M
e(Ω) to change the same way as χ(M) under a

surgery, we need the following properties in addition to “functoriality.” We
need

(8.31)
e(Sj × Sk) = 0 if j or k is odd,

4 if j and k are even.

If e(Ω) is locally defined, we have, upon giving X,H0, and H1 coherent
orientations,

(8.32)

∫

M1

e(Ω) =

∫

M0

e(Ω) −
∫

H0

e(Ω) +

∫

H1

e(Ω),

parallel to (8.24). Place metrics on Mj that are product metrics on (−ε, ε)×
Sℓ−1 × Sm−1 on a small neighborhood of ∂X. If we place a metric on
Hj#Hj which is symmetric with respect to the natural involution, we will
have

(8.33)

∫

Hj

e(Ω) =
1

2

∫

Hj#Hj

e(Ω),

provided e(Ω) has the following property. Given an oriented Riemannian
manifold Y , let Y # be the same manifold with orientation reversed, and
let the associated curvature forms be denoted by ΩY and ΩY # . We require

(8.34) e(ΩY ) = −e(ΩY #).

Now e(Ω) = Pf (Ω/2π) certainly satisfies (8.34), in view of the depen-
dence on orientation built into (8.16). To see that (8.31) holds in this case,
we need only note that Sℓ×Sk can be smoothly imbedded as a hypersurface
in R

ℓ+k+1. This can be done via imbedding Sℓ × I × Bk into R
ℓ+k+1 and

taking its boundary (and smoothing it out). In that case, since Pf(Ω/2π) is
a characteristic class whose integral is independent of the choice of metric,
we can use the metric induced from the imbedding. We now have (8.31)–
(8.33). Furthermore, for such a hypersurface M = Hj#Hj , we know that
the right side of (8.21) is equal to χc(Hj#Hj), by the argument preceding
the statement of Theorem 8.1, and since (8.29) and (8.30) are both valid
for both χ and χc, we also have this quantity equal to χ(Hj#Hj).

It follows that (8.21) holds for any M obtainable from Sn by a finite
number of surgeries. With one extra wrinkle we can establish (8.21) for all
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compact, oriented M . The idea for using this technique is one the author
learned from J. Cheeger, who uses a somewhat more sophisticated variant
in work on analytic torsion [Ch].

Assume M is connected. Give M × R the product Riemannian metric,
fix a point p ∈ M , and, with q = (p, 0) ∈ M × R, consider on M × R

the function f0(x, t) = dist((x, t), q)2. For R sufficiently large, f−1
0 (R) is

diffeomorphic to two copies of M , under the map (x, t) 7→ x. For r > 0
sufficiently small, f−1

0 (r) is diffeomorphic to the sphere Sn.
Our argument will use some basic results of Morse theory. A Morse

function f : Z → R is a smooth function on a manifold Z all of whose
critical points are nondegenerate, that is, if ∇f(z) = 0, then D2f(z) is
an invertible ν × ν matrix, ν = dim Z. One also assumes that f takes
different values at distinct critical points and that f−1(K) is compact for
every compact K ⊂ R. Now the function f0 above may not be a Morse
function on Z = M × R, but there will exist a smooth perturbation f
of f0 which is a Morse function. A proof is given in Proposition 4.3 of
Appendix B. The new f will share with f0 the property that f−1(r) is
diffeomorphic to Sn and f−1(R) is diffeomorphic to two copies of M . Note
that an orientation on M induces an orientation on M × R, and hence
an orientation on any level set f−1(c) that contains no critical points. In
particular, f−1(R) is a union of two copies of M with opposite orientations.
The following is a basic tool in Morse theory.

Theorem 8.2. If c1 < c2 are regular values of a Morse function f : Z → R

and there is exactly one critical point z0, with c1 < f(z0) < c2, then
M2 = f−1(c2) is obtained from M1 = f−1(c1) by a surgery. In fact, if
D2f(z0) has signature (ℓ,m), M2 is obtained from M1 by a surgery of
type (m, ℓ).

This is a consequence of the following result, known as the Morse lemma.

Proposition 8.3. Let f have a nondegenerate critical point at p ∈ Z.
Then there is a coordinate system (x1, . . . , xn) centered at p in which

(8.35) f(x) = f(p) + x2
1 + · · · + x2

ℓ − x2
ℓ+1 − · · · − x2

ℓ+m

near the origin, where ℓ + m = ν = dim Z.

Proof. Suppose that in some coordinate system D2f(p) is given by a non-
degenerate, symmetric, ν × ν matrix A. It will suffice to produce a coordi-
nate system in which

(8.36) f(x) = f(p) +
1

2
Ax · x,
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near the origin, since going from here to (8.35) is a simple exercise in linear
algebra. We will arrange (8.36) by an argument, due to Palais, similar to
the proof of Darboux’ theorem in Chapter 1, §14.

Begin with any coordinate system centered at p. Let

(8.37) ω1 = df, ω0 = dg, where g(x) =
1

2
Ax · x,

with A = D2f(0) in this coordinate system. Set ωt = tω1+(1−t)ω0, which
vanishes at p for each t ∈ [0, 1]. The nondegeneracy hypothesis on A implies
that the components of each ωt have linearly independent gradients at p;
hence there exists a smooth, time-dependent vector field Xt (not unique),
such that

(8.38) ωt⌋Xt = g − f, Xt(p) = 0.

Let Ft be the flow generated by Xt, with F0 = Id. Note that Ft fixes
p. It is then an easy computation using (8.38), plus the identity LXω =
d(ω⌋X) + (dω)⌋X, that

(8.39)
d

dt

(
F∗

t ωt

)
= 0.

Hence F∗
1 ω1 = ω0, so f ◦ F1 = g and the proof of Proposition 8.3 is

complete.

From Theorem 8.2, it follows that, given any compact, oriented, con-
nected M , of dimension n, a finite number of surgeries on Sn yields two
copies of M , with opposite orientations, say M and M#. Hence (8.21)
holds with M replaced by the disjoint union M ∪ M#. But, in view of
(8.34), both sides of the resulting identity are equal to twice the corre-
sponding sides of (8.21); for χc this follows easily from (8.4), and for χ it
follows immediately from (8.5). We hence have the Chern-Gauss-Bonnet
formula and also the identity χ(M) = χc(M), modulo the task of showing
the invariance of the right side of (8.21) under changes of metric on M .

We turn to the task of demonstrating such invariance. Say g0 and g1

are two Riemannian metric tensors on M , with associated SO(n)-bundles
P0 → M, P1 → M , having curvature forms Ω0 and Ω1. We want to show
that Pf (Ωb

1) − Pf (Ωb
0) is exact on M . To do this, consider the family of

metrics gt = tg1 +(1− t)g0 on M , with associated SO(n)-bundles Pt → M ,
for t ∈ [0, 1]. These bundles fit together to produce a principal SO(n)-
bundle P̃ → M× [0, 1]. We know there exists a connection on this principal
bundle. Let T = ∂/∂t on M×[0, 1], and let T̃ denote its horizontal lift (with
respect to a connection chosen on P̃ ). The flow generated by T̃ commutes
with the SO(n)-action on P̃ . Flowing along one unit of time then yields
a diffeomprphism Φ : P0 → P1, commuting with the SO(n)-action, hence
giving an isomorphism of SO(n)-bundles. Now applying Proposition 7.2 to
the original connection on P0 and to that pulled back from P1 gives the
desired invariance.
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Before Chern’s work, H. Hopf had established Theorem 8.1 when M is a
compact hypersurface in R

2k+1. Then C. Allendoerfer [Al] and W. Fenchel
[Fen] proved (8.21) for the case when M is isometrically imbedded in R

n+k,
by relating the integral on the right to the integral over ∂T of the Gauss
curvature of the boundary of a small tubular neighborhood T of M , and us-
ing the known result that χ(∂T ) = 2χ(M). At that time it was not known
that every compact Riemannian manifold could be isometrically imbedded
in Euclidean space. By other means, Allendoerfer and A.Weil [AW] proved
Theorem 8.1, at least for real analytic metrics, via a triangulation and local
isometric imbedding. Chern then produced an intrinsic proof of Theorem
8.1 and initiated a new understanding of characteristic classes.

In Chern’s original paper [Cher], it is established that
∫

M
Pf (Ω/2π) is

equal to the index of a vector field X on M , by a sophisticated variant of
the argument establishing Proposition 5.4, involving a differential form on
the unit-sphere bundle of M related to, but more complicated than, the
transgressed form (7.14). An exposition of this argument can also be found
in [Poo] and in [Wil]. When dim M = 2, one can identify the unit-sphere
bundle and the frame bundle, and in that case the form coincides with the
transgressed form and the argument becomes equivalent to that used to
prove Proposition 5.4. An exposition of the proof of Theorem 8.1 using
tubes can be found in [Gr].

The Chern-Gauss-Bonnet theorem can also be considered as a special
case of an index theorem for an elliptic differential operator. A proof in
that spirit is given in Chapter 10, §7. More material on the Pfaffian is also
developed there.

We mention a further generalization of the Gauss-Bonnet formula. If
E → X is an SO(2k)-bundle over a compact manifold X (say of dimension
n), with metric connection ∇ and associated curvature Ω, then Pf (Ω/2π) is
defined as a (2k)-form on X. This gives a class Pf (E) ∈ H2k(X), indepen-
dent of the choice of connection on E, as long as it is a metric connection.
There is an extension of Theorem 8.1, describing the cohomology class of
Pf (E) in H2k(X). Treatments of this can be found in [KN] and in [Spi].

Exercises

1. Verify that when Ω is the curvature 2-form arising from the standard metric
on S2k, then

Z

S2k

Pf

„

Ω

2π

«

= 2.

2. Generalize Theorem 8.1 to the nonorientable case. (Hint: If M is not ori-
entable, look at its orientable double cover fM . Use (8.4) to show that χ(fM) =
2χ(M).) Using (8.16) as a local identity, define a measure ePf(Ω) in the nonori-
entable case.
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3. Let M be a compact, complex manifold of complex dimension n (i.e., real
dimension 2n). Denote by T its tangent bundle, regarded as a complex vector
bundle, with fibers Tp of complex dimension n. Show that

Z

M

cn(T ) = χ(M),

where cn(T ) is the top Chern class, defined by (7.19) and (7.20).
4. If Mj are compact Riemannian manifolds with curvature forms Ωj and M1 ×

M2 has the product metric, with curvature form Ω, show directly that

π∗
1Pf (Ω1) ∧ π∗

2Pf (Ω2) = Pf (Ω),

where πj projects M1 × M2 onto Mj . If dim Mj is odd, set Pf (Ωj) = 0. Use
this to reprove (8.31) when e(Ω) = Pf (Ω).

5. Show directly that the right sides of (8.2) and (8.3) both vanish when M is a
hypersurface of odd dimension in R

n+1.
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