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Abstract

Given a smooth map f : M — N between smooth manifolds, we
construct a hierarchy of bilinear forms on suitable closed differential
forms on N. This construction, which we call the Hopf bracket, simul-
taneously generalizes both the classical Hopf invariant and the Abelian
Chern-Simons functional. It is a special case of a more general con-
struction of N. Steenrod, known as the functional cup product. We
show that the Hopf bracket has a pleasant development via differential
forms.

1 The Basic Construction

The classical Hopf invariant is a homotopy invariant of maps f : S?"~1 — S™,
where n is even. Our objective here is to point out that this invariant is but
one manifestation of an operation, which we will call the Hopf bracket, that
is defined for any smooth map between manifolds.

Let M and N be smooth manifolds, of dimensions m and n, respectively.
We will use EP(M) to denote the smooth, real-valued p-forms on M,

ZP(M) =ker [d: EP(M) — EPTH(M)] (1.1)
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to denote the closed p-forms on M, and
HP (M) = ZP(M)/dEPT (1.2)

to denote the p™™ deRham cohomology of M. Let f : M — N be a smooth
map. Set
H?(N) = ker [f* : HP(N) — HP(M)], (1.3)

and let
Z)(N) = {¢p € Z(N) | [¢] € H{(N)}. (1.4)

We note in passing that H}(N) C H*(N) and Z3(N) C Z*(N) are ideals
with respect to the cup and wedge products.
Now suppose that ¢ € Z{(N) and ¢ € Z{(N), where p+¢ >n = dim N.
Since f*[¢] =0 € HP(M), we have
fro=db (1.5)

for some 6 € EP71(M). Set

(@] @)= 0N f¢] € HPTH(M). (1.6)

We will call this expression the Hopf bracket induced by f. This Hopf bracket
is a special case of Steenrod’s functional cup product (cf. [10]), one amenable
to development via the use of the calculus of differential forms.

Proposition 1.1 For any smooth map f : M™ — N™ and for integers p,q
with p+ q > n, the Hopf bracket (1.6) is a well defined bilinear map

()i Z5(N) x Z5(N) — HPTH(M). (1.7)

Moreover,

(@01 =(=D"e | by (1.8)

Proof. We have f*¢ = df and f*¢ = dv for appropriate differential forms
6 € EP71(M) and ¥ € £971(M). Now notice that

dONfro) = ffoNfro=[(oNp)=f0=0, (1.9)

since, by assumption, the degree of ¢ A ¢ exceeds the dimension of N. Thus
it makes sense to speak, as in (1.6) , of the deRham class [# A f*¢]. Of course,
the deRham class [¢ A f*¢] is also defined, for precisely the same reason.
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Let us now compare these two deRham classes on M. Since

dOAY) = dOND+ (—1)P O A dV
(=1)P@= DY A dh 4 (—=1)P710 A dV
(=DP[(=D)PI A fro—ON [l

it follows that

[N fre] = (=1)"[0 A f9l. (1.10)
Now the left-hand side is independent of the choice of 1}, whereas the right-
hand side is independent of the choice of 6. It follows that both sides depend
only on ¢ and ¢. Moreover, the left-hand side is manifestly linear in ¢,

whereas as the right-hand side is manifestly linear in ¢. Thus the Hopf
bracket (1.6) is well defined, bilinear, and satisfies (1.8). i

We now up the ante, and demand that p 4 ¢ be slightly larger.

Proposition 1.2 If p+q > n+ 1, the Hopf bracket descends to a bilinear
map
()5 ’H’}(N) X H?(N) — WP (M) (1.11)
defined by
(D] [ [eDy = (o[ @) (1.12)

Proof. By bilinearity and (1.8), it suffices to show that (¢ | ), vanishes if
¢ is exact. But if ¢ = diy, we can take 6 = f*. Thus

{dip [ @)y =[f"o N o] = [f (b np)] =0, (1.13)

since, by assumption, the degree of ¥ A ¢ exceeds the dimension of N. |

Evidently, one must have m > n for the Hopf bracket to be non-zero. We
now verify that the bracket is a non-trivial operation by considering a simple
family of examples.

Example 1.1. Let N be a compact, connected 2k-manifold that admits a
symplectic structure. Since H?(N,Q) C H*(N,R) is dense, we may choose
a symplectic form w € Z?(N) such that [w] is in the image of H*(N,Z) —
H?(N). By the Chern-Weil theorem, there is then a complex line bundle
with Hermitian connection of curvature F' = —2miw; thus, in particular,
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c1(L) € H*(N,Z) has image [w] in deRham cohomology. Let M C L be the
set of unit vectors with respect to the inner product on L, so that M — N is a
principal U(1) connection, and let f : M?**1 — N be the bundle projection.

Now consider the connection 1-form # on M, with kernel equal to the

horizontal subspace and 6(§) = 1, where & is the vector field which generates
the Sl-action on M. Then df = if*F = —27 f*w. Hence

. 1 .
*,07 _ * 7—1
frw d( SON fw ) (1.14)
so that

w) € HY(N), Vj. (1.15)

Giving M the out-pointing orientation, remembering that 6 has integral
2w on each fiber of f, and using integration as the standard isomorphism
H2*-1(M) = R, we then have

/M([w]j |W]*7 Y, = /M(_%Q AT A frf I

= —/ka#o.

Let us now focus on the special case of N = CP, where we may take our
symplectic form to satisfy [w] = ¢[a], where £ is any non-zero integer and [«
is the deRham class corresponding to the standard generator of H?(CPy,Z).
Then

/M (P | (W] *1); = —* (1.16)

and hence
I i i — 117)
u A :
Notice that, while this is a rational number, it is usually not an integer. We
will later see that this is absolutely typical. &

It is also worth observing that the Hopf bracket really does not descend
to cohomology when p+¢g =n+ 1.

Example 1.2. Let N be a compact oriented 3-manifold, let M = N, and let
f: M — N be the identity map. Thus ZJ%(N) is precisely the space d€'(N)
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of exact 2-forms. Using integration on N to identify H?(N) with R, we thus
have

(do | do), :/NeAde. (1.18)

For example, if 6 is a contact form on N, 6 A df is a volume form, and the
above Hopf bracket is certainly non-zero, despite the fact that each argument
represents 0 in cohomology.

Thinking of § as representing a connection on the trivial principal U(1)-
bundle over N, the expression (df, df) ;qentity may be recognized as the U(1)
version [8] of the Chern-Simons functional [2] for connections on the trivial
circle bundle over N. Notice that the same expression would also arise if one
considered the Hopf bracket for the projection map S' x N — N. Applying
the same idea to any U(1)-bundle f : P — N allows one to equate the Chern-
Simons functional on connections on P as the Hopf bracket of curvature with

itself. &

We now come to some important general properties of the Hopf bracket.

Proposition 1.3 Suppose that f : M — N is the composition F o g of
smooth maps F : W — N and g : M — W, where W 1is some smooth
manifold. If p+ q > n, we then have

PEZn pEZE= (P | p)r=9" (0| 9)r (1.19)

In particular, for p+q > n+ 1 we have
G )rlmxre =97 | )r. (1.20)
Proof. If F*¢ = di for ¢p € EP~H(W), we may take 6 = g*1), so that
@l =10Nf"el =gV NGTF el =g [WNFel = (¢ [ p)p.  (121)
Descent to cohomology classes then yields the analogous claim for (- | -). i

In particular, the Hopf bracket depends only on the homotopy class of f.

Corollary 1.4 Suppose that f : M — N and f : M — N are homotopic
maps. Then (- | )y = (| )5 and (- | )y =( 15
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Proof.  Because the smooth maps are homotopic, they are smoothly ho-
motopic, so there is a smooth map F' : M x R — N with f = F o i
and f = F o iy, where ij : M — M xRispw~— (pj) In particular,
ZE(N) = Zi(N) = Z]’;(N). Now set W = M x R, and apply Proposition 1.3

twice, first to g = i, and then to g = ;. i

2 The Hopf Invariant Revisited

We now specialize our discussion to a context much closer to that of the
classical Hopf invariant. Namely, let M and N be smooth, compact, oriented
manifolds without boundary, where

dimN =n>2, dimM =2n—1. (2.1)

Also assume
N connected, H"(M) = 0. (2.2)

Let f : M — N be any smooth map. Let p be an n-form on N with
Jy i = 1. Since (2.2) guarantees that f* : H"(N) — H"(M) is the zero
map, we have H}(N) = H"(N) = R, and so [u] € H}(N) is the generator.
Similarly, mapping H?"~1(M) to R by integration, it is natural to associate
a real number with f by

9(f) = /M (] | [])y € R: (2.3)

more concretely, that is to say that

H(f) = /MeAde (2.4)

for any (n — 1)-form 6 on M with df = f*u. Of course, since ([p] | [p])f =
(—=1)"([w] | [1]) s by (1.8), this expression automatically vanishes if n is odd,
so that in practice we will generally want to take n to be even. We will call
$H(f) the Hopf invariant of f, since this agrees [1] with the usual definition
when M = S?"~1! and N = S™. We can also apply Proposition 1.2 to write

55(f)=/M@’/\d9, (2.5)
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where also [ ¢/ =1 and f*u' = df'.

Corollary 1.4 tells us that $(f) depends only on the homotopy class of
the map f. More generally, Proposition 1.3 allows one to show that $(f)
satisfies a limited form of cobordism invariance:

Proposition 2.1 Let M and N be as above, and suppose that M = OW,
where W is a compact, oriented, 2n-dimensional manifold-with-boundary
such that

H' (W) = 0. (2.6)

If there is a smooth map F: W — N with f = F|,,,, then $H(f) =0.

Proof. Let W, be the open manifold, diffeomorphic to to the interior of W,
obtained by attaching a collar M x [0,€) to the boundary of W, and let F
be any extension of F' to We. Let g : M — W, be the inclusion map. Stokes’
theorem asserts that the composition

HEL (W) 5 2 () 2 R (2.7)

vanishes. Moreover, (2.6) asserts that H7%(N) = H"(N). Thus Proposition
1.3 tells us that

9(f) = /M ([l | [u])y = / g (] | s =0, (2.8)

as claimed. |

We will see in the example (2.10) below that this result does not hold in
the absence of hypothesis (2.6).

Proposition 1.3 also gives us a useful relationship between the Hopf in-
variant and mapping degree.

Proposition 2.2 Let f : M — N be as above, and suppose that we have a
smooth factorization

S, N
gl Th
MoLoN



where M and N are connected compact oriented manifolds of dimensions
2n — 1 and n, respectively, and where H"(M) = 0. Then

(f) = (degg) H(f) (degh)”. (2.9)
Proof. Let i be an n-form on N with integral 1. Then, by Proposition 1.3,

(1 T 1) o Fog (R[] | B [1]) og

= ((degh) [a] | (degh) [f]) 7o,
(deg n)? ([] | [A]) fog
(

degh)” g"([] | [)f

Hence
a(f) = /M (degh)? " (7 | [7);
— (degh)*(deg ) /M (| 1)
— (degg) H(F) (degh)?
as claimed. I

Example 2.1. Let N = S?, and let M be the unit tangent bundle of S2.
The map M — N amounts to the natural map

f:80(3) — S, (2.10)

arising from the transitive action of SO(3) by isometries. Now L = T'S? has
a natural structure of a complex line bundle, whose curvature is F' = —27iw,
where w is 1/27 times the standard area form on S?, yielding ¢;(L)[S?] = 2.
By Example 1.1, we therefore have

D(f)=—=. (2.11)

Note that composing the covering homomorphism SU(2) — SO(3) with
f and identifying SU(2) ~ S? gives the classical Hopf map

fi8% — 52 (2.12)
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and then Proposition 2.2 gives the classical formula

9(f) =—1. (2.13)

(The sign of the invariant would be changed, of course, if we gave S the op-
posite orientation.) A different approach to this calculation will follow from
results established in the Section 4. &

3 The Hopf Invariant is Rational

For f: S?"71 — S™ it is well known [1] that $(f) is an integer, and can
be reinterpreted as a linking number. Here we will show that if M and
N satisfy our standing hypotheses and f : M — N, then $(f) is a rational
number. This will be a consequence of Proposition 3.1 below, which provides
an extension of the classical linking number formula for the Hopf invariant.

To begin our derivation, let p € N be a regular value of f; by Sard’s
theorem, almost every p in N has this property. The fiber Y = f~1(p)
is then a compact, oriented (n — 1)-dimensional submanifold of M, and YV
has a tubular neighborhood which is diffeomorphic to Y x U, where U is a
neighborhood of p € N, in such a manner that the restriction of f to the
neighborhood amounts to projection (Y x U) — U to the second factor. Let
d, be the delta distribution centered at p, considered as a generalized n-form
or current [7] on N, and let p; be a sequence of smooth n-forms on N, all
with integral 1, all supported in U, such that y; — ¢, as distributions on N.
For any fixed (n — 1)-form v on M, we then have

lim Mw/\f*uj—/yzﬂ, (3.1)

Jj—00

as can easily be seen by applying Fubini’s theorem on our tubular neighbor-
hood Y x U.

Now let p be any fixed n-form on N with integral 1, and let 6 be an
(n — 1)-form on M with df = f*u. Then for every j we have, as in (2.5),

8(f) = /M (]| )5 = /M ONf 1, (3.2)



By (3.1), we thus have

a() = lim [ 0n = [ o (3.3)
I7e M Y

Now since our compact, oriented manifold M is assumed to have H"(M,R) =
H™(M) = 0, Poincaré duality gives us the vanishing statement H,,_;(M,R) =
0 for homology with real coefficients. The universal coefficients theorem thus
tells us that H, 1(M,Z) consists of elements of finite order; indeed, it is
therefore a finite group, since the compactness of M guarantees that it is
finitely generated. In particular, there is a nonzero m € Z and a smooth
integral chain X such that

mY = 0X. (3.4)
Using this and applying Stokes’ theorem to (4.2), we have
1 | 1 [ .
9(f)=— 9:—/d0:—/fu. (3.5)
m Jox mJx mJx

Taking p to be supported away from {p}, we thus deduce the following:

Proposition 3.1 With notations as above, we have

1
H(f) = —degflx : (X.Y) = (N.p)]. (3.6)
In particular, the Hopf invariant is always a rational number.

Remark. One may of course always take m to divide the order of the
group H,,_1(M,Z) = H"(M,Z) in (3.4) and (3.6); it follows that $(f) times
|H"(M,Z)| is always an integer. For example, H"(M,Z) = 0 = $H(f) € Z.
In particular, the Hopf invariant is always an integer if M = S2"~1. O

The proof of the above result actually gives one a practical method for

calculating Hopf invariants. In the next section, we will exploit this method
in a systematic way.

4 FEuler Classes and Hopf Brackets

Theorem 4.1 Let N be a smooth, compact, oriented manifold of dimension
n, and let w : E — N be an oriented real vector bundle of rank k. Let
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e € H¥(N) be the Euler class of E, and assume that e # 0. Let i be a smooth
n-form on N with integral 1. Finally, let M C E be the set of unit vectors
for some positive-definite inner product on E, and let f : M — N be the
restriction of the bundle projection w to M. Then e € H§(N), [u] € H}(N),
and, with respect to the out-pointing orientation of M,

[ e =1 (4.1)

Proof. The Gysin exact sequence
HO(N) =% H*(N) L5 HE(M) — HY(N) — - -- (4.2)

tells us that e € H?(N ). On the other hand, since we have assumed that
e # 0, Poincaré duality implies that there is some o € H"*(M) such that
e — a=[u]. Thus f*([u]) = f*(e) — f*(a) = 0, and [u] € H}(N).

Let u be a section of E which is transverse to the zero section, and
let Z be the zero locus of u. Thus Z C N is a smooth oriented compact
submanifold of dimension n — k, and Y = f~1(Z) C M is a smooth oriented
submanifold of dimension n — 1. Let U be a tubular neighborhood of Z,
which we can identify with the unit disk bundle of F|z, so that we have a
family of local diffeomorphisms ®; : U — U, t € R*, corresponding to scalar
multiplication in E|z by e*. Let ¢ be a closed k-form on N, supported in
U, which represents the Poincaré dual of Z, and consider the family of forms
¢; = (P) 19, defined to be identically zero outside of ®;(U). Then for any
(n — k)-form 1) on N we have

im [ wno = Jm [(@0)ne= [ (maiv)ne

N - [ wine= [

so the closed forms ¢; may be thought of as approximations of the integration
current [Z]. Morever, if w is any (n — 1) form on M, we have

lim [ wA f ¢, = / w (4.3)
t—o0 M v
by exactly the same calculation.
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Consider the section u/||u|| of Ex_z, and notice that its image is con-
tained in M. Moreover, the closure in M of the image of this section is an
n-dimensional manifold-with-boundary X C M, the boundary 0.X of which
is precisely Y, meaning Y with the reverse orientation. If 6 is any n — 1 form

on M, we therefore have
[ao=[s (4.4)
b's Y
by Stokes’ theorem.
Let i be an n-form on N with integral 1 which is supported away from

Z, and recall that f*u is exact. Thus f*u = df for some (n — 1)-from 6 on
M. Now, since e = [¢;], we have

[ wiey=[ onsa (45

for every t. Taking the limit as ¢ — oo, it thus follows that

[ty ==[ o=~ [ ru==[n=-1 (4.6)

as claimed. |

Proposition 4.2 Let N be a smooth, compact, simply connected manifold
of even dimension n = 2m. Let E — N be an oriented rank-n real vector
bundle over N, and let M C E be the set of unit vectors of some positive-
definite inner product on E. Give M C E the outward-pointing orientation,
and let f: M — N be the induced projection. Assume that the Euler number
e = [ye(E) of E is non-zero. Then M satisfies (2.2), and

9(f) = L (4.7)

e
Proof. = Taking an n-form g on N such that [ N M = 1, we can assume
le] = e[u], and then (4.1) gives

[ Wi, = (48)

This gives (4.7), once we observe that our hypotheses put us in the framework
of (2.2), i.e., that H*(M) = 0. To see this we again use the Gysin exact

12



sequence (4.2), but in integer cohomology. (Here k = n.) The hypotheses
that H'(N,Z) = 0 and that e # 0 imply that we have an exact sequence

0—27Z—%7— H"(M,Z) — 0, (4.9)
so H"(M,Z) is a finite cyclic group. |

Corollary 4.3 Let n = 2m be any positive even integer, and let r € Q be
any rational number. Then there is an oriented (n — 2)-connected rational
homology sphere M*'~1, and a smooth map f: M — S™, such that

a(f)=r (4.10)

5 Further examples

Combining results from §1 with results from §4, we can analyze further cases
of the Hopf bracket. We begin with the following general result.

Proposition 5.1 Let M and N be smooth, compact, oriented manifolds sat-
isfying (2.1)-(2.2), and assume f : M — N is smooth. Assume w: P — M
is a fibration, with P oriented and connected. Consider

g=fom:P— N. (5.1)
If p is an n-form on N such that [ p =1, then
(] | Tul)g = H(f)v, (5.2)

where v € H*"7Y(P) is the Poincaré dual of a fiber T = 7' (my), as a cycle
m P, with appropriate orientation.

Proof. By Proposition 1.3, ([ [ [))g = 7 ([l [ [1)) 5, so ([u] | [u])g = 7[w],
where (Jw], [M]) = 1. This is readily seen to coincide with (5.2). i

Example 5.1. The natural projection

g:S012k +1) — 5% (5.3)
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factors through S;5% — S where S;S% is the bundle of unit tangent vec-
tors to S?*. Proposition 4.2 applies to f, so we have ([u]|[u]), = —(1/2)7,
where v is the Poincaré dual of the (k — 1)(2k — 1)-cycle SO(2k — 1) C
SO(2k +1). o

A similar argument applying Proposition 1.3 to Example 1.1 gives the
following.

Example 5.2. The natural projection
g:SU(k+1) — CPy (5.4)

factors through the standard projection f : S?**! — CPy, a circle bundle
with Chern class 1. Thus, if [a] € H*(CPy, Z) is the standard generator, we
have

([o o)1)y = =, (5.5)
where ~ is the Poincaré dual of the cycle SU(k) C SU(k + 1). &
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