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Connections and Curvature

Introduction

In this appendix we present results in differential geometry that serve as a
useful background for material in the main body of the book. Material in
§1 on connections is somewhat parallel to the study of the natural connec-
tion on a Riemannian manifold made in §11 of Chapter 1, but here we also
study the curvature of a connection. Material in §2 on second covariant
derivatives is connected with material in Chapter 2 on the Laplace operator.
Ideas developed in §§3 and 4, on the curvature of Riemannian manifolds
and submanifolds, make contact with such material as the existence of com-
plex structures on two-dimensional Riemannian manifolds, established in
Chapter 5, and the uniformization theorem for compact Riemann surfaces
and other problems involving nonlinear, elliptic PDE, arising from studies
of curvature, treated in Chapter 14. Section 5 on the Gauss-Bonnet theo-
rem is useful both for estimates related to the proof of the uniformization
theorem and for applications to the Riemann-Roch theorem in Chapter 10.
Furthermore, it serves as a transition to more advanced material presented
in §86-8.

In §6 we discuss how constructions involving vector bundles can be de-
rived from constructions on a principal bundle. In the case of ordinary
vector fields, tensor fields, and differential forms, one can largely avoid this,
but it is a very convenient tool for understanding spinors. The principal
bundle picture is used to construct characteristic classes in §7. The mate-
rial in these two sections is needed in Chapter 10, on the index theory for
elliptic operators of Dirac type. In §8 we show how one particular charac-
teristic class, arising from the Pfaffian, figures into the higher-dimensional
version of the Gauss-Bonnet formula. The proof given here is geometrical
and uses the elements of Morse theory. In Chapter 10 this result is derived
as a special case of the Atiyah-Singer index formula.
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1. Covariant derivatives and curvature on general vector
bundles

Let E — M be a vector bundle, either real or complex. A covariant
derivative, or connection, on FE is a map
(1.1) Vx :C®(M,E) — C>*(M,E)

assigned to each vector field X on M, satisfying the following three condi-
tions:

(1.2) Vx(u+wv)=Vxu+ Vxo,
(13) V(fx_,_y)’U, = vau + Vyu,
(1.4) Vx(fu) = fVxu+ (X[f)u,

where u, v are sections of E, and f is a smooth scalar function. The ex-
amples contained in Chapters 1 and 2 are the Levi-Civita connection on a
Riemannian manifold, in which case E is the tangent bundle, and associ-
ated connections on tensor bundles, discussed in §2.2.

One general construction of connections is the following. Let F' be a
vector space, with an inner product; we have the trivial bundle M x F.
Let E be a subbundle of this trivial bundle; for each x € M, let P, be
the orthogonal projection of F on E, C F. Any u € C*°(M, E) can be
regarded as a function from M to F', and for a vector field X, we can apply
X componentwise to any function on M with values in F'; call this action
u +— Dxu. Then a connection on M is given by

(1.5) VXu(a:) = PIDXu(x)

If M is imbedded in a Euclidean space RY, then T, M is naturally iden-
tified with a linear subspace of RY for each x € M. In this case it is easy to
verify that the connection defined by (1.5) coincides with the Levi-Civita
connection, where M is given the metric induced from its imbedding in
RY. Compare with the discussion of submanifolds in §4 below.

Generally, a connection defines the notion of “parallel transport” along a
curve v in M. A section u of E over - is obtained from u(7y (o)) by parallel
transport if it satisfies Vpu = 0 on v, where T' = 4(t).

Formulas for covariant derivatives, involving indices, are produced in
terms of a choice of “local frame” for F, that is, a set e,, 1 < a < K,
of sections of FE over an open set U which forms a basis of E, for each
r € U; K = dim E,. Given such a local frame, a smooth section u of F
over U is specified by

(1.6) u=u%, (summation convention).
If Dj = 0/0x; in a coordinate system on U, we set

(1.7) Vp,u=u"jeq = (0ju® +u’T;)eq,
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the connection coeflicients I'“ g; being defined by
(1.8) VD].eg :I‘O‘ﬁjea,

A vector bundle £ — M may have an inner product on its fibers. In
that case, a connection on E is called a metric connection provided that

(1.9) X{(u,v) = (Vxu,v) + (u, Vxv),

for any vector field X and smooth sections u,v of E.
The curvature of a connection is defined by

(110) R(X, Y)’LL = [VX, Vy}’u - V[X7y]u,

where X and Y are vector fields and u is a section of E. It is easy to verify
that (1.10) is linear in X, Y, and u, over C*°(M). With respect to local
coordinates, giving D; = 0/0x;, and a local frame {e,} on E, as in (1.6),
we define the components R®gj;, of the curvature by

(1.11) R(Dj, Dy)eg = R%gik€q,

as usual, using the summation convention. Since D; and Dj commute,
R(Dj,Dy)es = [Vp,,Vp,les. Applying the formulas (1.7) and (1.8), we
can express the components of R in terms of the connection coefficients.
The formula is seen to be

(112) Ragjk = 6jFa5k — akF“gj + F“WIWM — F%klng.

The formula (1.12) can be written in a shorter form, as follows. Given
a choice of local frame {e, : 1 < a < K}, we can define K x K matrices
I'; = (I'*s;) and also R, = (R%g,x). Then (1.12) is equivalent to
(1.13) Rjr = 0;I'y — Ol'; + [T, k).
Note that 9, is antisymmetric in j and £. Now we can define a “connection
1-form” T" and a “curvature 2-form” € by

1
(1.14) T=>"T; dxj, Q:§ijk dzj A day,.
J Jik

Then the formula (1.12) is equivalent to
(1.15) Q=dl'+T AT.

The curvature has symmetries, which we record here, for the case of
general vector bundles. The Riemann curvature tensor, associated with the
Levi-Civita connection, has additional symmetries, which will be described
in §3.

Proposition 1.1. For any connection V on E — M, we have

(1.16) R(X,Y)u = —R(Y, X)u.
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If V is a metric connection, then

(1.17) (R(X,Y)u,v) = —(u, R(X,Y)v).

Proof. Equation (1.16) is obvious from the definition (1.10); this is equiv-
alent to the antisymmetry of R, in j and k noted above. If V is a metric
connection, we can use (1.9) to deduce

0= (XY - YX — [X,Y]){u,v)
= (R(X,Y)u,v) + (u, R(X,Y)v),
which gives (1.17).

Next we record the following implication of a connection having zero
curvature. A section u of F is said to be “parallel” if Vxu = 0 for all
vector fields X.

Proposition 1.2. If E — M has a connection V whose curvature is zero,
then any p € M has a neighborhood U on which there is a frame {e,} for
E consisting of parallel sections: Vxe, =0 for all X.

Proof. If U is a coordinate neighborhood, then e, is parallel provided
Vjeq =0forj=1,...,n=dim M. The condition that R = 0 is equivalent
to the condition that the operators Vp, all commute with each other, for
1 < j < n. Consequently, Frobenius’s theorem (as expanded in Exercise 5
in §9 of Chapter 1) allows us to solve the system of equations

(1.18) Vbp,ea=0, j=1,...,n,

on a neighborhood of p, with e, prescribed at the point p. If we pick
ea(p), 1 < o < K, to be a basis of E,, then eq(z), 1 < a < K, will be
linearly independent in E, for z close to p, so the local frame of parallel
sections is constructed.

It is useful to note, in general, several formulas that result from choosing
a local frame {e, } by parallel translation along rays through a point p € M,
the origin in some coordinate system (z1,...,Zy), SO

(1.19) Vra/area = 07 1<a<l K.

This means ) x;Vp,eq = 0. Consequently, the connection coefficients
(1.8) satisfy

(1.20) 1%+ + 2,1 %, =0.
Differentiation with respect to z; gives

(1.21) Faﬁj = —xlajFaﬁl — = xnajfaﬁn.
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In particular,

(1.22) T 5(p) = 0.

Comparison of (1.21) with

(1.23) T 55 = 21007 55(p) + -+ + 2007 35(p) + O(la]?)
gives

(1.24) 0T = —9;T g, at p.

Consequently, the formula (1.12) for curvature becomes
(1.25) R%g;1, =2 0;1 %, at p,

with respect to such a local frame. Note that, near p,
(1.26) R%gjx = 0,151 — 0,155 + O(|z]?).

Given vector bundles E; — M with connections V7, there is a natural
covariant derivative on the tensor-product bundle Fy ® Es — M, defined
by the derivation property

(1.27) Vx(u®v)=(Viu) @ v+u® (Viv).
Also, if A is a section of Hom(F1, E2), the formula
(1.28) (VL A)yu = V% (Au) — A(Viv)

defines a connection on Hom(FEq, E»).

Regarding the curvature tensor R as a section of (®2T*) ® End(FE) is
natural in view of the linearity properties of R given after (1.10). Thus if
E — M has a connection with curvature R, and if M also has a Riemannian
metric, yielding a connection on T*M, then we can consider Vx R. The
following, known as Bianchi’s identity, is an important result involving the
covariant derivative of R.

Proposition 1.3. For any connection on E — M, the curvature satisfies
(129)  (VZR)(X,Y)+ (VxR)(Y,Z) + (VyR)(Z,X) =0,
or equivalently

(1.30) R®gijik + R gjki + R grizj = 0.

Proof. Pick any p € M. Choose normal coordinates centered at p, and

choose a local frame field for E by radial parallel translation, as above.
Then, by (1.22) and (1.26),

(131) Raﬁij;k = &ﬁifaﬁj — 8k8j1“°‘51-, at p-

Cyclically permuting (¢, j, k) here and summing clearly give 0, proving the
proposition.
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Note that we can regard a connection on E as defining an operator
(1.32) V:C®M,E) — C*(M,T*® E),

in view of the linear dependence of Vx on X. If M has a Riemannian metric
and E a Hermitian metric, it is natural to study the adjoint operator

(1.33) V" :C®(M,T*® E) — C*(M, E).

If u and v are sections of E, £ a section of T*, we have
(U, V¥ (E® u)) = (Vv, £ @ u)

(1.34) = (Vxv,u)

where X is the vector field corresponding to £ via the Riemannian metric.
Using the divergence theorem we can establish:

Proposition 1.4. If £ has a metric connection, then

(1.35) V(€ ®u)=Viu=-Vxu— (div X)u.

Proof. The first identity follows from (1.34) and does not require E to
have a metric connection. If E does have a metric connection, integrating

(Vxv,u) = —(v,Vxu) + X{v,u)
and using the identity

(1.36) /Xf av = 7/(div X)f dv, fecCg(M),
M M

give the second identity in (1.35) and complete the proof.

Exercises

1. If V and V are two connections on a vector bundle E — M , show that
(1.37) Vxu = Vxu+ C(X,u),

where C' is a smooth section of Hom(T ® E, F) ~ T"® End(£). Show that
conversely, if C' is such a section and V a connection, then (1.37) defines V as
a connection. _

2. If V and V are related as in Exercise 1, show that their curvatures R and R
are related by

(1.38)  (R— R)(X,Y)u=[Cx,Vylu—[Cy,Vx]u— Cx yju+ [Cx,Cylu,
where Cx is the section of End(FE) defined by Cxu = C(X,u).
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In Exercises 3-5, let P(x), © € M, be a smooth family of projections on a
vector space F', with range F,, forming a vector bundle £ — M; E gets a
natural connection via (1.5).

3. Let v : I — M be a smooth curve through z¢o € M. Show that paral-
lel transport of u(xo) € Eg, along I is characterized by the following (with
P'(t) = dP(y(t))/dt):

du ,
&~ Pty
o tu

4. If each P(xz) is an orthogonal projection of the inner-product space F onto
E,, show that you get a metric connection. (Hint: Show that du/dt L u(vy(t))
via PP = (I — P)P'.)

5. In what sense can I' = —dP P = —(I — P)dP be considered the connection
1-form, as in (1.13)? Show that the curvature form (1.15) is given by

(1.39) Q=P dPAdP P.

For more on this, see (4.50)—(4.53).
6. Show that the formula

(1.40) dY=QAT -TAQ

follows from (1.15). Relate this to the Bianchi identity. Compare with (2.13)
in the next section.

7. Let E — M be a vector bundle with connection V, with two local frame fields
{ea} and {fa}, defined over U C M. Suppose

fa(@) = g%a(@)es(@),  ea(w) = hPa(2) fo(2);

note that ¢°,(z)h7a(z) = 6”a. Let T'*g; be the connection coefficients for
the frame field {e.}, as in (1.7) and (1.8), and let I'*g; be the connection
coefficients for the frame field {fo}. Show that

(1.41) T%; = h*. I ;975 + b+ (9;97 5).

2. Second covariant derivatives and covariant-exterior
derivatives

Let M be a Riemannian manifold, with Levi-Civita connection, and let
E — M be a vector bundle with connection. In §1 we saw that the covariant
derivative acting on sections of E yields an operator

(2.1) V:C®(M,E)— C*(M,T*® E).
Now on T* ® E we have the product connection, defined by (1.27), yielding
(2.2) V:C*(T*"®E) — C*(M,T"T"®FE).

If we compose (2.1) and (2.2), we get a second-order differential operator
called the Hessian:

(2.3) V2:C®(M,E) — C®(T*®T*® E).
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If u is a section of E and X and Y are vector fields, (2.3) defines V% - as
a section of F; using the derivation properties, we have the formula

(24) v%(7yu = VXVyu - V(vxy)u.

Note that the antisymmetric part is given by the curvature of the connec-
tion on E:

(2.5) Viyu—Vyxu=R(X,Y)u.

Now the metric tensor on M gives a linear map T* ® T* — R, hence a
linear bundle map v : T*®T* ® E — E. We can consider the composition
of this with V2 in (2.3):

(2.6) yoV?%:C®(M,E) — C®(M,E).
We want to compare yo V2 and V*V, in the case when F has a Hermitian
metric and a metric connection.

Proposition 2.1. If V is a metric connection on E, then

(2.7) V*V = —yoV? on C*(M,E).

Proof. Pick a local orthonormal frame of vector fields {e;}, with dual
frame {v;}. Then, for u € C*(M,E), Vu = Y v; ® V,u, so (1.35)
implies

(2.8) V*Vu =Y [-V.,Ve,u— (div e;)u].
Using (2.4), we have
(29)  V'Vu=-) Vi u—>Y [Vy. cu+(dive;)Veul.
The first term on the right is equal to —y o V2u. Now, given p € M, if we
choose the local frame {e;} such that V. e, = 0 at p, the rest of the right
side vanishes at p. This establishes the identity (2.7).
We next define a “covariant-exterior derivative” operator
(2.10) dvV : C®(M,A\*T* @ E) — C®(M,A\*"'T* @ E)
as follows. For k =0, d¥ = V, given by (2.1), and we require
(2.11) d¥(BAu) = (dB)Au—BAdYu

whenever £ is a 1-form and u is a section of A*T* @ E. The operator dV is
also called the “gauge exterior derivative.” Unlike the case of the ordinary
exterior derivative,

d¥ odY : C®(M,A*T* ® E) — C®(M,A*""*T* @ E)
is not necessarily zero, but rather

(2.12) dVdVu = Q A,
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where  is the curvature, and we use the antisymmetry (1.16) to regard
Q as a section of A°T* ® End(FE), as in (1.15). The verification of (2.12)
is a straightforward calculation; (2.5) is in fact the special case of this, for
k=0.

The following is an alternative form of Bianchi’s identity (1.29):

(2.13) d¥Q =0,

where the left side is a priori a section of A3T* @ End(E). This can also
be deduced from (2.12), the associative law d¥ (dVdY) = (dVdV)dY, and

the natural derivation property generalizing (2.11):
(2.14) dV(AAu) = (dVA) Au+ (—1)TANdV,
where u is a section of A*T* ® E and A is a section of AVT* @ End(E).

Exercises

1. Let E — M be a vector bundle with connection V, v € C*(M, E). Fix
p € M. Show that if Vu(p) = 0, then Vg(yyu(p) is independent of the choice
of connection on M.

2. In particular, Exercise 1 applies to the trivial bundle R x M, with trivial flat
connection, for which Vxu = (X,du) = Xu. Thus, if u € C*(M) is real-
valued and du(p) = 0, then D?*u(p) is well defined as a symmetric bilinear
form on T, M. If, in a coordinate system, X = > X;9/0z;, Y =>.Y; 0/0xz;,
show that

(2.15) D yulp) =

Show that this invariance fails if du(p) # 0.
3. If w is a smooth section of A*T* ® E, show that
(2.16)

d¥u(Xo, ..., Xp) = Y (1)’ Vx,u(Xo,.... Xj,..., Xx)

J
+ Z(il)Jﬂklu([XJﬁ X@LX(M e any ) XZy ) Xk)
i<t
Compare with formula (13.56) of Chapter 1 and Exercises 2 and 3 in §3 of
Chapter 2.
4. Verify the identity (2.12), namely, dVd¥u=QAu. B
5. If V and V are connections on £ — M, related by Vxu = Vxu+C(X,u), C €
C™(M,T" ® End(FE)), with curvatures R and R, and curvature forms 2 and
), show that

(2.17) Q-Q=d"C+CAC.

Here the wedge product of two sections of T*®End(E) is a section of the
bundle A*T*®@End(FE), produced in a natural fashion, as in (1.15). Show that
(2.17) is equivalent to (1.38).
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3. The curvature tensor of a Riemannian manifold

The Levi-Civita connection, which was introduced in §11 of Chapter 1, is
a metric connection on the tangent bundle T'M of a manifold M with a
Riemannian metric, uniquely specified among all such connections by the
zero-torsion condition

(3.1) VyX — VxY =[Y, X].

We recall the defining formula

52) AVXY, Z) = X (Y, Z) + Y (X, Z) — Z(X,Y)
+(X,Y],2) = (X, Z],Y) = ([Y, Z], X),

derived in (11.22) of Chapter 1. Thus, in a local coordinate system with
the naturally associated frame field on the tangent bundle, the connection
coefficients (1.8) are given by

1 09, o 09k
) ., — = gtu| 990 p_ 995k
(3.3) gk 2g [&Uk + Ox; Oz,

The associated curvature tensor is the Riemann curvature tensor:
(3.4) R(X,Y)Z=|Vx,Vy|Z — Vix,y1Z-

In a local coordinate system such as that discussed above, the expression
for the Riemann curvature is a special case of (1.12), namely,

(35) Rjkfm = 6€ijm - aml—‘jkf + Fjl/él_wkm - FijFVkZ~
Consequently, we have an expression of the form

(3~6) Rjkém = L(gaﬁa auavg'yé) + Q(.‘]aﬁa 6“%5),

where L is linear in the second-order derivatives of gog(z) and @ is qua-
dratic in the first-order derivatives of gog(z), each with coefficients depend-
ing on gag(x).

Building on Proposition 1.2, we have the following result on metrics
whose Riemannian curvature is zero.

Proposition 3.1. If (M, g) is a Riemannian manifold whose curvature
tensor vanishes, then the metric g is flat; that is, there is a coordinate
system about each p € M in which g;;(x) is constant.

Proof. It follows from Proposition 1.2 that on a neighborhood U of p there
are parallel vector fields V(;), j = 1,...,n = dim M, namely, in a given
coordinate system

(3.7) VD,CV(j) =0, 1<y, k<n,
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such that V;)(p) form a basis of T, M. Let v(;) be the 1-forms associated
to V(;) by the metric g, so

(3.8) v(;)(X) = 9(X, Viy),
for all vector fields X. Hence
(3.9) kaU(j) =0, 1<, kE<n.

We have v = Zvé“j) dzy, with vé“j) = v(j)(Dr) = (Dg,v(). The zero-

torsion condition (3.1), in concert with (3.8), gives
(3.10) ag<1}(j), Dk> — 8k<1}(j),Dg> = <U(j), VDL;Dk> — <U(j), VDkDg> = 0,

which is equivalent to

(3.11) dvog =0, j=1,...,n.

Hence, locally, there exist functions x;, j = 1,...,n, such that

(3.12) vy = dxj.

The functions (x1,...,2,) give a coordinate system near p. In this co-

ordinate system the inverse of the matrix (gjz(z)) has entries g7*(z) =
(daj, dzr). Now, by (1.9),

(3.13) 8ggjk(x) = (Vp,dzj,dxg) + (dz;,Vp, dzg) =0,

so the proof is complete.

We have seen in Proposition 1.1 that R has the following symmetries:

(3.14) R(X,Y)=-R(Y,X),

(3.15) (R(X,Y)Z,W) = —(Z,R(X,Y)W).
In other words, in terms of

(3.16) Rjkem = (R(Dy¢, Dyy,) Dy, D),
we have

(3.17) Rirem = —Rjkme

and

(3.18) Rjkem = —Rpjom.-

The Riemann tensor has additional symmetries:

Proposition 3.2. The Riemann tensor satisfies
(3.19) R(X,Y)Z+R(Y,Z)X+R(Z,X)Y =0
and

(3.20) (R(X,Y)Z, W) = (R(Z,W)X,Y),
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or, in index notation,

(3.21) Rijke + Rikej + Rigji =0
and
(3.22) Rijke = Rieij-

Proof. Plugging in the definition of each of the three terms of (3.19),
one gets a sum that is seen to cancel out by virtue of the zero-torsion
condition (3.1). This gives (3.19) and hence (3.21). The identity (3.22)
is an automatic consequence of (3.17), (3.18), and (3.21), by elementary
algebraic manipulations, which we leave as an exercise, to complete the
proof. Also, (3.22) follows from (3.50) below.

The identity (3.19) is sometimes called Bianchi’s first identity, with
(1.29) then called Bianchi’s second identity.

There are important contractions of the Riemann tensor. The Ricci
tensor is defined by

(3.23) Ricje = R'jir = " Rejmk,

where the summation convention is understood. By (3.22), this is symmet-
ric in j, k. We can also raise indices:

(3.24) Ric’;, = ¢’‘Ricer;  Ric?* = " Ric/,.
Contracting again defines the scalar curvature:
(3.25) S = Ric’;.

As we will see below, the special nature of R;jx, for dim M = 2 implies
1
(3.26) Ricj, = §ng;c if dim M = 2.

The Bianchi identity (1.29) yields an important identity for the Ricci
tensor. Specializing (1.30) to &« = 4, § = j and raising the second index
give

(3.27) RYi50 + R ji + RY iy = 0,
hence, S, — Ricik;i — Ricjk;j =0, or

(3.28) Sk = 2 Ricl},;.

This is called the Ricci identity. An equivalent form is
(3.29) Ric/*,; = 5(S 9").

The identity in this form leads us naturally to a tensor known as the Fin-
stein tensor:

. . 1 .
(3.30) Gk = Ric/* — 39 g’k
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The Ricci identity is equivalent to
(3.31) G'*; =0.

As shown in Chapter 2, this means the Einstein tensor has zero divergence.
This fact plays an important role in Einstein’s equation for the gravitational
field. Note that by (3.26) the Einstein tensor always vanishes when dim
M = 2. On the other hand, the identity (3.31) has the following implication
when dim M > 2.

Proposition 3.3. If dim M = n > 2 and the Ricci tensor is a scalar
multiple of the metric tensor, the factor necessarily being 1/n times the
scalar curvature:

1
(3.32) Ricj, = 5ngk,
then S must be a constant.

Proof. Equation (3.32) is equivalent to

. 1 1 .
3.33 Gik — (, _ 7)5 ik
(3.33) = 5)59
By (3.31) and the fact that the covariant derivative of the metric tensor is
0, we have
1 1 ;
S (e K L
(n 2) kg

or S, = 0, which proves the proposition.

We now make some comments on the curvature of Riemannian manifolds
M of dimension 2. By (3.17) and (3.18), in this case each component R;¢m,
of the curvature tensor is either 0 or 4+ the quantity

(3.34) Rig12 = Ro121 = gK, g = det(gjk).

One calls K the Gauss curvature of M when dim M = 2.
Suppose we pick normal coordinates centered at p € M, so g;x(p) = k-
We see that if dim M = 2,

Ricji(p) = Rujik + Rajok-

Now, the first term on the right is zero unless j =
term is zero unless j = k = 1. Hence, Ric;z(p)
coordinates, so in arbitrary coordinates

k = 2, and the second

= K(p)d;k, in normal
1

(3.35) Ricj, = Kg;i; hence K = §S if dim M = 2.

Explicit formulas for K when M is a surface in R?® are given by (4.22)
and (4.29), in the next section. (See also Exercises 2 and 5-7 below.)
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The following is a fundamental calculation of the Gauss curvature of a
two-dimensional surface whose metric tensor is expressed in orthogonal
coordinates:

(3.36) ds* = E(z) dz? + G(x) da3.

Proposition 3.4. Suppose dim M = 2 and the metric is given in coordi-
nates by (3.36). Then the Gauss curvature k(x) is given by

(3.37) h(z) = —— {al< e ) +82( %L )] :

- 2VEG VEG VEG

To establish (3.37), one can first compute that

. 1 E-'0,E E10,E
=) =5 (GlézE G18?G> :

, 1 (E'9E —E~19,G
T2 = (M) = 3 (G—lafa G-16,G ) :

Then, computing Rz = (R p12) = 010 — 9o’y + 1Ty — [Ty, we have
(3.38)
1 011G 1 0o F
Raw 30 (%) - 10.(%)
1(_@8176: 827E82G) 1((92E 82E 81G61G)

4\ E E E G/ 4\ E E E G
Now Rij212 = E R'515 in this case, and (3.34) yields
1 1
(339) k(l’) = E7G R1212 = 6 R1212.

If we divide (3.38) by G and then in the resulting formula for k(x) inter-
change F and G, and 0; and 02, and sum the two formulas for k(z), we
get

which is easily transformed into (3.37).
If E = G = €2Y, we obtain a formula for the Gauss curvature of a surface
whose metric is a conformal multiple of the flat metric:

Corollary 3.5. Suppose dim M = 2 and the metric is given in coordinates
by

(3.40) gik(x) = 621)(5]‘]@,
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for a smooth v. Then the Gauss curvature k(z) is given by

(3.41) k(x) = —(Agu)e™?,
where Aq is the flat Laplacian in these coordinates:
v 0%
42 Agp = —5 + —5-.
(342) oY dz? Oz

For an alternative formulation of (3.41), note that the Laplace operator
for the metric g;; is given by

Af =g "20;(g" g"? Orf),

and in the case (3.40), ¢/F = ¢=2v67% and ¢g'/2 = €%V, so we have

(3.43) Af =e ZAf,
and hence (3.41) is equivalent to
(3.44) k(x) = —Aw.

The comparison of the Gauss curvature of two surfaces that are con-
formally equivalent is a source of a number of interesting results. The
following generalization of Corollary 3.5 is useful.

Proposition 3.6. Let M be a two-dimensional manifold with metric g,
whose Gauss curvature is k(x). Suppose there is a conformally related
metric

(3.45) g =e*g.

Then the Gauss curvature K (z) of ¢’ is given by

(3.46) K(z) = (—Au+ k(z))e 2",

where A is the Laplace operator for the metric g.

Proof. We will use Corollary 3.5 as a tool in this proof. It is shown in
Chapter 5, §11, that (M, g) is locally conformally flat, so we can assume

without loss of generality that (3.40) holds; hence k(x) is given by (3.41).
Then

(3.47) (9")jk = ™0, w=u+v,

and (3.41) gives

(3.48) K(z) = —(Aow)e " = [—(Agu)e " — (Agv)e > e

By (3.43) we have (Agu)e™?" = Awu, and applying (3.41) for k(z) gives
(3.46).

We end this section with a study of 0;0kgem (po) when one uses a geodesic
normal coordinate system centered at py. We know from §11 of Chapter 1
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that in such a coordinate system, Féjk(po) = 0 and hence 9;gi¢(po) = 0.
Thus, in such a coordinate system, we have

(349) Rjkém (po) = aZijm (pO) - 8mrjkl(p0)’
and hence (3.3) yields

1
(3.50) Rjrem(po) = 3 <3j3mgke + 010egjm — 050eGiom — 3k5mgje)-

In light of the complexity of this formula, the following may be somewhat
surprising. Namely, as Riemann showed, one has

1 1
(3.51) 0Ok gem (o) = _gRijk - gRekmj-

This is related to the existence of nonobvious symmetries at the center of
a geodesic normal coordinate system, such as 9;0kgem(Po) = 0¢O0m3jk(Po)-
To prove (3.51), by polarization it suffices to establish

2
3

Proving this is a two-dimensional problem, since (by (3.50)) both sides of
the asserted identity in (3.52) are unchanged if M is replaced by the image
under Exp,, of the two-dimensional linear span of D; and D,. All one needs
to show is that if dim M = 2,

(3.52) 979ec(po) = — % Rejej, Y 4, L.

2
(3.53) 97 g22(po) = —gK(Po) and 97g11(po) = 0,

where K(po) is the Gauss curvature of M at pg. Of these, the second part
is trivial, since g11(x) = 1 on the horizontal line through py. To establish
the first part of (3.53), it is convenient to use geodesic polar coordinates,
(r,0), in which

(3.54) ds* = dr* + G(r,0) do*.

It is not hard to show that G(r,0) = r2H(r,0), with H(r,0) = 1+ O(r?).
For the metric (3.54), the formula (3.37) implies that the Gauss curvature
is

1 1 H H H?

. K=—-—" 2 —(d, 2 _ rr Ay
(3.55) 2G8TG + 4G? (0:G) rH 2H + 4H?’
so at the center

1 3
(3.56) K(py) = —H,r — §HM = _iHTT-

On the other hand, in normal coordinates (z1,xz2), along the z;-axis, we
have goo(s,0) = G(s,0)/s?> = H(s,0), so the rest of the identity (3.53) is
established.
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Exercises

2A.

Exercises 1-3 concern the problem of producing two-dimensional surfaces
with constant Gauss curvature.

. For a two-dimensional Riemannian manifold M, take geodesic polar coor-

dinates, so the metric is
ds® = dr® + G(r,0) d6*.
Use the formula (3.55) for the Gauss curvature, to deduce that
e
el

Hence, if K = —1, then
O2VG =VG.
Show that
VG(0,0) =0, 8,VG(0,0) =1,
and deduce that v/G(r,0) = ¢(r) is the unique solution to
¢"(r) —o(r) =0, $(0)=0, ¢'(0) =L
Deduce that
G(r,0) = sinh® .

Use this computation to deduce that any two surfaces with Gauss curvature
—1 are locally isometric.

. Suppose M is a surface of revolution in R?, of the form

2® +y* = g(2)".
If it is parameterized by = = g(u) cosv, y = g(u) sinv, z = u, then
ds® = (1 + ¢'(w)?) du® + g(u)® dv.
Deduce from (3.37) that

K 9" (u) .
g(u) (1+9'(w)?)
Hence, if K = —1,
o) = gw) (14 ' @)?)"

Note that a sphere of radius R is given by such a formula with g(u) =
vR2 — 2. Compute K in this case.

Suppose instead that M is a surface of revolution, described in the form
z = f(\/ac2 +y2).
If it is parameterized by * = u cosv, y = u sinv, z = f(u), then

ds® = (1 + f/(u)Q) du® + u® dv.
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PR S (R N
T Wi R B\ T T

Thus deduce that
1
K=-1= =2 = = [ /——— —1 du.
ou)=u"+c= f(u) / e du

We note that this is an elliptic integral, for most values of ¢. Show that, for

Show that

c =0, you get
1 1
Flu) = V1—u? - 51og(1 +V1- u2) + 5log(1 —V1- u2).
Suppose M is a region in R? whose metric tensor is a conformal multiple of

the standard flat metric
gik = E(a?)é]k = 621) 6jk~
v(r). Deduce from (3.37) and (3.41) that

07 =~ (v + )

Suppose E = E(r), v

_ 1 " 1 / L ’
K= 2E2(E (r)+TE(r))+2E3E

Hence, if K = —1,

Compute K when

gijk = =2 Ok
4. Show that whenever g, (z) satisfies g;x(po) = djk, 9egjr(po) = 0, at some
point po, then (3.50) holds at po. If dim M = 2, deduce that

(3.57) K (po) = 5 (02922 + 0B gn1 — 20102912,
5. Suppose M C R? is the graph of
z3 = f(z1,32),
so, using the natural (z1, z2)-coordinates on M,
ds® = (L + f2) da? + 2f1 f2 dwy dwa + (1 + f3) da,
where f; = 0;f. Show that if V f(0) = 0, then Exercise 4 applies, so

(3.58) VF(0) =0= K(0) = fi1fa2 — fia.

Compare the derivation of (4.22) in the next section.
6. If M C R? is the surface of Exercise 5, then the Gauss map N : M — S? is

given by
(S, —fes 1)

N(m,f(w)) = N
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Show that if Vf(0) = 0, then, at py = (o,f(o)), DN(po) : R? — R? is
given by
_ T f(0)  D1021(0)
(3.59) DN (po) = — (82311"(0) 527(0) ) .

Here, T, M and T(O,o,l)SQ are both identified with the (z1,z2)-plane. De-
duce from Exercise 5 that

K(po) = det DN(po).

7. Deduce from Exercise 6 that whenever M is a smooth surface in R?, with
Gauss map N : M — S?, then, with DN (z) : T, M — TN(I)SQ,

(3.60) K(z) = det DN(z), Yz € M.

(Hint: Given z € M, rotate coordinates so that T, M is parallel to the
(21, z2)-plane.)

This result is Gauss’ Theorema Egregium for surfaces in R®. See Theorem
4.4 for a more general formulation; see also (4.35), and Exercises 5, 8, 9,
and 14 of §4.

8. Recall from §11 of Chapter 1 that if v,(¢) is a family of curves s : [a,b] — M
satisfying vs(a) = p, vs(b) = q, and if E(s) = ff(T, T)dt, T =~.i(t), then,
with V = (8/98)7s(t)]s=0, E'(s) = —2 f:(V, VrT) dt, leading to the station-
ary condition for E that V7T = 0, which is the geodesic equation. Now
suppose vr,s(t) is a two-parameter family of curves, v,.s(a) = p, Vr,s(b) = q.
Let V = (8/0s)¥r,s(t)]0,0, W = (8/07)¥r,s(t)]0,0. Show that

82
0sor
Note that the last term in the integral vanishes if vp,0 is a geodesic.

9. If Z is a Killing field, generating an isometry on M (as in Chapter 2, §3),
show that

(3.61)

E(0,0) = 2/b [(R(W, T)V,T) + (VoV, Vo W) — (VwV, VrT) | dt.

m
Zjkye = R okj Zim.

(Hint: From Killing’s equation Zj;x + Zk;; = 0, derive Zj.pe = —Zpyoj —
R™ej Zm. Iterate this process two more times, going through the cyclic
permutations of (j, k, £). Use Bianchi’s first identity.) Note that the identity
desired is equivalent to

foy)Z =R(Y,Z)X if Z is a Killing field.
10. Derive the following equation of Jacobi for a variation of geodesics. If v4(t)
is a one-parameter family of geodesics, X = v;(t), and W = (9/9s)~s, then
VxVx W=R(X,W)X.

(Hint: Start with 0 = ViwVx X, and use [X, W] =0.)

11. Raising the second index of RY kem, you obtain Rjkgm, the coordinate ex-
pression for R, which can be regarded as a section of End(AQT). Suppose
M = X XY with a product Riemannian metric and associated curvatures
R,Rx,Ry. Using the splitting

NVaeWw)=AVae (Alv ® A1W) @ AW,
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write R as a 3 X 3 block matrix. Show that

Rx 0 0
R = 0O 0 0
0 0 Ry

In Exercises 12-14, let X, Y, Z, and so forth, belong to the space g of left-
invariant vector fields on a Lie group G, assumed to have a bi-invariant
Riemannian metric. (Compact Lie groups have these.)

12. Show that any (constant-speed) geodesic v on G with v(0) = e, the iden-
tity element, is a subgroup of G, that is, y(s +t) = v(s)y(t). Deduce that
VxX =0for X €g.

(Hint: Given p = v(to), consider the “reflection” R,(g) = pg~'p, an isome-
try on G that fixes p and leaves v invariant, though reversing its direction.
From this, one can deduce that p* = v(2t0).)

13. Show that VxY = (1/2)[X,Y] for X,Y € g. (Hint: 0 = VxX = VyY =
Vixn) (X +Y).)

This identity is called the Maurer-Cartan structure equation.

14. Show that
R(X,Y)Z = —i[[x, Y],Z], (R(X,Y)Z,W)= —i<[x, Y1, 12, W]>.

15. If E — M is a vector bundle with connection %, and V = V + C, as
in Exercises 1 and 2 of §1, and M has Levi-Civita connection D, so that
Hom(T'®FE, E) acquires a connection from D and V, which we’ll also denote
as V, show that (1.38) is equivalent to

(3.62) (R—R)(X,Y)u=(VxC)(Y,u) — (VyC)(X,u) + [Cx, Cy]u.
This is a general form of the “Palatini identity.”
16. If g is a metric tensor and h a symmetric, second-order tensor field, consider

the family of metric tensors g = g + 7h, for 7 close to zero, yielding the
Levi-Civita connections

VT =V +C(1),
where V = V°. If ¢’ = C’(0), show that

(3.63) (C'(X,Y),Z) = %(Vxh)(Y, Z)+ %(Vyh)(X, Z) - %(Vzh)(X, Y).

17.

(Hint: Use (3.2).)
Let R(7) be the Riemann curvature tensor of g,, and set R = R'(0). Show
that (3.62) yields

(3.64) R(X,Y)Z = (VxC')(Y, Z) — (VyC')(X, Z).

Using (3.63), show that

(3.65)
2R(X,Y)Z,W) = (Vywh)(X, Z2) + (VX zh) (Y, W) — (Vi,wh)(Y, Z)

— (V3 h) (X, W) + h(R(X, Y)Z, W) + h(R(X, Y)W, Z).

(Hint: Use the derivation property of the covariant derivative to obtain a
formula for VxC’ from (3.63).)
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18. Show that
6(R(X,Y)Z,W)=K(X+W,Y +2) - K(Y +W,X + Z)

~ KX, Y+2Z)-K(Y,X+W)-K(ZX+W)
(3.66) —KW,)Y+2)+ K(X,Y + W)+ K(Y,Z+ W)
+K(Z,Y+W)+KW,X +2)+K(X,Z)
+K(Y,W) - K(X,Y) ~ K(Y, 2),
where
(3.67) K(X,Y) = (R(X,Y)Y, X).

See (4.34) for an interpretation of the right side of (3.67).
19. Using (3.51), show that, in exponential coordinates centered at p, the func-
tion g = det(g;x) satisfies, for |z| small,

1 . 3
(3.68) g(z)=1-— 3 ;Rlchn(p)xewm + O(\x| )

Deduce that if A,_; = area of S"~! C R™ and V,, = volume of unit ball in
R"™, then, for r small,

(3.69) V(Br(p)) = (Vn - ﬁs(p)r2 + 0(T3))7”"~

4. Geometry of submanifolds and subbundles

Let M be a Riemannian manifold, of dimension n, and let S be a subman-
ifold, of dimension k, with the induced metric tensor. M has a Levi-Civita
connection V and Riemann tensor R. Denote by VY and Rg the connec-
tion and curvature of S, respectively. We aim to relate these objects. The
second fundamental form is defined by

(4.1) II(X,Y)=VxY - V%Y,

for X and Y tangent to S. Note that I7 is linear in X and in Y over
C*(S). Also, by the zero-torsion condition,

(4.2) II(X,)Y)=I1I(Y, X).
Proposition 4.1. [I(X,Y) is normal to S at each point.

Proof. If X,Y and Z are tangent to S, we have
and making the obvious cancellation, we obtain

(4.3) (II(X,Y),2) = —(Y,1I(X, Z)).
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Using (4.2), we have
(4.4) (II(X,Y),Z) = —(Y,I1(Z,X));

that is, the trilinear form given by the left side changes sign under a cyclic
permutation of its arguments. Since three such permutations produce the
original form, the left side of (16.4) must equal its own negative, hence be
0. This proves the proposition.

Denote by v(S) the bundle of normal vectors to S, called the normal
bundle of S. It follows that I7 is a section of Hom(T'S ® T'S, v(S)).

Corollary 4.2. For X and Y tangent to S, V&Y is the tangential pro-
jection on T'S of VxY.

Let € be normal to .S. We have a linear map, called the Weingarten map,

(4.5) A¢ : T,S — T,S

uniquely defined by

(4.6) (AeX,)Y) = (£, 1I(X,Y)).

We also define the section A of Hom(v(S) ® TS, T'S) by

(4.7) A€, X) = AeX.

We define a connection on v(S) as follows; if £ is a section of v(5), set
V& =Pk,

where P (z) is the orthogonal projection of T, M onto v,.(S). The following
identity is called the Weingarten formula.

Proposition 4.3. If¢ is a section of v(S),

(4.8) Vi€ = Vxé+ A X.

Proof. It suffices to show that Vx& 4+ A¢X is normal to S. In fact, if Y
is tangent to S,

(Vx&Y) +{AeX.Y) = X(Y) — (€ VxY) + (§ TI(X,Y))
=0— (& VXY) = (& TI(X,Y)) + (6, TI(X,Y))
=0,

which proves the proposition.

An equivalent statement is that, for X tangent to S, £ normal to S,

(4.9) Vx€ = Vi€~ AcX



4. Geometry of submanifolds and subbundles 23

is an orthogonal decomposition, into components normal and tangent to S,
respectively. Sometimes this is taken as the definition of A¢ or, equivalently,
by (4.6), of the second fundamental form.

In the special case that S is a hypersurface of M (i.e., dim M = dim
S+1), if £ = N is a smooth unit normal field to S, we see that, for X
tangent to 9,

1
(VxN,N) = §X<N,N> =0,

so VI N =0 in this case, and (4.9) takes the form
(4.10) VxN = —AnX,

the classical form of the Weingarten formula.
We now compare the tensors R and Rg. Let X,Y and Z be tangent to
S. Then

(411) VxVyZ =Vx(VVZ+I1(Y,Z))
=VYVYZ +II(X,VYZ) — Ay, X + VXII(Y, Z).
Reversing X and Y, we have
VyVxZ =VIVYZ+11(Y,VXZ) — Ar1(x,2)Y + VyII(X, Z).

Also,
(4.12) Vixy1Z = Vixy)Z + I1([X,Y], Z).
From (4.11) and (4.12) we obtain the important identity

(R—Rs)(X,Y)Z ={11(X,V%Z) — II(Y,V% Z) — II(X,Y], Z)
(4.13) +VXII(Y,Z) - VyII(X,Z)}
—{Any.2X — Anx,nY -

Here, the quantity in the first set of braces { } is normal to S, and the
quantity in the second pair of braces is tangent to S. The identity (4.13)
is called the Gauss-Codazzi equation. A restatement of the identity for
the tangential components is the following, known as Gauss’ Theorema
Egregium.

Theorem 4.4. For X,Y,Z and W tangent to S,

(4.14) (R—Rs)(X,Y)Z,W) = (II(Y,W),[I(X, Z))
' —(II(X, W), II(Y, Z)).

The normal component of the identity (4.13) is specifically Codazzi’s
equation. It takes a shorter form in case S has codimension 1 in M. In



24 C. Connections and Curvature

that case, choose a unit normal field N, and let
(4.15) II(X,Y) =II(X,Y)N;

IT is a tensor field of type (0,2) on S. Then Codazzi’s equation is equivalent
to

(4.16) (R(X,Y)Z,N) = (VIIY, Z) — (VYIT)(X, Z),

for X,Y, Z tangent to S, since of course Rg(X,Y)Z is tangent to S.
In the classical case, where S is a hypersurface in flat Euclidean space,
R =0, and Codazzi’s equation becomes

(4.17) (VYIT)(X, Z) — (VSIT)(Y, Z) =0,

that is, Voﬁ,\i/s a symmetric tensor field of type (0,3). In this case, from
the identity 1150 = Il , we deduce A;*.) = Ak = (Tr A);, where
A = Ay is the Weingarten map. Equivalently,
(4.18) div A = d(Tr A).

An application of the Codazzi equation to minimal surfaces can be found
in the exercises after §6 of Chapter 14.

It is useful to note the following characterization of the second fundamen-
tal form for a hypersurface M in R™. Translating and rotating coordinates,
we can move a specific point p € M to the origin in R™ and suppose M is
given locally by

Tp = f(x/)v Vf(()) =0,
where ¢/ = (z1,...,2,-1). We can then identify the tangent space of M

at p with R*~1.

Proposition 4.5. The second fundamental form of M at p is given by the
Hessian of f:

1

— o?
(4.19) mxy) =Y ngjk(m X, Y.
k=1 "7

Proof. From (4.9) we have, for any £ normal to M,
(4.20) (II(X,Y),§) = =(Vx&,Y),
where V is the flat connection on R"™. Taking

(4.21) E=(=01f,...,—On-1f,1)
gives the desired formula.

If S is a surface in R3, given locally by x3 = f(x1,72) with V£(0) = 0,
then the Gauss curvature of S at the origin is seen by (4.14) and (4.19) to
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equal

(4.22) det ( 0°1(0) )

0x;0xy,

Consider the example of the unit sphere in R3, centered at (0,0,1). Then
the “south pole” lies at the origin, near which S? is given by

(4.23) x3=1—(1—2%— 2312

In this case (4.22) implies that the Gauss curvature K is equal to 1 at the
south pole. Of course, by symmetry it follows that K = 1 everywhere on
the unit sphere S2.

Besides providing a good conception of the second fundamental form of
a hypersurface in R", Proposition 4.5 leads to useful formulas for compu-
tation, one of which we will give in (4.29). First, we give a more invariant
reformulation of Proposition 4.5. Suppose the hypersurface M in R" is
given by

(4.24) u(z) = ¢,

with Vu # 0 on M. Then we can use the computation (4.20) with & =
grad u to obtain

(4.25) (I1(X,Y), grad u) = —(D*u)(X,Y),

where D?u is the Hessian of u; we can think of (D?u)(X,Y) as Y- (D?u) X,
where D?u is the n x n matrix of second-order partial derivatives of u. In
other words,

(4.26) II(X,Y) = —|grad u|~"(D*u)(X,Y),

for X,Y tangent to M.
In particular, if M is a two-dimensional surface in R? given by (4.24),
then the Gauss curvature at p € M is given by

(4.27) K (p) = |grad u| =2 det (D*u)|r, m,

where D2u|Tp ar denotes the restriction of the quadratic form D?u to the
tangent space T),M, producing a linear transformation on T,M via the
metric on T, M. With this calculation we can derive the following formula,
extending (4.22).

Proposition 4.6. If M C R? is given by
(428) I3 = f(xl,ﬂfg),

then, at p = (2/, f(2')) € M, the Gauss curvature is given by

(4.29) Kp) = (1+[Vf@)P) det(aaiaka)’
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Proof. We can apply (4.27) with u(z) = f(x1,22) —x3. Note that |Vu|? =
1+ |V f(2')]* and

2
(4.30) D?u = (Dof 8).

Noting that a basis of T,M is given by (1,0,01f) = v1, (0,1,02f) = va,

we readily obtain

det(v; - (D?*u)vy,)
det(v; - vg)

(4.31) det D?ulp,n = = (1+|Vf(@)?) " det D?f,

which yields (4.29).

If you apply Proposition 4.6 to the case (4.23) of a hemisphere of unit
radius, the calculation that K = 1 everywhere is easily verified. The for-
mula (4.29) gives rise to interesting problems in nonlinear PDE, some of
which are studied in Chapter 14.

We now define the sectional curvature of a Riemannian manifold M.
Given p € M, let II be a 2-plane in T,M, ¥ = Exp,(II). The sectional
curvature of M at p is

(4.32) K,(II) = Gauss curvature of ¥ at p.

If U and V form an orthonormal basis of 7,,X = II, then by the definition
of Gauss curvature,

(4.33) K,(II) = (Rx(U,V)V,U).

We have the following more direct formula for the sectional curvature.

Proposition 4.7. With U and V as above, R the Riemann tensor of M,
(4.34) K, (1) = (R(U, V)V, U).

Proof. It suffices to show that the second fundamental form of ¥ vanishes
at p. Since II1(X,Y) is symmetric, it suffices to show that I7(X, X) = 0 for
each X € T,M. So pick a geodesic v in M such that v(0) = p, +'(0) = X.
Then v C X, and v must also be a geodesic in S, so

VrT = V3T, T=+(t),
which implies I7(X, X) = 0. This proves (4.34).

Note that if S C M has codimension 1, p € S, and II C T},S, then, by
(4.14),

P

(435) Ky () — K} (IT) = det <%E‘(f Zi %Eg 55)

Note how this is a direct generalization of (3.60).
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The results above comparing connections and curvatures of a Riemannian
manifold and a submanifold are special cases of more general results on
subbundles, which arise in a number of interesting situations. Let E be
a vector bundle over a manifold M, with an inner product and a metric
connection V. Let Fy — M be a subbundle. For each z € M, let P, be
the orthogonal projection of E, onto Ey,. Set

(4.36) VS%u(z) = P,Vxu(z),
when u is a section of Ey. Note that, for scalar f,
Vi fulw) = Po(£Vxu() + (X f)u)
= fP:Vxu(z) + (X flu(z),

provided u is a section of Ey, so Pyu(r) = u(x). This shows that (4.36)
defines a connection on Ey. Since (Vu,v) = (Vxu,v) for sections u,v of
Ey, it is clear that VO is also a metric connection. Similarly, if F; is the
orthogonal bundle, a subbundle of E, a metric connection on F; is given
by

(4.37) Viv(z) = (I — P,)Vxv(x),

for a section v of Ej.
It is useful to treat VY and V! on an equal footing, so we define a new
connection V on F, also a metric connection, by

(4.38) V=v'a V.
Then there is the relation
(4.39) szeerCX,
where

B 0 II}(
(4.40) Cx = (II% 0 ) .

Here, I Ig’( : Fy — FEp is the second fundamental form of Fy C E, and
II)l( : By — Ej is the second fundamental form of £y C E. We also set
II'(X,u) = IT%u. In this context, the Weingarten formula has the form

(4.41) C = —Cx, ie, [Tk = —(11%)".

Indeed, for any two connections related by (4.39), with C' € Hom(T'M ®
E,E), if V and V are both metric connections, the first part of (4.41)
holds.

We remark that when v is a curve in a Riemannian manifold M, and
for p € v, E, = T,M, Eo, = Ty, E1p, = v(7), the normal space, and
if V is the Levi-Civita connection on M, then V is sometimes called the
Fermi-Walker connection on . One also (especially) considers a timelike
curve in a Lorentz manifold.
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Let us also remark that if we start with metric connections Vi on E;,
then form V on E by (4.38), and then define V on E by (4.39), provided
that (4.40) holds, it follows that V is also a metric connection on E, and
the connections V7 are recovered by (4.36) and (4.37).

In general, for any two connections V and V, related by (4.39) for some
End(£) valued 1-form C, we have the following relation between their
curvature tensors R and R, already anticipated in Exercise 2 of §1:

(4.42) (R—R)(X, Y)u = {[C}g%y] — [Cy,ex] — C[X7y]}u—|— [Cx,Cy]u.

In case V=V'@® V! on E = Ey & Ey, and V has the form (4.39), where
Cx exchanges Fy and FEj, it follows that the operator in brackets { }
on the right side of (4.42) exchanges sections of Fy and Ej, while the last
operator [Cx,Cy] leaves invariant the sections of Fy and E;. In such a
case these two components express respectively the Codazzi identity and
Gauss’ Theorema Egregium.

We will expand these formulas, writing R(X,Y") € End(Ey @ E1) in the
block matrix form

Roo  Rox
4.43 R= .
(4.43) (Rlo Ry )

Then Gauss’ equations become
(Roo — Ro)(X,Y)u = I I1yu — 13 11%wu,
(Ri1 — R)(X,Y)u = I1%II3u — ITO 1Tk u,

for a section u of Fy or Fq, respectively. Equivalently, if v is also a section
of Ey or Ey, respectively,

(4.44)

(a5 (Boo = Bo)(X,Y)u,0) = (Iw, IIyv) = (I w, ITw),
(Rix = R)(X.Y)u,v) = (Iu, ITjw) — (ITpu, 1Tkv).

The second part of (4.45) is also called the Ricci equation.
Codazzi’s equations become
(4.46)

Rio(X,Y)u = IIxVyu — I VSu = I yyu+ Villyu — Vi IIu,
Roy(X,Y)u = IIxVyu— Iy Viu — I yyu+ VsIlyu — Vi ITxu,
for sections u of Fy and Eq, respectively. If we take the inner product of

the first equation in (4.46) with a section v of Ej, we get

<R10(X, Y)’LL, 1}>
(4.47) = —(Vyu,IIxv) + (Viu, [I}v) — (II[OX,Y]U,@
+ (11w, Vyv) — (ITYu, Vi) + X{(I1$u,v) — Y (I 1% u,v),

using the metric property of VY and V!, and the antisymmetry of (4.40).
If we perform a similar calculation for the second part of (4.46), in light of
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the fact that Rio(X,Y)! = —Ro1(X,Y), we see that these two parts are
equivalent, so we need retain only one of them. Furthermore, we can rewrite
the first equation in (4.46) as follows. Form a connection on Hom(TM ®
Ey, Ey) via the connections V7 on E; and a Levi-Civita connection VM on
T M, via the natural derivation property, that is,

(4.48) (VxII%)(Y,u) = VS IT0u — 19V u — II°(VY Y, u).
Then (4.46) is equivalent to
(4.49) Rio(X,Y)u = (VxII°)(Y,u) — (VyII%)(X,u).

One case of interest is when F4 is the trivial bundle £y = M x R, with
one-dimensional fiber. For example, F; could be the normal bundle of a
codimension-one surface in R™. In this case, it is clear that both sides of
the last half of (4.45) are tautologically zero, so Ricci’s equation has no
content in this case.

As a parenthetical comment, suppose F is a trivial bundle £ = M x R™,
with complementary subbundles F;, having metric connections constructed
as in (4.36) and (4.37), from the trivial connection D on FE, defined by
componentwise differentiation, so

(4.50) V%u = PDxu, Vu= (I - P)Dxu,

for sections of Ey and Ej, respectively. There is the following alternative
approach to curvature formulas. For V = V0 @ V!, we have

(4.51) Vxu = Dxu+ (DxP)(I —2P)u.

Note that with respect to a choice of basis of R™ as a global frame field on
M x R™, we have the connection 1-form (1.13) given by

(4.52) I =dP(I — 2P).

Since dP = dP P + P dP, we have dP P = (I — P)dP. Thus, writing the
connection 1-form as ' = PdP(I — P)— (I — P)dP P castsT' = —C'in the
form (4.40). We obtain directly from the formula Q = dI' + I' AT, derived
in (4.15), that the curvature of V is given by

(453)  Q=dPAdP=PdPAdP P+ (I —P)dP AdP (I - P),

the last identity showing the respective curvatures of Ey and E;. Compare
with Exercise 5 of §1.

Our next goal is to invert the process above. That is, rather than starting
with a flat bundle F = M x R™ and obtaining connections on subbundles
and second fundamental forms, we want to start with bundles E; — M, j =
1,2, with metric connections V7, and proposed second fundamental forms
117, sections of Hom(TM ® E;,E;), and then obtain a flat connection
V on E via (4.38)—(4.40). Of course, we assume II° and IT' are related
by (4.41), so (4.39) makes V a metric connection. Thus, according to
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equations (4.45) and (4.49), the connection V is flat if and only if, for all

sections u, v of Ey,
(454) (VxII°)(Y,u) — (VyII°)(X,u) = 0,
' (Ro(X,Y)u,v) = (1%, IT%v) — (IT%u, IT%v),

and, for all sections u,v of Eq,
(4.55) (R(X,Y)u,v) = (ITHu, ITxv) — (I1xu, [I}-v).

If these conditions are satisfied, then E will have a global frame field
of sections eq,...,e,, such that Ve; = 0, at least provided M is simply
connected. Then, for each p € M, we have an isometric isomorphism

(4.56) J(p): E, — R"

by expanding elements of E, in terms of the basis {e;(p)}. Thus Ey C E
is carried by J(p) to a family of linear subspaces J(p)Eo, =V, C R", with
orthogonal complements J(p)E1, = N, C R™.

We now specialize to the case Fy = T'M, where M is an m-dimensional
Riemannian manifold, with its Levi-Civita connection; F; is an auxiliary
bundle over M, with metric connection V!. We will assume M is sim-
ply connected. The following result is sometimes called the fundamental
theorem of surface theory.

Theorem 4.8. Let I1° be a section of Hom(TM &TM, Ey), and set 11} =
—(I1%)*. Make the symmetry hypothesis
(4.57) I1°(X,Y) = I1°(Y, X).

Assume the equations (4.54) and (4.55) are satisfied, producing a trivial-
ization of E = FEy @ E1, described by (4.56). Then there is an isometric
immersion

(4.58) X:M—R"

and a natural identification of Ey with the normal bundle of S = X (M) C
R", such that the second fundamental form of S is given by I1°.

To get this, we will construct the map (4.58) so that

(4.59) DX(p) = J(P)|1pr

for all p € M. To see how to get this, consider one of the n components of
J, Ju(p) : B, — R. In fact, J,u = (e,,u). Let 8,(p) = Jl,(p)|T 2 thus B,
is a 1-form on M. :

Lemma 4.9. Fach (3, is closed, that is, d3, = 0.
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Proof. For vector fields X and Y on M, we have
dfy(X,Y) =X - B,(Y) =Y - Bu(X) = Bu([X,Y])

Using Vx = V% + II% on sections of Ey = T'M, we see that this is equal
to

(4.60)

X -J,(Y)-Y J(X) = J,(VxY = VyX)+ J,(II%Y — ITYX)
= (Vx,)Y — (Vy )X + J,(IIY — 119 X).

By construction, Vx.J, = 0, while (4.57) says II%Y — II$. X = 0. Thus
dg, = 0.

Consequently, as long as M is simply connected, we can write 3, = dx,
for some functions z,, € C°°(M). Let us therefore define the map (4.58) by
X(p) = (z1(p),...,x,(p)). Thus (4.59) holds, so X is an isometric map-
ping. Furthermore, it is clear that J(p) maps Ei, precisely isometrically
onto the normal space N, C R™ to S = X (M) at X (p), displaying I1° as
the second fundamental form of S. Thus Theorem 4.8 is established.

Let us specialize Theorem 4.8 to the case where dim M =n — 1, so the
fibers of E; are one-dimensional. As mentioned above, the Ricci identity
(4.55) has no content in that case. We have the following special case of
the fundamental theorem of surface theory.

Proposition 4.10. Let M be an (n — 1)-dimensional Riemann manifold;
assume M is simply connected. Let there be given a symmetric tensor field
11, of type (0,2). Assume the following Gauss-Codazzi equations hold:

(RM(X,Y)Z,W) = II(Y, Z)II(X,W) — T1(X, Z)II(Y, W),

(4.61) . _
(VNII(Y,Z) - (VY¥II)(X,Z) =0,

where VM is the Levi-Civita connection of M and RM is its Riemann
curvature tensor. Then there is an isometric immersion X : M — R" such
that the second fundamental form of S = X (M) C R"™ is given by I1.

Exercises

1. Let S C M, with respective Levi-Civita connections V°, V, respective Rie-
mann tensors R, R, and so on, as in the text. Let vs: : [a,b] — S be
a two-parameter family of curves. One can also regard 7. : [a,b] — M.
Apply the formula (3.52) for the second variation of energy in these two con-
texts, and compare the results, to produce another proof of Gauss’ formula
(4.14) for ((R— Rs)(X,Y)Z,W) when X,Y, Z, W are all tangent to S.

2. With the Ricci tensor Ric given by (3.23) and the sectional curvature K, (IT)
by (4.32), show that, for X € T, M, of norm 1, if Z denotes the orthogonal



32 C. Connections and Curvature

complement of X in T, M, then

n—1

—_— K,(U,X) dV(U
VOl SP(E) / P( ) ) ( )7

Sp(Z)
where S, (Z) is the unit sphere in 2, n = dim M, and K,(U, X) = K,(II),
where II is the linear span of U and X. Show that the scalar curvature at p
is given by

Ric(X, X) =

_n(n—-1)
S = ol Gy /KP(H) v (11),
G2

where G is the space of 2-planes in T, M.

3. Let v be a curve in R?, parameterized by arc length. Recall the Frenet
apparatus. At p = y(t), T = ~'(¢) spans T}7, and if the curvature & of v is
nonzero, unit vectors N and B span the normal bundle v,(7), satisfying the
system of ODE

T = kN,
(4.62) N' = —kT + 7B,
B' = — 7N,

and furthermore, B =T x N, T = N x B, N = B x T. Compare with
Exercises 4-6 in Chapter 1, §5. Let V denote the standard flat connection
on R? and V°, V! the connections induced on T'(y) and v(v), as in (4.1),
(4.8). Show that

(4.63) I1I(T,T) = kN
and that
(4.64) V;lle =71B,
VB = —7N.
Compute the right side of the Weingarten formula
(4.65) Vr = Vi =—(Ir)",

and show that (4.63)—(4.65) are equivalent to (4.62).

4. Let S C R? be a surface, with connection V¥, second fundamental form IT°,
and unit normal v. Let v be the curve of Exercise 3, and suppose v is a curve
in S. Show that

II%(T,T) = k(N,v)v
= kN — ViT.
If A, denotes the Weingarten map of S, as in (4.5), show that
AT =rT—7B and N =v,

provided 7 is a geodesic on S.

5. Use Theorem 4.4 to show that the Gauss curvature K of a surface S C R3
is equal to det A,. Use the symmetry of A, to show that each 7,5 has
an orthonormal basis 71,7 such that A,T; = k;T;; hence K = kik2. An
eigenvector of A, is called a direction of principal curvature. Show that
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T € T,S is a direction of principal curvature if and only if the geodesic
through p in direction T has vanishing torsion 7 at p.

6. Suppose M has the property that each sectional curvature K, (II) is equal to
K, independent of II. Show that

R = K,I in End(A°T}),

where R is as in Exercise 4 of §3. Show that K, is constant, on each connected
component of M, if dim M > 3. (Hint: To do the last part, use Proposition
3.3.)

7. Show that the formula (4.42) for R — R is equivalent to the formula (2.17).
(This reiterates Exercise 5 of §2.) Also, relate (4.44) and (4.49) to (3.54).

Let M be a compact, oriented hypersurface in R". Let
N:M— S

be given by the outward-pointing normal. This is called the Gauss map.

8. If n = 3, show that N*wy = Kw, where wp and w are the area forms of
S? and M, respectively, and K is the Gauss curvature of M. Note that the
degree of the Gauss map is

1 *
Deg(N) = E/N wo.
M

See §19 of Chapter 1 for basic material on degrees of maps.
9. For general n, show that N*wp = Jw, with

J=(=1)""" det An,

where w and wg are the volume forms and Ay : T,M — T, M is the Wein-
garten map (4.5). Consequently,

_1\n—1
(4.66) Deg(N) = % / (det AN) v,
n—1 i
where A,_1 is the area of S" 1. (Hint: There is a natural identification of
T,M and T,(S™™') as linear subspaces of R", if ¢ = N(p). Show that the
Weingarten formula gives

(4.67) DN(p) = —Ayx € End(T,M) ~ L(T,M,T,S"").)

10. Let S be a hypersurface in R", with second fundamental form ﬁ, asin (4.15).
Suppose 11 is proportional to the metric tensor, IT = A(z)g. Show that A is
constant, provided S is connected. (Hint: Use the Codazzi equation (4.17),
plus the fact that Vg = 0.) N

11. When S is a hypersurface in R"™, a point p, where II = \g, is called an
umbilic point. If every point on S is umbilic, show that S has constant
sectional curvature \2.

(Hint: Apply Gauss’' Theorema Egregium, in the form (4.14).)

12. Let S C R™ be a k-dimensional submanifold (k < n), with induced metric g

and second fundamental form II. Let £ be a section of the normal bundle
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v(S). Consider the one-parameter family of maps S — R”,
(4.68) pr(x)=z+7(x), €S8, TE(—¢8).

Let g, be the family of Riemannian metrics induced on S. Show that

(4.69) (X, Y)‘ = —2AGIIXY)).

T=

ard
More generally, if S C M is a submanifold, consider the one-parameter family
of submanifolds given by

(4.70) 0r(z) = Expe (Tg(x)), €8, e (—¢e),

where Exp, : To M — M is the exponential map, determined by the Rie-
mannian metric on M. Show that (4.69) holds in this more general case.

13. Let M1 C M2 C M3 be Riemannian manifolds of dimension n1 < n2 < ns,
with induced metrics. For j < k, denote by II’* the second fundamental
form of M; C My and by A% the associated Weingarten map. For = € M;,
denote by NZ* the orthogonal complement of T, M; in T, M) and by Ve
the natural connection on N7*(M;). Let X and Y be tangent to M, and let
¢ be a section of N*2(M;). Show that

APX = APX.
Also show that
BYLe =PV + 1T (X, €), orthogonal decomposition,
and that
IT*(X,Y) = IT"*(X,Y) 4+ IT**(X,Y), orthogonal decomposition.

Relate this to Exercises 3-5 when n; = j.
14. If S C M has codimension 1 and Weingarten map A : TS — T},S, show that
the Gauss equation (4.14) gives

(4.71) <(R—Rs)(X, Y)Z,W> - <(A2A)(X/\Y),Z/\W>, X,Y,Z,W € T,5.

Show that (with N a unit normal to S) the scalar curvatures of M and S are
related by

(4.72) Suy — Ss = —2 Tr A>A + 2 Rica (N, N).

5. The Gauss-Bonnet theorem for surfaces

If M is a compact, oriented Riemannian manifold of dimension 2, the
Gauss-Bonnet theorem says that

(5.1) K dV =27 x(M),
/

if K is the Gauss curvature of M and x(M) its Euler characteristic. There
is an associated formula if M has a boundary. There are a number of
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significant variants of this, involving, for example, the index of a vector
field. We present several proofs of the Gauss-Bonnet theorem and some of
its variants here.

We begin with an estimate on the effect of parallel translation about a
small closed, piecewise smooth curve. This first result holds for a general
vector bundle ¥ — M with connection V and curvature

1
Q= 3 Raﬁjk d.l?j Adxy,

with no restriction on dim M.

Proposition 5.1. Let~ be a closed, piecewise smooth loop on M. Assume
it is parameterized by arc length for 0 < t <b, v(b) = v(0). If u(t) is a
section of E over v defined by parallel transport (i.e., Vou =0, T = 7),
then

(5.2)  u*(b) — u®(0) = f% 3 Ragjk(/ dj A dxk)uﬁ(()) + O,
J.k,B %4

where A is an oriented 2-surface in M with OA = v, and the u®(t) are the
components of u with respect to a local frame.

Proof. If we put a coordinate system on a neighborhood of p = v(0) € M
and choose a frame field for F, then parallel transport is defined by

du® dxy,
. LN (CON Ll
(5:3) dt Rt

As usual, we use the summation convention. Thus

(54) ut(t) = u®(0) 7/0 T g1 (v(s))u” (s) % ds.
We hence have
(5.5) u®(t) = u®(0) — Faﬁk(p)uﬂ(()) (2 — pr) + O(tz).

We can solve (5.3) up to O(t3) if we use
(5.6) Faﬁj(.%') = Fagj(p) + (l'k - pk) 8kra,3j + O(|x —p|2).

Hence

u® (t) = u(0) / T 54(p) + (25 — p3) ;7% 3 (p)]

d.%‘k 3
o ds + O(t°).

(5.7)
- [u?(0) = TP (p)u” (0) (¢ — po)]
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If y(b) = ~(0), we get

b
x;j day, (9,7 gx ) u” (0)

b

+ | @jda Tl 5u7(0) + O (0%,

(5.8) /O
I
the components of I and their first derivatives being evaluated at p. Now

Stokes’ theorem gives
/acj dzy, = /dxj A dxy,
A

Y
SO

(5.9) u*(b) —u™(0) = [—@I‘“ﬁk + 1"0‘7;91""’,34 /daﬁj Adzy, uP(0) +O(B%).
A

Recall that the curvature is given by
Q=dI'+T' AT,
that is,
(5.10) R = 01 g — Ol + 1'% 17 g — I 117 g5
Now the right side of (5.10) is the antisymmetrization, with respect to 7 and

k, of the quantity in brackets in (5.9). Since fA dx; A dxy is antisymmetric
in j and k, we get the desired formula (5.2).

In particular, if dim M = 2, then we can write the End(E)-valued 2-form
Q as

(5.11) Q =Ry,

where g is the volume form on M and R is a smooth section of End(E)
over M. If E has an inner product and V is a metric connection, then R
is skew-adjoint. If 7 is a geodesic triangle that is “fat” in the sense that
none of its angles is small, (5.2) implies

(5.12) u(b) — u(0) = —Ru(0)(Area A) + O((Area A)3/2).

If we specialize further, to oriented two-dimensional M with £ = TM,
possessing the Levi-Civita connection of a Riemannian metric, then we
take J : T,M — T,M to be the counterclockwise rotation by 90°, which
defines an almost complex structure on M. Up to a scalar this is the unique
skew-adjoint operator on T, M, and, by (3.34),

(5.13) Ru=-K Ju, weT,M,
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where K is the Gauss curvature of M at p. Thus, in this case, (5.12)
becomes

(5.14) u(b) — u(0) = K Ju(0)(Area A) + O((Area A)3/2).

FIGURE 5.1

On the other hand, if a tangent vector Xo € T,M undergoes parallel
transport around a geodesic triangle, the action produced on T}, M is easily
seen to be a rotation in 7, M through an angle that depends on the angle
defect of the triangle. The argument can be seen by looking at Fig. 5.1.
We see that the angle from X, to X3 is

(5.15) (m+ta)—@2r—F-y—-§—-E&=a+f+y—m
In this case, formula (5.14) implies

(5.16) a+6+7—7r:/K dV + O((Area A)*/?).

We can now use a simple analytical argument to sharpen this up to the
following celebrated formula of Gauss.
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Theorem 5.2. If A is a geodesic triangle in M?, with angles «, 3, and -,
then

(5.17) OZ+,3+’7—7T=/KdV
A

Proof. Break up the geodesic triangle A into N? little geodesic triangles,
each of diameter O(N 1), area O(N~2). Since the angle defects are addi-
tive, the estimate (5.17) implies

atf+y—m= /K dV + N?O((N2)3/%)
A

(5.18)
= /K dV +O(N~1Y),
A

and passing to the limit as N — oo gives (5.17).

Note that any region that is a contractible geodesic polygon can be di-
vided into geodesic triangles. If a contractible region 2 C M with smooth
boundary is approximated by geodesic polygons, a straightforward limit
process yields the Gauss-Bonnet formula

(5.19) /K dv + /n ds = 2m,
Q a0
where & is the geodesic curvature of 0€2. We leave the details to the reader.
Another proof will be given at the end of this section.
If M is a compact, oriented two-dimensional manifold without boundary,
we can partition M into geodesic triangles. Suppose the triangulation of
M so produced has

(5.20) F faces (triangles), F edges, V vertices.

If the angles of the jth triangle are «;, ;, and ~;, then summing all the
angles clearly produces 27V. On the other hand, (5.17) applied to the jth
triangle, and summed over 7, yields

(5.21) Z(aj + 55 + ;) =7TF+/K dv.
i M

Hence [,, K dV = (2V — F)r. Since in this case all the faces are triangles,
counting each triangle three times will count each edge twice, so 3F = 2F.
Thus we obtain

(5.22) /K AV =2x(V — E+F).
M
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This is equivalent to (5.1), in view of Euler’s formula

(5.23) x(M)=V - E+F.

FIGURE 5.2

We now derive a variant of (5.1) when M is described in another fashion.
Namely, suppose M is diffeomorphic to a sphere with ¢ handles attached.
The number g is called the genus of the surface. The case g = 2 is illustrated
in Fig. 5.2. We claim that

(5.24) K dV = 4n(1 — g)
/

in this case. By virtue of (5.22), this is equivalent to the identity
(5.25) 2-29=V-E+F=x(M).

Direct proofs of this are possible, but we will provide a proof of (5.24),
based on the fact that

(5.26) K dV = C(M)
/

depends only on M, not on the metric imposed. This follows from (5.22), by
forgetting the interpretation of the right side. The point we want to make
is, given (5.26)—that is, the independence of the choice of metric—we can
work out what C(M) is, as follows.

First, choosing the standard metric on S2, for which K = 1 and the area
is 4, we have

(5.27) /K dV = 4n.
SZ
Now suppose M is obtained by adding g handles to S?. Since we can alter

the metric on M at will, we can make sure it coincides with the metric of a
sphere near a great circle, in a neighborhood of each circle where a handle
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is attached to the main body A, as illustrated in Fig. 5.2. If we imagine
adding two hemispherical caps to each handle H;, rather than attaching it
to A, we turn each H; into a new sphere, so by (5.27) we have

(5.28) i = / K dV = /K av + / K dv.
H;U caps Hj caps
Since the caps fit together to form a sphere, we have fcaps K dV = 4r, so
for each j,
(5.29) /K dVv =0,
H;

provided M has a metric such as described above. Similarly, if we add 2g¢
caps to the main body A, we get a new sphere, so

(5.30) 4 = / K dv = /K dV + 2¢(2m),
AU caps A
or
(5.31) /K dV =27(2 — 2g).
A

Together (5.29) and (5.31) yield (5.24), and we get the identity (5.25) as a
bonus.

We now give another perspective on Gauss’ formula, directly dealing with
the fact that TM can be treated as a complex line bundle, when M is an
oriented Riemannian manifold of dimension 2. We will produce a variant
of Proposition 5.1 which has no remainder term and which hence produces
(5.16) with no remainder, directly, so Theorem 5.2 follows without the
additional argument given above. The result is the following; again dim M
is unrestricted.

Proposition 5.3. Let F — M be a complex line bundle. Let v be a
piecewise smooth, closed loop in M, with v(0) = ~(b) = p, bounding a
surface A. Let V be a connection on E, with curvature Q. If u(t) is a
section of E over «y defined by parallel translation, then

(5.32) u(b) = [exp(— / Q)}u(()).

A

Proof. Pick a nonvanishing section (hence a frame field) £ of E over S,
assuming .S is homeomorphic to a disc. Any section u of E over S is of the
form u = v for a complex-valued function v on S. Then parallel transport
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along v(t) = (z1(¢),...,2,(t)) is defined by

dv dzy,
The solution to this single, first-order ODE is
¢ d:Ek;
(5.34) v(t) = [exp(—/o Fk('y(s))E ds)} v(0).
Hence
(5.35) v(b) = [eXp(—/F)}v(O),

~

where I' = Y T dxg. The curvature 2-form (2 is given, as a special case of
(5.10), by

(5.36) Q=dr,

and Stokes’ theorem gives (5.32), from (5.35), provided A is contractible.
The general case follows from cutting A into contractible pieces.

As we have mentioned, Proposition 5.3 can be used in place of Propo-
sition 5.1, in conjunction with the argument involving Fig. 5.1, to prove
Theorem 5.2.

Next, we relate [ 1 §2tothe “index” of a section of a complex line bundle
E — M, when M is a compact, oriented manifold of dimension 2. Suppose
X is a section of E over M \ S, where S consists of a finite number of
points; suppose that X is nowhere vanishing on M \ S and that, near each
p; € 5, X has the following form. There are a coordinate neighborhood
O; centered at p;, with p; the origin, and a nonvanishing section §; of E
near p;, such that

(5.37) X=vi§ onO;, v;:0;\p—C\O0.

Taking a small counterclockwise circle v; about p;, v;/|v;| = w; maps ~;
to S'; consider the degree ¢; of this map, that is, the winding number of
«v; about S1. This is the index of X at pj, and the sum over p; is the total
index of X:

(5.38) Index(X) =) ;.
J
We will establish the following.

Proposition 5.4. For any connection on E — M, with curvature form §)
and X as above, we have

(5.39) O =—(2mi) - Index(X).
/
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Proof. You can replace X by a section of E'\ 0 over M \ {p;}, homotopic
to the original, having the form (5.37) with

(5.40) v; = e +w;,

in polar coordinates (r,0) about p;, with w; € C*(0;), w;(0) = 0. Excise
small disks D; containing p;; let D = UD;. Then, by Stokes’ theorem,

(5.41) / Q:fZ/F,

M\D Ty

where v; = 0D; and T' is the connection 1-form with respect to the section
X, so that, with Vy, = Vp,, Dy = 0/Jz} in local coordinates,

(5.42) VX =T:X.
Now (5.37) gives (with no summation)
(5.43) Iyvi& = (8kvj + Ujfjk)fj

on 5j, where fjk dxy, is the connection 1-form with respect to the section
&;. Hence

(5.44) Ty = vj_l Opv; + fjka
with remainder term fjk € C'(0;). By (5.40), we have
(5.45) /I‘ =2mil; + O(r)

Vi

if each D; has radius < Cr. Passing to the limit as the disks D; shrink to
p; gives (5.39).

Since the left side of (5.39) is independent of the choice of X, it follows
that the index of X depends only on E, not on the choice of such X. In
Chapter 10, this formula is applied to a meromorphic section of a complex
line bundle, and in conjunction with the Riemann-Roch formula it yields
important information on Riemann surface theory.

In case M is a compact, oriented Riemannian 2-manifold, whose tangent
bundle can be given the structure of a complex line bundle as noted above,
(5.39) is equivalent to

(5.46) / K dV = 27 Index(X),
M

for any smooth vector field X, nonvanishing, on M minus a finite set of
points. This verifies the identity

(5.47) Index(X) = x(M)

in this case.
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As a further comment on the Gauss-Bonnet formula for compact surfaces,
let us recall from Exercise 8 of §4 that if M is a compact, oriented surface
in R3, with Gauss map N : M — S?, then

1 L1
(5.48) Deg(N) = E/N wo = o /K av.
M M

Furthermore, in §20 of Chapter 1, Corollary 20.5 yields an independent
proof that, in this case,

(5.49) Deg(N) = % Index(X),

for any vector field X on M with a finite number of critical points. Hence
(5.48)—(5.49) provide another proof of (5.1), at least for a surface in R3.
This line of reasoning will be extended to the higher-dimensional case of hy-
persurfaces of R™!, in the early part of §8, as preparation for establishing
the general Chern-Gauss-Bonnet theorem.

To end this section, we provide a direct proof of the formula (5.19),
using an argument parallel to the proof of Proposition 5.3. Thus, assuming
that M is an oriented surface, we give T M the structure of a complex line
bundle, and we pick a nonvanishing section £ of TM over a neighborhood
of 0. Let v = 0O be parameterized by arc length, T = +/(s), 0 < s < b,
with y(b) = 4(0). The geodesic curvature x of v, appearing in (5.19), is
given by

(5.50) VT =kN, N=JT.

If we set T = u&, where u : O — C, then, parallel to (5.33), we have (5.50)
equivalent to

du dzy .

(5.51) = > T —o Uik,
The solution to this single, first-order ODE is (parallel to (5.34))

) t t dxk
(5.52) u(t) = {exp(z/o K($) dsf/O Lk (v(s)) Ts ds)} u(0).
Hence
(5.53) u(b) = [exp(i/li(s) dsf/Qﬂ u(0).

el o

By (5.13), we have
(5.54) Q= —iK dV,
and since u(b) = u(0), we have

(5.55) exp(i/m(s) ds—H'O/K dv) =1,

v
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or

(5.56) ZK av + / K(s) ds = 2mv,

for some v € Z. Now if O were a tiny disc in M, it would be clear that
v = 1. Using the contractibility of O and the fact that the left side of
(5.56) cannot jump, we have v = 1, which proves (5.19).

Exercises

1. Given a triangulation of a compact surface M, within each triangle construct
a vector field, vanishing at seven points as illustrated in Fig. 5.3, with the
vertices as attractors, the center as a repeller, and the midpoints of each side
as saddle points. Fit these together to produce a smooth vector field X on
M. Show directly that

Index (X)=V —E+ F.

FIGURE 5.3

2. Let L — M be a complex line bundle, and let v and v be sections of L with
a finite number of zeros. Show directly that u and v have the same index.
(Hint: Start with u = fv on M \ Z, where Z is the union of the zero sets and
f:M\Z—C\O0.)

3. Let M; and M» be n-dimensional submanifolds of R*. Suppose a curve v is
contained in the intersection M; N M2, and assume

p=7(s) = Tp M1 =T, Mo.

Show that parallel translations along « in M; and in M coincide. (Hint: If
T = +/(s) and X is a vector field along -, tangent to M; (hence to M2), show
that V' X = V)2 X, using Corollary 4.2.)

4. Let O be the region in S C R? consisting of points in S? of geodesic distance
< r from p = (0,0,1), where r € (0,7) is given. Let v = 0. Construct
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a cone, with vertex at (0,0,sec r), tangent to S? along ~. Using this and
Exercise 3, show that parallel translation over one circuit of v is given by

counterclockwise rotation by 6 = 2w (1 — cosr).

(Hint: Flatten out the cone, as in Fig. 5.4. Notice that v has length ¢ =
27 sin r.)
Compare this calculation with the result of (5.32), which in this context implies

u(l) = [exp i / K dV] w(0).

FIGURE 5.4

5. Let v : [a,b] — R® be a smooth, closed curve, so y(a) = y(b) and 7' (a) = v (b).
Assume 7 is parameterized by arc length, so 7/ (t) = T(t) and T : [a, b] — S%;
hence T is a smooth, closed curve in S2. Note that the normal space to 7 at
p = ~(t) is naturally identified with the tangent space to S? at T'(t) = g¢:

vp(y) = TqS2~

a) Show that parallel translation along < of a section of the normal bundle
v(7y), with respect to the connection described in Exercise 3 of §4, coincides
with parallel translation along the curve T' of vectors tangent to S2. (Hint:
Recall Exercise 3 of §1.)

b) Suppose the curvature r of v never vanishes, so the torsion 7 is well defined,
as in (4.62). Show that parallel translation once around v acts on v,(y) by

multiplication by
exp <—i/7’(s) ds>.
¥

Here we use the complex structure on vp(7y) given by JN = B, JB = —N.
(Hint: Use (4.64).) Compare the results of parts a and b.
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6. The principal bundle picture

An important tool for understanding vector bundles is the notion of an
underlying structure, namely that of a principal bundle. If M is a manifold
and G a Lie group, then a principal G-bundle P 2 Misa locally trivial
fibration with a G-action on P such that G acts on each fiber P, = p~!(z) in
a simply transitive fashion. An example is the frame bundle of an oriented
Riemannian manifold M, F(M) — M, where F, (M) consists of the set of
ordered oriented orthonormal bases of the tangent space T, to M at z. If
n = dim M, this is a principal SO(n)-bundle.

If P — M is a principal G-bundle, then associated to each representation
7w of G on a vector space V is a vector bundle ¥ — M. The set F is a
quotient space of the Cartesian product P x V, under the equivalence
relation

(6.1) (y,v) ~ (y-g,7(9) "), geG.

We have written the G-action on P as a right action. One writes E =
P x, V. The space of sections of F is naturally isomorphic to a certain
subspace of the space of V-valued functions on P:

(62) CX(M,E)~{ue C¥(P,V):uly-g)=m(9) uly), g€ G}

We describe how this construction works for the frame bundle F(M) of
an oriented Riemannian manifold, which, as mentioned above, is a principal
SO(n)-bundle. Thus, a point y € Fy(M) consists of an n-tuple (e, ..., e,),
forming an ordered, oriented orthonormal basis of T,M. If g = (g;x) €
SO(n), the G-action is given by

(6.3) (er,-mven) - g=(fro--nfn)s  fi = grier.
J4

One can check that (f1,...,f,) is also an oriented orthonormal basis of
T, M and that (y-g)-¢9' = y-(gg’), for g,¢' € SO(n). If 7 is the “standard”
representation of SO(n) on R™, given by matrix multiplication, we claim
that there is a natural identification

(6.4) F(M)x,R"~TM.

In fact, if y = (e1,...,e,) € Fp(M) and v = (vq,...,v,) € R, the map
(6.4) is defined by
(6.5) (y,v) = Y _vje; € T, M.

J

We need to show that this is constant on equivalence classes, as defined by
(6.1), that is, for any g € SO(n),

(66) Z:y'g:(fla"'vfn)a w:#(g)71U:>Zwkfk:Zyjej.
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In fact, setting g=' = h = (hjx), we see that
(6.7) Yo wifi =) hijvigmer =) dejvjee
k j kb 4.

since

(6.8) > gerhig = 005,
k

and this implies (6.6).

Connections are naturally described in terms of a geometrical structure
on a principal bundle. This should be expected since, as we saw in §1, a
connection on a vector bundle can be described in terms of a “connection
1-form” (1.14), depending on a choice of local frame for the vector bundle.

The geometrical structure giving a connection on a principal bundle P —
M is the following. For each y € P, the tangent space T} P contains the
subspace V, P of vectors tangent to the fiber p~!(z), @ = p(y). The space
Vy P, called the “vertical space,” is naturally isomorphic to the Lie algebra
g of G. A connection on P is determined by a choice of complementary
subspace, called a “horizontal space”:

(6.9) T,P=V,P® H,P,
with the G-invariance
(6.10) g«(HyP) = Hy.4P,

where g, : TyP — T,.4P is the natural derivative map.

_Given this structure, a vector field X on M has a uniquely defined “lift”
X to a vector field on P, such that p, X, = X, (z =p(y)) and X, € H,P
for each y € P. Furthermore, if E is a vector bundle determined by a
representation of G and u € C°°(M, V) corresponds to a section v of I,
the V-valued function X -u corresponds to a section of E, which we denote
Vxwv; V is the covariant derivative on F defined by the connection on P
just described. If V' has an inner product and « is unitary, F gets a natural
metric and V is a metric connection on E.

If the m; are representations of G on V}, giving vector bundles E; — M
associated to a principal bundle P — M with connection, then m; ® 5
is a representation of G on V; ® V5, and we have a vector bundle £ —
M, E = F1 ® Es. The prescription above associating a connection to F
as well as to B and Es agrees with the definition in (1.29) of a connection
on a tensor product of two vector bundles. This follows simply from the
derivation property of the vector field X, acting as a first-order differential
operator on functions on P.

The characterization (6.9)—(6.10) of a connection on a principal bundle
P — M is equivalent to the following, in view of the natural isomorphism
V, P ~ g. The splitting (6.9) corresponds to a projection of T}, P onto VP,
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hence to a linear map T, P — g, which gives the identification V,P ~ g on
the linear subspace VP of T),P. This map can be regarded as a g-valued
1-form & on P, called the connection form, and the invariance property
(6.10) is equivalent to

(6.11) gt =Ady&, geG,

where ¢*¢ denotes the pull-back of the form ¢, induced from the G-action
on P.

The Levi-Civita connection on an oriented Riemannian manifold gives
rise to a connection on the frame bundle F (M) — M in the following
way. Fix y € F(M), x = p(y). Recall that the point y is an ordered
(oriented) orthonormal basis (eq,...,e,) of the tangent space T, M. The
parallel transport of each e; along a curve « through z thus gives a family
of orthonormal bases for the tangent space to M at (t), hence a curve y#
in F(M) lying over . The tangent to v# at y belongs to the horizontal
space H,F (M), which in fact consists of all such tangent vectors as the
curve v through z is varied. This construction generalizes to other vector
bundles E' — M with connection V. One can use the bundle of orthonormal
frames for F if V is a metric connection, or the bundle of general frames
for a general connection.

Let us restate how a connection on a principal bundle gives rise to con-
nections on associated vector bundles. Given a principal G-bundle P — M,
consider a local section o of P, over U C M. If we have a representation
7 of G on V, the associated vector bundle ¥ — M, and a section u of F,
then we have woo : U — V, using the identification (6.2). Given a con-
nection on P, with connection 1-form &, we can characterize the covariant
derivative induced on sections of E by

(6.12) (Vxu)oo =Lx(woo)+T'(X)uoo,
where Lx acts componentwise on u o o, and
(6.13) [(X) = (dr)(&(X)), y=o(x), X =Do(z)X,

dr denoting the derived representation of g on V. That (6.12) agrees with
(Lgu) oo follows from the chain rule, the fact that X — X is vertical, and
the fact that if v € T, P is vertical, then, by (6.2), Lyu = —dr(£(v))u.
Note the similarity of (6.12) to (1.7).

Recall the curvature R(X,Y") of a connection V on a vector bundle £ —
M, defined by the formula (1.10). In case F = P X, V, and Vu is defined
as above, we have (using the identification in (6.2))

L——u.

(6.14) R(X,Y)u =Lz gu— X.Y]



6. The principal bundle picture 49
Alternatively, using (6.12) and (6.13), we see that the curvature of V is
given by
R(X,Y)uoo
(6.15)
_ {cxr(y) — LyT(X) + [T(X),T(Y)] - T([X,Y]) }u o0

This is similar to (1.13). Next we want to obtain a formula similar to (but
more fundamental than) (1.15).

Fix y € P, x = p(y). It is convenient to calculate (6.15) at = by picking
the local section o to have the property that

(6.16) Do(x) : T,M — HyP,

which is easily arranged. Then X = X at y, so I'(X) = 0 at y. Hence, at
x?

R(X,Y)uoo = {LxT'(Y) - LyI'(X)}uoo

(6.17) = (dm){X - &Y)-Y -&(X)}uoo
= (dm){(do"&)(X,Y) + (" &)([X, Y]) }u o 0.

Of course, 0*¢ = 0 at . Thus we see that
(6.18) R(X,Y)u = (dm){(d)(X,Y)}u,
at y, and hence everywhere on P. In other words,
(6.19) R(X,Y) = (dr)(QX,Y)),
where (2 is the g-valued 2-form on P defined by
(6.20) QX#,Y#) = (d€) (X7, Y ),

for X# Y# ¢ T,P. Here, s is the projection of T, P onto H,P, with
respect to the splitting (6.9). One calls Q the curvature 2-form of the
connection £ on P.

If V and W are smooth vector fields on P, then

(6.21) (d(V, W) =V - (W) =W - £(V) — £([V. W]).

In particular, if V' = X , W = Y are horizontal vector fields on P, then
since £(X) = £(Y) =0, we have

(6.22) (d€)(X,Y) = =¢([X, Y]).
Hence, given X# Y# ¢ T, P, we have
(6.23) QX*,Y#) = —¢([X,Y)),

where X and Y are any horizontal vector fields on P such that X = »X?#
and Y = »Y# at y € P. Since ¢ annihilates [X,Y] if and only if it is
horizontal, we see that ) measures the failure of the bundle of horizontal
spaces to be involutive.
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It follows from Frobenius’s theorem that, if & = 0 on P, there is an
integral manifold S C P such that, for each y € S, T,S = H,P. Each
translate S - g is also an integral manifold. We can use this family of
integral manifolds to construct local sections vy, ...vg of E (K = dim V),
linearly independent at each point, such that Vuv; = 0 for all j, given that
Q = 0. Thus we recover Proposition 1.2, in this setting.

The following important result is Cartan’s formula for the curvature 2-
form.

Theorem 6.1. We have
1
(6.24) 0= de+ 56,

The bracket [£,7] of g-valued 1-forms is defined as follows. Suppose, in
local coordinates,

(6.25) =Y &dry, n=> mdry, &, mEQ

Then we set

(6.26) [¢,n) = Y (& me] day Aday =Y ([, m] + [0y, k) day A day,
Jik Jj<k

which is a g-valued 2-form. Equivalently, if U and V are vector fields on

P

b

(6.27) 67T, V) = [6@), n(V)] + (0, £V
In particular,
(6.25) SE €W, V) = [60), €V)]

Note that if 7 is a representation of G on a vector space V and dr the
derived representation of g on V, if we set A; = dn(¢;), then, for

(6.29) dn(§) =a =Y Aj; duj,
we have
1
(6.30) aNha= ZAjAk dx; N dxy, = 3 Z(AjAk — AR A;j) dxj A dag.
J.k g,k
Hence
1
(6.31) aha= §(d7r)[§,§].

Thus we see the parallel between (6.24) and (1.15).

To prove (6.24), one evaluates each side on (X#,Y#), for X# Y# €
T,P. We write X# =X + X,, with X € H,P, X, € V,P, and similarly
write Y# =Y +Y,,. It suffices to check the following four cases:

(6.32) QX,)Y), QX,Y,), QUX,Y) QX,Y,).
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Without loss of generality, one can assume that X and Y are horizontal
lifts of vector fields on M and that £(X,) and £(Y,) are constant g-valued
functions on P. By (6.20) and (6.28), we have

63)  AXT)=@ET), SEdET) = [6X),&7) =0,

so (6.24) holds in this case. Next, clearly

(634) Q(vav) =0, [g(X)vg(Yv)] =0,
while
(6.35) d§(X,Y,) = X - £(V) = Yy - §(X) = £([X, V2)).

Now, having arranged that {(Y,) be a constant g-valued function on P, we
have that X - £(Y,) = 0. Of course, Y,, - {(X) = 0. Also, [X,Y,] = —Ly, X
is horizontal, by (6.10), so {([X,YU]) = 0. This verifies (6.24) when both

sides act on (X,Y,), and similarly we have (6.24) when both sides act on
(X,,Y). We consider the final case. Clearly,

(6.36) Q(X,,Y,) =0,
while
(637) dg(Xva) =Xy g(Yv) -Y,- E(Xv) - g([XvaYv]) = _5([Xva YU])

and

638 680XV = [60X,),600)] = (X, V),

so0 (6.24) is verified in this last case, and Theorem 6.1 is proved.
We next obtain a form of the Bianchi identity that will play an important
role in the next section. Compare with (1.40) and (2.13).

Proposition 6.2. We have
(6.39) dQ = [Q,£].

Here, if @ = > Qi dx; A dxy in local coordinates, we set
[Q,§] = Z[ij,fd drj N dxy A dwg
Gkl

== (& il dzy Adaj Aday = —[€, Q.
7.k, €

To get (6.39), apply d to (6.24), obtaining (since dd¢ = 0)

(6.40)

(6.41) a0 = S1de,€) - 5, de] = [dg, €],
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which differs from [, €] by (1/2)[[¢,&],€&]. We have
(6.42) [16,€),€] = > 1€, &kl &) daj A day, A daxy.

Jik,€

Now cyclic permutations of (7, k,¢) leave dz; A dzy A dzg invariant, so we
can replace [[¢;, k], ] in (6.42) by the average over cyclic permutations of
(4, k,£). However, Jacobi’s identity for a Lie algebra is

ngvgk]agl] + [[£k7£€]7£j} + [[ffagj]agk} = 07
so [[¢,€],€] = 0, and we have (6.39).

Exercises

1. Let P % M be a principal G-bundle with connection, where M is a Riemann-
ian manifold. Pick an inner product on g. For y € P, define an inner product
on TyP = V,P® HyP so that if Z € TP has decomposition Z = Z, + Zp,,
then

IZI1* = 16(Z)I* + |1 Dp(y) Zn*.

Show that this is a G-invariant Riemannian metric on P.

2. Conversely, if P 2 M is a principal G-bundle, and if P has a G-invariant
Riemannian metric, show that this determines a connection on P, by declaring
that, for each y € P, Hy P is the orthogonal complement of V, P.

3. A choice of section o of P over an open set U C M produces an isomorphism

(6.43) jo : C7(UE) — C(U,V).
If 6 is another section, there is a smooth function g : U — G such that
(6.44) o(z)=o(x) -g(z), Vzel.
Show that
(6.45) jo oz (@) = 7 (9(2)) " v(@)
4. According to (6.12), if u € C°°(U, E) and v = jou, ¥ = jsu, we have
(6.46) (Vxu)oo =X -v+T(X), (Vxu)od=X-0+I(X)d.
Show that

(647)  T(X)=n(9()) T(X)7(9(x)) +dr( DAy (9(2)) 0 Dg()X ),

where Dg(z)X € Ty)G, Ag(h) =g 'h, DX¢(g) : TyG — T.G ~ g. Compare
with (1.41). (Hint: Make use of (6.11), plus the identity (dm)(Ad,-1A) =
n(g) " dm(A)n(g), A € g.) .

5. Show that, for X, Y vector fields on M, Q(X,Y) satisfies

(6.48) X, Y)(y- 9) = Ad(g) "X, Y).
Deduce that setting

(6.49) Q(X,Y) = QX,Y)
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defines Q as a section of A2T* ® (Ad P), where Ad P is the vector bundle
(6.50) AdP=Pxaqg.

6. If & and &; are connection 1-forms on P — M, show that &1 4 (1 —1¢)&o is also,
for any t € R. (Hint: If Py and P) are projections, show that tP1 + (1 —t)FPo
is also a projection, provided that Py and P; have the same range.)

7. Let & and &; be two connection 1-forms for P — M, and let V be an arbitrary
third connection on P. Consider

(651) o = 61 - 50.
If X is a vector field on M and X the horizontal lift determined by V, show
that

(6.52) (X)) = a(X)

defines o’ as an element of C°° (M, A*T*®Ad P). Show that o’ is independent
of the choice of V.

8. In the setting of Exercise 7, if 2; are the curvatures of the connection 1-forms
&;, show that

(6.53) Q1 — Qo = do+ [o 0] + %[a, a].

Compare with (2.17) and (3.62). If d¥ a® is the (Ad P)-valued 2-form defined
as in §2, via the connection &, relate d¥ a® to da + [a, &].

7. The Chern-Weil construction

Let P — M be a principal G-bundle, endowed with a connection, as in
§6. Let Q be its curvature form, a g-valued 2-form on P; equivalently,
there is the Ad P-valued 2-form Q? on M. The Chern-Weil construction
gives closed differential forms on M, whose cohomology classes are inde-
pendent of the choice of connection on P. These “characteristic classes”
are described as follows.

A function f: g — C is called “invariant” if

(7.1) f(Ad(g)X) = f(X), Xeg g€

Denote by Zj the set of polynomials p : g — C which are invariant and
homogeneous of degree k. If p € 7, there is associated an Ad-invariant
k-linear function P on g, called the polarization of p, given by

1 ok

T Kot ot
such that p(X) = P(X,...,X). Into the entries of P we can plug copies
of Q, or of QY. to get 2k-forms

(7.3) p(Q) = P(Q,...,Q) € A*P

(72) P(Yl,...,Yk) (t1Y1+"'+thk)7
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and

(7.4) p(Q°) = P(Q°,...,Q% e A% M.
Note that if 7 : P — M is the projection, then

(7.5) p(Q) = 7" p(2°);

we say p(Q2), a form on P, is “basic,” namely, the pull-back of a form on M.
The following two propositions summarize the major basic results about
these forms.

Proposition 7.1. For any connection V on P — M, p € Ty, the forms
p(Q) and p(Q°) are closed. Hence p(Q2°) represents a deRham cohomology
class

(7.6) [p(Q°)] € H** (M, C).

If ¢ € 7;, then pq € Tj1 and (pq)(Q) = p() A q(). Furthermore, if
f N — M is smooth and V the connection on f*P pulled back from V
on P, which has curvature 0y = f*Q), then

(7.7) p(Q) = [*p(22°).

Proposition 7.2. The cohomology class (7.6) is independent of the con-
nection on P, so it depends only on the bundle.

The map Z, — H**(M, C) is called the Chern- Weil homomorphism. We
first prove that d p(2) = 0 on P, the rest of Proposition 7.1 being fairly
straightforward. If we differentiate with respect to ¢ at t = 0 the identity

(7.8) P(Ad(Exp tY)X,...,Ad(Exp tY)X) = p(X),
we get
(7.9) Y P(X,...,[V,X],...,X)=0.

Into this we can substitute the curvature form Q for X and the connection
form & for Y, to get

(7.10) > PQ,...,[59,...,9 =0

Now the Bianchi identity d2 = —[¢, 2] obtained in (6.8) shows that (7.10)
is equivalent to d p(Q2) = 0 on P. Since 7* : AJM — AJP is injective and
(7.5) holds, we also have d p(Q2®) = 0 on M, and Proposition 7.1 is proved.

The proof of Proposition 7.2 is conveniently established via the following
result, which also has further uses.

Lemma 7.3. Let & and & be any g-valued 1-forms on P (or any mani-
fold). Set o = & — &, & = & + ta, and Qp = d& + (1/2)[&, &), Given



7. The Chern-Weil construction 55

p € Iy, we have

1
(7.11) p(1) — p(Q) = k d[/o Pla, ..., Q) dt].

Proof. Since (d/dt)Q2: = da + [&, @], we have

(712) %p(Qt):kP(daJr[&,a],Qt,,Qt)

It suffices to prove that the right side of (7.12) equals k dP(c, €, ..., Q).
This follows by the “Bianchi” identity dQ; = —[&, Q] and the same sort of
arguments used in the proof of Proposition 7.1. Instead of (7.8), one starts
with

P(Ad(Exp tY)Z, Ad(Exp tY)X, ..., Ad(Exp tY)X) =PZX,...,X).

To apply this to Proposition 7.2, let £, and &; be the connection forms
associated to two connections on P — M, so )y and €2y are their curvature
forms. Note that each & defines a connection form on P, with curvature
form ;. Furthermore, a = &, — &, acting on X# € T, P, depends only on
7. X% € T, M and gives rise to an Ad P-valued 1-form o’ on M. Thus the
right side of (7.11) is the pull-back via 7* of the (2k — 1)-form

1
(7.13) k d[/ P(ab, Q... Q) dt]
0

on M, which yields Proposition 7.2.

We can also apply Lemma 7.3 to £&; = &, a connection 1-form, and &, = 0.
Then & = t&; denote d&; + (1/2)[&:, &) by ®:. We have the (2k — 1)-form
on P called the transgressed form:

1
(7.14) Tp(Q) =k / P(&,®,, ..., D) dt,
0
with
(7.15) P, =1t d+ %t2[§,£]-

Then Lemma 7.3 gives
(7.16) P(Q) =d Tp(Q);

that is, p(€2) is an exact form on P, not merely a closed form. On the other
hand, as opposed to p(Q) itself, Tp(€?) is not necessarily a basic form, that
is, the pull-back of a form on M. In fact, p(2®) is not necessarily an exact
form on M; typically it determines a nontrivial cohomology class on M.
Transgressed forms play an important role in Chern-Weil theory.

The Levi-Civita connection on an oriented Riemannian manifold of di-
mension 2 can be equated with a connection on the associated principal
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Sl-bundle. If we identify S' with the unit circle in C, its Lie algebra is
naturally identified with ¢R, and this identification provides an element of
71, unique up to a constant multiple. This is of course a constant times
the product of the Gauss curvature and the volume form, and the invari-
ance of Proposition 7.2 recovers the independence (5.26) of the integrated
curvature from the metric used on a Riemannian manifold of dimension
2. More generally, for any complex line bundle L over M, a manifold
of any dimension, L can be associated to a principal S'-bundle, and the
Chern-Weil construction produces the class [Q] € H2(M,C). The class
c1(L) = —(1/271)[Q] € H?(M, C) is called the first Chern class of the line
bundle L. In this case, the connection 1-form on P can be identified with
an ordinary (complex-valued) 1-form, and it is precisely the transgressed
form (7.14).
Note that if dim M = 2, then (5.39) says that

c1(L)[M] = Index X,

for any nonvanishing section X of L over M \ {p1,...,px}.

For general GG, there may be no nontrivial elements of Z;. In fact, if
p : g — R is a nonzero linear form, V = ker p is a linear subspace of g
of codimension 1, which is Ad G-invariant if p € Z;. This means V is an
ideal: [V, g] C V. Thus there are no nontrivial elements of Z; unless g has
an ideal of codimension 1. In particular, if g is semisimple, Z; = 0.

When G is compact, there are always nontrivial elements of 75, namely,
Ad-invariant quadratic forms on g. In fact, any bi-invariant metric tensor
on G gives a positive-definite element of Zp. Applying the Chern-Weil
construction in this case then gives cohomology classes in H*(M, C).

One way of obtaining elements of Z; is the following. Let 7 be a repre-
sentation of GG on a vector space V,, and set

(7.17) pae(X) = Tr A¥dr(X), X eg,
where dm(X) denotes the representation of g on V;. In connection with

this, note that
M . .
(7.18)  det (M +dm(X)) = > A7 Tr Mdn(X), M = dim V.
j=0
If P — M is a principal U(n)-bundle or Gl(n,C)-bundle, and = the
standard representation on C™, then consider

1 " .
(7.19) det()\ - Tmﬂ) = ];ck(Q)A k,

The classes [cx(2)] € H**(M,C) are the Chern classes of P. If E — M is
the associated vector bundle, arising via the standard representation m, we
also call this the kth Chern class of E:

(7.20) er(B) = [er(Q)] € H** (M, C).
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The object

(7.21) o(E) =) c(E) € @ H?* (M, C)

k=0

is called the total Chern class of such a vector bundle.
If P — M is a principal O(n)-bundle, and 7 the standard representation
on R™, then consider

1 ~ e
(7.22) det (A - %Q> = kgodk(sm k.

The polynomials dj () vanish for k odd, since Q' = —Q, and one obtains
Pontrjagin classes:

(7.23) pr(Q) = doi(Q) € H'* (M, R).

If F — M is the associated vector bundle, arising from the standard rep-
resentation m, then py(F') is defined to be (7.23).

Exercises

1. If F and F are complex vector bundles over M, we can form E & F — M.
Show that

c(E®F)=c(E)Ac(F),
where ¢(FE) is the total Chern class given by (7.21), that is,

1 even

for a curvature 2-form arising from a connection on M.
2. Define the Chern character of a complex vector bundle E — M as the coho-
mology class Ch(E) € H**"(M,C) of

Ch(Q) = Tr e~ ¥/?™

writing Tr e /27 ¢ D~ A?* P via the power-series expansion of the expo-
nential function. Show that
Ch(E @ F) = Ch(E) + Ch(F),
Ch(E ® F) = Ch(E) A Ch(F)
in HV* (M, C).
3. If FF— M is a real vector bundle and ¥ = F ® C is its complexification, show
that

pi(F) = (1) c25(E).

4. Using so(4) ~ so(3) @ so(3), construct two different characteristic classes in
H*(M,C), when M is a compact, oriented, four-dimensional manifold.
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8. The Chern-Gauss-Bonnet theorem

Our goal in this section is to generalize the Gauss-Bonnet formula (5.1),
producing a characteristic class derived from the curvature tensor 2 of a
Riemannian metric on a compact, oriented manifold M, say e(2) € A™(M),
such that

(8.1) / () = x(M),

the right side being the Euler characteristic of M.
A clue to obtaining e(€2) comes from the higher-dimensional generaliza-
tion of the index formula (5.47), namely,

(8.2) Index(X) = x (M),

valid for any vector field X on M with isolated critical points. The relation
between these two when dim M = 2 is noted at the end of §5. It arises
from the relation between Index(X) and the degree of the Gauss map.

Indeed, let M be a compact, n-dimensional submanifold of R*"t*, X a
(tangent) vector field on M with a finite number of critical points, and 7
a small tubular neighborhood of M. By Corollary 20.5 of Chapter 1, we
know that if N : 97 — S™T*~1 denotes the Gauss map on 97, formed by
the outward-pointing normals, then

(8.3) Index(X) = Deg(N).

As noted at the end of §5 of this chapter, if M is a surface in R3, with
Gauss map Ny, then Deg(Nas) = (1/4x) [,, K dV, where K is the Gauss
curvature of M, with its induced metric. If 7 is a small tubular neighbor-
hood of M in this case, then 97 is diffeomorphic to two oppositely oriented
copies of M, with approximately the same metric tensor. The outer com-
ponent of 97 has Gauss map approximately equal to N, and the inner
component has Gauss map approximately equal to —Nj;. From this we
see that (8.2) and (8.3) imply (8.1) with e(2) = (1/27)K dV in this case.

We make a further comment on the relation between (8.2) and (8.3).
Note that the right side of (8.3) is independent of the choice of X. Thus,
any two vector fields on M with only isolated critical points, have the
same index. Suppose M has a triangulation 7 into n-simplices. There is a
construction of a vector field X, illustrated in Fig. 5.3 for n = 2, with the
property that X, has a critical point at each vertex, of index +1, and a
critical point in the middle of each j-simplex in 7, of index (—1)7, so that

(8.4) Index(X,) =Y (—1)7v;(M),
Jj=0

where v;(M) is the number of j-simplices in the triangulation 7 of M. We
leave the construction of X, in higher dimensions as an exercise.
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A proof that any smooth, paracompact manifold M is triangulable is
given in [Wh]. There it is shown that if you imbed M smoothly in RY,
produce a fine triangulation of RY, and then perhaps jiggle the imbedding
a bit, the intersection provides a triangulation of M.

Now, in view of the invariance of Index(X), it follows that the right side
of (8.4) is independent of the triangulation of M. Also, if M has a more
general cell decomposition, we can form the sum on the right side of (8.4),
where v; stands for the number of j-dimensional cells in M. Each cell can
be divided into simplices in such a way that a triangulation is obtained, and
the sum on the right side of (8.4) is unchanged under such a refinement.
This alternating sum is one definition of the Euler characteristic, but as we
have used another definition in §§8 and 9 of Chapter 5, namely

(8.5) X(M) = "(~1)7 dim H (M),
j=0

J

we will temporarily denote the right side of (8.4) by x.(M).

Now we tackle the question of representing (8.3) as an integrated cur-
vature, to produce (8.1). We begin with the case when M is a compact
hypersurface in R**1. In that case we have, by (4.66),

2
(8.6) Deg(N) = T /(det An) dV, for n even,
" i

where A,, is the area of S™ and Ax : T,M — T,M is the Weingarten
map. The factor 2 arises because 07 consists of two copies of M. We can
express det Ay directly in terms of the Riemann curvature tensor Rjrem
of M, using Gauss’ Theorema Egregium.

In fact, with respect to an oriented orthonormal basis {e;} of T, M, the
matrix of Ax has entries A;, = II(e;,er), and by (4.14),

Amk Amj )

(8.7) Rjkem = (R(ee, em)er, ej) = det ( A, Ay

In other words, the curvature tensor captures the action of A2Ax on
A?T,M. If n = 2k is even, we can then express det Ay as a polynomial in
the components Rjjepm, using
(det An)er A-+-Ney = (A"AN)(el Ao Nep)

= (Aey AN Aex) A -+ A (Aep—1 A Aey).

(8.8)
Now, by (8.7),

1
(8.9) Aej A Aep, = 5 Z Rgmjk ep N\ €.
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Replacing (1,...,n) in (8.8) with all its permutations and summing, we
obtain

(810)  det Ay = 5o > (sm )8 B Rk B sk sbo
3.k

where j = (j1, ..., jn) stands for a permutation of (1,...,n). The fact that
the quantity (8.10), integrated over M, is equal to (A4, /2)x(M) when M is
a hypersurface in R™t! was first established by E. Hopf, as a consequence
of his result (8.2). The content of the generalized Gauss-Bonnet formula
is that for any compact Riemannian manifold M of dimension n = 2k,
integrating the right side of (8.10) over M gives (A,,/2)x(M).

One key point in establishing the general case is to perceive the right
side of (8.10) as arising via the Chern-Weil construction from an invariant
polynomial on the Lie algebra g = so(n), to produce a characteristic class.
Now the curvature 2-form can in this case be considered a section of A2T* ®
A2T*, reflecting the natural linear isomorphism g ~ A2T*. Furthermore,
A*T* @ A*T* has a product, satisfying

(811) (a1®ﬁ1)/\(0[2®62) = (OZ1/\O[2)®(ﬂ1 /\ﬁg).
If we set
(8.12) Q= iz Rjkgm(ej A 6k) ® (6@ A em),
then we form the k-fold product, k = n/2, obtaining
(8.13)
QA---AQ=27" Z(sgn J)(segn k)R jokiks - R 1jnln_1kn (W @ w),
ik

with w = e; A -+ A e,. Thus, the right side of (8.10), multiplied by w ® w,
is equal to 2"/2/n! times the right side of (8.13). (Observe the distinction
between the product (8.11) and the product on End(EF) @ A*T, used in
(7.19) and (7.22), which assigns a different meaning to Q2 A --- A 2.)

Now the Chern-Weil construction produces (8.13), with w ® w replaced
by w, if we use the Pfaffian

(8.14) Pf:so(n) — R, n =2k,
defined as follows. Let & : so(n) — A?R™ be the isomorphism

(8.15) £(X) = %ijkej ANeg, X = (Xji) €so(n).

Then, if n = 2k, take a product of k factors of £(X) to obtain a multiple
of w=-e; A---Aey. Then Pf(X) is uniquely defined by

(8.16) EX)NA---NEX) =k PH(X)w.
Note that if T : R™ — R™ is linear, then T*£(X) = £(TtXT), so
(8.17) Pf(T'XT) = (det T)Pf(X).
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Now any X € so(n) can be written as X = T*YT, where T' € SO(n), that
is, T is an orthogonal matrix of determinant 1, and Y is a sum of 2 x 2
skew-symmetric blocks, of the form

(8.18) Y, = (_(; AO> . A ER
Thus £(Y) = Mey Aea+ -+ Agen—1 A ey, SO

(8.19) PE(Y) = A1+ e

Note that det Y = (A; -+ Ax)?. Hence, by (8.17), we have
(8.20) Pf(X)? = det X,

when X is a real, skew-symmetric, n X n matrix, n = 2k. When (8.17)
is specialized to T' € SO(n), it implies that Pf is an invariant polynomial,
homogeneous of degree k (i.e., Pf € Zy,, k =n/2).

Now, with 2 in (8.12) regarded as a g-valued 2-form, we have the left side
of (8.13) equal to (1/k!)Pf(€2). Thus we are on the way toward establishing
the generalized Gauss-Bonnet theorem, in the following formulation.

Theorem 8.1. If M is a compact, oriented Riemannian manifold of di-
mension n = 2k, then

(8.21) x(M) = (2m)7F /Pf(Q).

The factor (27)~* arises as follows. From (8.10) and (8.13), it follows
that when M is a compact hypersurface in R™"*!, the right side of (8.6) is
equal to Cy, [, Pf(9), with

2k+1 k!
8.22 = —.
( ) k A, n!
Now the area of the unit sphere is given by
27rk+1/2 27rk

Aoy = =
BRI CEr R ey
as is shown in Appendix A of Chapter 3; substituting this into (8.22) gives
Cr = (2m)~".

We give a proof of this which extends the proof of (5.24), in which handles
are added to a surface. To effect this parallel, we consider how the two sides
of (8.21) change when M is altered by a certain type of surgery, which we
will define in the next paragraph.

First, we mention another ingredient in the proof of Theorem 8.1. Namely i
the right side of (8.21) is independent of the choice of metric on M. Since
different metrics produce different SO(2k) frame bundles, this assertion is
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not a simple consequence of Proposition 7.2. We will postpone the proof
of this invariance until near the end of this section.

We now describe the “surgeries” alluded to above. To perform surgery on
My, a manifold of dimension n, excise a set Hy diffeomorphic to S¢~1 x B™,
with m 4+ ¢ — 1 =n, where B™ = {x € R™ : |z| < 1}, obtaining a manifold
with boundary X, 0X being diffeomorphic to S~ x S™~!. Then attach
to X a copy of BY x §™~! sewing them together along their boundaries,
both diffeomorphic to S~1 x S™~! to obtain M;. Symbolically, we write

(8.23) My = X#Hy, M, = X#H,.

We say M is obtained from My by a surgery of type (¢, m).

We compare the way each side of (8.21) changes when M changes from
My to M;. We also look at how x.(M), defined to be the right side of
(8.4), changes. In fact, this definition easily yields

(8.24) X(X#H,) = x(X#Ho) — x(Ho) + x(H1).

For notational simplicity, we have dropped the “c” subscript. It is more
convenient to produce an identity involving only manifolds without bound-
ary, so note that

X(Ho#Ho) = 2x(Ho) — x(0Ho),
X(H1#Hy) = 2x(H1) — x(0Hy),

and, since 0Hy = 0H7, we have

(8.25)

(826) ()~ x(Ho) = px(Hi#tH:) — Sx(Ho#Ho)
hence
(27)  x(M) = x(Mo) + sx(Hi#H:) — Sx(HoteHy).

Note that Hy#Hy = S~ x S™, H\#H, = S* x S™~!. To compute the
Euler characteristic of these two spaces, we can use multiplicativity of .
Note that products of cells in Y7 and Y5 give cells in Y7 x Y5, and

(8.28) vi(Vi x Ya) = D vi(Y1)w(Ya);
i+k=j
then from (8.4) it follows that
(8.29) x(Y1 x Ys) = Z(*l)j Z vi(Y1)v(Y2) = x (Y1) x(Y2).
§>0 itk=j
Using the fairly elementary result that
x(87) =2 if j is even,

(8.30)
0 if j is odd,



8. The Chern-Gauss-Bonnet theorem 63

we have x(Ho#Hg) — x(H1#H1) equal to 4 if £ is odd and m even, —4 if
¢ is even and m odd, and 0 if £ and m have the same parity (which does
not arise if dim M is even).

The change in x.(M) just derived in fact coincides with the change in
X (M), defined by (8.5). This follows from results on deRham cohomology
obtained in Chapter 5. In fact (B.8) of Chapter 5 implies (8.24), from which
(8.25)(8.27) follow; (8.52) of Chapter 5 implies (8.29) when Y are smooth,
compact manifolds; and (8.56) and (8.57) of Chapter 5 imply (8.30).

Thus, for e(M) = [,, e(€) to change the same way as x(M) under a
surgery, we need the following properties in addition to “functoriality.” We
need

e(S7 x S¥) =0 if j or k is odd,

(8.31)
4 if j and k are even.

If e(Q2) is locally defined, we have, upon giving X, Hy, and H; coherent
orientations,

(.32) Jew=[ew- [+ [

M Mo Ho H,y

parallel to (8.24). Place metrics on M that are product metrics on (—¢, €) x
S¢=1 x §™=1 on a small neighborhood of dX. If we place a metric on
H;# H; which is symmetric with respect to the natural involution, we will
have

(8.33) / e(Q):% / (),

H; H;#H;

provided e(2) has the following property. Given an oriented Riemannian
manifold Y, let Y# be the same manifold with orientation reversed, and
let the associated curvature forms be denoted by Qy and Qy-%. We require

(834) G(Qy) = —G(Qy#).

Now e(Q2) = Pf(Q/27) certainly satisfies (8.34), in view of the depen-
dence on orientation built into (8.16). To see that (8.31) holds in this case,
we need only note that S x S¥ can be smoothly imbedded as a hypersurface
in R 1 This can be done via imbedding S x I x B* into R“**! and
taking its boundary (and smoothing it out). In that case, since Pf(Q2/27) is
a characteristic class whose integral is independent of the choice of metric,
we can use the metric induced from the imbedding. We now have (8.31)—
(8.33). Furthermore, for such a hypersurface M = H;#H;, we know that
the right side of (8.21) is equal to x.(H;#H,), by the argument preceding
the statement of Theorem 8.1, and since (8.29) and (8.30) are both valid
for both x and x., we also have this quantity equal to x(H;#H;).

It follows that (8.21) holds for any M obtainable from S™ by a finite
number of surgeries. With one extra wrinkle we can establish (8.21) for all



64 C. Connections and Curvature

compact, oriented M. The idea for using this technique is one the author
learned from J. Cheeger, who uses a somewhat more sophisticated variant
in work on analytic torsion [Ch].

Assume M is connected. Give M x R the product Riemannian metric,
fix a point p € M, and, with ¢ = (p,0) € M x R, consider on M x R
the function fo(z,t) = dist((z,t),q)?. For R sufficiently large, f; ' (R) is
diffeomorphic to two copies of M, under the map (z,t) — x. For r > 0
sufficiently small, f; ! (r) is diffeomorphic to the sphere S™.

Our argument will use some basic results of Morse theory. A Morse
function f : Z — R is a smooth function on a manifold Z all of whose
critical points are nondegenerate, that is, if Vf(z) = 0, then D?f(z) is
an invertible v X v matrix, v = dim Z. One also assumes that f takes
different values at distinct critical points and that f~!(K) is compact for
every compact K C R. Now the function fy above may not be a Morse
function on Z = M x R, but there will exist a smooth perturbation f
of fy which is a Morse function. A proof is given in Proposition 4.3 of
Appendix B. The new f will share with fo the property that f~1(r) is
diffeomorphic to S™ and f~1(R) is diffeomorphic to two copies of M. Note
that an orientation on M induces an orientation on M x R, and hence
an orientation on any level set f~!(c) that contains no critical points. In
particular, f~1(R) is a union of two copies of M with opposite orientations.
The following is a basic tool in Morse theory.

Theorem 8.2. Ifc; < ¢y are regular values of a Morse function f : Z — R
and there is exactly one critical point zg, with ¢; < f(z0) < ¢z, then
My = f~1(cp) is obtained from My = f~(c;) by a surgery. In fact, if
D?f(z9) has signature (¢,m), Mo is obtained from M; by a surgery of
type (m,{).

This is a consequence of the following result, known as the Morse lemma.

Proposition 8.3. Let f have a nondegenerate critical point at p € Z.
Then there is a coordinate system (x1,...,x,) centered at p in which

(835)  fla) = f(p)+a+ -l - —ale,

near the origin, where { +m = v = dim Z.

Proof. Suppose that in some coordinate system D?f(p) is given by a non-
degenerate, symmetric, v X v matrix A. It will suffice to produce a coordi-
nate system in which

(3.30) f(@) = 1) + 34z -,
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near the origin, since going from here to (8.35) is a simple exercise in linear
algebra. We will arrange (8.36) by an argument, due to Palais, similar to
the proof of Darboux’ theorem in Chapter 1, §14.

Begin with any coordinate system centered at p. Let

1
(8.37) w1 =df, wo=dg, where g(z)= iAx -z,

with A = D?f(0) in this coordinate system. Set w; = tw; + (1 —*#)wp, which
vanishes at p for each ¢ € [0, 1]. The nondegeneracy hypothesis on A implies
that the components of each w; have linearly independent gradients at p;
hence there exists a smooth, time-dependent vector field X; (not unique),
such that

(8.38) we]Xe =g —f, Xi(p)=0.

Let F; be the flow generated by X;, with Fy = Id. Note that F; fixes
p. It is then an easy computation using (8.38), plus the identity Lxw =
dw]X) + (dw)| X, that

d
(8.39) o (Frw) =0.

Hence Ffwi; = wy, so foF; = g and the proof of Proposition 8.3 is
complete.

From Theorem 8.2, it follows that, given any compact, oriented, con-
nected M, of dimension n, a finite number of surgeries on S™ yields two
copies of M, with opposite orientations, say M and M#. Hence (8.21)
holds with M replaced by the disjoint union M U M#. But, in view of
(8.34), both sides of the resulting identity are equal to twice the corre-
sponding sides of (8.21); for x. this follows easily from (8.4), and for y it
follows immediately from (8.5). We hence have the Chern-Gauss-Bonnet
formula and also the identity x (M) = x.(M), modulo the task of showing
the invariance of the right side of (8.21) under changes of metric on M.

We turn to the task of demonstrating such invariance. Say gy and ¢;
are two Riemannian metric tensors on M, with associated SO(n)-bundles
Py — M, P; — M, having curvature forms €y and ;. We want to show
that Pf(Q%) — Pf(Q}) is exact on M. To do this, consider the family of
metrics gr = tg1 + (1 —t)go on M, with associated SO(n)-bundles P, — M,
for t € [0,1]. These bundles fit together to produce a principal SO(n)-
bundle P — M x [0, 1]. We know there exists a connection on this principal
bundle. Let T'= 0/0t on M x[0,1], and let T" denote its horizontal lift (with
respect to a connection chosen on P). The flow generated by 7' commutes
with the SO(n)-action on P. Flowing along one unit of time then yields
a diffeomprphism ® : Py — P;, commuting with the SO(n)-action, hence
giving an isomorphism of SO(n)-bundles. Now applying Proposition 7.2 to
the original connection on P, and to that pulled back from P; gives the
desired invariance.
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Before Chern’s work, H. Hopf had established Theorem 8.1 when M is a
compact hypersurface in R2*+1. Then C. Allendoerfer [Al] and W. Fenchel
[Fen] proved (8.21) for the case when M is isometrically imbedded in R**+*,
by relating the integral on the right to the integral over 07 of the Gauss
curvature of the boundary of a small tubular neighborhood 7 of M, and us-
ing the known result that x(907) = 2x(M). At that time it was not known
that every compact Riemannian manifold could be isometrically imbedded
in Euclidean space. By other means, Allendoerfer and A.Weil [AW] proved
Theorem 8.1, at least for real analytic metrics, via a triangulation and local
isometric imbedding. Chern then produced an intrinsic proof of Theorem
8.1 and initiated a new understanding of characteristic classes.

In Chern’s original paper [Cher], it is established that [,, Pf(Q/2n) is
equal to the index of a vector field X on M, by a sophisticated variant of
the argument establishing Proposition 5.4, involving a differential form on
the unit-sphere bundle of M related to, but more complicated than, the
transgressed form (7.14). An exposition of this argument can also be found
in [Poo] and in [Wil]. When dim M = 2, one can identify the unit-sphere
bundle and the frame bundle, and in that case the form coincides with the
transgressed form and the argument becomes equivalent to that used to
prove Proposition 5.4. An exposition of the proof of Theorem 8.1 using
tubes can be found in [Gr].

The Chern-Gauss-Bonnet theorem can also be considered as a special
case of an index theorem for an elliptic differential operator. A proof in
that spirit is given in Chapter 10, §7. More material on the Pfaffian is also
developed there.

We mention a further generalization of the Gauss-Bonnet formula. If
E — X is an SO(2k)-bundle over a compact manifold X (say of dimension
n), with metric connection V and associated curvature (2, then Pf(Q/27) is
defined as a (2k)-form on X. This gives a class Pf (F) € H?¥(X), indepen-
dent of the choice of connection on F, as long as it is a metric connection.
There is an extension of Theorem 8.1, describing the cohomology class of
Pf(E) in H?*#(X). Treatments of this can be found in [KN] and in [Spi].

Exercises

1. Verify that when  is the curvature 2-form arising from the standard metric

on S?*, then
Q

S2k

2. Generalize Theorem 8.1 to the nonorientable case. (Hint: If M is not ori-
entable, look at its orientable double cover M. Use (8.4) to show that x(M) =
2x(M).) Using (8.16) as a local identity, define a measure Pf(£2) in the nonori-

entable case.
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3. Let M be a compact, complex manifold of complex dimension n (i.e., real
dimension 2n). Denote by 7 its tangent bundle, regarded as a complex vector
bundle, with fibers 7, of complex dimension n. Show that

[ en(m) = xo1),

M

where ¢, (7) is the top Chern class, defined by (7.19) and (7.20).
4. If M; are compact Riemannian manifolds with curvature forms Q; and M; x
Mo has the product metric, with curvature form €2, show directly that

TiPE(Q) A TEPE(Q) = PE(Q),

where m; projects My x Mz onto M;. If dim M; is odd, set Pf(£2;) = 0. Use
this to reprove (8.31) when e(Q2) = Pf ().

5. Show directly that the right sides of (8.2) and (8.3) both vanish when M is a
hypersurface of odd dimension in R™*.
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