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Preface

This text is designed for a first course in complex analysis, for beginning graduate stu-
dents, or well prepared undergraduates, whose background includes multivariable calculus,
linear algebra, and advanced calculus. In this course the student will learn that all the basic
functions that arise in calculus, first derived as functions of a real variable, such as powers
and fractional powers, exponentials and logs, trigonometric functions and their inverses,
and also many new functions that the student will meet, are naturally defined for complex
arguments. Furthermore, this expanded setting reveals a much richer understanding of
such functions.

Care is taken to introduce these basic functions first in real settings. In the opening
section on complex power series and exponentials, in Chapter 1, the exponential function
is first introduced for real values of its argument, as the solution to a differential equation.
This is used to derive its power series, and from there extend it to complex argument.
Similarly sint and cost are first given geometrical definitions, for real angles, and the
Euler identity is established based on the geometrical fact that e’ is a unit-speed curve on
the unit circle, for real t. Then one sees how to define sin z and cos z for complex z.

The central objects in complex analysis are functions that are complex-differentiable
(i.e., holomorphic). One goal in the early part of the text is to establish an equivalence
between being holomorphic and having a convergent power series expansion. Half of this
equivalence, namely the holomorphy of convergent power series, is established in Chapter
1.

Chapter 2 starts with two major theoretical results, the Cauchy integral theorem, and
its corollary, the Cauchy integral formula. These theorems have a major impact on the
entire rest of the text, including the demonstration that if a function f(z) is holomorphic
on a disk, then it is given by a convergent power series on that disk. A useful variant of
such power series is the Laurent series, for a function holomorphic on an annulus.

The text segues from Laurent series to Fourier series, in Chapter 3, and from there to the
Fourier transform and the Laplace transform. These three topics have many applications in
analysis, such as constructing harmonic functions, and providing other tools for differential
equations. The Laplace transform of a function has the important property of being
holomorphic on a half space. It is convenient to have a treatment of the Laplace transform
after the Fourier transform, since the Fourier inversion formula serves to motivate and
provide a proof of the Laplace inversion formula.

Results on these transforms illuminate the material in Chapter 4. For example, these
transforms are a major source of important definite integrals that one cannot evaluate by
elementary means, but that are amenable to analysis by residue calculus, a key application
of the Cauchy integral theorem. Chapter 4 starts with this, and proceeds to the study of
two important special functions, the Gamma function and the Riemann zeta function.

The Gamma function, which is the first “higher” transcendental function, is essentially
a Laplace transform. The Riemann zeta function is a basic object of analytic number



theory, arising in the study of prime numbers. One sees in Chapter 4 roles of Fourier
analysis, residue calculus, and the Gamma function in the study of the zeta function. For
example, a relation between Fourier series and the Fourier transform, known as the Poisson
summation formula, plays an important role in its study.

In Chapter 5, the text takes a geometrical turn, viewing holomorphic functions as
conformal maps. This notion is pursued not only for maps between planar domains,
but also for maps to surfaces in R3. The standard case is the unit sphere S?, and the
associated stereographic projection. The text also considers other surfaces. It constructs
conformal maps from planar domains to general surfaces of revolution, deriving for the map
a first-order differential equation, nonlinear but separable. These surfaces are discussed
as examples of Riemann surfaces. The Riemann sphere C=CuU {o0} is also discussed as
a Riemann surface, conformally equivalent to S2. One sees the group of linear fractional
transformations as a group of conformal automorphisms of @, and certain subgroups as
groups of conformal automorphisms of the unit disk and of the upper half plane.

We also bring in the notion of normal families, to prove the Riemann mapping theorem.
Application of this theorem to a special domain, together with a reflection argument, shows
that there is a holomorphic covering of C\ {0, 1} by the unit disk. This leads to key results
of Picard and Montel, and applications to the behavior of iterations of holomorphic maps
R:C— (Aj, and the Julia sets that arise.

The treatment of Riemann surfaces includes some differential geometric material. In
an appendix to Chapter 5, we introduce the concept of a metric tensor, and show how it
is associated to a surface in Euclidean space, and how the metric tensor behaves under
smooth mappings, and in particular how this behavior characterizes conformal mappings.
We discuss the notion of metric tensors beyond the setting of metrics induced on surfaces
in Euclidean space. In particular, we introduce a special metric on the unit disk, called
the Poincaré metric, which has the property of being invariant under all conformal auto-
morphisms of the disk. We show how the geometry of the Poincaré metric leads to another
proof of Picard’s theorem, and also provides a different perspective on the proof of the
Riemann mapping theorem.

The text next examines elliptic functions, in Chapter 6. These are doubly periodic
functions on C, holomorphic except at poles (that is, meromorphic). Such a function
can be regarded as a meromorphic function on the torus Ty = C/A, where A C C is a
lattice. A prime example is the Weierstrass function x(z), defined by a double series.
Analysis shows that @/ (2)? is a cubic polynomial in p4(z), so the Weierstrass function
inverts an elliptic integral. Elliptic integrals arise in many situations in geometry and
mechanics, including arclengths of ellipses and pendulum problems, to mention two basic
cases. The analysis of general elliptic integrals leads to the problem of finding the lattice
whose associated elliptic functions are related to these integrals. This is the Abel inversion
problem. Section 34 of the text tackles this problem by constructing the Riemann surface
associated to y/p(z), where p(z) is a cubic or quartic polynomial.

Early in this text, the exponential function was defined by a differential equation and
given a power series solution, and these two characterizations were used to develop its
properties. Coming full circle, we devote Chapter 7 to other classes of differential equations



and their solutions. We first study a special class of functions known as Bessel functions,
characterized as solutions to Bessel equations. Part of the central importance of these
functions arises from their role in producing solutions to partial differential equations in
several variables, as explained in an appendix. The Bessel functions for real values of
their arguments arise as solutions to wave equations, and for imaginary values of their
arguments they arise as solutions to diffusion equations. Thus it is very useful that they
can be understood as holomorphic functions of a complex variable. Next, Chapter 7 deals
with more general differential equations on a complex domain. Results include constructing
solutions as convergent power series and the analytic continuation of such solutions to larger
domains. General results here are used to put the Bessel equations in a larger context. This
includes a study of equations with “regular singular points.” Other classes of equations
with regular singular points are presented, particularly hypergeometric equations.

The text ends with a short collection of appendices. Some of these survey background
material that the reader might have seen in an advanced calculus course, including material
on convergence and compactness, and differential calculus of several variables. Others
develop tools that prove useful in the text, the Laplace asymptotic method, the Stieltjes
integral, and results on Abelian and Tauberian theorems. The last appendix shows how to
solve cubic and quartic equations via radicals, and introduces a special function, called the
Bring radical, to treat quintic equations. (In §36 the Bring radical is shown to be given in
terms of a generalized hypergeometric function.)

As indicated in the discussion above, while the first goal of this text is to present the
beautiful theory of functions of a complex variable, we have the further objective of placing
this study within a broader mathematical framework. Examples of how this text differs
from many others in the area include the following.

1) A greater emphasis on Fourier analysis, both as an application of basic results in complex
analysis and as a tool of more general applicability in analysis. We see the use of Fourier
series in the study of harmonic functions. We see the influence of the Fourier transform
on the study of the Laplace transform, and then the Laplace transform as a tool in the
study of differential equations.

2) The use of geometrical techniques in complex analysis. This clarifies the study of con-
formal maps, extends the usual study to more general surfaces, and shows how geometrical
concepts are effective in classical problems, from the Riemann mapping theorem to Picard’s
theorem. An appendix discusses applications of the Poincaré metric on the disk.

3) Connections with differential equations. The use of techniques of complex analysis to
study differential equations is a strong point of this text. This important area is frequently
neglected in complex analysis texts, and the treatments one sees in many differential equa-
tions texts are often confined to solutions for real variables, and may furthermore lack a
complete analysis of crucial convergence issues. Material here also provides a more detailed
study than one usually sees of significant examples, such as Bessel functions.



4) Special functions. In addition to material on the gamma function and the Riemann zeta
function, the text has a detailed study of elliptic functions and Bessel functions, and also
material on Airy functions, Legendre functions, and hypergeometric functions.

We follow this introduction with a record of some standard notation that will be used
throughout this text.

Acknowledgment
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Some Basic Notation

R is the set of real numbers.

C is the set of complex numbers.

7 is the set of integers.

77" is the set of integers > 0.

N is the set of integers > 1 (the “natural numbers”).

x € R means z is an element of R, i.e., x is a real number.
(a,b) denotes the set of x € R such that a < z < b.

[a, b] denotes the set of z € R such that a <z <b.

{z € R:a <z < b} denotes the set of z in R such that a <z <b.
[a,b) ={z € R:a <z <b}and (a,b] ={z € R:a <z <b}.
z=x—wifz=ax+iyecC, z,y e R.

Q denotes the closure of the set €.

f : A — B denotes that the function f takes points in the set A to points
in B. One also says f maps A to B.

T — o means the variable z tends to the limit xg.

f(x) = O(x) means f(z)/z is bounded. Similarly g(¢) = O(g¥) means
g(g)/e* is bounded.

f(z) =o(z) as  — 0 (resp., z — o0) means f(x)/x — 0 as x tends to the
specified limit.

S = sup|a,| means S is the smallest real number that satisfies S > |a,,| for all n.

n
If there is no such real number then we take S = +o0.

limsup |ax| = lim (sup |ag|).
k— 00 n—=00 L>n



Chapter 1. Basic calculus in the complex domain

This first chapter introduces the complex numbers and begins to develop results on the
basic elementary functions of calculus, first defined for real arguments, and then extended
to functions of a complex variable.

An introductory §0 defines the algebraic operations on complex numbers, say z = x + iy
and w = u + iv, discusses the magnitude |z| of z, defines convergence of infinite sequences
and series, and derives some basic facts about power series

(1.0.1) flz) = ar2¥,
k=0

such as the fact that if this converges for z = zp, then it converges absolutely for |z| <
R = |z9], to a continuous function. It is also shown that, for z = t real,

(1.0.2) Fit) = k"', for —R<t<R
k>1

Here we allow a; € C. As an application, we consider the differential equation
(1.0.3)

and deduce from (1.0.2) that a solution is given by z(t) = Y_,~,t*/k!. Having this, we
define the exponential function a

(1.0.4) => kl
k=0

and use these observations to deduce that, whenever a € C,

d
(1.0.5) —e™ = qe™.

We use this differential equation to derive further properties of the exponential function.
While §0 develops calculus for complex valued functions of a real variable, §1 introduces
calculus for complex valued functions of a complex variable. We define the notion of com-
plex differentiability. Given an open set 2 C C, we say a function f : £ — C is holomorphic
on {2 provided it is complex differentiable, with derivative f’(z), and f’ is continuous on 2.
Writing f(z) = u(z) + iv(z), we discuss the Cauchy-Riemann equations for u and v. We
also introduce the path integral and provide some versions of the fundamental theorem of
calculus in the complex setting. (More definitive results will be given in Chapter 2.)
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Typically the functions we study are defined on a subset 2 C C that is open. That is,
if 2y € 2, there exists € > 0 such that z € Q whenever |z — 2p| < £. Other terms we use
for a nonempty open set are “domain” and “region.” These terms are used synonymously
in this text.

In §2 we return to convergent power series and show they produce holomorphic functions.
We extend results of §0 from functions of a real variable to functions of a complex variable.
Section 3 returns to the exponential function e®, defined above. We extend (1.0.5) to

d
(1.0.6) Eeaz = ae””.
We show that ¢t — ¢! maps R one-to-one and onto (0,00), and define the logarithm on
(0,00), as its inverse:

(1.0.7) r=c < t=logx.

We also examine the behavior of v(t) = e, for t € R, showing that this is a unit-speed
curve tracing out the unit circle. From this we deduce Euler’s formula,

(1.0.8) e’ = cost +isint.

This leads to a direct, self-contained treatment of the trigonometric functions.
In §4 we discuss inverses to holomorphic functions. In particular, we extend the loga-
rithm from (0, 00) to C\ (—o0,0], as a holomorphic function. We define fractional powers

(1.0.9) 24 =e182 g cC, z€C\ (—o0,0],

and investigate their basic properties. We also discuss inverse trigonometric functions in
the complex plane.

The number 7 arises in §3 as half the length of the unit circle, or equivalently the
smallest positive number satisfying

(1.0.10) e™ = —1.
This is possibly the most intriguing number in mathematics. It will appear many times

over the course of this text. One of our goals will be to obtain accurate numerical approx-
imations to 7. In another vein, in Appendix I we show that 72 is irrational.
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0. Complex numbers, power series, and exponentials

A complex number has the form
(0.1) z =+ 1y,

where x and y are real numbers. These numbers make up the complex plane, which is
just the zy-plane with the real line forming the horizontal axis and the real multiples of ¢
forming the vertical axis. See Figure 0.1. We write

(0.2) x=Rez, y=Imz.

We write z,y € R and z € C. We identify z € R with z + 0 € C. If also w = u + iv with
u,v € R, we have addition and multiplication, given by

z4+w=(x+u)+ily+v),
2w = (xu —yv) + i(zv + yu),

(0.3)
the latter rule containing the identity

(0.4) i = —1.

One readily verifies the commutative laws

(0.5) zHtw=w+z, zw=uwz,

the associative laws (with also ¢ € C)

(0.6) z+(w+ec)=(z+w)+c, z(we) = (zw)c,
and the distributive law

(0.7) c(z+w) =cz+ cw,

as following from their counterparts for real numbers. If ¢ # 0, we can perform division
by ¢,

z

- =w <=z = wc.

c

See (0.13) for a neat formula.
For z = z+iy, we define |z| to be the distance of z from the origin 0, via the Pythagorean
theorem:

(0.8) |z| = Va2 + y2.
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Note that
(0.9) 2] = 27, where Z =1 — iy,

is called the complex conjugate of z. One readily checks that

(0.10) z+zZ=2Rez, 2z-—2Z=2ilmz,
and
(0.11) ztw=zZ+w, Zw=7ZzZw.

Hence |zw|? = zwzw = |2|?|w|?, so
(0.12) |zw| = |2]| - |w].

We also have, for ¢ # 0,

z
0.13 — = —= ZC.
( ) c |C’2 zC

The following result is known as the triangle inequality, as Figure 0.2 suggests.

Proposition 0.1. Given z,w € C,

(0.14) |z + w| < |z| + |w].

Proof. We compare the squares of the two sides:

2+ wl]® = (z+w)(z+w)
(0.15) = 2Z + wW + 20 + wz
= \z\Q + |w\2 + 2 Re(zw),

while

(1] + [wl)? = |21 + [w]* + 2]2] - |w]

0.16
(0.16) = |2|? + |w|? + 2|2w].

Thus (0.14) follows from the inequality Re(2w) < |zw|, which in turn is immediate from
the definition (0.8). (For any ¢ € C, Re( < |[(].)

We can define convergence of a sequence (z,) in C as follows. We say

(0.17) zn, — 2z if and only if |z, — z| — 0,
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the latter notion involving convergence of a sequence of real numbers. Clearly if z, =
Ty + 1y, and z = x + 1y, with z,,, yn,r,y € R, then

(0.18) zn — z if and only if x, - = and y, — vy.
One readily verifies that
(0.19) Zn — 2, Wy — W= Z, +w, — z+w and z,w, — zw,

as a consequence of their counterparts for sequences of real numbers.
A related notion is that a sequence (z,) in C is Cauchy if and only if

(0.19A) |2n — 2m| — 0 as m,n — oo.

As in (0.18), this holds if and only if (z,) and (y,) are Cauchy in R. The following is an
important fact.

(0.19B) Each Cauchy sequence in C converges.
This follows from the fact that
(0.19C) each Cauchy sequence in R converges.

A detailed presentation of the field R of real numbers, including a proof of (0.19C), is given
in Chapter 1 of [T0].
We can define the notion of convergence of an infinite series

oo

(0.20) >

k=0

as follows. For each n € Z™, set
(0.21) Sn = Zk

Then (0.20) converges if and only if the sequence (s,) converges:

oo
(0.22) Sp =W = Z 2 = w.
k=0

Note that

n+m

Sn+m _Sn‘ - ’ Z Zk‘

(0.23) h=ntl

n+m

< > lal

k=n+1

Using this, we can establish the following.
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Lemma 0.1A. Assume that

(0.24) Z 21| < o0,
k=0
i.e., there exists A < oo such that
N
(0.24A) D |l <A, VN
k=0

Then the sequence (s,) given by (0.21) is Cauchy, hence the series (0.20) is convergent.
Proof. If (s,,) is not Cauchy, there exist a > 0, n, /oo, and m, > 0 such that
|Sny+mu - Snul Z a.
Passing to a subsequence, one can assume that n,,1 > n, + m,. Then (0.23) implies
my+ny
Z |zi| > va, Vv,

k=0

contradicting (0.24A).

If (0.24) holds, we say the series (0.20) is absolutely convergent.
An important class of infinite series is the class of power series

(0.25) Z a2t
k=0

with ar € C. Note that if z; # 0 and (0.25) converges for z = z1, then there exists C' < co
such that

(0.25A) lap2¥| <O, Vk.

Hence, if |z| < r|z1]|, r < 1, we have

o0 [ee] C
(0.26) D larzF <Y k= —— <o,
k=0 k=0

the last identity being the classical geometric series computation. See Exercise 3 below.
This yields the following.
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Proposition 0.2. If (0.25) converges for some z1 # 0, then either this series is absolutely
convergent for all z € C, or there is some R € (0,00) such that the series is absolutely
convergent for |z| < R and divergent for |z| > R.

We call R the radius of convergence of (0.25). In case of convergence for all z, we say
the radius of convergence is infinite. If R > 0 and (0.25) converges for |z| < R, it defines
a function

(0.27) f(z) = Zakzk, z € Dp,

on the disk of radius R centered at the origin,
(0.28) Dr={z€C:|z] < R}

Proposition 0.3. If the series (0.27) converges in Dg, then f is continuous on Dg, i.e.,
given z,, 2 € Dp,

(0.29) zn = 2= f(zn) = f(2).

Proof. For each z € Dpg, there exists S < R such that z € Dg, so it suffices to show that
f is continuous on Dg whenever 0 < S < R. Pick T such that S < T < R. We know that
there exists C' < co such that |a,T*| < C for all k. Hence

S\ Fk
(0.30) 2 € Dg = |apz*| < C(T) .

For each N, write
f(z) = Sn(2) + Bn(2),

N 00
Sn(z) = Zakzk, Rn(z) = Z apz”.
k=0

k=N+1

(0.31)

Each Sn(z) is a polynomial in z, and it follows readily from (0.19) that Sy is continuous.
Meanwhile,

k _
(0.32) ceDs=|Ry(x)l < Y Juzfl<C Y (?) = Cey,
k=N+1 k=N+1

and ey — 0 as N — oo, independently of z € Dg. Continuity of f on Dg follows, as a
consequence of the next lemma.
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Lemma 0.3A. Let Sy : Dg — C be continuous functions. Assume f : Dg — C and
Sn — f uniformly on Dg, i.e.,

(0.32A) |Sn(2) — f(2)| < 6N, Yz € Ds, on —0, as N — co.

Then f is continuous on Dg.

Proof. Let z, — z in Dg. We need to show that, given € > 0, there exists M = M (g) < oo
such that
1f(2) = f(z)| <&, Vn>M.

To get this, pick NV such that (0.32A) holds with dy = /3. Now use continuity of Sy, to
deduce that there exists M such that

1Sn(2) — Sn(zn)] < g Vn > M.

It follows that, for n > M,

1f(2) = f(zn)| < [f(2) = Sn(2)| + [Sn(2) = SN (zn)| + [Sn (2n) — f(20)]

~E.f ¢
-3 3 3

as desired.

REMARK. The estimate (0.32) says the series (0.27) converges uniformly on Dg, for each
S < R.

A major consequence of material developed in §§1-5 will be that a function on Dg
is given by a convergent power series (0.27) if and only if f has the property of being
holomorphic on Dg (a property that is defined in §1). We will be doing differential and
integral calculus on such functions. In this preliminary section, we restrict z to be real,
and do some calculus, starting with the following.

Proposition 0.4. Assume ap € C and
(0.33) ) =" axth
k=0

converges for real t satisfying [t| < R. Then f is differentiable on the interval —R < t < R,
and

(0.34) 1) =" kapt"!,
k=1

the latter series being absolutely convergent for |t| < R.
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We first check absolute convergence of the series (0.34). Let S < T < R. Convergence

of (0.33) implies there exists C' < oo such that
(0.35) lap|T* < C, VE.

Hence, if [t] < S,
C SNk
k-1 o Y (2
(0.35A) |kapt™ | < 3 k (T) .

The absolute convergence of

(0.36) > ke, for |r <1,
k=0

follows from the ratio test. (See Exercises 4-5 below.) Hence

(0.37) g(t) = i kayt™!
k=1

is continuous on (—R, R). To show that f'(t) = g¢(¢), by the fundamental theorem of

calculus, it is equivalent to show

(0.38) / g(s)ds = £(t) — £(0).

The following result implies this.

Proposition 0.5. Assume by € C and

(0.39) g(t) = i by.tF
k=0

converges for real t, satisfying |t| < R. Then, for |t| < R,

o0

(0.40) /0 g(s)ds = 2t

the series being absolutely convergent for |t| < R.

Proof. Since, for |t| < R,

b ki1 k
0.41 )—t+‘<Rbt ,
(0.41) ] < R|byt"|

by $ht1
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convergence of the series in (0.40) is clear. Next, parallel to (0.31), write

g(t) = Sn(t) + Ry (1),

0.42 al >
(0.42) => bt", Ry(t)= > bit*
k=0 k=N+1
Parallel to (0.32), if we pick S < R, we have
(0.43) t| < S = |Rn(t) <Ceny — 0 as N — oo,
SO
t N b t
44 ds = d
(0.44) | ats)as e + [ R as
and
t t
(0.45) ]/ Ra(s) ds| < / (R (s)| ds < CRew,
0 0

for |t| < S. This gives (0.40).

We use Proposition 0.4 to solve some basic differential equations, starting with

(0.46) f@)=f@), f0)=1

We look for a solution as a power series, of the form (0.33). If there is a solution of this
form, (0.34) requires

g

0.47 =1 =
( ) ago y  Ok41 Er1

i.e., ar = 1/k!, where k! = k(k —1)---2-1. We deduce that (0.46) is solved by

(0.48) i
k=0

w|>_\

This defines the exponential function e!. Convergence for all ¢ follows from the ratio test.
(Cf. Exercise 4 below.) More generally, we define

(0.49) = ki
k=0
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Again the ratio test shows that this series is absolutely convergent for all z € C. Another
application of Proposition 0.4 shows that

ok
at __ CL_ k
(0.50) e =" ot
k=0
solves
d
(0.51) ae“t = ae™,

whenever a € C.
We claim that e is the only solution to

(0.52) ) = aft), f(0)=1.
To see this, compute the derivative of e~ f(¢):

(0.53) %(e‘“tf(t)) = —ae” " f(t)+ e af(t) =0,

where we use the product rule, (0.51) (with a replaced by —a), and (0.52). Thus e~ f(t)
is independent of t. Evaluating at ¢t = 0 gives

(0.54) e f(t)=1, VteR,

whenever f(t) solves (0.52). Since e solves (0.52), we have e~ %*e = 1, hence

1
(0.55) e = VteR, acC.

57
Thus multiplying both sides of (0.54) by e* gives the asserted uniqueness:
(0.56) ft)=e" VteR.

We can draw further useful conclusions by applying d/dt to products of exponentials.
Let a,b € C. Then

d

E (e—ate—bte(a+b)t)

(0.57) — _getebtea )t _ poato=bto(a+b)t | (4 4 p)eate—btola+d)t
—0,

so again we are differentiating a function that is independent of ¢. Evaluation at t = 0
gives

(0.58) e ettt — 1 vieR.
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Using (0.55), we get

(0.59) elatht — gateht i e R, a,b e C,
or, setting t = 1,

(0.60) el =%t Va,beC.

We will resume study of the exponential function in §3, and derive further important
properties.

Exercises

1. Supplement (0.19) with the following result. Assume there exists A > 0 such that
|z| > A for all n. Then

1 1
(0.61) 2y D 2= — — —.

Zn 2
2. Show that
(0.62) 2| < 1= 2" =0, as k — oc.
Hint. Deduce (0.62) from the assertion
(0.63) 0 <s< 1= ks" is bounded, for %k € N.
Note that this is equivalent to

k .
(0.64) a> 0= ——— is bounded, for ke N.
(1+a)*

Show that
(0.65) 1+a)f*=0+a)---(1+a)>1+ka, Ya>0, keN.

Use this to prove (0.64), hence (0.63), hence (0.62).

3. Letting s, =Y ,_, r¥, write the series for rs,, and show that

1— T,n—|—1

(0.66) (1—-7)s, =1—7r""1 hence s, = .
—r
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Deduce that

1
(0.67) 0<7“<1:>sn—>1 , as n — 0o,
—r
as stated in (0.26). More generally, show that
ZOO 1
(067A) Zk = E, for ‘Z| < 1.

k=0

4. This exercise discusses the ratio test, mentioned in connection with the infinite series
(0.36) and (0.49). Consider the infinite series

(0.68) > ax, ar€C.
k=0

Assume there exists 7 < 1 and N < oo such that

(0.69) k> N — |41 ’ <r
a
Show that
(0.70) > lax| < oo.
k=0
Hint. Show that
o0 oo a
(0.71) > lak] < Jan| Dt = %
k=N £=0
5. In case
k
z
(072) ap = H,

show that for each z € C, there exists N < oo such that (0.69) holds, with » = 1/2. Also
show that the ratio test applies to

(0.73) ap = k2", |zl < 1.

6. This exercise discusses the integral test for absolute convergence of an infinite series,
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which goes as follows. Let f be a positive, monotonically decreasing, continuous function
on [0,00), and suppose |ag| = f(k). Then

Z|akl < 0o <:>/ f(t)dt < .
k=0 0

Prove this.

Hint. Use

N N N-1
Slal < [ s@ar< Y
k=1 0 k=0

7. Use the integral test to show that, if a > 0,

o0

1

E — <00 <<= a>1.
na

n=1

8. This exercise deals with alternating series. Assume b, \, 0. Show that

Z(—l)kbk is convergent,
k=0

be showing that, for m,n > 0,

n+m
k=n
9. Show that >~ ,(—1)%/k is convergent, but not absolutely convergent.

10. Show that if f, g : (a,b) — C are differentiable, then

(0.74) —(F0)g(®) = f'(W)g(t) + f()g'(1).
Note the use of this identity in (0.53) and (0.57).

11. Use the results of Exercise 10 to show, by induction on k, that

d
(0.75) Etk =kt"7l, k£=1,2,3,...,

hence

t
1
(0.76) / sfds = ——t**1 £ =0,1,2,....
0 k+1



23
Note the use of these identities in (0.44), leading to many of the identities in (0.34)—(0.51).

12. Consider
z—1

wl(2) = z+1

Show that
p:C\{-1} — C\ {1}

is continuous, one-to-one, and onto. Show that, if @ = {z € C: Rez >0} and D = {z €
C:|z| < 1}, then
©: Q=D and ¢:00— 0D\ {1}

are one-to-one and onto.

REMARK. This exercise is relevant to material in Exercise 7 of §4. The result here is a
special case of important results on linear fractional transformations, discussed at length
in §20.
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1. Holomorphic functions, derivatives, and path integrals

Let Q C C be open, i.e., if zg € Q, there exists € > 0 such that D.(z9) = {z € C :
|z — 20| < €} is contained in Q. Let f: Q — C. If z € Q, we say f is complex-differentiable
at z, with derivative f’(z) = a, if and only if

1

(1.1) lim - [f(z+h) - /()] = a
Here, h = hy + thsy, with hi, hy € R, and h — 0 means h; — 0 and hy — 0. Note that

1 of
(1.2) Jim h—l[f(z +hi) = f(2)] = 5 (2),
and

1 . 1of

(1.2A) Jim %[f(z +iha) = f(2)] = - 8_y(z)’

provided these limits exist. Another notation we use when f is complex differentiable at
z is

(1.9 Tey=re)

As a first set of examples, we have

f(2) =2 = 3 1fz+ 1)~ ()] =1

fe) =2 = F[fz+ 1)~ f(2)] =

In the first case, the limit exists and we have f’(z) = 1 for all z. In the second case, the
limit does not exist. The function f(z) = Z is not complex-differentiable.

(1.4)

S| 3

DEFINITION. A function f : 2 — C is holomorphic if and only if it is complex-differentiable
and f’ is continuous on €. Another term applied to such a function f is that it is complex
analytic.

Adding the hypothesis that f’ is continuous makes for a convenient presentation of the
basic results. In §9 it will be shown that every complex differentiable function has this
additional property.

So far, we have seen that fi(z) = z is holomorphic. We produce more examples of
holomorphic functions. For starters, we claim that fi(z) = z* is holomorphic on C for
each k € Z*, and

d
(1.5) Ezk = k2P 1,

One way to see this is inductively, via the following result.
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Proposition 1.1. If f and g are holomorphic on §2, so is fg, and
d / /
(1.6) 7. (F9)(2) = f1(2)9(2) + f(2)g'(2).

Proof. Just as in beginning calculus, we have

%[f(z +h)g(z+h) — f(2)g(2)]
(1.7) %[f(z +h)g(z+h) = f(2)9(z +h) + f(2)g(z + h) = f(2)9(2)]
%[f(z +h) = f(2)g(z+ D) + f(2) - %[g(z +h) —g(2)].

The first term in the last line tends to f’(z)g(z), and the second term tends to f(2)g'(z),
as h — 0. This gives (1.6). If f’ and ¢’ are continuous, the right side of (1.6) is also
continuous, so fg is holomorphic.

It is even easier to see that the sum of two holomorphic functions is holomorphic, and

(1.9 LU o) = 1)+ ),

Hence every polynomial p(z) = a,z" + -+ - + a1z + ag is holomorphic on C.
We next show that f_;(z) = 1/z is holomorphic on C\ 0, with

d 1 1
1.9 =
(1.9) dz z 22
In fact,
1 1 1 1 h 1
1.10 - = __ —
(1.10) h[ +h z] h z(z+h) z(z+h)’

which tends to —1/2% as h — 0, if 2 # 0, and this gives (1.9). Continuity on C\ 0 is
readily established. From here, we can apply Proposition 1.1 inductively and see that z*
is holomorphic on C\ 0 for k = —2,—3,..., and (1.5) holds on C\ 0 for such k.

Next, recall the exponential function

— 1
1.11 —
1) P
k=0
Introduced in §0. We claim that e* is holomorphic on C and

(1.12)
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To see this, we use the identity (0.60), which implies

(1.13) eFth = ezeh,
Hence

1 h—1
(1.14) %[e”h e’ = xS .

Now (1.11) implies

oo

1 = 1
];k:— kz_o(k}—l-l'

and hence (thanks to Proposition 0.3)

(1.15)

h
1
(1.16) lim

= 1.
h—0 h

This gives (1.12). See Exercise 13 below for a second proof of (1.12). A third proof will
follow from the results of §2.

We next establish a “chain rule” for holomorphic functions. In preparation for this,
we note that the definition (1.1) of complex differentiability is equivalent to the condition
that, for h sufficiently small,

(1.17) f(z+h) = f(2) + ah+r(z,h),
with
(1.18) lim T(’Zf;h) =0,

i.e., (z,h) — 0 faster than h. We write
(1.18) r(z,h) = o(|h]).

Here is the chain rule.

Proposition 1.2. Let Q,O C C be open. If f : Q2 — C and g : O — Q are holomorphic,
then fog: O — C, given by

(1.19) fog(z)= f(g9(2)),
1s holomorphic, and
(1.20) 2L 1(9(2)) = £'(9(2))g'(2):
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Proof. Since g is holomorphic,
(1.21) gz + ) = g(=) + g () + 12, h),
with r(z, h) = o(|h|). Hence

Flg(z+h)) = f(g(Z) g'(2)h+r(z,h))
(1.22) =f F(g()(g' (2)h +1(2,h)) +7r2(2, 1)
= f(g(Z)) f'(9(2))g' (2)h + r5(2, h),

with r4(2,h) = o(|h|), because f is holomorphic, and then

(1.23) r3(z,h) = f'(9(2))r(z, h) + ra(2, k) = o(|h]).
This implies f o g is complex-differentiable and gives (1.20). Since the right side of (1.20)
is continuous, f o g is seen to be holomorphic.
Combining Proposition 1.2 with (1.9), we have the following.
Proposition 1.3. If f : Q — C is holomorphic, then 1/f is holomorphic on Q\ S, where

(1.24) S={z€Q: f(z) =0},
and, on 2\ S,
(1.25) 4.1 _ S

dz f(2) f(z)*
We can also combine Proposition 1.2 with (1.12) and get

d
(1.26) %ef(z) = f'(2)ef®).

We next examine implications of (1.2)—(1.3). The following is immediate.

Proposition 1.4. If f: Q) — C is holomorphic, then

0
(1.27) of and == ewist, and are continuous on (1,
ox Y
and
of 10f
1.28 =< 5
( ) or 1 Oy

on Q, each side of (1.28) being equal to f on Q.
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When (1.27) holds, one says f is of class C! and writes f € C'(Q). As shown in
Appendix B, if f € C1(Q), it is R-differentiable, i.e.,

(129) f((JI + hl) + i(y + hg)) = f(.’l? + iy) + Ah1 + th + T(Z, h),

with z =z + iy, h = hy +iha, r(z,h) = o(|h]), and

of of
(1.30) A=7.) B=5 ).

This has the form (1.17), with a € C, if and only if
(1.31) a(h1 + Zh2) = Ahq + Bho,
for all h1, hy € R, which holds if and only if

1
(132) A= —.B =a,
i
leading back to (1.28). This gives the following converse to Proposition 1.4.
Proposition 1.5. If f : Q — C is C! and (1.28) holds, then f is holomorphic.
The equation (1.28) is called the Cauchy-Riemann equation. Here is an alternative
presentation. Write
(1.33) f(z) =u(z2) +iv(z), u=Ref, v=Imf.

Then (1.28) is equivalent to the system of equations

ou Ov Ov ou
1 . 4 _— = — _— = ——,
(1.34) ox Oy Ox oy

To pursue this a little further, we change perspective, and regard f as a map from an
open subset € of R? into R2. We represent an element of R? as a column vector. Objects
on C and on R? correspond as follows.

On C On R?
) T
Z2=x+1y z:<)
Y

1.35
( ) f=u+w f:<u>
v

h
h = hy + ihs h:(l)
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As discussed in Appendix B, a map f : Q — R? is differentiable at z € Q if and only if
there exists a 2 x 2 matrix L such that

(1.36) f(z+h) = f(2) + Lh+ R(z,h), R(z,h) = o(|h)).

If such L exists, then L = D f(z), with

([ Ou/Ox Ou/dy
(1.37) Df(z) = (81}/8x 8v/3y> '
The Cauchy-Riemann equations specify that
(o B o
(1.38) Df_<5 a)’ a=o ﬁ_ax.

Now the map z — iz is a linear transformation on C ~ R2, whose 2 x 2 matrix represen-
tation is given by

(1.39) J = ((1) _01>

s [ v
Note that, 1fL_(ﬁ 5>,then

(1.40) JL:(_(f ff) LJ:(g :g)

so JL = LJ if and only if « = 6 and § = —y. (When JL = LJ, we say J and L commute.)
When L = Df(z), this gives (1.38), proving the following.

Proposition 1.6. If f € CY(), then f is holomorphic if and only if, for each z € §,

(1.41) Df(z) and J commute.

REMARK. Given that J is the matrix representation of multiplication by i on C ~ R?, the
content of (1.41) is that the R-linear transformation D f(z) is actually complex linear.

In the calculus of functions of a real variable, the interaction of derivatives and integrals,
via the fundamental theorem of calculus, plays a central role. We recall the statement.

Theorem 1.7. If f € C'([a,b]), then

b
(1.42) | rwi=r0)-s@.
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Furthermore, if g € C([a,b]), then, for a <t <b,

d t

1.43 @
(1.43) i |,

g(s)ds = g(1).

In the study of holomorphic functions on an open set 2 C C, the partner of d/dz is the
integral over a curve (i.e., path integral), which we now discuss.
A C* curve (or path) in Q is a C! map

v la, b — Q,

where [a,b] = {t e R:a <t <b}. If f:Q — C is continuous, we define
b
(1.44) [ @z = [ romn @
2!

the right side being the standard integral of a continuous function, as studied in beginning
calculus (except that here the integrand is complex valued). More generally, if f,g: Q2 — C
are continuous and vy = 1 + iy2, with «; real valued, we set

a18) [ rEdetg@dy= [ (GO + g0 OM)] d

Then (1.44) is the special case g = if (with dz = dz +1idy). A more general notion is that
of a piecewise smooth path (or curve) in Q. This is a continuous path ~ : [a,b] — Q with
the property that there is a finite partition

a=ay<a <---<an=2b

such that each piece v, : [a;,a;41] — Q is smooth of class C* (k > 1) with limits 'yj(-e)

existing at the endpoints of [a;,a;41]. In such a case, we set

[10a=3 [ e
(1.44B) ! ;j”
[ 1@ g@rdy =Y [ fG)do+ gl dy

with the integrals over eac piece v; defined as above.
The following result is a counterpart to (1.42).
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Proposition 1.8. If f is holomorphic on 2, and v : [a,b] — C is a C' path, then

(1.45) / f'(2)dz = F((b)) — F(1(a)).

The proof will use the following chain rule.

Proposition 1.9. If f : Q@ — C is holomorphic and v : [a,b] — Q is C*, then, for
a<t<b,

(1.46) CFO0) = PO ().

The proof of Proposition 1.9 is essentially the same as that of Proposition 1.2. To
address Proposition 1.8, we have

JECEE / PO (1) d

(1.47)
— [ s

= f(v(0)) = f(7(a)),
the second identity by (1.46) and the third by (1.42). This gives Proposition 1.8.
The second half of Theorem 1.7 involves producing an antiderivative of a given function

g. In the complex context, we have the following.

DEFINITION. A holomorphic function ¢ : 2 — C is said to have an antiderivative f on €2
provided f: Q — C is holomorphic and [’ = g.

Calculations done above show that g has an antiderivative f in the following cases:

1
g(Z) = Zka f(Z) = k+lzk+17 k 7& _17

9(z) =€, f(z)=e

(1.48)

A function g holomorphic on an open set {2 might not have an antiderivative f on all
of ). In cases where it does, Proposition 1.8 implies

(1.49) /g(z) dz=0

Y
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for any closed path v in Q, i.e., any C* path v : [a,b] — Q such that v(a) = v(b). In §3,
we will see that if v is the unit circle centered at the origin,

1
(1.50) / = dz = 2ni,
z
5
so 1/z, which is holomorphic on C\ 0, does not have an antiderivative on C\ 0. In §§3 and
4, we will construct log z as an antiderivative of 1/z on the smaller domain C \ (—o0, 0].

We next show that each holomorphic function g : £ — C has an antiderivative for a
significant class of open sets {2 C C, namely sets with the following property.

There exists a 4 b € €2 such that whenever z + iy € €,
(1.51) the vertical line from a + b to a + iy and the horizontal line
from a + iy to x + iy belong to 2.

(Here a,b,z,y € R.) See Fig. 1.1.

Proposition 1.10. If Q C C is an open set satisfying (1.51) and g : Q@ — C is holomor-
phic, then there exists a holomorphic f : Q — C such that f' = g.

Proof. Take a +ib € Q as in (1.51), and set, for z = = + iy € Q,

Yy T
(1.52) f(z) :i/ g(a+1is) ds+/ g(t +iy)dt.
b a
Theorem 1.7 readily gives
of .
(1.53) 5, %) = 9(2).
We also have
of . . , “ 0y :
(1.54) 9y (2) =ig(a+iy) + /a dy (t + 1y) dt,

and applying the Cauchy-Riemann equation dg/dy = idg/0x gives

%g—i g(a+iy)+/a %(t#—iy)dt
= g(a+1y) + [g(x +iy) — g(a +iy)]

g
9(2).

(1.55)

Comparing (1.54) and (1.55), we have the Cauchy-Riemann equations for f, and Proposi-
tion 1.10 follows.
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Examples of open sets satisfying (1.51) include disks and rectangles, while C \ 0 does
not satisfy (1.51), as one can see by taking a +ib = —1, x + iy = 1.

In §7 we extend the conclusion of Proposition 1.10 to a larger class of open sets 2 C C,
called simply connected. See Exercise 8 of §7.

Exercises

1. Let f,g € C'(€Q), not necessarily holomorphic. Show that

D (1202 = L2902 + F)an (o)
(1.56) P
a—y(f(z)g(z)) = fy(2)9(2) + f(2)gy(2),

on 2, where f, = df/0x, etc.
2. In the setting of Exercise 1, show that, on {z € Q: g(2) # 0},

gx(2) O 1 9y(2)

o 1 ,
g(z)  g9(2)? Oy glz)  g(2)*

dx

(1.57)

Derive formulas for

~

(# and —

9
oz g(z) oy 9(2)

3. In (a)—(d), compute 9f/0x and Jf/dy. Determine whether f is holomorphic (and on
what domain). If it is holomorphic, specify f'(z).

z+1
(a) &)= 577

z+1
(b) 1) =577
(c) f(z) = V2,
(d) flz)=e 2.

4. Find the antiderivative of each of the following functions.
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5. Let v : [-1,1] — C be given by
v(t) =t +it>.

Compute [ f(z)dz in the following cases.

(a) f(z) =2z,
(b) f(z) =%,
1
© 10 = e
(d) f(z)=¢€".

6. Do Exercise 5 with
v(t) = t* +it?

7. Recall the definition (1.44) for f7 f(2)dz when f € C(Q) and v : [a,b] — Qis a C!
curve. Suppose s : [a,b] — [a, 3] is C1, with C! inverse, such that s(a) = «, s(b) = 3. Set

o(s(t)) = ~(t). Show that
[ e = [ s

so path integrals are invariant under change of parametrization.

In the following exercises, let

Anf(z) = +(f(z+h) = f(2)).

S

8. Show that Apz~! — —272 uniformly on {z € C: |z| > ¢}, for each & > 0.
Hint. Use (1.10).

9. Let 2 C C be open and assume K C {2 is compact. Assume f,g € C(2) and
Apf(z) = f(2), Ang(z) = ¢'(2), uniformly on K.

Show that
An(f(2)g(2)) — f'(2)g(2) + f(2)g'(2), uniformly on K.

Hint. Write
An(f9)(2z) = Anf(z) - g(z + h) + f(2)Ang(2).
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10. Show that, for each ¢ > 0, A < oo,

Apz" —s —py—(0FD)

uniformly on {z € C: e < |z| < A}.
Hint. Use induction.

11. Let o
f(z) = Zakzk,
k=0

and assume this converges for |z| < R, so, by Propositions 0.2-0.3, f is continuous on Dpg.
Show that f is complex-differentiable at 0 and f/(0) = a;.
Hint. Write

o
f(z) =ag + a1z + 2° Zak+2zk,
k=0

and show that Propositions 0.2-0.3 apply to g(z) = Y po , ax422", for |z| < R.

12. Using (1.34)—(1.38), show that if f : Q — Cis a C! map, each of the following identities
is equivalent to the condition that f be holomorphic on €2:

ou ov
Df_%l+8_xj’

ov ou
Df=—I1——].

/ oy oy

13. For another approach to showing that e* is holomorphic and (d/dz)e* = e?, use (0.60)
to write e* = e®e'¥, with z = x +4y. Then use (0.51) to show that

0
—e

or oy

. . 9 . .
THY — %W and —e*TW = jee,

so the Cauchy-Riemann equation (1.28) holds, and Proposition 1.5 applies.

14. Let O,Q be open in C. Assume u : O — Q is C! (but not necessarily holomorphic),
and f : (2 — C is holomorphic. Show that

ou ou

d ) 9 _
azt 0wz = Flul2) g (z), Gofeulz) = flulz) 7 (2)
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2. Holomorphic functions defined by power series

A power series has the form
(2.1) f(2) =" an(z = 20)".
n=0

Recall from §0 that to such a series there is associated a radius of convergence R € [0, o¢],
with the property that the series converges absolutely whenever |z — 29| < R (if R > 0),
and diverges whenever |z — zg| > R (if R < 00). We begin this section by identifying R as
follows:

1
(2.2) = limsup |a,|*/™.

n—oo

This is established in the following result, which reviews and complements Propositions
0.2-0.3.

Proposition 2.1. The series (2.1) converges whenever |z—zy| < R and diverges whenever
|z — z0| > R, where R is given by (2.2). If R > 0, the series converges uniformly on
{z : |z — 20| < R'}, for each R" < R. Thus, when R > 0, the series (2.1) defines a
continuous function

(2.3) f : DR(Z()) — C,
where
(2.4) Dpg(z0) ={2€ C: |z — 2| < R}.

Proof. If R' < R, then there exists N € Z" such that
1
n>N=|a,|''" < = = lan|(R)" < 1.

Thus
zZ— 20"
R/
for n > N, so (2.1) is dominated by a convergent geometrical series in Dg/(zp).

For the converse, we argue as follows. Suppose R” > R, so infinitely many |a,|"/" >
1/R", hence infinitely many |a,|(R")™ > 1. Then

(2.5) |2 — 2] < R < R => |an(z — 20)"| g‘

Y

n

>1

— Y

z—z
|z — 20| > R” > R = infinitely many |a,(z — 2z9)"| > ‘ T 0

forcing divergence for |z — z9| > R.
The assertions about uniform convergence and continuity follow as in Proposition 0.3.

The following result, which extends Proposition 0.4 from the real to the complex domain,
is central to the study of holomorphic functions. A converse will be established in §5, as a
consequence of the Cauchy integral formula.
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Proposition 2.2. If R > 0, the function defined by (2.1) is holomorphic on Dg(zp), with
derivative given by

(2.6) f(z)= Z nan(z — 2)" L.

Proof. Absolute convergence of (2.6) on Dg(zg) follows as in the proof of Proposition 0.4.
Alternatively (cf. Exercise 3 below), we have

(2.7) lim n'/" =1 = limsup |na,|"™ = limsup |a,|/™,

n—oo n—00 n—00

so the power series on the right side of (2.6) converges locally uniformly on Dg(zg), defining
a continuous function g : Dg(z9) — C. It remains to show that f’'(z) = g(2).
To see this, consider

k k
(2.8) fr(z) = Z an(z —20)", gr(z) = Z nan(z — 20)" t.
n=0 n=1

We have f, — f and g, — g locally uniformly on Dr(zp). By (1.12) we have f,(2) = gr(2).
Hence it follows from Proposition 1.8 that, for z € Dg(zo),

(29) fe(z) = a0 + / gk(€) dc,

Oz

for any path o, : [a,b] = Dg(20) such that o,(a) = zp and o,(b) = z. Making use of the
locally uniform convergence, we can pass to the limit in (2.9), to get

(2.10) f(2) = a0 + / 9(¢) d.

Oz

Taking o, to approach z horizontally, we have (with z = x + iy, 2o = xo + iy0)

x

f(z):ao+/yg(x0+it)idt+/ g(t +iy) dt,

Yo o
and hence

(2.11) %(2) =9(2),

while taking o, to approach z vertically yields

T Yy

g(t + iyo) dt + / g(x +it)idt,

Yo

£(2) :ao+/

Zo
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and hence

of
5, () = i0(2)

Thus f € C*(Dgr(20)) and it satisfies the Cauchy-Riemann equation, so f is holomorphic
and f'(z) = g(z), as asserted.

(2.12)

REMARK. A second proof of Proposition 2.2, not involving integral calculus, is given below,
following the treatment of Proposition 2.6.

It is useful to note that we can multiply power series with radius of convergence R > 0.
In fact, there is the following more general result on products of absolutely convergent
series.

Proposition 2.3. Given absolutely convergent series

n=0 n=0

we have the absolutely convergent series

(2.14) AB = Z’yn, Y = Z%‘ﬁn—j-
n=0 7=0
Proof. Take Ay = SF_ an, By, =3"_,8,. Then
k
(2.15) ApBr = Z Yn + R
n=0
with
(2.16) Ry = Z AP, o(k)={(m,n) € Z* xZT :m,n < k,m+n > k}.
(m,n)€o(k)
Hence
Bel < > > awmllBal+ D0 D faml 1Bl
m<k/2k/2<n<k k/2<m<kn<k
(2.17) o L
<A 1Bul+B Y ol
n>k/2 m>k/2
where
(2.18) A=) lap| <o, B=) |Bn|<o0.
n=0 n=0

It follows that Ry — 0 as k — oco. Thus the left side of (2.15) converges to AB and the
right side to >~ ,7v,. The absolute convergence of (2.14) follows by applying the same
argument with «,, replaced by |a,| and j,, replaced by |5,,].
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Corollary 2.4. Suppose the following power series converge for |z| < R:

(2.19) f(z) = Z apz", g(z)= Z bpz".
n=0 n=0

Then, for |z| < R,
(2.20) f(2)g(z) = Z 2", ep = Z a;bp_;j.
n=0 j=0

The following result, which is related to Proposition 2.3, has a similar proof.
Proposition 2.5. If aj, € C and 3_;,; |ajk| < oo, then 3~ ajy is absolutely convergent
for each k, >, aji is absolutely convergent for each j, and

(2.21) Z(; am) = ;(; aj) = Zajk

J

Proof. Clearly the hypothesis implies }_, |a;i| < oo for each k and }_, |a;x| < oo for each
7. It also implies that there exists B < oo such that

N N
Sy =Y lajl <B, VN.

§=0 k=0
Now Sy is bounded and monotone, so there exists a limit, Sy ' A < ocas N 7 oo. It
follows that, for each € > 0, there exists N € Z* such that
Y agl<e, CN)={(jk) €Z" xZ":j>Nork>N}
(J,k)EC(N)
Now, whenever M, K > N,

\Z(Zam) S ars Y jaul

j=0 k=0 §=0 k=0 (j,k)EC(N)
SO
M oo N N
D () -2 > lanl
j=0 k=0 §=0 k=0 (j,k)EC(N)
and hence
%) %) N N
Z(Z%’k) _Zzajk < Z |kl

=0 k=0 (J,k)EC(N)
We have a similar result with the roles of ;7 and k reversed, and clearly the two finite sums
agree. It follows that

‘i(i ajk) - i(iajk>‘ <2, Ve>0,

=0 k=0 k=0 j=0
yielding (2.21).

Using Proposition 2.5, we demonstrate the following.
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Proposition 2.6. If (2.1) has a radius of convergence R > 0, and z; € Dg(2o), then f(z)
has a convergent power series about z :

(2.22) f(z) = Zbk(z — 2k, for |z =z < R— |z — 2.
k=0

The proof of Proposition 2.6 will not use Proposition 2.2, and we can use this result
to obtain a second proof of Proposition 2.2. Shrawan Kumar showed the author this
argument.

Proof of Proposition 2.6. There is no loss in generality in taking zy = 0, which we will do
here, for notational simplicity. Setting f., ({) = f(z1 + {), we have from (2.1)

f(©) =) an(C+21)"

[e.9] n n .
=33 (o
n=0k=0

(2.23)

the second identity by the binomial formula (cf. (2.34) below). Now,

(2.24) 5 lanl ()61l = X lanle] + )" <
n=0

n=0 k=0

provided |(|+]z1| < R, which is the hypothesis in (2.22) (with zy = 0). Hence Proposition
2.5 gives

(2.25) £ =32( 0 BEDEE

k=0 n=k

Hence (2.22) holds, with

(2.26) by = i an (Z) Ll

n=k
This proves Proposition 2.6. Note in particular that

o0

(2.27) by = Znanz?_l.

n=1
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SECOND PROOF OF PROPOSITION 2.2. The result (2.22) implies f is complex differentiable
at each z1 € Dg(zp). In fact, the formula (2.22) yields

flzi+h)=bg+bih+> beh¥,
k=2

and hence

and the computation (2.27) translates to (2.6), with z = z;.

REMARK. Propositions 2.2 and 2.6 are special cases of the following more general results,
which will be established in §5.

Proposition 2.7. Let Q) C C be open, and assume fi, : 2 — C are holomorphic. If fi, — f
locally uniformly on 2, then f is holomorphic on €2 and

fi. — f" locally uniformly on (.

Proposition 2.8. If f: Q — C is holomorphic, z1 € ), and Dg(z1) C Q, then f is given
by a convergent power series of the form (2.22) on Dg(z1).

Both of these propositions follow from the Cauchy integral formula. See Proposition 5.10
and Theorem 5.5. These results consequently provide alternative proofs of Propositions
2.2 and 2.6.

Exercises

1. Determine the radius of convergence R for each of the following series. If 0 < R < o0,
examine when convergence holds at points on |z| = R.

(a) f1 (Z) = Z zZ"
n=0

o
n

K

(b) fa(z) =

S
I
—_

=
SN—
P
—
&
Il

[~]¢

N

3w| 3

S
Il
—
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n—0 n.
(e) fs(z) = 2 ;—Z
o.] 2’"’
(f) fe(z) = 2 7;2_n

2. Using Proposition 2.2, find the power series of the derivatives of each of the functions
in Exercise 1. Show that

7 =
fi(2) = fa(z).

Also, evaluate .
g(z) = Z nz".

n=1
3. Show that if the power series (2.1) has radius of convergence R > 0, then f” f" ...
are holomorphic on Dr(zp) and
(2.28) F™(20) = nlay.
Here we set f(™(z) = f'(z) for n = 1, and inductively V) (2) = (d/dz)f™ (z).
4. Given a > 0, show that for n > 1
(2.29) (14+a)" > 1+ na.

(Cf. Exercise 2 of §0.) Use (2.29) to show that

(2.30) limsup n*/™ <1,
n—oo

and hence

(2.31) lim n'/" =1,
n—oo

a result used in (2.7).

Hint. To get (2.30), deduce from (2.29) that n'/™ < (1 + a)/a'/™. Then show that, for
each a > 0,

(2.32) lim o/ = 1.

n— oo
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For another proof of (2.31), see Exercise 4 of §4.

5. The following is a version of the binomial formula. If a € C, n € N,

(2.33) (1+a)" = Xn: (Z) a*, (Z) - k'(n"—ik)'

k=0

Another version is

(2.34) (2 + w)" = zn: (Z) Rk,

k=0

Verify this identity and show that (2.33) implies (2.29) when a > 0.
Hint. To verify (2.34), expand

(2.35) (z4+w)"=(z4+w) - (z+w)

as a sum of monomials and count the number of terms equal to z¥w"~*. Use the fact that

(2.36) (Z) = number of combinations of n objects, taken k at a time.

6. As a special case of Exercise 3, note that, given a polynomial

(2.37) p(2) = anz™ + -+ a1z + ap,
we have
(2.38) p™(0) =klag, 0<k<n.

Apply this to

(2.39) pn(2) = (1 +2)".

Compute p%k)(z), using (1.5), then compute p*)(0), and use this to give another proof of

(2.33), i.e.,

(2.40) pn(2) = zn: (Z) ok, (Z) - k"(+lk)'
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3. Exponential and trigonometric functions: Euler’s formula

Recall from §§0 and 1 that we define the exponential function by its power series:

z _ 2 27 _OOZj
(3.1) e _1+Z+§+...+ﬁ+..._zﬁ.
j=0

By the ratio test this converges for all z, to a continuous function on C. Furthermore, the
exponential function is holomorphic on C. This function satisfies

(3.2)

One derivation of this was given in §1. Alternatively, (3.2) can be established by differen-
tiating term by term the series (3.1) to get (by Proposition 2.2)

d > 1 , <1
Ihalipe- I J—1 _ — Lk
dz© ;(j—l)!z kz_ok!z
(3.3) N -
_ - 1 kE __ =z
DIEEEE
k=0

(3.4) —ef =€, j7=1,2,3,....

By (2.21), any function f(z) that is the sum of a convergent power series about z = 0 has
the form

> r() )
(3.5) i =3 120

=

which for a function satisfying (3.2) and (3.4) leads to (3.1). A simple extension of (3.2) is

(3.6) di;eaz =ae’.

Note how this also extends (0.51).
As shown in (0.60), the exponential function satisfies the fundamental identity

(3.7) efe’ ="t Vz,weC.
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For an alternative proof, we can expand the left side of (3.7) into a double series:
(38) 2} Z k:_ Z Gkl
= : k:

We compare this with

| N

(3.9) ertw i m—w)n’

using the binomial formula (cf. (2.34))
" /n\ . n n!
3.10 z+w)" = 2w, ():—
610 =3 (5 () =5
7=0
Setting k = n — j, we have

| 1 nl
(311) e + = Z Z ﬁﬁzjwk =

n=0j+k=n;j,k>0 7 4,k=0

oo

See (2.14) for the last identity. Comparing (3.8) and (3.11) again gives the identity (3.7).

We next record some properties of exp(t) = e! for real t. The power series (3.1) clearly
gives e/ > 0 for t > 0. Since e™? = 1/e’, we see that e/ > 0 for all t € R. Since
de'/dt = et > 0, the function is monotone increasing in ¢, and since d?ef/dt? = et > 0,
this function is convex. Note that

(3.12) el >1+4+t, for t>0.

Hence

(3.13) lim ef = +o0.
t—-+o0

Since e7! = 1/et,

(3.14) lim e’ =0.

t——o0
As a consequence,
(3.15) exp : R — (0, 00)

is smooth and one-to-one and onto, with positive derivative, so the inverse function theorem
of one-variable calculus applies. There is a smooth inverse

(3.16) L:(0,00) — R.
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We call this inverse the natural logarithm:
(3.17) logx = L(x).

See Figures 3.1 and 3.2 for graphs of z = e! and t = log z.
Applying d/dt to

(3.18) L(e') =t

gives

(3.19) L'(e")e! =1, hence L'(e') = é,
ie.,

(3.20) % logx = é

Since log 1 = 0, we get

3.21 logx =
( ) 1Y

An immediate consequence of (3.7) (for z,w € R) is the identity
(3.22) logzy = logz +logy, x,y € (0,00),

which can also be deduced from (3.21).

We next show how to extend the logarithm into the complex domain, defining log z for
z € C\R™, where R~ = (—00, 0], using Proposition 1.10. In fact, the hypothesis (1.51)
holds for Q@ = C\ R™, with a + ib = 1, so each holomorphic function g on C \ R~ has a
holomorphic anti-derivative. In particular, 1/z has an anti-derivative, and this yields

d 1
(3.22A) log: C\R™ — C, Elogz:;, log1 = 0.

By Proposition 1.8, we have

T de
P ¢

the integral taken along any path in C\R™ from 1 to z. Comparison with (3.21) shows that
this function restricted to (0,00) coincides with log as defined in (3.17). In §4 we display
log in (3.22A) as the inverse of the exponential function exp(z) = e* on the domain
Y={z+iy:z Ry (—mm)}, making use of some results that will be derived next.
(See also Exercises 13-15 at the end of this section.)

(3.22B) logz =
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We move next to a study of e* for purely imaginary z, i.e., of
(3.23) v(t) =e", teR.

This traces out a curve in the complex plane, and we want to understand which curve it
is. Let us set

(3.24) e = c(t) +is(t),

with c(t) and s(t) real valued. First we calculate |e?|? = c(t)? + s(t)2. For z,y € R,
(3.25) z=rtiy=—=Z=2—iy = 22 =2 +y* = |z~

It is elementary that

zaweC=zZw=zZw — 2" =2z",

(3.26) -
and z +w=7z+w.
Hence
N A
(3.27) GZ:ZHZQ .
k=0
In particular,
(3.28) tER = |e"]? =ee™™ = 1.

Hence t — v(t) = €' has image in the unit circle centered at the origin in C. Also
(3.29) V() = it = (O] =1,

so v(t) moves at unit speed on the unit circle. We have

(3.30) v(0)=1, +'(0)=1.

Thus, for ¢ between 0 and the circumference of the unit circle, the arc from ~(0) to y(¢) is
an arc on the unit circle, pictured in Figure 3.3, of length

(3.31) o) = /0 o/ (s)] ds = t.

Standard definitions from trigonometry say that the line segments from 0 to 1 and from
0 to v(t) meet at angle whose measurement in radians is equal to the length of the arc of
the unit circle from 1 to ~y(), i.e., to £(t). The cosine of this angle is defined to be the
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x-coordinate of y(t) and the sine of the angle is defined to be the y-coordinate of ~(t).
Hence the computation (3.31) gives

(3.32) c(t) = cost, s(t)=sint.
Thus (3.24) becomes
(3.33) e’ = cost+ isint,

an identity known as Euler’s formula. The identity

(3.34) %eit = je’t,
applied to (3.33), yields
(3.35) pn cost = —sint, pn sint = cost.

We can use (3.7) to derive formulas for sin and cos of the sum of two angles. Indeed,
comparing

(3.36) et = cos(s + t) + isin(s + t)
with

(3.37) ee' = (cos s + isins)(cost + isint)
gives

3 38 cos(s +t) = (cos s)(cost) — (sin s)(sint),
(3:38) sin(s +t) = (sin s)(cost) + (cos s)(sint).

Derivations of the formulas (3.35) for the derivative of cost and sint given in first
semester calculus courses typically make use of (3.38) and further limiting arguments,
which we do not need with the approach used here.

A standard definition of the number 7 is half the length of the unit circle. Hence 7 is
the smallest positive number such that v(27) = 1. We also have

(3.39) () = —1, 7@) — i,

Furthermore, consideration of Fig. 3.4 shows that

= (530 (D) -2

i.
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We now show how to compute an accurate approximation to 7.

This formula will arise by comparing two ways to compute the length of an arc of a
circle. So consider the length of v(t) over 0 <t < . By (3.29) we know it is equal to .
Suppose 0 < ¢ < 7/2 and parametrize this segment of the circle by

(3.41) o(s) = (V1—5%,5), 0<s<7=sin .

Then we know the length is also given by

o o= [ otonas= [ 2

Comparing these two length calculations, we have

(3.43)

sin ¢ =T,

/T ds
: 12 P,

when 0 < ¢ < m/2. As another way to see this, note that the substitution s = sin 6 gives,
by (3.35), ds = cos 6 df, while v/1 — s? = cos 6 by (3.28), which implies

(3.44) cos®t +sin?t = 1.

Thus

(3.45) /TL—/wde—
: =, o,

again verifying (3.43).
In particular, using sin(7w/6) = 1/2, from (3.40), we deduce that

/2 4
(3.46) T L
6 0 vV 1-— 332

One can produce a power series for (1 — y)~'/2 and substitute y = 22. (For more on

this, see the exercises at the end of §5.) Integrating the resulting series term by term, one

obtains
1 2n+1
(z)

where the numbers a,, are defined inductively by

T = a,
A4 — =
(3 7) 6 nX::O 2n+1

2n +1
= Qn-
2n + 2

(348) apg = 1, An+1
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Using a calculator, one can sum this series over 0 < n < 20 and show that
(3.49) m = 3.141592653589 - - - .

We leave the verification of (3.47)—(3.49) as an exercise, once one gets to Exercises 1-2 of
§5.

Exercises
Here’s another way to demonstrate the formula (3.35) for the derivatives of sin ¢ and cos t.

1. Suppose you define cos t and sin ¢ so that y(t) = (cos t,sin t) is a unit-speed parametriza-
tion of the unit circle centered at the origin, satisfying v(0) = (1,0), +'(0) = (0, 1), (as we
did in (3.32)). Show directly (without using (3.35)) that

7' (t) = (—sin t,cos t),

and hence deduce (3.35). (Hint. Differentiate ~y(¢) - v(t) = 1 to deduce that, for each
t, /(1) L A(t). Meanwhile, |7(t)] = /()] = 1.
—it

2. It follows from (3.33) and its companion e™* = cost — i sint that

eiz + e—iz eiz - e—iz
3.50 cosz = ——, sinzg=——
(350 L =
for z =t € R. We define cos z and sin z as holomorphic functions on C by these identities.

Show that they yield the series expansions

(3.51) cosz = i (1 22k sinz = i _ED* 22k +L,
2 (2k) 2 Qk+1)!

3. Extend the identities (3.35) and (3.38) to complex arguments. In particular, for z € C,
we have

5 50 cos(z+ 5) = —sinz, cos(z+m) = —cosz, cos(z+2m) = cosz,
(3:52) sin(z 4+ §) =cosz, sin(z+m) = —sinz, sin(z+27) =sinz.
4. We define

Y4y Y_ e
(3.53) coshy = %, sinhy = %

Show that cosiy = coshy, siniy = ¢sinhy, and hence

- cos(x + 1y) = cosz coshy — i sinz sinhy,
(3:54) sin(x + 4y) = sinz coshy + i cosx sinhy.
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5. Define tan z for z # (k + 1/2)m and cot z for z # kmw, k € Z, by

(3.55) tan z = sz, cotz = 2%
oS z sin z

Show that
(3.56) tan(z + §) = —cotz, tan(z+m) = tanz,
and
(3.57) i 1 + tan?

: —tanz = = an” z.

dz cos? z

6. For each of the following functions g(z), find a holomorphic function f(z) such that
f'(z) = g(2).

a) g(z) = zFe*, keZt.

b) g(z) = e** cosbz.

7. Concerning the identities in (3.40), verify algebraically that

— i

V3 \3
(é 23):_1'

Then use e™/6 = ¢™/2¢=7/3 to deduce the stated identity for v(7/6) = /6,
8. Let v be the unit circle centered at the origin in C, going counterclockwise. Show that

1 21 . gt
/ Sdz = / “_ dt = 2mi,
z o ¢

0l

as stated in (1.50).

9. One sets )

cos z’

so (3.57) yields (d/dz)tan z = sec? z. Where is sec z holomorphic? Show that

secz =

— secz = sec z tan z.

dz

10. Show that
1+ tan® z = sec? 2.
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11. Show that

d
d—(sec z 4 tan z) = sec z (sec z + tan z),
z

and

d 2 3
d—(secz tan z) = sec z tan” z + sec” z

z
3

= 2sec” z — sec z.
(Hint. Use Exercise 10 for the last identity.)

12. The identities (3.53) serve to define coshy and sinhy for y € C, not merely for y € R.
Show that

d
— cosh z =sinh z, — sinhz = cosh z,
dz dz

and
2 .12
cosh” z — sinh” z = 1.

The next exercises present log, defined on C\ R™ as in (3.22A), as the inverse function to
the exponential function exp(z) = e*, by a string of reasoning different from what we will
use in §4. In particular, here we avoid having to appeal to the inverse function theorem,
Theorem 4.2. Set

(3.58) Y={rx+iy:xeR, ye (—mm)}.

13. Using e*t% = e and the properties of exp : R — (0,00) and of v(y) = e¥
established in (3.15) and (3.33), show that

(3.59) exp: X — C\ R~ is one-to-one and onto.

14. Show that
(3.60) log(e*) =2z VzeX.
Hint. Apply the chain rule to compute ¢'(z) for g(z) = log(e®). Note that g(0) = 0.
15. Deduce from Exercises 13 and 14 that
log: C\R™ — X

is one-to-one and onto, and is the inverse to exp in (3.59).
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4. Square roots, logs, and other inverse functions

We recall the Inverse Function Theorem for functions of real variables.

Theorem 4.1. Let Q C R™ be open and let f : Q — R™ be a C' map. Take p € 9
and assume D f(p) is an invertible linear transformation on R™. Then there ezists a
neighborhood O of p and a neighborhood U of g = f(p) such that f : O — U is one-to-one
and onto, the inverse g = f~1:U — O is C', and, for v € O, y = f(x),

(4.1) Dg(y) = Df(z)~".

A proof of this is given in Appendix B. This result has the following consequence, which
is the Inverse Function Theorem for holomorphic functions.

Theorem 4.2. Let 0 C C be open and let f : Q@ — C be holomorphic. Take p € ()
and assume f'(p) # 0. Then there exists a neighborhood O of p and a neighborhood U of
q = f(p) such that f : O — U is one-to-one and onto, the inverse g = f~1: U — O s
holomorphic, and, for z € O, w = f(z),

(4.2) g'(w) =

Proof. If we check that g is holomorphic, then (4.2) follows from the chain rule, Proposition
1.2, applied to

9(f(2)) = =.

We know g is C!. By Proposition 1.6, ¢ is holomorphic on U if and only if, for each w € U,
Dg(w) commutes with J, given by (1.39). Also Proposition 1.6 implies D f(z) commutes
with J. To finish, we need merely remark that if A is an invertible 2 x 2 matrix,

(4.3) AJ=JA = A"'J=JA""

As a first example, consider the function Sq(z) = z?. Note that we can use polar

coordinates, (x,y) = (1 cos,r sinf), or equivalently z = ret® obtaining 22 = r2¢2?. This
shows that Sq maps the right half-plane

(4.4) H={ze€C:Rez>0}

bijectively onto C \ R™ (where R™ = (—00,0]). Since Sq’(z) = 2z vanishes only at z = 0,
we see that we have a holomorphic inverse

(4.5) Sqrt : C\R™ — H,
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given by
(4.6) Sqrt(re??) = r1/2e?/2 r >0, -1 <0 <.
We also write
(4.7) Vz = 2Y% = Sqrt(2).
We will occasionally find it useful to extend Sqrt to
Sart : C — C,
defining Sqrt on (—o0,0] by Sqrt(—z) = iy/z, for x € [0,00). This extended map is
discontinuous on (—o0, 0).

We can define other non-integral powers of z on C\ R™. Before doing so, we take a look
at log, the inverse function to the exponential function, exp(z) = e*. Consider the strip
(4.8) Y={z+iy:zeR, -t <y <7}

Since e*T%W = e%e™, we see that we have a bijective map
(4.9) exp: X — C\R™.

Note that de®/dz = e* is nowhere vanishing, so (4.9) has a holomorphic inverse we denote
log:

(4.10) log: C\R™ — X.
Note that
(4.11) log 1 =0.

Applying (4.2) we have

d d 1
4.12 —ef = —= — 1 ———
( ) dze € dz 082 z

Thus, applying Proposition 1.8, we have
1
(4.13) log z :/ —dc,
S

where the integral is taken along any path from 1 to z in C\R~. Comparison with (3.22B)
shows that the function log produced here coincides with the function arising in (3.22A).
(This result also follows from Exercises 1315 of §3.)
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Now, given any a € C, we can define

(4.14) 2% = Pow,(z), Pow,:C\R™ —C
by
(4.15) 2% = e 1087,

The identity e“T? = e“e¥ then gives

(4.16) 20Tl = 2928 a,beC, z€ C\R".
In particular, for n € Z,n # 0,

(4.17) (/™" = 2.

Making use of (4.12) and the chain rule (1.20), we see that

d
(4.18) aza =az" 1t

While Theorem 4.1 and Corollary 4.2 are local in nature, the following result can provide

global inverses, in some important cases.

Proposition 4.3. Suppose 2 C C is convex. Assume f is holomorphic in Q and there
exists a € C such that
Reaf' >0 on Q.

Then f maps Q one-to-one onto its image f(£2).

Proof. Consider distinct points zg,z1 € §2. The convexity implies the line o(t) = (1 —
t)zg + tz1 is contained in €2, for 0 < ¢ < 1. By Proposition 1.8, we have

af<zl)_f(

1
(4.19) o— 2020) = /O af' (1 —t)zo + tz1) dt,

which has positive real part and hence is not zero.

As an example, consider the strip

(4.20) i:{x+iy:—g<x<g,yem<}.

Take f(z) =sinz, so f/'(z) = cos z. It follows from (3.54) that

(4.21) Re cosz = cosx coshy > 0, for z€ 3,
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so f maps 3. one-to-one onto its image. Note that

(4.22) sinz = g(e'*), where ¢(¢) = 2%(@“ - %),

and the image of 3 under z — e* is the right half plane H, given by (4.4). Below we will
show that the image of H under g is

(4.23) C\ {(—o0, ~1] UL, 00)}.

It then follows that sin maps ¥ one-to-one onto the set (4.23). The inverse function is

denoted sin™!:

(4.24) sin™!: C\ {(—o0,—1]U[l,00)} — X.

We have sin z € C \ [1,00) for z € &, and it follows that

(4.25) cosz = (1 —sin?2)? zeXx.
Hence, by (4.2), g(z) = sin™! 2 satisfies
(4.26) Jd(2)=0-2H"Y2 2eC\{(-o0,-1]U[l,00)},

and hence, by Proposition 1.8,

(4.27) sin! 2 = /z(1 — V24,
0

where the integral is taken along any path from 0 to z in C\ {(—o0, —1]U[1,00)}. Compare
this identity with (3.43), which treats the special case of real z € (—1,1).

It remains to prove the asserted mapping property of g, given in (4.22). We rephrase
the result for

(428) hQ) = 9(i0) = 5 (¢+ ).

Proposition 4.4. The function h given by (4.28) maps both the upper half plane U =
{C:Im ¢ > 0} and the lower half plane U* = {( : Im { < 0}, one-to-one onto

Proof. Note that h: C\ 0 — C, and

(4.29) h(1> = h(¢).
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Taking w € C, we want to solve h({) = w for . This is equivalent to
(4.30) 2 —2wC+1=0,
with solutions
(4.31) (=wtvw? -1

Thus, for each w € C, there are two solutions, except for w = +1, with single solutions
h(—1) = —1, h(1) = 1. If we examine h(z) for z € R\ 0 (see Fig. 4.1), we see that h maps
R\ 0 onto (—oo,—1] U[1,00), 2-to-1 except at x = £1. It follows that, given ¢ € C\ 0,
h(¢) = w belongs to (—oo, —1]U[1, 00) if and only if ¢ € R. If w belongs to the set (4.23),
ie, if we C\ {(—o0,—1]U[l,00)}, then h({) = w has two solutions, both in C\ R, and
by (4.29) they are reciprocals of each other. Now

1_
(452) C TP

so, given ( € C\ R, we have ( € U < 1/¢ € U*. This proves Proposition 4.4.

Exercises
1. Show that, for |z| < 1,

o
n

(4.33) log(1+2) =Y (-1

Hint. Use (4.13) to write

1
log(1+z):/0 md(’,

and plug in the power series for 1/(1 + ().

2. Using Exercise 1 (plus further arguments), show that

(4.34) i =" = log 2
. n=1 n .
Hint. Using properties of alternating series, show that, for r € (0, 1),
N
-1 n—1 N+1
(4.34A) Z%r" =log(1+7)+en(r), len(r)| < ]Q+1.

n=1
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Then let 7 — 1 in (4.34A).

3. Take z € (0,00). Show that

. logx
lim
Tr—r 00 €T

Hint. If z =¢¥, (logx)/x = ye Y.

4. Using Exercise 3, show that

lim z'/% =1.
r——+00

Note that this contains the result (2.31).
Hint. z'/* = ellog@)/

5. Write the Euler identity as
e =+/1—224iz, z=sinw,
for w near 0. Deduce that
R 1 5,
(4.35) sin™! z = - log(V1—22+iz), |z] <1
i
Does this extend to C \ {(—o0, —1] U [1,00)}?

6. Compute the following quantities:
a) i1/2,
b) i1/3,

c) i'.

7. Show that tan z maps the strip 5 given by (4.20) diffeomorphically onto
(4.36) C\ {(—o0,—1Ji U [1,00)i}.
Hint. Consult Fig. 4.2. To get the last step, it helps to show that

_l—z
142

R(z)

has the following properties:

(a) R: C\{—-1} - C\ {-1}, and R(z) = w & z = R(w),
(b) R:R\{-1} = R\ {-1},

(C) R: (07()0) — (_17 1)7

and in each case the map is one-to-one and onto.
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8. Making use of (3.57), show that on the region (4.36) we have

_ = dc
1, _
(437) tan z = /(; m,

where tan~! is the inverse of tan in Exercise 7, and the integral is over any path from 0 to
z within the region (4.36). Writing (1 + ¢?)~! as a geometric series and integrating term
by term, show that

o0 2k41
4.37A tan~1z = S (=1)FZ f 1.
( ) an~' z ;;)( Vo o 2| <
Use the fact that
RVE]
4.37B tan — = —
(4.37B) an 1
to obtain
T V3= (—1)F /3 \*k
4. Y- i I
( 370) 6 4 221{:-1—1 (16)

k=0

Compare the series (3.47). See Exercise 29 below for an approach to evaluating V3. How
many terms in (4.37C) do you need to obtain 16 digits of accuracy?

9. Show that

— logsec z = tan z.
dz

On what domain in C does this hold?

10. Using Exercise 11 of §3, compute

—1 t ,
o og(sec z + tan z)

and find the antiderivatives of

secz and sec®z.

On what domains do the resulting formulas work?

11. Consider the integral

(4.38) I(u) = /O r_d
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with v € R.

(a) Use the change of variable ¢t = sinh v to show that
I(sinhv) = v.

(b) Use the change of variable t = tanz to show that
I(tanx):/ sec s ds, o<l
o 2 2
(c) Deduce from (a) and (b) that
/ sec s ds = sinh™ ! (tan z), “Ier<l
) 2 2

(d) Use the last identity to show that

COSh(/ Secsds) =secz.
0

Compare the last results with conclusions of Exercise 10.

12. As a variant of (4.20)—(4.23), show that z — sin z maps

{ biyi—s<z< o y> 0}

iy -5 <r<g,y

one-to-one and onto the upper half plane {z : Imz > 0}.
The next exercises construct the holomorphic inverse to sin on the set
(4.39) Q=C\{(-00,-1JU[1,00)},
satisfying (4.27), in a manner that avoids appeal to Theorem 4.2. (Compare the con-
struction of log as an inverse to exp in Exercises 1315 of §3.) We will use the result
that
(4.40) sin : % —» Q is one-to-one and onto,
with 3 as in (4.20), established above via Proposition 4.4.

13. Show that, for 2 as in (4.39),

2€Q=22cC\[l,00)=1-22€C\ (~00,0],
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and deduce that the function f(z) = (1 — 22)~/2 is holomorphic on Q.
14. Show that the set €2 in (4.39) satisfies the hypotheses of Proposition 1.10, with a+ib =
0. Deduce that the function f(z) = (1 — 22)~%/2 has a holomorphic anti-derivative G on
Q:
(4.41) G:0—=C, Gz)=0-2)"Y2 G)=0.

Deduce from Proposition 1.8 that

(4.42) G(z) = / (1-¢)~YV2de, zeq,
0

the integral taken along any path in €2 from 0 to z.

15. Show that

(4.43) G(sinz) =z, VzeX.

Hint. Apply the chain rule to f(z) = G(sin z), making use of (4.25), to show that f’'(z) =1
for all z € X.

16. Use (4.40) and Exercise 15 to show that

(4.44) G :Q — % is one-to-one and onto,
and is the holomorphic inverse to sin in (4.40).

17. Expanding on Proposition 4.4, show that the function h, given by (4.28), has the
following properties:

(a) h: C\ 0 — C is onto,

(b) h:C\ {0,1,-1} — C\ {1, —1} is two-to-one and onto,

(¢c) h: R\0— R\ (—1,1) is onto, and is two-to-one, except at x = +£1.

18. Given a € C\ R, set
E,(z) =a* =¢e*8% € C.
Show that E, is holomorphic in z and compute E/ (2).

19. Deduce from Exercise 1 that

0 Pl 1 .
=A 1
S F M), for <1,

n=1
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where los(1
Az) = —M, for 0 < |2| < 1,
z

1 for z=0.
Use this to show that

;Z_ /Clog .

for |z| < 1, where the integral is taken along any path from 0 to z in the unit disk D;(0).

20. Show that

1 Vodz T
I - -2
kinéoe_z_:kkw /_11+z’z 2

21. Show that, for x > 0,

T+ L
- = 27 tan 1
T —1

log

K| =

22. Show that, for x > 0,
/ logtdt = zlogx — x.
0

23. Show that, for x > 0, a € C\ (—o0,0],
/ log(t + a) dt = (z + a)log(z + a) — z — aloga.
0

Show that

x

log(t* + 1) dt = xlog(z* + 1)+ilog$+z. —2x + .
0 r—i

v 1

1 (1 —)dt,
/Oog +t2
/Olog<1+t>dt—7r

24. Take the following path to explicitly finding the real and imaginary parts of a solution
to

Compute

and show that

2% = a +ib,
given a + ib ¢ R™. Namely, with x = Re z, y = Im 2, we have

2> —y*=a, 2axy=0>,



and also
W4 y? = p= a1 P
hence
p+a b
T = = —.
2 YT,

Exercises 25-27 deal with a method of solving
(4.45) B =a=1+4,
given a restriction on the size of 5 € C.

25. As a first approximation to a solution to (4.45), take (o = 1+ /3, so

3 B2 B
CO_1+/B+?+2_7

:aﬂ;(Hg).

Now set

z = (1+§)zf1,

and show that solving (4.45) is equivalent to solving

5+5)

3 ].
A=l o3 57

a
=1+/5

:Oél,

(4.46)

where the last 2 identities define 5; and «;.

26. Apply the procedure of Exercise 25 to the task of solving 23 = a; = 1+ (3. Set

a=(+2)

so solving (4.46) is equivalent to solving

1 /B B3
3_ 1 _<_1 _1>
2=1+t (3 Ty
=142

= Q9.

63
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Continue this process, obtaining that (4.45) is equivalent to

(0B )

with B(k) = (—=1)* and 2,1 solving

Zk—f—l_l"’__&( &>

A 3 9
=1+ Bry1
= Ok41.
27. With By as in (4.48), show that
Brl < 2 = o >
RIS 5 7 1% =5
2
=
|Br41 < 27!ﬂk|
and )
< -
| B 1> o | > 1

= |Brt1| < §|Bk|2~

Use this to establish the following.

Assertion. Assume 1
|B| < 57 a=1+ Bv

and form the sequence fS1,...,O,..., as in Exercises 25-26, i.e.,
1 2
B = —6—<1+é>, a; =1+ B,
a 3 9
1 2
Br+1 = — &<1 + &)7 apy1 = 1+ Bry1-
A 3 9

Then the sequence

Gk = (1+§><1+%>_1..,(1+%>0(M

converges as k — oo to a/3.
Note that an equivalent description of (j is

<0:1+§7
o(k)
Ck:Ck—1(1+%) k-
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28. Take k € N, k > 2. Extend the method of Exercises 25-27 to approximate a solution
to
F=a=1+5,

given a restriction on the size of £.

Exercises 29-33 are recommended for the reader able to use a computer or calculator for
numerical work.

29. Here is an alternative method of approximating /a, given a € C\ (—o0, 0]. Suppose
you have an approximation (y,
Gk — Voo = 0.

Square this to obtain ¢ + a — 2(;\/a = 63, hence

a+ ¢t o7
a = R
va 2Ck 2Qk
Hence
¢ _a+ C,f
k1l = 2%,

is an improved approximation, as long as |dx| < 2|(x|. One can iterate this. Try it on

7 7 9
2 — ~ - -
V2 5’ V3 4’ & 4

How many iterations does it take to approximate these quantities to 16 digits of accuracy?

30. Given that
671'2'/6 \/§ 3

CI)

. 1 )
e™i/4 — j and

\/§ )

eTrz/lQ — eTrz/4e—7m/6,
use the method of Exercise 27 to obtain an accurate numerical evaluation of

- T .o
mi/36 — cos — + 4 sin —

© 36 36

How many iterations does it take to approximate this quantity to 16 digits of accuracy?

31. Peek at (Q.32) to see that
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Use this to obtain an accurate numerical evaluation of
‘ 27 2
271 /5 __ ..
e = COS — -+ 1SIn —
5 57
and from this of

eﬂ"L/5 — _6—47rz/5’ and

eﬂz/30 _ e7rz/5€—7rz/6.

Then use the method of Exercise 27 to obtain an accurate numerical evaluation of
/90 T .

e = COS — -+ 7s1n —.

90 90

32. Apply Exercise 28 or 29 to o = €™/, to give an accurate numerical evaluation of
s ...m
= COS m + 2s1n 180

=cos1° +isin1°.

67”/180

If you use Exercise 29, take (1 = (1 + «)/2. Alternatively, apply Exercise 28, with k£ = 6,
to a = e™/30,
Using these calculations, evaluate

(4.49) tan — = 4.

33. Substitute ¢ in (4.49) into

(4.50) tan~lz = i(—nk v

1
A RS ol <1,
from (4.37A), to obtain
T f: 5214:—1—1
I=> )
180 2k +1
(4.51) k=0 +
R
Y S
3 + 5
Show that
— o < T <0
3 180

How many terms in the series (4.51) are needed to obtain 7w to 16 digits of accuracy,
assuming the evaluation of ¢ is sufficiently accurate?

Similarly, apply (4.50) to the following quantities, whose evaluations are available from
the results of Exercises 30-31.

tan1:51:2—\/§,

12
s
tan — = §
an30 2,
e
tan — = J3.
an36 3

Compare the approach to evaluating 7 described in Exercise 8.
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I. 72 is Irrational

The following proof that 72 is irrational follows a classic argument of I. Niven, [Niv].
The idea is to consider

T 1
(I.1) I, = / en(x)sinzdr, ¢n(r) = —2"(T— )"
0 n

Clearly I,, > 0 for each n € N, and I,, — 0 very fast, faster than geometrically. The next
key fact is that I,, is a polynomial of degree n in 72 with integer coefficients:

(1.2) I =Y caxn™, cux €L
k=0
Given this it follows readily that 72 is irrational. In fact, if 72 = a/b, a,b € N, then
(1.3) > enra® o =67,
k=0

But the left side of (I.3) is an integer for each n, while by the estimate on (I.1) mentioned
above the right side belongs to the interval (0, 1) for large n, yielding a contradiction. It
remains to establish (1.2).

A method of computing the integral in (I.1), which works for any polynomial ¢, (x)) is
the following. One looks for an antiderivative of the form

(I.4) Gp(z)sinz — F,(x) cosz,

where F}, and (G, are polynomials. One needs

(1.5) Gn(z) = F,(z), GL(2)+ Fu(z) = pn(z),
hence
(1.6) Fy/(x) + Fp(x) = on().

One can exploit the nilpotence of 92 on the space of polynomials of degree < 2n and set

Fp(z) = (I +07)" pn(@)

(L) S (DR (),
k=0
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Then

(L.8) % <F,,’l(:c) sinx — F,(x) cos x) = ¢p(z)sinz.

Integrating (I1.8) over x € [0, 7| gives
(1.9) / () sinz dz = Fy(0) + Fy () = 2F,(0),
0

the last identity holding for ¢, (z) as in (I.1) because then ¢, (7 — z) = ¢, (z) and hence
F,(m —x) = F,(x). For the first identity in (I.9), we use the defining property that
sinm = 0 while cosm = —1.

In light of (I.7), to prove (I1.2) it suffices to establish an analogous property for gogl%)(O).
Comparing the binomial formula and Taylor’s formula for ¢, (x):

1 & n ¢ n
eul) = o S0 ()an e, and
" 4=0

(1.10) o
1
onlr) = Y 0P (0)a",
k=0

we see that

!
(1_11) k=n4+/(= QO,(lk)(O) _ (_1)6 (n —|—'£). (Z)W"é,
n!
SO
L(n+0)!(n _
(112 2k =t 0= p29(0) = (-1 O (M) s

Of course goglzk)(O) = 0 for 2k < n. Clearly the multiple of 72(*=9 in (I.12) is an integer.

In fact,

(n+0!(n\  (n+20) n!
n! (E) ool (-0

(n+0)! nl
nlll (n—2)!

_ (n+€)n(n_1)...(n—€+1).

(1.13) =

n

Thus (I.2) is established, and the proof that 72 is irrational is complete.
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Chapter 2. Going deeper — the Cauchy integral theorem and consequences

Chapter 1 was devoted to elementary properties of holomorphic functions on open sets
(also referred to as “domains,” or “regions”) in C. Here we develop deeper tools for this
study. In §5 we introduce a major theoretical tool of complex analysis, the Cauchy integral
theorem. We provide a couple of proofs, one using Green’s theorem and one based simply
on the chain rule and the fundamental theorem of calculus. Cauchy’s integral theorem
leads to Cauchy’s integral formula,

(2.0.1) f(z) = %m/g%dg.

In turn, this result leads to the general development of holomorphic functions on a domain
) C C in power series about any p € (),

(2.0.2) f(z)=> an(z—p)",

convergent in any disk centered at p and contained in €.

Results of §5 are applied in §6 to prove a maximum principle for holomorphic functions,
and also a result called Liouville’s theorem, stating that a holomorphic function on C that
is bounded must be constant. We show that each of these results imply the fundamental
theorem of algebra, that every non-constant polynomial p(z) must vanish somewhere in C.

In §7 we discuss harmonic functions on planar regions, and their relationship to holo-
morphic functions. A function u € C?(£2) is harmonic provided Au = 0, where

0> 0?
(2.0.3) A= 92 + B,
is the Laplace operator. We show that if u is harmonic and real valued, then wu is locally
the real part of a holomorphic function, and this holds globally if €2 is simply connected.
This connection leads to maximum modulus theorems and Liouville theorems for harmonic
functions.

In §8 we establish Morera’s theorem, a sort of converse to Cauchy’s integral theorem.
We apply Morera’s theorem to a result known as the Schwarz reflection principle, a device
to extend a holomorphic function f from a domain in the upper half plane to its reflacted
image in the lower half plane, if f is real valued on the real axis. We also use Morera’s
theorem to prove Goursat’s theorem, to the effect that the C'' hypothesis can be dropped
in the characterization of holomorphic functions.

Section 9 considers infinite products, a frequently useful alternative to infinite series as a
device for exhibiting a holomorphic function. Particularly incisive uses for infinite products
will arise in sections 18 and 19 of Chapter 4. Section 9 concentrates on elementary results
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for infinite products. Deeper results of J. Hadamard are covered in an appendix to Chapter
4.

In §10 we obtain a uniqueness result: two holomorphic functions on a connected domain
are identical if they agree on more than a discrete set. We then introduce the notion of
analytic continuation, taking a function holomorphic on one domain and extending it to a
larger domain. A number of processes arise to do this. One is Schwarz reflection. Another
is analytic continuation along a curve, which will play a key role in the study of differential
equations in Chapter 7.

Section 11 studies holomorphic functions with isolated singularities. A key result is
Riemann’s removable singularity theorem: if f is holomorphic on Q\{p} and bounded, then
it can be extended to be holomorphic on all of 2. Another possibility is that |f(z)| — oo
as z — p. Then we say f has a pole at p. A function that is holomorphic on an open
set 2 except for a discrete set of poles is said to be meromorphic on €. If p is neither a
removable singularity nor a pole of f, it is called an essential singularity of f. An example
is

(2.0.4) f(z) =e'?,

wiht an essential singularity at z = 0. The relatively wild behavior of f near an essential
singularity is described by the Casorati-Weierstrass theorem (which will be strengthened
in Chapter 5 by Picard’s theorem).

In §12 we consider Laurent series,

oo

(2.0.5) fz)= ) an(z—p)",

n=—oo

which holds for a function f holomorphic on an annulus
(2.0.6) A={z€C:ry <|z—p| <ri}.

Here 0 < 79 <71 < 00. In case rg = 0, f has an isolated singularity at p, and the type of
this singularity is reflected in the behavior of the coefficients a,, for n < 0.

This chapter ends with several appendices. In Appendix C we treat Green’s theorem,
which is used in our first proof of the Cauchy integral theorem. Appendix F gives another
proof of the fundamental theorem of algebra. This proof is more elementary than that
given in §6, in that it does not use results that are consequences of the Cauchy integral
theorem (on the other hand, it is longer). We also have a general treatment of absolutely
convergent series in Appendix L, which complements results regarding operations on power
series that have arisen in this chapter and in Chapter 1.
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5. The Cauchy integral theorem and the Cauchy integral formula

The Cauchy integral theorem is of fundamental importance in the study of holomorphic
functions on domains in C. Our first proof will derive it from Green’s theorem, which we
now state.

Theorem 5.1. IfQ is a bounded region in R2 with piecewise smooth boundary, and f and
g belong to C1(Q), then

(5.1) / ___y d dy:/(fda:+gdy).

o2

We define some terminology here. In Theorem 5.1, €2 is a nonempty open set in R?, with
closure  and boundary 9Q = Q\ Q. (As mentioned in the Introduction, we use the terms
“region” and also “domain” as alternative labels for “nonempty open set.”) We assume
Of is a finite disjoint union of simple closed curves v; : [0,1] — R?, so v;(0) = v;(1). We
assume each curve v; is continuous and piecewise C', as defined in §1. Also we assume 2
lies on one side of ;. Furthermore, if «;(t) is differentiable at ¢y, we assume ’y;- (to) € R?
is nonzero and that the vector Jv;(to) points into . Here J is counterclockwise rotation
by 90°, given by (1.39). This defines an orientation on 92. We have

[tz g =3 [(rds+gdy).

Ble) I

To say f € C'(Q) is to say f is continuous on € and smooth of class C! on €, and
furthermore that 0f/0x and df /0y extend continuously from Q to Q. See Appendix C for
further discussion of Green’s theorem.

We will apply Green’s theorem to the line integral

(5.2) 8£fdz zaéf(da:jtidy).

Clearly (5.1) applies to complex-valued functions, and if we set g = if, we get

(5.3) /fdz—// zg—i—a—g dx dy.

Whenever f is holomorphic, the integrand on the right side of (5.3) vanishes, so we have
the following result, known as Cauchy’s integral theorem:
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Theorem 5.2. If f € C1(Q) is holomorphic on ), then

(5.4) f(z)dz = 0.
/

Until further notice, we assume €2 is a bounded region in C, with piecewise smooth
boundary. Using (5.4), we can establish Cauchy’s integral formula:

Theorem 5.3. If f € C1(Q) is holomorphic and zy € 2, then
1 z
(5.5) F(z0) = —/Mdz.

2w zZ— 20
o0

Proof. Note that g(z) = f(2)/(z — 2p) is holomorphic on Q\ {z0}. Let D, be the open disk
of radius r centered at zy. Pick  so small that D, C Q. Then (5.4) implies

5 JECHSy T

oN 0D,

To evaluate the integral on the right, parametrize the curve dD,. by v(6) = 2o +re'’. Hence
dz = ire'® df, so the integral on the right is equal to
2T (20 + 1e?) 2m

ire’ d =i f(zo +re'?) do.

5.7 .
(5.7 e O

As r — 0, this tends in the limit to 27if(20), so (5.5) is established.

Note that, when (5.5) is applied to @ = D, the disk of radius r centered at zp, the
computation (5.7) yields

1 27

(5:5) fo) = 3= [ Heo+re it = s [ reasto)
oD,

2 Jo

when f is holomorphic and C! on D,., and £(0D,) = 2mr is the length of the circle dD,.
This is a mean value property. We will develop this further in §56-7.
Let us rewrite (5.5) as

(5.9) 16 =5 [ 2 ac
o0

for z € 2. We can differentiate the right side with respect to z, obtaining

(5.10) F() = 5 / : gf_(cz)y dc
o0
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for z € Q, and we can continue, obtaining (for f(")(z) defined inductively, as done below

(2.28))

(5.11) ﬂm@yzgé/kz%%%ﬁdg
oN

In more detail, with .
ALf(z) = 7 (= +h) — £(2)),
(5.9) gives

Bnf(2) = 5 [ ()5 de
o0
Now, as h — 0, given z ¢ 09,

Ap(¢C—2)"t — (¢ —2)72, uniformly on 99,

by Exercise 8 of §1, and this gives (5.10). The formula (5.11) follows inductively, using

A0y = B A (LY ey,
h 271 84 h(((—z) )

and applying Exercise 10 of §1.
Here is one consequence of (5.10)—(5.11).

Corollary 5.4. Whenever f is holomorphic on an open set 2 C C, we have

(5.12) fec™=Q).

Suppose f € C'(Q) is holomorphic, zg € D, C €, where D, is the disk of radius r

centered at zg, and suppose z € D,.. Then Theorem 5.3 implies

_ 1 f(©)
(5:13) 1) = 2_7TZ/ (€ —20) = (2 — 20) @
o0
We have the infinite series expansion
1 1l S~z 2\
(5.14) (€—70) — (= —2) _C—zonzo<(—zo> ’

valid as long as |z — z9| < |¢ — z9|. Hence, given |z — 29| < r, this series is uniformly

convergent for ¢ € 0€), and we have

(5.15) f(Z):Li/ f(¢) (Z—Zo>” dc.

This establishes the following key result.
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Theorem 5.5. If f € CY(Q) is holomorphic, then for z € D,(z) C Q, f(z) has the
convergent power series expansion

(5.16) f(2) = an(z—20)",

with

1 f(Q)
(5.17) n = 5— (€= z)" L d¢
oN

_ f(n)(zﬂ).

n!

REMARK. The second identity in (5.17) follows from (5.11). Alternatively, once we have
(5.16), it also follows from (2.28) that a,, is equal to the last quantity in (5.17).

Next we use the Cauchy integral theorem to produce an integral formula for the inverse
of a holomorphic map.

Proposition 5.6. Suppose f is holomorphic and one-to-one on a neighborhood of Q, the
closure of a piecewise smoothly bounded domain Q C C. Set g = f~1: f(Q) — Q. Then

(5.18) g(w) = QLM/JCZ)—%)wdz Y w e £(Q).
o0

Proof. Set ¢ = g(w), so h(z) = f(z) — w has one zero in €, at z = ¢, and A/(¢) # 0.
(Cf. Exercise 8 below.) Then the right side of (5.18) is equal to

1 h'(z) , 1 1 ' (2) B
(5.19) 57 | * 6 dz_2_7ri Z<ﬁ+ go(z))dz_c’
o0 o0

where we set h(z) = (2 — ()p(z) with ¢ holomorphic and nonvanishing on a neighborhood
of Q.

Having discussed fundamental consequences of Cauchy’s theorem, we return to the
theorem itself, and give three more proofs. We begin with the following result, closely
related though not quite identical, to Theorem 5.2. We give a proof using not Green’s
theorem but simply the chain rule, the fundamental theorem of calculus, and the equality
of mixed partial derivatives for C? functions of two real variables.

Proposition 5.7. Let f € C*(Q) be holomorphic. Let 7y, be a smooth family of smooth
(class C?) closed curves in Q2. Then

(5.20) /f(z) dz=A
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is independent of s.

To set things up, say vs(t) = (s, t) is C? for a < s < b,t € R, and periodic of period 1
in t. Denote the left side of (5.20) by 1 (s):

1
(5.21) v = [ £Gts0) o ar

Hence

(5.22) P (s) :/0 L/ (v(s,1)) Dsy(s,) Dy (s, 1) + f(v(s,1)) DsOey(s, 1) ] dt.

We compare this with

1
| 5 [00) s, )a
(5.23)

1
= [ 17/ 015:0) (5.0 01(508) + £ (1(5.8)) 0D (5,
Using the identity 0s0yy(s,t) = 0:0sy(s,t) and the identity

(5.24) J'(7)0sy 0y = f'(7) 0y 057,

we see that the right sides of (5.22) and (5.23) are equal. But the fundamental theorem of
calculus implies the left side of (5.23) is equal to

(5'25) f(7(37 1)) 637(87 1) - f(7(87 O)) 887(85 O) = 0.

Thus v¢'(s) = 0 for all s, and the proposition is proven.
For a variant of Proposition 5.7, see Exercise 13.

Our third proof of Cauchy’s theorem establishes a result slightly weaker than Theorem
5.1, namely the following.

Proposition 5.8. With Q as in Theorem 5.1, assume Q C O, open in C, and f is
holomorphic on O. Then (5.4) holds.

The proof will not use Green’s thorem. Instead, it is based on Propositions 1.8 and
1.10. By Proposition 1.8, if f had a holomorphic antiderivative on O, then we’d have
fv f(z)dz = 0 for each closed path v in O. Since 0f2 is a union of such closed paths,
this would give (5.4). As we have seen, f might not have an antiderivative on O, though
Proposition 1.10 does give conditions guaranteeing the existence of an antiderivative. The
next strategy is to chop some neighborhood of Q in @ into sets to which Proposition 1.10
applies.
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To carry this out, tile the plane C with closed squares R;; of equal size, with sides
parallel to the coordinate axes, and check whether the following property holds:

(5.26) If R, intersects €, then R;, C O.

See Fig. 5.1 for an example of part of such a tiling. If (5.26) fails, produce a new tiling by
dividing each square into four equal subsquares, and check (5.26) again. Eventually, for
example when the squares have diameters less than dist(2, 90), which is positive, (5.26)
must hold.

If RjpN Q # (0, denote this intersection by jk- We have Q= U; k85, and furthermore

(5.27) /f dz—Z/f )dz,

g,k 6QJk

the integrals over those parts of 02, not in 9€) cancelling out. Now Proposition 1.10
implies f has a holomorphic antiderivative on each R;, C O, and then Proposition 1.8
implies

(5.28) / £(z)dz =

0,1,
o (5.4) follows.

Finally, we relax the hypotheses on f, for a certain class of domains €). To specify the
class, we say an open set O C C is star shaped if there exists p € O such that

(5.29) 0<a<l,pt+zeO=p+azeO.

Theorem 5.9. Let Q) be a bounded domain with piecewise smooth boundary. Assume Q can
be partitioned into a finite number of piecewise smoothly bounded domains ﬁj, 1<j <K,
such that each §; is star shaped. Assume f € C(Q) and that f is holomorphic on Q. Then
(5.4) holds.

Proof. Since

(5.30) /f(z)dz:Z/f(z)dz,

it suffices to prove the result when  itself is star shaped, so (5.29) holds with O = Q,
p € Q. Given f € C(Q), holomorphic on 2, define

fa:2—0C, fap+z)=f(p+az), 0<a<l
Then Proposition 5.8 (or Theorem 5.2) implies

(5.31) /fa(z) dz = 0 for each a < 1.
o0

On the other hand, since f is continuous on Q, f, — f uniformly on Q (and in particular
on 9N) as a /1, so (5.4) follows from (5.31) in the limit as a 1.

We conclude this section with the following consequence of (5.9)—(5.10), which yields,
among other things, a far reaching extension of Proposition 2.2.
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Proposition 5.10. Let Q) C C be an open set and let f, : 0 — C be holomorphic. Assume
fv = f locally uniformly (i.e., uniformly on each compact subset of Q). Then f:Q — C
18 holomorphic and

(5.32) I, — f', locally uniformly on .

Proof. Given a compact set K C Q, pick a smoothly bounded O such that K ¢ O c O C
Q. Then, by (5.9)—(5.10),

fl/(z) = 2711'2 gVECZ); dc;
(5.33) 00

roy L fu(Q)

fi(z) = %émdﬁ

for all z € O. Since f, — f uniformly on 9O, we have, for each n € N,

(5.34) fv(Q) — f(©) uniformly for ¢ € 00, z € K.

(C—2) (€—2)"

Thus letting v — 0o, we have

(5.35) f(z) = —— / LOZ i, ¥zeo,

so f is holomorphic on O, and

(5.36) £(z) = % / : Cf_(cz))z dc.
o0

In light of (5.34), with n = 2, this gives (5.32).

Exercises

1. Show that, for |z| < 1, v € C,
(5.37) (1+2) = an(y)z",
n=0

where ag(y) =1, a1(y) =7, and, for n > 2,

Ty -1 (y—n+1)
n! .

(5.38) an(v) =
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Hint. Use (4.18) to compute f(™(0) when f(z) = (14 2)7.

2. Deduce from Exercise 1 that, for |z| < 1,

oo

(5.39) (1=2%)7 =) (=1)"an(7)2>",

n=0

with a,(7y) as above. Take v = —1/2 and verify that (3.46) yields (3.47).
Hint. Replace z by —z2 in (5.37).

3. Find the coefficients aj in the power series

1
k
= 1—§ ar(z —1)".
k=0

What is the radius of convergence?

Hint. Write the left side as
1 ( 1 1 )
2i\z+1 z—1/

1 1 1 1

IfceC, c#1, write

z—c (z—=1)—(c—1) c—11-2=1

and use the geometric series.

4. Suppose f is holomorphic on a disk centered at 0 and satisfies

for some a € C. Prove that f(z) = Ke®* for some K € C.
Hint. Find the coefficients in the power series for f about 0. Alternative. Apply d/dz to

e~ f(z).

5. Suppose f : C — C is a function that is not identically zero. Assume that f is
complex-differentiable at the origin, with f/(0) = a. Assume that

flz+w) = f(2)f(w)

for all z,w € C. Prove that f(z) = e**
Hint. Begin by showing that f is complex-differentiable on all of C.

6. Suppose f : Q — C is holomorphic, p € 2, and f(p) = 0. Show that g(z) = f(z)/(z—p),
defined at p as g(p) = f'(p), is holomorphic. More generally, if f(p) = --- = f*=(p) =0
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and f*)(p) # 0, show that f(z) = (z — p)*g(z) with g holomorphic on Q and g(p) # 0.
Hint. Consider the power series of f about p.

7. For f as in Exercise 6, show that on some neighborhood of p we can write f(z) =
[(z — p)h(2)]¥, for some nonvanishing holomorphic function h.

8. Suppose f : 2 — C is holomorphic and one-to-one. Show that f’(p) # 0 for all p € Q.
Hint. Tt f'(p) = 0, then apply Exercise 7 (to f(z) — f(p)), with some k > 2. Apply
Theorem 4.2 to the function G(z) = (z — p)h(2).

Reconsider this problem when you get to §11, and again in §17.

9. Assume f :  — C is holomorphic, D,(z9) C 2, and |f(2)| < M for z € D,(zp). Show
that

(5.40) Gl M

n! - prn

Hint. Use (5.11), with 092 replaced by 0D, (z).
These inequalities are known as Cauchy’s inequalities. Applications of Cauchy’s inequali-
ties can be found in Exercise 9 of §6 and Exercise 1 of §11.

A connected open set €2 C C is said to be simply connected if each smooth closed curve ~
in € is part of a smooth family of closed curves v, 0 < s <1, in €2, such that v; = v and
~0(t) has a single point as image.

10. Show that if 2 C C is open and simply connected, v is a smooth closed curve in (2,
and f is holomorphic on €, then [ f(z)dz = 0.

11. Take @ = {2 € C: 0 < |2| <2}, and let 7(t) = ¢, 0 <t < 2. Calculate [  dz/z and
deduce that €2 is not simply connnected.

12. Show that if 2 C C is open and convex, then it is simply connected.

13. Modify the proof of Proposition 5.7 to establish the following.

Proposition 5.7A. Let Q C C be open and connected. Take p,q € 2 and let v be a
smooth family of curves vs : [0,1] — Q such that v5(0) = p and vs(1) = q. Let f be

holomorphic on 2. Then
/f(z) dz=A
¥s

1s independent of s.

For more on this, see Exercise 8 of §7.
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6. The maximum principle, Liouville’s theorem, and the fundamental theorem
of algebra

Here we will apply results of §5 and derive some useful consequences. We start with the
mean value property (5.8), i.e.,

1 27

(6.1) f(z0) = o= f(z0 + Teie) do,
2 Jo

valid whenever

(6.2) D, (2) ={2€C:|z—2| <r}CQ,

provided f is holomorphic on an open set {2 C C. Note that, in such a case,

(6.3) // f(z)dxdy:/()% /Orf(zwse”)sdsde

D, (z0)

= 7”“2.][.('20)7
or
(6.4) F(z0) = Ai / / £(2) dedy,
D,.(z0)

where A, = 7r? is the area of the disk D,(zg). This is another form of the mean value
property. We use it to prove the following result, known as the maximum principle for
holomorphic functions.

Proposition 6.1. Let Q C C be a connected, open set. If f is holomorphic on €2, then,
given zy € €,

(6.5) |f(20)| =sup |f(2)] = f is constant on €.
z2€0

If, in addition, Q is bounded and f € C(Q), then

(6.6) sup | f(z)] = sup [f(2)].

z€Q) z€0Q

Proof. In the latter context, |f| must assume a maximum at some point in Q (cf. Propo-
sition A.14). Hence it suffices to prove (6.5).
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Thus, assume there exists zg € € such that the hypotheses of (6.5) hold. Set

(6.7) O ={¢ef: f(¢) = fl(20)}-

We have zp € O. Continuity of f on €2 implies O is a closed subset of 2. Now, if {; € O,
there is a disk of radius p, D,((o) C €, and, parallel to (6.9),

(6.8) F(Go) = Aip [[ rerded.

D, (¢o)

The fact that |f(¢o)| > |f(2)] for all z € D,({o) forces

(6.9) f(Co) = f(2), Vz€ Dy(C)

(See Exercise 13 below.) Hence O is an open subset of 2, as well as a nonempty closed
subset. As explained in Appendix A, the hypothesis that 2 is connected then implies
O = Q. This completes the proof.

One useful consequence of Proposition 6.1 is the following result, known as the Schwarz
lemma.

Proposition 6.2. Suppose f is holomorphic on the unit disk D1(0). Assume |f(z)] <1
for|z| <1, and f(0) =0. Then

(6.10) |f(2)] < |z].

Furthermore, equality holds in (6.10), for some z € D1(0) \ 0, if and only if f(z) = cz for
some constant ¢ of absolute value 1.

Proof. The hypotheses imply that g(z) = f(z)/z is holomorphic on D (0) (cf. §5, Exercise
6), and that |g(z)] < 1/a on the circle {z : |z| = a}, for each a € (0,1). Hence the
maximum principle implies |g(2)| < 1/a on D,(0). Letting a /1, we obtain |g(z)| < 1 on
D1 (a), which implies (6.10).

If |f(z0)] = |20| at some point in D;(0), then |g(z0)] = 1, so Proposition 6.1 implies
g = ¢, hence f(z) = cz.

Important applications of the Schwarz lemma can be found in §20 (Proposition 20.2)
and Appendix E (Proposition E.5, which leads to proofs given there of Picard’s big theorem
and the Riemann mapping theorem).

The next result is known as Liouville’s theorem. It deals with functions holomorphic
on all of C, also known as entire functions.

Proposition 6.3. If f: C — C is holomorphic and bounded, then f is constant.
Proof. Given z € C, we have by (5.10), for each R € (0, c0),

(6.11) F(z) = = / (Cf_“z))Q ac.
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where

(6.12) 0DRr(z) ={C€C:|( -z =R}
Parametrizing ODg(z) by ((t) = 2z + Re®, 0 <t < 27, we have

1 [?" f(z+ Re')

. it
f/(Z) = % W ’LRG dt
(6.13) ’
1 " R it) —it dt
= — e
7R J, f(z+ Re :
hence, if | f(2)| < M for all z € C,
M
6.14 ! < —.
(6.14) THOIEE-

Compare the case n =1 of (5.32). Since (6.13) holds for all R < oo, we obtain
(6.15) f'(z)=0, VzeC,

which implies f is constant.

Second proof of Proposition 6.3. With f(0) = a, set

g(z) = fE)za for z # 0,

z

1'(0) for z = 0.

Then g : C — C is holomorphic (cf. §5, Exercise 6). The hypothesis |f(z)| < M for all z
implies
M
o)1 < T o o= g

so the maximum principle implies |g(2)| < (M + |a|)/R on Dg(0), and letting R — oo
gives g = 0, hence f = a.

We are now in a position to prove the following result, known as the fundamental
theorem of algebra.

Theorem 6.4. Ifp(z) = anz™ +a,_12"" 1+ +a1z+ag is a polynomial of degree n > 1
(an, #0), then p(z) must vanish somewhere in C.

Proof. Consider

(6.16) flz) = —.
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If p(z) does not vanish anywhere on C, then f(z) is holomorphic on all of C. On the other
hand, when z # 0,

1 1
6.17 =
(6.17) /() 2% Ay A Apo127 4 agzrT
S0
(6.18) |f(z)] =0, as |z| = oo.

Thus f is bounded on C, if p(z) has no roots. By Proposition 6.3, f(z) must be constant,
which is impossible, so p(z) must have a complex root.

Alternatively, having (6.18), we can apply the maximum principle. Applied to f(z)
on Dg(0), it gives [f(2)| < supj¢=g [f(¢)] for |z| < R, and (6.18) then forces f to be
identically 0, which is impossible.

See Appendix F for an “elementary” proof of the fundamental theorem of algebra, i.e.,
a proof that does not make use of consequences of the Cauchy integral theorem.

Exercises

1. Establish the following improvement of Liouville’s theorem.
Proposition. Assume f : C — C is holomorphic, and that there exist wg € C and a > 0
such that

|f(z) —wo| >a, VzeC.

Then f is constant.
Hint. Consider

2. Let ﬁl C C be an open annulus, with two boundary components, vy and ~;. Assume
f € C(A) is holomorphic in A. Show that one cannot have

(6.19) Ref <0 on 79 and Ref >0 on ;.

Hint. Assume (6.19) holds. Then K = {z € A : Re f(z) = 0} is a nonempty compact
subset of A (disjoint from 0.A), and J = {f(z) : z € K} is a nonempty compact subset
of the imaginary axis. Pick ib € J so that b is maximal. Show that, for sufficiently small

0 >0,
1

S )

which is holomorphic on A, would have to have an interior maximum, which is not allowed.
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3. Show that the following calculation leads to another proof of the mean value property
for f holomorphic on Q C C, when Dg(p) C Q.

1 27 .
(6.20) P(r)=— f(p+re?)ds
2 Jo
satisfies
1 27 ‘ '
Y(r) = — f'(p+re?)e do
27T 0
(6.21) e
_ a i0
B 27?2'1"/0 do (p+re™) df.

4. Let Q = {z € C:0 < Rez < 1}. Assume f is bounded and continuous on Q and
holomorphic on 2. Show that

sup |f| = sup [f].
Q o0

Hint. For ¢ > 0, consider f.(z) = f(z)e* .
Relax the hypothesis that f is bounded.

For Exercises 5-8, suppose we have a polynomial p(z), of the form
(6.22) p(z) =2" +an_ 12" -+ a1z +ao.

5. Show that there exist r, € C, 1 < k < n, such that

(6.23) p(z)=(z—11) (2 —rpn).
6. Show that

Plz) v 1
(6:24) p(z)  z—nr Tt P

7. Suppose each root 7y of p(z) belongs to the right half-plane H = {z : Re z > 0}. Show
that
/ /
(6.25) Rez < 0= Re 23 g P2 4
p(2) p(2)

8. Show that the set of zeros of p/(z) is contained in the convex hull of the set of zeros of
p(2).

Hint. Given a closed set S C R™, the convex hull of S is the intersection of all the
half-spaces containing S.
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9. Suppose f : C — C is holomorphic and satisfies an estimate
[f(2)] <O+ 2"

for some n € Z*. Show that f(z) is a polynomial in z of degree < n — 1.
Hint. Apply (5.40) with Q = Dg(z) and let R — oo to show that f()(z) = 0 for all 2.

10. Show that if f : C — C is holomorphic and not constant, then its range f(C) is dense
in C.
Hint. If f(C) omits a neighborhood of p € C, consider the holomorphic function g(z) =

1/(f(2) —p).
11. Consider the functions

f(z)=¢€¢" -2z, [fl(z)=¢"—1.

Show that all the zeros of f are contained in {z : Re z > 0} while all the zeros of f’ lie on
the imaginary axis. (Contrast this with the result of Exercise 7.)

Hint for the first part. What is the image of {z € C : Rez < 0} under the map exp o exp?
REMARK. Results of §29 imply that e* — z has infinitely many zeros.

12. Let © C C be open and connected, and f : {2 — C holomorphic. Assume there exists
zo € ) such that

|f(20)] = min | f(z)].

z€Q

Show that either f(zp) = 0 or f is constant.

13. Supplement the proof of Proposition 6.1 with details on why (6.9) holds.
One approach. Say sup,cq |f(2)| = |f(Co)| = Be™, B > 0, a € R. Set g(z) = e f(2),
so |g(2)] = |f(2)| and g({o) = B. Parallel to (6.8),

0=g(¢ //Re B dx dy.

»(Co)

Note that Re[g(z) — B] < 0, and deduce that
Relg(z) —B] =0 on D,((o).

Thus, on D,(¢o), g(z) = B +i7y(z), with y(z) real valued, hence |g(z)[* = B? + |v(2)|?.
Show that this forces y(z) = 0 on D,((p).

14. Do Exercise 4 with €2 replaced by

Q={z€C:Rez>0}.
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Hint. For € > 0, consider f.(z) = f(z)/(1 +¢€z).
15. Let D = {z € C : |z| < 1}. Assume f is bounded on D, continuous on D \ {1}, and

holomorphic on D. Show that supp, |f| = supyp\ (13 [f]-
Hint. Use p(z) = (2 —1)/(z+ 1) to map 2 in Exercise 14 to D, and consider f o .
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7. Harmonic functions on planar regions

We can write the Cauchy-Riemann equation (1.28) as (0/0x 4 i0/0y)f = 0. Applying
0/0x — 10/0y to this gives

0*f | 0*f

(7.1) W + 8_y2

=0,

on an open set Q C C, whenever f is holomorphic on €. In general, a C? solution to
(7.1) on such 2 is called a harmonic function. More generally, if O is an open set in R", a
function f € C?(0) is said to be harmonic on O if Af = 0 on O, where

O f o f
(7.2) Af =Gt g

Here we restrict attention to the planar case, n = 2. Material on harmonic functions
in higher dimensions can be found in many books on partial differential equations, for
example [T2] (particularly in Chapters 3 and 5), and also in Advanced Calculus texts,
such as [T] (see §10).

If f =wu+ iv is holomorphic, with u = Re f, v =Im f, (7.1) implies

0%u @_ 0%v 0%

(7:3) 2o =" a2t op

=0,

so the real and imaginary parts of a function holomorphic on a region €2 are both harmonic
on €. Our first task in this section will be to show that many (though not all) domains
Q C C have the property that if u € C?(Q) is real valued and harmonic, then there exists
a real valued function v € C?(Q) such that f = u + iv is holomorphic on Q. One says
v is a harmonic conjugate to u. Such a property is equivalent to the form (1.34) of the
Cauchy-Riemann equations:

ou Ov 0Ov ou
4 _— = — _— = ——,
(74) ox Oy Ox oy

To set up a construction of harmonic conjugates, we fix some notation. Given a =
a+ib, z =x+ 1y (a,b,x,y € R), let 74, denote the path from « to z consisting of the
vertical line segment from a + ib to a + iy, followed by the horizontal line segment from
a + iy to x + iy. Let o,, denote the path from « to z consisting of the horizontal line
segment from a + b to x + ib, followed by the vertical line segment from x + ib to = + iy.
Also, let R, denote the rectangle bounded by these four line segments. See Fig. 7.1. Here
is a first construction of harmonic conjugates.
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Proposition 7.1. Let Q C C be open, a = a +ib € 2, and assume the following property
holds:

(7.5) If also z € Q, then R,. C Q.

Let u € C?(Q) be harmonic. Then u has a harmonic conjugate v € C?(Q).
Proof. For z € ), set

v(z) = / (—% dx + Ou dy>

dy ox
(7.6) Yoz

Y ou * ou
- [ Grasas— [ Sy

b

Also set

(7.7) Taz
T Ou Y ou
— _/a _8y (t,b) dt—l—/b p (z,s)ds.

Straightforward applications of the fundamental theorem of calculus yield

(79 D) =~ 52,
and
(7.9 5 = o).

Furthermore, since R, C {2, we have

(7.10) u  0%*u
= (@ + a—y2> dx dy

the second identity by Green’s theorem, (5.1), and the third because Au = 0 on 2. Hence
(7.8)—(7.9) give the Cauchy-Riemann equations (7.4), proving Proposition 7.1.

The next result, whose proof is similar to that of Proposition 1.10, simultaneously
extends the scope of Proposition 7.1 and avoids the use of Green’s theorem.
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Proposition 7.2. Let Q C C be open, a = a +ib € 2, and assume the following property
holds.

(7.11) If also z € Q) then 7., C €.

Let u € C?(Q) be harmonic. Then u has a harmonic conjugate v € C?(Q).

Proof. As in the proof of Proposition 7.1, define v on € by (7.6). We again have (7.8). It
remains to compute dv/0y. Applying 0/0y to (7.6) gives

ov ou T 9%u
6_y(z) = %(a’ y) — W(t’y) dt
a y /
(7.12) o
8
aa;(“ )+ o e “t)| .
ou
ax( 2

the second identity because u is harmonic and the third by the fundamental theorem of
calculus. This again establishes the Cauchy-Riemann equations, and completes the proof
of Proposition 7.2.

Later in this section, we will establish the existence of harmonic conjugates for a larger
class of domains. However, the results given above are good enough to yield some important
information on harmonic functions, which we now look into. The following is the mean
value property for harmonic functions.

Proposition 7.3. If u € C?(Q) is harmonic, 29 € 0, and D,.(z) C Q, then
1 27 )

(7.13) u(zo) = —/ u(zo + ret?) db.
21 J

Proof. We can assume u is real valued. Take p > r such that D,(z9) C Q. By Proposition
7.1, u has a harmonic conjugate v on D,(z), so f = u 4+ iv is holomorphic on D,(zp). By
(5-8),

1 27 .
(7.14) f(z0) = — f(zo + 7€) db.

21 0
Taking the real part gives (7.13).

As in (6.3), we also have, under the hypotheses of Proposition 7.3,

27
// dxdy—/ / zo+se )sds df
(7.15)

D, (z0)

= mr?u(z),
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hence

(7.16) / / 2) dz dy.

D (20)

With this, we can establish a maximum principle for harmonic functions.

Proposition 7.4. Let 2 C C be a connected, open set. If u : 2 — R is harmonic on (Q,
then, given zy € 2,

(7.17) u(zg) = sup u(z) = u 1is constant on .
zeQ

If, addition, Q is bounded and u € C(2), then

(7.18) sup u(z) = sup u(z).
Zeﬁ z€002

Proof. Essentially the same as the proof of Proposition 6.1.
Next, we establish Liouville’s theorem for harmonic functions on C.
Proposition 7.5. If u € C?(C) is bounded and harmonic on all of C, then u is constant.

Proof. Pick any two points p,q € C. We have, for all r > 0,

(7.19) u(p) — / / ) da dy — / / )do dy).

D (p) D (q)
where, as before, A, = nr2. Hence
(7.20) up) ~u(@)| < 5 [[ uC)ldzdy,
A(p,q,r)

where
A(p, q, T) = Dr(p)ADT(Q)
= (Dr(p) \ Dr(q)) U (Dr(q) \ Dr(p)).

Note that if a = |p — ¢|, then A(p,q,7) C Dyia(p) \ Dr—a(p), so

(7.21)

(7.22) Area(A(p,q,7)) < 7[(r + a)* — (r — a)?] = 4rar.
It follows that, if |u(z)| < M for all z € C, then

AM |p —
(7.23) u(p) — () < Mp=d

r
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and taking r — oo gives u(p) — u(q) = 0, so u is constant.

Second proof of Proposition 7.5. Take u as in the statement of Proposition 7.5. By Propo-
sition 7.1, u has a harmonic conjugate v, so f(z) = u(z) + iv(z) is holomorphic on C, and,
for some M < oo,

|Re f(2)| <M, VzeC.

In such a case, Re(f(2) + M +1) > 1 for all 2, so
1
9) = Sy a1

is holomorphic on C and |g(z)| < 1 for all z, so Proposition 6.3 implies ¢ is constant, which
implies f is constant. (Compare Exercise 1 in §6.)

We return to the question of when does a harmonic function on a domain €2 C C have a
harmonic conjugate. We start with a definition. Let 2 C C be a connected, open set. We
say () is a simply connected domain if the following property holds. Given p,q € €2 and a
pair of smooth paths

(724) Yo, 71 ¢ [07 1] — Qa ’7](0) =D, 7](1) =4q,
there is a smooth family 7, of paths, such that
(7.25) s 1 [0,1] — Q,  75(0) =p, vs(1) =¢q, Vs €[0,1].

Compare material in Exercises 10-13 of §5. The definition given there looks a little dif-
ferent, but it is equivalent to the one given here. We also write v(t) = ~(s,t), v :
[0,1] x [0,1] — 2. We will prove the following.

Proposition 7.6. Let Q C C be a simply connected domain. Then each harmonic function
u € C%(Q) has a harmonic conjugate.

The proof starts like that of Proposition 7.1, picking a € ) and setting
ou ou
2 - (——d o )
(7.26) o) = [ (g dot Gy

except this time, 7., denotes an arbitrary piecewise smooth path from « to z. The crux
of the proof is to show that (7.26) is independent of the choice of path from « to z. If this
known, we can simply write

7 Ou ou
(7.27) v(z) = / <_6_y dx + e dy),

and proceed as follows. Given z € ), take r > 0 such that D,.(z) C Q. With z = z + iy,
pick £ + iy, x +in € D,(z) (z,y,&,n € R). We have

S A ou W du ou
2 = - — _Z= il
(7.28) v(2) /a ( 9y dx + o dy) + /&iy ( 2y dx + e dy),
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where we go from & + iy to z = x + iy on a horizontal line segment, and a calculation
parallel to (7.8) gives

ov ou
(7.29) %(z) = —a—y(z).
We also have
z+in oy ou Ty oy ou
(7.30) u(z) = /a (_a_y dz + 5= dy) + /‘MT7 <_8_y dr + = dy>,

where we go from x +1in to z = x + iy on a vertical line segment, and a calculation parallel
to (7.9) gives

(7.31) ) = o),

thus establishing that v is a harmonic conjugate of w.
It remains to prove the asserted path independence of (7.26). This is a special case of
the following result.

Lemma 7.7. Let Q C C be a simply connected domain, and pick p,q € €. Assume
Fy, F» € CY(Q) satisfy

oF, 0F,
7.32 —_— = .
( ) Jy ox
Then
Tpq

1s independent of the choice of path from p to q.

To see how this applies to the path independence in (7.26), which has the form (7.33)
with
ou ou

(7.34) Fl:_(‘?_y’ F2=£7

note that in this case we have

(‘9F1 . 82u 8F2 . 82u
(7.35) oy oy dx  Ox?’

so (7.32) is equivalent to the assertion that w is harmonic on €.
In view of the definition of a simply connected domain, the following result implies
Lemma 7.7.
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Lemma 7.8. Let Q C C be open and connected, and pick p,q € Q. Let Fy,F, € C1(Q)
satisfy (7.32). Then, if vs : [0,1] = Q, 0 < s <1, is a smooth family of paths from p to q,

(7.36) / Fydx + Fy dy

Vs
is independent of s.
To prove Lemma 7.8, it is convenient to introduce some notation. Set
(7.37) Ty =, T2=1Y,
o (7.32) yields

oL, _ oF,

(7.38) e, = dop

for all j,k € {1,2}. Also, represent elements of R? ~ C as vectors:

F ~4
(7.39) F= (FD Y = (7})7 Fo/ =) Fpy
J

2

Then (7.36) takes the form

(7.40) JRECEOIREHCEE
We are assuming
’Ys(t) :’7(37t>7 v [07 1] X [0’ 1] — Q,
v(s,0) =p, ~(s,1) =g,

and the claim is that (7.40) is independent of s, provided (7.38) holds.
To see this independence, we compute the s-derivative of (7.40), i.e., of

/ Py (s b dt

- /O EJ: Fj(~(s, t))a—tj(s, t) dt.

The s-derivative of the integrand in (7.42) is obtained via the product rule and the chain
rule. Thus

(7.42)

/ Z &xk Vk(S t) gtvj(s,t) dt

+ / ;Fj(%s,t))%%w(&t) .

(7.43)
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Compare (7.43) with

(7.44)

where we have relabeled the index of summation in the last sum. Noting that

929 ( t)_ﬁﬁ (5.1)
9s ot P\ T B gs I\

we see that
(7.45) w(s) =v'(s), provided that (7.38) holds.

However, the fundamental theorem of calculus implies

: 0 0
w(s) =0, provided g%(()) = &78(1)

0,

which holds provided 7,(0) = p and ~s(1) = ¢q. This proves Lemma 7.8.
With this done, the proof of Proposition 7.6 is complete.

We next describe a useful method of taking one harmonic function and producing others.

Proposition 7.9. Let O,Q C C be open sets. Let u € C?(Q) be harmonic. If g: O — Q

s holomorphic, then u o g is harmonic on O.

Proof. 1t suffices to treat the case of real valued u. Also, it suffices to show that u o g is
harmonic on a neighborhood of each point p € O. Let ¢ = g(p) € Q and pick p > 0 such
that D,(¢q) C Q. Then O, = g~ *(D,(q)) is a neighborhood of p in O, and uo g € C*(0,).
By Proposition 7.1, there is a holomorphic function f : D,(¢) — C such that v = Re f.
Hence uo g =Re fogon O, But fo g is holomorphic on O,, by Proposition 1.2, so we

have the desired result.

Exercises

1. Modify the second proof of Proposition 7.5 to establish the following.
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Proposition 7.5A. Ifu € C%(C) is harmonic on C, real valued, and bounded from below,
then u is constant.

Hint. Let u =Re f, f: C — C, holomorphic. See Exercise 1 of §6.

Alternative. Modify the argument involving (7.19)—(7.23), used in the first proof of Propo-
sition 7.5, to show that u(p) — u(q) < 0, and then reverse the roles of p and gq.

2. Let u :  — R be harmonic. Assume u has a harmonic conjugate v, so f(2) = u(z)+iv(2)
is holomorphic. Show that, if v : [a,b] — € is a piecewise smooth path,

1 , B ou ou , v v
(7.46) g/f(z)dz—/(—a—ydm—l—%dy)—l—z/(—a—ydx—k%dy).
2!

Deduce that the integral on the right side of (7.46) must vanish whenever v is a closed
curve in €.

Hint. Write f'(z)dz = (uy + v, )(dx + idy), separate the left side of (7.46) into real and
imaginary parts, and use the Cauchy-Riemann equations to obtain the right side of (7.46).

3. Let Q C C be a connected, open set and u : € — R be harmonic. Show that v has a
harmonic conjugate v € C?(Q) if and only if

) )
(7.47) / <_8_Z d + a_Z dy) —0,

~

for every smooth closed curve v in €.
Hint. For the “only if” part, use (7.46). For the converse, consider the role of (7.26) in
the proof of Proposition 7.6.

Recall from §4 the holomorphic function log : C\ (—o0, 0] — C, characterized by
z=re? r>0, -1 <0 <7 = logz=logr +if.

In particular, if we define Arg(z) to be 6, then log|z| is harmonic on C \ (—o0, 0], with
harmonic conjugate Arg(z).

4. Show directly that log|z| is harmonic on C \ 0.
5. Show that log|z| does not have a harmonic conjugate on C \ 0.

One approach: Apply Exercise 3.
Hint. Show that if v(t) = re®*, 0 <t < 27, and u(z) = ¥(|2]?), then

(7.48) / (—a—y dr + == dy) = 42y (r2).
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6. Let €2 C C be open and connected, u : 2 — R harmonic. If v and ¥ are both harmonic
conjugates of u on €2, show that v — v is constant.

Hint. Use the Cauchy-Riemann equations to show that if g : 2 — R is holomorphic, then
g is constant.

7. Use Exercise 6 to get another solution to Exercise 5, via the results on Arg(z).

8. Let 2 C C be simply connected. Pick p € €). Given g holomorphic on (2, set
1) = [ocrdc, ze
Ypz

with v,. a smooth path in € from p to z. Show that this integral is independent of the
choice of such a path, so f(z) is well defined. Show that f is holomorphic on Q and

f'(z)=g(z), VzeQ.

Hint. For the independence, see Exercise 13 of §5. For the rest, adapt the argument used
to prove Proposition 7.6, to show that

=g, ad 5@ = g0

9. Let Q C C be a bounded domain with piecewise smooth boundary. Let Fy, Fy € C1(Q)
satisfy (7.32). Use Green’s theorem to show that

/Fldx+F2dy:O.
o0

Compare this conclusion with that of Lemma 7.7. Compare the relation between these
two results with the relation of Proposition 5.7 to Theorem 5.2.

10. Let Q C C be open, and 7, : [a,b] — Q a path from p to g. Show that if v € C1 (),
then

(7.49) v(q) —v(p) = /(% dz + ay dy).

Relate this to the use of (7.6), (7.7), and (7.26).
Hint. Compute (d/dt)v(v(t)).

11. Show that (7.49) implies Proposition 1.8.
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12. Work out an “index free” proof of Lemma 7.8 along the following lines. With #(s) as

in (7.42), i.e.,
vs)= [ Sls.t) Fa(s.0)

0
show that

W)= [ G0 DR ) (5.0

+/132 (5.8) - F((s,1)) dt
0 as at/}/ Y 7 Y °
With w(s) as in (7.44), show that

(s,t) - DF(v(s, t))%(s, t)dt

18’7
\ s
Lo o
i s

w(s) =
T 5,1) - F(4(5,1)) dt.
Conclude that w(s) = 9'(s) provided

DF(z) = DF(2)', VzeQ,

and compare this condition with (7.38).
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8. Morera’s theorem, the Schwarz reflection principle, and Goursat’s theorem

Let Q be a connected open set in C. We have seen that if f : 2 — C is holomorphic,
i.e., f € CH(Q) and f is complex-differentiable, then the Cauchy integral theorem and the
Cauchy integral formula hold for f, and hence f € C*°(Q2) and f’ is also holomorphic. Here
we will establish a converse of the Cauchy integral theorem, known as Morera’s theorem.

Theorem 8.1. Assume g : 2 — C is continuous and

(8.1) /g(z) dz=0

whenever v = OR and R C Q is a rectangle (with sides parallel to the real and imaginary
azes). Then g is holomorphic.

Proof. Since the property of being holomorphic is local, there is no loss of generality in
assuming (2 is a rectangle. Fix o = a +ib € Q. Given z = x + iy € (), let 7., and o,
be the piecewise linear paths from « to z described below (7.4); cf. Fig.7.1. That is, 4.
goes vertically from a + ib to a + iy, then horizontally from a + iy to x + iy, and o, goes
horizontally from a + ib to x 4 b, then vertically from x + ib to x + iy. Now set

(8.2) f(z) = /g(C) ¢ = i/by gla+is) ds+/mg(t+iy) dt.

By (8.1), we also have

(8.2A) f(z) = /g(C)dC:/mg(s+z'b)ds+i/byg(:z:+it)dt.

Oaz

Applying 9/0x to (8.2) gives (as in (1.53))

)
(83 () = g(2)
Similarly, applying 0/dy to (8.2A) gives

)
(8.4) o (2) = ig2)

This shows that f : Q — Cis C' and satisfies the Cauchy-Riemann equations. Hence f is
holomorphic and f’(z) = g(z). Thus g is holomorphic, as asserted.

Morera’s theorem helps prove an important result known as the Schwarz reflection
principle, which we now discuss. Assume €2 C C is an open set that is symmetric about
the real axis, i.e.,

(8.5) z2e€Q=7z€.
Say L = QNR, and set QF = {z € Q:+£Im z > 0}.
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Proposition 8.2. In the set-up above, assume f : QT UL — C is continuous, holomorphic
in QT and real valued on L. Define g : Q@ — C by

9(2) = f(2), 2€ Q" UL,
f®@), zeQ .

(8.6)

Then g is holomorphic on €.

Proof. It is readily verified that ¢ is C' on Q~ and satisfies the Cauchy-Riemann equation
there, so g is holomorphic on Q\ L. Also it is clear that g is continuous on Q. To see that
g is holomorphic on all of 2, we show that g satisfies (8.1) whenever v = OR and R C
is a (closed) rectangle. If R C Q7 or R C Q~ this is clear. If R C Q1 U L, it follows by
the continuity of ¢ and a limiting argument (see Theorem 5.9); similarly we treat the case
R C Q™ U L. Finally, if R intersects both Q% and Q~, then we set R = R™ U R~ with
R* = Q% U L, and note that

/g(z)dz: /g(z)dz—l— / o(2) dz.

OR ORt+ OR~

to finish the proof.

REMARK. For a stronger version of the Schwarz reflection principle, see Proposition 13.9.

We next apply Morera’s theorem to the proof of a result of E. Goursat, described as
follows. If Q C C is open and f : 2 — C, we have defined f to be holomorphic provided
f € CY(Q) and f is complex-differentiable. Goursat’s theorem states that the hypothesis
f € C1(Q) can be dispensed with.

Theorem 8.3. If f : Q@ — C is complex-differentiable at each point of 2, then f is
holomorphic, so f € CY(Q), and in fact f € C>(Q).

Proof. We will show that the hypothesis yields

(8.7) / f(z)dz =0
OR

for every rectangle R C 2. The conclusion then follows from Morera’s theorem.

Given a rectangle R C €, set a = [, f(2)dz. Divide R into 4 equal rectangles. The
integral of f(z)dz over their boundaries sums to a. Hence one of them (call it R;) must
have the property that

(8.8) }/f(z)dz‘ >
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Divide R; into four equal rectangles. One of them (call it R2) must have the property that

> 472 |al.

(8.9) \ / £(2)d=

OR>

Continue, obtaining nested rectangles Ry, with perimeter Ry, of length 27*/(OR) = 2~ *b,
such that

> 47" al.

(8.10) | / () dz

ORy,

The rectangles Ry shrink to a point; call it p. Since f is complex-differentiable at p, we
have

(8.11) f(z) = f(p) + ' (p)(z —p) + ®(2),
with
(8.12) |®(2)| = o(|z — pl).

In particular,

o
(8.13) sup [2(2)]
2zEORy |Z - pl

=0, — 0, as k — oo.

Now it is directly verifiable, e.g., via (1.45), that
(8.14) / dz =0, / zdz = 0.
ORy, ORy,

Hence, with J; as in (8.13),

(8.15) ‘/f(z)dz :’/CD(z)dz <527k 2k,

ORy, ORy,

since |z — p| < C27F for 2 € ORy, and the length of ORy is < C27*. Comparing (8.10)
and (8.15), we see that |a|] < Cdy for all k, and hence a = 0. This establishes (8.7) and
hence proves Goursat’s theorem.

Exercises
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1. Let 2 C C be a connected domain. Suppose v is a smooth curve in 2, and €2\ v has
two connected pieces, say (11. Assume g is continuous on 2, and holomorphic on €2, and
on €2_. Show that g is holomorphic on (2.

Hint. Verify the hypotheses of Morera’s theorem.

2. Suppose f is holomorphic on the semidisk |z| < 1, Im z > 0, continuous on its closure,
and real valued on the semicircle |z] = 1, Im z > 0. Show that setting

9(z) = f(z), [z <1, Im 2>0,

f(1/z), |z|>1, Im z>0,
defines a holomorphic function on the upper half-plane Im z > 0.

3. Take a > 1. Suppose that f is holomorphic (and nowhere vanishing) on the annulus
1 < |z| < a, continuous on its closure, and |f| = 1 on the circle |z| = 1. Show that setting

9(z) = f(2), 1<z <a,
1
e , 1/a<|z| <1,

defines a holomorphic function on the annulus 1/a < |z| < a.

4. The proof of Proposition 8.2 used the assertion that if f: QT — C is holomorphic and
g(z) = f(Z), then g is holomorphic on @~ = {z € C: Z € Q*}. Prove this.
Hint. Given zy € QF, write f(2) = >, 5 ax(z —20)" on a neighborhood of zp in Q. Then
produce a power series for g about Z.
5. Given f : Q — C, we say f is antiholomorphic if f is holomorphic, where f(z) = w
Let g : O — €, with O and (2 open in C. Prove the following;:

(a) f holomorphic, g antiholomorphic = f o g antiholomorphic.

(b) f antiholomorphic, g holomorphic = f o g antiholomorphic.

(¢) f antiholomorphic, g antiholomorphic = f o g holomorphic.

6. Let Q C C be open. Assume fj : 2 — C are holomorphic and fr — f uniformly on 2.
Show that f is holomorphic on ).
7. Define f : R — C by
1
f(z)=a*sin—, x#0,
x
0, xz =0.

Show that f is differentiable on R, but f’ is not continuous on R. Contrast this with
Theorem 8.3.
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8. Define f: C\ 0 — C by

f(z) = z2sin1, z # 0.

2
Show that f is not bounded on {z € C:0 < |z| < 1}.
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9. Infinite products

In previous sections, we have seen the usefulness of infinite series representations, par-
ticularly power series, as a tool in the analysis of holomorphic functions. Here we take
up infinite products, as another useful tool. We start with infinite products of numbers,
before proceeding to infinite products of functions.

We first look at infinite products of the form

(9.1) ﬁ 1—|~ak

. : . M
Disregarding cases where one or more factors 14-ay, vanish, the convergence of [[,_, (1+ax)
as M — oo amounts to the convergence

N
(9.2) lim (1+ag) =1, uniformlyin N > M.

M — o0

In particular, we require ay — 0 as k — oo. To investigate when (9.2) happens, write

N
(L+ar) =1 +am)d+ap+1) - (1+an)
(9.3) k=M1
=14+ aj+ Y aja,+ - +ay--ay,
] Jj1<J2
where, e.g., M < j; < jo < N. Hence
‘H 1+ ay) —1‘ |%|+Z|aj1aj2!+"'+\aM"'aN
J1<j2
(9.4) N
= H (1 + |ax]) —
k=M
=bun,

the last identity defining by;n. Our task is to investigate when by;ny — 0 as M — oo,
uniformly in N > M. To do this, we note that

N
10g(1—|—bMN H 1—|—|ak|
(9.5) k=M

N
Z g(1 + |ak|),
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and use the facts

x>0=log(l+x)<

9.6
(9:6) 0<z<1=log(l+x) >

N8 8

Assuming ay — 0 and taking M so large that k > M = |ax| < 1/2, we have

N N
1
(97) 5 Z |ak| < log 1 -I—bMN Z |ak|,
k=M =M
and hence
(9.8) thlOo byy =0, uniformly in N > M < Z lag| < oo.
k
Consequently,
Z lak| < 0o = H (1+ |ag|) converges
(9.9) k=t

— H(l + ay) converges.
=1
Another consequence of (9.8) is the following:

(9.10) If 1+ ay, # 0 for all k, then » _Jax| < oo = [[(1+ax) #0.
k=1

See Exercise 3 below for more on this.
We can replace the sequence (ay) of complex numbers by a sequence ( fi) of holomorphic
functions, and deduce from the estimates above the following.

Proposition 9.1. Let fi : @ — C be holomorphic. Assume that for each compact set
K C Q there exist My (K) such that

(9.11) sup ()] < Mi(K), and Y Mp(K) < oo
ze L

Then we have a convergent infinite product

(9.12) [T+ fi(2) = F(2).
k=1
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In fact,
(9.13) ﬁ(l-l-fk(z)) — F(z), as n — oo,
k=1

uniformly on compact subsets of Q. Thus F is holomorphic on Q. If zo € Q and 1+ fr(20) #
0 for all k, then F(zy) # 0.

Now assume fi, g : 0 — C are both holomorphic and assume, in addition to (9.11),
that supg |gx| < My (K). Thus one has a convergent inner product

(9.14) H (1+ gi(2)) = G(2),

with G holomorphic on 2. Note that

(1 + fe(2)(1 +gx(2)) = 1 + he(2),

(6-15) hi(2) = Fo(2) + 98(2) + Fe()gn(2).
and
(9.16) sup |hi(2)] < 2Mi(K) + My(K)? < C(K)My(K),

zeK

where C'(K) = 2+ maxy My (K). It follows that Proposition 9.1 also applies to hx(z), and
we have the convergent infinite product

(9.17) ﬁ 1+ hy(2)) = H(2),

with H holomorphic on (2. Since we clearly have, for n € N,

(9.18) [T+ £+ gu(2) = TTA+ fr(2) - [T+ ar(z
k=1 k= k=1

we have

(9.19) H(z) = F(z2)G(2).

(9.20) S(z) = 2 ﬁ (1 - %)
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to which (9.11) applies with fi(2) = —22/k? and My(K) = R?/k? for K = {z € C: |z| <
R}. By Proposition 9.1, S is holomorphic on all of C, and
(9.21) S(z) =0«<= z€Z.

Also, all the zeros of S(z) are simple.

We next seek an infinite product representation of a function that is holomorphic on C
and whose zeros are precisely the elements of N = {1,2,3,...}, all simple. We might want
to try [[,~,(1 — 2/k), but the hypothesis (9.11) fails for fi(2) = —z/k. We fix this by

taking

(9.22) 6= [ (1-2)er

which has the form (9.12) with

_ (1 Z)e#/k
(9.23) 1+ fu(2) (1 k)e .
To see that (9.11) applies, note that
(9.24) e’ =1+w+ R(w), |w| <1=|Rw) <Clw
Hence

z z z z

)

. (=0 oo

1 ge (- D))

Hence (9.23) holds with

z z z
(9.26) fulz) = =15 + (1 - E>R<E>,
S0

Z 2

(9.27) fin(2)] < C‘E‘ for k> |2,
which yields (9.11). Hence G(z) in (9.22) is holomorphic on C, and
(9.28) G(z) =0<«<=z €N,
and all the zeros of G(z) are simple. Note that S(z) in (9.20) satisfies
(9.29) S(z) = 2G(2)G(—=2),

as one sees by applying (9.18).
Returning to S(z), defined by (9.20), we see that a familiar function that satisfies (9.21)
is sinz. Noting that lim,_,q S(z)/z = 1, we are tempted to compare S(z) to

1
(9.30) s(z) = —sinmz.
m

We assert that S(z) = s(z). To begin the demonstration, we note that the identity
sin(z — m) = —sin z is equivalent to s(z — 1) = —s(z), and claim that S(z) satisfies the
same identity.
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Lemma 9.2. For S(z) as in (9.20),
(9.31) S(z—1)=—-5(z).

Proof. We have S(z) = lim,, o0 Sn(z), where

o=10-2)
T0-5)0+7

(9.32) k=1
z
| k
k=1
—1)n
= ((n')) (z—n)(z—n+1)---2(z+1)---(z4+n—1)(z+n).
Replacing z by z — 1 yields the identity
z—n—1
9.33 Sn(z—1) = ——Sn(2),
(9.3 (-1)= T 28(0)
and letting n — oo yields (9.31).
To proceed, we form
1 1
9.34 = - —
(934 6= 55 - 7
which is holomorphic on C \ Z and satisfies
(9.35) flz=1) =—f(2).
Furthermore, we have, for z € C,
(9.36) S(z) =zH(z), s(z)=zh(z),
with H and h holomorphic on C and H(0) = h(0) = 1. Hence, on some neighborhood O
of 0,
1

with A and a holomorphic on O. Consequently, on O \ 0,

1 1 1 1

—————==-(1+24A(2)) — -(1 = A(z) — :

ST~ 5~ S EAR) — S+ 2a(2) = AR) — (2

It follows that we can set f(0) = A(0) — a(0) and have f holomorphic on a neighborhood
of 0. Using (9.35), we can set f(—k) = (—1)¥[A(0 — a(0)], for each k € Z, and we get
(9.39) f:C — C, holomorphic,

such that (9.34) holds on C \ Z. (In language to be introduced in §11, one says the
singularities of (9.34) at points of Z are remowvable.) The following result will allow us to
show that f =0 on C.

(9.38)
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Lemma 9.3. We have

(9.40) f(z) — 0, as |z| = oo,
uniformly on the set

(9.41) {zeC:0<Rez<1}.

Proof. 1t suffices to show that
(9.42) 1S(2)], |s(2)] — o0, as |z| = oo,

uniformly on the set (9.41). Since

1 . .
(9.43) sin(x + iy) = ;(6_“” — eV,
i

this is clear for s(z). As for S(z), given by (9.20), we have

.2 y? — 2 Y2 —
(9.44) ’1—ﬁ‘21+ S z1+ i for o <1,
with z =z + 4y, so
(9.45) |Rez| <1, |[Imz| > 1= 1|S(2)| > |z|.

This gives (9.42).

Having Lemma 9.3, we deduce from f(z — 1) = —f(z) that f is bounded on C, hence
constant, and (9.40) implies the constant is 0. This concludes the proof that S(z) = s(z),
which we formalize:

Proposition 9.4. For z € C,
(9.46) sinwz = w2 H (1 - ﬁ)
k=1

We will see other derivations of (9.46) in (18.21) and (S.36).
In parallel with (9.31), it is also of interest to relate G(z — 1) to G(z), for G(z) given
by (9.22), that is,

(9.47) G(z) = lim Gu(2), Gu(z) =] (1 - f)ez/k.

n—oo
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Calculations parallel to (9.32)—(9.33) give

n "1
GM%—D:(;@%z—n—lmq%— —)
z—1 k
(9.48) k=1
__Gn(Z) n+1_z —Yn
 z—1 n+1 ’
where
(9.49) Vn = i 1 log(n + 1).
k
k=1
As n — oo, there is a limit

and passing to the limit n — oo in (9.48) yields

G(z)

e 7.
z—1

(9.51) Glz—1)=—

The number v in (9.50) is called Euler’s constant. It is discussed at length in §18 (and in
Appendix J), where G(z) is related to the Euler gamma function (cf. (18.19)).

The factor (1 — z)e® that appears (evaluated at z/k) in (9.22) is the first in a sequence
of factors that figure in more general infinite product expansions. We set F(z,0) =1 — z,
and, for p € N|

P _k
z
9.52 E =(1- —.
(9.52) (s0) = (1= 2)exp 3 =
k=1
Noting that
1 2\ 2k
9.53 1 = —
( ) 08 1—2 Z k'’
k=1
for |z| < 1, we see that
(954) IOgE(Z’,p) = = ?7
k=p+1

for |z| < 1, hence

(9.55) E(z,p) —1=0(zF).
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In this notation, we can write (9.22) as
OO z
. - E(—, 1).
(9.56) G(2) k]:[l -

Note that, if instead we take the product over k € Z \ 0, the exponential factors cancel,
and

(9.57) I1 E(%l) - ﬁ(1—z—z>
kEZ\O k=1

bringing us back to (9.20) (and to (9.29)).
We now look at some examples where F(z,2) plays a role. Pick two numbers «, 5 € C,
linearly independent over R, and consider the lattice

(9.58) A={ma+nB:m,neZ}cCC.

We seek a holomorphic function on C whose zeros are precisely the points of A (and are
all simple). The infinite product

(9.59) = 11 (1— g)

weA\0

is not convergent, nor do we get convergence upon replacing the factors by E(z/w,1).
Instead, we consider

(9.60) H(z) =z [] E(§2>

By (9.55),

z ) = i
(9.61) B(:2) =1+ ), 18() 05

and one can verify (e.g., via the integral test) that

(9.62) > w7 < oo,

w€eA\0

s0 (9.60) is a convergent infinite product, defining such a holomorphic function as described
above.
We note an alternative formula for (9.60) (paralleling (9.57)), when

(9.63) A=27%={m+ni:m,ncZ}
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This latice has the property that w € A = iw € A. Now, for z € C,

E(z,2)E(iz,2)E(—2,2)E(—iz,2)
(9.64) =(1- 24)ez+22/2eiz—z2/26—z+22/26—iz—22/2

=1-2%

Hence, for

(9.65) Hz) =z [] E<52)

w€EZ2\0
if we set
(9.66) AT ={m+ni:m>0,n>0},
then
z zZ ya y4
H(z) = E<—,2)E<_—,2)E(—,2)E<—, ,2)
(Z) ng+ w w —Ww —iW
(9.67) 4
IT(t-2)
=z - —,
wEAT W4

an infinite product whose convergence follows directly from

(9.68) >t < 0.

weAt
We have
. 2
(9.69) H(z) = klirgo Hi(z), Hi(z)==z2 H (1 - >,
0<m<k,0<n<k mn

4

where wy,, = m + in, and recalling the factorization of 1 — z*, we can rewrite this as

(9.70) Hy(z) = 2 I1 (1— z )

w
[ml,|n|<k,m-+in£0 mn

Proceeding beyond the use of E(z,2), we have the following.

Proposition 9.5. Let zi be a sequence in C\ 0. Assume that |z;| — oo, and furthermore
that

(9.71) >zl < o0,
k
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for some p € Z*. Then
(9.72) f(z) = HE(%@
k

converges locally uniformly to a holomorphic function on C. The seros of f are precisely
the points zp. The multiplicity of a zero w of f is equal to the number of labels k such that
Zr — W.

The proof is again a straightforward consequence of (9.55), together with Proposition
9.1.

Holomorphic functions of the form (19.72) are said to be of finite order. We will return
to this class. For now, we look at more general entire holomorphic functions on C. For
this study, it is convenient to replace (9.55) by the following refinement.

Proposition 9.6. The function E(z,p), defined in (9.52), satisfies

(9.73) [E(z,p) =1 < [P, for |o] < 1.

Proof. To start, a calculation gives

(9.74) L1 B(erp) = — LB = P exp(s S 4t )
) —(1—-E(z =——F(z,p) =2Pexplz+—+---+ — ).
7 D B p 5 ,
This function has a power series whose coefficients are all > 0. Hence the same holds for
the holomorphic function

(9.75) o(2) = %ﬁf’p).
Thus
(9.76) sup |p(2)] = »(1) =1,

|z[<1
and we have (9.73).

With this, we prepare to obtain a result called the Weierstrass product formula.

Lemma 9.7. Let (z) be a sequence in C\ 0. Assume |zi| — oo, and furthermore assume
pr € Z1 has the property that

(9.77) >

k>1

pr+1

r
<oo, Vr>0.

<k

Then the product

(9.78) ) =TT B(Zom)
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converges locally uniformly on C to a holomorphic function whose zeros (counting multi-
plicities) are given by the sequence z.

Proof. By (9.73),

pr+1

(9.79) E(Zp) -] < |27 it < g,
Zk Zk

By hypothesis, for R < 0o, R < |z| for all but finitely many k. The result then follows
from Proposition 9.1.

The product on the right side of (9.78) is called a Weierstrass product. The following
is the Weierstrass product theorem.

Proposition 9.8. If (zi) is any sequence in C such that |zi| — oo, then there exists an
entire function f with {zx} as its set of zeros, counted with multiplicity.

Proof. Only finitely many zj are zero (say m of them). Separate them out, so |z;| > 0 for
k>m+ 1. If R > 0, then there exists K > m such that |z;| > 2R for each k > K. Hence
the series

(9.80) 3 ‘5
k=m+1

converges uniformly on {z : |z|] < R}. Thus the hypotheses of Lemma 9.7 hold. The
resulting Weierstrass product

z
(9.81) B(=.m)
2k
k>m+1
converges, with pr = k — 1, and we obtain the advertised function as z™ times this

Weierstrass product.

With these results in hand, we establish the following result, known as the Weierstrass
factorization theorem for entire functions.

Proposition 9.9. Let f : C — C be entire and not identically zero. Let f have a zero of
order m at z = 0, and let (z) be the sequence of other zeros of f, counted with multiplicity.
Then there exist pr, € N and a holomorphic function h : C — C such that

(9.82) f(z) = el®)m H E(i,pk)

k>1

Here, py, can be any sequence for which (9.77) holds.

Proof. The conclusion of Proposition 9.8 yields a holomorphic function g(z) = 2™ [[,~, E(2/ 2k, pk)
with the required set of zeros. Then f/g is entire and nowhere vanishing, so we know that
this has the form e"(*) for an entire function h.
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We return to the setting of Proposition 9.5. More precisely, we assume (zj) is a sequence
in C\ 0 and

(9.83) > a7 < oo,
k

for some p < co. Say p < p < p+ 1, with p € ZT. We want to obtain a global estimate
on the holomorphic function (9.72). This requires an estimate on the factors on the right
side of (9.72), given as follows.

Lemma 9.10. Forpe ZT andp<p<p-+1,
(9-84) |E(z,p)| < eV,

with A = A, , < oo.

Proof. For w € C, |w| < 1/2, we have |log(1+ w)| < 2|w|. This together with (9.73) gives
|log E(z, p)| < 2|z[PT! < 2|2|?, and hence (9.84) holds in this range for any A > 2.
If |2] > 1/2 and k < p, then |z|F < 2°7F|z|P so

Re 2
k

p
log|E(z,p)| = log |1 —2[ + ) |
k=1

P
<o+ J2ft
k=1

< (p+1)2°|27,

(9.85)

which gives (9.82) with A = (p + 1)27, in this range.
Here is our global estimate:

Proposition 9.11. If (zx) is a sequence in C\ 0 satisfying (9.83), and p < p < p+1,
then there exists B < oo such that the product

(9.86) f& =11 E(i,p)

ps1 Ck
satisfies
(9.87) [f(z)] < ePE
Proof. By (9.84),
(988) ‘f(2)| < H 6A|z/2k|P _ eB\Z|p7

k>1
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with

(9.89) B=AY |z

k>1

An entire function f that satisfies an estimate of the form
(9.90) 1f(2)| < CceBl’ vzec,

for some B, C, p < oo, is called an entire function of finite order. The infimum of all p for
which such an estimate holds is called the order of f. Proposition 9.11 has a deep converse,
called Hadamard’s factorization theorem:

Theorem 9.12. Assume f is an entire function of order o, andp <o <p+1 (peZ™).
Then f can be written as

(9.91) () =" I E(i,p),

k>1

where q(z) is a polynomial of degree at most p, and (zy) is the set of zeros of f in C\ 0,
counted with multiplicity, whose associated series (9.83) converges for all p > o.

Hadamard established this result as a tool for his famous proof of the prime number
theorem. Other proofs of the prime number theorem, such as the one given in §19 of this
text, do not use this factorization theorem, but it is a beautiful and powerful result in its
own right. We provide a proof of Theorem 9.12 in Appendix S.
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Exercises

1. Using (9.6), show that if 0 < a; <1, for kK > M, then

1 oo [e.¢] o0
§Zak§10gH(1+ak)<Zak
k=M k=M k=M
2. Complement (9.6) with the estimates
1
x < log <2z, for 0 <o <.
1—-x 2

Use this to show that, if 0 < ay < 1/2 for £ > M, then

o0 o0 o0
Zakﬁlog H(l_ak> <2 Z ay
=M k=M k=M

3. Show that, if z € C and |z| < 1/2, then

1
‘ < 2z].
z

1
‘0g1—

Use this to show that, if ax € C and |ag| < 1/2 for kK > M, then
‘log I1a —ak)_1’ <2 % Jal.
k=M k=M

4. Take v, as in (9.49). Show that 7, " and 0 < 7, < 1. Deduce that v = lim, oo Vn
exists, as asserted in (9.50).

5. Show that

(9.A) ﬁ (1 - 4—7112> - %

Hint. Take z =1/2 in (9.46).

6. Show that, for all z € C,

(9.B) cos %Z = H (1 — Z—)
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Hint. Use cosmz/2 = —sin((n/2)(z — 1)) and (9.46) to obtain

(9.C) Ccos %Z = g(l —2) ﬁ(l - (24;2”2)

Use (1 —u?) = (1 — u)(1 + u) to write the general factor in this infinite product as

(1+1 z><1 1+Z)
2n  2n 2n  2n

1 z z
= (1= 12) (-5 ):
( 4n? 2n +1 +2n—1

(9.D)

and obtain from (9.C) that

Deduce (9.B) from this and (9.A).

7. Show that

sin 7z Tz TZ TZ
= COS— - COS— +COS — +-- .

9.E
(9-E) Tz 2 4 8

Hint. Make use of (9.46) and (9.B).

8. Take H and Hy, as in (9.65)—(9.70). Show that

Hk(2> = O H (Z_Wmn)7

Im|,In|<k

o = H (—Wpmn) "L

|ml,In| <k,m+in£0
Using this, examine Hy(z — 1), and show that
H(z—1) = —e "GV H(2).

Make a parallel computation for H(z — 7).
Hint. Modify the path from (9.32) to (9.33). Exercise 20 of §4 might be useful.
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10. Uniqueness and analytic continuation

It is a central fact that a function holomorphic on a connected open set 2 C C is
uniquely determined by its values on any set S with an accumulation point in €2, i.e., a
point p € € with the property that for all ¢ > 0, the disk D.(p) contains infinitely many
points in S. Phrased another way, the result is:

Proposition 10.1. Let Q C C be open and connected, and let f : 2 — C be holomorphic.
If f =0 o0n aset S C and S has an accumulation point p € 2, then f =0 on ).

Proof. There exists R > 0 such that the disk Dr(p) C Q2 and f has a convergent power
series on Dg(p):

(10.1) F&) = an(z—p)"

If all a, = 0, then f =0 on Dg(p). Otherwise, say a; is the first nonzero coefficient, and
write

(10.2) F(2)=(z=pYg(2), 9(z) = ajin(z—p)"
n=0

Now ¢(p) = a; # 0, so there is a neighborhood U of p on which g is nonvanishing. Hence
f(2) #0 for z € U\ p, contradicting the hypothesis that p is an accumulation point of S.

This shows that if S# is the set of accumulation points in € of the zeros of f, then S#
is open. It is elementary that S# is closed, so if  is connected and S# # (), then S# = (),
which implies f is identically zero.

To illustrate the use of Proposition 10.1, we consider the following Gaussian integral:

(10.3) G(z2) = / et gt

It is easy to see that the integral is absolutely convergent for each z € C and defines a
continuous function of z. Furthermore, if v is any closed curve on C (such as v = 9R for
some rectangle R C C) then we can interchange order of integrals to get

(10.4) /G(z) dz = / /etQHZ dzdt =0,
2! Ty

the last identity by Cauchy’s integral theorem. Then Morera’s theorem implies that G is
holomorphic on C.
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For z = x real we can calculate (10.3) via elementary calculus. Completing the square
in the exponent gives

(10.5) Glz) = ew2/4/ o—(t=2/2)? dt:ex2/4/ S

— 00

To evaluate the remaining integral, which we denote I, we write

00 00 2m 0o
(10.6) I? = / / e s dsdt = / / e rdrdd =,
—oo J —oo 0 0

where fooo e~ rdr is evaluated via the change of variable p = r2. Thus I = /T, so
(10.7) G(z) = Vret lt zeR.

Now we assert that

(10.8) G(z) = vme* /4, zecC,

since both sides are holomorphic on C and coincide on R. In particuler, G(iy) = ﬁe‘"fﬂ/ 4
for y € R, so we have

(10.9) / e~V g = Jre Y /4, y € R.

We next prove the following

Proposition 10.2. Let Q C C be a simply connected domain. Assume f : Q — C s
holomorphic and nowhere vanishing. Then there exists a holomorphic function g on
such that

(10.10) e9®) = f(2), VzeQ.

Proof. We may as well assume f is not constant. Take p € Q such that f(p) ¢ R~ =
(—00,0]. Let O C Q be a neighborhood of p such that

(10.11) f:O—C\R".

We can define g on O by

(10.12) g(z) =log f(2), z€O,

where log : C\ R~ — C is as in §4. Applying d/dz and using the chain rule gives

f'(z)

(10.13) 9'(2) = 7G)

zeO.
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Consequently

/(<)
f(0)

for z € O, where we integrate along a path from p to z within O. Now if f is nowhere
vanishing, then f’/f is holomorphic on 2, and if €2 is simply connected, then the integral
on the right side is well defined for all z € 2 and is independent of the choice of path from
p to z, within €2, and defines a holomorphic function on Q. (See Exercise 13 of §5 and
Exercise 8 of §7.)

Hence (10.14) gives a well defined holomorphic function on €. From (10.12), we have

(10.14) (=) =tog 1) + | RACPS

(10.15) 9% = f(2), VzeO,

and then Proposition 10.1 implies (10.10).
It is standard to denote the function produced above by log f(z), so

7O
70 %

(10.16) log £() = log () + | Z

under the hypotheses of Proposition 10.2. One says that log f(z) is extended from O to
by “analytic continuation.” In the setting of Proposition 10.2, we can set

(10.17) f(z) = eM/Def=) e
and, more generally, for a € C,
(10.18) f(2)® =erlsf®) 5 eqQ,

These functions are hence analytically continued from O (where they have a standard
definition from §4) to .

Generally speaking, analytic continuation is a process of taking a holomorphic function
f on some domain @ C C and extending it to a holomorphic function on a larger domain,
Q2 D O. (It would also be reasonable to call this process “holomorphic continuation,” but
this latter terminology seems not to be so popular.)

A number of means have been devised to produce analytic continuations of various
functions. One is to use the Schwarz reflection principle, established in §8. Sometimes
one can iterate this reflection construction. An important example of such an iterated
reflection argument appears in §26, regarding a holomorphic covering of C \ {0,1} by the
unit disk.

In other cases we can analytically continue a function by establishing a functional equa-
tion. For example, as we will see in §18, we can define

(10.19) I'(z) = / e "*1dt, Rez >0,
0
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holomorphic in the right half plane, establish the identity
(10.20) I'(z+1) ==2I'(2)

for such z, and use this to analytically continue I'(z) to C\ {0,—1,-2,...}. A more
sophisticated functional equation is seen in §19 to lead to an analytic continuation of the
Riemann zeta function

(o.]
(10.21) ((2)=) k™%, Rez>1,
k=1
to C\ {1}.
Another very important technique involves analytic continuation along a curve. The
set-up is the following. Let € C C be open and connected. Take zg, 21 € €2, and suppose
we have a continuous path

(10.22) v:[a,b] — Q, ~y(a) =20, y(b) = 2.

Assue f is holomorphic on a neighborhood of zy. We say a chain along ~ is a partition of
[a, b],

(10.23) a=ap<a; <---<apy1 =0b,

together with a collection of open, convex sets D; satisfying

(10.24) v([aj,aj+1]) € D; C Q, for 0<j<n.

Given f = fp,, holomorphic on Dy, we say an analytic continuation of f along this chain
is a collection
Jp, : Dj — C is holomorphic, such that

10.25
( ) ij:ij+1 OnDijj+1, fOI‘OS]S’n—l

We make the following definition. Let Oy and O; be open convex neighborhoods of z; and
z1 in ), and let y be a continuous path from zj to 21, as in (10.22). Let f be holomorphic on
Og. Assume there exists a chain {Dy, ..., D,} along 7 such that Dy = Oy and D,, = Oy,
and an analytic continuation of f along this chain, as in (10.25). We set

(10.26) fry: 01 — C,
equal to fp, on D,, = O;. One has the following uniqueness result.

Proposition 10.3. Given that f : Oy — C is holomorphic, and that there is an analytic
continuation of f along v, as described above, the function f, in (10.28) is independent of
the choice of chain along vy for which such an analytic continuation exists.

Supplementing Proposition 10.3, we have the following key uniqueness result, known as
the monodromy theorem. To formulate it, suppose we have a continuous family of curves

(10.27) vs 2 la,b] — Q,  vs(a) = z0, 15(b) =21, 0<s<1,

50 Y(s,t) = 7s(t) defines a continuous map  : [0, 1] x [a, b] — €. As above, assume Oy and
O are convex open neighborhoods of zy and z; in €2, and that f is holomorphic on Oy.
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Proposition 10.4. Assume that for each s € [0,1] there is a chain along vs from Oq to
O1 and an analytic continuation of f along the chain, producing

(10.28) fr. 1 O — C.

Then f., is independent of s € [0, 1].

Propositions 10.3-10.4 apply to situations where one can analytically continue a function
f, first known to be holomorphic on a neighborhood Qg of zy. One of the most important
class of cases where such analytic continuation can be done involves the solution of linear
differential equations with holomorphic coefficients on a donain 2 C C. This is treated
in §36, where one can find proofs of Propositions 10.3-10.4 (given there as Propositions
36.2-36.3).

We end this section with the following result, which is elementary but which pushes the
concept of analytic continuation a bit. To state it, let I = (a,b) C R be an interval, and
define a function

(10.29) f:(ab) —C

to be real analytic provided that for each z¢ € (a,b), there exists e(xp) > 0 such that for
|x — xo| < e(xp), f(x) is given by a convergent power series

(10.30) fl@) =" ap(wo)(z — zo)".
k=0

With the next result, we analytically continue f to a complex neighborhood of I.

Proposition 10.5. Let f : (a,b) — C be real analytic. Then there is a neighborhood U of
(a,b) in C and a holomorphic function

(10.31) F:U— C suchthat F = f on (a,b).

Proof. For each x¢ € (a,b), let Uz, = D (y,)(70) be a disk in C centered at g such that
(10.30) holds for z € RN De(4,)(z0). We set

(10.32) Fro(2) = ar(wo)(z — 20)*, 2 € Deay) (o),
k=0

and propose to take

U= U Da(xo)(xo)v
(10.33) xoe(a,b)

F:U-—C, F=F; on D.g,(xo).
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Now U, defined in (10.33), is an open subset of C containing (a,b). Clearly each F, is
holomorphic on D, (;,)(20). To show that F' is well defined by (10.33), it suffices to show
that, for xg, 1 € (a,b),

De(29)(%0) N De(ayy(21) # 0

(10.34)
- Fazo = F:cl on Dg(x0)<x0) N Ds(xl)(xl)-

In fact, F, = Fp, = f on D, () (20) N Dg(gy)(21) NR, so (10.34) follows from Proposition
10.1. This completes the proof of Proposition 10.5.

Exercises

1. Suppose 2 C C is a connected region that is symmetric about the real axis, i.e.,
z€Q=7Z¢eQ. If fis holomorphic on {2 and real valued on 2N R, show that

(10.35) f(z) = [f(Z).
Hint. Both sides are holomorphic. How are they related on 2 NR?

1A. Set z* = —Z and note that z — 2* is reflection about the imaginary axis, just as z — Z
is reflection about the real axis. Suppose 2 C C is a connected region that is symmetric
about the imaginary axis, i.e., z € Q < 2* € Q. If f is holomorphic on  and is purely
imaginary on €2 NiR, show that

(10.36) flz) = f(z7)"
Hint. Show that f(z*)* = —f(—%) is holomorphic in z.

2. Let D be the unit disk centered at the origin. Assume f : D — C is holomorphic
and that f is real on D N R and purely imaginary on D N :R. Show that f is odd, i.e.,
f(z) =—f(=2).

Hint. Show that (10.35) and (10.36) both hold.

3. Let ) be a simply connected domain in C and f a holomorphic function on €2 with the
property that f: Q — C\ {—1,1}. Assume f is not constant, and take p € £ such that
f(p) ¢ C\ {(—o0,1]U[1,00)}, the set where sin™' is defined; cf. (4.23)-(4.27). Show that
sin™! f(z) can be analytically continued from a small neighborhood of p to all of Q, and

z /
sin™! f(z) =sin™! f(p) +/ Ldf.
p V1= f(€)?
4. In the setting of Proposition 10.2, if g(z) is given by (10.14), show directly that

2 e 5) =0,
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and deduce that (10.10) holds, without appealing to Proposition 10.1.

5. Consider -
I(a) = / e~ dt, Rea > 0.
0

Show that I is holomorphic in {a € C : Rea > 0}. Show that

I(a) = \/?Ea_l/z.

Hint. Use a change of variable to evaluate I(a) for a € (0, c0).

6. Evaluate -
/ e~ cost? dt, b>0.
0

Make the evaluation explicit at b = 1.
Hint. Evaluate I(b— ). Consult Exercise 20 of §4.

7. Show that
lim I(b—1i) = ﬁe”“.
b\,0 2
8. Show that
R R
lim cost’dt =1I1,, lim sint? dt = I,

exist. Given this result, use the Abelian theorem, Proposition R.6, to show that

o0 o0
lim e~ cost? dt = I., lim e~ sint? dt = 1.
N0 Jo ™0 Jo

Then use the result of Exercise 7 to show that

; 1
IC+iIs:§eW7’/4, i‘e‘, Ic:IS:§ g

REMARK. The quantities I, and I are called Fresnel integrals.

9. Completing the square as in (10.5), show that
) £/2
/ e E gt = 87 /4 [ﬁ — / e dx],
0 2 0

for £ > 0. Extend this to an identity between functions holomorphic in £ € C, replacing

the last integral by
§/2
/ e * dz.
0
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Deduce that, for ¢ € R,

o £/2
/ e~V gt — =87 /4 [ﬁ - 2/ eV’ dy],
0 2 0

o0 2 2 5/2 2
/ e Usinétdt =e ¢ /4/ e’ dy.
0 0

and hence
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11. Singularities

The function 1/z is holomorphic on C\ 0 but it has a singularity at z = 0. Here we will
make a further study of singularities of holomorphic functions.

A point p € C is said to be an isolated singularity of f if there is a neighborhood U of p
such that f is holomorphic on U \ p. The singularity is said to be removable if there exists
a holomorphic function f on U such that f = f on U \ p. Clearly 0 is not a removable
singularity for 1/z, since this function is not bounded on any set D.(0)\ 0. This turns out
to be the only obstruction to removability, as shown in the following result, known as the
removable singularities theorem.

Theorem 11.1. Ifp € Q and f is holomorphic on Q\p and bounded, then p is a removable
singularity.

Proof. Consider the function g : {2 — C defined by

9(z) = (z—p)*f(z), z2€Q\p,
—0.

(11.1) o(p)

That f is bounded implies g is continuous on (2. Furthermore, g is seen to be complex-
differentiable at each point of €

g(2) =2z = p)f(2) + (2 = p)*f'(), 2€Q\p,

(11.2) :
' g'(p)=0.

Thus (by Goursat’s theorem) g is holomorphic on €2, so on a neighborhood U of p it has
a convergent power series:

(11.3) 9(z) =Y an(z—p)", z€U.
n=0
Since g(p) = ¢'(p) =0, ap = a1 =0, and we can write
(11.4) 9(z) = (z = p)*h(z), h(z) =) aspalz—p)", z€U.
n=0

Comparison with (11.1) shows that h(z) = f(z) on U \ p, so setting

(11.5) f(z)=f(z), 2€Q\p, f(p)=h(p)

defines a holomorphic function on 2 and removes the singularity.
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By definition an isolated singularity p of a holomorphic function f is a poleif | f(z)| — oo
as z — p. Say f is holomorphic on £\ p with pole at p. Then there is a disk U centered at
p such that |f(z)| > 1 on U\ p. Hence g(z) = 1/f(z) is holomorphic on U \ p and g(z) — 0
as z — p. Thus p is a removable singularity for g. Let us also denote by g the holomorphic
extension, with g(p) = 0. Thus g has a convergent power series expansion valid on U:

(11.6) 9(2) =Y an(z —p)",

n=k
where we have picked a; as the first nonzero coefficient in the power series. Hence
(11.7) 9(2) = (z=p)*h(z), h(p)=ax #0,

with A holomorphic on U. This establishes the following.

Proposition 11.2. If f is holomorphic on Q\ p with a pole at p, then there exists k € Z+
such that

(11.8) F(2) = (= — )" F(2)
on Q\ p, with F' holomorphic on Q and F(p) # 0.

If Proposition 11.2 works with k£ = 1, we say f has a simple pole at p.
An isolated singularity of a function that is not removable and not a pole is called an
essential singularity. An example is

(1L.9) f(z) = e'V7,

for which 0 is an essential singularity. The following result is known as the Casorati-
Weierstrass theorem.

Proposition 11.3. Suppose f : Q\ p — C has an essential singularity at p. Then, for
any neighborhood U of p in 2, the image of U \ p under f is dense in C.

Proof. Suppose that, for some neighborhood U of p, the image of U \ p under f omits a
neighborhood of wy € C. Replacing f(z) by f(z) — wp, we may as well suppose wy = 0.
Then g(z) = 1/f(z) is holomorphic and bounded on U \ p, so p is a removable singularity
for g, which hence has a holomorphic extension §. If §(p) # 0, then p is removable for f.
If g(p) = 0, then p is a pole of f.

REMARK. There is a strengthening of Proposition 11.3, due to E. Picard, which we will
treat in §28.

A function holomorphic on €2 except for a set of poles is said to be meromorphic on Q.

For example,
sin z

tanz =
COS 2

is meromorphic on C, with poles at {(k + 1/2)7 : k € Z}.
Here we have discussed isolated singularities. In §4 we have seen examples of functions,
such as z'/2 and log z, with singularities of a different nature, called branch singularities.
Another useful consequence of the removable singularities theorem is the following char-
acterization of polynomials.
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Proposition 11.4. If f : C — C is holomorphic and |f(z)| — oo as |z| — oo, then f(2)
1S a polynomaal.

Proof. Consider g : C\ 0 — C, defined by

(11.10) oz = £(2).

The hypothesis on f implies |g(z)] — 0o as z — 0, so g has a pole at 0. By Proposition
11.2, we can write

(11.11) g(z) = 277G (2)
on C\ 0, for some k € Z*, with G holomorphic on C and G(0) # 0. Then write

k—1

(11.12) G(z) = g;z’ + 2"h(2),
§=0

with A(z) holomorphic on C. Then

k—1
9(2) = > 957  +h(2),
j=0

SO - 1
f(z)= Zgjzk_J + h(—), for z # 0.
i=0 *

It follows that

k-1
(11.13) £2) = Y g2t

j=0
is holomorphic on C and, as |z| — oo, this tends to the finite limit h(0). Hence, by

Liouville’s theorem, this difference is constant, so f(z) is a polynomial.

Exercises

1. Show that 0 is a removable singularity for each of the following functions.

sin z 1 —cosz
z 22
z sin(tan z)

1—e?’ tan(sin z)
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2. In the setting of Theorem 11.1, suppose |z —p| = r and D, (2) C Q. If |f| < M on Q\ p,
show that

(11.14) THOTE
and hence, in (11.2),
(11.15) (=P F() < Mzl

Use this to show directly that the hypotheses of Theorem 11.1 imply g € C'(Q), avoiding
the need for Goursat’s theorem in the proof.
Hint. Use (5.10) to prove (11.14). In (5.10), replace Q2 by Ds(z) with s < r, and then let

s .
3. For yet another approach to the proof of Theorem 11.1, define h : 2 — C by

h(z) = (z — z), z€Q\p,

(11.16) (2) = (z = p)f(2) \p
h(p) = 0.

Show that h : Q@ — C is continuous. Show that [, h(z)dz = 0 for each closed rectangle

R C Q, and deduce that h is holomorphic on 2. Use a power series argument parallel to
that of (11.3)—(11.4) to finish the proof of Theorem 11.1.

4. Suppose 2,0 C C are open and f :  — O is holomorphic and a homeomorphism.
Show that f’(p) # 0 for all p € Q.

Hint. Apply the removable singularities theorem to f=1': O — Q.

Compare the different approach suggested in Exercise 8 of §5.

5. Let f : C — C be holomorphic and assume f is not a polynomial. (We say f is a
transcendental function.) Show that g : C\ 0 — C, defined by g(z) = f(1/z), has an
essential singularity at 0. Apply the Casorati-Weierstrass theorem to g, and interpret the
conclusion in terms of the behavior of f.

REMARK. (Parallel to that after Proposition 11.3) For an improvement of this conclusion,
see §28.
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12. Laurent series

There is a generalization of the power series expansion, which works for functions holo-
morphic in an annulus, rather than a disk. Let

(12.1) A:{ZGC:T0<|Z—Z()|<’I“1}.
be such an annulus. For now assume 0 < rg < r; < oo. Let 7; be the counter-clockwise

circles {|z — 29| = 7;}, s0o A = y1 — 9. If f € C1(A) is holomorphic in A, the Cauchy
integral formula gives

1 f(©) 1 / f(¢)
12.2 = — d¢ — — d
(12.2) /) 2m'/g—z Com ) =2
71 Yo
for z € A. For such a z, we write
I 1 1 1 e
C—z (C—20)—(2—20) (—=20 1—2:—28’ e
1 1
_Z—Zol—ﬂ, <€707

zZ—Z20

and use the fact that
|z — 20| < |C— 20|, for (€,
> | — 20|, for ¢ €,
to write
1 1 = Z— 20\
12.3 =
and
1 1 = /(—z\™

12.4 — ( ) : .
(12.4) = Z—Zomzzo P ¢ €
Plugging these expansions into (12.2) yields
(12.5) fz)= ) an(z—2)", z€A



131

with
1
(12.6) =y (C—ﬂ% dc. n>0,
Y1
and
(12.7) 27rz/f ¢(—20)"d(, n=-m-—1<0.

Now in (12.6) and (12.7) vy and ~; can be replaced by any circle in A concentric with
these. Using this observation, we can prove the following.

Proposition 12.1. Given 0 < rg <1 < 00, let A be the annulus (12.1). If f : A — C is
holomorphic, then it is given by the absolutely convergent series (12.5), with

1
(12.8) n:Q—/ n+1 ¢, ne,
Y

where v is any (counter-clockwise oriented) circle centered at zo, of radius r € (rg,r1).

Proof. The preceding argument gives this result on every annulus
={zeC:ry<|z—2] <ri}

for ro < ry <] < ri, which suffices.
Of particular interest is the case ro = 0, dealing with an isolated singularity at zj.

Proposition 12.2. Suppose f is holomorphic on Dg(zo) \ z0, with Laurent expansion
(12.5). Then f has a pole at zy if and only if a, = 0 for all but finitely many n <0 (and
an # 0 for some n < 0). Hence f has an essential singularity at zo if and only if a, # 0
for infinitely many n < 0.

Proof. If zy is a pole, the stated conclusion about the Laurent series expansion follows
from Proposition 11.2. The converse is elementary.

We work out Laurent series expansions for the function

(12.9) f(z) =
on the regions

(12.10) {z:|z| <1} and {z:]|z] > 1}.
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On the first region, we have

1 .
(12.11) f(z):—l_Z:—Zz :
k=0
and on the second region,
0o —1

1 1 1 1\
(12.12) flo)==-—— == (—) S

2l=z 23V k=—o0
Similarly, for

1

12.13 =
(12.13) 9(2) = ——

on the regions
(12.14) {z:|z2| <2} and {z:|z] > 2},
on the first region we have

1

(12.15) g(z) = —% .

>(3)"

k=0

NI
N | —

and on the second region,

[e%s} —1
(12.16) 9(z) = % 3 i 7= %Z(%)k = 3 okl
z k

=0 k=—00

The next result can be regarded as an extension of Proposition 2.2.

Proposition 12.3. Assume f(z) is given by the series (12.5), converging for z € A, i.e.,
forro <|z—z9| <r1. Then f is holomorphic on A, and

o0
(12.17) fl(z) = Z nan(z —20)"" Y, Vze A

n=—oo

Proof. Arguments parallel to those used for Proposition 0.3 show that the series (12.5)
converges absolutely and uniformly on r{, < |z — 29| < 7], whenever ro < r{ < rj < ry.

Hence, with
14

(12'18) fu(z) = Z an(z - ZO)nv
we have f, — f locally uniformly on A. That the limit f is holomorphic on A, with
derivative given by (12.17), follows from Proposition 5.10.

We next consider products of holomorphic functions on A, say fg, where f is given by
(12.5) and

(12.19) g(z) = Z bn(z —20)", z€ A
Both (12.5) and (12.19) are absolutely convergent, locally uniformly on 4. The analysis
here is parallel to that of (2.19)—(2.20). Extending Proposition 2.3, we have the following.
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Proposition 12.4. Given absolutely convergent series

(12.20) A= > an, B= Y B

we have the absolutely convergent series

(12.21) AB= )" Yu, = Y fnr

n=-—o0 k=—0o0

Indeed, we have

AB = Z Zakﬁez Z Z akBe

k=—00 f=—00 n=—00 k+~¢=n

oo oo

(12.22)

See Appendix L, particularly Proposition L.8, in conjunction with Corollary L.5, for general
results of this nature.
Proposition 12.4 readily yields the following.

Proposition 12.5. Given f,g holomorphic on A, as in (12.5) and (12.19), we have

(1223) f(Z)g(Z) = Z Cn(Z - ZO)na Cpn = Z akbn—k-
n=-—o00 k=—o0

Exercises

Consider the Laurent series

(12.24) etE= 3" an2".

1. Where does (12.24) converge?

2. Show that

1 7T
ap = — e? st cosnt dt.
™ Jo
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3. Show that, for £ > 0,

oo

1
W=k = D e TR

Hint. For Exercise 2, use (12.7); for Exercise 3 multiply the series for e* and e!/#,

4. Consider the function

Give its Laurent series about z = 0:
a) on {z:|z|] <1},
b) on {z:1 < |z| < 2},
c) on {z:2 < |z] < o0}.
Hint. Use the calculations (12.9)—(12.16).

5. Let © C C be open, zp € Q and let f be holomorphic on 2\ 2y and bounded. By
Proposition 12.1, we have a Laurent series

o0

[ = Y an(z— =),

n=—oo

valid on {z : 0 < |z — 29| < b} for some b > 0. Use (12.8), letting v shrink, to show that

a, = 0 for each n < 0, thus obtaining another proof of the removable singularities theorem
(Theorem 11.1).

6. Show that, for |z| sufficiently small,

ler4+1 1 o=  op
(12.25) D il +Y
k=1
Rewrite the left side as /
1 cosh z/2
Flz)= = ———
(2) 2 sinh z/2’
and show that )
F'(z) = 1= F(2)%

Using (2.19)—(2.20), write out the Laurent expansion for F(z)?, in terms of that for F(z)
given above. Comparing terms in the expansions of F’(z) and 1/4 — F(z)?, show that

1
CL1:§,



135

and, for k > 2,

1
ap — _2k‘ T 1 Zaeak_g.

One often writes
k—1 By,

a = (1) (2k)!”

and By are called the Bernoulli numbers. For more on these numbers, see the exercises at
the end of §30.

7. As an alternative for Exercise 6, rewrite (12.25) as

oo

D)= (S0 )

multiply out using (2.19)—(2.20), and solve for the coefficients ay.

8. As another alternative, note that

1er+1 1 1
§ez—l_ez—1+§’

and deduce that (12.25) is equivalent to

Use this to solve for the coefficients ay.
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C. Green’s theorem

Here we prove Green’s theorem, which was used in one approach to the Cauchy integral
theorem in §5.

Theorem C.1. If Q is a bounded region in R? with piecewise smooth boundary, and
f,g € CY(Q), then

(C.1) //(%—%)dxdy:/(fdx+gdy).
Q o0

We recall some terms used above. The set 2 C R? is a nonempty open set, contained
in some finite disk {(z,y) € R? : 22 + 4% < A?}, with closure  and boundary 9Q = Q\ Q.
We assume Of) is a finite disjoint union of simple closed curves «; : [0,1] — R?, with
7;(0) = 7j(1). We assume each curve v; is continuous and piecewise C', as defined in
§2. Also we assume (2 lies on one side of ;. Furthermore, if v;(¢) is differentiable at ¢,
we assume 7;(to) € R? is nonzero and that the vector Jv}(to) points into Q, where J is
counterclockwise rotation by 90° (see (1.39)). This defines an orientation on 0f2. To say
f € CL(RQ) is to say f is continuous on Q and smooth of class C' on €2, and furthermore
that 0f/0x and 0f /0y extend continuously from Q to €.

The identity (C.1) combines two separate identities, namely

(C.2) 8éfdx:—é/g—§dxdy,

and

(C.3) /gdy://%da:dy.
Q

o2

We will first prove (C.2) for regions (2 of the form depicted in Fig. C.1 (which we will call
type I), then prove (C.3) for regions of the form depicted in Fig. C.2 (which we call type
IT), and then discuss more general regions.

If Q is type I (cf. Fig. C.1), then

(C.4) [ fiz= / " flavole) do — / " fa, (@) do

oN
Now the fundamental theorem of calculus gives

¥ (z)
(C5) @ 1(a)) = S ola)) = [ g—g@,w dy,

Yo(z)
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so the right side of (C.4) is equal to

Y1 (z)
(C.6) / / Gf (z,y)dydr = // dz dy,
o) O

and we have (C.2). Similarly, if €2 is type II (cf. Fig. C.2), then

/gdy—/ 9(p1(y)) dy — / 9(po(y), y) dy
(C.7) //0() (z,y), dz dy

_ ([ 9
= //%dx dy,
Q
and we have (C.3).

Figure C.3 depicts a region (2 that is type I but not type II. The argument above gives
(C.2) in this case, but we need a further argument to get (C.3). As indicated in the figure,
we divide €2 into two pieces, 2 and 25, and observe that €2; and €25 are each of type II.
Hence, given g € C'(Q),

dg
(C.8) /gdy—//a—yda:dy,

for each j. Now

dg dg
(C.9) Z//a—ydacdy:/ a—ydxdy.
Iy Q

On the other hand, if we sum the integrals [ 50, 9dy, we get an integral over 9€2 plus two
J

integrals over the interface between 2 and §25. However, the latter two integrals cancel
out, since they traverse the same path except in opposite directions. Hence

(C.10) Z/gdy—/gdy,

J 09,

and (C.3) follows.

A garden variety piecewise smoothly bounded domain €2 might not be of type I or type
II, but typically can be divided into domains 2; of type I, as depicted in Fig. C.4. For
each such €2, we have

(C.11) (m/j fdx:—é/g—idxdy,
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and summing over j yields (C.2). Meanwhile, one can typically divide €2 into domains of
type I, as depicted in Fig. C.5, get (C.8) on each such domain, and sum over j to get
(C.3).

It is possible to concoct piecewise smoothly bounded domains that would require an
infinite number of divisions to yield subdomins of type I (or of type II). In such a case
a limiting argument can be used to establish (C.1). We will not dscuss the details here.
Arguments applying to general domains can be found in [T3], in Appendix G for domains
with C? boundary, and in Appendix I for domains substantially rougher than treated here.

Of use for the proof of Cauchy’s integral theorem in §5 is the special case f = —iu, g = u
of (C.1), which yields

/ —-1-2— dmdy——z/u(dx-l—idy)

o0

= —i/udz.

o

(C.12)

When u € C1(Q) is holomorphic in €2, the integrand on the left side of (C.12) vanishes.
Another special case arises by taking f = tu, ¢ = u. Then we get

// __Z_y dxdy—z/u(dx—idy)

oN

:i/udz.

oN

(C.13)

In case u is holomorphic and v'(z) = v(z), the integrand on the left side of (C.13) is 2v(z).
Such an identity (together with a further limiting argument) is useful in Exercise 7 of §30.
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F. The fundamental theorem of algebra (elementary proof)

Here we provide a proof of the fundamental theorem of algebra that is quite a bit
different from that given in §6. The proof here is more “elementary,” in the sense that it
does not make use of consequences of the Cauchy integral theorem. On the other hand, it
is a little longer than the proof in §6. Here it is.

Theorem F.1. If p(z) is a nonconstant polynomial (with complex coefficients), then p(z)
must have a complex root.

Proof. We have, for some n > 1, a, # 0,

p(z) =anz" + -+ a1z + ag

F.1
(F.1) =a,2"(1+0(z7")), 2] = oo,
which implies

(F.2) lim |p(z)| = occ.

|z] =00

Picking R € (0,00) such that
(F.3) inf_ [p(2)| > [p(0)],
we deduce that

F.4 inf = inf .
(F.4) inf[p(=)] = inf Ip(2)

Since Dr = {z : |z| < R} is compact and p is continuous, there exists zy € Dg such that
F.5 = inf .
(F.5) p(z0)] = inf [o(:)|

The theorem hence follows from:
Lemma F.2. If p(2) is a nonconstant polynomial and (F.5) holds, then p(zp) = 0.
Proof. Suppose to the contrary that

(F.6) p(z0) = a #0.

We can write

(F.7) p(z0 +¢) = a+q(Q),
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where ¢(() is a (nonconstant) polynomial in ¢, satisfying ¢(0) = 0. Hence, for some k > 1
and b # 0, we have ¢(¢) = bC* + - -+ + b,(", e,

(F.8) q(¢) = b¢" +0(¢*), ¢ =0,

so, uniformly on S = {w : |w| = 1}

(F.9) p(20 + ew) = a + b + O, e\, 0.
Pick w € St such that

(F.10) —Ww' = -

which is possible since a # 0 and b # 0. Then

(F.11) plzo+2w) = a1~ ‘g]gk) + O,

which contradicts (F.5) for ¢ > 0 small enough. Thus (F.6) is impossible. This proves
Lemma F.2, hence Theorem F.1.
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L. Absolutely convergent series

Here we produce some results on absolutely convergent infinite series, along the lines of
those that arose in §§0, 2, and 12, but in a more general setting. Rather than looking at a
series as a sum of ax for £ € N, we find it convenient to let Z be a countably infinite set,
and take a function

(L.1) f:Z—C.

We say f is absolutely summable, and write f € £}(Z), provided there exists M < oo such
that

(L.2) > If(k)| < M, for each finite set F C Z.
keF

In notation used in §0, we would have f(k) denoted by fx, k € N (or maybe k € Z*), but
we use the notation f(k) here. If f € £1(Z), we say the series

(L.3) Z f(k) is absolutely convergent.
keZ

Also we would like to write the characterization (L.2) as

(L-4) > (k)] < oo

keZ

Of course, implicit in (L.3)-(L.4) is that >, ., f(k) and >, ,|f(k)| are well defined
elements of C and [0, ), respectively. We will see shortly that this is the case.
To start, we note that, by hypothesis (L.2), if f € 1(Z), the quantity

(L.5) M(f) = sup{z f(k):FcZ ﬁnite}

keF

is well defined, and M (f) < M. Hence, given ¢ > 0, there is a finite set K.(f) C Z such
that

(L.6) > R = M(f) —e.

keK.(f)

These observations yield the following.
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Lemma L.1. If f € (1(Z), then

(L.7) F C Z\K.(f) finite =Y |f(k)| <e.
kEF
This leads to:
Corollary L.2. If f € (X(Z) and A, B D K.(f) are finite, then
(L8) DINIOEDSNIGIESD

kecA keB

To proceed, we bring in the following notion. Given subsets F, C Z (v € N), we
say F, — Z provided that, if F' C Z is finite, there exists N = N(F) < oo such that
v >N = F, D F. Since Z is countable, we see that there exist sequences F,, — Z such
that each F), is finite.

Proposition L.3. Take f € (1(Z,R™). Assume F, C Z are finite and F,, — Z. Then
there exists Sz(f) € R™ such that

(L.9) lim Y f(k) = Sz(/)-

keF,

Furthermore, the limit Sz(f) is independent of the choice of finite F,, — Z.

Proof. By Corollary L.2, the sequence S, (f) = > _;cr f(k) is a Cauchy sequence in C, so
it converges to a limit we call Sz(f). As for the independence of the choice, note that if
also F) are finite and F], — Z, we can interlace F,, and F).

Given Proposition L.3, we set

(L.10) > f(k)=Sz(f), for fel'(ZR").

keZz

Note in particular that, if f € £}(Z), then |f| € £}(Z), and

(L.11) D1k = M(f),

keZz

defined in (L.6). (These two results illuminate (L.3)—(L.4).)

REMARK. Proposition L.3 contains Lemma 0.1A. It is stronger than that result, in that
it makes clear that the order of summation is irrelevant.

Our next goal is to establish the following result, known as a dominated convergence
theorem.
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Proposition L.4. Forv €N, let f, € (*(Z), and let g € (*(Z). Assume

(L.12) [fu ()] < g(k), VveN, keZ

and

(L.13) Vli_)n;o fu(k) = f(k), VkeZ.

Then f € £1(Z) and

(L.14) Jim > (k)= f(k).
kez kez

Proof. We have ), |g(k)| = > ,cz9(k) = M < oco. Parallel to (L.6)-(L.7), for each
e > 0, we can take a finite set K.(g) C Z such that } 3, x ) 9(k) > M — ¢, and hence

FCZ\K.(g) finite = Y g(k)<e
keF

= > |fu(k)| <e, VveN,
kel

(L.15)

the last implication by (L.12). In light of Proposition L.3, we can restate this conclusion
as

(L.16) Y fuk)<e VreN
kEZ\KS(g)

Bringing in (L.13), we also have

(L.17) > |f(k)| <e, for each finite F C Z\ K.(g),
kEF
and hence
(L.18) Sl <e
kGZ\KS(g)
On the other hand, since K.(g) is finite,
(L.19) lim Y fk)= ) f(R).
kEK:(g) kEK:(g)

It follows that
limsup |Sz(f,) — Sz(f)]

vV—r00

(L.20) < limsup [Sk,(g)(fv) = Sk.(9) ()] + hmjup 1Sk (g)(fv) = Sz\k.(g)(f)]

vV—00

< 2,
for each € > 0, hence
(L.21) limsup [Sz(f,) — Sz(f)| =0,

V—00

which is equivalent to (L..14).

Here is one simple but basic application of Proposition L.4.
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Corollary L.5. Assume f € (*(Z). Forv € N, let F, C Z and assume F, — Z. One
need not assume that F),, is finite. Then

(L.22) Tim Y f(k)=) f(k).
kEF, keZ
Proof. Apply Proposition L.4 with g(k) = |f(k)| and f, (k) = xr, (k) f(k).
The following result recovers Proposition 2.5.

Proposition L.6. Let Y and Z be countable sets, and assume f € (1(Y x Z), so

(L.23) > fURI=M <o
(3,k)eY xZ
Then, for each j €Y,
(L.24) > FG k) = 9(h)
keZ

1s absolutely convergent,

(L.25) geti(y),
and
(L.26) S FGR) =) 90).
(4,k)EY xZ JEY
hence
(L.27) > fGk) = Z(Z £, k))-
(,k)EY x Z jeYy kez

Proof. Since ), ., |f(j, k)| is dominated by (L.23), the absolute convergence in (L.24) is
clear. Next, if A C Y is finite, then

(L.28) DlaiI< D> Gk <M,

jeA JEAkEZ

so g € £1(Y,R™). Furthermore, if A, C Y are finite, then
JEAL (4,k)EF,

and A, =Y = F, =Y x Z,so (L.26) follows from Corollary L.5.

We next examine implications for multiplying two absolutely convergent series, extend-
ing Proposition 2.3.
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Proposition L.7. Let Y and Z be countable sets, and assume f € (1Y), g € £1(2).
Define

(L.30) [xg:YxZ—C, (fxg)y,k)=/r(igk).
Then
(L.31) fxget! (Y x2).

Proof. Given a finite set F' C Y x Z, there exist finite A C Y and B C Z such that
F C Ax B. Then

doolfekl < Y ek

(4,k)EF (j,k)EAXB

(L.32) =Y 1D D lg(k)]

jeA keB
< M(f)M(g),

where M(f) =32,cy [f(7)] and M(g) =3 _4c 7 l9(k)l.
We can apply Proposition L.6 to f x g to deduce:

Proposition L.8. In the setting of Proposition L.7,

(L33) > 1) = (X r0) (X ak).

(5,k)eY xZ JjeY kez

In case Y = Z = N, we can then apply Proposition L.3, with Z replaced by N x N, f
replaced by f x g, and

(L.34) F,={(,k) e NxN:j+k<v},
and recover Proposition 2.3, including (2.14).
In case Y = Z = Z, we can instead apply Corollary L.5, with Z replaced by Z x Z, f
replaced by f x g, and
(L.35) F,={(,k) €ZXZ:|j+k| <v},

and recover Proposition 12.4.
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Chapter 3. Fourier analysis and complex function theory

Fourier analysis is an area of mathematics that is co-equal to the area of complex anal-
ysis. These two areas interface with each other in numerous ways, and these interactions
magnify the power of each area. Thus it is very natural to bring in Fourier analysis in a
complex analysis text.

In one variable, the two main facets of Fourier analysis are Fourier series,

(3.0.1) f(0) = i are™®, 6 cR/(2n7),

k=—oc0

and the Fourier transform

. 1 oo .
3.0.2 = — z)e " dy, e R.
(3:0.2) fo=—=[ r@ ;

Major results include Fourier inversion formulas, to the effect that (3.0.1) holds with

1 (" .
(3.0.3) ar = o /_ ] f(0)e~*0 dp,

and that in the situation of (3.0.2),

1 < i
(3.0.4) f@)= = /_ e as

with appropriate hypotheses on f in each case. We note that the Fourier series (3.0.1) can
be regarded as the limiting case of the Laurent series of a holomorphic function on the
annulus A = {z € C: 1 —¢ < |z| < 1+ ¢}, in the limit € \, 0.

Fourier series is studied in §13, and the Fourier transform in §14. In §15 we introduce
the Laplace transform,

(3.0.5) Lf(s) = / f(t)e st dt,
0
defined and holomorphic on {s € C: Res > A}, under the hypothesis that
(3.0.6) / |f(t)|e " dt < 0o, for a> A.
0

We use results from §14 to establish a Laplace inversion formula. A variant is the Mellin
transform,

(3.0.7) Mf(z) = /OOO f)t=tdt.
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We will see these transforms arise in subsequent chapters, in various ways. For one,
evaluation of such transforms often leads to non-elementary integrals, which can neverthe-
less be evaluated by residue calculus, developed in §16 of Chapter 4. For another, these
transforms have intimate connections with important special functions. We will see this
on display in Chapter 4, first for the Gamma function, then for the Riemann zeta function.

There are several appendices at the end of this chapter. Appendix H considers inner
product spaces, with emphasis on the inner product

(30.) (.9) = [ f@)g@) da
on functions. It is shown that taking

(3.0.9) LFII? = (f. )

defines a norm. In particular, there is the triangle inequality

(3.0.10) 1+ gll < I£II + llgll-

This is deduced from the Cauchy inequality

(3.0.11) ()l < IFI-Mlgll-

These results hold in an abstract setting of vector spaces equipped with an inner product.
They are significant for Fourier analysis for functions f and ¢ that are square integrable,
for which (3.0.8) is germane.

Appendix N discusses the matrix exponential

& tk
tA k
(3.0.12) =y Ak,
k=0

for an n xn matrix A. This is of use in the analysis in §15 of the Laplace transform approach
to solutions of systems of differential equations, and the equivalence of this result to an
identity known as Duhamel’s formula.

This chapter is capped by Appendix G, which derives two important approximation
results. One, due to Weierstrass, says any continuous function on an interval [a,b] C R is
a uniform limit of polynomials. The other, due to Runge, says that if K C C is compact
and if f is holomorphic on a neighborhood of K, then, on K, f is a limit of rational
functions. These results could have been pushed to Chapter 2, but the arguments involved
seem natural in light of material developed in this chapter. This appendix also contains
an important extension of the Weierstrass approximation result, known as the Stone-
Weierstrass theorem. This will play a useful role in the proof of Karamata’s Tauberian
theorem, in Appendix R.
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13. Fourier series and the Poisson integral

Given an integrable function f : S' — C, we desire to write

(13.1) FO) = 3 fk) e,

k=—oc0

for some coefficients f(k) € C. We identify S' with R/(2xZ). If (13.1) is absolutely
convergent, we can multiply both sides by e~ and integrate. A change in order of
summation and integration is then justified, and using

1 " e .

— do =0 if £#£0,
(13.2) or )¢ Skt

1 if /=0,

we see that

? 1 " —iko
(13.3) f(k) = o f(9)e do.

T™J %

The series on the right side of (13.1) is called the Fourier series of f.

If f is given by (13.3), and if (13.1) holds, it is called the Fourier inversion formula.
To examine whether (13.1) holds. we first sneak up on the sum on the right side. For
0<r<l,set

(13.4) Jf(0) = f: f(k)r!Fletk?
k=—c0

Note that

(13.5) fwl <5 [ 1r@)as,

so whenever the right side of (13.5) is finite we see that the series (13.4) is absolutely
convergent for each r € [0,1). Furthermore, we can substitute (13.3) for f in (13.4) and
change order of summation and integration, to obtain

(13.6) T, £(8) = / F(O)pr (60— 8)do,
Sl
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where
1 — ‘
_ _ |k| ik6
(13.7) ‘°°
1

_ %[1+;(rkeik0+rke—ik9) 7

and summing these geometrical series yields

1 1— 2
13. 0) = — .
(13.8) p(r,0) 21 1 —2r cosf + r?

Let us examine p(r, ). It is clear that the numerator and denominator on the right side
of (13.8) are positive, so p(r,0) > 0 for each r € [0,1), 8 € S1. Asr 7 1, the numerator
tends to 0; as r * 1, the denominator tends to a nonzero limit, except at # = 0. Since we
have

1 [7 :
_ |k| ikO _
(13.9) /p(r, 0)do = o /7r g ri®le™ do =1,

Sl

we see that, for r close to 1, p(r, ) as a function of € is highly peaked near § = 0 and small
elsewhere, as in Fig. 13.1. Given these facts, the following is an exercise in real analysis.

Proposition 13.1. If f € C(S!), then
(13.10) J.f = f uniformly on S' as r /1.

Proof. We can rewrite (13.6) as

(13.11) 110 = [ F0—0p0)ae.

—T

The results (13.8)—(13.9) imply that for each ¢ € (0, 7),

(13.12) / pr(0")d0 =1 —¢e(r,9),

07]<6
with e(r,d) — 0 as r 1. Now, we break (13.11) into three pieces:

)
116) = 10) | p.(0") at

-

0
+ [ 16 -0~ 10 at
-6
T O (TG
5<10"|<m
=I+II+1I11.

(13.13)
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We have

I'=f(0)(1—e(r,9)),
(13.14) 1] < sup f(60—0") = f(O)],

[I11] < &(r, 0) sup[f].

These estimates yield (13.10).

From (13.10) the following is an elementary consequence.

Proposition 13.2. Assume f € C(SY). If the Fourier coefficients f(k) form a summable
series, i.e., if

(13.15) > 1f#)] <o,

k=—o0

then the identity (13.1) holds for each § € S*.
Proof. What is to be shown is that if ), |ax| < oo, then

13.15A = 5 = i klg, = S.
( ) ;akz TI/ml;T ag

To get this, let € > 0 and pick N such that

Z |a1€| <E.

|k|>N
Then
N
Sy = Z ak:|S—SN|<€,
k=—N
and

‘ Z r|k|ak‘ <e, Vre(0,1).
|k|>N

Since clearly
N

N
lim E r‘k|ak: g a,
r 1

k=—N

k=—N

the conclusion in (13.15A) follows.

REMARK. A stronger result, due to Abel, is that the implication (13.15A) holds without
the requirement of absolute convergence. This is treated in Appendix R.
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Note that if (13.15) holds, then the right side of (13.1) is absolutely and uniformly
convergent, and its sum is continuous on S!.

We seek conditions on f that imply (13.15). Integration by parts for f € C1(S?) gives,
for k # 0,

1 [7 ;0
k)= 5= | 5(6) ¢ 55 ") a0
(13.16) . o
— / —ik6
ok | f'(0)e= ™0 dp),
hence
A 1 4
(13.17) F01 < g [ 170100

If f € C%(S'), we can integrate by parts a second time, and get

(13.18) F(k) = —27T1k2 " @) g,

—T

hence

Fk) < — /ﬁ ()| d6.

2rk? |

In concert with (13.5), we have

(13.19) F0)1 < 5y [ 17 @1+ 5@)) 0.
Sl

Hence

(13.20) fec(sh) =Y _|f(k)| < .

We will produce successive sharpenings of (13.20) below. We start with an interesting
example. Consider

(13.21) fO)=10|, —-n<6<m,

continued to be periodic of period 27. This defines a Lipschitz function on S!, whose
Fourier coefficients are

£ o 1 " —1k0
fi) = 5= [ 101 ap
1

= _[1 o (_1>k} ma

(13.22)
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for k # 0, while f(0) = 7/2. It is clear this forms a summable series, so Proposition 13.2
implies that, for —7 <0 <,

_ T 2 ke
191 = 2 Z k2 ©
(13.23) oo

4 1
- = Z —— cos(2¢ + 1)6.
T £ (20 + 1)2

bo | 3

We note that evaluating this at # = 0 yields the identity

7]_2

= 1
(13.24) ; TR 8

Writing

=1
(13.25) > &
k=1

as a sum of two series, one for £ > 1 odd and one for k > 2 even, yields an evaluation of
(13.25). (See Exercise 1 below.)
We see from (13.23) that if f is given by (13.21), then f(k) satisfies

C

(13.26) F0 < e

This is a special case of the following generalization of (13.20).
Proposition 13.3. Let f be continuous and piecewise C* on S'. Then (13.26) holds.

Proof. Here we are assuming f is C? on S*\ {p1,...,pe}, and f" and f” have limits at each
of the endpoints of the associated intervals in S', but f is not assumed to be differentiable
at the endpoints p,. We can write f as a sum of functions f,, each of which is Lipschitz
on S1, C? on S'\ p,, and f/ and f” have limits as one approaches p, from either side. It
suffices to show that each f, (k) satisfies (13.26). Now g¢(#) = f,(0 + p, — ©) is singular
only at § = m, and (k) = f,(k)e*® =) o it suffices to prove Proposition 13.3 when f
has a singularity only at = 7. In other words, f € C*([—n,n]), and f(—7) = f(n).

In this case, we still have (13.16), since the endpoint contributions from integration by
parts still cancel. A second integration by parts gives, in place of (13.18),

A 1 4 ;O :
fo =g [ FO) gyt as
(13.27) T

_ _# | /_ 7; F1(0)e 0 o+ f'(x) — ()],
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which yields (13.26).
Given f € C(S%), let us say

(13.28) feAS") <> |f(k)| < .

Proposition 13.2 applies to elements of A(S!), and Proposition 13.3 gives a sufficient
condition for a function to belong to A(S'). A more general sufficient condition will be
given in Proposition 13.6.

We next make use of (13.2) to produce results on [g, [f(6)|* df, starting with the fol-
lowing.

Proposition 13.4. Given f € A(S?),
X 1
(13.29) SIFRE = o [ 116 .
S1

More generally, if also g € A(S?),

(13.30) > fk)a(k 27T/f 0)g(0) do

Proof. Switching order of summation and integration and using (13.2), we have

3 o= L[5 i
(13.31) st Ik

=> f(k)g(k
k

giving (13.30). Taking g = f gives (13.29).

—i(j—k)G d6

We will extend the scope of Proposition 13.4 below. Closely tied to this is the issue of
convergence of Sy f to f as N — oo, where

(13.32) Snf0)= > flk)e™.

k| <N

Clearly f € A(S') = Syf — f uniformly on S' as N — oco. Here, we are interested in
convergence in L?-norm, where

1
(13.33) 1912 = 5= [ 17@) ab.
S1
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Given f and |f|? integrable on S* (we say f is square integrable), this defines a “norm,”
satisfying the following result, called the triangle inequality:

(13.34) 1f +gllz < [[fllz2 + llgllz>-

See Appendix H for details on this. Behind these results is the fact that

(13.35) 11172 = (f; ez,

where, when f and g are square integrable, we define the inner product

(13.36) (F9)2 = 5= | 1050 .
Sl

Thus the content of (13.29) is that

(13.37) YR =11,

and that of (13.30) is that

(13.38) > fk)g(k) = (f.9)12-

The left side of (13.37) is the square norm of the sequence (f(k)) in ¢2. Generally, a
sequence (ay) (k € Z) belongs to 2 if and only if

(13.39) I(ar)l7e = ) lanl* < oo,
There is an associated inner product

(13.40) ((a), (br)) =) axbs.
As in (13.34), one has (see Appendix H)

(13.41) [(ax) + (0r)lle2 < [(ar)llez + [[(br) |2

As for the notion of L?-norm convergence, we say
(13.42) fo—=f in L? < ||f = f|2 = 0.

There is a similar notion of convergence in ¢2. Clearly

(13.43) If = folle < sup |£(0) = fu(0)].



In view of the uniform convergence Sy f — f for f € A(S!) noted above, we have

(13.44) feASY) = Syf— fin L? as N — oo.

The triangle inequality implies

(13.45) | fllzz = (IS fllz2| < ||f = SnfllLe,

and clearly (by Proposition 13.4)

N
(13.46) ISnfllF-= Y [f(k)
k=—N
SO
(13.47) If = Snfllze =0 as N = oo=|[f7. = >_|f (k).
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We now consider more general square integrable functions f on S'. With f(k) and Sy f

defined by (13.3) and (13.32), we define Ry f by
(13.48) f=5Snf+Rnf.

Note that [, f(0)e™*df = [ Sn f(0)e "*?df for |k| < N, hence

(13.49) (fsSnf)r2 = (Snf, SN )1z,
and hence

(13.50) (Sxf, B f)pz = 0.
Consequently,

I£Z2 = (Snf+Rnf,Snf+ Ry f)rz

(13.51)
= |SnflZ2 + |IRN fIIZ--

In particular,

(13.52) SN fllpe <[ fllzz-

We are now in a position to prove the following.
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Lemma 13.5. Let f, f, be square integrable on S*. Assume
(13.53) yli_)n;o \f = fullez =0,

and, for each v,

(13.54) lim ||f, — Snfullzz = 0.
N—oo

Then

(13.55) lim ||f —Snfll2 =0.
N—o0

In such a case, (13.47) holds.

Proof. Writing f — Snf = (f— f.,) + (fo — Svf.) + Sn(f, — f), and using the triangle
inequality, we have, for each v,

(13.56) If = Snfllee <If = fullee + 1fy = Snfollez + 118 (Fo = F)llz>-

Taking N — oo and using (13.52), we have

(13.57) limsup || f = Snfllez <2[f = fullze,
N —o00

for each v. Then (13.53) yields the desired conclusion (13.55).

Given f € C(S!), we have seen that J.f — f uniformly (hence in L?-norm) as r 7 1.
Also, J,.f € A(S?) for each r € (0,1). Thus (13.44) and Lemma 13.5 yield the following.

feC(S"y= Syf— f in L? and
S IF®)P = 111172

Lemma 13.5 also applies to many discontinuous functions. Consider, for example

(13.58)

f@@) =0 for —mw<60<O,

13.
(13.59) 1 for 0< O <.

We can set, for v € N,

fu(0)=0 for —7w<60<0,

vf for Ogégl,

v
13.60 1 1
( ) 1 for —<<7m—=
v v

IN
S
IN
3

-
—~
3
|
=
o
=
)
|
R = o
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Then each f, € C(S'). (In fact, f, € A(S'), by Proposition 13.3.). Also, one can check
that || f — fu||3. < 2/v. Thus the conclusion in (13.58) holds for f given by (13.59).
More generally, any piecewise continuous function on S' is an L? limit of continuous
functions, so the conclusion of (13.58) holds for them. To go further, let us recall the class
of Riemann integrable functions. (Details can be found in Chapter 4, §2 of [T0] or in §0 of
[T].) A function f : S! — R is Riemann integrable provided f is bounded (say |f]| < M)
and, for each § > 0, there exist piecewise constant functions gs and hs on S! such that

(13.61) gs < f <hs, and /(hg(@) —g5(0)) db < 6.
Sl
Then
(13.62) /f(e) do :}i_1>n0/g(5(9) d@:;ﬁ/%(&) do
Sl Sl Sl

Note that we can assume |hs|, |gs| < M + 1, and so

—/|f ~gs(6 |2d9<M“/1h5 95(0)] db

M+1
<

(13.63)

o,

so gs — f in L?-norm. A function f : S — C is Riemann integrable provided its real and
imaginary parts are. In such a case, there are also piecewise constant functions f, — f in
L?-norm, so

f Riemann interable on S' = Sy f — f in L? and
YR = £

This is not the end of the story. There are unbounded functions on S that are square
integrable, such as

(13.64)

(13.65) FO) =101 on [-ma], 0<a< %

In such a case, one can take f,(0) = min(f(0),v), v € N. Then each f, is continuous and
\f — fullLz2 = 0 as ¥ — oco. Hence the conclusion of (13.64) holds for such f.
The ultimate theory of functions for which the result

(13.66) Syf— f in L*norm

holds was produced by H. Lebesgue in what is now known as the theory of Lebesgue
measure and integration. There is the notion of measurability of a function f : S' —
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C. One says f € L?(S') provided f is measurable and [q, |f(0)[*df < oo, the integral
here being the Lebesgue integral. Actually, L?(S!) consists of equivalence classes of such
functions, where fi ~ fo if and only if [ |f1(0) — f2(0)|* df = 0. With ¢? as in (13.39), it
is then the case that

(13.67) F:L*(SY) — 2,

given by

(13.68) (FF)(k) = f(k),

is one-to-one and onto, with

(13.69) S FEP =11fl720 Y e LS,
and

(13.70) Sxf— f in L?, VY feL?*S").

For the reader who has not seen Lebesgue integration, we refer to books on the subject
(eg., [T3]) for more information.

We mention two key propositions which, together with the arguments given above,
establish these results. The fact that Ff € ¢2 for all f € L*(S') and (13.69)(13.70) hold
follows via Lemma 13.5 from the following.

Proposition A. Given f € L?(S'), there exist f, € C(S*) such that f, — f in L>.
As for the surjectivity of F in (13.67), note that, given (ay) € 2, the sequence

satisfies, for pu > v,

||fu_fyH2L2: Z |ak|2—>0 as v — oQ.

v<|k|<p

That is to say, (f,) is a Cauchy sequence in L?(S*). Surjectivity follows from the fact that
Cauchy sequences in L?(S!) always converge to a limit:

Proposition B. If (f,) is a Cauchy sequence in L*(S1), there exists f € L*(S') such
that f, — f in L%-norm.

Proofs of these results can be found in the standard texts on measure theory and inte-
gration, such as [T3].

We now establish a sufficient condition for a function f to belong to A(S!), more general
than that in Proposition 13.3.
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Proposition 13.6. If f is a continuous, piecewise C* function on S*, then 3" | f(k)| < oo.
Proof. As in the proof of Proposition 13.3, we can reduce the problem to the case f €
CY([-m, 7)), f(—=) = f(r). In such a case, with g = f’ € C([—m,]), the integration by
parts argument (13.16) gives

(13.71) Fk) = —4(k), k+o0.

By (13.64),

(13.72) D 1ok = llgll7e.

Also, by Cauchy’s inequality (cf. Appendix H),

. 1\ 1/2 1/2
i< (3L 90k 2
(13.73) g %U gog )
< Cllgle.

This completes the proof.

There is a great deal more that can be said about convergence of Fourier series. For ex-
ample, material presented in the appendix to the next section has an analogue for Fourier
series. We also mention Chapter 5, §4 in [T0]. For further results, one can consult treat-
ments of Fourier analysis such as Chapter 3 of [T2].
Fourier series connects with the theory of harmonic functions, as follows. Taking z =
re? in the unit disk, we can write (13.4) as
[o.@] oo

(13.74) T f0) =Y f(k)F+Y f(—k)F.
k=0 k=1

We write this as

(13.75) (PI f)(z) = (PLy f)(2) + (PL- f)(2),
a sum of a holomorphic function and a conjugate-holomorphic function on the unit disk
D. Thus the left side is a harmonic function, called the Poisson integral of f.

Given f € C(S'), PI £ is the unique function in C?(D) N C(D) equal to f on 0D = S*
(uniqueness being a consequence of Proposition 7.4). Using (13.6)—(13.8), we can write
the following Poisson integral formula:

(13.76) PI f() = ‘27|f| /|J(_w2|2 ds(w),
Sl

the integral being with respect to arclength on S!. To see this, note that if w = ¢ and

z = re'? then ds(w) = df’ and
|,w . Z|2 _ (eiﬁ’ . rei@)(efw’ - Tefw)
—1_ r(ei(G—Q') + e—i(G—G’)) + 7‘2.

Since solutions to Au = 0 remain solutions upon translation and dilation of coordinates,
we have the following result.
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Proposition 13.7. If D C C is an open disk and f € C(9D) is given, there exists a
unique u € C(D) N C?(D) satisfying

(13.77) Au=0 on D, u’aD:f.

We call (13.77) the Dirichlet boundary problem.
Now we make use of Proposition 13.7 to improve the version of the Schwarz reflection
principle given in Proposition 8.2. As in the discussion of the Schwarz reflection principle

in §8, we assume ) C C is a connected, open set that is symmetric with respect to the real
axis, 50 2 €N =72€ 0 Weset QO ={2€Q:4+Im 2> 0}and L=QNR.

Proposition 13.8. Assume u : QT UL — C is continuous, harmonic on Q, and u = 0
on L. Define v:Q — C by

(13.78) v(z) = U(i), z€ Qi UL,
—u(z), z€.

Then v is harmonic on S).

Proof. Tt is readily verified that v is harmonic in Q7 U Q™ and continuous on . We
need to show that v is harmonic on a neighborhood of each point p € L. Let D = D,.(p)
be a disk centered at p such that D C Q. Let f € C(0D) be given by f = v|sp. Let
w € C?(D) N C(D) be the unique harmonic function on D equal to f on dD.

Since f is odd with respect to reflection about the real axis, so is w, so w = 0 on DNR.
Thus both v and w are harmonic on DT = D N {Im z > 0}, and continuous on 5+, and
agree on D™, so the maximum principle implies w = v on D Similarly w = v on D,
and this gives the desired harmonicity of v.

Using Proposition 13.8, we establish the following stronger version of Proposition 8.2,
the Schwarz reflection principle, weakening the hypothesis that f is continuous on QT U L
to the hypothesis that Im f is continuous on Q" U L (and vanishes on L). While this
improvement may seem a small thing, it can be quite useful, as we will see in §24.

Proposition 13.9. Let Q be as in Proposition 13.8, and assume f : QT — C is holomor-
phic. Assume Im f extends continuously to QUL and vanishes on L. Define g : QT UQ™

by

9(2) = f(z), ze€QT,

(13.79) @), zea.

Then g extends to a holomorphic function on 2.

Proof. 1t suffices to prove this under the additional assumption that €2 is a disk. We
apply Proposition 13.8 to u(z) = Im f(z) on 2T, 0 on L, obtaining a harmonic extension
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v : 0 = R. By Proposition 7.1, v has a harmonic conjugate w : 2 — R, so v + iw is
holomorphic, and hence h : {2 — C, given by

(13.80) h(z) = —w(z) + iv(z),

is holomorphic. Now Imh = Im f on QT, so g — h is real valued on Q7, so, being holo-
morphic, it must be constant. Thus, altering w by a real constant, we have

(13.81) h(z) =g(z), z€Qt.

Also, Imh(z) =v(z) =0 on L, so (cf. Exercise 1 in §10)

(13.82) h(z) = h(z), VzeQ.
It follows from this and (13.79) that
(13.83) h(z) =g(z), YzeQtuQ,

so h is the desired holomorphic extension.

Exercises

1. Verify the evaluation of the integral in (13.22). Use the evaluation of (13.23) at 6 = 0
(as done in (13.24)) to show that

1 2
13.84 E_—_

2. Compute f(k) when
fO)=1 for 0<O<m,

0 for —m<O<O.

Then use (13.64) to obtain another proof of (13.84).
3. Apply (13.29) when f(#) is given by (13.21). Use this to show that

=1
S E

k=1

4. Give the details for (13.76), as a consequence of (13.6) and (13.8).
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5. Suppose f is holomorphic on an annulus € containing the unit circle S!, with Laurent
series

Show that
an =§(n), g=f|a-

Compare this with (12.8), with 29 = 0 and ~ the unit circle S*.

Exercises 6-8 deal with the convolution of functions on S!, defined by
1
Frg(0) = o | F(p)g(0 — @) dyp.
S1

6. Show that A A
h=fx*g= h(k)= f(k)j(k).
7. Show that

fg€L*(SY), h=frg= Y _ |h(k)| < oo.

k=—o0

8. Let x be the characteristic function of [—m/2,7/2], regarded as an element of L?(S!).
Compute (k) and x * x(f). Relate these computations to (13.21)—(13.23).

9. Show that a formula equivalent to (13.76) is

(13.85) PIf(2) = — /7r (Re e’ + “)5(0) do.

21 ). et — 2
(We abuse notation by confounding f(6) and f(e'), identifying S' and R/(27Z).)

10. Give the details for the improvement of Proposition 8.2 mentioned right after the proof
of Proposition 13.8. Proposition 7.6 may come in handy.

11. Given f(0) = 3", are™*? show that f is real valued on S* if and only if
ap =a_g, VkeLZ.

12. Let f € C(S') be real valued. Show that PI f and (1/i) P g are harmonic conjugates,
provided

g(k) = f(k) for k>0,
— f(=k) for k<O.
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13. Using Exercise 1 and (13.15A), in concert with Exercise 19 of §4, show that

w2 | 1
— = —1 d
6 /OxOgl—x v

oo
t
= dt.
/0 et —1

14. Let Q be symmetric about R, as in Proposition 13.8. Suppose f is holomorphic and
nowhere vanishing on Q% and | f(z)| — 1 as z — L. Show that f extends to be holomorphic
on Q, with |f(z)| =1 for z € L.

Hint. Consider the harmonic function u(z) = log|f(z)| = Re log f(z).

15. Establish the variant of Exercise 14 (and strengthening of Exercise 3 from §8). Take
a > 1. Suppose f is holomorphic and nowhere vanishing on the annulus 1 < |z] < a
and that |f(z)] — 1 as |z|] — 1. Show that f extends to a holomorphic function g on
1/a < |z| < a, satisfying g(z) = f(z) for 1 < |z| < a and

1
9(z) = , — <zl <1l
z a
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14. Fourier transforms

Take a function f that is integrable on R, so

(14.1) s = [ 1@ do < oc.

We define the Fourier transform of f to be

~

(142) i) = Fi(e) = %27 / T f@)e " de, £eR.

Similarly, we set

(14.24) F*f(é)z\/%—w | f@etin cer

and ultimately plan to identify F* as the inverse Fourier transform.
Clearly the Fourier transform of an integrable function is bounded:

A 1 o0
(143) fel< o= [ lr@la.

We also have continuity.
Proposition 14.1. If f is integrable on R, then f is continuous on R.

Proof. Given € > 0, pick N < oo such that flx|>N|f(x)|dm < e. Write f = fn + gn,
where fn(x) = f(x) for |z| < N, 0 for |x| > N. Then

(14.4) F(&) = Fn(©) +gn (),
and
(14.5) In (O < o=, Ve
Meanwhile, for &, € R,
N
(14.6) In(€) — fn(Q) = \/% /_ N f(z) (e—m _ e_igcq) dz,
and

. . o .
‘e—mg . e—zw(, < ‘5 . C‘ max’_e—zmn
n

on
< zf- 1€ ¢l

(14.6A)
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for |z| < N, so
(14.7 (€)= PO < — | £l fE — €]
. N Ng >~ \/ﬂ Lt )

where | f||z: is defined by (14.1). Hence each fy is continuous, and, by (14.5), f is a
uniform limit of continuous functions, so it is continuous.

The Fourier inversion formula asserts that
1 RN -,
14.8 r) = — / e's dE,
(14.8 f@)= o= | fleea
in appropriate senses, depending on the nature of f. We approach this in a spirit similar

to the Fourier inversion formula (13.1) of the previous section. First we sneak up on (14.8)
by inserting a factor of e=<€". Set

(14.9) Jef(x) = \/%/_ f(g)e—sgze“f dé.

Note that, by (14.3), whenever f € L*(R), f(5)6_5§2 is integrable for each € > 0. Further-
more, we can plug in (14.2) for f(£) and switch order of integration, getting

Tf@) = 5 [ [ £t ay g

(14.10) I

- / F)He(z — y) dy,
where
(14.11) H.(z) = %/_O; e it e

A change of variable shows that H.(x) = (1/v/¢)Hi(z//¢), and the computation of
H,(z) is accomplished in §10; we see that Hy(z) = (1/27)G(iz), with G(z) defined by
(10.3) and computed in (10.8). We obtain

1 2
(14.12) H.(x) = e v /e,
4re

;

The computation [ e~ dx = /7 done in (10.6) implies
(14.13) / H.(x)dx =1, Ve>D0.

We see that H.(z) is highly peaked near z = 0 as ¢ \, 0. An argument parallel to that
used to prove Proposition 13.1 then establishes the following.
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Proposition 14.2. Assume f is integrable on R. Then
(14.14) Jof(z) = f(x) whenever f is continuous at x.

If, in addition, f is continuous on R and f(x) — 0 as |x| — oo, then J.f(x) — f(x)
uniformly on R.

From here, parallel to Proposition 13.2, we have:

Corollary 14.3. Assume f is bounded and continuous on R, and f andf are integrable
on R. Then (14.8) holds for all z € R.

Proof. If f € LY(R), then f is bounded and continuous. If also f € L'(R), then F*f is
continuous. Furthermore, arguments similar to those used to prove Proposition 13.2 show
that the right side of (14.9) converges to the right side of (14.8) as € N\, 0. That is to say,

~

(14.14A) Jof(x) — F*f(x), as €—0.

~

It follows from (14.14) that f(z) = F* f(z).

REMARK. With some more work, one can omit the hypothesis in Corollary 14.3 that f
be bounded and continuous, and use (14.14A) to deduce these properties as a conclusion.
This sort of reasoning is best carried out in a course on measure theory and integration.

At this point, we take the space to discuss integrable functions and square integrable
functions on R. Examples of integrable functions on R are bounded, piecewise continuous
functions satisfying (14.1). More generally, f could be Riemann integrable on each interval
[—N, N], and satisfy

N

(14.15) lim [ [f(2)|de = |l < oo,
N —o0 _N

where Riemann integrability on [—N, N] has a definition similar to that given in (13.61)—
(13.62) for functions on S*. Still more general is Lebesgue’s class, consisting of measurable
functions f : R — C satisfying (14.1), where the Lebesgue integral is used. An element of
LY(R) consists of an equivalence class of such functions, where we say fi ~ fo provided
[ |fi = faldz = 0. The quantity ||f||z: is called the L* norm of f. It satisfies the
triangle inequality

(14.16) If +gller < [ flle + llgllze,

as an easy consequence of the pointwise inequality | f(x)+g(z)| < |f(z)|+|g(x)| (cf. (0.14)).
Thus L'(R) has the structure of a metric space, with d(f,g) = ||f — gllz:. We say f, — f
in L' if ||f, — f]lz» — 0. Parallel to Propositions A and B of §13, we have the following.
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Proposition Al. Given f € L'(R) and k € N, there exist f, € CE(R) such that f, — f
in L.

Here, C¥(R) denotes the space of functions with compact support whose derivatives of
order < k exist and are continuous. There is also the following completeness result.

Proposition B1. If (f,) is a Cauchy sequence in L*(R), there exists f € L*(R) such that
f, — fin L.

Asin §13, we will also be interested in square integrable functions. A function f: R — C
is said to be square integrable if f and |f|? are integrable on each finite interval [~ N, N]
and

(14.17) 113 = [ 5@ de <

— 00

Taking the square root gives ||f| 2, called the L?-norm of f. Parallel to (13.34) and
(14.16), there is the triangle inequality

(14.18) 1f +gllz <I1fllez + gl e

The proof of (14.18) is not as easy as that of (14.16), but, like (13.34), it follows, via results
of Appendix H, from the fact that

(14.19) 1172 = (f, f)res

where, for square integrable functions f and g, we define the inner product
(14.20) (oo = [ falg@ds

The triangle inequality (14.18) makes L?(R) a metric space, with distance function d(f, g) =
If — gllL2, and we say f, — f in L? if ||f, — f||z= — 0. Parallel to Propositions Al and
B1, we have the following.

Proposition A2. Given f € L?>(R) and k € N, there exist f, € CE(R) such that f, — f
in L2.

Proposition B2. If (f,) is a Cauchy sequence in L*(R), there exists f € L*(R) such that
f, — f in L2

As in §13, we refer to books on measure theory, such as [T3], for further material on
LY(R) and L?(R), including proofs of results stated above.
Somewhat parallel to (13.28), we set

(14.21) A(R) = {f € L*(R) : f bounded and continuous, f € L*(R)}.
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By Corollary 14.3, the Fourier inversion formula (14.8) holds for all f € A(R). It also
follows that f € A(R) = f € A(R). Note also that

(14.22) AR) C L*(R).

In fact, if f € A(R),

1712 = / (@) da
(14.23) <sup|f(z / |f(x)| dx

\/—HfHLl ]l

It is of interest to know when f € A(R). We mention one simple result here. Namely,
if f € C*(R) has compact support (we say f € C¥(R)), then integration by parts yields

(14.24) = / PO (@)e = da = (i€)1 f(€), 0<j<h.
Hence
(14.25) C2(R) C A(R).

While (14.25) is crude, it will give us a start on the L2-theory of the Fourier transform.
Let us denote by F the map f ~ f, and by F* the map you get upon replacing e~*¢ by
e™¢, Then, with respect to the inner product (14.20), we have, for f,g € A(R),

(14.26) (Ff,9)=(f,F"9).

Now combining (14.26) with Corollary 14.3 we have

(14.27) f,9€ AR) = (Ff,Fg) = (F"Ff,g) = (f,9)

One readily obtains a similar result with F replaced by F*. Hence

(14.28) [Fflle2 = IIF* fllz = [ Fllz>,

for f,g € AR
The result

)-
(14.28) is called the Plancherel identity. Using it, we can extend F and F*
to act on L2(R),

obtaining (14.28) and the Fourier inversion formula on L2(R).
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Proposition 14.4. The maps F and F* have unique continuous linear extensions from

(14.28A) F,F* AR) = A(R)
to
(14.29) F,F*: L*(R) — L*(R),

and the identities
(14.30) F'Ff=f FFf=f
hold for all f € L*>(R), as does (14.28).

This result can be proven using Propositions A2 and B2, and the inclusion (14.25),
which together with Proposition A2 implies that

(14.31) For each f € L*(R), 3f, € A(R) such that f, — f in L.

The argument goes like this. Given f € L?(R), take f, € A(R) such that f, — f in L.
Then ||f, — fu|lL2 = 0 as p, v — co. Now (14.28), applied to f, — f, € A(R), gives

(14.32) IFfu = Fhollee = fu = fulle =0,

as p1, v — oo. Hence (Ff,) is a Cauchy sequence in L?(R). By Proposition B2, there exists
alimit h € L3(R); Ff, — hin L?. One gets the same element h regardless of the choice of
(f,) such that (14.31) holds, and so we set Ff = h. The same argument applies to F* f,,
which hence converges to F* f. We have

(14.33) IFfv = Ffllzs 1F fo = F fllzz — 0.

From here, the result (14.30) and the extension of (14.28) to L?(R) follow.
Given f € L*(R), we have

X[_RyR]f—>f in L?, as R — oo,

so Proposition 14.4 yields the following.
Proposition 14.5. Define Sr by

IR L
(14.34) Srf(z) = Nirs /_ . f(&)e™s de.
Then
(14.35) feL*R) = Sgf — f in L*R),
as R — oo.

Having Proposition 14.4, we can sharpen (14.25) as follows.



170
Proposition 14.6. There is the inclusion

(14.36) C3(R) C A(R).

Proof. Given f € C¢(R), we can use (14.24) with j = k =1 to get

A

(14.37) g=f" = 9(&) =isf(&)

Proposition 14.4 implies

(14.38) 11 +3&) Fllze = If + F'llz=.

Now, parallel to the proof of Proposition 13.6, we have
£ = [la+ie)7|- |+ if©)] de
(14.39) <
{ 1+§2 (1 +i)f () dg}

=Vr|f+/f ||L27

the inequality in (14.39) by Cauchy’s inequality (cf. (H.18)) and the last identity by (14.37)—
(14.38). This proves (14.36).

REMARK. Parallel to Proposition 13.6, one can extend Proposition 14.6 to show that if
f has compact support, is continuuous, and is piecewise C' on R, then f € A(R). In
conjunction with (14.39), the following is useful for identifying other elements of A(R).

Proposition 14.7. Let f, € A(R) and f € C(R) N L' (R). Assume
fo — [ in L*-norm, and ||f, || < A,

for some A < co. Then f € A(R).

Proof. Clearly f,—=f uniformly on R. Hence, for each R < oo,

R A A
/_R o (6) = (&) de — 0, as v oo,

Thus n
| Jf@lig<a vR<o

-R

and it follows that f € L'(R), completing the proof.
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The interested reader can consult §14A for a still sharper condition guaranteeing that

f e AR).

Exercises

In Exercises 1-2, assume f : R — C is a C? function satisfying

(14.40) FO@ <+ j<2
1. Show that

. '
(11.41) f@l< a7y €eR

Deduce that f € A(R).

2. With f given as in (14.1), show that

1 oo R - o ¢]
(14.42) \/—2_”_2_00 fk)e™™ = N~ f(z+ 2m0).

{=—o00

This is known as the Poisson summation formula.
Hint. Let g denote the right side of (14.42), pictured as an element of C?(S1). Relate the
Fourier series of g (a la §13) to the left side of (14.42).

3. Use f(z) = e~ /4t ip (14.42) to show that, for 7 > 0,

= > 1 &« >

14.4 —mliT - —7mk /T'

1.9 DRSASED S
l=—00 k=—o0

This is a Jacobi identity.

Hint. Use (14.11)—(14.12) to get f(&) = v2te'¢". Take t = 77, and set = = 0 in (14.42).

4. For each of the following functions f(x), compute f ().

(a) flz)=e ",

(v f@) = 1

(c) f(z) = X[—1/2,1/2]($)7

(d) f@) = (1= |2z))x-1.0(2),

Here x1(x) is the characteristic function of a set I C R. Reconsider the computation of
(b) when you get to §16.
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5. In each case, (a)—(d), of Exercise 4, record the identity that follows from the Plancherel
identity (14.28). In particular, show that

/°O sin2§d£:m

oo &7

Exercises 68 deal with the convolution of functions on R, defined by

(14.44) frg(r)= /_Oo fy)gx —y)dy.

6. Show that
[fx gl < [ fllzellglloy,  sap |f* gl < | fllz=llgllzz-

7. Show that - A
(f = 9)(&) = V2 f(£)3().

8. Compute f * f when f(x) = Xx[—1/2,1/2)(7), the characteristic function of the interval
[—1/2,1/2]. Compare the result of Exercise 7 with the computation of (d) in Exercise 4.

9. Prove the following result, known as the Riemann-Lebesgue lemma.

(14.45) fel'R)= lim |f(¢)]=0.

€] =00

Hint. (14.41) gives the desired conclusion for f,, when f, € C2(R). Then use Proposition
A1 and apply (14.3) to f — f,, to get f, — f uniformly.

10. Sharpen the result of Exercise 1 as follows, using the reasoning in the proof of Propo-
sition 14.6. Assume f: R — C is a C! function satisfying

(14.45A) FO@) <O +a)2 <.

Then show that f € A(R). More generally, show that f € A(R) provided that f is
Lipschitz continuous on R, C'! on (—o00,0] and on [0, 00), and (14.45A) holds for all z # 0.

14A. More general sufficient condition for f € A(R)

Here we establish a result substantially sharper than Proposition 14.6. We mention that
an analogous result holds for Fourier series. The interested reader can investigate this.
To set things up, given f € L%(R), let

(14.46) fn(z) = f(z+h).

Our goal here is to prove the following.



Proposition 14.8. If f € L'(R) N L*(R) and there exists C < oo such that

(14.47) If = follez < Ch®, Yhel0,1],
with

1
(14.48) a > 3

then f € A(R).

Proof. A calculation gives

~

(14.49) fu(€) =™ f(¢),
so, by the Plancherel identity,

(14.50) I = fulla = [ L= P Q)R ae

Now,

(14.51) g < |he| < 37” — |1 —ehE2 > 2,

SO

(14.52) If = faull3s > 2 F(&)I? dg.
T<|hgI<EE

If (14.47) holds, we deduce that, for h € (0, 1],

(14.53) 1£(€)|? d¢ < Ch*,

#<le

IN
RN

hence (setting h = 27¢*1), for £ > 1,

(14.51) JEGIE e

26l <2ttt

Cauchy’s inequality gives

1£(©)] d¢
26<|g| <20+
. 1/2
1455 <{ [ ifere}”«{
20 <[] <2+ 20 <[ <2+

— 02—(04—1/2)6.

1d5}1/2
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Summing over ¢ € N and using (again by Cauchy’s inequality)

(14.56) [ 11de < Clfle =l le
1€1<2
then gives the proof.
To see how close to sharp Proposition 14.8 is, consider

T) = r)=1 if 0<z <1,

- f(@) = xi (=) <ws
0 otherwise.

We have, for 0 < h <1,
(14.58) If = fullZ2 = 2k,

so (14.47) holds, with « = 1/2. Since A(R) C C(R), this function does not belong to
A(R), so the condition (14.48) is about as sharp as it could be.

REMARK. Using

(14.59) /|gh|dw§sup lg| /|h|dm,

we have the estimate

(14.60) If = fullZe < sup [f () = fu(@)[ - If = fullzr,

so, with

(14.61)  [|fllsv = S IR = fudllees I fller = L h=r[f (@) = fu(2)],

for 0 < r < 1, we have

(14.62) If = fullz < RSBV fller,
which can be applied to the hypothesis (14.47) in Proposition 14.8.

14B. Fourier uniqueness

The Fourier inversion formula established in Corollary 14.3 yields

~

(14.63) feAR), f=0= f=0.
Similarly, Proposition 14.4 yields
(14.64) fel?’R), f=0= f=0.

We call these Fourier uniqueness results. An extension of (14.63) is the following conse-
quence of Proposition 14.2:

(14.65) fel'R)NCMR), f=0= f=0.
Here, we advertize the following strengthening of (14.63).
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Proposition 14.9. We have the implication

(14.66) fel'R), f=0= f=0.

We indicate a proof of this result, starting with the following variant of (14.26). If
f € L'(R) and also g € L'(R), then

| desede= = [ [ fwe g doa

(14.67) w
— / f(2)g(x) da,

where the second identity uses a change in the order of integration. Thus

(14.68) fel'®), f=0= /_oo f(@)h(z)dz =0,

for all h = g, g € L*(R). In particular, (14.64) holds for all h € A(R), and so, by (14.25),
it holds for all h € C3(R). The implication

(14.69) f e L'R), /f(x)h(:)s) dr =0Yhec C3(R)= f=0

is a basic result in a course in measure theory and integration.
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15. Laplace transforms and Mellin transforms

Suppose we have a function f : RT™ — C that is integrable on [0, R] for all R < oo and
satisfies

(15.1) / F)le " dt < 00, Va> A
0

for some A € (—o0,00). We define the Laplace transform of f by

(15.2) Lf(s)= /000 f(t)e ®'dt, Re s> A.

It is clear that this integral is absolutely convergent for each s in the half-plane Hy = {z €
C : Re z > A} and defines a continuous function Lf : H4 — C. Also, if 7y is a closed curve
(e.g., the boundary of a rectangle) in H 4, we can change order of integration to see that

(15.3) /ﬁf(s) ds:/ooo/f(t)e—st ds dt = 0.

Hence Morera’s theorem implies L£f is holomorphic on H 4. We have

(15.4) L) = Lols), olt) = —t7(0).

On the other hand, if f € C([0,00)) and [~ |f/(t)]e”* dt < oo for all a > A, then we
can integrate by parts and get

(15.5) Lf'(s) = sLf(s) = £(0),

and a similar hypothesis on higher derivatives of f gives

(15.6) LW (s) = s"Lf(s) =" f(0) —--- = FE1(0).
Thus, if f satisfies an ODE of the form

(15.7) en " () + enn fOTIV () 4 o f(8) = g(2)
for t > 0, with initial data

(15.8) £(0) = ag, ..., f"7D(0) = ay_1,
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and hypotheses yielding (15.6) hold for all k£ < n, we have

(15.9) p(s)Lf(s) = Lyg(s) + q(s),

with

p(s) = cps™ + cp_18" -+ e,

q(s) = cplags™ ' 4+ -+ an_1) + - + crao.

If all the roots of p(s) satisfy Re s < B, we have

_ Lg(s) +4(s)
p(s)

and we are motivated to seek an inverse Laplace transform.

We can get this by relating the Laplace transform to the Fourier transform. In fact, if
(15.1) holds, and if B > A, then

(15.10)

(15.11) Lf(s) , S$€ Hg, C =max{A, B},

(15.12) LE(B+i€) = V2r3(e), €€R,
with

- pla) = f@)e P, w >0,

0 , x<0.
In §14 we have seen several senses in which
1 > -

15.14 T) = — p(€)e™™ de,

(15.14) p(x) Nor /_ N P(&)e"™ dS

hence giving, for ¢t > 0,

Bt poo
1) =5 | LB +iee ae
(15.15) )
= — [ Lf(s)e" ds,
/

271

where 7 is the vertical line y(§) = B + i€, —o0 < £ < o0.

For example, if ¢ in (15.13) belongs to L(IR), then (15.15) holds in the sense of Propo-
sition 14.5. If ¢ belongs to A(R), then (15.15) holds in the sense of Corollary 14.3.
Frequently, f is continuous on [0,00) but f(0) # 0. Then ¢ in (15.13) has a discontinuity
at x = 0, so ¢ ¢ A(R). However, sometimes one has ¢(z) = xp(z) in A(R), which is
obtained as in (15.13) by replacing f(t) by tf(t). (See Exercise 7 below.) In light of (15.4),
we obtain

1 d
15.16 —tf(t)=— [ =L *d
(15.16) f =5 [ LS et ds
gt
with an absolutely convergent integral, provided ¢ € A(R).
Related to such inversion formulas is the following uniqueness result, which, via (15.12)—

(15.13), is an immediate consequence of Proposition 14.9.
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Proposition 15.1. If fi and fo are integrable on [0, R] for all R < oo and satisfy (15.1),
then

(15.17) /Jfl(s) = Efg(S), Vse Hy — f1 = fg on RT.

We can also use material of §10 to deduce that fi; = f5 given Lf1(s) = Lf2(s) on a set
with an accumulation point in Hy4.
We next introduce a transform called the Mellin transform:

(15.18) Mf(z) = /OOO f)=tdt,

defined and holomoprhic on A < Rez < B, provided f(¢)t*~! is integrable for real = €
(A, B). This is related to the Laplace transform via a change of variable, ¢t = e”:

(15.19) Mf(z) = / f(e*)e*® dx.
Assuming 0 € (A, B), evaluation of these integrals for z on the imaginary axis yields
MEFE) = [ e a
(15.20) 0o
:/ f(egc)em€ dx.

The Fourier inversion formula and Plancherel formula imply

(1521 10 = 5= [ e
and
(15.22) [ IRy ATOTES

If 0 ¢ (A, B) but 7 € (A, B), one can evaluate M f(z) on the vertical axis z = 7 +i&, and
modify (15.20)—(15.22) accordingly.

Exercises

1. Show that the Laplace transform of f(t) = t*~1

(15.23) Lf(s)= / e *'*~1dt, Rez >0,
0
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is given by
(15.24) Lf(s)=T(z)s"7%,

where I'(z) is the Gamma function:
(15.25) I'(z) = / e 7 at.
0

For more on this function, see §18.
REMARK. The integral (15.23) has the remarkable property of being simultaneously a
Laplace transform and a Mellin transform. It is the simplest integral with this property.

2. Compute the Laplace transforms of the following functions (defined for ¢ > 0).

(a) e,

(b) cosh at,
(c) sinh at,
(d) sin at,
(e) =1t

3. Compute the inverse Laplace transforms of the following functions (defined in appro-
priate right half-spaces).

1
(b) S
(©) S
a
(@) s
1

Vs+1

Reconsider these problems when you read §16.

Exercises 46 deal with the convolution of functions on R*, defined by

(15.26) fxg(t) = /0 f(r)g(t —7)dr.

4. Show that (15.26) coincides with the definition (14.44) of convolution, provided f(t)
and ¢(t) vanish for ¢ < 0.
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5. Show that if f.(t) = t*~! for t > 0, with Re z > 0, and if also Re ¢ > 0, then

(15.27) fox fe(t) = B(2,Q) fz1¢ (1),
with

(15.28) B(z,¢) = /01 s*71(1 — 5)" L ds.
6. Show that

(15.29) L(f*g)(s) = Lf(s) - Lg(s).

See §18 for an identity resulting from applying (15.29) to (15.27).
7. Assume f € C1(]0,00)) satisfies
[f(@)l, [f'(@)] < Cet®, x>0,
Take B > A and define ¢(z) as in (15.13). Show that
b(z) = zp(r) = ¢ € A(R).

Hint. Use the result of Exercise 10 in §14.

The matrix Laplace transform and Duhamel’s formula

The matrix Laplace transform allows one to treat n x n first-order systems of differential
equations, of the form

(15.30) @) =Kf(t)+g(t), f0)=a,
in a fashion parallel to (15.7)—(15.11). Here K is an n x n matrix,
(15.31) KeMn,C), acC", g(t)eC" Vi,

and we seek a solution f(t), taking values in C™.
A key ingredient in this study is the matrix exponential

o’} tj '
(15.32) e ="K/, KeM(@n,C),
— j!
=
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which has a development parallel to that of the exponential (for K € C) given in §0. In
particular, we have
d

Lot — RetK — otK [ oK _ K 7K

15.
(15.33) =

See Appendix N for more details, and definitions of some of the concepts used below, such
as the norm ||K|| of the matrix K. Using the notation

(15.34) Ek(t) =™,

we have

(15.35) LEk(s) :/ etEemst dt,
0

valid whenever
(15.36) [etX ]| < ce®, Res > o

In particular, the first estimate always holds for a = || K]|.
Turning to (15.30), if we assume g and f have Laplace transforms and apply £ to both
sides, then (15.5) continues to apply, and we get

(15.37) sLf(s)—a=KLf(s)+ Lyg(s),
hence
(15.38) Lf(s)= (s — K) '(a+ Lyg(s)),

if Re s is sufficiently large. To solve (15.30), it suffices to identify the right side of (15.38)
as the Laplace transform of a function.
To start, we assert that, with Fg (t) = e!¥,

(15.39) LEk(s) = (s — K)™ ",

whenever s satisfies (15.36). To see this, let L € M(n,C) and note that the identity
(d/dt)e ' = —Le~*F implies

T
(15.40) L/ ethdt=1—e Tt
0

for each T' € (0,00). If L satisfies

(15.41) e tE| < ce™®, Vit >0,
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for some § > 0, then we can take T"— oo in (15.40), and deduce that

(15.42) L/OO eTdt=1, e, /OO e tat =171
0 0

Clearly (15.41) applies to L = sI — K as long as (15.36) holds, since

(15.43) et =sD|| = =t etk

so we have (15.39). This gives

(15.44) (sI — K) ta= L(Ega)(s).

Also, by (15.29),

(15.45) (s — K)~'Lg(s) = L(Ex *g)(s),

where

Ex xg(t) = /0 Ex(t—7)g(r)dr

t
:/ e(t_T)Kg(T) dr.
0

Now (15.38) yields f(t) = Ex(t)a + Ex * g(t). In conclusion, the solution to (15.30) is
given by

(15.46)

(15.47) f(t)=eTa+ /t e E (1) dr.
0

This is known as Duhamel’s formula.
Here is another route to the derivation of Duhamel’s formula. We seek the solution to
(15.30) in the form

(15.48) f(t) = eEF(t),

and find that F'(t) satisfies a differential equation that is simpler than (15.30). In fact,
differentiating (15.48) and using (15.33) gives

df . (dF
(15.49) prinkd (E - KF(t))’

Kf(t) +g(t) = K" F(t) + g(t),

hence
dF
(15.50) == e yt), F(0)=a.
Simply integrating this gives
t
(15.51) F(t) = a+/ e Rg(r)dr,
0

and applying X to both sides (and using the last identity in (15.33)) again gives (15.47).
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H. Inner product spaces

On occasion, particularly in §§13—-14, we have looked at norms and inner products on
spaces of functions, such as C'(S') and S(R), which are vector spaces. Generally, a complex
vector space V is a set on which there are operations of vector addition:

(H.1) frgeV=f+geV,

and multiplication by an element of C (called scalar multiplication):

(H.2) acC, feV=uafecV,

satisfying the following properties. For vector addition, we have

(H3)  fHrg=g9+f (f+g)+h=Ff+(g+h), f+0=f f+(=f)=0.
For multiplication by scalars, we have

(H.4) a(bf) = (ab)f, 1-f=F.

Furthermore, we have two distributive laws:

(H.5) a(f+g)=af +ag, (a+b)f=af+bf.

These properties are readily verified for the function spaces arising in §§13-14.
An inner product on a complex vector space V assigns to elements f, g € V the quantity
(f,g) € C, in a fashion that obeys the following three rules:

(arfi +azfa,9) = a1(f1, 9) + a2(f2, 9),

(H.6) (f,9) = (9, /),
(f,f) >0 unless f=0.

A vector space equipped with an inner product is called an inner product space. For
example,

(17) (.9) = 5= [ F0)510) do
Sl

defines an inner product on C(S'). Similarly,

(H.8) o= [ " f@)@) da
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defines an inner product on S(R) (defined in §14). As another example, in §13 we defined
/2 to consist of sequences (ay)rez such that

oo

(H.9) D Jarl? < 0.
k=—o0
An inner product on ¢2 is given by
(H.10) ((ar), (br)) = Y axby.
k=—oc0

Given an inner product on V', one says the object || f|| defined by

(H.11) 11l = v (f5 f)

is the norm on V associated with the inner product. Generally, a norm on V' is a function
f || f|l satisfying

(H.12) lafll=lal-[Ifl, a€C, feV,
(H.13) |l >0 wunless f=0,
(H.14) If+ gl <A+ gl

The property (H.14) is called the triangle inequality. A vector space equipped with a norm
is called a normed vector space. We can define a distance function on such a space by

(H.15) d(f,9) = IIf = gll
Properties (H.12)—(H.14) imply that d : V' x V' — [0, 00) satisfies the properties in (A.1),
making V' a metric space.

If || f|| is given by (H.11), from an inner product satisfying (H.6), it is clear that (H.12)—
(H.13) hold, but (H.14) requires a demonstration. Note that

If+9lP=(+g.f+9)
(H.16) =fIIP+ (f.9) + (9. ) + lglI?
= || fII* +2Re(f, 9) + |lg]I,

while

(H.17) LA+ llglD? = LA + 20111 - gl + gl

Thus to establish (H.17) it suffices to prove the following, known as Cauchy’s inequality.
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Proposition H.1. For any inner product on a vector space V', with || f|| defined by (H.11),

(H.18) (Ll < F-llgll, vFigeV.

Proof. We start with

(H.19) 0<|If = gl* = If1* = 2Re(f, 9) + llgl*,

which implies
(H.20) 2Re(f,9) < |fI*+gll*>, YfgeV.

Replacing f by af for arbitrary a € C of absolute velue 1 yields 2 Rea(f, g) < || fII?+lgl|?,
for all such a, hence

(H.21) 20(£, )l < IIFI2+lgl?, VfgeV.
Replacing f by tf and g by t~1g for arbitrary ¢t € (0, 00), we have
(H.22) 2(f )l < EIFI*+22llgll*, VFg €V, te(0,00).

If we take t2 = ||g||/||f||, we obtain the desired inequality (H.18). This assumes f and g
are both nonzero, but (H.18) is trivial if f or g is 0.

An inner product space V is called a Hilbert space if it is a complete metric space, i.e.,
if every Cauchy sequence (f,) in V has a limit in V. The space £? has this completeness
property, but C(S!), with inner product (H.7), does not. Appendix A describes a process
of constructing the completion of a metric space. When appied to an incomplete inner
product space, it produces a Hilbert space. When this process is applied to C(S?), the
completion is the space L?(S'), briefly discussed in §13. This result is essentially the
content of Propositions A and B, stated in §13.

There is a great deal more to be said about Hilbert space theory, but further material
is not needed here. One can consult a book on functional analysis, or the appendix on
functional analysis in Vol. 1 of [T2].
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N. The matrix exponential

Let A be an n x n matrix with complex entries; we write A € M(n,C). Parallel to
(0.49), we define
00 tj .
(Nl) etA = —'AJ
=07’

To establish convergence of this series, we use the matrix norm

(N.2) IA]l = sup{[|Aul| : uw € C", [[ul| <1},
where, if u = (u1,...,u,)" € C", we set

(N.3) ull = (lua? 4 -+ fun )2,

or equivalently, ||u|[? = (u,u), where, if also v = (vy,...,v,)" € C",

(N.4) (u,v) = Zu;ﬁk.
k=1

This makes C™ an inner product space, as treated in Appendix H. An equivalent charac-
terization of ||A|| is that it is the smallest constant K such that the estimate

(N.5) [Aul| < Kllull, YueC"
is valid. Given this, it is readily verified that, if also B € M (n,C), then
A+ Bl < Al + (B, and |AB| < [|A]-[B]-

Consequently
l+m {+m

o |t|? .
(N.6) HZ ﬁAJ <) ?HAW
j=¢ j=¢
Hence absolute convergence of (N.1) (uniformly for ¢ in any bounded set) follows, via the
ratio test, as it does in (0.49). We have
(N.7) et < el Al
Just as in Proposition 0.4, we can differentiate (N.1) term by term, obtaining

d 4~ 8
at” _Z(j—l)!A

j=1

_ U k1
=2 wA
k=0

= Aett = e A,

Next, we can differentiate the product e t4e(*T)4 to prove the following.
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Proposition N.1. For all s,t € R, A€ M(n,C),

(Ng) €(s+t)A — GtAGSA.

Proof. To start, we have

(N.10) %e—tAe(s—H)A — e tAA(HIA | —tA g (5404 _

so e t4e(stD4 ig independent of ¢ € R. Evaluating at ¢t = 0, we have
(N.11) et A — 54 v L e R

Taking s = 0, we have

(N.12) e tetd =1, VteR,

where [ is the identity matrix. With this in hand, we can multiply (N.11) on the left by
et4 and obtain (N.9).

Here is a useful extension of (N.7).

Proposition N.2. Let A, B € M(n,C), and assume these matrices commute, i.e.,
(N.13) AB = BA.
Then, for allt € R,

(N.14) et A+E) — tAptB,

Proof. We compute that

d

—e

dt
(N.15) _ (HA+B) g—tB —tA

t(A+B) ,~tB ,~tA _ et(A+B)(A + B>e—tB€—tA

_ (t(A+B) —tB g —tA

We claim that (N.13) implies
(N.16) Ae7P =¢e7BA VieR.

Given this, we see that (N.15) is 0, and then evaluating the triple matrix product at t = 0
yields

(N.17) et ATB)e=tBo—tA _ [ vy eR.
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Using (N.12), we obtain (N.14) from this.
It remains to prove (N.16), which we rephrase as Ae!B = e¢!P A, for all t € R. Using the
power series, we have

[e.¢]

i
(N.18) AetB = L'ABJ.
j=o0 7’

Then (N.13) yields AB? = B7 A, so (N.18) is equal to

J .
(N.19) > Ppia—etBa,

and we are done.

These results will suffice for our needs in §15. Further material on the matrix exponential
can be found in Chapter 3 of [T4].
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G. The Weierstrass and Runge approximation theorems

In this appendix we discuss several approximation results, to the effect that a certain
class of functions can be approximated uniformly by a sequence of functions of a more
special type.

We start with the following result of Weierstrass, on the approximation by polynomials
of an arbitrary continuous function on a closed bounded interval [a,b] C R.

Theorem G.1. If f : [a,b] — C is continuous, then there exist polynomials py(z) such
that pi(z) — f(x) uniformly on [a,b].

For the proof, first extend f to be continuous on [a—1, b+1] and vanish at the endpoints.
We leave it to the reader to do this. Then extend f to be 0 on (—oo,a—1] and on [b+1, c0).
Then we have a continuous function f : R — C with compact support. We write f € Cy(R).

As seen in §14, if we set

1 )
G.1 H.(z) = —z/de
(G.1) (2) Nt

for ¢ > 0 and form
(G.2) fo) = [ ) f)d,

then f.(z) — f(x) as e — 0, uniformly for x € R, whenever f € Cy(R). In particular,
given ¢ > 0, there exists € > 0 such that

(G.3) If-(z) — f(x)| <6, YzeR.

Now note that, for each ¢ > 0, f.(x) extends from x € R to the entire holomorphic
function

(G4 ) == [ e ) ay

That this integral is absolutely convergent for each z € C is elementary, and that it is
holomorphic in z can be deduced from Morera’s theorem. It follows that F.(z) has a
power series expansion,

(G.5) F.(z) = Zan(es)z",

converging locally uniformly on C. In particular, there exists N = N(g) € Z* such that

(G.6) [Fe(2) —pne(2)] <6, |2] < R = max{lal, [b]},
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where
(G.7) Pyo(2) =) an(e)2".

Consequently, by (G.3) and (G.6),
(G.8) |f(z) —pne(z)| <20, Yae€la,b.

This proves Theorem G.1.
We next produce a useful variant of Theorem G.1. It will play a role in the proof of
Karamata’s Tauberian theorem, in Appendix R.

Proposition G.2. Let f € C([0,00]). Then for each € > 0, there ezists a function g of
the form

(G.9) g(x) = Z ape”k®
k=0

such that sup, |f(z) — g(x)| < e.
Proof. We use the homeomorphism ¢ : [0, 00] — [0, 1], given by

= _:Ea 0< < ;
(G.10) pla)=c =re

0, x=o0,

with inverse ¢ : [0,1] — [0,00]. Given f € C([0,00]), take F' = f o € C(]0,1]). Use
Theorem G.1 to produce a polynomial

N
(G.11) G(t)=> axt
k=0

such that sup, |F'(t) — G(t)| < €, and then take g = G o ¢, which has the form (G.9).

While Proposition G.2 is easy to establish, it is valuable to view it as a special case of
a far reaching extension of the Weierstrass approximation theorem, due to M. Stone. The
following result is known as the Stone-Weierstrass theorem.

Theorem G.3. Let X be a compact metric space, A a subalgebra of Cr(X), the algebra
of real valued continuous functions on X. Suppose 1 € A and that A separates points of
X, i.e., for distinct p,q € X, there exists hpq € A with hypy(p) # hpe(q). Then the closure
A is equal to Cr(X).

We present the proof in eight steps.

STEP 1. Let f € A and assume ¢ : R — R is continuous. If sup|f| < A, we can apply
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the Weierstrass approximation theorem to get polynomials pr — ¢ uniformly on [—A, A].
Then pi o f — ¢ o f uniformly on X, so po f € A.

STEP 2. Consequently, if f; € A, then

(G.12) max(f1, f2) = 2y~ fol + 51+ fo) €
and similarly min(f;, f2) € A.

STEP 3. It follows from the hypotheses that if p,q € X and p # ¢, then there exists
fpq € A, equal to 1 at p and to O at q.

STEP 4. Apply an appropriate continuous ¢ : R — R to get g,q = @ o fpq € A, equal to 1
on a neighborhood of p and to 0 on a neighborhood of ¢, and satisfying 0 < g,, <1 on X.

STEP 5. Fixpe X and let U be an open neighborhood of p. By Step 4, given ¢ € X \ U,
there exists g,; € A such that g,;, = 1 on a neighborhood O, of p, equal to 0 on a
neighborhood (2, of ¢, satisfying 0 < g,, <1 on X.

Now {€,} is an open cover of X \ U, so there exists a finite subcover Qg,,...,Q,,. Let
(G.13) 9pU = 1£n1<nN 9pa; € A.

Then g,y = 1 on O = ﬂjlv(’)qj, an open neighborhood of p, g,y = 0 on X \ U, and
0<gpr <1lonX.

STEP 6. Take K C U C X, K closed, U open. By Step 5, for each p € K, there exists
gpu € A, equal to 1 on a neighborhood O, of p, and equal to 0 on X \ U.

Now {O,} covers K, so there exists a finite subcover O,,,...,O, . Let
(G.14) gru = max gpu € A
We have
(G.15) ggv =1 on K, 0 on X\U, and 0<gxy <1 on X.

STEP 7. Take f € Cr(X) such that 0 < f <1 on X. Fix k € N and set

(G.16) Kg:{xeX flz) > Ii}

soX=KyD---DK;DKyp1D KD Kgy1 = 0. Define open Uy D Ky by

(G.17) Ug:{azeX:f(w)>%}v s0 X\Ué:{xeX’fUJ_Tl}
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By Step 6, there exist 1y € A such that

(G18) @/Jg =1 on Kg, ¢g =0 on X\Ue, and 0 S ¢g S 1 on X.
Let
(G.19) fr = éw cA

' B o??gxk g '

It follows that fr > ¢/k on K, and fr, < ({—1)/k on X \ Uy, for all £. Hence f, > ({—1)/k
on Ky_1 and fi </{/k on Uyyy. In other words,

{— / /— V4
(G-20) Tlﬁf(x)ﬁ E:>Tl ka(x)ég,
SO
(G.21) F@) - fule) < 7, VeeX

STEP 8. It follows from Step 7 that if f € CR(X_) and 0 < f <1on X, then f € A. It is
an easy final step to see that f € Cr(X) = f € A.
Theorem G.3 has a complex analogue.

Theorem G.4. Let X be a compact metric space, A a subalgebra (over C) of C(X), the
algebra of complex valued continuous functions on X. Suppose 1 € A and that A separates
the points of X. Furthermore, assume

(G.22) feA= feA

Then the closure A= C(X).
Proof. Set Ag = {f + f : f € A}. One sees that Theorem G.3 applies to Ag.
Here are a couple of applications of Theorems G.3—G.4.

Corollary G.5. If X is a compact subset of R™, then every f € C(X) is a uniform limit
of polynomials on R™.

Corollary G.6. The space of trigonometric polynomials, given by

N
(G.23) Z ay e,
k=—N

is dense in C(T%).
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Proof. 1t suffices to note that
(G.24) o ik0 ,il0 _ ei(kJrzz)e7 and @ikl — e~ ik0

to see that the space of trigonometric polynomials is an algebra of functions on T! that
satisfies the hypotheses of Theorem G.4.

Corollary G.6 is closely related to results on Fourier series in §13. In fact, this corollary
can be deduced from Proposition 13.1 (and vice versa). The proof given above is apparently
quite different from that of Proposition 13.1 given in §13, though a closer look reveals points
in common between the proof of Proposition 13.1 and that of Theorem G.1. Both proofs
have an argument that involves convolution with a highly peaked function.

We move on to some results of Runge, concerning the approximation of holomorphic
functions by rational functions. Here is the setting. Take

(G.25) open 2 C C, compact K C ),
and
(G.26) f:92 — C, holomorphic.

Here is a preliminary result.

Proposition G.7. Given Q, K, and f asin (G.25)-(G.26), and € > 0, there is a rational
function g, with poles in Q\ K, such that

(G.27) sup |f(z) —g(z)| <e.

zeK

We will obtain this result vis the Cauchy integral formula. The following result will
prove useful.

Lemma G.8. Given (G.25), there exists a piecewise smoothly bounded open set O such
that

(G.28) KcoOcOocqQ.

Proof. If Q@ = C, the result is trivial. Otherwise, set A = inf{|z —w|: z € K,w € C\ Q},
and tile the complex plane C with closed squares @, of edge length A/8. Let {Q, : v € S}
denote the set of these squares that have nonempty intersection with K, so U,esQ, D K.
Say u € Sy if p € S or @ﬂ has nonempty intersection with U,c5@,. Then (G.28) holds
with

(G.29) o= J Q.

HES2



194

Let O be the interior of O. Note that 90 is a finite union of line segments.
Proof of Proposition G.7. Take O as in Lemma G.8. By the Cauchy integral formula,

(G-30) f(z) = % / gf(_—ozdg, Vze K.
00

Dividing this curve into small segments, via a choice of (i, € 00, 1 < k < v, we see from
the defining results on the integral that the right side of (G.30) is equal to

. 1 - f( kV)
(G.31) Tim 5 ]; o —2 (Chv — Ck—1,0),

and this convergence holds uniformly for z € K. Since each function in (G.31) is a rational
function of Z, with poles at {(x, : 1 < k < v}, we have Proposition G.7.

The following is an important strengthening of Proposition G.7.

Proposition G.9. Take Q, K, and f as in (G.25)-(G.26). Pick one point py in each
connected component of C\ K. Then, given ¢ > 0, there exists a rational function g,
whose poles are contained in {py}, such that

(G.32) sup |f(z) —g(z)| <e.
zeK

Proof. In light of Proposition G.7, it suffices to establish the following.

Lemma G.10. Assume R(z) is a rational function, with one pole, at g € C\ K. Assume
p € C\ K belongs to the same connected component U of C\ K as does q. Then, given
e > 0, there exists a rational function G(z), with pole only at p, such that

(G.33) ng}g |R(z) — G(2)| < e.

Proof. Take a smooth curve 7 : [0,1] — U such that v(0) = ¢ and (1) = p. Take N
sufficiently large that, with

(G.34) ¢ =7V/N), q=4q, qn =Dp,
we have
(G.35) Q41 — qv| < dist(gy, K).

In particular,

(G.36) lg — q1| < dist(q, K).
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Now we make a Laurent expansion of R(z) about g1, obtaining

oo

(G.37) R(z) = Z an(z —q1)", for [z —aq|>|¢—al,

n=—oo

converging uniformly on K. Truncating this series, one can produce a rational function
R1(z), with a pole only at ¢;, such that |R — R;| < ¢/N on K. One can continue this
process, obtaining for each v a rational function R, with pole only at ¢,, and in the end
obtain G(z) = Ry(z), with pole only at p, satisfying (G.33).

In the special case that C\ K is connected, we have the following interesting variant of
Theorem G.9.

Theorem G.11. Take Q, K, and f as in (G.25)-(G.26), and assume C\ K is connected.
Then, for each € > 0, there exists a polynomial P(z) such that

(G.38) Sg}}_:; lf(z) — P(2)| <e.

Proof. Say K C Dg(0), and pick p € C\ K such that |p| > R. By Theorem G.9, there
exists a rational function g(z), with pole only at p, such that |f(z) — g(z)| < &/2 for
z € K. But then g is holomorphic on a neighborhood of Dg(0), so its power series about
0 converges to g uniformly on Dr(0). Then an appropriate truncation of this power series
yields a polynomial P(z) satisfying (G.38).

Note that Theorem G.11 does not require K to be connected. For example, suppose Dy
and D; are two disjoint disks in C and set K = Dy U D;. Then we can take disjoint open
neighborhoods §2; of 5]- and define a holomorphic function f on 2 = Qg U 1 to be 0 on
Qp and 1 on Q4. By Theorem G.11, there exist polynomials P, (z) such that

P,(z) — 0 uniformly on Dy,
(G.39) o
1 uniformly on D;.

One can put Theorems G.1 and G.11 together to get further polynomial approximation
results. For example, for v € N, consider the line segments

(G.40) L,={z+iy:y=v"", |z| <y},
and form

N
(G.41) Ky =] Ly,

v=1

a compact set with connected complement. Take f € C'(Ky), and take € > 0. By Theorem
G.1, there exist polynomials P, such that sup; |f—P,| <e. Take disjoint neighborhoods
Q, of L,, of the form

(G.42) Q, ={x+iy:|ly—v <4, |z|<y+47"}.
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Then Q = U9, is a neighborhood of K and we have a holomorphic function g. on Q
given by g:|lq, = Py|q,. Then, by Theorem G.11, there exists a polynomial P such that

(G.43) sup [ge — P| <e.
Ky

Consequently, supy . |f —P| < 2¢. With a little more effort, which we leave to the reader,
one can establish the following.

Proposition G.12. With L, as in (G.40), set
(G.44) K ={0}u | L,
v=1

a compact subset of C with connected complement. Given f € C(K), there exist polyno-
mials P, such that

(G.45) P, — f, uniformly on K.

Results like (G.39) and Proposition G.12 are special cases of the following, known as
Mergelyan’s theorem.

Theorem G.13. Assume K C C is compact and C\ K is connected. Take f € C(K)
such that f is holomorphic on the interior of K. Then there exist polynomials Py such
that P, — f uniformly on K. In particuler, this holds for all f € C(K) if K has empty
nterior.

When C\ K is not compact, there is the following.

Theorem G.14. Assume K C C is compact and C\ K has a finite number of connected
components, Qq,...,Qn. Take p; € Q;. Let f € C(K), and assume f is holomorphic
on the interior of K. Then there exists a sequence of rational functions Ry, with poles
contained in {p; : 1 < j < N}, such that Ry — f uniformly on K.

Proofs of these last two results are more elaborate than those given above of Theorems
G.9 and G.11. Proofs of Theorem G.13 can be found in [Ru] and [GK]. A proof of Theorem
G.14 can be found in [Gam?2].
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Chapter 4. Residue calculus, the argument principle,
and two very special functions

The first two sections of this chapter give key applications of the Cauchy integral for-
mula. The first, called residue calculus, leads to the evaluation of certain types of definite
integrals. It involves identities of the form

(4.0.1) /f(z) dz = 2mi Z Res, f,
5 p

The second involves counting zeros of a function holomorphic on a domain €2 (and nonva-
nishing on 92), via the identity

1 [ f(2)
(4.0.2) v(f,Q) = 27m'/ ) dz.
o9
In (4.0.1) the sum is over a set of poles of f, and Res, f, called the residue of f at p, is the
coefficient of (2 — p)~! in the Laurent series expansion of f about the pole p. In (4.0.2),
v(f,Q) is the number of zeros of f in 2, counting multiplicity. The quantity (4.0.2) is
also equal to the winding number of the image curve f(02) about 0, giving rise to the
interpretation of this result as the argument principle.
Fourier analysis is a rich source of integrals to which one can apply residue calculus.
Examples include

0o ezx§
— el
(4.0.3) /_Oonde_we €l ¢ eR,
o ¢ T
4.0.4 ——dr = ——— eR
( ) /_OOZCoshx/2 v cosh ¢’ sk,
and
oo .a—1
(4.0.5) / Y dr=-—— 0<Rea<l
o 1+ sin o

The integrals (4.0.3)—(4.0.4) are Fourier transforms, and (4.0.5) is a Mellin transform. None
of these integrals has an elementary treatment. One cannot write down antiderivatives of
the integrands that appear.

The integral

(4.0.6) / e Stt* 1t
0
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is simultaneously a Laplace transform and a Mellin transform. A change of variable yields,
for Res > 0, the result s~*I'(z), where

(4.0.7) I'(z) = / e '*"tdt, Rez>0,
0

is the Gamma function. This is the first “higher transcendental function.” It plays a key
role in the study of many other special functions, and it is the object of §18. The identity

(4.0.8) I'(z+1) ==2I'(2)

leads to an analytic continuation of I'(2) to all of C, except for simple poles at {0, —1, —2,... }.
Another important identity is

™

4.0.9 rzra--z) = .
(10.9) (1= 2) = ——
We give two proofs of this, one using (4.0.4) and the other using (4.0.5). One consequence
of (4.0.9) is that I'(2) is nowhere zero, so 1/I'(z) is an entire function, holomorphic on all
of C. It is seen to have an interesting infinite product expansion.

The other special function studied in this chapter is the Riemann zeta function,

=

(4.0.10) C(s) = i , Res>1,
n=1

S

S

the object of §19. This function also has an analytic continuation to all of C, except for
one simple pole at s = 1. This fact is related to an identity known the Riemann functional
equation, which can be formulated as follows. Set

s(s—1)_/s

(4.0.11) £(s) = _p(_

2 2)7T_8/2C(8)‘

Then £(s) is an entire function, satisfying

(4.0.12) £(1—s) = &(s).

The zeta function is intimately connected to the study of prime numbers, first through
the Euler product

(4.0.13) Cs)=JJ (- p=*)

peEP

where P = {2,3,5,...} is the set of primes. From the behavior of {(s) as s — 1 and basic
results on infinite products, one has

1 1
(4.0.14) ZENlogs—l’ as s\, 1.
pEP
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This result is consistent with the prime number theorem, which states that

(4.0.15) m(x) ~ , as & — 00,

where, for z > 0, m(z) denotes the number of primes that are < z. This result was
independently conjectured by Gauss and Legendre, in the 1790s. Riemann’s work on the
zeta function in the 1850s provided a path to its proof, which was completed independently
by Hadamard and de la Vallée Poussin in the 1890s. We give a proof in §19. Connecting
m(x) to the zeta function is done here in the language of the Stieltjes integral. Also, as is
typical, the endgame of the proof involves a Tauberian theorem. These topics are treated
in Appendices M and R, at the end of this text.

Meanwhile, this chapter has two appendices. One studies a special number known as
Euler’s constant,

1 1
(4.0.16) v = lim <1+—+---+——10gn>,
n—00 2 n

which arises in the analysis of I'(z). The other treats Hadamard’s factorization theorem,

with application to the infinite product expansion of the entire function £(s) given in
(4.0.11).
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16. Residue calculus

Let f be holomorphic on an open set €2 except for isolated singularities, at points p; € €.
Each p; is contained in a disk D; CC €2 on a neighborhood of which f has a Laurent series

oo

(16.1) f2)= ) anlp)(z—p)"

n=—oo

The coefficient a_1(p;) of (z—p;)~" is called the residue of f at p;, and denoted Res,, (f).
We have

(16.2) Resy, (f) = —— / () dz.

If in addition € is bounded, with piecewise smooth boundary, and f € C(Q\ {p,}),
assuming {p;} is a finite set, we have, by the Cauchy integral theorem,

(16.3) / f(z)dz = Z / f(z)dz = 2mi » _Resy, (f).
o J

J oD,

This identity provides a useful tool for computing a number of interesting integrals of
functions whose anti-derivatives we cannot write down. Examples almost always combine
the identity (16.3) with further limiting arguments. We illustrate this method of residue
calculus to compute integrals with a variety of examples.

To start with a simple case, let us compute

(16.4) / R

oo I+ 2%

In this case we can actually write down an anti-derivative, but never mind. The function
f(2) = (1+2%)7! has simple poles at z = +i. Whenever a meromorphic function f(z) has
a simple pole at z = p, we have

(16.5) Res,(f) = lim (z — p) f(2).

Z—p
In particular,

(16.6) Res; (14 2%)7! = l;rri (z—z)m = 2%
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Let vg be the path formed by the path ar from —R to R on the real line, followed by the
semicircle S of radius R in the upper half-plane, running from z = R to z = —R. Then
vr encloses the pole of (1 + 2z2)~! at z = 4, and we have

d
(16.7) /Tzz? = 2mi Res; (1+2%)" 1 =,
TR

provided R > 1. On the other hand, considering the length of Sz and the size of (14 22)~!
on (g, it is clear that

. dz
169 dm [ o=
Br

Hence

*  dx dz
16. = i = T
(16.9) /_0014—:1;2 Roeo ) 1422

YR

This is consistent with the result one gets upon recalling that d tan™! z/dz = (1 + 2?)~1.
For a more elaborate example, consider

(16.10) / T de

R e

Now (1 + 2%)~! has poles at the four 4th roots of —1:
(1611) pl = 67”./4, p2 —_ 637”'/47 p3 — 6_371'7:/4, p4 — 6_7”./4.

A computation using (16.5) gives

1 .
Respl (1 + 2’4)_1 — 16—371'1/4’
(16.12) h
Res,, (1 +2%) 71 = Ze"”/‘l.

Using the family of paths v as in (16.7), we have

*  dx ) dz o _
/ 1+x4:1%h—r>noo 1+z4:2“ZReSpj(1+z4) '

(16.13) o TR =1

— %(e—Swi/ZL + e—Tri/4) —

9
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where we use the identity

1+

7

The evaluation of Fourier transforms provides a rich source of examples to which to
apply residue calculus. Consider the problem of computing

00 ez’cc£
(16.15) / da,

oo 1+ 22

(16.14) emi/t =

for ¢ € R. Note that f(z) = e%*/(1 + 2?) has simple poles at z = +i, and

(16.16) Res; —— = —.

Hence, making use of vg as in (16.7)—(16.9), we have

00 ez:cf B
(16.17) /Oomdx:m & £>0.

For £ < 0 one can make a similar argument, replacing vr by its image 7 reflected across
the real axis. Alternatively, we can see directly that (16.15) defines an even function of &,
SO

o] ez:r§ B
(16.18) /_ a2 de=me I8l ¢eR.

The reader can verify that this result is consistent with the computation of

o
/ el g=17E g
—0o0

and the Fourier inversion formula; cf. Exercise 4 in §14.
As another example of a Fourier transform, we look at

00 eix{
16.1 A= —dx.
(16.19) /Oo2cosh§ v

To evaluate this, we compare it with the integral over the path ~(z) = x — 2mi. See
Fig. 16.1. We have

1z€ oo 2mw€+ix
(16.20) /e— dz = —/ S —A

2cosh 3 0o 2cosh §

Y
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since cosh(y—mi) = — cosh y. Now the integrand has a pole at z = —mi, and a computation
gives
6iz§

16.21 Res_nj ———— =ie™.

( ) o5 mi 2 cosh 3 ve
We see that

eiz£
(16.22) ~A— ¥ A =271 Res_pj ———,
2 cosh 3
and hence
o giwg T
16.23 ——dr = .
( ) /_Oo 2cosh 3 v cosh €

The evaluation of (16.19) involved an extra wrinkle compared to the other examples
given above, involving how the integrand on one path is related to the integrand on another
path. Here is another example of this sort. Given a € (0, 1), consider the evaluation of

o 70
16.24 B = dzx.
(16.24) / e

Let us define 2® = r®e*? upon writing z = re’?, 0 < 6 < 2. Thus in contrast with our

treatment in §4, we here define 2z to be holomorphic on C\ R*. It has distinct boundary
values as z =x +1y - x >0 asy \(0 and as y /0. Let yg be the curve starting with r
going from 0 to R, while # = 0, then keeping » = R and taking # from 0 to 27, and finally
keeping 6 = 27 and taking r from R to 0. See Fig. 16.2. We have

«

dz = B — e*™ B,

162 [

YR

On the other hand, for R > 1 we have

«

z¢ . z
/1+22dZ:27TZ ZRGSPW

(16.26) 2 p—
— 71_(671'710(/2 . 6371'2'&/2),
SO
5 eTria/Q _ e37rz'a/2
=T -
(16.27)  1-etme
sinra/2

=T ; .
SN T
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While all of the examples above involved integrals over infinite intervals, one can also
use residue calculus to evaluate integrals of the form

2
(16.28) / R(cos0,sin®)do,
0

when R(u,v) is a rational function of its arguments. Indeed, if we consider the curve
7(0) = €¥, 0 <0 < 2, we see that (16.28) is equal to

z 1 =z 1\ dz

16. (— —,—.——.>.—,

<629) /R2+22 21 z/ iz
5

which can be evaluated by residue calculus.
To illustrate this, we consider

(16.30) () /% 40 0<r<i
. pr— /’n
" o 1—2rcosf+r2’ ’

which arose in §13, in connection with the Poisson integral. This integral was evaluated,
by other means, in (13.8)—(13.9). Here, we rewrite it in the form (16.29). We get

1 dz
I(r) :/1—r(z+1/z)+r2 iz
(16.31) !

/ dz
=1 .
rz2 —(1+r2)z+r

~

The polynomial p(z) = rz2 — (1+72)z+r appearing in the denominator in the last integral
has two roots, 7 and 1/r. We have the factorization

(16.32) rz? — (1+r2)z~|—r=r(z—r)<z— %),

so, for 0 < r < 1,

Ir) = %/ z —11/7* zd—zr
(16.33) y

’ 27T7;g(7”),

=S | .

where g(z) = (z — 1/r)71, so

(16.34)
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for 0 < r < 1. This agrees with (13.8)—(13.9).

So far, the examples to which we have applied residue calculus have all involved inte-
grands f(z) all of whose singularities were simple poles. A pole of order 2 arises in the
following integral:

(16.35) u(g):/_ (1‘1—%2)2659;, ¢ER.

This is similar to (16.15), except that in this case f(z) = €%* /(1 + 22)? has poles of order
2 at z = +i. We have

Res; il = Res; il 1
(16.36) C(1422)2 T (2 40)2 (2 —i)?
= ¢'(3),
where
16.37 et

(see Exercise 6 below). A computation gives

l

(16.38) g() =~

(14 &)e™s.

Arguing as in (16.15)—(16.18), we see that, if £ > 0, then, with vz as in (16.7),

i€z
. e
W) = Jim | g %
YR
(16.39) , eit*
= 2mi Resi m

(1+&)e ¢,

™

2

Noting that (16.35) is an even function of £, we deduce that

00 1
(16.40) / ui—xQ)de: T +1e)e e, veeRr.

\V)

We next show how residue calculus can be used to compute an interesting class of infinite
series.
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Proposition 16.1. Let P(z) and Q(z) be polynomials, of degree dg > dp + 2, and

P(z)
16.41 z) = .
(16.41) 6= o
Let Zg = {z € C: Q(z) = 0}, and assume none of these roots belong to Z. Then
(16.42) Z f(k)=—m Z Res,, f(2) cot 7z.
k=—o0 pEZQ

Proof. For N € N, take

1 1
(16.43) QN:{zEC:|Rez|<N+§,|Imz|§N+§}.
As long as
16.44 N
(16.44) > max |p),

00y is disjoint from Zg. One can show that there exists K < oo such that
(16.45) |cotmz] < K, VzedQy, NeN.

It readily follows that

(16.46) lim / f(2) cotmzdz = 0.

N —o0
I93N;

Meanwhile, by (16.3), for N satisfying (16.44),

(16.47) / f(2) cotmzdx = 2mi Z Res, f(z)cotmz.

One now checks that

(16.48) Resy f(2z)cot mz = %f(k), VkeZ.

Hence taking N — oo in (16.47) yields (16.42).

In connection with the formula (16.42), let us note that if p is a simple root of Q(z)
(and p ¢ Z), then

P(p)

(16.49) Res, f(z)cotmz = cot mp.
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(See Exercise 6 below.)
To take an example, set

1
22 4+ a2’

(16.50) flz) = a€C\iZ.

We get

> 1 cotmz cotmz
———— = —7(Resj; —— + Res_;, —)
k—z—:oo k? 4+ a2 ( 22 4+ a2 + 22 + a?

(16.51) cot mia  cot(—mia)
= —7T( — + . )
2ia —2ia
_T coth 7a.
a

See the exercises below for further applications of Proposition 16.1.

Exercises

1. Use residue calculus to evaluate the following definite integrals.

o0 IL‘2
@ [
* coszx
b —d
(b) |
0 1/3
(©) JaE—
o l+4+=z
27 2
(d) / _sin"z
o 2-+cosx

2. Let yg go from 0 to R on RT, from R to Re?>™"/™ on {z : |z| = R}, and from Re*™"/™ to
0 on a ray. Assume n > 1. Take R — oo and evaluate

/oo dx
o 1+an

00 a
/ v dx,
0 1 + "

More generally, evaluate
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for0<a<n-—1.
3. If (Z) denotes the binomial coefficient, show that

ny 1 [(1+2)"
(k)_Q_m' / PR

Y

where ~v is any simple closed curve about the origin.

Hint. (7) is the coefficient of z* in (1 + 2)™.

4. Use residue calculus to compute the inverse Laplace transforms in Exercise 3 (parts

(a)—(d)) of §15.

5. Extend the calculations in (16.30)—(16.34) to compute

/27r do
o 1—2rcosf+r?’

for all r € C such that |r| # 1.

6. Let f and g be holomorphic in a neighborhood of p.
(a) If g has a simple zero at p, show that

f_ fp)
(16.52) Res, s I
(b) Show that
(16.53) Res, (Zf_(Z;)Q = f'(p).

7. In the setting of Exercise 6, show that, for £ > 1,

f(z 1 -1
Res, (z—(gz)k B FOE=D(p).

Hint. Use (5.11), in concert with (16.2). See how this generalizes (16.5) and (16.41).

/ e
oo L+

8. Compute

for £ € R.
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9. Deduce from (16.23) that

~

fz) = f(&) = f(&).

1
—_— =
cosh /7 /2x

10. Show that the computation (16.24)—(16.27) extends from « € (0,1) to Rea € (0, 1).

11. Using an analysis parallel to (16.24)—(16.27), show that

[ee] xa—l T
(16.54) / dr = — , 0<Rea<l.
o l+=z sin To
12. Compute
> log|z|
/_oo 22 + a? a,
for a € R\ 0.

Hint. Bring in a semicircular contour.

13. Apply Proposition 16.1 to show that

oo

(16.55) Z( L .~ aeC\Z

k+a)? sin’na

k=—o00
For another approach to this identity, see (30.2).

14. Establish the following variant of Proposition 16.1. Take f(z) = P(z)/Q(z) as in that
proposition. Show that

PBRCIIOESESY Resp%.
k=—o00 PEZQ

Apply this to compute

- (=1)F :
C\ 7.
kzzoo k2 CL2 ) a € \ 1

15. Extend Proposition 16.1 to allow Zg NZ # (. Show that the result still holds, with
the conclusion modified to

(16.56) Z flk)=—m Z Res, f(z) cot mz.

kEZ\ZQ PEZqQ
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16. Deduce from Exercise 15 (with f(z) = 272") that, for n € N,

=1 cot Tz
(16.57) 2)  5n = " Reso —5—.
k=1
Using this, show that, for |z| < 1,
1 o0
16.58 trz=——2 2n)2*" !
( ) meotmz = nZlC( n)z )

where, for Re s > 1, we define the Riemann zeta function
1
C(S) = Z Ev
k=1

a function we will study further in §19. For another derivation of (16.58), see the exercises
in §30, which also connect this identity to formulas for {(2n) in terms of Bernoulli numbers.
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17. The argument principle

Suppose 2 C C is a bounded domain with piecewise smooth boundary and f € C?()
is holomorphic on €2, and nowhere zero on 9€2. We desire to express the number of zeros
of f in © in terms of the behavior of f on 0{2. We count zeros with multiplicity, where we
say p; € Q is a zero of multiplicity k provided f)(p;) = 0 for £ < k—1 while f*)(p;) # 0.
The following consequence of Cauchy’s integral theorem gets us started.

Proposition 17.1. Under the hypotheses stated above, the number v(f,Q) of zeros of f
in ), counted with multiplicity, is given by

(17.1) Af,0) = 5 / HOF.
o

f(z)

Proof. Suppose the zeros of f in  occur at p;, with multiplicity m;, 1 < j < K. The
function f’/f is then C! near 9 and holomorphic on 2\ {p,}. Hence, by Cauchy’s integral
theorem, the right side of (17.1) is equal to

L [ ()
(17.2) > T dz,

=19,
for sufficiently small disks D; centered at p;. It remains to check that
1 f'(z)
17.3 = — dz.
(17:3) T o f(2) c
oD,

Indeed we have, on a neighborhood of Ej,
(17.4) f(z) = (2 = p;)™ g;(2),
with g;(z) nonvanishing on D;. Hence on Dj,

/ . / z
(17.5) fe) o my 95
fz)  z=pi (%)
The second term on the right is holomorphic on Ej, so it integrates to 0 over dD;. Hence
the identity (17.3) is a consequence of the known result
; d
(17.6) m; = L / =
27 Z—Dpj
aD;

Proposition 17.1 has an interesting interpretation in terms of winding numbers, which
we now discuss. Denote the connected components of 0€2 by C; (with proper orientations).
Say C; is parametrized by ¢; : S — C. Then

(17.7) fop;: St — C\0

parametrizes the image curve 7; = f(C;). The following is an important complement to

(17.1).
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Proposition 17.2. With C; and v; as above, we have

1 /
L [f (=) 4, _ 1 [z
2 ) f(2) 2ri )z
C; 0z

(17.8)

Proof. Parametrize S* by t € R/277Z. In general,
27
[ueraz= [ ae e
0

and

:/OﬁU(f(@j@))f(@j(i))gp}(t) dt.
In particular,
- IS A el
and
dz 2m 1 / /
(17.10) /7 :/0 mf (ﬁpj(t))gpj(t) dt,

an agreement that yields the asserted identity (17.8).

To analyze the right side of (17.8), let v be an arbitrary continuous, piecewise C! curve
in C\ 0. Say it is given by
(17.11) v:[0,20] — C\ 0, ~(t) =r(t)e?®,

with 7(¢) and 6(t) both continuous, piecewise C'!, real-valued functions of ¢, r(t) > 0. We
have

7 (t) = [ () +ir()e' ()],

and hence
1 d 21w/
1 / dz_ 1 7A@,
2mi ) oz 2mi Jy  ~(P)
(17.12) v
1 2 r'(t)
= — 0’ (t) | dt.
27 J, [r(t) +0(1)
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Now
RECIPY
(17.13) /0 r(t) dt_/o dtl gr(t)dt
) = logr(2m) — log7(0)
—0,
%/dz_z - % 02ﬂ9’(t)dt
(17.14) ) 1
= 5-[0(2m) — 6(0)]
=n(v,0).

Since 7(0)e’(®) = r(27)e™(?™) | this is an integer, called the winding number of v about 0.
The following is an important stability property of the winding number.

Proposition 17.3. If vy and v1 are smoothly homotopic in C\ 0, then

(17.15) n(%,0) = n(,0).

Proof. 1f ~5 is a smooth family of curves in C\ 0, for 0 < s < 1, then

27

Vs

(17.16) n(vs,0) = i/de

is a continuous function of s € [0, 1], taking values in Z. Hence it is constant.
Comparing (17.8) and (17.14), we have
Proposition 17.4. With the winding number given by (17.14),

1)
2mi ) f(z)

&

In concert with Proposition 17.1, this yields:

Proposition 17.5. In the setting of Proposition 17.1, with C; denoting the connected
components of 0F,

(17.18) v(f, ) =Y n(y;,0), v = f(C))

J
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That is, the total number of zeros of f in ), counting multiplicity, is equal to the sum of
the winding numbers of f(C;) about 0.

This result is called the argument principle. It is of frequent use, since the right side
of (17.18) is often more readily calculable directly than the left side. In evaluating this
sum, take care as to the orientation of each component C, as that affects the sign of the
winding number. We mention without further ado that the smoothness hypothesis on 02
can be relaxed via limiting arguments.

The following useful result, known as Rouché’s theorem or the “dog-walking theorem,”
can be derived as a corollary of Proposition 17.5.

Proposition 17.6. Let f,g € CY(Q) be holomorphic in Q, and nowhere zero on 0.
Assume

(17.19) 1f(z) —g(2)| < |f(2)], VY zedf.
Then
(17.20) v(f, ) = v(g, Q).

Proof. The hypothesis (17.19) implies that f and g are smoothly homotopic as maps from
00 to C\ 0, e.g., via the homotopy

(17.21) fr(2) = f(2) =7[f(2) —g(2)], 0<7<1.

Hence, by Proposition 17.3, f|¢, and g|c, have the same winding numbers about 0, for
each boundary component C;.

Second proof. With f. as in (17.21), we see that

vr) = () = 5 [ £

is continuous in 7 € [0, 1]. Since ¥ : [0, 1] — Z, it must be constant.

As an example of how Rouché’s theorem applies, we can give another proof of the
fundamental theorem of algebra. Consider

(17.22) f(z)=2" g(2)=2"+an_12""1+ - +ay.
Clearly there exists R < oo such that

(17.23) |lf(z) —g(2)| < R"* for |z| =R.
Hence Proposition 17.6 applies, with 2 = Dr(0). It follows that
(17.24) v(g, Dr(0)) = v(f, Dr(0)) = n,

so the polynomial g(z) has complex roots.
Here is another useful stability result.
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Proposition 17.7. Take Q as in Proposition 17.1, and let f € C*(Q) be holomorphic on
Q. Assume S C C is connected and SN f(0Q) = 0. Then

(17.25) v(f —q,9) is independent of ¢ € S.

Proof. The hypotheses imply that
_ _ 1 f'(z)
(17.26) pla) =v(f—q. Q) =5 / () —q dz
a0

is a continuous function of ¢ € S. Since ¢ : S — Z, and S is connected, this forces ¢ to be
constant on S.

The next result is known as the open mapping theorem for holomorphic functions.

Proposition 17.8. If Q C C s open and connected and f : Q8 — C is holomorphic and
non-constant, then f maps open sets to open sets.

Proof. Suppose p € Q and ¢ = f(p). We have a power series expansion
(17.27) f2)=f)+ > an(z—p)",
n==k

where we pick aj to be the first nonzero coefficient. It follows that there is a disk D,(p)
such that f | D, (p) is bounded away from g. Thus Proposition 17.6 applies to S = D.(q)
P

for some ¢ > 0. Hence, for all ¢ € D.(q),

(17.28) v(f = dDp(p)) =v(f — ¢, Dp(p)) = k.

Hence such points ¢’ are contained in the range of f, and the proposition is proved.

The argument principle also holds for meromorphic functions. We have the following
result.

Proposition 17.9. Assume f is meromorphic on a bounded domain Q, and C' on a
netghborhood of 0S). Then the number of zeros of f minus the number of poles of f
(counting multiplicity) in § is equal to the sum of the winding numbers of f(C;) about 0,
where C; are the connected components of 0S2.

Proof. The identity (17.1), with v(f,{2) equal to zeros minus poles, follows by the same
reasoning as used in the proof of Proposition 17.1. Now, in (17.3)—(17.5), m; is a positive
integer if f has a zero at p; and it is a negative integer if f has a pole at p;. The
interpretation of the right side of (17.1) in terms of winding numbers follows as before.

Another application of Proposition 17.1 yields the following result, known as Hurwitz’
theorem.
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Proposition 17.10. Assume f, are holomorphic on a connected region 2 and f, — f
locally uniformly on . Assume each f, is nowhere vanishing in 2. Then f is either
nowhere vanishing or identically zero in €.

Proof. We know f is holomorphic in 2 and f/, — f’ locally uniformly on 2; see Proposition
5.10. Assume f is not identically zero. If it has zeros in (), they are isolated. Say D is a
disk in © such that f has zeros in D but not in 0D. It follows that 1/f, — 1/f uniformly
on 0D. By (17.1),

1 [ f(2)
17.29 — —dz=0, Vn.
(17.29) omi | fux) "
oD
Then passing to the limit gives
1 [ f(z)
17. D)= — dz =
(17.30) WD) = 5 [ L a0
oD

contradicting the possibility that f has zeros in D.

Exercises

1. Let f(z) = 23 41422 — 2iz + 2. Compute the change in the argument of f(z) as z varies
along:

a) the real axis from 0 to oo,
b) the imaginary axis from 0 to oo,
c) the quarter circle z = Re', where R is large and 0 < 6 < /2.

Use this information to determine the number of zeros of f in the first quadrant.

2. Prove that for any € > 0 the function

+ sin z

Z+1

has infinitely many zeros in the strip |Im z| < e.
Hint. Rouché’s theorem.

3. Suppose f : Q — C is holomorphic and one-to-one. Show that f’(p) # 0 for all p € Q,
using the argument principle.

Hint. Compare the proof of Proposition 17.8, the open mapping theorem.

4. Make use of Exercise 7 in §5 to produce another proof of the open mapping theorem.
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5. Let 2 C C be open and connected and assume g, : {2 — C are holomorphic and each
is one-to one (we say univalent). Assume g, — ¢ locally uniformly on €. Show that ¢ is
either univalent or constant.

Hint. Pick arbitrary b € Q and consider f,(z) = gn(z) — gn(b).

6. Let D be a disk in C. Assume f € C!(D) is holomorphic in D. Show that f(9D)
cannot be a figure 8.

7. Let A > 1. Show that ze*~* =1 for exactly one z € D = {z € C : |z| < 1}.
Hint. With f(z) = ze* %, show that

2| =1=|f(2)| > 1.

Compare the number of solutions to f(z) = 0. Use either Proposition 17.7, with S = D,
or Rouché’s theorem. with f(z) = ze*~* and g(z) = ze* =% — 1.

In Exercises 811, we consider

—Zz

o(z)=z2e"%*, p:D—C, ’ychaDzaD—HC.
8. Show that v : 9D — C is one-to-one.

Hint. y(z) =v(w) = z/w=e""=>2-—weciR=2=w

= o(2) = p(z) = 05100 — 41 if y =¥ = ...

Given Exercise 8, it is a consequence of the Jordan curve theorem (which we assume here)
that C \ v(90D) has exactly two connected components. Say {2, is the component that
contains 0 and 2_ is the other one.
9. Show that

peQ =v(p-p,D)=1, peQ_ =v(p—p D)=0.
Hint. For the first case, take p = 0. For the second, let p — oc.
10. Deduce that ¢ : D — €24 is one-to-one and onto.

11. Recalling Exercise 7, show that {z € C: |z] < 1/e} C Q.

12. Imagine walking a dog, on a 6-foot leash. You walk around a tree, keeping a distance
of at least 8 feet. Why might Proposition 17.6 be called the “dog-walking theorem”?
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18. The Gamma function

The Gamma function has been previewed in (15.17)—(15.18), arising in the computation
of a natural Laplace transform:

(18.1) fit)y=t""1 = Lf(s) =T(2)s 7,
for Re z > 0, with

(18.2) I'(z) = / e '*"tdt, Re z>0.
0

Here we develop further properties of this special function, beginning with the following
crucial identity:

Lz+1) = / e 't* dt
0

159 [ tenea
0

— 2T(2),
for Re z > 0, where we use integration by parts. The definition (18.2) clearly gives
(18.4) ra) =1,

so we deduce that for any integer £ > 1,

(18.5) rk)y=k-DI'k—-1)=---= (k-1

While I'(2) is defined in (18.2) for Re z > 0, note that the left side of (18.3) is well defined
for Re z > —1, so this identity extends I'(z) to be meromorphic on {z : Re z > —1}, with
a simple pole at z = 0. Iterating this argument, we extend I'(z) to be meromorphic on C,
with simple poles at z = 0,—1,—2,.... Having such a meromorphic continuation of I'(z),
we establish the following identity.

Proposition 18.1. For z € C\ Z we have

™

(18.6) (21 —2) =

sinmz

Proof. 1t suffices to establish this identity for 0 < Re z < 1. In that case we have
P()T(1— 2) — / / e—(+0) =451 g gt
o Jo
(18.7) = / / e "v* 1 (1 +v) " dudv
o Jo
=/ (1+v) to* ! do,

0
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where we have used the change of variables u = s +t, v =t/s.
One way of showing the last integral in (18.7) is equal to 7/ sin 7z is indicated in (16.54).
Another approach goes as follows. With v = e”, the last integral in (18.7) is equal to

(18.8) / (1+e")"te™ du,

which is holomorphic on 0 < Re z < 1. We want to show that this is equal to the right
side of (18.6) on this strip. It suffices to prove identity on the line z = 1/2 +i§, £ € R.
Then (18.8) is equal to the Fourier integral

(18.9) / (2 cosh g) '8 dg.

— 00

This was evaluated in §16; by (16.23) it is equal to

T
18.10 —

( ) cosh &’

and since

(18.11) U S —

sin(3 +i€)  coshzg’
we again have (18.6).
Corollary 18.2. The function I'(z) has no zeros, so 1/I'(z) is an entire function.
For our next result, we begin with the following estimate:

Lemma 18.3. We have

A
(18.12) 0<et - <1 - —) < et 0<t<n,

n
the latter inequality holding provided n > 4.

Proof. The first inequality in (18.12) is equivalent to the simple estimate e™¥ — (1 —y) > 0
for 0 < y < 1. To see this, denote the function by f(y) and note that f(0) = 0 while
fllyy=1—e"¥ >0 for y > 0.

As for the second inequality in (18.12), write

10g<1 — 3)n =n log<1 — i) =—t— X,
n

n
t?2/1 1t 1/t\2
O ORD)
n 2+3n+4 n +

We have (1 —t/n)" = e~*=% and hence, for 0 < t < n,

(18.13)

t\n
et — (1 — —) =(1—-eX)e ! < Xe!

= )
n
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using the estimate z — (1 —e™®) > 0 for x > 0 (as above). It is clear from (18.13) that
X <t?/nift <n/2. On the other hand, if t > n/2 and n > 4 we have t?/n > 1 and hence
et < (t?/n)e L.

We use (18.12) to obtain, for Re z > 0,

n

I'(z) = lim (1 - 3>”tz—1dt
0 n

n—oo

1
= lim nz/ (1—5)"s*"ds.
0

n—oo

Repeatedly integrating by parts gives

—1)---1 1
(18.14) I'(z) = lim n* — =Y / 1 g,

which yields the following result of Euler:
Proposition 18.4. For Re z > 0, we have

1-2...m
18.1 I'(z) =1 o
(18.15) (z) = lim n I G

Using the identity (18.3), analytically continuing I'(z), we have (18.15) for all z € C

other than 0,—1,—2,.... In more detail, we have
T 1 1 1-2...
['(z) = (z+ ): lim n*t1= n ,
z n—00 z(z+1)(z+2)---(2+1+n)

for Rez > —1(z # 0). We can rewrite the right side as
1-2---n-n
2(z+1)---(z4+n+1)
1-2---(n+1) no 2+l
z(z+1)---(z+n+1).(n+1> ’
and (n/(n+1))**! — 1 as n — oo. This extends (18.15) to {z # 0 : Rez > —1}, and

iteratively we get further extensions.
We can rewrite (18.15) as

z

= (n+1)?

~1 2\ —1
18.16 [(z) = lim n*z"'(1 —1<1 f) (1 —) .
(18.16) (=) = lim n*x (14 2) (14 v
To work on this formula, we define Euler’s constant:
1 1
(18.17) v = lim <1+—+---+——logn>.
n— oo 2 n

Then (18.16) is equivalent to

n—oo

—1 —1
(18.18)  T(z) = lim e 7% e2(1H1/241/m) =11 | z)—1(1 + —) (1 + 5) ,

which leads to the following Euler product expansion.
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Proposition 18.5. For all z € C, we have

(18.19) r(lz) =z ]O_O[ (1+ %)e_z/”.

n=1

Regarding convergence issues for (18.19), compare the treatment of (9.22).
We can combine (18.6) and (18.19) to produce a product expansion for sin7z. In fact,
it follows from (18.19) that the entire function 1/I'(2)I'(—z) has the product expansion

(18.20) m S ﬁ (1 . %)

Since I'(1 — z) = —zI'(—z), we have by (18.6) that

(18.21) sinmz =z ﬁ (1 - %)

This result was established, by another method, in §9, Proposition 9.4. For another proof
of (18.21), see §30, Exercise 2.

Here is another application of (18.6). If we take z = 1/2, we get I'(1/2)? = 7. Since
(18.2) implies I'(1/2) > 0, we have

(18.22) F(%) = V7.

Another way to obtain (18.22) is the following. A change of variable gives

00 1 [ 1 /1
(18.23) / e dr = —/ et 12 gt = —F<—).
; 2/, 2 \2

It follows from (10.6) that the left side of (18.23) is equal to /7/2, so we again obtain
(18.22). Note that application of (18.3) then gives, for each integer k > 1,

(18.24) F(kz—l—%) :7rl/2(k—%> (k—%)(%)

One can calculate the area A,,_; of the unit sphere S"~! C R” by relating Gaussian
integrals to the Gamma function. To see this, note that the argument giving (10.6) yields

(18.25) /e"w|2 dx = </ e d:v)n = 7"/2,

— 00
Rn
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On the other hand, using spherical polar coordinates to compute the left side of (18.24)

gives
0
/e |1 dszn_lf e~ Tl dr
0

(18.26) R™
1 [oe)
= —Anl/ et/ gy,
2 0

where we use t = r2. Recognizing the last integral as I'(n/2), we have

2n/2
(18.27) A, 1= T(n/2)

More details on this argument are given at the end of Appendix D.
The following is a useful integral representation of 1/I'(z).

Proposition 18.6. Take p > 0 and let o be the path that goes from —oo —i0 to —p — 10,
then counterclockwise from —p —i0 to —p + 10, along the circle || = p, and then from
—p+10 to —oo +40. Then

271

I'(z)

:/eCC_ZdC, VzeC.

o

Proof. Denote the right side by I(z). Note that it is independent of the choice of p € (0, 00).
Both sides are holomorphic in z € C, so it suffices to establish identity for z = z € (0,1).
In this case, as p — 0, the contribution to the integral from the circle vanishes, so we can
pass to the limit and write

I(x) = / e T e dt — / et e ™ gt
0 0
= 2i(sinmz)'(1 — x)
2mi

L(z)’

the last identity by (18.6).

Exercises

1. Use the product expansion (18.19) to prove that

d TV(z = 1
(18.28) s F((z)) =) EErE

n=0
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Hint. Go from (18.19) to

1 > z z
1 —1 [1 (1 —>——],
OgF(z) 0gz~|—’yz+ng1 og —I—n "
and note that )
d T'(z)
— = — logT
0z T(z) ~ a2z 08l®)
2. Let
14t D tognr 1)
" = —+ ..+ — —log(n )
9 5 n g

Show that -, " and that 0 < 7, < 1. Deduce that v = lim,, .., 7, exists, as asserted in
(18.17).

3. Using (9/0z)t*~! = t*~Llogt, show that
f.(t) =t*"tlogt, (Rez>0)
has Laplace transform

Lf.(s)= M(z) —T() logs7 Re s > 0.

SZ

4. Show that (18.19) yields

o0

-1
(18.29) Tz +1) = 20(z) = e 7 [| (1 + %) e*/m 2] < 1.
n=1
Use this to show that
, d
(18.30) (1) = E(ZF(Z)) ‘zzO = —.
5. Using Exercises 3—4, show that
1
(18.31) F(O) = logt — Lf(s) = -85+
s

and that

(18.32) v = —/ (logt)e™" dt.
0
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6. Show that v = v, — 7, with

1 —t oo —t
1 _
(18.33) Yo = / C dt, = / .
0 13 1t

Consider how to obtain accurate numerical evaluations of these quantities.

Hint. Split the integral for + in Exercise 5 into two pieces. Integrate each piece by parts,
using e~! = —(d/dt)(e~* — 1) for one and e~! = —(d/dt)e~" for the other. See Appendix
J for more on this.

7. Use the Laplace transform identity (18.1) for f.(t) = t*~! (on t > 0, given Re z > 0)
plus the results of Exercises 5-6 of §15 to show that

(18.34) B(z,() = %, Re z,Re( > 0,

where the beta function B(z,() is defined by
1
(18.35) B(z,() = / s*71(1—5)"1ds, Re zRe(>0.
0

The identity (18.34) is known as Euler’s formula for the beta function.

8. Show that, for any z € C, when n > 2|z|, we have

z

(18.36) (1+2)e /" =14 w,

n
with log(1 4+ w,,) = log(1 + z/n) — z/n satisfying

2
|log(1 + wy)| < |2—|2

Show that this estimate implies the convergence of the product on the right side of (18.19),
locally uniformly on C.

18A. The Legendre duplication formula

The Legendre duplication formula relates I'(2z) and I'(z)I'(z + 1/2). Note that each
of these functions is meromorphic, with poles precisely at {0,—1/2,—1,—-3/2,—-2,...},
all simple, and both functions are nowhere vanishing. Hence their quotient is an entire
holomorphic function, and it is nowhere vanishing, so

(18.37) I'(22) = eA(Z)F(z)F<z + %)
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with A(z) holomorphic on C. We seek a formula for A(z). We will be guided by (18.19),
which implies that

1 = 2z
18.38 — 22277 (1 —) —2z/n.
(18.38) T2z ¢ nl:[l e

and (via results given in §18B)

1
Fz)'(z+1/2)
(18.39) 00
_ Z<z n l)evzev(zﬂ/z){ 11 (1 n i)efz/n (1 n M)e(wl/z)/n}
2 e n n
Setting
z+1/2  2z+2n+1 2z 1
18.4 1 = =(1 14+ —
(18.40) + n 2n ( +2n+1>< +2n)’
and
(1841) 6—(z+1/2)/n _ e—2z/(2n+1)e—2z[(1/2n)—1/(2n+1)]6—1/2n,

we can write the infinite product on the right side of (18.39) as

(L0 3l 7))

(18.42) e .
1 —1/2n —2z[(1/2n)—1/(2n+1)]
X{H(l—k%)e }xl:[le .

n=

Hence
! = ze¥7e1/? . i(l + 22)e”%* x (18.42)
L(z)I'(z+1/2) 2
2z o0
— 27z 7/26_{ ( 2_2’) fQZ/k}
(18.43) 2ze"7%e 1 H 1+ )€
k=1
- 1N 1jan\ TT .—22[(1/20)—1/(2nt1)]
A0+ 5= T |

Now, setting z = 1/2 in (18.19) gives

1 1 a 1
18.44 — —¢/? 14+ — )e U2
(18.44) r1/2)  2° g( + 2n>e ’
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so taking (18.38) into account yields

2 o]

! = 1 e” H o—22(1/2n)=1/(2n+1)]
I'z)I'(z+1/2 ra/2)r2z) 2
(18.45) (2)I'( /2) (1/2)I'(2z) oot
B 1 e2o¢z
Cr(1/2)r(22) 2
where
—1_ <_ _ )
“ nzl 2n 2n+1
(18.46) . 1+1 1+1
T 273 475
= log 2.
Hence e2** = 22% and we get
1 21 1
(1847) O(5)r@:) =270 (= + 5).

This is the Legendre duplication formula. Recall that T'(1/2) = /7.
An equivalent formulation of (18.47) is

(18.48) (2m)/2T(z) = zz—1/2r<§)r<z "; 1).

This generalizes to the following formula of Gauss,

G G — (2 (221

valid for n = 3,4, ....
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19. The Riemann zeta function and the prime number theorem

The Riemann zeta function is defined by

(19.1) ((s)=> n"", Res>1
n=1
Some special cases of this arose in §13, namely
2 m
19.2 2) = — 4) = —.

See also (16.57). This function is of great interest in number theory, due to the following
result, known as Euler’s product formula.

Proposition 19.1. Let {p; : j > 1} ={2,3,5,7,11,...} denote the set of prime numbers
i N. Then, for Res > 1,

(19.3) () =TJa-p9"

Proof. The convergence of the infinite product in (19.3) for Re s > 1 follows from Propo-
sition 9.1 and the fact that p; > j. Now we can write the right side of (19.3) as

oo

H(1+p;S +p;2s+p;3s+__.)
(19.4) =1
=14+ 07+ D> (pipi) "+ D (Pipipi) S+
J J1<7J2 J1<72<7J3

That this is identical to the right side of (19.1) follows from the fundamental theorem of
arithmetic, which says that each integer n > 2 has a unique factorization into a product
of primes.

From (19.1) we see that
(19.5) s\ 1= ((s) /" +o0.

Hence

(19.6) [[a-»;Y =0
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Applying (9.10), we deduce that

(19.7) — = 00,

j=1 P

which is a quantitative strengthening of the result that there are infinitely many primes.
In fact, applying Exercise 2 of §9, we have the more precise result

1 1
. — < — < .
(19.8) 5 log ((s) < jg_l b S log((s), Vs>1

These results suggest that p; — oo somewhat faster than j, but not as fast as j(log g)tre
given a > 0. Just how fast p; increases is the subject of the prime number theorem; see
Theorem 19.10 below. See also Exercises 5-8 below for a variant of (19.8) and a hint of
how that might lead one to conjecture the prime number theorem.

Another application of (9.10) gives

(19.9) C(s) #£0, for Res>1.

Our next goal is to establish the following.

Proposition 19.2. The function ((s) extends to a meromorphic function on C, with one
simple pole, at s = 1. In fact

(19.10) ¢(s) =

s—1
extends to an entire function of s.

To start the demonstration, we relate the Riemann zeta function to the function
> 2
(19.11) gty =Y e
n=1

Indeed, we have

oo

g(t)t* L dt = n_257r_8/ et dt
(19.12) /0 () ; 0

= ((2s)m°I'(s).

This gives rise to further useful identities, via the Jacobi identity (14.43), i.e.,

(19.13) Z ot % Z e_WkQ/t,
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which implies
1 1

1
—_ _ - S4—1/2 —-1/2 -
(19.14) g(t) = —5 + 5+t g<t>.

To use this, we first note from (19.12) that, for Re s > 1,
F(g)W_S/QC(s) :/ gt/ dt
0
1 00
= / gt/ 2 dt +/ g(t)ts/2 1 dt.
0 1
Into the integral over [0, 1] we substitute the right side of (19.14) for ¢(¢), to obtain
1
s 1 1
F(—) —s/2 _ / (__ _t—1/2>t5/2—1 dt
VA S

1 [e'e)
+/ g(t_l)ts/2_3/2dt+/ g(t)ts/>1 dt.
0

1

(19.15)

(19.15A)

We evaluate the first integral on the right, and replace ¢ by 1/t in the second integral, to
obtain, for Re s > 1,

11 [
—1 +/1 [¢5/2 4 t(1=9)/2] g (1)t dt.

(19.16) F<g>7r_s/2§“(s) -

Note that g(t) < Ce ™ for t € [1,00), so the integral on the right side of (19.16) defines
an entire function of s. Since 1/I'(s/2) is entire, with simple zeros at s = 0,—2,—4,...,
as seen in §18, this implies that ((s) is continued as a meromorphic function on C, with
one simple pole, at s = 1. The regularity of (19.10) at s = 1 follows from the identity
I'(1/2) = 7'/2. This finishes the proof of Proposition 19.2.

The formula (19.16) does more than establish the meromorphic continuation of the zeta
function. Note that the right side of (19.16) is invariant under replacing s by 1 — s. Thus
we have an identity known as Riemann’s functional equation:

Proposition 19.3. For s # 1,

(19.17) r(%)w—s/%(s) - r(l S 8)w—<1—5>/2<(1 — %)

The following is an important strengthening of (19.9).
Proposition 19.4. For all real t # 0, ((1 +it) # 0. Hence

(19.18) C(s) #0 for Res>1.

To prove this, we start with the following lemma.
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Lemma 19.5. Forallo > 1, t € R,

(19.19) C(0)°[¢(o +it)|*|¢ (o + 2it)| > 1.

Proof. Since log |z| = Relog z, (19.19) is equivalent to
(19.20) 3log (o) + 4Relog ((o +it) + Relog ((o + 2it) > 0.

Now (19.3) is equivalent to

(19.21) log ((s) = Z Z ]:i

peP k=1

where P denotes the set of prime numbers in N, hence

(19.22) log ((s) = Z af;;b), with each a(n) > 0.

n>1

Thus the left side of (19.20) is equal to

(19.23) > aT(LZ) Re(3 + 4n~% 4 n =2,
n=1

But, with 6,, = tlogn,

Re(3 + 4n~% 4 n=%) = 3 4+ 4cos b, + cos 26,
(19.24) =2+ 4cosf, +2cos’0,
= 2(1 + cos6,)?,

which is > 0 for each n, so we have (19.20), hence the lemma.
We are now ready for the

Proof of Proposition 19.4. Recall from Proposition 19.2 that ((s) —1/(s — 1) is an entire
function. Suppose that ¢ € R\ 0 and ((1 +4t) = 0. Then

(19.25) lim w ¢'(1+it).
If ®(o) denotes the left side of (19.19), then
(19.26) ®(0) = ((o — 1)¢(0)) (‘C(O‘_’%lim)ﬂ(a —1)¢(0 + 2it)]-
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But, as we know,

(19.27) lim (7~ 1)¢(0) = 1.

Thus if (19.25) holds we must have lim,\ o ®(o) = 0, contradicting (19.19). This finishes
the proof.

It is of great interest to determine where ((s) can vanish. By (19.16), it must vanish at
all the poles of I'(s/2), other than s =0, i.e.,

(19.28) ¢((s)=0 on {—2,—4,—6,...}.

These are known as the “trivial zeros” of ((s). It follows from Proposition 19.4 and the
functional equation (19.17) that all the other zeros of ((s) are contained in the “critical
strip”

(19.29) N={seC:0<Res<1}.

Concerning where in €2 these zeros can be, there is the following famous conjecture.

The Riemann hypothesis. All zeros in €2 of ((s) lie on the critical line

1
(19.30) {5 +it:teR}).

Many zeros of ((s) have been computed and shown to lie on this line, but after over a
century, a proof (or refutation) of the Riemann hypothesis eludes the mathematics com-
munity.

Returning to what has been established, we know that 1/((s) is meromorphic on C,
with a simple zero at s = 1, and all the poles satisfy Res < 1. We will want to establish
a quantitative refinement of Proposition 19.4. Along the way to doing this, we will find it
useful to obtain another representation of ((s) valid beyond Re s > 1. We start with

(19.31) () =3 ni _ /OOO v du(a),

valid for Res > 1, where
(19.32) v(iz) =[z]=n for x € [n,n+1).

The right side of (19.31) is an elementary case of a Stieltjes integral. We have, for each
N e N,

N 00
(19.33) =) ni + / 7% dv(x)
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the last identity by integration by parts. Note that N=5v(IN) = N17%. We can add and
subtract

(19.34) s/ T N1=s,
N s—1

to obtain, for Res > 1,

(19.35) )=y 1 s/oo xx;[f] o+ N

ns N s—1°

Noting that the integral on the right side of (19.35) is holomorphic on Re s > 0, we have:
Proposition 19.6. For each N € N, the identity (19.35) holds for Res > 0.

Proof. Both sides of (19.35) are holomorphic on {s € C : Res > 0}, except for a pole at
s = 1, and we have shown that the identity holds for Res > 1.

REMARK. In the setting of Proposition 19.6, we can apply d/ds to (19.35), obtaining

al logn /°° x — ]
('(s) = — Z +s —— (logz)dx
(19.36) n=1 vt

[es) . Nl—s Nl—s
—/ z = la] dx — (log N) —
N

sl s—1 (s —1)%’

for Res > 0.

We next apply (19.35)—(19.36) to obtain upper bounds on [((s)| and [’ (s)].

Proposition 19.7. There exists K < oo such that

(19.37) C(s)] < Klogt, [('(s)] < K(logt)?,
fors=oc+it, o >1, t>e.

Proof. 1t is elementary that

(19.38) Res > 2= [((s)| < ((2) and [((s)] < [¢"(2)]-
Hence it suffices to assume 1 < o < 2 and ¢t > e. In such a case,

1
s 1]

(19.39) Is|<o+t<2t |s—1]>t, <

| =
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Using (19.35), we have

l1—0o

1

g

Iy
=
A
] =
3

3
I
—

o N
+ 2t/ 2~ gz +
N
(19.40)

n +0NU+ t

1 2t Ni=o

[
] =

3
I
—

Now take N =[t], so N <t < N +1, and logn < logt if n < N. We have

2t N +1 N-¢ N 1
. < -
(19.41) e S2 g and — e
SO
N g
(Z L) roa
(19.42) n=1
— O(log N) + O(1)
= O(logt).

This gives the result (19.37) for |((s)|. To obtain (19.37) for |(’(s)|, we apply the same
sort of argument to (19.36). There appears an extra factor of log N = O(logt).

We now refine Proposition 19.4.

Proposition 19.8. There is a constant C < oo such that

1
19.43 )— < Cllogt)",
(19.43) | < Clost)
for
(19.44) s=o+it, o>1, t>e.
Proof. To start, for Res > 1 we have
1 oo
(19.45) O Z n) e {—1,0,1},
cf. Exercise 4, part (d). Hence
(19.46) Res>2:>‘i ii—g@)
' N ¢(s) n?
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For the rest, it suffices to take o € [1,2] and ¢ > e.
To tackle this, we rewrite (19.19) as

(19.47) L <)o 20t)

I¢(o +it)

for o > 1, t € R. Clearly (0 — 1)((0) is bounded for o € [1,2], i.e., for some M < oo,

(19.48) ((o) < l<o<2.

o—1
Also ¢(o + 2it) = O(logt), by Proposition 19.7, so, for ¢ € (1, 2],

1 < (log t)t/4

19.49 - <o X®Y
(19.49) o+ = o1
or equivalently
-1 3/4
(19.50) (o +it)| > B2 =Y if 1<o<2 and ¢t>e.

(log £)1/%

Clearly this also holds at o = 1.
Now take o € (1,2). If 1 <o < v and ¢ > e, we have via Proposition 19.7 that

«

(19.51) [C(o +it) — ((a+it)| S/G ¢ (u + it)| du

< K(a— o)(logt)?.
Hence, via the triangle inequality,

[((o +it)] > |C(a+it)| — [¢(o +it) — ((a +it)]
(19.52) (o — 1)3/4

> BW — K(a—1)(logt)?.

This holds not only for o € [1, a], but also for o € [a, 2], since then (o —1)3/4 > (a—1)3/4.
Consequently, if o € [1,2] and ¢t > e, we have

(a—1)3/4

(19.53) [¢(o +it)] > BW

— K(a—1)(logt)?, Vac(1,2).

Our choice of o will depend on t. We pick « so that the first term on the right side of
(19.53) is equal to twice the second. This requires
B )4 1
2K

(19.54) a=1+ ( =03
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Clearly such o > 1. Also,
(19.55) 3T € (e,00) such that ¢t > Ty = o < 2.
Thus, if t > T,

C(o +it)] > K (o —1)(logt)?
(19.56) C
= —— v 1,2].
(10gt)7, 0-6[7 ]
On the other hand, since T is a fixed finite quantity, the inequality (19.56) also holds for
t € [e,Tp], perhaps with a modified value of C. This yields (19.43).
Combining Proposition 19.8 and the estimate on [(’(s)| in (19.37), we have:

Corollary 19.9. There exists C' < oo such that
¢'(s)

(19.57) 0

| < Cliogt)”,
fors=oc+it, c>1, t>e.
REMARK. By (19.10) and Proposition 19.4, we also have

¢'(s)
¢(s) * s—1

(19.58) holomorphic on a neighborhood of {s € C:Res > 1}.

Counting primes

We turn to an examination of the prime counting function
(19.59) w(z) =#{peP:p <z},

where P denotes the set of positive integers that are primes. Results established above
on ((s) will allow for an asymptotic analysis of m(z) as x — oo that is much more precise
than (19.8). It is convenient to use the language of Stieltjes integrals, such as

(19.60) / T @) dn@) = Y ),

pEP

given f continuous on (0,00) and sufficiently rapidly decreasing at oo. The result (19.8)
suggests relating 7(z) to the formula you get by applying log to (19.3), which yields, for
Res > 1,

log((s) == log(1—p~*)

peP

(19.61) => > %p—’“
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where

1

(19.62) (&%),

=~
&
1
ol
g
A4
|

Note that 7 and J are supported on [2,00). That is, they vanish outside this set. We
write suppm C [2,00). Also note that, for each z € [2,00), the sum in (19.62) is finite,
containing at most log, = terms. Applying d/ds to (19.62) yields, for Res > 1,

¢'(s)

(19.63) ~5

_ /O " llog )5~ dJ ().

It is then suggestive to introduce ¥ (x), so that
(19.64) diy(z) = (logx) dJ(x).

Equivalently, if we want supp ¢ C [2,00),

bla) = / (log ) dJ(y)

(19.65)

vJ

= Gog ()~ [ T ay,

o Y
where we have integrated by parts. Another equivalent identity is dJ(z) = (1/log ) di)(x),
yielding

|
J(z) —
o @ = | o @0
' Y0 L
logz ~ Jo (logy)*

We can now write (19.63) as

RLUN e

=S x)x° ! X.

Analysis of the functions J(z) and (z) will help us analyze 7(x), as we will see below.
The prime number theorem

The key result we aim to establish is the following.
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Theorem 19.10. The prime counting function w(z) has the property that

(19.68) m(z) ~ —

~ logz’ as T — +00,

that is, m(x)(logz/x) — 1 as x — oo.

This result was conjectured independently by Gauss and Legendre in the 1790s, and,
following Riemann’s work in the 1850s, finally proved independently by Hadamard and de
la Vallée Poussin in the 1890s.

We first show how the functions J(x) and ¢ (x) play a role in the proof of this result.

Proposition 19.11. If one shows that
(19.69) Y(x) ~z, as T — o0,

ie., ¥(z)/r — 1 as © — oo, it follows that

(19.70) J(x) ~ lozw’ as x — 00,

and this in turn implies (19.68).

Proof. Suppose

(19.71) Y(x) =z + E(x), E(x)=o(x) as = — oc.

Then (19.66) yields

x Toody E(x) /OO 1 E(y)
19.72 J(z) = +/ + + -y
( ) (=) logz  Jy (logy)?  logz ' Jy (ogy)? y 7

Note that

Tody x 2 Tody
19.73 / = — —|—2/ .
(19.73) , (ogy)? ~ (oga)?  (og2)? "2, (logy)®

From here we have that (19.71) implies (19.70). In order to deduce (19.68), note that
(19.62) implies

m(x) < J(z) < w(z) + W(.’L‘l/2> Z %
(19.74) Py

< m(x) + m(x"/?)log(logy @),
and since clearly 7(z'/2) < 2'/2, we have

(19.75) J(x) —7m(x) = O(x1/2 log(log, x)),
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so indeed (19.70) implies (19.68).

REMARK. To restate (19.72), we can bring in the logarithmic integral,

< d
Li(z) = / <
5 logz

oz —l—/m dy 2
“logz )y (logy)? log2’

(19.76)

Then (19.72) becomes

 Li(s E(z) * 1 Ey) 2
(19.77) J(z) = Li(z) + oz +/2 logy)? dy + Tog 2

Though we do not prove it here, it is known that Li(z) is a better approximation to m(z)
than z/logx is. In fact, the conjecture of Gauss used Li(z) in place of z/logx in (19.68).

Now, to prove Theorem 19.10, we have the task of establishing (19.69). Note that
the right side of (19.67) involves an integral that is the Mellin transform of . Ideally,
one would like to analyze v (x) by inverting this Mellin transform. Our ability to do this
is circumscribed by our knowledge (or lack of knowledge) of the behavior of ¢'(s)/((s),
appearing on the left side of (19.67). A number of approaches have been devised to pass
from (19.67) to (19.69), all of them involving Proposition 19.4. Notable examples include
[Wie] and [New]. The approach we take here is adapted from [Ap]. We bring in results on
the Fourier transform, developed in §14.

To proceed, we bring in the function

(19.78) () = /O ") dy.

This function is also supported on [2,00). Note that the crude estimate J(z) < 2z (from
(19.74)) implies 9 (z) < 2zlogz, and hence 9 (z) < 222 logx. From (19.67), we have, for
Res > 1,

(s) _
(5)

< s /OO ) (z)z 5 dx
(19.79) ¢ !

= s(s+ 1)/ Yy (z)z 52 de,
1
or equivalently

R0 B AR TC B
(19.80) reEEyRaD) /1 o dz.
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We want to produce the Mellin transform of an elementary function to cancel the singu-
larity of the left side of (19.80) at s = 1, and arrange that the difference be nicely behaved
on {s:Res=1}. Using

o 1
(19.81) / x fdr =
1

valid for Res > 1, we have

1 [ 1\2 1 [
5/1 (1 — E) .I'_S dr = 5/1' (l'_s — 2{13_5_1 + 33_5_2) dx

1
(s —1)s(s+ 1)’

(19.82)

so we achieve such cancellation with

(19.83) _5(81— 0 <Cg((j)) 3 - 1) = /loo [wl(zx) - %(1 - éﬂx_s d.

To simplify notation, let us set

2 2

Pi(x) 1 <1 B l>2}x[17oo)(x>7

(19.84) O(z) = [ .

where xg(z) is 1 for z € S and 0 for z ¢ S. We make the change of variable x = e¥ and
set s =1+ o +it, with 0 > 0, t € R, and write the right side of (19.83) as

(19.85) / d(e¥)e Ve Wdy, o> 0.

— 00

Note that |®(z)| < Clog(2 + |z|), so
(19.86) [@(e)] < B(L+ [y])°.

Also ®(e¥) = 0 for y < 0, and hence ®(e¥)e™ 7Y is integrable for each o > 0. Meanwhile,
for 0 > 0 we can write the left side of (19.83) as

(19.87) U, (t) = _8(8:- 1) (CC/((E)) + S i 1>

Making use of (19.57)—(19.58), we have the following.

s=1+o—+it

Lemma 19.12. There exists C' < oo such that, for o >0, t € R,

9
(19.88) W, (1) < (log(2—|— \t\)) .

C
14+t2
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We see that, for ¢ > 0, |¥,| is uniformly bounded by a function that is integrable on
R. Now the identity (19.83) takes the form

(19.89) U, (t) = / d(e¥)e e Wdy, Vo >0,

the integrand being supported on R™. Thanks to the integrability, for ¢ > 0 we can apply
the Fourier inversion formula, to write

1 oo

2r ) o

(19.90) Pe¥)e Y = U, (t)e™ dt.

Then (19.88) allows us to pass to the limit o N\, 0, obtaining

(19.91) P(e¥) = % /Oo W (t)e'™ dt.

— 00

Since Uy is integrable, the Riemann-Lebesgue lemma, from §14, implies that ®(e¥) — 0
as y — 00, or equivalently

(19.92) O(x) — 0, as x — +oo.

In fact, since ¥y is also C* on R, this implication is elementary. Take fx € C1(R) such
that

(19.93) 0<fv<1, fn(t)=1for|t|] <N, Ofor|t|>N+1.

Then the Fourier integral on the right side of (19.91) is equal to

(19.94) / ()T (t)e'™ dt + / (1 — fn(1)To(t)e'™ dt.
The first integral is < Cn /(1 + |y|), by (14.24), and the second is
(19.95) < / |[Wo(t)|dt =eny — 0, as N — oo,
[t|>N
SO
(19.96) limsup ®(e¥) < . VA,
[yl—+o0 2

and (19.92) follows.
The result (19.92) establishes the following.
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Proposition 19.13. The function 11, given by (19.78), satisfies

(19.97) lim 1) _ L

r—o00 2 2

The next result allows us to pass from (19.97) to (19.69). It is a Tauberian theorem,
and its proof is given in Appendix R; see Proposition R.11.

Proposition 19.14. Let 1) : [0,00) — [0,00) be an increasing function, and set i (x) =
¥ 4(y) dy. Take B € (0,00), a € [1,00). Then

P1(xz) ~ Bx®, as x — o0
(19.98) -
= Y(x) ~aBx*" ", as x — oo.

Applying this result to (19.97), with a = 2, B = 1/2, yields (19.69) and completes the
proof of the prime number theorem.
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Exercises

1. Show that, for Res > 1,

oo oo

k+1 %)
Z k5 = Z/ (k7% — 27 %) dx + / x” % dx,
k=1 k=1"F 1

which one can write as )

(s) = Z(s) + —

Show that the infinite series for Z(s) is absolutely convergent for Re s > 0, and hence Z(s)
is holomorphic on {s € C : Res > 0}. Use this to produce another proof (independent of,
and admittedly weaker than, Proposition 19.2) that

1
s—1

¢(s) -

is holomorphic on {s € C: Res > 0}.
Hint. Use the identity k7% —2x7° = sf; vy~ 51 dy to show that

k™ = < sk

ifk<zx<k+1,s=o0+it, c >0, teR.
Note. Z(1) = ~, Euler’s constant.
Remark. Also relate the result of this exercise to the case N = 1 of Proposition 19.6.

2. Use the functional equation (19.17) together with (18.6) and the Legendre duplication
formula (18.47) to show that

s

C(1—s) = 21_57T_3<cos 7)r(s)c(s).

3. Sum the identity
[(s)n™* :/ e "5t
0

over n € Z1 to show that

r(s)g(s):/ooo e dt:/ol e dt+/100 ts_ll dt = A(s) + B(s).

et —1 et —1 et —

Show that B(s) continues as an entire function. Use a Laurent series

1
et —1

1
:¥+ao—l—a1t+a2t2+---
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to show that

1 ts—l 1
dt = 0 +oe
/0 et —1 s—1 + s s + 1
provides a meromorphic continuation of A(s), with poles at {1,0,—1,...}. Use this to give
a second proof that ((s) has a meromorphic continuation with one simple pole, at s = 1.

4. Show that, for Re s > 1 (or, in cases (b) and (c), for Re s > 2), the following identities
hold:

(s—=1) _ S p(n)
(C) C(S) _ngl ns )
RISV
(@) OO
¢(s) _ Al
(e) o) = nzl e

d(n) = # divisors of n,
o(n) = sum of divisors of n,

# positive integers < n, relatively prime to n,

5
S
I

(n) = (—1)# prime factors 4f p ig square-free, 0 otherwise,

i
A(n) =log p if n = p™ for some prime p, 0 otherwise.

5. Supplement (19.8) with the result

1
19.A — ~1 1.
(19.4) > g~ o T oas s

Hint. Derive the following variant of the result of Exercise 2 in §9:

1
nggéjmglogl_ < (14¢€(9))x,

for 6 € (0,1/2], where €(6) — 0 as § — 0. Use this to show that, if 0 < a < for k > M,

then
Zak<logH1—ak -1 < (I+e(d Zak

k>M k>M k>M
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Apply this to ap =p,°, s > 1.

6. Show that the prime number theorem, in the form (19.68), is equivalent to

(19.B) pj ~ jlogj, as j— oo.
7. Show that
> dx 1
19.C —— ~log—— 0.
( ) /e x*(log x)® 1 * 5

Hint. Using first y = logx, s = 1+ u, and then ¢t = uy, write the left side of (19.C) as

/ y_l_“e_“y dy:u“/ t~1 et dt
1 u

() 1
~/ t_l_“e_tdtw/ 1Tt
u u

e—ulogu -1

u

1
~log—, as u\,0.
U

8. See if you can modify the analysis behind (19.C) to show that (19.B) = (19.A).

9. Set

£(s) = "V (2)aras).

Using (19.16)—(19.17), show that &£(s) is an entire function, satisfying

§(1 —s) = &(s),

and that the zeros of £(z) coincide with the nontrivial zeros of ((s), i.e., by Proposition
19.4, those zeros in the critical strip (19.29).
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J. Euler’s constant

Here we say more about Euler’s constant, introduced in (18.17), in the course of pro-
ducing the Euler product expansion for 1/I'(z). The definition

n

(J.1) v = lim (Z % —log(n + 1))

of Euler’s constant involves a very slowly convergent sequence. In order to produce a
numerical approximation of «, it is convenient to use other formulas, involving the Gamma
function I'(z) = [ e~"¢*~! dt. Note that

(J.2) I'(z) :/ (logt)e 't*~ 1 dt.

0
Meanwhile the Euler product formula 1/T(2) = ze?* [[o—, (1 + z/n)e~*/™ implies
(J.3) (1) = —.

Thus we have the integral formula

(J.4) v=— /Ooo(log t)e " dt.

To evaluate this integral numerically it is convenient to split it into two pieces:

1 oo
v = —/ (logt)e " dt — / logt)e " dt
(15 : -
= Ya — Vb-

We can apply integration by parts to both the integrals in (5), using e~ * = —(d/dt)(e”*—1)
on the first and e™* = —(d/dt)e™* on the second, to obtain

1 —t oo _—t
1—
(J.6) Yo = / ¢ dt, v = / € _ar.
0 t 1 t

Using the power series for e~! and integrating term by term produces a rapidly conver-
gent series for 7,:

00 k-1
(17) S
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Before producing infinite series representations for v, we note that the change of variable
t = s gives

(J.8) Yo = m/ ¢ ds,
1 S

which is very well approximated by the integral over s € [1,10) if m = 2, for example.
To produce infinite series for ~;,, we can break up [1,00) into intervals [k, k + 1) and
take t = s + k, to write

—t

[e%e) 1
(J.9) %ZZ%&, 5k=/0 1—T—t/kdt

Note that 0 < By < 1 —1/e for all k. For k > 2 we can write

oo : 1
(J.10) Br = Z(—%)J(yj, a; :/ te t dt.
0

J=0

One convenient way to integrate t/e~* is the following. Write

(J.11) E;(t) = i ﬁ
=0 "
Then
(J.12) Ej(t) = E;_1 (1),
hence
(J.13) i(E-(t)e’t) = (Ej_1(t) — E;(t))e " = v et
dt 7 = ! gl
(J.14) /tje_t dt = —jlE;(t)e " + C.

In particular,

! 1
(J.15) ng Z -

1,01 1
_E<j+1+(j+1>(j+2>+”'>'
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To evaluate 31 as an infinite series, it is convenient to write

2
et

6_151 = Tdt

1) [r? .
( : /t’_ldt
J! 1

1
00

(J.16) 2

To summarize, we have v = v, — 73, with v, given by the convenient series (J.7) and

o= ek (—1)7
(J.17) %:ZZT<__> ozj—l—log2—|—z (27 — 1),

i
k=2 j=0 J- g

with a; given by (J.15). We can reverse the order of summation of the double series and
write

(J.18) Vo = i( 1)7¢a; +log2+z - j)'j 27— 1).
=
with
(J.19) i
Note that
(J.20) 0< ¢ <2 U+ Ze —(+3)
k=2

while (J.15) readily yields 0 < «; < 1/ej. So one can expect 15 digits of accuracy by
summing the first series in (J.18) over 0 < j < 50 and the second series over 0 < j < 32,
assuming the ingredients o;; and (; are evaluated sufficiently accurately. It suffices to sum
(J.19) over 2 < k <40 — 2;/3 to evaluate (; to sufficient accuracy.

Note that the quantities a; do not have to be evaluated independently. Say you are
summing the first series in (J.18) over 0 < j < 50. First evaluate a5 using 20 terms in

(J.15), and then evaluate inductively ayg, ..., ap using the identity
1 Q;
(J.21) ajy = — + 2,
e

equivalent to a; = ja;j_1 — 1/e, which follows by integration by parts of fol the t dt.
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If we sum the series (J.7) for v, over 1 < k < 20 and either sum the series (J.18) as
described above or have Mathematica numerically integrate (J.8), with m = 2, to high
precision, we obtain

(J.22) ~v ~ 0.577215664901533,

which is accurate to 15 digits.

We give another series for . This one is more slowly convergent than the series in (J.7)
and (J.18), but it makes clear why 7 exceeds 1/2 by a small amount, and it has other
interesting aspects. We start with

1 iy 1 1
J.23 —E ns n=— — —=——1 <1+—>.
( ) i n:1’y " n /n x n o8 n

Thus 7, is the area of the region

1 1
(7.24) {@yin<a<n+1 —<y<-}

This region contains the triangle 7;, with vertices (n,1/n), (n+1,1/n), and (n+1,1/(n+1)).
The region Q,, \ T, is a little sliver. Note that

1/1 1
2 A Tn —O0Onp — 5\ — — )
(J.25) rea 0 2<n n+1>
and hence
(3.26) > 0=
. n:1 n — 2'
Thus
1
(J.27) 7—52(71—51)+(72—52)+(73—53)+"'-
Now
3
(J.28) Y1 — 01 = 7 " log2,

while, for n > 2, we have power series expansions

1 1 L 1
Tn =575 T 53 1
(7.29) 2n 3n dn
1 1 1
Oy = — + —

2n?2  2n3  2n4
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the first expansion by log(1 + z) = 2 — 22/2 + 23/3 — - .- | and the second by
1 1 1
J.30 On = = ,
(J.30) 2n(n+1) 2n%2 14 L
and the expansion (1 +2)"t =1— 2+ 22 — ... Hence we have
1 1 1 1 1 1 1

R R RICRSERCR ) o

(J-31) 1=t (Gog)m )t
n>2 n>2
or, with
1
(J.32) k) =) —
n>1

we have

09 3= (omed) (- D1 (b D

an alternating series from the third term on. We note that

Z —log 2 ~ 0.0568528,
[€(3) — 1] ~ 0.0336762,
(J.34)

[C(4) — 1] & 0.0205808,

[S—y
o|°°q>|+~cn|+~

[¢(5) — 1] ~ 0.0110783.

The estimate

1 —k > —k
(J.35) ZE<2 +/2 zFdx
n>2
implies
11 —k—1
(J.36) 0< (5 - E)[g‘(k;) 1] <27k

so the series (J.33) is geometrically convergent. If k is even, ((k) is a known rational
multiple of 7%. However, for odd k, the values of (k) are more mysterious. Note that to
get ((3) to 16 digits by summing (J.32) one needs to sum over 1 < n < 108. To be sure,
one can do this sum on a personal computer in a few seconds. Nevertheless, this is a vastly
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slower approach to evaluating v than summing (J.7) and (J.18) over the ranges discussed
above.

Returning to (J.3), we complement this with an evaluation of I/ (¢) for general ¢ € N.
In fact, for use in §35, we derive a formula for 5'(¢), for ¢ € Z, where

(1.37) B(z) = %
(J.38) B'(z) = —5;(52

for ¢ ¢ {0,—1,—-2,...}, though g itself is holomorphic on all C, and we can also evaluate
p" at these points. By (J.3) and (J.38),

(J.39) p'(1) = 1.

To evaluate B/(¢) for other £ € Z, we can use

(3.40) B(z) = 2B8(z + 1),

which implies

(3.41) B(z) =Bz +1)+ 28(z + 1),
hence

(J.42) #'(0) = (1) = 1.

For ¢ = —m, a negative integer, we have S(—m + 1) = 0, hence
(J.43) B'(—=m) = —mp'(-m +1),
hence B'(—1) = —3'(0) = —1, B'(—=2) = —28'(—1) = 2, and, inductively,
(J.44) B'(—=m) = (=1)"ml,

when m is a positive integer. To evaluate 5'(¢) for an integer ¢ > 2, we can turn (J.41)
around:

B'(z) — Bz +1)

(J.45) B(z41) = . .
We have
(J.46) B(2)=p'(1)—-B2)=7-1,
and generally

pre) 1

(3.47) Bl(L+1) =
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S. Hadamard’s factorization theorem

As stated in §9, the Hadamard factorization theorem provides an incisive analysis of
entire holomorphic functions f that satisfy an estimate of the form

(S.1) 1f(2)| < CceBl’ ) vzec,

with B, C, p < co. Such a function is said to be of finite order. The infimum of the numbers
p such that (S.1) holds is called the order of f. Here is Hadamard’s theorem:

Theorem S.1. Assume f: C — C is holomorphic and satisfies (S.1). Take p € Zt such
that p < p < p+ 1. Let (z) be the zeros in C\ 0 of f, repeated according to multiplicity,
and assume f vanishes to order m at 0. Then

(S.2) > |7 <00, Vo >p,
k

and there exists a polynomial q(z) of degree < p such that

(S.3) f(z) = 2met®) Hza(j—k p).
k

We recall from §9 that

k

(S.4) E(z,p)=(1—2)exp <,é %)

According to Proposition 9.11, if (S.2) holds, with p < o < p+ 1, then
z
. ~T1E(=»)
5:5) o) =8 (2

is holomorphic on C and satisfies (S.1) (with p replaced by o). Also, 2e4(*) clearly satisfies
(S.1) if ¢ is a polynomial of degree < p < p.
In case f has no zeros, Theorem S.1 boils down to the following.

Proposition S.2. Suppose the entire function f satisfies (S.1) (withp < p <p+1) and
has no zeros. Then there is a polynomial q(z) of degree < p such that

(S.6) f(z) = e?®),
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Proof. Given that f has no zeros, Proposition 10.2 implies the existence of a holomorphic
function ¢ on C such that (S.6) holds. Given (S.1),

(5.7) [f(2)] = efte 1) < oePlE,
S0
(S.8) Req(z) < By + Blz|?, VzeC.

Then, by Proposition 29.5, the harmonic function u(z) = Re ¢(z) must be a polynomial in
x and y, of degree < p. But then its harmonic conjugate is also a polynomial in x and y
of degree < p, so |q(2)| < Ag + A1|z|P. This forces ¢(z) to be a polynomial in z of degree
< p (cf. Exercise 9 of §6).

We next tackle (S.2). For this we use the following result, known as Jensen’s formula.

Proposition S.3. Take r € (0,00), R > r, and assume f is holomorphic on Dg(0).
Assume f has no zeros on 0D,.(0), that f(0) # 0, and that zx, 1 < k < n, are the zeros of
f in D, (0), repeated according to multiplicity. Then

n ‘ - 1 o %
(5.9) log (" £O)| TL sl ) = 5= [ togls(re™)] db.
k=1 0
Proof. First we treat the case r = 1. We bring in the linear fractional transformations
Z — Zk
S.10 =
(5.10) o) = T2,

which preserve D1(0) and 9D1(0), and map zj to 0 and 0 to —zx, and form

(S.11) 9(2) = f(2)er(2) 7"+ oul(2) 7,

which is holomorphic on D (0) (R > 1) and nowhere vanishing on D;(0). (Note also that
lg| = |f| on 0D;(0).) We see that log g(2) is holomorphic on a neighborhood of D;(0), so
log|g(z)| is harmonic on this set. Thus the mean value theorem for harmonic functions
yields

(5.12) tog (1£0)| T 4] ") = togla(0)] = 5= [ togl ()] db.
k=1 0
This takes care of the case r = 1.
For general r € (0,00), we can apply the argument given above to f.(z) = f(rz), whose
zeros in D1(0) are zi/r, and obtain (S.9).

Using Jensen’s formula, we obtain the following estimate on the number of zeros of an
entire function.
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Proposition S.4. Assume f is an entire function and f(0) = 1. Forr € (0,00), let

n(r) = # zeros of f in D,(0),

(S.13) M(r) = |s?:p | £(2)].
Then
(S.14) n(r) < % '

Proof. Set n = n(r), m = n(2r). Let 2z, 1 < k < m denote the zeros of f in Dy,.(0),
ordered so |zg| < |zg+1]. Then (S.9), with r replaced by 2r, yields

(S.15) log f(O)Q—T LA <log M (2r).

Z1 Zm
Since 2r/|zk| > 2 for k < n and 2r/|z;| > 1 for n < k < m, we get
(S5.16) log [ f(0)2"| < log M (2r).

Since f(0) = 1, this says nlog2 < log M(2r), giving (S.14).

We are now prepared to establish the following result, which implies (S.2).
Proposition S.5. Let f be an entire function, and assume f satisfies (S.1). Let z, k > 1,
denote its zeros in C\ 0, ordered so that |z| < |zg+1|. Then there exists C' > 0 such that

(S.17) |2|” > Ck, Vk>1.

Proof. 1t suffices to prove the result in the case f(0) = 1. Set r, = |zk|. By Proposition
SA4,

log M (2ry,)

. <
(S.18) k<=0

where M (2r) = sup|,—a,, |f(2)|- Now (S.1) implies M (2r) < CeBER)" solog M (2r),) <
¢+ B(2ry)?, and (S.18) yields

(S5.19) k <c + B'(2ry)?,

which readily implies (S.17).

We have already noted that the estimate (S.2) implies that the product g(z) in (S.5) is
an entire function satisfying an estimate similar to (S.1) (with p replaced by o). It follows
that f(z)/g(z) is an entire function with no zeros in C\ 0. To proceed with the proof
of Theorem 8.1, we need an estimate on this quotient, and for this the following result is
useful.
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Lemma S.6. Letp € Z1 and p € [p,p+1]. Then

(S.20) |E(z,p) 7Y <P for |2] > 2,
and

1
(S.21) |E(z,p) Y < 2" for |2 < 3

Proof. For |z| > 2, we have |1 — z| > 1 and |2*/k| < |z|? for k < p. hence

P
(8.22) |E(Z,p)_1’ _ |1 o Z|_1 exp(—z _ % . — Z_> S ep|z\p,
p

giving (S.20).
For |z| <1/2, we use

(S.23) E(z,p) = exp(— k;ﬂ %)

to obtain

Bz p) 7| < exp(|2P1 |2

k>0
< exp(2[z[P*1)

P
< 2",

(S.24)

and we have (S.21).

To complete the proof of Theorem S.1, we proceed to estimate
f(z)

Zmg(z)

when f satisfies the hypotheses of Theorem S.1 and g(z) is given by (S.5). We have already
seen that H(z) is an entire function with no zeros. Recalling that f satisfies (S.1) with
p€lp,p+1), pick o € (p,p+1). Pick r € (1,00), and write

(S.25) H(z) =

)

(S.26) H(z) = Hi(2)Ha(z),

where

(S.27)
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By (S.21),

ol =r= ) <en(2 3 [2])
(S.28) |25 | >2r

S eBl’I’ ,

r
%k

thanks to (S.2). Similarly, by (S.20),

z -1 4r
’Z|:4T:>‘ H E(;J)) ‘SGXP@ Z ’g

(829) |z | <27 |z | <27

S eBQ’I“a .

)

Since H; is an entire function,

max |H;(z)| < max |H;(2)|

|z|=r |z|=4r

(S.30) < (4r) ™ ‘IZIﬂEi{r |f(2)] - o B2’
< CeBsr”

Consequently H(z) in (S.25) satisfies

(S.31) |H(z)| < CeBlAI”,

Since H(z) is entire and nowhere vanishing, and p < o < p + 1, Proposition S.2 implies

(S.32) H(z) = 1),

where ¢(z) is a polynomial of degree < p. Now (S.25) gives

(S.33) f(z) = 2metPg(2),

and completes the proof of Theorem S.1.
Let us apply Hadamard’s theorem to the function f(z) = sinwz. In this case, (S.1)
holds with p = 1, and the zeros of f are the integers, all simple. Hence (S.3) gives

- _ (z)oo _F z/k.oo 2\ p—z/k
sinz = ze? kll(l k)e kll(l%—k)e

= Zeq(z) H <1 — ﬁ)?
k=1

with ¢(2) = az + b. Since sinmz is an odd function, e4(*) must be even, so a = 0 and
e??) = eb. Now

(S.34)

(S.35) lim 2272 b

z—0 z
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so we obtain
0 2

(S.36) sinmz = mz H (1 — Z—),

k2
k=1

an identity obtained by other means in (9.46) and (18.21).
Hadamard applied his factorization theorem to the study of the Riemann zeta function.
Recall from §19 that ((z), defined initially by

(S.37) ((z) = Zk‘z, for Rez > 1,
k=1

extends to a meromorphic function on C, with one simple pole, at z = 1. It has “trivial”
zeros at z € {—2,—4,—6, ...}, and (cf Proposition 19 4) all of its other zeros are contained
in the “critical strip”

(S.38) N={2€C:0<Rez<1}.

Furthermore, T'(z/2)7~%/2((z) satisfies the functional equation (19.17). Another way to
state these results is the following:

Proposition S.7. The function &, defined by

2(z—1) /2

(S.39) §(z) = =1 () ¢(2),

18 an entire holomorphic function on C. Its zeros coincide precisely with the seros of  that
lie in the critical strip (S.38). Furthermore,

(S.40) §(1-2) = £(2).

The following estimate on &(z) allows us to apply Theorem S.1.

Proposition S.8. There exists R < oo such that for all |z| > R,

(S.41) ‘5<z n %)‘ < clelog sl

A proof of this estimate can be found in §2.3 of [Ed]. We mention that an ingredient in
the proof is that

i 1\ 2k
(S5.42) £(z) = Z a (z - 5) , and each aj > 0.
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Thus (S.1) holds for all p > 1, so Theorem S.1 applies with p = 1. Since £(0) # 0, we
obtain from (S.3) that

(S5.43) £(z) = e?* b 1-Z2 e/,
I(-7)

where Z denotes the set of zeros of £ (i.e., the zeros of ¢ in ), repeated according to
multiplicity (if any are not simple). Now (S.42) implies £(x) > 0 for z € R, and then
(S.40) implies

(S.44) Z={pl—p:pc 2T}, Zt={pec Z:Imp> 0},

and we can write (S.43) as

(S.45) ) = 11 (1 - E) (1 -1 >

pEZT 1= P
where
1
(S.46) a=a-+ Z _
e p1-p)
Note that (S.2) implies
(S.47) Y o7 <00, Vo1,

pEZ

so the sum over p € Z% in (S.46) is absolutely convergent. So is the infinite product in
(S.45), since

z z o\ z2(1—2)
(S.48) (1—;><1—1_p)_1—p(1_p).
Note that (S.48) is invariant under z — 1 — z, so
o — a(l—z)+b . E i z
(S.49) fl-z)=e H+ <1 p) <1 — p),
pEZ

which, by (S.40), is equal to £(z). This implies & = 0, so we have the following conclusion.

Proposition S.9. The function £(z) has the product expansion

(S.50) &) =£0) [ (1 . f) (1 B )

pEZT o L=
Hence

7/2 p z
(S.51) ¢(z) = 2(25(_0)1) I'(z/2) H (1_;> (1_ 1—p>'

pEZt
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Chapter 5. Conformal maps and geometrical aspects
of complex function theory

In this chapter we turn to geometrical aspects of holomorphic function theory, starting
with the characterization of a holomorphic function f : 2 — C as a conformal map, when
f'(z) # 0. To say f is conformal at zy € € is to say that if 43 and 75 are two smooth paths
that intersect at zp, then the images o; = f(v,) intersect at f(zp) at the same angle as v
and ;. We show that a smooth function on €2 is holomorphic if and only if it is conformal
and preserves orientation, i.e., the 2 x 2 matrix D f(z) has positive determinant.

The notion of conformal map is not confined to maps between planar domains. One
can take 2D surfaces S and ¥ in R? and say a smooth map f : S — X is conformal at
zp € S provided that when smooth curves 7y and 1 in S intersect at zg, then their images
o = f(v;) in ¥ intersect at the same angle. A key example is the stereographic map

(5.0.1) S: 5%\ {es} — R~ C,
where S? is the unit sphere in R? and e3 = (0,0, 1), given by
(502) S($1,$2,$3> = (1 — 33'3)_1(33'1, 1‘2),

which is seen to have this property. This map is complemented by

(5.0.3) S_: 8%\ {—e3} — R?*  S_(x1,70,23) = (1 +23) (1, —22).
One has )
S- OS(Z) = ;7

and, as explained in §22, this gives S? the structure of a Riemann surface. A related object
is the Riemann sphere,

(5.0.4) C=CuU{o0},

which is also given the structure of a Riemann surface. Given two Riemann surfaces, S
and X, there is a natural notion of when a smooth map f : § — ¥ is holomorphic. It is
seen that the map S in (5.0.1) has a natural extension to

(5.0.5) S:8% G,

equal to on S2\ {es} and satisfying S(es) = oo, and that S is a holomorphic diffeomor-
phism.
An important class of conformal maps is the class of linear fractional transformations,

az+b a b
U L == A:
(5.0.6) a(2) cz+d’ (C d)’
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given A € M(2,C), det A # 0. This map has a pole at z = —d/c if ¢ # 0, but we can
extend the map to

(5.0.7) Ls:C—C,
via
d
LA<—E> — 00, if ¢#£0,
(5.0.8) La(oo) =2, if ¢#0,
C

oo, if ¢=0.

Then L 4 is a holomorphic diffeomorphism of C to itself (i.e., a holomorphic automorphism),

and all holomorphic automorphisms of C have this form. An important subset acts as a
set of holomorphic automorphisms of the unit disk,

Lp: Dl(O) — Dl(O), B e SU(I,l), ie.,

5.0.9
209 5=(5 ). lap-pp-1

This set of transformations acts transitively on D;(0), i.e., given zg, 21 € D1(0), there exists
B € SU(1,1) such that Lp(z9) = z1. It is very useful to understand the automorphisms
of objects like C and Dy (0).

The unit disk D = D;(0) is a special domain in a number of respects. One of its most
special properties is that it is not so special, in the sense that one has the following result,
known as the Riemann mapping theorem.

Theorem. If 2 C C is a simply connected domain and €2 # C, then there exists a
holomorphic diffeomorphism

(5.0.10) F:Q—D.

This result is established in §23. The map F is constructed to maximize ¢'(p) among all
one-to-one holomorphic maps g : © — D such that g(p) = 0 and ¢'(p) > 0. Here p € Q
is chosen arbitrarily. An important ingredient in the proof that such a maximizer exists
is the theory of normal families, introduced in §21. Results about transformations of the
form (5.0.9) play a role in showing that this maximizer is a holomorphic diffeomorphism
in (5.0.10).

For some domains €2, one can take the Riemann mapping function (5.0.10) and apply
Schwarz reflection to analytically continue F' to a larger domain. For example, if €2 is a
rectangle or an equilateral triangle, one can use this to extend F' to a meromorphic function
on all of C, giving examples of elliptic functions, which will be studied in Chapter 6. In
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another very important example, studied in §26, €2 is a region in the unit disk D = D;(0),
bounded by three arcs of circles, intersecting 0D at right angles. Repeated application of
Schwarz reflection extends F' to the entire disk D, yielding

(5.0.11) ®:D— C\{0,1},

which is seen to be a holomorphic covering map, a concept introduced in §25. As seen in
§627-28, this has some very important implications for complex function theory. One is
the following, known as Montel’s theorem.

Theorem. Given a connected domain Q C C, the famlly of holomorphic maps f : Q —
C\ {0,1,00} is a normal family of maps from Q to C.

This in turn leads to Picard’s theorem, which is a significant inmrovement on the Casorati-
Weierstrass theorem, established in Chapter 2.

Theorem. If p and ¢ are distinct and
(5.0.12) [ D\NA{0} — C\{p,q},

is holomorphic, then the singularity at 0 is either a pole or a removable singularity.

Section 27 also has a sequence of exercises on iterates of a holomorphic map R : C— ((A:,
regarding the beautiful theory of sets on which these iterates behave tamely or wildly,
known respectively as Fatou sets and Julia sets.

In §29 we return to the subject of harmonic functions. We draw connections between
conformal maps and the Dirichlet problem for harmonic functions. We indicate how one
can use results on the Dirichlet problem to construct a holomorphic diffeomorphism from
a domain that is homeomorphic to an annulus to an actual annulus.

Appendices D and E at the end of this chapter make contact with some basic concepts
of differential geometry. The connection with conformal maps arises from the fact that if
~o and 7y are smooth curves on a surface S, with 79(0) = ~v1(0) = p € S, then the angle ¢
at which they meet satisfies

(5.0.13) (16(0),71(0)) = [l (0)]] - 171 (0)[[ cos .

Here ( , ) is the inner product of vectors tangent to S at p, given by the standard dot
product on R3 is S is a surface in R3. The assignment of an inner product to tangent
vectors to a surface at each point defines a metric tensor on S. Appendix D studies how
a smooth map F' : S — X between surfaces pulls back a metric tensor on ¥ to one on S,
and how to use this to say when F'is a conformal map.

Not all metric tensors on a surface S arise from considering how S sits in R3. An
important example, studied in Appendix E, is the Poincaré metric on the unit disk D =
D1(0). It is seen that this metric is invariant under all the maps (5.0.9). This together
with a geometrical interpretation of the Schwarz lemma yields a powerful tool in complex
function theory. In Appendix E we show how use of the Poincaré disk leads to alternative
arguments in proofs of both the Riemann mapping theorem and Picard’s theorem.
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20. Conformal maps

In this section we explore geometrical properties of holomorphic diffeomorphisms f :
Q) — O between various domains in C. These maps are also called biholomorphic maps,
and they are also called conformal maps. Let us explain the latter terminology.

A diffeomorphism f : Q@ — O between two planar domains is said to be conformal
provided it preserves angles. That is, if two curves v; and 75 in {2 meet at an angle a at p,
then o1 = f(v1) and 02 = f(72) meet at the same angle o at ¢ = f(p). The condition for
this is that, for each p € Q, Df(p) € M(2,R) is a positive multiple A\(p) of an orthogonal
matrix:

(20.1) Df(p) = AMp)R(p).

Now det Df(p) > 0 < det R(p) = +1 and det Df(p) < 0 < det R(p) = —1. In the
former case, R(p) has the form

cosf@ —sinf
(20.2) R(p) = (sin@ cos 6 ) ’

of a rotation matrix, and we see that Df(p) commutes with J, given by (1.39). In the
latter case, R(p) has the form

(20.3) R(p) = (cose sin 6 )

sinf —cosf

and C' D f(p) commutes with J, where

(20.4) C = ((1) _01)

i.e., Cz = Z. In the former case, f is said to be orientation preserving, and in the latter
case it is said to be orientation reversing. We have the following result.

Proposition 20.1. Given planar regions 2, O, the class of orientation-preserving confor-
mal diffeomorphisms f : Q0 — O coincides with the class of holomorphic diffeomorphisms.
The class of orientation-reversing conformal diffeomorphisms f : Q — O coincides with
the class of conjugate-holomorphic diffeomorphisms.

There are some particular varieties of conformal maps that have striking properties.
Among them we first single out the linear fractional transformations. Given an invertible
2 x 2 complex matrix A (we say A € Gl(2,C)), set

az+b a b
20. L = A= )
(20.5) a(2) cz+d’ (C d)
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We do not want the denominator in this fraction to be = 0, and we do not want the

numerator to be a constant multiple of the denominator. This leads to the requirement
that det A # 0. If ¢ # 0, L4 is holomorphic on C\ {—d/c}. We extend L4 to

(20.6) Ly:CU{c0} — CU{o0}
by setting

(20.7) La(—d/c) =00, if c¢#0,
and

a .
(20.8) L(o0) = - if ¢#0,

oo if ¢=0.
If also B € GI(2,C), a calculation gives
(20.9) LAOLB:LAB.

In particular L4 is bijective in (20.6), with inverse L,-1. If we give C U {oco} its nat-
ural topology as the one-point compactification of C, we have L4 a homeomorphism in
(20.6). Later we will give CU {oo} the structure of a Riemann surface and see that Ly4 is
biholomorphic on this surface.

Note that Ls4 = L4 for any nonzero s € C. In particular, Ly = L4, for some A;
of determinant 1; we say A; € SI(2,C). Given A; € Si(2,C), La, = L4, if and only
if A, = +A;. In other words, the group of linear fractional transformations (20.5) is
isomorphic to

(20.10) PSI(2,C) = SI(2,C) /().

Note that if a,b, ¢,d are all real, then L4 in (20.5) preserves R U {oc}. In this case we
have A € GI(2,R). We still have Ls4 = L4 for all nonzero s, but we need s € R to get
sA € GI(2,R). We can write Ly = Ly, for Ay € SI(2,R) if A € GI(2,R) and det A > 0.
We can also verify that

(20.11) AeSI2,R)=Ls:U—U,

where

U={z:Im z>0}

is the upper half-plane. In more detail, for a,b,c,d € R, z = x + iy,

az+b  (az+0b)(cz +d) —E-I-i ad — bc
cz+d (cz+d)(cz+d) P p
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with
R =ac|z|* +bd + (ad +bc)r € R, P =|cz+d|* >0, if y #0,

which gives (20.11). Again L4 = L_ 4, so the group
(20.12) PSI(2,R) = SI(2,R)/(£1)

acts on U.
We now single out for attention the following linear fractional transformation:

Z—1 L~
(20.13) pl2) = ela) =La(2), Ao = (1 i >
Note that 2 2
L xti(y—1) e T+ (y—1)
Pleti) = = Pl = e

In particular, |p(z +iy)| < 1 if and only if y > 0. We have
(20.14) o:U—-D, ¢:RU{cx}—S"=0D,

where
D=A{z:z] <1}

is the unit disk. The bijectivity of ¢ on CU {oo} implies that ¢ is bijective in (20.14).
Conjugating the SI(2,R) action on U by ¢ yields the mappings

In detail, if A is as in (20.5), with a, b, ¢, d real, and if Aq is as in (20.13),

11 f(a+d)i—b+c (a—d)i+b+c
Aoddy “2i\la—dyi—b—c (a+dyi+b—c
(20.16)
_ (o B
-(5 7).
Note that

la? — |B]? = det A = ad — be.

It follows that

a

(1,1),

—1 a B a2 _1Al12 —
(20.17) Ao SU2,R) Ao = {<5 ) € Gl(2,C) : |af” — 8] 1}
SU
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the latter identity defining the group SU(1,1). Hence we have linear fractional transfor-
mations

Lp:D—D, Ly =215
(20.18) pz+a
5= (5 D)esvan,  jap-jpR-1

Note that for such B as in (20.18),

) = G = et

and in the last fraction the numerator is the complex conjugate of the denominator. This
directly implies the result L : D — D for such B.
We have the following important transitivity properties.

Proposition 20.2. Given the groups SI(2,R) and SU(1,1) defined above

(a) SU(2,R) acts transitively in U, via (20.5), and
(b) SU(1,1) acts transitively on D, via (20.18).

Proof. To demonstrate (a), take p =a+ib e U (a € R, b > 0). Then L,(2) =bz+a =
(bY/22 4+ b=1/2a) /b=1/2 maps i to p. Given another ¢ € U, we see that Lqu_1 maps q to p,
so (a) holds. The conjugation (20.17) implies that (a) and (b) are equivalent.

We can also demonstrate (b) directly. Given p € D, we can pick o, € C such that
|a|? — |B8]? =1 and B/@ = p. Then Lg(0) = p, so (b) holds.

The following converse to Proposition 20.2 is useful.

Proposition 20.3. If f : D — D is a holomorphic diffeomorphism, then f = Lpg for
some B € SU(1,1). Hence if F : U — U is a holomorphic diffeomorphism, then F = L4
for some A € SI(2,R).

Proof. Say f(0) = p € D. By Proposition 20.2 there exists By € SU(1,1) such that
Lp,(p)=0,809=Lp, of:D— D is a holomorphic diffeomorphism satisfying ¢(0) = 0.
Now we claim that g(z) = cz for a constant ¢ with |c| = 1.

To see this, note that, h(z) = g(z)/z has a removable singularity at 0 and yields a
holomorphic map h : D — C. A similar argument applies to z/g(z). Furthermore, with
v, ={z € D : |z| = p} one has, because g : D — D is a homeomorphism,

lim su z)| = lim inf 2)| =1.
lin sup [g(=)] = limy inf [o(2)

Hence the same can be said for h|,,, and then a maximum principle argument yields
lg(2)/z] < 1 on D and also |z/g(z)| < 1 on D; hence |g(z)/z| = 1 on D. This implies
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g(z)/z = ¢, a constant, and that |c¢| = 1, as asserted. (Compare the proof of the Schwartz
lemma, Proposition 6.2.)
(c) (1) , and we can take a = +¢ /2, to
obtain By € SU(1,1). We have f = Ly-15 , and the proof is complete.

1

To proceed, we have g = Lp, with By = a

We single out some building blocks for the group of linear fractional transformations,
namely (with a # 0)

(20.19) da(2) =az, Tp(2)=24+0b, 1(2)= %

We call these respectively (complex) dilations, translations, and inversion about the unit
circle {z : |z| = 1}. These have the form (20.5), with A given respectively by

a GO (G ()

We can produce the inversion ¢p about the boundary of a disk D = D,.(p) as
(20.21) LD =Tp©00, 01001/, 0T _p.

The reader can work out the explicit form of this linear fractional transformation. Note
that tp leaves 0D invariant and interchanges p and oo.

Recall that the linear fractional transformation ¢ in (20.13) was seen to map R U {oc}
to S!. Similarly its inverse, given by —it(z) with

z+1
z—1’

(20.22) U(z) =

maps S! to R U {oo}; equivalently 1 maps S* to iR U {oo}. To see this directly, write

e +1 -
e —1  tan6/2’

(20.23) () =

These are special cases of an important general property of linear fractional transforma-
tions. To state it, let us say that an extended line is a set £ U {oc}, where £ is a line in

C.

Proposition 20.4. If L is a linear fractional transformation, then L maps each circle to
a circle or an extended line, and L maps each extended line to a circle or an extended line.

To begin the proof, suppose D C C is a disk. We investigate where L maps 0D.
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Claim 1. If L has a pole at p € 0D, then L maps 0D to an extended line.

Proof. Making use of the transformations (20.19), we have L(9D) = L’(S!) for some linear
fractional transformation L', so we need check only the case D = {z : |z| < 1}, with L
having a pole on S', and indeed we can take the pole to be at z = 1. Thus we look at

ae? +b
e? —1
b ' —b
_a+ ? +a ,
2 tan6/2 2

L(e"?) =

(20.24)

whose image is clearly an extended line.
Claim 2. If L has no pole on 0D, then L maps 0D to a circle.

Proof. One possibility is that L has no pole in C. Then ¢ = 0 in (20.5). This case is
elementary.

Next, suppose L has a pole at p € D. Composing (on the right) with various linear
fractional transformations, we can reduce to the case D = {z : |2| < 1}, and making
further compositions (via Proposition 20.2), we need only deal with the case p = 0. So we
are looking at

(20.25) Lz) = P8 i) — g g e,

z

Clearly the image L(S!) is a circle.
If L has a pole at p € C\ D, we can use an inversion about 9D to reduce the study to
that done in the previous paragraph. This finishes Claim 2.

To finish the proof of Proposition 20.4, there are two more claims to establish:

Claim 3. If¢ C C is a line and L has a pole on £, or if L has no pole in C, then L maps
LU {0} to an extended line.

Claim 4. If¢ C C is a line and L has a pole in C\ £, then L maps ¢ U {oo} to a circle.

We leave Claims 3—4 as exercises for the reader.

We present a variety of examples of conformal maps in Figs. 20.1-20.3. The domains
pictured there are all simply connected domains, and one can see that they are all confor-
mally equivalent to the unit disk. The Riemann mapping theorem, which we will prove
in §23, says that any simply connected domain €2 C C such that € # C is conformally
equivalent to the disk. Here we make note of the following.

Proposition 20.5. If Q) C C is simply connected and 2 # C, then there is a holomorphic
diffeomorphism f : Q — O, where O C C is a bounded, simply connected domain.

Proof. Pick p € C\ Q and define a holomorphic branch on € of

(20.26) 9(z) = (z—p)"/%.
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The simple connectivity of {2 guarantees the existence of such g, as shown in §10; see
(10.17). Now g is one-to-one on 2 and it maps €2 diffeomorphically onto a simply connected

region {2 having the property that
(20.27) zeQ= —2¢Q.

It follows that there is a disk D C C\ ﬁ, and if we compose g with inversion across 0D
we obtain such a desired holomorphic diffeomorphism.

Exercises

1. Find conformal mappings of each of the following regions onto the unit disk. In each
case, you can express the map as a composition of various conformal maps.

(a) @={z=2+iy:y>0,[z| >1}.
(b) @=C\ ((—o0, 1] U[1,00)).
(c) Q={z:]z+1/2|<1}N{z: |z —1/2| < 1}.
2. Consider the quarter-plane
Q={z=z+iy:2 >0,y >0}
Find a conformal map ® of 2 onto itself such that
O(1+41i) =2+1.

3. Let f:Q — O be a conformal diffeomorphism. Show that if u : O — R is harmonic, so
isuof:Q—R.

4. Write out the details to establish Claims 3-4 in the proof of Proposition 20.4.

5. Look ahead at Exercise 1b) of §21, and map the region U defined there conformally
onto the unit disk.

6. Given ¢ € D = {z: |z] < 1}, define

Z—4q

(20.28) wq(z) = I

Show that ¢, : D — D and ¢,(q) = 0. Write ¢, in the form (20.18). Relate this to the
proof of Proposition 20.2.
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21. Normal families

Here we discuss a certain class of sets of mappings, the class of normal families. In
a general context, suppose (2 is a locally compact metric space, i.e., €} is a metric space
and each p € ) has a closed neighborhood that is compact. Supppose S is a complete
metric space. Let C(£2,S5) denote the set of continuous maps f : © — S. We say a
subset F C C(£2,5) is a normal family (with respect to (£2,.9)) if and only if the following
property holds:

Every sequence f, € F has a locally uniformly

21.1
( ) convergent subsequence f,, — f € C(Q,5).

If the identity of the pair (€2, .5) is understood, we omit the phrase “with respect to (€2, S).”
The main case of interest to us here is where 2 C C is an open set and S = C. However,
in later sections the case S = C U {oo} ~ S? will also be of interest.

A major technique to identify normal families is the following result, known as the
Arzela-Ascoli theorem.

Proposition 21.1. Let X andY be compact metric spaces and fix a modulus of continuity
w(d). Then

(21.2) Co ={feC(X,Y) :d(f(x), f(y) <w(d(z,y)),¥ z,y € X}

is a compact subset of C(X,Y), hence a normal family.

This result is given as Proposition A.18 in Appendix A and proven there. See also this
appendix for a discussion of C'(X,Y) as a metric space. The defining condition

(21.3) d(f(z), f(y) <w(d(z,y)), Vaz,yeX, feF,

for some modulus of continuity w is called equicontinuity of F. The following result is a
simple extension of Proposition 21.1.

Proposition 21.2. Assume there exists a countable family {K,;} of compact subsets of
such that any compact K C Q is contained in some finite union of these K;. Consider
a family F C C(,S5). Assume that, for each j, there exist compact L; C S such that
f 1+ K; — Lj for all f € F, and that {f|k, : f € F} is equicontinuous. Then F is a
normal family.

Proof. Let f, be a sequence in F. By Proposition 21.1 there is a uniformly convergent
subsequence f,, : K1 — L;. This has a further subsequence converging uniformly on Kj,
etc. A diagonal argument finishes the proof.

The following result is sometimes called Montel’s theorem, though there is a deeper
result, discussed in §27, which is more properly called Montel’s theorem. In light of this,
one might call the next result “Montel’s little theorem.”
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Proposition 21.3. Let Q C C be open. A family F of holomorphic functions f, : 0 — C
is normal (with respect to (2,C)) if and only if this family is uniformly bounded on each
compact subset of 2.

Proof. We can write Q = U; D, for a countable family of closed disks D; C €, and satisfy
the hypothesis on Q in Proposition 21.2. Say dist(z,0) > 2¢; > 0 for all z € D,. Let

the disk ﬁj be concentric with bj and have radius €; greater. The local uniform bounds
hypothesis implies

(21.4) \fal <A; on Dy, V fo€F.

This plus Cauchy’s estimate (5.32) gives

A —
(21.5) If] < 5—” on D;, V f,€F,
J
hence
A; _
(21.6) |fa(2) = fa(w)| < —=|z —wl|, Vz,weDj, fo€F.

€j

This equicontinuity on each Ej makes Proposition 21.2 applicable. This establishes one
implication in Proposition 21.3, and the reverse implication is easy.

Exercises

1. Show whether each of the following families is or is not normal (with respect to (€2, C)).

(a) {n"tcosnz:n=1,2,3,...}, Q={z=ax+iy:2>0,y>0}.

(b) The set of holomorphic maps g : D — U such that g(0) = 0, with
Q=D={z:]z| <1}, U={z:-2<Rez<2}.

2. Suppose that F is a normal family (with respect to (2, C)). Show that {f’': f € F} is
also a normal family. (Compare Exercise 1 in §22.)

3. Let F be the set of entire functions f such that f’(z) has a zero of order one at z = 3
and satisfies

1/ (z) <5]z2—3|, VzeC.
Find all functions in F. Determine whether F is normal (with respect to (C,C)).

4. Let F = {z™ : n € Z"}. For which regions  is F normal with respect to (Q2,C)?
(Compare Exercise 3 in §22.)
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22. The Riemann sphere (and other Riemann surfaces)

Our main goal here is to describe how the unit sphere S? C R? has a role as a “conformal
compactification” of the complex plane C. To begin, we consider a map

(22.1) S: 5%\ {e3} — R?
known as stereographic projection; here eg = (0,0,1). We define S as follows:
(222) S($1,$2,1’3) = (1 —.’Eg)_l(.’ﬁl,aj‘g).

See Fig. 22.1. A computation shows that S~!: R? — S2\ {e3} is given by

(22.3) S Hz,y) (22,2y,7% — 1), r?=2%+ 9%

T 1412
The following is a key geometrical property.
Proposition 22.1. The map S is a conformal diffeomorphism of S? \ {es} onto R2.

In other words, we claim that if two curves 7; and v, in S? meet at an angle o at
p # es, then their images under S meet at the same angle at ¢ = S(p). It is equivalent,
and slightly more convenient, to show that F' = S~ is conformal. We have

(22.4) DF(q) : R* — T,8* C R®.

See Appendix D for more on this. Conformality is equivalent to the statement that there
is a positive function \(p) such that, for all v, w € R?,

(22.5) DF(q)v- DF(q)w = A(q) v - w,
or in other words,
(220 DF@’ DF@) =) (o 1 )-

To check (22.6), we compute DF via (22.3). A calculation gives

9 1—22+9° —2xy
—2x —2y
and hence

(22.8) DF(z,y)! DF(2,y) — ﬁ ((1) ‘1))
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This gives Proposition 22.1.
Similarly we can define a conformal diffeomorphism

(22.9) S_: 5%\ {—e3} — R%

To do this we take 3 — —x3. This reverses orientation, so we also take xo — —x5. Thus
we set

(22.10) S_(l'l, To, $3) = (1 + xg)_l(xl, —.CL'Q).

Comparing this with (22.3), we see that S_ o S~! : R?\ {0} — R?\ {0} is given by
_ 1
(22.11) S_ oS8 Y x,y) = = (z, —y).

Identifying R? with C via z = x + iy, we have

7 1
(22.12) S 0S8z = = = -

P

Clearly the composition of conformal transformations is conformal, so we could predict in
advance that S; o S~! would be conformal and orientation-preserving, hence holomorphic,
and (22.12) bears this out.

There is a natural one-to-one map from S? onto the space CU{cc}, introduced in (20.6),

(22.13) S:5% — CU{o0},
given by

(22.14) S) =), pes\{ea) (given by (222))

S(eg) = o0,
with inverse S~! : CU {oo} — S2, given by

(22.15) N (2) =87 (2), 2€C (given by (22.3)),
8_1(00> = €3,

Going forward, we use the notation
(22.16) C = CU{oo},
and we call C the Riemann sphere.

The concept of a normal family of maps (2 — S, introduced in §21, is of great interest
when S = C. The following result produces a key link with results established in §21.
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Proposition 22.2. Assume 2 C C is a connected open set. A family F of holomorphic
functions Q — C is normal with respect to (€2, @) if and only if for each sequence f, from
F one of the following happens:

(a) A subsequence f,, converges uniformly on each compact K C €, as a sequence f, :
K —C, or

(b) A subsequence f,, tends to oo uniformly on each compact K C €.

Proof. Assume F is a normal family with respect to (€2, @), and f, is a sequence of elements
of F. Take a subsequence f,,, uniformly convergent on each compact K, as a sequence of

maps f,, : K — C. Say f,, = f:Q— C. Pick p € Q2. We consider two cases.

CASE 1. First suppose f(p) = co. Then there exists N € Z™ and a neighborhood U of p
in Q such that |f, (2)| > 1 for z € U,k > N. Set ¢,,(2) = 1/f, (%), for z € U,k > N.
We have |g,, | < 1on U, g, (2) # 0, and g,,(2) — 1/f(z), locally uniformly on U (with
1/o00 = 0), and in particular g,, (p) — 0. By Hurwitz’ theorem (Proposition 17.8), this
implies 1/f(z) = 0 on all of U, i.e., f = 0o on U, hence f = oo on . Hence Case I =
Case (b).

CASE I1. Suppose f(p) € C, i.e., f(p) € C \ {oo}. By the analysis in Case I it follows that
f(z) € C for all z € Q. It is now straightforward to verify Case (a) here.

This gives one implication in Proposition 22.2. The reverse implication is easily estab-
lished.

The surface S? is an example of a Riemann surface, which we define as follows. A
Riemann surface is a two-dimensional manifold M covered by open sets O; with coordinate
charts ¢; : Q; — O; having the property that, if O, NOy # 0, and if Qj;, = goj_l(Oj NOk),
then the diffeomorphism

(22.17) or o Uik — Uy

is holomorphic. See Appendix D for general background on manifolds and coordinate
charts.
This concept applies to S? in the following way. We can take

(2218) 01 = SQ \ {63}, 02 = S2 \ {—63}, Ql = QQ = (C,
and set
(22.19) o1 =871 =81 ;:C—0,;.

Then (91 N 02 = SQ \ {63, —63}, 912 = le =C \ O, and, by (2210),
1
(22.20) 05t op1(2) = =, z¢€C \ 0,

and similarly for gpl_l o Po.
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Similarly, C has the structure of a Riemann surface. This time, we take
(22.21) O =C=C\{oo}, O,=C\{0}, O =0Q,=C,

and set p1(z) = z and

| —

wo(z) ==, if 2#0,
p2(0) =

(22.22)

g

Then O1 N Oy = C\ 0 = Q15 = Ny, and again we have (22.20).

We next discuss a natural extension of the notion of a holomorphic map in the setting
of Riemann surfaces. Let M be a Riemann surface, as defined above, let U C C be open,
and let f : U — M be continuous. Assume f(p) = ¢, with p € U,q € M. We say f is
holomorphic in a neighborhood of p provided that, if ¢; : ; — Oj is a coordinate chart
on M with ¢ € Oj, there is a neighborhood U,, of p such that f: U, — O; and

(22.23) gpj_l of:U, — Q; CC is holomorphic.

We say f : Q — M is holomorphic provided it is holomorphic on a neighborhood of each
p € Q.

Suppose more generally that X is also a Riemann surface, covered by open sets Vi, with
coordinate charts iy : Uy — Vi, satisfying a compatibility condition parallel to (22.17).
Let f : X — M be continuous, and assume f(p) = ¢, with p € X, q € M. We say
f is holomorphic on a neighborhood of p provided that p € Vi, for a coordinate chart
Y : Uy — Vi, and

(22.24) foty U, — M is holomorphic near p.

We say f : X — M is holomorphic provided it is holomorphic on a neighborhood of each
pe X.

Here is a basic case of holomorphic maps. We leave the verification as an exercise for
the reader.

Proposition 22.3. The maps
(22.25) S:8>—C, §':C— 5%

defined by (22.14)-(22.15), are holomorphic.

Here is another basic result.

Proposition 22.4. Let Q@ C C be open, p € Q, and let f : Q\ p — C be holomorphic.
Assume

(22.26) |lf(z)| — o0, as z—p,
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i.e., f has a pole at p. Define F': Q) — C by

F(z) = f(2), z2eQ\p,

00, Z=07.

(22.27)

Then F' is holomorphic on ().

Proof. Clearly F' : Q — C is continuous. It suffices to check that F is holomorphic on a
neighborhood of p. We can pick a neighborhood U, of p such that z € U, \p = |f(2)| > 1.

Then F' maps U, to C\ {0}. Our task is to verify that
(22.28) 902_1 oF :U, — Qy = C is holomorphic,
with Q5 and @9 as in (22.21)—(22.22). In fact,

1
SloF(z)= —, for z€U ,
0, for z =p,

and the proof is finished by observing that the right side of (22.28) is holomorphic on U),.
The following is a useful corollary to Proposition 22.4.

Proposition 22.5. Given A € GI(2,C), define

az+b a b
22. Li=-"—" A=
(22.30) A cz+d’ ( )’

and extend this to
(22.31) Ls:C—C,

as a continuous map, as in (20.6). Then L, is holomorphic in (22.51).
Corollary 22.6. For A € GI(2,C) as above, define

(22.32) Apg:S?— 82 Ay=8loLyo0S,

with S as in (22.13)—(22.14). Then A4 is holomorphic.

Another important class of Riemann surfaces is given as follows. Let A C R? ~ C be
the image of Z2 under any matrix in GI(2,R). Then the torus

(22.33) Ty = C/A

is a Riemann surface in a natural fashion.
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We now look at conformal coordinates on general surfaces of revolution in R3. Let ~ be
a smooth curve in the (x1,x3)-plane,

(22.34) v(v) = (r(v), 2(v)), wvel,

where I C R is an interval. For now, we assume r(v) > 0 for v € I. The associated surface
of revolution ¥ can be described as

x1(u,v) = r(v) cosu,
(22.35) xa(u,v) = r(v)sinu,

x3(u,v) = z(v).
As we will see, the (u,v) coordinates are not typically conformal. Instead, we will take
u=z, v=o(y), yé€E.J,

with J C R an interval. We will obtain an equation for v(y) that yields conformality for

(22.36) G:RxJ—3,
given by
(22.37) G(z,y) = (r(v(y)) cosz, r(v(y)) sinz, z(v(y))).

We calculate

—r(v)sinz  7'(v)v'(y)cosx

(22.38) DG(z,y) = | r(v)cosz r'(v)v'(y)sinz |,
0 Z(0)v'(y)
and hence
(22.39) D6 DG = ("0 et o)

Hence the condition that G be conformal is

(22.40) dv r(v) r(v)

d_y - \/7*’(11)2 + 2/ (v)? B 17 (v)|

This (typically) nonlinear differential equation for v is separable, yielding

r

(22.41) / ’7/((;))’ dv=y+C.



276

As an example, suppose 7 is a circle, of radius b, centered at (a,0) in the (x1,x3)-plane,
SO

(22.42) v(v) = (a + bcosv,bsinw).

We assume for now that 0 < b < a, and take v € I = R. The differential equation (22.40)
becomes

(22.43) % — Atcosv, A= %

with A € (1,00). This has a solution for all y € R, periodic in y, with period

27 dv

22.44 T = —_—
( ) o A+-cosv

One can convert this integral into one over the unit circle o, using z = €'V, obtaining

dz
r= / i2(A+ 2/2+ 1/22)

o

2 dz
22.45 == | —
( ) i / 224+ 2A2+1

o

2
A2 —1

Y

assuming A € (1,00), the last integral via residue calculus. We see that if v is given
by (22.42), with 0 < b < a, the conformal map G from R? ~ C onto the resulting
surface of revolution ¥ (an “inner tube”) is periodic of period 27 in z and of period
T = 2m(A% —1)~Y/2 in y. Consequently, we have a holomorphic diffeomorphism

(22.46) G:Ty — %,
wth lattice A C C given by
(22.47) A= {2rk +iT : k.l cZ},

and T given by (22.45).

Let us now take «y in (22.42) to be a more general smooth, simple closed curve, periodic
of period 27 in v, with velocity 7'(v) bounded away from 0 and r(v) > ¢ > 0. Then the
differential equation (22.40) is solvable for all y € R, and the solution v(y) is periodic, of
period

(22.48) T= /0 " ‘Z,((:))‘ dv.
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In this setting, one continues to have a holomorphic diffeomorphism F : T, — X, as in
(22.46), with A given by (22.47).

Going further, we can drop the requirement that r(v) be bounded away from 0, and
the differential equation (22.40) is still solvable for all y. In this more general setting,
we generally will not obtain a holomorphic diffeomorphism of the form (22.46). As an
example, take a = 0,b = 1 in (22.42), so

(22.49) v(v) = (cos v, sinv).

This is the unit circle centered at 0, and the surface of revolution produced is of course
the unit sphere S2. In this case, the differential equation (22.40) becomes

(22.50) Z—Z = COs v,

so, if v = 0 at y = 0, the solution is given implicitly by

(22.51) y(v) :/ sectdt, |v] < g
0

We see that the solution v to (22.50) with v(0) = 0 defines a diffeomorphism v : (—o0, 00) —
(—m/2,7/2). Another way to write (22.51) is

(22.52) sinhy = tanv, hence coshy = secw.

See Exercise 11 of §4. Consequently, in this case (22.37) takes the form

cosx sinz sinhy
22.53 G ) - < b)) ) > )
( ) (z,y) coshy’ coshy’ coshy

yielding a conformal diffeomorphism
(22.54) G: (R/27Z) x R — S?\ {e3, —e3}.

Bringing in § from (22.1)—(22.2), we have

SoG(x,y) =

cosh y ( cosr sinz )

(22.55) coshy — sinhy \coshy’ coshy

= eY(cos z,sin x),
or, in complex notation,
(22.56) SoG(z) =€

This is actually a conjugate holomorphic map, signifying that S and G induce opposite
orientations on S?\ {e3, —e3}.
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There are many other Riemann surfaces. For example, any oriented two-dimensional
Riemannian manifold has a natural structure of a Riemann surface. A proof of this can
be found in Chapter 5 of [T2]. An important family of Riemann surfaces holomorphically
diffeomorphic to surfaces of the form (22.33) will arise in §34, with implications for the
theory of elliptic functions.

Exercises

1. Give an example of a family F of holomorphic functions €2 — C with the following two
properties:

(a) F is normal with respect to (2, C).
(b) {f": f € F} is not normal, with respect to (2, C).

Compare Exercise 2 of §21. See also Exercise 11 below.
2. Given 2 C C open, let
F={f:Q—=C:Re f>0on Q,f holomorphic}.
Show that F is normal with respect to (€2, C). Is F normal with respect to (€2, C)?

3. Let F = {z" : n € Z*}. For which regions € is F normal with respect to (Q,C)?
Compare Exercise 4 in §21.

4. Show that the set of orientation-preserving conformal diffeomorphisms ¢ : C — Cis
precisely the set of linear fractional transformations of the form (22.30), with A € GI(2,C).
Hint. Given such ¢ : C— ((A:, take L4 such that L4 o ¢ takes oo to 00, s0 1) = L4 o p|c is
a holomorphic diffeomorphism of C onto itself. What form must ¢ have? (Cf. Proposition
11.4.)

5. Let M; be Riemann surfaces. Show that if ¢ : My — My and ¢ : My — M; are
holomorphic, then so is ¢ o ¢ : M7 — Ms.

6. Let p(z) and ¢(z) be polynomials on C. Assume the roots of p(z) are disjoint from the
roots of ¢(z). Form the meromorphic function

Show that R(z) has a unique continuous extension R : C— (Af, and this is holomorphic.

Exercises 7-9 deal with holomorphic maps F': C — C. Assume F is not constant.
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7. Show that there are only finitely many p; € C such that DF(p;) : ij@ — qu@ is
singular (hence zero), where ¢; = F'(p;). The points ¢; are called critical values of F'.

8. Suppose oo is not a critical value of F' and that FF~1(co0) = {00, p1,...,pr}. Show that
f(z)=F(2)(z—p1)---(z—pr) : C—C,

and |f(z)] — oo as |z| — oco. Deduce that f(z) is a polynomial in z. (Cf. Proposition
11.4.)

9. Show that every holomorphic map F' : C — C is of the form treated in Exercise 6
(except for the constant map F' = o).
Hint. Compose with linear fractional transformations and transform F' to a map satisfying
the conditions of Exercise 8.
10. Given a holomorphic map f : Q2 — C, set

— g1 . 2

g=8 "of:Q— 5%

For z € Q, set ¢ = f(2), p = g(z), and consider

Dg(z) : R* — T, 8%

Using (22.8) (where F = S—1), show that

Dyl Dot = ()

where [ is the identity matrix. The quantity

)
IE) = Trep

is sometimes called the “spherical derivative” of f.

11. Using Exercise 10, show that a family F of holomorphic functions on {2 is normal with
respect to (2, C) if and only if for each compact K C €,

{f#(2): f € F, z€ K} is bounded.
Hint. Check Proposition 21.1.

12. Show that if G(z,y) = G(z,—y), with G as in (22.53), then G yields a variant of
(22.54) and, in place of (22.56), we have S o G(z) = ¢=.
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1
e

13. For § € R, define pg : C — C by pp(z) = ez. Also set pp(c0) = o0, s0 py :
Take S as in (22.13). Show that

B B cosf) —sinf
Ry=8ltopgoS= Ry=| sinf cosh

14. Let R : S? — S? be a conformal diffeomorphism with the properties
R(es)=e3, R:E — E,

where E = {(z1,22,73) € S? : 23 = 0}. Show that R = Ry (as in Exercise 13) for some
0 € R.

Hint. Consider p = So Ro S~ !. Show that p : C — C is bijective and p preserves
{z € C: |z| = 1}. Deduce that p = pg for some 6 € R.

15. For # € R, consider the linear fractional transformation

(cosf)z —sind

(sinf)z + cos b’ Jo:C=C.

fo(z) =

Set B B
g =S lofgoS, p:5° =57

with S as in (22.13). Show that ¢y is a conformal diffeomorphism.
16. In the setting of Exercise 15, show that, for all 8 € R,
pole2) = ez, g : E— E»
where E = {(x1,72,73) € S? : 29 = 0}. Show also that
wp(es) = (sin 26,0, cos 20).
Hint. To get started, show that

fo(i) =i, fo:RU{oco} = RU{cx}, fo(c0)= cos 6

sinf’

17. In the setting of Exercises 15-16, show that

cos 26 sin 20

I
—_

©o
—sin 260 cos 260
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Hint. Translate the result of Exercise 14 to this setting.

18. Show that if A € G{(2,C), Ay : S? — 52 (defined by (22.32)) is a holomorphic
diffeomorphism. If also B € G¢(2,C), Aup = A o Ap.

Exercise 4 implies that the class of holomorphic diffeomorphisms ¢ : S? — 52 is equal to
the class of maps A4 as A runs over G¢(2,C).

19. Given 3 distinct points a,b,c € C, show that there exists a linear fractional transfor-
mation

Z_
L(z) =
(2) =a——

such that L(a) =0, L(b) =1, L(c) = oc.

Deduce that if {p,q,r} and {p’,¢’,r'} are two sets of 3 distinct points in S2, then there
exists a holomorphic diffeomorphism ¢ : S? — S2 such that

/ / /

ep)=p, wl@=q, or)=r".

Show that such ¢ is unique.

20. Let ~ be a circle in S?. Show that

S~ is a circle in C if e3 ¢ 7, and

gfy is an exended line in C if es3 €.

Hint. For the first part, take a rotation R such that vy = R is a circle centered at e3. Show
directly that Sy = o is a circle in C. Deduce that Sy = Lgla where Ly = SoRoS™1is
a linear fractional transformation. Then apply Proposition 20.4 to L;lla.

21. Let o C C be a circle. Show that S7!(0) is a circle in S2.

Hint. Pick a € o and let p = S71(a) € S%. Pick a rotation R such that R(p) = e3, so
RoS871(a) =e3. Now vy = RoS8 !(0) is a curve in S?, and we want to show that it is a
circle.

Indeed, S(v) = So RoS™!(0) = L(0), with L a linear fractional transformation. L(c)
contains S(e3) = 00, so S(y) = L(o) = £ is an extended line (by Proposition 20.4). Then
v = 871(¢), which is seen to be a circle in S?. In fact, S~!(¥) is the intersection of S? and
the plane through ¢ and es.

22. Show that if v is a circle in S? and ¢ : §? — S? is a holomorphic diffeomorphism, then
©(7) is a circle in S2.
Hint. Use Exercises 20-21 and Proposition 20.4.
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23. The Riemann mapping theorem

The following result is known as the Riemann mapping theorem.

Theorem 23.1. Assume 2 C C is a simply connected domain, and €2 # C. Then there
exists a holomorphic diffeomorphism

(23.1) f:Q—D

of Q onto the unit disk D ={z € C: |z| < 1}.

The proof given here is due to P. Koebe. To begin the proof, we have shown in Propo-
sition 20.5 that such a domain €2 is conformally equivalent to a bounded domain in C, so
it suffices to treat the bounded case. Thus from here on we assume 2 is bounded. Fix
p € .

We define F to be the set of holomorphic maps ¢g : 2 — D that have the following three
properties:

(i) g is one-to-one (we say univalent),
(i) g(p) =0,
(iii) ¢'(p) > 0.
(Note that (i) implies ¢’ is nowhere zero on Q; cf. Exercise 3 in §17.) For Q2 C C bounded
it is clear that b(z — p) belongs to F for small b > 0, so F is nonempty.
Note that if R = dist(p, 992), then, by (5.32),

1
SO we can set
(23.3) A=sup{g'(p): g€ F},

and we have A < co. Pick g, € F such that ¢, (p) - A as v — oco. A normal family
argument from §21 shows that there exists a subsequence g, — f locally uniformly on 2,
and

(23.4) f:Q—D
is holomorphic and satisfies

(23.5) fp) =0, f(p)=A

We claim this function provides the holomorphic diffeomorphism (23.1). There are two
parts to showing this, treated in the next two lemmas.
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Lemma 23.2. In (25.4), f is one-to-one.

Proof. Suppose there exist distinct 21,20 € Q such that f(z1) = f(22) = w € D. Let
U C Q be a smoothly bounded region such that z;,2, € U and such that f(v) is disjoint
from w, where v = 9U.

By the argument principle (Proposition 17.5), f(v) winds (at least) twice about w. But
each g, () winds only once about w. Since g, — f uniformly on =, this is a contradiction.

Lemma 23.3. In (23.4), f is onto.

To prove Lemma 23.3, let O = f(Q2) and assume O is not all of D. In other words, we
have the following situation, for some q € D:

O C D is open and simply connected, 0 € O,

(23.6) g€ D but g¢O.

We will bring in the Koebe transformation
(23.7) K=Kopq,:0—D,

defined as follows. First, define

(23.8) F:0—D
by
z—q
(23.9) F(z) =4/7 7 Pq(2),

where, for a given b € D, we take

—b
(23.10) op(2) = 1'2—5, wp : D — D, one-to-one and onto.
— bz

Cf. Exercise 6 of §20. Note that ¢4(¢) = 0. The hypotheses of (23.6) imply ¢4(2) # 0 for
z € O, and hence, since O is simply connected, there is a holomorphic function F on O
satisfying (23.9), by Proposition 10.2 and its corollary (10.17), obtained once one specifies
F(0) = (—¢)"/?. Having F, we define K in (23.7) by

(23.11) K(z) = % er ) (F(2))-

We will verify below that F’(0) # 0. From (23.10) we see that
(23.16) op(b) =0, hence K(0)=0.

The following result will enable us to prove Lemma 23.3.
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Proposition 23.4. In the setting of (23.6), the Koebe transformation (25.7) is one-to-one
and satisfies K(0) =0, and

(23.13) K'(0) > 1.

Given this proposition, we have the following proof of Lemma 23.3. If f is not onto in
(23.4), then O = f(£2) C D satisfies (23.6) for some ¢q. Then
(23.14) g=Kof:Q— D,
is one-to-one, g(p) = 0, and

(23.15) g'(p) = K'(0)f'(p) = K'(0)A > A.

This contradiction of (23.3) yields Lemma 23.3, and hence we have the Riemann mapping
theorem, once we prove Proposition 23.4.

Proof of Proposition 23.4. That K is one-to-one in (23.7) is straightforward. Our task is
to calculate K'(0) and verify (23.13). To start, we have from (23.11) that

(23.16) K'() = 50 o (FEIF ),
hence
(23.17) K'(0) = [F"(0)|¢’p(0) (£'(0)).
Now (23.10) yields, for b € D,
/ - 1- |b|2 / _ 1 / _ 2
(23.18) oy(2) = 1 b2 hence ¢y (b) = = @p(0) =1 — [b]7,
vy 1 E(0)]
(23.19) K'0) = e
Next, (23.9) yields
(23.20) FE) = 3ea() () = 222,
hence
(23.21) F0) = e o IFO) = 5t



since |F(0)| = |g|*/2. Consequently,

1 1 14|

(23.22) K'(0) =

This yields (23.12), together with the more precise result

(1 —|q[*/?)?

23.23 K'(0)=1
(23.23) 0) =1+ 5 i

At this point, the proof of the Riemann mapping theorem is complete.

2lg[t/2 1—|q|  2|q|/2
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REMARK. While the computaton of K'(0) in (23.16)—(23.23) is elementary, we point out
that there is an interesting conceptual approach to this result, using the Poincaré metric
on the unit disk, and its invariance under the linear fractional transformations ;. For

this, see Appendix E, particularly Proposition E.6.

Riemann’s original idea for proving Theorem 23.1 involved solving a Dirichlet problem to
find a harmonic function on €2 satisfying a certain boundary condition. In §29 we show how
a related construction works when 2 C C is a smoothly bounded domain whose boundary
consists of two smooth, simple closed curves. In such a case, there is a holomorphic

diffeomorphism

(23.23) f:Q—2

of 2 onto an annulus

(23.24) A, ={ze€C:p<|z| <1},

for some p € (0,1). See Proposition 29.10.

Exercises

1. Suppose h,, : D — D are holomorphic, univalent maps satisfying

ho(0) =0, ,(0)>0, h,(D)>D,,

Show that, for z € D,
pulz| < [hy(2)] < 2]

Then show that

h,(z) = z locally uniformly on D.
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Hint. Use a normal families argument, and show that any limit h,, — ¢ must have the
property that g(D) = D, and conclude that g(z) = z. (The argument principle may be
useful.)

2. Suppose 2 is a bounded, simply connected domain, p € 2, and f, :  — D are univalent
holomorphic maps satisfying

fulp)=0, fl(p)>0, f,(Q)DD,, p,—1

Show that f, — f locally uniformly on €2, where f : Q@ — D is the Riemann mapping
function given by Theorem 23.1.
Hint. Consider h, = f, o f~': D — D.

3. Let f1 : © — D be a univalent holomorphic mapping satisfying f1(p) =0, f](p) = 41 >
0 (i.e., an element of F). Asuming f; is not onto, choose ¢; € D\ f1(£2) with minimal
possible absolute value. Construct f, € F as

_ |Fi(D)]

fa(z) = Fp) erp (F1(2),  Fi(z) = \/¢q (f1(2)).
Show that Lt g
As = f3(p) = 2’q1|1q/12 Ay

Take ¢2 € D\ f2(2) with minimal absolute value and use this to construct f5. Continue,
obtaining f4, f5,.... Show that at least one of the following holds:

fop) = A, or f,(Q)DD,, p,—1,

with A as in (23.3). Deduce that f, — f locally uniformly on €2, where f : Q — D is the
Riemann mapping function.

Hint. If |q1| is not very close to 1, then As is somewhat larger than A;. Similarly for A,
compared with A,.

4. Give an example of a bounded, simply connected domain 2 C C whose boundary is not
path connected.

5. Give an example of a bounded, simply connected domain €2 C C whose boundary is
path connected, but such that 0f) is not a simple closed curve.
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24. Boundary behavior of conformal maps

Throughout this section we assume that 2 C C is a simply connected domain and
f:Q — D is a holomorphic diffeomorphism, where D = {z : |z| < 1} is the unit disk. We
look at some cases where we can say what happens to f(z) as z approaches the boundary
0f). The following is a simple but useful result.

Lemma 24.1. We have
(24.1) z— 00 = |f(2)| = L.

Proof. For each e > 0, Dy . ={z:|z|] <1—¢}is a compact subset of D, and K. =
f~Y(D;1_.) is a compact subset of Q. As soon as z ¢ K., |f(2)] >1—¢.

We now obtain a local regularity result.

Proposition 24.2. Assume v : (a,b) — C is a simple real analytic curve, satisfying
' (t) # 0 for all t. Assume v is part of 02, with all points near to and on the left side
of v (with its given orientation) belonging to 2, and all points on the right side of and
sufficiently near to vy belong to C\ Q. Then there is a neighborhood V of v in C and a
holomorphic extension F of f to F: QUYV — C. We have F(v) C 0D and F'(¢) # 0 for
all ¢ € .

Proof. The hypothesis on v implies (via Proposition 10.5) that there exists a neighborhood
O of (a,b) in C and a univalent holomorphic map I' : O — C extending 7. Say V = I'(O).
See Fig. 24.1. We can assume O is symmetric with respect to reflection across R. Say
O ={¢C€O:+Im ¢ > 0}.

We have fol': Ot — D and

(24.2) 2, €07, 2, 2 L=0NR = |fol(2,)] — 1.

It follows from the form of the Schwarz reflection principle given in §13 that g = f o I'|p+
has a holomorphic extension G : O — C, and G : L — 0D. Say U = G(O), as in Fig. 24.1.
Note that ¢/ is invariant under z + z 71,

Then we have a holomorphic map
(24.3) F=GoI'': Vv —u.

It is clear that FF = f on VN Q. It remains to show that F’'(¢) # 0 for ( € ~. It is
equivalent to show that G’(t) # 0 for ¢ € L. To see this, note that G is univalent on O;
Glo+ = glo+ : OF = D. Hence G is univalent on O~; G|p- : O~ — C\ D. The argument
principle then gives G’(t) # 0 for ¢t € L. This finishes the proof.

Using Proposition 24.2 we can show that if 02 is real analytic then f extends to a
homeomorphism from Q to D. We want to look at a class of domains € with non-smooth
boundaries for which such a result holds. Clearly a necessary condition is that 02 be
homeomorphic to S*, i.e., that Q be a Jordan curve. C. Caratheodory proved that this
condition is also sufficient. A proof can be found in [Ts]. Here we establish a simpler
result, which nevertheless will be seen to have interesting consequences.
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Proposition 24.3. In addition to the standing assumptions on €2, assume it is bounded
and that 08 is a simple closed curve that is a finite union of real analytic curves. Then
the Riemann mapping function f extends to a homeomorphism f : Q2 — D.

Proof. By Proposition 24.2;, f extends to the real analytic part of 02, and the extended
f maps these curves diffeomorphically onto open intervals in 0D. Let J; and Js be real
analytic curves in 02, meeting at p, as illustrated in Fig. 24.2, and denote by I,, the images
in 0D. We claim that I; and I meet, i.e., the endpoints ¢; and ¢ pictured in Fig. 24.2
coincide.

Let ~, be the intersection QN {z: |z —p| = r}, and let ¢(r) be the length of f(v,) = o,.
Clearly |g1 — g2| < £(r) for all (small) » > 0, so we would like to show that ¢(r) is small
for (some) small r.

We have {(r) = f% |f'(2)|ds, and Cauchy’s inequality implies

{(r)?

r

(24.4) <2m [ |f'(2)|?ds.

Tr

If £(r) > 6 for e <r < R, then integrating over r € [e, R| yields
(24.5) 52 logg < 2m / |f'(2)|? dz dy = 27 - Area f(Q(e, R)) < 272,
Q(e,R)

where Q(e,R) = QN {z:e < |z —p| < R}. Since log(1l/e) — oo as € N\, 0, there exists
arbitrarily small r > 0 such that ¢(r) < §. Hence |q1 — ¢2| < J, so g1 = ¢2, as asserted.

It readily follows that taking f(p) = ¢1 = ¢2 extends f continuously at p. Such an
extension holds at other points of 02 where two real analytic curves meet, so we have a
continuous extension f :  — D. This map is also seen to be one-to-one and onto. Since
Q and D are compact, this implies it is a homeomorphism, i.e., f~!: D — Q is continuous
(cf. Exercise 9 below).

Exercises

1. Suppose f : € — D is a holomorphic diffeomorphism, extending to a homeomorphism
f:Q— D. Let g € C(09) be given. Show that the Dirichlet problem

(24.6) Au =0 in €, u{aﬂ =g
has a unique solution u € C%(Q2) N C(), given by u = v o f, where
(24.7) Av=0 in D, wv|,,=gof'],,,

the solution to (24.7) having been given in §13.
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2. Verify that for f : @ — C holomorphic, if we consider Df(z) € M(2,R), then
det Df(z) = |f'(2)|?, and explain how this yields the identity (24.5).

3. Let © C C satisfy the hypotheses of Proposition 24.3. Pick distinct pq,ps2,p3 € OS2
such that, with its natural orientation, 9¢2 runs from p; to p to p3, and back to p;. Pick
q1, 92, q3 € 0D with the analogous properties. Show that there exists a unique holomorphic
diffeomorphism f : Q@ — D whose continuous extension to ) takes pj togj, 1 <5 <3.
Hint. First tackle the case {2 = D.

In Exercises 4-6, pick p > 0 and let R C C be the rectangle with vertices at —1,1,1 + ip,
and —1 4 i¢p. Let ¢ : R — D be the Riemann mapping function such that

(24.8) p(-1) = =i, p(0)=1, ¢(1)=1i.

(24.9) o(z) = — P 1

4. Show that p(ip) = —1 (so ®(z) — oo as z — ip). Show that ® extends continuously to
R\ {ip} — C and

(24.10) o(-1)=—1, ®0)=0, &(1)=1.

5. Show that you can apply the Schwarz reflection principle repeatedly and extend ® to a
meromorphic function on C, with simple poles at ip + 4k + 2ilp, k,{ € Z. Show that

(24.11) O(z+4) = (2 + 2ip) = D(2).

Hint. To treat reflection across the top boundary of R, apply Schwarz reflection to 1/®.
Remark. We say ® is doubly periodic, with periods 4 and 2ip.

6. Say ®(1 + ip) = r. Show that r > 0, that &(—1 + ip) = —r, and that

(24.12) @(% - z) - (D:Z).

7. Let T C C be the equilateral triangle with vertices at —1,1, and v/3i. Let U : T — U
be the holomorphic diffeomorphism with boundary values

(24.13) U(—-1)=-1, P0)=0, U(1)=1.

Use Schwarz reflection to produce a meromorphic extension of ¥ to C, which is doubly
periodic. Show that

U(z 4 2V3i) = U(z 4 34+ V3i) = U(2).
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What are the poles of U? Cf. Fig. 24.3.

8. In the context of Exercise 7, show that
T (iV/3) = oc.
Let

U (% + z) = \IJ(% + 62”/3,2').

Show that U# : T — U/ is a holomorphic diffeomorphism satisfying
U#(-1) =1, ¥#(1) =00, ¥#(iv/3)=—1.

Conclude that
U#(2) = o U(2),

where ¢ : Ud — U is the holomorphic diffeomorphism satisfying
p(=1) =1, (1) =00, ¢(0)=—-1,
SO

_z+3
z—1

p(2) =

9. Let X and Y be compact metric spaces, and assume f : X — Y is continuous, one-to-
one, and onto. Show that f is a homeomorphism, i.e., f~! : Y — X is continuous.

Hint. You are to show that if f(x;) = y; — vy, then z; — f~!(y). Now since X is compact,
every subsequence of (z;) has a further subsequence that converges to some point in X...
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25. Covering maps

The concept of covering map comes from topology. Generally, if ¥ and X are topological
spaces, a continuous map 7 : E — X is said to be a covering map provided every p € X
has a neighborhood U such that 7=!(U) is a disjoint union of open sets S; C E, each
of which is mapped homeomorphically by 7 onto U. In topology one studies conditions
under which a continuous map f : Y — X [ifts to a continuous map f :Y — F, so that
f=mo f . Here is one result, which holds when Y is simply connected. By definition, a
connected, locally path connected space Y is said to be simply connected provided that
whenever v is a closed path in Y, there exists a continuous family v (0 < s < 1) of closed
paths in Y such that 73 = v and the image of - consists of a single point. (Cf. §5.) To
say Y is locally path connected is to say that if ¢ € Y and V is an open neighborhood of ¢,
then there exists an open set Vy C V such that p € V) and V} is path connected. Clearly
each nonempty open subset of C is locally path connected.

Proposition 25.1. Assume E, X, and Y are all connected and locally path-connected, and
7 E — X is a covering map. If Y is simply connected, any continuous map f:Y — X
liftsto f 1Y — F.

A proof can be found in Chapter 6 of [Gr|]. See also Chapter 8 of [Mun|. Here our
interest is in holomorphic covering maps 7 : 2 — O, where () and O are domains in C.
The following is a simple but useful result.

Proposition 25.2. Let U, Q) and O be connected domains in C. Assume m : Q — O is
a holomorphic covering map and f : U — O is holomorphic. Then any continuous lift
f:U— Q of f is also holomorphic.

Proof. Take q € U, p = f(q) € O. Let V be a neighborhood of p such that 7=1(V) is
a disjoint union of open sets S; C  with 7 : S; = V a (holomorphic) homeomorphism.
As we have seen (in several previous exercises) this implies 7 : §; — V is actually a
holomorphic diffeomorphism.

Now f(q) € S for some k, and f~1(Sy) = f~1(V) = U, is a neighborhood of ¢ in U.
We have

(25.1) f]Uq = tof],

which implies f is holomorphic on U,, for each ¢ € U. This suffices.
Proposition 25.3. The following are holomorphic covering maps:

(25.2) exp: C— C\ {0}, Sq:C\{0} — C\ {0},
where exp(z) = e* and Sq(z) = 22.
Proof. Exercise.

Combined with Propositions 25.1-25.2, this leads to another demonstration of Propo-
sition 10.2.
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Corollary 25.4. IfU C C is simply connected and f : U — C\ {0} is holomorphic, then
there exist holomorphic functions g and h on U such that

(25.3) f(z)=e93)  f(z) =h(2)2.

We say ¢(z) is a branch of log f(z) and h(z) is a branch of 1/ f(z), over U.

Exercises

1. Here we recall the aproach to Corollary 25.4 taken in §10. As in Corollary 25.4, suppose
U C C is simply connected and f: U — C\ {0} is holomorphic.

(a) Show that f’/f : U — C is holomorphic.

G
o(z) = /p e

Show this is independent of the choice of path in U from p to z, and it gives a holomorphic
function ¢ : U — C.

(b) Pick p € U and define

(c) Use ¢ to give another proof of Corollary 25.4 (particularly the existence of g(z) in
(25.3)).

2. Let ¥ = {z € C: |Rez| < n/2 and Imz > 0}. Use the analysis of (4.20)—(4.24) to
show that _
sin: ¥4y — U is a holomorphic diffeomorphism,

where U = {z € C : Imz > 0}. With this in hand, use the Schwarz reflection principle to
show that
sin: U — C\ [-1,1] is a covering map.

3. Produce a holomorphic covering map of

{z€C:|Rez| <1} onto {z€C:1<|z] <2}

4. Produce a holomorphic covering of
{z€C:|z| > 1}

by some simply connected domain 2 C C.

5. Produce a holomorphic covering map of
{zeC:0< |z| <1}
by the upper half plane U = {z € C: Im z > 0}.
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26. The disk covers C\ {0, 1}
Our main goal in this section is to prove that the unit disk D covers the complex plane
with two points removed, holomorphically. Formally:

Proposition 26.1. There exists a holomorphic covering map

(26.1) &:D—C\{0,1}.

The proof starts with an examination of the following domain €2. It is the subdomain
of the unit disk D whose boundary consists of three circular arcs, intersecting 9D at right
angles, at the points {1,e%™/3,e=27/3}, See Fig. 26.1. If we denote by

(26.2) o:D—U={2€C:Im 2z >0}
the linear fractional transformation of D onto U with the property that (1) = 0, @(e>7%/3)
=1, and p(e~?/3) = oo, the image Q = ¢(Q) is pictured in Fig. 26.2.

The Riemann mapping theorem guarantees that there is a holomorphic diffeomorphism

(26.3) ¥ Q — D,

and by Proposition 24.3 this extends to a homeomorphism 1 : Q — D. We can take 9 to
leave the points 1 and e*27%/3 fixed. Conjugation with the linear fractional transformation
@ gives a holomorphic diffeomorphism

(26.4) \I/:gpowoap_l:ﬁ—ﬂ/l,

and U extends to map € onto the real axis, with U(0) = 0 and ¥(1) = 1.

Now the Schwarz reflection principle can be applied to ¥, reflecting across the vertical
lines in 89 to extend ¥ to the regions O, and O in Fig. 26.2. A variant extends V¥ to (91
(Cf. Exercise 1 in §8.) Note that this extension maps the closure in U of QU O U Oy U Os
onto C\ {0,1}. Now we can iterate this reflection process indefinitely, obtaining

(26.5) Uy — C\{0,1}.

Furthermore, this is a holomorphic covering map. Then & = WU o ¢ gives the desired
holomorphic covering map (26.1).

Exercises
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1. Show that the map ¢ : D — U in (26.2) is given by

_ z—1 _ _2mi/3
o(z) = W5 w=e .

Show that 1
p(-w) =1, p(—w?) =,

For use below, in addition to z — Z, we consider the following anti-holomorphic involutions
of C: 2z 2%, 2+ 2°, 2+ 27, and z — 2¢, given by

* 1 (1 n >O B 1 I z*
Tz T Tt
(26.6) O
)T = ; z — T
(z + 1y) x + 1y, <2+z> 2+z
2. With ¥ : ¢/ — C\ {0,1} as in (26.5), show that
(26.7) TN =T(z), U(°)=T(z), T(z+2)=T(2).
3. Show that
(26.8) U(z¢) = ¥(2)°.

(26.9) T(2*) = U(2)*.

Hint. First establish this identity for z € Q. Use Exercise 1 to show that (26.9) is equivalent
to the statement that 1 in (26.3) commutes with reflection across the line through 0 and
e?™/3 while (26.8) is equivalent to the statement that ¢ commutes with reflection across
the line through 0 and e=27%/3,

5. Show that z* = 1/z and (z*)" = —1/2. Deduce from (26.7) and (26.9) that

(26.10) v (—%) - \sz) .

6. Show that (27)¢ =z + 1 and (2)¢ = 1 — 2. Deduce from (26.7) and (26.8) that

(26.11) T(z+1)=1-T(2).
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As preparation for Exercises 7-9, the reader should recall §22.

7. Show that Fy1, Fyeo : C — C (C = CU {c0}), given by

(26.12) For(w) =1—w, Fyoo(w) =

1
w Y

are holomorphic automorphisms of C that leave C \ {0,1} invariant, Fp; fixes oo and
switches 0 and 1, while Fj, fixes 1 and switches 0 and co. Show that these maps generate

a group G of order 6, of automorphisms of C and of C \ {0, 1}, that permutes {0, 1,00} and
is isomorphic to the permutation group S3 on three objects. Show that

(2613) Floo(w) = FOoo @) FOl o FOoo(w) = —1
w —

is the element of G that fixes 0 and switches 1 and oco. Show that the rest of the elements
of G consist of the identity map, w +— w, and the following two maps:

1
Foioo(w) = Fyoo 0 Fpp (W) = ——,

(26.14) l—w

w
Fo10(w) = Fp1 0 Fyoo(w) = 0

8. Show that the transformations in G listed in (26.12)—(26.14) have the following fixed
points.

Element Fixed points
Foeo 1, -1=A,
For 00, 3 = A
Fio 0, 2= A3
Foico et/ = By
Fuo10 e:l:rri/?) = By

See Figure 26.3. Show that the elements of G permute {A;, A2, A3} and also permute
{B-HB—}'

9. We claim there is a holomorphic map
(26.15) H:C—C,
satisfying

(26.16) H(F(w)) = Hw), YFeg,
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such that

(26.17) H()=H(1) = H(0) = 00,
with poles of order 2 at each of these points,

(26.18) H(eT™/3) =0,

with zeros of order 3 at each of these points, and

(26.19) H(-1)=H(3)=H(2) =1,
H(w) — 1 having zeros of order 2 at each of these points.
To obtain the properties (26.17)—(26.18), we try

w — em’/3)3(w _ 677”‘/3)3 B C(w2 —w+ 1)3
w2(w —1)2 T w(w—1)2

(26.20) H(w) = ¢!
and to achieve (26.19), we set

(26.21) C=—,

SO

(26.22) H(w)

Verify that

(26.23) H(l) = H(w), and H(1—w)= H(w),

w

and show that (26.16) follows.

REMARK. The map V¥ in (26.5) is a variant of the “elliptic modular function,” and the
composition H o ¥ is a variant of the “j-invariant.” Note from (26.10)—(26.11) that

1
(26.24) Ho@(—;) —HoW(z+1)=HoW(z), Yzel.

For more on these maps, see the exercises at the end of §34. For a different approach, see
the last two sections in Chapter 7 of [Ahl].
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27. Montel’s theorem

Here we establish a theorem of Montel, giving a highly nontrivial and very useful suf-
ficient condition for a family of maps from a domain 2 to the Riemann sphere C to be a
normal family.

Theorem 27.1. Fiz a connected domain U C C and let F be the family of all holomorphic
maps f: U — C = CU{oo} with range in C\ {0,1,00}. Then F is a normal family.

Proof. There is no loss of generality in treating the case U = D, the unit disk; in particular
we can assume henceforth that U is simply connected.

Take f, € F, and let K be any compact connected subset of U. We aim to show that
some subsequence f,, converges uniformly on K. Two cases arise:

CASE A. There exist p,, € K such that f,, (p,,) is bounded away from {0, 1,00} in C.
CASE B. Such a subsequence does not exist.

We first take care of Case B. In fact, if Case A fails, then, given any open neighborhood
U of {0,1,00} in C, there exists N such that

v>N= f,(K)cCU.

If U is small enough, it must have (at least) three connected components, and K connected
implies one of them must contain f,(K) for all v > N. This readily implies that f,
converges to either 0, 1, or oo, uniformly on K.

It remains to deal with Case A. First, to simplify the notation, relabel v, as v. We
make use of the holomorphic covering map ® : D — C\ {0,1} given in §26, and refer to
Fig. 26.1 in that section. Pick

¢, € (QUOLUO,UO3)ND

such that ®((,) = f(p,). At this point it is crucial to observe that |(,| < 1 — ¢ for some
e > 0, independent of v. Now we take the unique lifting g, : U — D of f, such that
9v(py) = (.. That it is a lifting means f, = ® o g,. The existence of such a lifting follows
from the hypothesized simple connectivity of U.

The uniform boundedness of {g,} implies that a subsequence (which again we relabel
g,) converges locally uniformly on U; we have g, — ¢ : U — D. Furthermore, again
passing to a subsequence, we can assume p, — p € K and

(271) gu(pu) =(¢ — (€ E1—5-
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Hence g(p) = ¢ € D, so we actually have

(27.2) g —g:U — D.

It follows that, for some § > 0,

(27.3) g, (K)C D5, Yuv.

This in turn gives the desired convergence f, — ® o g, uniformly on K.

The last argument shows that in Case A the limit function f = ® o g maps U to
C\ {0, 1, 00}, so we have the following. (Compare Proposition 22.2.)

Corollary 27.2. In the setting of Theorem 27.1, if f, € F and f, — [ locally uniformly,
then either

(27.4) f=0, f=1, f=o0, or f:U—>(@\{O,1,oo}.

Exercises on Fatou sets and Julia sets

Let R : C — C be holomorphic, having the form R(z) = p(2)/q(z) with p(z) and ¢(z)
polynomials with no common zeros. We set d = deg R = max {degp, degq}, called the
degree of the map R.

1. Show that if p; € C is not a critical value of R, then R™1(p;) consists of d points.
2. Define R2 =Ro R7 R3 =Ro R2, < ,Rn =Ro Rn—I. Show that dean =d".

3. Show that if d > 2 then {R" : n > 1} is not a normal family of maps C = C.
Hint. If R™ is uniformly close to F' : C — C, the maps must have the same degree, as
shown in basic topology courses.

We say a point ¢ € C belongs to the Fatou set of R provided there exists a neighborhood
Q of ¢ such that {R™|, : n > 1} is a normal family, with respect to (2, C). The Fatou set
of R is denoted Fg.

o

4. Show that Fg is open, R : Fr — Fg, and {R"

~

(Fva)'

‘ FERL > 1} is normal with respect to

The complement of the Fatou set is called the Julia set, Jr = C \ Fr. By Exercise 3,
Jr # 0, whenever deg R > 2, which we assume from here on.
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5. Given (¢ € Jg, and any neighborhood O of ¢ in @, consider

(27.5) Eo=C\ | J R"(0).

n>0
Use Theorem 27.1 to show that F» contains at most 2 points.

6. Set

(27.6) E; = U{E@ : O neighborhood of (}.

Show that E; = Ep for some neighborhood O of (. Show that R : E; — E¢.

7. Consider the function Sq : C— @, given by Sq(z) = 22, Sq(co) = co. Show that

(277) jsq = {Z : ’Z| = 1}, EC = {0, OO}, A C S jsq.

8. Suppose E¢ consists of one point. Show that R is conjugate to a polynomial, i.e., there
exists a linear fractional transformation L such that L~'RL is a polynomial.

Hint. Consider the case E; = {oo}.

9. Suppose F¢ consists of two points. Show that R is conjugate to P, for some m € Z,
where P,,(z) = 2™, defined appropriately at 0 and oo.

Hint. Suppose E; = {0,00}. Then R either fixes 0 and oo or interchanges them.

ConcLUSION. Typically, E; = 0, for ( € Jr. Furthermore, if E; # 0, then E; = E is
independent of ¢ € Jg, and E C Fg.

10. Show that

(27.8) R:Jr — Jr
and
(27.9) R~ (Jr) C Jr-

Hint. Use Exercise 4. For (27.8), if R({) € Fg, then ¢ has a neighborhood O such that
R(O) C Fg. For (27.9), use R : Fr — Frg.

11. Show that either Jr = Cor J r has empty interior.
Hint. If ( € Jr has a neighborhood O C Jg, then, by (27.8), R"(O) C Jr. Now use
Exercise 5.
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12. Show that, if p € Jg, then

(27.10) U R7*(p) is dense in Jg.
k>0

Hint. Use Exercises 5—6, the “conclusion” following Exercise 9, and Exercise 10.

13. Show that
9 N
(27.11) R(z)=1- o) — Jr = C.

REMARK. This could be tough. See [CG], p. 82, for a proof of (27.11), using results not
developed in these exercises.

14. Show that
(27.12) R(z) =2 -2 = Jp =[-2,2] C C.

Hint. Show that R : [~2,2] — [~2,2], and that if zg € C\ [~2,2], then R¥(2y) — oo as
k — oo.

The next exercise will exploit the following general result.

Proposition 27.3. Let X be a compact metric space, F' : X — X a continuous map.
Assume that for each nonempty open U C X, there exists N(U) € N such that

U Fw)=x

0<j<N(U)
Then there exists p € X such that
U Fi(p) is dense in X.
Jjz1
15. Show that Proposition 27.3 applies to R : Jr — Jg-
Hint. Use Exercise 5, and the conclusion after Exercise 9.

16. Show that, for R : C — C as above,

dp € Jr such that U R’ (p) is dense in Jg.

Jj=21

17. Prove Proposition 27.3.
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Hint. Take a countable dense subset {g; : j > 1} of X. Try to produce a shrinking family
K; D Kjy1 D --- of nonempty, compact subsets of X, and N; € N, such that, for all
JeN,

FNi(K;) C By-s(g5)-

Then take p € N;>1 K}, so

18. Show that R : Jr — Jgr is surjective.
Hint. Consider Exercise 15.

19. Show that, for each k € N, Jrx = JR.
Hint. Clearly Fre O Fr. To get the converse, use R = R‘R™F 0 </ <k — 1.

20. Show that Jr must be infinite. (Recall that we assume deg R > 2.)

Hint. If Jg is finite, we can replace R by RF = R and find p € Jgr such that }N%(p) = p.
Then take a small neighborhood O of p (disjoint from the rest of Jz) and apply Exercise
5 (and Exercise 15) to R, to get a contradiction.

21. Show that Jr has no isolated points.

Hint. If p € Jg is isolated, let O be a small neighborhood of p in @, disjoint from the rest
of Jr, and (again) apply Exercise 5 (and Exercise 15) to R, to get a contradiction, taking
into account Exercise 20.

These exercises provide a glimpse at an area known as Complex Dynamics. More material
on this area can be found in Chapter 5 of [Sch] (a brief treatment), and in [CG] and [Mil].
As opposed to (27.7) and (27.12), typically Jr has an extremely complicated, “fractal”
structure, as explained in these references.
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28. Picard’s theorems

Here we establish two theorems of E. Picard. The first, known as “Picard’s little
theorem,” is an immediate consequence of the fact that the disk holomorphically covers

C\ {0,1}.

Proposition 28.1. If p and q are distinct points in C and if f : C — C\ {p,q} is
holomorphic, then it is constant.

Proof. Without loss of generality, we can take p = 0,q = 1. Via the covering map ® : D —
C\ {0, 1} produced in §26, f lifts to a holomorphic map

(28.1) g:C— D, f=®og.

Liouville’s theorem then implies g is constant, so also f is constant.

The following sharper result is called “Picard’s big theorem.” It is proved using Montel’s
theorem.

Proposition 28.2. If p and q are distinct and

(28.2) f:D\{0} — C\ {p,q}

1s holomorphic, then the singularity at 0 is either a pole or a removable singularity. Equiv-
alently, if f: D\ {0} — C is holomorphic and has range in C\ {p,q,r} with p,q,r € C
distinct, then f extends to f : D — C, holomorphic.

Proof. Again there is no loss of generality in taking p = 0,¢q = 1, and r = oco. Take
Q = D\ {0} and define f, : & — C\ {0,1} by f,(2) = f(2772). By Montel’s theorem
(Theorem 27.1), {f,} is a normal family of maps from € to C. In particular, there exists
a subsequence f,, converging locally uniformly on 2:

(28.3) fo. = 9:Q—C,

and ¢ is a holomorphic map. Pick » € (0,1) and set I' = {z : |z2| = r} C Q. The
convergence in (28.3) is uniform on I
We consider two cases.

CASE A. oo ¢ g(Q).
Then there exists A < oo such that

(28'4) |ka (Z)| < A, |Z| =T
for large k, or equivalently

(28.5) f(2) <A |z =27
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The maximum principle then implies |f(z)| < A for all z close to 0, so 0 is a removable
singularity of f.

CASE B. oo € ¢g(9).

By Corollary 27.2, g = oo on Q. Consequently, 1/f,, — 0 uniformly on I', and then
analogues of (28.4)—(28.5) hold with f replaced by 1/f (recall that f is nowhere vanishing
on D\ {0}), so f has a pole at 0.

Exercises

1. Fix distinct points a,b € C, let v be the line segment joining a and b, and assume
f : C — C\ ~ is holomorphic. Show that f is constant. Show this in an elementary
fashion, not using Picard theorems.

2. Suppose f : C — C is a holomorphic function that is not a polynomial. (We say f
is transcendental.) Show that for every w € C, with at most one exception, there are
infinitely many z, € C such that f(z,) = w.

3. Test the conclusion in Exercise 2 for the function f(z) = €.

4. Show that if
f(z) = ze®,

then f : C — C is onto. Relate this to Exercise 2.
Hint. If f(2) is never equal to w, then

ze® —w = e9®),
What can g(z) be?

5. Suppose that f is meromorphic on C, and not constant.. Show that f can omit at most
two complex values. Give an example where such an omission occurs.
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29. Harmonic functions I1

Here we study further properties of harmonic functions. A key tool will be the explicit
formula for the solution to the Dirichlet problem

(29.1) Au=0 on Di(0), wu|g =,

given in §13, namely

2T
(29.2) u(z) = / p(2,0)£(6) db,
0
where
1 1—\75’2 _ 6
(293) p(z,@) = %m7 w=e€c ,

as in (13.76), or equivalently (cf. (13.85))

1 6 1 10 1
(29.4) p(z,0) = — Re ¢tz — “Re —

o e —z 7 et —z 21

We restrict attention to harmonic functions on domains in C = R?. However we point
out that results presented here can be extended to treat harmonic functions on domains
in R™. In such a case we replace (29.2)—(29.3) by

(29.5) u(z) = / P, w) f(w) dS(w),

for x € B1(0) = {z € R" : |z| < 1}, with

11— |z

not |z —w|’

(29.6) p(z,w) = T

where A,_1 is the (n — 1)-dimensional area of the unit sphere S"~! C R"™. A proof of
(29.5)—(29.6) can be found in Chapter 5 of [T2]. But here we will say no more about the
higher-dimensional case.

We use (29.2)—(29.3) to establish a Harnack estimate, concerning the set of harmonic
functions

(29.7) A={uecC*D)NC(D): Au=0, u>0on D, u(0) =1},

where D = D;1(0) ={z € C: |z]| < 1}.
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Proposition 29.1. For z € D,

(29.8) ue A= u(z) >

Proof. The mean value property of harmonic functions implies that f = u|gp satisfies

1 2

(29.9) F(0)do =1,

2 Jo
if u € A. Given this, (29.8) follows from (29.2)—(29.3) together with the estimate

1—]z2 _ 1— ¢

29.1
(29.10) w2 152’

for |z| <1, |w|=1.

To get (29.10), note that if w = €', z = re?®, and ¥ = p — 6, then
lw— 2> = (¥ —r)(e”™ —r)
(29.11) =1—2rcosy + 1
<142r+72 = (1+7)3,
from which (29.10) follows.
By translating and scaling, we deduce that if w is > 0 and harmonic on Dg(p), then

R—a
R+a

(29.12) |z —pl=a€]0,R) = u(z) > u(p).

This leads to the following extension of the Liouville theorem, Proposition 7.5 (with a
different approach from that suggested in Exercise 1 of §7).

Proposition 29.2. Ifu is harmonic on all of C (and real valued) and bounded from below,
then u 1s constant.

Proof. Adding a constant if necessary, we can assume u > 0 on C. Pick zp, z; € C and
set a = |zg — 2z1|. By (29.12),

R—a
(29.13) u(zg) > I au(zl), VR € (a,00),
hence, taking R — oo,
(29.14) u(20) > u(z1),

for all zg, z; € C. Reversing roles gives
(29.15) u(z0) = u(21),
and proves the proposition.

The following result will lead to further extensions of Liouville’s theorem.
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Proposition 29.3. There exists a number A € (0,00) with the following property. Let u
be harmonic in Dg(0). Assume

(29.16) u(0) =0, wu(z) <M on Dg(0).
Then
(29.17) u(z) > =AM on Dpg/s(0).

Proof. Set v(z) = M —u(z), so v >0 on Dgr(0) and v(0) = M. Take

29.18 eD 0), wu(p)= inf wu.
(29.15) peDpp0). ulp)= inf

From (29.12), with R replaced by R/2, a by R/4, and u by v, we get

(20.19) o(2) > 5 (M~ u(p)) on Dryalp).
Hence
1 1
(29.20) Ao Do) DR / z) dx dy 1—6~§(M—u(p)).
Dr(0)

On the other hand, the mean value property for harmonic functions implies that the left
side of (29.20) equals v(0) = M, so we get

(29.21) M — u(p) < 48M,

which implies (29.17).

Note that Proposition 29.3 gives a second proof of Proposition 29.2. Namely, under
the hypotheses of Proposition 29.2, if we set v(z) = u(0) — u(z), we have v(0) = 0 and
v(z) < u(0) on C (if u > 0 on C), hence, by Proposition 29.3, v(z) > —Au(0) on C, so v
is bounded on C, and Proposition 7.5 implies v is constant. Note however, that the first
proof of Proposition 29.2 did not depend upon Proposition 7.5.

Here is another corollary of Proposition 29.3.

Proposition 29.4. Assume u is harmonic on C and there exist Cy, Cy € (0,00), and
k € Z* such that

(29.22) u(z) < Co + Cy)z|*, VzeC.
Then there exist Co,C3 € (0,00) such that

(29.23) u(z) > —Cy — Cs)z|*, VzeC.
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Proof. Apply Proposition 29.3 to u(z) — u(0), M = Co + |u(0)| + C; R*.

Note that as long as Cy > Cy and C5 > (4, the two one-sided bounds (29.22) and
(29.23) imply

(29.24) lu(z)| < Co + Csl2|*, VzeC.

We aim to show that if u(z) is harmonic on C and satisfies the bound (29.24), then u
must be a polynomial in x and y. For this, it is useful to have estimates on derivatives
95,0Ju, which we turn to.

If u € C%(D) N C(D) is harmonic on D = D;(0), the formula (25.2) yields

27
(29.25) olu(z) = /0 pij(z,0)f(0)do,
where
(29.26) pij(2,0) = 8,97p(z,0).

From (29.3) it is apparent that p(z,#) is smooth in z € D. We have bounds of the form

1
(29.27) pij (2, 0)] < Ky, [2] < 5.

For example, from (29.4) we get

o 62‘9
—p(z,0) = — Re —
(29.28) »
ie
—p(z,0) = — Re —
Hence
1 1
Ve 0) < — —
Ve yp(2,0)] ™ e — 22
(29.29) X
S e
m(1 = [2])?
the last estimate by a variant of (29.11).
Applied to (29.25), the bounds (29.27) imply
(29.30) sup \a;ag,u(z)y < 27K;; sup |u(z)],
|z|<1/2 D

whenever v € C?(D) N C(D) is harmonic on D.
We are now are ready for the following.
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Proposition 29.5. If u: C — R is harmonic and, for some k € Z*, C; € (0,0),
(29.31) u(z) < Cy+ C1)z|*, VzeC,

then u is a polynomial in x and y of degree k.

Proof. By Proposition 29.4, we have the two-sided bound

(29.32) lu(z)| < Cy + Cs|2|F, VzeC.

Now set vg(z) = R~*u(Rz). We have vg|p bounded, independent of R € [1,00), where
D = D;(0). Hence, by (29.30), 0.07vr is bounded on Dy 5(0), independent of R, for each
i, € ZT, so

ki o 1
(29.33) RHTTFOLOIu(R2)| < Cyj, 2] < 5 R 1, 00).

Taking R — oo yields 8;3511 =0 on C for ¢ + 75 > k, which proves the proposition.

REMARK. In case k = 0, the argument above gives another proof of Proposition 7.5.

Recall from §7 the mean value property satisfied by a harmonic function u € C?(Q),
namely, if D, (z9) C Q, then

(29.34) u(zo) = # // u(z,y) dx dy,

DT(Z())

a result mentioned above in connection with (29.20). We now establish the following
converse.

Proposition 29.6. Let 2 C C be open and let u : 0 — R be continuous and satisfy the
mean value property (29.34) whenever D, (zg) C Q. Then u is harmonic on §).

Proof. It suffices to prove that u is harmonic on D,(z1) whenever D,(z1) C §2. To see this,

let f=ulop,(z,), and let v € C*(D,(21)) N C(D,y(z1)) solve the Dirichlet problem

(29.35) Av=0 on D,(z), v‘aDp(Zl) = f.

The function v is given by a construction parallel to that for (29.1). It then suffices to
show that

(29.36) v=u on D,(z).
To see this, consider w =v —u € C(D,(21)), which satisfies

(29.37) 0,

w|8Dp(zl) =
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and

1
— // w(z,y)drdy, whenever D,(z2) C D,(z1).
r

D, (22)

(29.38) w(zg) =

Now, argunig as in the proof of Proposition 7.4 (cf. also Proposition 6.1), we see that

(29.39) sup |w|= sup |w|,
Dy (z1) 0D, (z1)

and hence, by (29.37), w = 0 on D,(z1). This gives (29.36) and finishes the proof of
Proposition 29.6.

We next use the solvability of the Dirichlet problem (29.1) to establish the following
removable singularity theorem, which extends the scope of Theorem 11.1.

Proposition 29.7. Let Q C C be open, p € Q, and u € C*(Q\ p) be harmonic. If u is
bounded, then there is a harmonic i € C*() such that @ =u on Q\ p.

Proof. 1t suffices to assume that p = 0, D1(0) C ©, and that u is real valued. Say |u| < M

on Di = D1(0)\ 0. Take v € C*(D1(0)) N C(D1(0)) to satisfy

(29.40) Av=0 on D;(0), v|S1 zu}sl,

sow =u—v is C? on D1(0) \ 0, continuous on D1 (0) \ 0, and satisfies
(29.41) Aw =0 on Di(0)\0, w|g =0.

Also, the maximum principle applied to (29.40) yields |v| < M, hence |w| < 2M, on Dj.
If we restrict w to {z € C:a < |z| <1} and compare with

1
(29.42) b(z) = <log 2) log \zil

which is harmonic on z # 0, and vanishes at |z| = 1, the maximum principle implies

log—, for a<|z| <1,

kD

whenever a € (0,1). Letting a N\, 0 yields w =0 on 0 < |z| < 1, hence

(29.43) w(z)] < zM(log 2)

(29.44) u(z) =wv(z) for 0<|z| <1.

Thus we can set & = u on 2\ 0 and @ = v on D;(0), to complete the proof of Proposition
29.7.
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We turn now to the Dirichlet problem on more general domains, that is, to the problem
of finding u € C%(Q2) N C(Q) satisfying

(29.45) Au=0 on Q, wuj,,=¢,

given p € C(09), given Q0 C C a bounded open set. It is a consequence of the maximum
principle, which implies that

(29.46) sup |u| = sup |u|,
Q o0

that such a solution, if it exists, is unique. We focus on those bounded, simply connected
domains 2 such that the Riemann mapping function

(29.47) f:D—0Q
extends to a homeomorphism f : D — Q, with inverse
(29.48) g:Q— D,

holomorphic on 2. Here, D = D;(0) is the unit disk. A class of domains satisfying this
condition is given in Proposition 24.3. In such a case, by Proposition 7.9, we have

(29.49) u(z) = v(g(2)),
where v € C?(D) N C(D) satisfies
(29.50) Av=0 on D, U|8D:¢:goof.

From (29.2), we have

(29.51) v(z) = /0 7Tp(z,@)@b(ew) e,

with p(z, ) given by (29.3)—(29.4). We have the following conclusion.

Proposition 29.8. Assume Q2 C C is a bounded, simply connected domain with the prop-
erty that the Riemann mapping function f : D — Q extends to a homeomorphism from D
to Q, with inverse g, as in (29.48). Then given @ € C(00Q), the Dirichlet problem (29.45)
has a unique solution u € C%(Q) N C(Q), given by

u(z) = / " p(g(2). 000 (F(c)) db

_ i Tl |g(z>|2 gp(f(ew))dQ

2 ) € —g(2)?

(29.52)
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We examine how this works out when Q = H™ is the upper half plane
(29.53) HT ={2€C:Imz > 0},

for which (29.47)—(29.48) hold with

1 — 2z 1—=z

(29.54) g(z):i+z, f(z):zl+z.

This is slightly outside the results of (29.47)-(29.48) since H™ is not bounded, but it
works if we regard H' as a relatively compact subset of the Riemann sphere C U {co},
with boundary OH* = R U {oo}. In this case, we have

(29.55) t= f(e) =i _ — tan -,
for which df = 2dt/(1 + t?), and (29.52) yields

(29.56) u(z):l/oo 1—g(2)? o) &

T J oo l9(t) — 9(2)? 142

For g(z) as in (29.54), we calculate that

1-lg(z)]* _ y(1+?)
9(t) —g9(z)I> (v =) +y*

so we obtain the formula

(29.57) z=x+iyeHT,

(29.58) u(z) = & /_ h m o(t) dt,

for the solution to (29.45) with Q = H™. Note that we are assuming that ¢ : RU{oo} — C
is continuous.

It is of interest to consider an alternative derivation of (29.58), using the Fourier trans-
form, introduced in §14. Namely, consider

(20.59) u(z,y) = \/% / e vIel(e)eint de,

with ¢ € A(R), defined in (14.21). We have, for y > 0,

62 1 > — ~ 1T
5r7la) = o= / e VIS5 (€)% e
(29.60) i

= —@U(%y)-
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Hence u(z,y) solves
(29.61) Au=0 on H", wu(z,0)=p(x).

Furthermore, substituting the definition of ¢(§) into (29.59) yields

1 oo oo )
(29.62) u(z,y) = %/ / e YIIHI@=NE (1) de dt,

and a computation of the integral
(29.63) / T evlElH-DE g

(cf. Exercise 4 of §14), yields (29.58).
Let us note that direct applications of (29.58) and (29.59) yield, respectively,

(29.64) u(z, y)| < Sup ()], lulz,y)] < 2m) V2@ 1,

for all z € R, y > 0. Also, from both (29.58) and (29.59), it follows that

(29.65) sup |u(z,y) — o(x)] — 0, as y \0,
x€eR

via (29.58) for ¢ € C'(R) vanishing at oo, and, via (29.59), for ¢ € A(R). In light of these
results, the following uniqueness result is of interest.

Proposition 29.9. Let v € C*(HT) N C(HT) satisfy Au = 0 on HY and u(x,0) = 0.
Assume |u(z,y)| < M < oo on HT. Then u = 0.

Proof. For z € R, set

v(z,y) = u(z,y), y >0,

29.66

Then, by Proposition 13.8, v is harmonic on C. Also |v(z,y)] < M for all (z,y) € R
It follows from Liouville’s theorem, Proposition 7.5, that u is constant. Of course, the
constant must be 0.

We next look at the Dirichlet problem (29.45) when
(29.67) QO=D"={2€C:|z|] <1and Imz > 0}.

In this case, a construction of a conformal map ¢ : Q — D is indicated in Fig. 22.1. Using
this, we could implement (29.49). Rather than recording further details of that approach,
we now describe another way to solve

(29.68) Au=0 on DY, u=¢ on D" =[-1,1]UST,
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where ST = {e?® : 0 < s < 7}, which will involve breaking ¢ into pieces. First, subtracting
a harmonic function of the form a 4+ bx, we can reduce our problem to the case where
©(=1) = (1) = 0. Then write ¢ = @¢ + @1, where ¢; € C(9DV), with ¢ supported on
[—1,1] and ¢ supported on ST. We define ¢ on all of R to be 0 on R\ [—1,1], and let
ug solve

(29.69) Aug =0 on H', wug(x,0)= o),

as in (29.61). The solution is given by (29.58), with ¢(t) replaced by ¢o(t). We then see
that the solution to (29.68) is given by u = ug + u1, where

(29.70) Au; =0 on DT, ul‘aD+:¢0:¢_“0|a’D+'
Note that ¢y € C(0D™) is supported on ST. We can now define v € C(S') by

w(ﬂ%y) = wo(%y), (xay) S S+7

(29.71) —o(z, —y), (z,—y) € ST,

and obtain u; as the restriction to DT of v, solving
(29.72) Av=0 on Di(0), v|g =1.
Note that v(z, —y) = —v(z,y).

We move on to a consideration of the Dirichlet problem on an “exterior domain.” Let
U C C be a bounded open set, and let Q = C\ U. We seek a solution u € C%(Q2)NC(Q) to
(29.73) Au=0 on Q, ul,,="/,
given f € C(02). We also impose the condition that

(29.74) u is bounded on 2.

To get this, we take zg € U and set

(29.75) u(z) = U(Z jZO) ie., v(¢)= u(% + z()),
where

(29.76) Av(¢) =0 for (7' + 2z € Q.

Note that

(29.77) {CeC\O: ¢ +2€Q}=0"\0,
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where Q* is the image of Q U {oo} C C U {00} under the map z — 1/(z — 29). Thus
a bounded harmonic function u on €2 corresponds to a bounded harmonic function v on

Q* \ 0. Proposition 29.7 implies that such v must extend to be harmonic on Q*. Thus
(29.73)—(29.74) translates to the Dirichlet problem

(29.78) Av=0 on Q v, =9,
where
(29.79) g(O) = f(C 4+ 2), ¢e€onr.

One simple case of (29.73)—(29.79) arises from

(29.80) Q=C\D(0), with Q* = Dy(0).

A more elaborate case is

(29.81) Q=C\ {Di(-a)UDi(a)},

given a > 1, mentioned in the exercises below.

To close, we mention that the Dirichlet problem (29.45), for a general bounded open
donain 2 C C, is not always solvable for u € C(Q), given arbitrary ¢ € C(99). For
example, let

(29.82) Q={zcC:0<|z| <1}, 00=S'u{o},

and take ¢ € C(S' U {0}). By Proposition 29.7, the solution u is uniquely determined
by u|g: alone. If this solution does not agree with ¢(0) at z = 0, then, strictly speaking,
we do not have (29.45). We say 0 is an irregular boundary point for 2 in (29.82). It is of
interest to characterize domains without irregular boundary points. Furthermore, there is
a notion of a generalized solution to (29.45) in the presence of irregular boundary points.
Material on this, both for planar domains and higher dimensional domains, can be found
in Chapter 5 of [T2].

In addition, results in §§4-6 of that Chapter 5 allow for a proof of the Riemann map-
ping theorem, as a consequence of solving the Dirichlet problem, thus going in the opposite
direction from Proposition 29.8 of this section. As an alternative to presenting that argu-
ment, we will show how solving a Dirichlet problem on another class of domains gives rise
to a variant of the Riemann mapping theorem.

Namely, suppose 2 C C is a smoothly bounded domain whose boundary consists of two
smooth, simple closed curves, say 7o and ;. Let u be the solution to the Dirichlet problem
(29.83) Au=0 on u|7 =0, u|l =-1

(0] Y1
If 00 is C°°, then u € C*°(Q2). We know from Proposition 7.4 that —1 < u < 0 on Q. In
addition, a “strong maximum principle” (cf. Chapter 5, §2 of [T2]) implies
ou ou

29.84 ==
(29.84) >0 on 7, o

<0 ,
o on 7
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where v is the unit outward normal to 0€2. We set
(29.85) G = cu,

where ¢ is a positive constant to be determined, and, following (7.22), try to produce a
harmonic conjugate to G, of the form

(29.86) H(z) = / (—6—G dx + a—i dy),

where we pick a € 2 and then ~,, is a smooth path from « to z. By Lemma 7.7, if v,
and 7., are homotopic paths from « to z, the integrals coincide. However, in this case (2
is not simply connected, and (27.86) does not yield a single-valued harmonic conjugate of
G. Here is what we get instead. We have

/(—ﬁd:t—l——dy /—ds
Ay

Yo
(29.87) ou

e[ &y
(9VS

Yo
> 0.

Hence there is a unique value of ¢ € (0,00) such that (29.87) is equal to 27. For such c,
the function H in (29.86) is well defined, up to an additive integral multiple of 27. Hence

(29.88) = eCGTill

is a single-valued, holomorphic function on €, extending smoothly to Q. It maps v to
Co={z€C:|z| =1}, and it maps 71 to C; = {z € C: |z| = e~ ¢}. Consequently,

(29.89) U:0—A,={zeC:p<|z] <1}, p=eF,

extending smoothly to ¥ : Q — 2,. It follows from (29.84) and the Cauchy-Riemann
equations that the tangential derivative of H is never vanishing on 02, hence

@DJ :\I/‘ij, T/)J e —>CJ

(29.90)
= 17 is nowhere vanishing on ;.

In fact [¢)%(2)| = |0,G(z)] for z € ;. Thus the choice of ¢ yields

(20.91) [ 1 el = 2m,

S0 Yg : o — Cy is a diffeomorphism.

Now if we pick w € %,, we see that ¢y : 79 — Cp has winding number 1 about w. We
can apply the argument principle (Proposition 17.5), to deduce that there is a unique z € 2
such that U(z) = w. We have the following variant of the Riemann mapping theorem for
annular regions.
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Proposition 29.10. If Q C C is a smoothly bounded domain with two boundary compo-
nents, and ¥ is constructed as in (29.83)-(29.89), then ¥ is a holomorphic diffeomorphism
from £ onto A, extending to a smooth diffeomorphism from Q onto 2,

We note that if 0 < p < o < 1, then 2, and 2, are not holomorphically equivalent.
Indeed, if there were a holomorphic diffeomorphism F': 2(, — 2, then, using an inversion
if necessary, we could assume F' maps {|z| = 1} to itself and maps {|z| = p} to {|z] = o}.
Then, applying the Schwarz reflection principle an infinite number of times, we can extend
F to a holomorphic diffeomorphism of D;(0) = {|z| < 1} onto itself, preserving the origin.
Then we must have F(z) = az, |a| = 1, which would imply p = o.

Exercises

1. Suppose f : C — C is holomorphic and |f(z)| < AeBl?l. Show that if f has only finitely
many zeros then f has the form

f(z) = p(z) e+,

for some polynomial p(z).
Hint. If p(z) has the same zeros as f(z), write f(z)/p(z) = €9*) and apply Proposition
29.5 to Re g(z).

2. Show that the function e — z (considered in Exercise 10 of §6) has infinitely many
zeros. More generally, show that, for each a € C, e* — z — a has infinitely many zeros.

3. The proof given above of Proposition 29.3 shows that (29.17) holds with A = 47. Can
you show it holds with some smaller A?

4. Given p € (0,1), consider the annulus 2, = {# € C: p < |z| < 1}, and the Dirichlet
problem

(29.92) Au=0 on 2, u(e?) = f(0), upe’) = g(0).
Produce the solution in the form

u(re'?) = Z (arr® 4+ bpr=F)e™*® + ag + by log 7.
kEZ\O

Solve for ay, and by, in terms of f(k) and §(k). Show that, if f, g € A(S"), defined in (13.28),
then this series converges absolutely and uniformly on 2/, to the solution to (29.92).

5. Consider Q = C\ {D1(—a)U D;(a)}, with a > 1, as in (29.81). Find a linear fractional
transformation mapping QU {oo} conformally onto an annulus 2(,, given as in Exercise 4.
Use this to analyze the Dirichlet problem (29.73)—(29.74), in this setting.
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D. Surfaces and metric tensors

A smooth m-dimensional surface M C R" is characterized by the following property.
Given p € M, there is a neighborhood U of p in M and a smooth map ¢ : O — U, from an
open set O C R™ bijectively to U, with injective derivative at each point, and continuous
inverse ¢! : U — O. Such a map ¢ is called a coordinate chart on M. We call U ¢ M
a coordinate patch. If all such maps ¢ are smooth of class C*, we say M is a surface of
class C*.

There is an abstraction of the notion of a surface, namely the notion of a “manifold,”
which we discuss later in this appendix.

If o : O — U is a C* coordinate chart, such as described above, and ¢(z¢) = p, we set

(D.1) T, M = Range Dy(x),

a linear subspace of R" of dimension m, and we denote by N, M its orthogonal complement.
It is useful to consider the following map. Pick a linear isomorphism A : R*™" — N, M,
and define

(D.2) O:OxR"™ — R", O(z,2) =p(z)+ Az.

Thus ® is a C* map defined on an open subset of R™. Note that
(D.3) D®(x,0) (Z)) = Dy(xp)v + Aw,

so D®(z0,0) : R™ — R™ is surjective, hence bijective, so the Inverse Function Theorem
applies; ® maps some neighborhood of (z,0) diffeomorphically onto a neighborhood of
p € R".

Suppose there is another C* coordinate chart, ¢ : Q — U. Since ¢ and 1) are by
hypothesis one-to-one and onto, it follows that F = ¢~ 1op : O — Q is a well defined map,
which is one-to-one and onto. See Fig. D.1. Also F' and F~! are continuous. In fact, we
can say more.

Lemma D.1. Under the hypotheses above, F is a C* diffeomorphism.

Proof. It suffices to show that F' and F~! are C* on a neighborhood of xy and 7, re-
spectively, where ¢(z¢) = ¥(yo) = p. Let us define a map ¥ in a fashion similar to (5.2).

To be precise, we set T, M = Range D (yo), and let NPM be its orthogonal complement.
(Shortly we will show that TPM = T, M, but we are not quite ready for that.) Then pick a
linear isomorphism B : R"~™ — NPM and set VU(y, z) = ¥ (y)+ Bz, for (y,z) € Q xR,
Again, VU is a C* diffeomorphism from a neighborhood of (yg,0) onto a neighborhood of p.
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To be precise, there exist neighborhoods O of (20,0) in O x R*™™, Q of (Y0,0) in
Q x R"™ ™ and U of p in R™ such that

<I>:(5—>(7, and U:Q—U

are C* diffeomorphisms. It follows that T lod: 00— QisaCk diffeomorphism. Now
note that, for (zo,0) € O and (y,0) € Q,

(D.-4) U o ®(z,0) = (F(x),0), 7' 0¥(y,0) = (F~'(y),0).
In fact, to verify the first identity in (D.4), we check that

V(F(z),0)

Y(F(z)) + BO
(¥~ o p(x))
(
(

x)

(0
¥
d(x,0).

The identities in (D.4) imply that F' and F~! have the desired regularity.

Thus, when there are two such coordinate charts, ¢ : O — U, ¥ : Q2 — U, we have a
C* diffeomorphism F : O —  such that

(D.5) p=1olF.

By the chain rule,

(D.6) Dy(x) = Dy(y) DF(x), y = F(x).

In particular this implies that Range Dyp(z¢) = Range D(yo), so T,M in (D.1) is inde-
pendent of the choice of coordinate chart. It is called the tangent space to M at p.

We next define an object called the metric tensor on M. Given a coordinate chart
¢ : O — U, there is associated an m x m matrix G(z) = (gjx(z)) of functions on O,
defined in terms of the inner product of vectors tangent to M :

| B | _ Op  Op Dpp D
(D.7) gjk}(x) = D(p(a:)ej Do(x)es, 3% axk Z (9:173 8xk

where {e; : 1 < j < m} is the standard orthonormal basis of R™. Equivalently,

(D.8) G(z) = D(x)' Dp(x).

We call (g,1) the metric tensor of M, on U, with respect to the coordinate chart ¢ : O — U.
Note that this matrix is positive-definite. From a coordinate-independent point of view,



319

the metric tensor on M specifies inner products of vectors tangent to M, using the inner
product of R”.

If we take another coordinate chart ¢ : 2 — U, we want to compare (g;,) with H =
(hjk), given by

(D.9) hjk(y) = DY(y)e; - DY(y)er, ie., H(y) = Dy(y)" Dy(y).

As seen above we have a diffeomorphism F' : O — Q such that (5.5)—(5.6) hold. Conse-
quently,

(D.10) G(r) = DF(x)" H(y) DF(z),
or equivalently,

OF, OF,
(D.11) gjk(x Z o, 691:: (y)-

We now define the notion of surface integral on M. If f : M — R is a continuous
function supported on U, we set

(D.12) [ tas= [ 1oew) Vola) da,
M (@)

where
(D.13) g(x) = det G(x).

We need to know that this is independent of the choice of coordinate chart ¢ : O — U T hus,
if we use ¢ : Q — U instead, we want to show that (D.12) is equal to fQ fo(y) v/h(y) dy,
where h(y) = det H(y). Indeed, since fowoF = foy, we can apply the Change of varlable
formula for multidimensional integrals, to get

(D.14) / fov(y) VA(y) dy = / f o p(x) VA(E(@)) |det DF(x)] da.
Q O

Now, (D.10) implies that

(D.15) V() = |det DF(z)| /A

so the right side of (D.14) is seen to be equal to (D.12), and our surface integral is well
defined, at least for f supported in a coordinate patch. More generally, if f : M — R has
compact support, write it as a finite sum of terms, each supported on a coordinate patch,
and use (D.12) on each patch.
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Let us pause to consider the special cases m = 1 and m = 2. For m = 1, we are
considering a curve in R", say ¢ : [a,b] — R™. Then G(z) is a 1 x 1 matrix, namely
G(z) = |¢'(z)|?. If we denote the curve in R™ by ~, rather than M, the formula (D.12)
becomes

b
(D.16) / fds = / fop(@) ¢ ()| de.

v

In case m = 2, let us consider a surface M C R3, with a coordinate chart ¢ : O — U C M.
For f supported in U, an alternative way to write the surface integral is

(D.17) /f ds = /fOQD(.I) |01 X Oap| dxidzs,
M (@]

where u x v is the cross product of vectors v and v in R3. To see this, we compare this
integrand with the one in (D.12). In this case,

O1p -0 O1p - O
(D.18) g = det (@;ZZ : 3122 3222 . 325) = |01[*|0250]? — (D1¢p - Dap)?.

Recall that |u x v| = |u| |v| |sinf|, where 6 is the angle between u and v. Equivalently,
since u - v = |u| |v| cos#,

(D.19) lu x v* = [u*|v]*(1 = cos® 0) = [ul*|v]* = (u-v)>.

Thus we see that [01¢ x O2¢| = /g, in this case, and (D.17) is equivalent to (D.12).

An important class of surfaces is the class of graphs of smooth functions. Let u € C1(Q),
for an open Q@ C R™!, and let M be the graph of z = u(z). The map ¢(z) = (z,u(u))
provides a natural coordinate system, in which the metric tensor is given by

Oou Ou
D.2 . =i+ — _
(D-20) gjk(x) Ok Ox; Oy,

If u is C', we see that gj is continuous. To calculate g = det(g;x), at a given point p € Q,
if Vu(p) # 0, rotate coordinates so that Vu(p) is parallel to the z; axis. We see that

1/2

(D.21) Vg = (1+|Vul*)

In particular, the (n — 1)-dimensional volume of the surface M is given by

(D.22) Vn_l(M):/dS:/(1+|Vu(x)]2)1/2dx.
M Q
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Particularly important examples of surfaces are the unit spheres S?~! in R",
(D.23) Sl ={r e R": |z| = 1}.
Spherical polar coordinates on R™ are defined in terms of a smooth diffeomorphism
(D.24) R:(0,00) x S" 1 — R"\ 0, R(r,w)=rw.

Let (hgy,) denote the metric tensor on S™~! (induced from its inclusion in R™) with respect
to some coordinate chart ¢ : O — U C S™~!. Then, with respect to the coordinate chart
® : (0,00) x O — U C R” given by ®(r,y) = rp(y), the Euclidean metric tensor can be
written

(D.25) (ejr) = (1 TQth) :

To see that the blank terms vanish, ie., 0,® - 0,,® = 0, note that o(z) - p(z) = 1 =
Oz, 0(x) - p(x) = 0. Now (D.25) yields

(D.26) Ve =r"h.

We therefore have the following result for integrating a function in spherical polar coordi-
nates.

(D.27) / f(z)dz = / [ /0 T frw) L dr] dS(w),
Rn S

n—1

We next compute the (n — 1)-dimensional area A,_; of the unit sphere S"~! C R,
using (D.27) together with the computation

(D.28) /e_|w|2 dz = /2,
Rn

which can be reduced to the case n = 2 and done there in polar coordinates (see (10.6)).
First note that, whenever f(z) = ¢(|z|), (D.27) yields

(D.29) /4p(|x|) de = A, /OOO o(r)rm dr.

Rn

In particular, taking ¢(r) = e~ and using (D.28), we have

o0 1 o0
(D.30) 72 = Ay / e dr = LA, / e—ssn 2L g,
0 0
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where we used the substitution s = 72 to get the last identity. We hence have

27I.n/2
D.31 An— = 5 7o\
(D-31) YT T(n/2)

where I'(z) is Euler’s Gamma function, defined for z > 0 by
(D.32) I'(z) :/ e *s* 1 ds.
0

The gamma function is developed in §18.

Having discussed surfaces in R™, we turn to the more general concept of a manifold,
useful for the construction in §34. A manifold is a metric space with an “atlas,” i.e., a
covering by open sets U; together with homeomorphisms ¢; : U; — V;, V; open in R".
The number n is called the dimension of M. We say that M is a smooth manifold of class
C* provided the atlas has the following property. If Ujr = Uj NUy, # 0, then the map

Yik 0 (Ujk) = or(Ujk)

given by ¢ o @51, is a smooth diffeomorphism of class C* from the open set ¢, (Uji) to
the open set ¢ (Uj) in R™. By this, we mean that ;5 is C*, with a C* inverse. The pairs
(Uj, ¢;) are called local coordinate charts.

A continuous map from M to another smooth manifold IV is said to be smooth of class
C* if it is smooth of class C* in local coordinates. Two different atlasses on M, giving a
priori two structures of M as a smooth manifold, are said to be equivalent if the identity
map on M is smooth (of class C*) from each one of these two manifolds to the other. Really
a smooth manifold is considered to be defined by equivalence classes of such atlasses, under
this equivalence relation.

It follows from Lemma D.1 that a C* surface in R™ is a smooth manifold of class C¥.
Other examples of smooth manifolds include tori T/A, introduced in §22 and used in §34, as
well as other Riemann surfaces discussed in §34. One can find more material on manifolds
in [Sp] and in [T2].

The notion of a metric tensor generalizes readily from surfaces in R™ to smooth man-
ifolds; this leads to the notion of an integral on a manifold with a metric tensor (i.e., a
Riemannian manifold). For use in Appendix E, we give details about metric tensors, in
case M is covered by one coordinate chart,

(D33) Y1 U1 — M,
with U; C R™ open. In such a case, a metric tensor on M is defined by an n x n matrix
(D34) G(m) = (gjk(fl‘)), ik c Ck(Ul),

which is taken to be symmetric and positive definite, generalizing the set-up in (D.7). If
there is another covering of M by a coordinate chart o : Us — M, a positive definite
matrix H on U, defines the same metric tensor on M provided

(D.35) G(z) = DF(x)'H(y)DF(z), for y= F(x),
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as in (D.10), where F' is the diffeomorphism
(D.36) F=ypylop :U — Us.

We also say that G defines a metric tensor on U; and H defines a metric tensor on Us,
and the diffeomorphism F': U; — U, pulls H back to G.

Let v : [a,b] — Uy be a C! curve. The following is a natural generalization of (D.16),
defining the integral of a function f € C'(U;y) over v, with respect to arc length:

1/2
] dt.

b
(D.37) [ras= [ ro@)]y@-comm o

If ¥ = F o is the associated curve on U, and if f = f o F € C(Us), we have

[Fas= [ faw[ro - maoy o] " a
= [ ) [P0 @) - HGODFAmN @] d
(D.38) o ] 1/2
= [ TG YW -Gay'w)] " a

the second identity by the chain rule 4'(¢) = DF(v(t))~'(t) and the third identity by (D.35).
Another property of this integral is parametrization invariance. Say v : [«, 5] — [a,b] is
an order preserving C! diffeomorphism and o =y o0 : [a, 8] — U;. Then

1/2
} dt

[ras=| " Ho®)[ 0 Glot)'

o

(D.39)
= Y
=/f%,

Yy

the second identity by the chain rule o/(t) = ¢'(¢)y'(0(t)) and the third identity via the
change of variable 7 = v(t),dr = ¢/(t) dt.
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The arc length of these curves is defined by integrating 1. We have

]1/2 i,

b
(.40) te) = [ [0 Gam»o
and a parallel definition of £z (7). With 7,7, and o related as in (D.38)—(D.39), we have

(D.41) la(y) =tla(o) =Lu(7).

Another useful piece of notation associated with the metric tensor G is

(D.42) ds® = Z gjk(x) dzj dxy.

In case U; C R? ~ C, this becomes

(D.43) ds® = g11(z,y) do? + 2g12(z, y) dz dy + goo(z,y) dy?.
In case

(D.44) gik(x) = A(z)? 60,

we have

(D.45) ds* = A(z)?(do? + - + da?).

For n = 2, this becomes

(D.46) ds* = A(z,y)?(do? + dy?) = A(2)? |dz|?,
or
(D.47) ds = A(z) |dz|.

In such a case, (D.40) becomes

b
(D.48) lo(y) = / A((D) |7 (1)) dt.

Under the change of variable y = F(x), the formula (D.35) for the metric tensor H =
(hjr) on Uy that pulls back to G under F': Uy — Uy is equivalent to

(D.49) Zhjk ) dy; dyi _%:‘gjk ) da; dy, Z axz dzy.



E. Poincaré metrics

Recall from §20 that the upper half plane
(E.1) U={z€C:Imz >0}

is invariant under the group of linear fractional transformations

az+b a b
(£:2) Lat) = E50 A= (20).

of the form

(E.3) A€ Sl(2,R), ie., a,bc,deR, ad—bc=1,
while the disk

(E.4) D={zeC:|z| <1}

is invariant under the group of transformations Lp with

(E.5) B e SU(1,1), ie, B= (% 2) . a2 =p)? =1

These groups are related by the holomorphic diffeomorphism

z—1

1

—1 .
(E.6) Ly, =¢:U— D, A0—<1 i)’ ie., go(z)—z+l_.
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Here we produce metric tensors on ¢ and D that are invariant under these respective group

actions. These are called Poincaré metrics.
We start with U, and the metric tensor

1
(E.7) gjk(z) = 7 Ok
Le., dsi;, = (dz? + dy?)/y?, or equivalently
1
(E.8) dsy = ; |dz|.

This is easily seen to be invariant under horizontal translations and dilations,

(E.9) Te(2)=2+€, E€R, 6.(2)=rz, re(0,00).
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Note that
1 ¢ /20
(ElO) TgZLTg, (57’:LDT; ng (O 1) 9 DT: ( 0 7,71/2 .

The group generated by these operations is not all of SI(2,R). We proceed as follows.
We pull the metric tensor (E.7) back to the disk D, via 1) = ¢!, given by

12+1 _
(E.11) w(z):gz_l, v:D—U.
We have
N / 2i
(E.12) vrds = y'(e) ds = _Zl)Q dz,
and hence
* _ 1 *
21
- W
_— IEETTE L
' B 4 . |dz|
TTEIE G-0E-D
2
= 2 |dz|.

Thus we arrive at the metric tensor on the disk, given by

(F.14) dsp = %MQ d2],

or

(E.15) h(2) = ——— G
(1—1z2?)?

This metric tensor is invariant under

(E.16) Lz, Ly . Te = AgTe Ayt D, = AoD, Agt.

In addition, the metric tensor (E.15) is clearly invariant under rotations

(E.17) po(z) =€z, HcR.
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Here
e2‘9/2 0
(E.18) po = Lg,, R¢= ( 0 e—i0/2 | -

The transformations Tvg, D, and Ry can be seen to generate all of SU(1,1), which implies
the metric tensor (E.11) on D is invariant under all the linear fractional transformations
(E.5), and hence the metric tensor (E.7) on U is invariant under all the linear fractional
transformations (E.2)—(E.3). Alternatively, one can check directly that

(E.19) $apdsp =dsp,
when
az+0b 9 9
E20 a Z)= = 9 a - b :1
(5.:20) pusle) = 2, b
In fact,
dz
E.21 fodz = (2)dz = ———,
and hence
o Ll (2)] - ldz]
Sp= ——————— 2)| - |dz
P T T Teaa (P
B 2 |dz|
(E.22) bz +@|? — |az + b|?
_ 2|dz|
IREEE
ZdSD.

Let us record the result formally.

Proposition E.1. The metric tensor (E.15) on D is invariant under all linear fractional
transformations of the form (E.20). Hence the metric tensor (E.7) onU is invariant under
all linear fractional transformations of the form (E.2)—(E.3).

These metric tensors are called Poincaré metrics, and & and D, equipped with these
metric tensors, are called the Poincaré upper half plane and the Poincaré disk.

Let 2 C C be a simply connected domain, # C. The Riemann mapping theorem
produces a holomorphic diffeomorphism

(E.23) ®:Q—D.

The pull back of the Poincaré metric on D via ¢ is called the Poincaré metric on €. Note
that if ® : Q@ — D is another holomorphic diffeomorphism, then ® o @' : D — D is a
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holomorphic diffeomorphism, hence, as seen in §22, a linear fractional transformation of
the form (E.20), hence it preserves the Poincaré metric on D, so ® and ® pull back the
Poincaré metric to the same metric tensor on ().

More generally, a domain €2 C C inherits a Poincaré metric whenever there is a holo-
morphic covering map

(E.24) YD — Q.

In fact, for each ¢ € ©, if you choose p € ¥~1(q), 1 is a holomorphic diffeomorphism from
a neighborhood O,, of p onto a neighborhood O, of ¢, and the Poincaré metric on D pulls
back via ¢! : O, — O,. This is independent of the choice of p € ¥~1(q), since two
such inverses ¢~ and ¢! : O, — O, are related by a covering map on D, which must
be of the form (E.20). For the same reason, any other covering map D — € produces
the same metric on 2, so one has a well defined Poincaré metric on €2, whenever there is
a holomorphic covering map (E.24). Such a metric tensor is always a multiple of §;, in
standard (z,y)-coordinates,

(E.25) gik(x,y) = Aa(z,y)* o,
or
(E.26) dsq = Aq(z) |dz,

where Ag : © — (0,00). In fact, on a neighborhood O, of ¢ € 2 where there is a local
inverse ¢, to v,

(5.27) Aa(2) = Apeu() A e Aalw(z) = T2,
with Ap given by (E.14), i.e.,
(E.28) Ap(z) = ﬁ

The following is a definitive result on the class of domains to which such a construction
applies.

Theorem E.2. IfQ C C is a connected open set and C\ Q contains at least two points,
then there is a holomorphic covering map (E.24).

This is part of the celebrated Uniformization Theorem, of which one can read a careful
account in [For]. We will not give a proof of Theorem E.2 here. A proof using basic results
about partial differential equations is given in [MaT]. We recall that §26 establishes this
result for 2 = C\ {0, 1}.

To see how Theorem E.2 works for D* = D \ {0}, note that

(E.29) U:U — D*, U(z)=e",
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is a holomorphic covering map, and composing with the inverse of ¢ in (E.6) yields a
holomorphic covering map D — D*. We can calculate dsp«(z) as follows. Parallel to
(E.27), we can write

A
(E.29A) dsp-(2) = Ap-(2)|dz|, Ap-(¥(2)) = ?;’(z) :
[0 (2)]
where dsy(z) = Ay(2) |dz|, so Ay(z) =1/Imz. Then from ¥(z) = e**, we get
B 1 _ B |dz|
(E29B) AD* (Z) = W’ 1.e., dSD* (Z) = M

The following interesting result is a geometric version of the Schwarz lemma.

Proposition E.3. Assume O and 2 are domains in C with Poincaré metrics, inherited
from holomorphic coverings by D, and F : O — Q is holomorphic. Then F is distance-
decreasing.

What is meant by “distance decreasing” is the following. Let v : [a,b] — O be a smooth
path. Its length, with respect to the Poincaré metric on O, is

b
(E.30) fol) = [ Aot ()] ds.
The assertion that F' is distance decreasing is that, for all such paths -,
(E.31) lo(Fov) <lo(v).

Note that £o(F o) = [© Ag(F o~(s))|(F o 7)'(s)|ds and (F o v)(s) = F’(v(5))7'(s), so
the validity of (E.31) for all paths is equivalent to

(E.32) Ag(F()|F'(2)] < Ao(z), Yz e O.

To prove Proposition E.3, note that under the hypotheses given there, F' : O — € lifts
to a holomorphic map G : D — D, and it suffices to show that any such G is distance
decreasing, for the Poincaré metric on D, i.e.,

(E.33) G : D — D holomorphic = Ap(G(20))|G'(20)| < Ap(20), Yz € D.

Now, given zy € D, we can compose G on the right with a linear fractional transformation
of the form (E.20), taking 0 to zp, and on the left by such a linear fractional transformation,
taking G(zp) to 0, obtaining

(E.34) H :D — D holomorphic, H(0) =0,
and the desired conclusion is that

(E:35) H'(0)] <1,

which follows immediately from the inequality

(E-36) H(2)| < 2]

This in turn is the conclusion of the Schwarz lemma, Proposition 6.2.
Using these results, we will give another proof of Picard’s big theorem, Proposition 26.2.
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Proposition E.4. If f: D* — C\{0,1} is holomorphic, then the singularity at 0 is either
a pole or a removable singularity.

To start, we assume 0 is not a pole or removable singularity, and apply the Casorati-
Weierstrass theorem, Proposition 11.3, to deduce the existence of a;,b; € D* such that
aj,b; — 0 and

(E.37) p; = fla;) =0, q;=f(b;) =1,

as j — 0o. Let v; be the circle centered at 0 of radius |a;| and o; the circle centered at 0
of radius |b;|. An examination of (E.29B) reveals that

(E.38) (p+(7;) = 0, Cp-(cj) — 0.

Applying Proposition E.3 (with O = D*, Q = C\ {0,1}), we obtain for
(E.39) vi=Ffov, 0;=Ffoo;

that (with C., = C\ {0,1})

(E.40) le..(3;) = 0, e (55) — 0.

We now bring in the following:

Lemma E.5. Fiz zyp € C,, = C\ {0,1}. Let 7; be paths from zy to pj — 0. Then
le,. (1) = 0o. A parallel result holds for paths from zy to q; — 1.

Proof. Let 1) : D — C,. be a holomorphic covering, Zy € ¥~ 1(z¢), and 7; a lift of 7; to a
path in D starting at Zp. Then

Now 7; contains points that tend to D (in the Euclidean metric) as j — oo, so the fact
that £p(7;) — oo follows easily from the formula (E.14).
Returning to the setting of (E.37)-(E.40), we deduce that

Given € >0, 3N < oo such that whenever j > N
(E.42) fovi=79C{z€C:|z| <e}, and
fooj=0;C{zeC:|z-1| <e}.
If, e.g., e < 1/4, this cannot hold for a function f that is holomorphic on a neighborhood
of the annular region bounded by 7, and ;. (Cf. §6, Exercise 2.) Thus our assumption

on f contradicts the Casorati-Weierstrass theorem, and Proposition E.4 is proven.
Returning to the setting of Proposition E.3, let us explicitly check the conclusion for

(E.43) Sq: D — D, Sq(z) = 2>
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In this case, we have Sq* dz = 2z dz, hence

2 2
Sq* d = —|Sq"dz| = ———— - |22| - |d
@ dsp(=) = T 80 el = 22 |
22| 2 22|
(E.44) - 1+ 2|2 ' 1—|z[2 |dZ|:WdSD(Z)

_ (1—2))?
=l FE

]dsD(z).

We relate how this distance-decreasing result for Sq : D — D leads to a “non-computational”
proof of Proposition 23.4, an important ingredient in the proof of the Riemann mapping
theorem. We recall the result.

Proposition E.6. Let O C D be an open, simply connected subset. Assume 0 € O but
q ¢ O for some q € D. Then there exists a one-to-one holomorphic map

(E.45) K:0 — D, satisfying K(0)=0, K'(0) > 1.
Proof. As in §23, we define F': O — D by
(E.46) F(z) = \/pq(2),

where, for each b € D, ¢y, : D — D is the automorphism

(E.AT) oole) = T
Then we take
(E.48) K(:) = agro(F), o=l

We have F'(0) = \/—¢q and K(0) = ¢p)(F(0)) = 0. The maps ¢, and ¢ () are both
automorphisms of D, preserving the Poincaré metric. The image set U = ¢,(O) is a simply
connected set that does not contain 0, and the square root function

(E.49) Sqrt : U — D
is well defined (up to a choice of sign). We have
(E.50) K(z) = app() o Sart o .

As observed, ¢, and ¢p(g) preserve the Poincaré metric. On the other hand, in light of
the fact that Sq : D — D strictly decreases the Poincaré metric, we see that Sqrt : U — D
strictly increases the Poincaré metric. The result K’(0) > 1 is simply the observation that
K strictly increases the Poincaré metric at 0.
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Chapter 6. Elliptic functions and elliptic integrals

Elliptic functions are meromorphic functions on C satisfying a periodicity condition of
the form

(6.0.1) flz+w)=f(z), YweA,

where A C C is a lattice, of the form

(6.0.2) A ={jwi +kws :j,k €L},

with wy,ws € C, linearly independent over R. If such f had no poles it would be bounded,

hence constant, so the interesting elliptic functions have poles. Such functions can also be
regarded as meromorphic functions on the compact Riemann surface

(6.0.3) T = C/A.

As a first attempt to construct such a function, one might try

(6.0.4) =% ﬁ

weA

but this series does not quite converge. The following modification works,

(6.0.5) p(z;A) = Ziz + D (ﬁ - %)
0AweA

and defines the Weierstrass g function.
The Weierstrass p function plays a central role in elliptic function theory. This arises
from the fact that every meromorphic function satisfying (6.0.1) has the form

(6.0.6) f(z) = Q(p(2)) + R(p(2))¢'(2),

for some rational functions @ and R. (We drop the A from the notation.) A key example
is the identity

(6.0.7) p'(2)7 = 4(p(2) — e1)(p(2) — e2)(p(2) — e3),

where

(6.0.8) e = p(%) =123,
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with wy,ws as in (6.0.2) and ws = w; + we. The equation (6.0.7) can be regarded as a
differential equation for p. This is amenable to separation of variables, yielding

1 dp
(6.0.9) = / =z+ec.
2J Vp—e)lp—e2)lp —e3)
The left side of (6.0.9) is an elliptic integral.
Generally, an elliptic integral is an integral of the form
C1
(6.0.10) | R Vatyac
0
where R is a rational function of its arguments, and
(6.0.11) q(¢) = (¢ —e1)(¢ —e2)(¢ — e3),

with e; € C distinct. By a coordinate translation, we can arrange that
(6012) e +es + €3 = 0.
One has the following result.

Theorem. Given distinct e; satisfying (6.0.12), there exists a lattice, of the form (6.0.2),
such that if p(z) = p(z;A), then

(6.0.13) o(2)=e;, 1<5<3,
where w3 = wy + wa.

Given this result, we have (6.0.7), and hence

1 2 g
—/ ¢ =2z—2zy, mod A.
P

2 Jo(z0) Va(C)

The problem of proving this theorem is known as the Abel inversion problem. The proof
given in this chapter involves constructing a compact Riemann surface associated to the
“double valued” function \/q(¢) and showing that it is holomorphically diffeomorphic to
T, for a lattice A.

Elliptic integrals arise in many situations, from computing lengths of ellipses to inte-
grating equations of basic physics, such as the pendulum. A discussion of such applications
is given in §33. In that section there is also a discussion of reducing (6.0.10) to more basic
forms, using identities of the form

(6.0.15) R(p(2), 3¢'(2)) = Ri(p(2)) + Ra(p(2))¢' ().
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One can also treat integrals of the form

(6.0.16) / R(¢./O(O) d.

where Q(() is a quartic polynomial with distinct roots, and convert it to an integral of the
form (6.0.10).

Another topic, covered in §32, is the production of formulas for p(z) and ©’(2) in terms
of “theta functions.” Among other things, such functions are useful for the rapid evaluation
of p, which is convenient, since the infinite series (6.0.5) converges very slowly. This is
discussed in Appendix K, at the end of this chapter.
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30. Periodic and doubly periodic functions - infinite series representations

We can obtain periodic meromorphic functions by summing translates of z~*. For
example,

oo

(30.1) hz= ) ﬁ

is meromorphic on C, with poles in Z, and satisfies fi(z + 1) = f1(2). In fact, we have

(30.2) 3 FE u

sin
n=—oo

w4

To see this, note that both sides have the same poles, and their difference g1 (z) is seen to
be an entire function, satisfying ¢1(z + 1) = g1(z). Also it is seen that, for z = x + iy,
both sides of (30.2) tend to 0 as |y| — oo. This forces g1 = 0. For another derivation, see
(16.55).

A second example is

, u“ 1 1 1 1

n=—m n#0

(30.3)

This is also meromorphic on C, with poles in Z, and it is seen to satisfy fo(z+1) = fa(2).
We claim that

1 1 1
4 2 ( —): trrz.
(30.4) Z—l—; z—n+n T cot Tz

In this case again we see that the difference g5(z) is entire. Furthermore, applying —d/dz
to both sides of (30.4), we get the two sides of (30.2), so go is constant. Looking at the
last term in (30.3), we see that the left side of (30.4) is odd in z; so is the right side; hence
g2 =0.

As a third example, we consider

g > S sy Y

-m n#0
(30.5) =+ 3 e
n=1
oy, = 2(1 — 2k)
Sz [22 — (2k — 1)?][=2 — (2k)?]
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We claim that

(30.6) ~+ (—1)”(

In this case we see that their difference gs(z) is entire and satisfies g3(z+2) = g3(z). Also,
for z = x + iy, both sides of (30.6) tend to 0 as |y| — oo, so g3 = 0.

We now use a similar device to construct doubly periodic meromorphic functions, follow-
ing K. Weierstrass. These functions are also called elliptic functions. Further introductory
material on this topic can be found in [Ahl] and [Hil]. Pick wy,ws € C, linearly independent
over R, and form the lattice

(30.7) A= {jwi + kws : j, k € Z}.

In partial analogy with (30.4), we form the “Weierstrass p-function,”

(30.8) o(z:A) = Z% + Y (ﬁ - %)
0AweA

Convergence on C \ A is a consequence of the estimate

1 1 ||
. —— — | < (—= f > 2|z|.
(30.9) P w2’ <Oy for lwl 220
To verify that
(30.10) p(z4+w;A) =p(z;A), YweA,

it is convenient to differentiate both sides of (30.8), obtaining

(30.11) o' (zA) =-2) En
weEA
which clearly satisfies
(30.12) O (z4+w;A)=p'(z;A), YVweA.
Hence
(30.13) p(z4+w;A) — p(z;A) = c(w), weEA.

Now (30.8) implies p(z;A) = p(—2;A). Hence, taking z = —w/2 in (30.13) gives c¢(w) =0
for all w € A, and we have (30.10).
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Another analogy with (30.4) leads us to look at the function (not to be confused with
the Riemann zeta function)

(30.14) g(,z;A)zéjL 3 ( ! +£+ Z)

_ 2
Otwer - Y v

We note that the sum here is obtained from the sum in (30.8) (up to sign) by integrating
from 0 to z along any path that avoids the poles. This is enough to establish convergence
of (30.14) in C\ A, and we have
(30.15) ¢z A) = —p(z A).
In view of (30.10), we hence have
(30.16) C(z4w;A) —C(zA) = ap(w), YweA.
In this case ap(w) # 0, but we can take a,b € C and form
(30.17) Cap(z;A) =C(z—a;A) —((z — b A),
obtaining a meromorphic function with poles at (a+A)U (b+ A), all simple (if a—b ¢ A).

Let us compare the doubly periodic function ® constructed in (24.8)—(24.11), which
maps the rectangle with vertices at —1,1,1 + ip, —1 + ip conformally onto the upper half
plane U, with &(—1) = —1,®(0) = 0,P(1) = 1. (Here p is a given positive number.) As
seen there,

(30.18) (24 w)=d(2), weA={dk+2ilp:k (7}

Furthermore, this function has simple poles at (ip + A) U (ip +2 4+ A), and the residues at
ip and at ip + 2 cancel. Thus there exist constants A and B such that

(30.19) ®(2) = Aip,ip+2(2:A) + B.

The constants A and B can be evaluated by taking z = 0, 1, though the resulting formulas
give A and B in terms of special values of ((z;A) rather than in elementary terms.

Exercises

1. Setting z = 1/2 in (30.2), show that

S
2—_.
—n 6
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Compare (13.79). Differentiate (30.2) repeatedly and obtain formulas for Y ., n=* for
even integers k. B
Hint. Denoting the right side of (30.2) by f(z), show that

oo

FOLR) = (=D +1)! > (z—n)~ 2,

Deduce that, for k& > 1,
f(2k—2)<%) — (2 — 1)!22k+1 Z n—2k
n>1,o0dd

Meanwhile, use

oo o
R S e P e S
n=1 n=1

n>1,odd

to get a formula for S°°°  n~2% in terms of f(2*=2)(1/2).

1A. Set F(z) = (wcotmz) —1/z, and use (30.4) to compute F'¥)(0). Show that, for || < 1,

— 1 - 2k—1 _ G —2k
7rcot7rz-;—22§(2k:)z , C(Zk)—Zn :
k=1 n=1
1B. Recall from Exercise 6 in §12 that, for |z| sufficiently small,

leet1 1 k-1 Br ok
- i 1
3 1= T2 2r°

with By, (called the Bernoulli numbers) rational numbers for each k. Note that

627riz_|_1 1
P — = —cotmz.
e Tz — 1 1

Deduce from this and Exercise 1A that, for k£ > 1,

20 (2k) = (27)2k (ik)!'

Relate this to results of Exercise 1.

1C. For an alternative aproach to the results of Exercise 1B, show that

G(z) = meotmz = G'(2) = —7% — G(2)2
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Using
1 o0
G(z) = - + Z an 2?7,
n=1
compute the Laurent series expansions of G’(z) and G(z)? and deduce that a; = —72/3,

while, for n > 2,

n—1

1
Ay = —2n+ 1 gzzlan_gag.

In concert with Exercise 1A, show that ((2) = 72/6, ((4) = 7%/90, and also compute ¢(6)
and ((8).

2. Set -
F(z) :WZH<1—Z—Z>
n=1
Show that / .
F'(z 1 2z
F((z)) - ;—1_7; 22 —n?

Using this and (30.3)—(30.4), deduce that
F(z) =sinmz,
obtaining another proof of (18.21).
Hint. Show that if F and G are meromorphic and F’/F = G'/G, then F = ¢G for some
constant c¢. To find ¢ in this case, note that F’(0) = 7.
3. Show that if A is a lattice of the form (30.7) then a meromorphic function satisfying

(30.20) flz+w)=f(z), VweA

yields a meromorphic function on the torus Ty, defined by (22.14). Show that if such f
has no poles then it must be constant.

We say a parallelogram P C C is a period parallelogram for a lattice A (of the form (30.7))
provided it has vertices of the form p,p + wi,p + wa,p + w1 + we. Given a meromorphic
function f satisfying (30.20), pick a period parallelogram P whose boundary is disjoint
from the set of poles of f.

4. Show that
/f(z) dz = 0.
oP
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Deduce that

Z Res,, (f) = 0.

p; EP

Deduce that if f has just one pole in P then that pole cannot be simple.

5. For (¢ defined by (30.14), show that, if Im(ws/w1) > 0,

(30.21) /C(z, A)dz = ap(wr)ws — ap(ws)wy = 27i.
oP

6. Show that ay in (30.16) satisfies
(30.22) ap(w+w') =ap(w) +ap(w), w,w’ €A.
Show that if w € A, w/2 ¢ A, then
(@) = 20(w/2; A).
7. Apply Green’s theorem
//(g—i . %) dx dy — /(fdx—i—gdy)
Q o0
in concert with (’(z; A) = —p(z; A), written as

1,0 10
5(& + 7 a—y>C(2§A) = —p(z; A),

and with =P, as in Exercise 5, to establish that

(3023) OéA(wl)wg - OéA(u)Q)wl = 2ZI(A),
with
(30.24) Z(A) = lir% // o(z; A) dx dy,
E—r
P\Dc(0)

assuming P is centered at 0.

8. Solve the pair of equations (30.21) and (30.23) for ap(wi) and ap(wz). Use this in
concert with (30.22) to show that

(30.25) an(w) = —— (—I(A)w n ww), we A,
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where Z(A) is as in (30.24) and A(P) is the area of P.
9. Show that the constant A in (30.19) satisfies
A = Res;p(P).
10. Show that the constants A and B in (30.19) satisfy
[C(L—ip; A) = (=1 —ip; A)JA+ B = 1,

and
O,/A(4)A +2B = 0,

with A given by (30.18).
Hint. Both ®(z) and ((z; A) are odd in z.

In Exercises 11-12, given p; € Ty, nj € Z1, set 9 =Y n;p; and define

(30.26) My(Tp) = {f meromorphic on T, : poles of f are at p; and of order < n;}.
Set |[¥] = > n;.

11. Show that || =2 = dim My (Tx) = 2, and that this space is spanned by 1 and (p, p,
if ny =ny =1, and by 1 and p(z — py) if ny = 2.

Hint. Use Exercise 4.

12. Show that

(30.27) 9] = k > 2 = dim My(Ty) = k.

Hint. Argue by induction on k, noting that you can augment |J| by 1 either by adding
another p; or by increasing some positive n; by 1.
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31. The Weierstrass g in elliptic function theory

Recall that an elliptic function with period lattice A is a meromorphic function f on
C satisfying f(z + w) = f(z), for each w € A. It turns out that such a function can be
expressed in terms of p(z;A) and its first derivative. Before discussing a general result,
we illustrate this in the case of the functions (,(2; A), given by (30.17). Henceforth we
simply denote these functions by p(z) and (,(z), respectively.

We claim that, if 28 ¢ A, then

o' (B)
p(2) — p(B)

To see this, note that both sides have simple poles at z = £5. (As will be shown below, the
zeros « of p'(z) satisfy 2a € A.) The factor ¢’ (/5) makes the poles cancel, so the difference
is entire, hence constant. Both sides vanish at z = 0, so this constant is zero. We also note
that

(31.1) = (p,—p(2) +2¢(B).

(31.2) ) =Gz —a), a="E0 p=22
Aslong as a — b ¢ A, (31.1) applies, giving

_ ¢ (B) _a+b , a—b
(313) Ca,b(z) - @(Z — Oé) — @(5) - 2C(/8)7 o = 9 ﬁ - 9 -

We now prove the result on the zeros of ¢'(z) stated above. Assume A has the form
(30.7).

Proposition 31.1. The three points w1 /2, wa/2 and (w1 +w2)/2 are (mod A) all the zeros
of 9'(2).

Proof. Symmetry considerations (oddness of ¢’(z)) imply ¢’(z) = 0 at each of these three
points. Since p’(z) has a single pole of order 3 in a period parallelogram, these must be
all the zeros. (Cf. Exercise 1 below to justify this last point.)

The general result hinted at above is the following.

Proposition 31.2. Let f be an elliptic function with period lattice A. There exist rational
functions QQ and R such that

(31.4) f(z) = Q(p(2)) + R(p(2))¢' ().

Proof. First assume f is even, i.e., f(z) = f(—z). The product of f(z) with factors of
the form p(z) — p(a) lowers the degree of a pole of f at any point a ¢ A, so there exists
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a polynomial P such that g(z) = P(p(2))f(z) has poles only in A. Note that g(z) is
also even. Then there exists a polynomial P, such that g(z) — Pa2(p(z)) has its poles
annihilated. This function must hence be constant. Hence any even elliptic f must be a
rational function of p(z).

On the other hand, if f(z) is odd, then f(2)/¢'(2) is even, and the previous argument
applies, so a general elliptic function must have the form (31.4).

The right side of (31.3) does not have the form (31.4), but we can come closer to this
form via the identity

o/(2)+ p/la) 2

(31.5) p(z —a) = —p(z) — pla) + Z( p(z) — p(a)

This identity can be verified by showing that the difference of the two sides is pole free and
vanishes at z = 0. The right side of (31.5) has the form (31.4) except for the occurrence
of ©'(2)%, which we will dispose of shortly.

Note that ©'(2)? is even, with poles (of order 6) on A. We can explicitly write this as
P(p(z)), as follows. Set

“i

1 =1,2,3
2)7 .] ) S

(31.6) ej = p(
where we set w3 = w1 + wy. We claim that

(3L.7) 0'(2)* = 4p(2) — e1)(p(2) — e2)(p(2) — €3).

In fact, both sides of (31.7) have poles of order 6, precisely at points of A. Furthermore,
by Proposition 31.1, the zeros of ¢(z)* occur precisely at z = w; (mod A), each zero
having multiplicity 2. We also see that the right side of (31.7) has a double zero at
z = wj, j = 1,2,3. So the quotient is entire, hence constant. The factor 4 arises by
examining the behavior as z — 0.

The identity (31.7) is a differential equation for p(z). Separation of variables yields

! iy
2 / V(e —e1)(p—e2)(p—es)

(31.8) =z+ec.

The left side of (31.8) is known as an elliptic integral.

Any cubic polynomial in u is a constant multiple of (u — e1)(u — e2)(u — e3) for some
e; € C. However, it is not quite the case that every cubic polynomial fits into the current
setting. Here is one constraint; another will be produced in (31.15) below.

Proposition 31.2. Given a lattice A C C, the quantities e; in (31.6) are all distinct.

Proof. Note that p(z)—e; has a double pole at each z € A, and a double zero at z = w;/2.
Hence, in an appropriate period parallelogram, it has no other zeros (again cf. Exercise 1
below). Hence p(wy/2) —e; = e —e; # 0 for j # k.
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We can get more insight into the differential equation (31.7) by comparing Laurent
series expansions of the two sides about z = 0. First, we can deduce from (30.8) that

1
(31.9) p(2) = — +az? 4 bzt 4,
z

Of course, only even powers of z arise. Regarding the absence of the constant term and
the values of a and b, see Exercise 3 below. We have

(31.10) a=3 )Y % b=5 ) %

Hence
(31.11) (2) = = + 20z +4b2 + -
. p(2) =—— az z .
It follows, after some computation, that
2 _
(31.12) —¢'(2) __6__2_4b+""

while

(p(2) —e1)(p(2) — e2)(p(2) — e3)
(31.13) = p(2)° = 110(2)? + 12p(2) — 73
1 T 3a+ T

25—2—4—1—7—1—(317—2@71—73)—1—,

where

T1 = €1+ ez +e3,
(31.14) Ty = e1ez + eze3 + ezeq,

Ty = e1€e2€3.

Comparing coefficients in (31.12)—(31.13) gives the following relation:
(31.15) e1+ ez +e3 =0.

It also gives

3116 eies + esez + ejeg = —oa,
( ’ ) €1€2€3 = 7b,

where a and b are given by (31.10). Hence we can rewrite the differential equation (31.7)
as

(31.17) 0 (2)* = 49p(2)> — gap(2) — g3,
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where go and g3, known as the Weierstrass invariants of the lattice A, are given by

1 1
(31.18) g2 =60 Y — 93 =140 > —
0£wEA 0£wEA

Exercises

1. Assume f is meromorphic (and not identically zero) on Tp = C/A. Show that the
number of poles of f is equal to the number of zeros of f, counting multiplicity.
Hint. Let v bound a period parallelogram, avoiding the zeros and poles of f, and examine

e,
21 ) f(2) dz.

~

Recall the argument principle, discussed in §17.

2. Show that, given a lattice A C C, and given w € C,

(31.19) wEA(z)p(g—l—z;A):p(%—z;A), Y z.

Relate this to the proof of Proposition 31.1.

3. Consider

(31.20) 8(=) = p(z) 5 = > (ﬁ N i)’

weA\0
which is holomorphic near z = 0. Show that ®(0) = 0 and that, for k£ > 1,
1
—d®(0) = —(k+2)
(31.21) S ®0(0) = (k+1) Y w :
w€eA\0

(These quantities vanish for k odd.) Relate these results to (31.9)—(31.10).

4. Complete the sketch of the proof of (31.5).
Hint. Use the fact that p(z) — 272 is holomorphic near z = 0 and vanishes at z = 0.

5. Deduce from (31.17) that

(31.22) 0" (2) = 6p(2)* = 5 g2
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6. Say that, near z = 0,
(31.23) p(z) = = + ) ba2™,

where b,, are given by (31.21), with k£ = 2n. Deduce from Exercise 5 that for n > 3,

n—2
3
31.24 b, = E brbn_k—1-
(31.24) (2n+3)(n—2) = """
In particular, we have
1 3
by = b7, by=-—bib
3 3 1 4 11 1Y2,

and

_ 1 2 _i 2 23
bs = == (b3 + 2b1bo) = (b2+ 3b1).

7. Deduce from Exercise 6 that if

1
(31.25) on =Y 5
w n

then for n > 3,
(3126) Op = Pn(027 0-3>7

where P, (02,03) is a polynomial in o2 and o3 with coefficients that are positive, rational
numbers. Use (31.16) to show that

(31.27) = 1( + eze3 + eres) -
. 09 = B €1eg + ege3 +e1€3), 03 = 35 €1€2€3.

Note that b, = (2n 4+ 1)o,4+1. Note also that g in (31.17)—(31.18) satisfy go = 6002 and
gs = 14003.

8. Given f as in Exercise 1, show that

(31.28) ﬁ / J;/((j)) dz € Z,

o

whenever ¢ is a closed curve in Ty that avoids the zeros and poles of f.
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9. Again take f as in Exercise 1. Assume f has zeros at p; € Ty, of order m;, and poles

at q; € Ty, of order n;, and no other zeros or poles. Show that

(31.29) ijpj - anqj =0 (mod A).
Hint. Take v as in Exercise 1, and consider
1 [f'(2)
1. — dz.
(31.30) 5 / B zdz
v

On the one hand, Cauchy’s integral theorem (compare (5.19)) implies (31.30) is equal
to the left side of (31.29), provided p; and ¢; are all in the period domain. On the other
hand, if v consists of four consecutive line segments, o1, 0, 03, 04, periodicity of f/(z)/f(z2)

implies that (31.30) equals
W2
31.31 ——
( ) 21 /
o1

Use Exercise 8 to deduce that the coefficients of wy and ws in (31.31) are integers.

PE o (PG,
72) © T o / 2 &

10. Deduce from (31.5) that

(31.32) utv+w=0=det | pv) ) 1] =0

11. Deduce from (31.5) that

(31.33) 0(22) = i(z /,/((j)))Q —20(2).

Hint. Set « = —z + h in (31.5) and let A — 0.

12. Deduce from (31.33), in concert with (31.17) and (31.22), that

p(22) = R(p(2)),
with
_ 4 (92/2)C% + 295C + (92/4)”

R(¢) 4¢3 — g2¢ — g3

13. Use (31.3) and (31.5), plus (31.7), to write (45(2) (as in (31.3)) in the form (31.4),

Cab(2) = Q(p(2)) + R(p(2))¢' (2).

ie.,



348

32. Theta functions and p

We begin with the function

(32.1) 9(1:715) _ Z e*ﬂ'nZteQﬂiTLJ}?
ne

defined for x € R, t > 0, which solves the “heat equation”

29 1 9%0

Note that 6 is actually holomorphic on {(z,t) € C x C: Ret > 0}. It is periodic of period
lin x; O(x + 1,t) = O(x,t). Also one has

(32.3) O(x +it,t) = ™ 2™G(x, 1).

This identity will ultimately lead us to a connection with g(z). In addition, we have

(324) 9(:17 + 1’ t> — Z(_l)ne—ﬂ'nzt€27ﬂjnw,

2
neZ
and
(325) 0(33 + %t, t) = eTrt/4 Z 6_7'?(77«-"-1/2)21562#7:71337
neZ

which introduces series related to but slightly different from that in (32.1).
Following standard terminology, we set —t = i7, with Im7 > 0, and denote 6(z, —iT)
by

2 . . 2
(32.6) 193(2,7’) — Z e 7rz7—e2n7mz _ Zp2nqn ,

nez nez

where
(32.7) p=e€"%  q=e"".

This theta function has three partners, namely

(328) 194(2’77') — Z(_l)nenQﬂ'iTeZTrinz _ Z(—l)npznqn27

nez neZ
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and
(329) 191(2’ 7') =1 Z(_1)n6(n71/2)27Ti76(2n71)7riz - Z(_l)npgnflq(nil/mzy
ne” nez
and finally
(32.10) ’192(2," ’T) = Z e(nil/Z)QﬂiT€(2n71)Tm‘z — ZPanlq(nfl/Q)Q .
nez nez

We will explore these functions, with the goal of relating them to p(z). These results are
due to Jacobi; we follow the exposition of [MM].

To begin, we record how 9,(z + ) is related to ¥4 (z) for various values of a. Here and
(usually) below we will suppress the 7 and denote ¥;(z,7) by ¥;(2), for short. In the table
below we use
1/4

—miz—miT /4

= e s b = p—2q—1 =

a = p—lq— 6—27Tzz—7r17'.

Proofs of the tabulated relations are straightforward analogues of (32.3)-(32.5).

Table of Relations among Various Translations of 9;

z4+1/2  z4+7/2 z+1/2+7/2 z+1 z4+T z4+1471
191 192 ia194 a193 —191 —1)191 blgl
192 —191 a193 —Z.Cl’l94 —192 b’l92 —b’£92
793 794 aﬁg im?l 193 b193 b193
194 193 ia191 CL192 ’194 —b194 —b194

An inspection shows that the following functions

(32.11) Fiu(z) = <gi—8>2
satisfy
(32.12) Fip(z+w) = Fjp(z), VweA,
where
(32.13) A={k+{lr:klecZ}
Note also that
(32.14) Gz = )
9;(2)
satisfies
(32.15) Gij(z+1)=Gj(2), Gj(z+71)=Gj(2)—2mi.

To relate the functions Fj; to previously studied elliptic functions, we need to know the
zeros of ¥ (z). Here is the statement:
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Proposition 32.1. We have

1
V1(2) =0 2z € A, 192(Z>:0<:>Z€A+§,
(32.16)

1
vg(z):o@zeA+§+%, 194(2):0<:>z€A+%.

Proof. In view of the relations tabulated above, it suffices to treat ¥1(z). We first note
that

(32.17) 191(—2) = —191(2).

To see this, replace z by —z in (32.8) and simultaneously replace n by —m. Then replace
m by n — 1 and observe that (32.17) pops out. Hence ¥J; has a zero at z = 0. We claim it
is simple and that ¥; has no others, mod A. To see this, let v be the boundary of a period
parallelogram containing 0 in its interior. Then use of (32.15) with j = 1 easily gives

1 [91(2)

2mi | Y1(2)
v

dz =1,

completing the proof.
Let us record the following complement to (32.17):

The proof is straightforward from the defining formulas (32.6)—(32.9).
We are now ready for the following important result. For consistency with [MM], we
slightly reorder the quantities eq, eo, e3. Instead of using (31.6), we set

w1 w1 + wo w9y
21 =o(3) e=o(T5 ) e=o(%)
(32.19) e1=p(5 er =@ 5 es=p(

where, in the current setting, with A given by (32.13), we take w; = 1 and wy = 7.

Proposition 32.2. For p(z) = p(z;A), with A of the form (32.13) and ¥;(z) = V;(z, 1),

(32.20) - (

Proof. We have from (32.11)-(32.13) that each function P;(z) on the right side of (32.20)
is A-periodic. Also Proposition 32.1 implies each P; has poles of order 2, precisely on
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A. Furthermore, we have arranged that each such function has leading singularity 22
as z — 0, and each P; is even, by (32.17) and (32.18), so the difference p(2) — P;(2) is
constant for each j. Evaluating at z = 1/2, (1 + 7)/2, and 7/2, respectively, shows that

these constants are zero, and completes the proof.

Part of the interest in (32.20) is that the series (32.6)—(32.10) for the theta functions are
extremely rapidly convergent. To complete this result, we want to express the quantities
e; in terms of theta functions. The following is a key step.

Proposition 32.3. In the setting of Proposition 32.2,

€1 — €y = (gigg;gigg;)Q = 7'('2194(0)4a

(32.21) e —e5 = (%)2 = m293(0)%,
_(V1(0)92(0)\2

2T (193(0)794(0)> = m*0(0)*

Proof. To get the first part of the first line, evaluate the second identity in (32.20) at
z = 1/2, to obtain

o e :< 1(0) .193(1/2)>2
TR \w(1/2) vs(0)

and then consult the table to rewrite ¥3(1/2)/91(1/2). Similar arguments give the first
identity in the second and third lines of (32.21). The proof of the rest of the identities
then follows from the next result.

Proposition 32.4. We have

(32.22) 9,(0) = 795(0)93(0)04(0).

Proof. To begin, consider
p(2) = 01(22) 7 01(2)92(2)03(2)Ya(2).

Consultation of the table shows that ¢(z + w) = ¢(z) for each w € A. Also ¢ is free of
poles, so it is constant. The behavior as z — 0 reveals the constant, and yields the identity

(32.23) 91(22) = 2 Y

Now applying log, taking (d/dz)?, evaluating at z = 0, and using

(32.24) 97(0) = ¥5(0) = 93(0) = 9,(0) = 0,



352

(a consequence of (32.17)—(32.18)), yields

07(0) _ 95(0) | 95(0) , 94(0)

(32.25) 91(0) ~ 92(0) T 93(0) ' 94(0)

Now, from (32.2) we have

0V 1 9%9;
2.2 ) - J
(32.26) or 4w 0227
and computing
(32.27) % [log 92(0,7) + log9I3(0,7) + log 94(0, 7) — log ¥ (0, 7)

and comparing with (32.25) shows that

(32.28) 92(0,7)93(0,7)94(0,7)/91(0,7) is independent of 7.
Thus
(32.29) 91(0) = Ad2(0)93(0)94(0),

with A independent of 7, hence independent of ¢ = e™7. As ¢ — 0, we have
(32.30) 91(0) ~ 2mq' /4, 09(0) ~ 2¢M4, 93(0) ~ 1, 94(0) ~ 1,

which implies A = 7, proving (32.22).

Now that we have Proposition 32.3, we can use (e; —e3) — (e1 — e2) = e3 — e3 to deduce
that

(32.31) 93(0)* = 95(0)* + 94(0)*.
Next, we can combine (32.21) with
(32.32) e1+es+e3=0

to deduce the following.
Proposition 32.5. In the setting of Proposition 32.2, we have

2

€1 = % [193 (0)4 + 194(0)4}7
(32.33) ey = %2 [92(0)* — 94(0)*],
€3 = —%2 [92(0)* + 93(0)"].
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Thus we have an efficient method to compute p(z; A) when A has the form (32.13). To
pass to the general case, we can use the identity

(32.34) oz al) = a—lz p(z A).

—
a

See Appendix K for more on the rapid evaluation of p(z;A).

Exercises
1. Show that
d ¥ (2)
32.35 — L b

with p(z) = p(2;A), A asin (32.13). Show that

9 (w1/2)0h (w1/2) — 99 (w1/2)*

32.36 =-1, b=
( ) ¢ ’ at V1 (w1/2)? ’

where w1 =1, wy = 7.

2. In the setting of Exercise 1, deduce that {,,(z;A), given by (30.17), satisfies

Vi(z—a) i(z—b)
Ca,b(z; A) = -
(32.37) itz . )(Z _1932 Y
= — log ! .
dz 791 (Z - b)
3. Show that, if a # e;,
(32.38) p(Z) —a Alq —a(z) + B,

where p(+a) = a. Show that

(32.39) A=
Identity B.

4. Give a similar treatment of 1/(p(2) —a) for a = e;. Relate these functions to p(z —@;),
with @; found from (32.19).

5. Express g2 and g3, given in (31.17)—(31.18), in terms of theta functions.
Hint. Use Exercise 7 of §31, plus Proposition 32.5
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33. Elliptic integrals

The integral (31.8) is a special case of a class of integrals known as elliptic integrals,
which we explore in this section. Let us set

(33.1) q(¢) = (¢ —e1)(C — e2)(¢ — es).

We assume e; € C are distinct and that (as in (31.15))
(33.2) e1+ex+e3 =0,

which could be arranged by a coordinate translation. Generally, an elliptic integral is an
integral of the form

¢1
(33.3) /C R(¢, v/a(0)) d.

where R((,n) is a rational function of its arguments. The relevance of (31.8) is reinforced
by the following result.

Proposition 33.1. Given distinct e; satisfying (33.2), there exists a lattice A, generated
by wy,ws € C, linearly independent over R, such that if p(z) = p(z;A), then

(33.4) p(“;—f> —¢;, 1<j<3,

where wg = wy + ws.

Given this result, we have from (31.7) that

(33.5) ¢'(2)% = 4q(p(2)),

and hence, as in (31.8),

1 ¢ g4
(33.6) —/ ¢ _ z—z9, mod A.
2Jp

(z0) V4(C)

The problem of proving Proposition 33.1 is known as the Abel inversion problem. The
proof requires new tools, which will be provided in §34. We point out here that there is
no difficulty in identifying what the lattice A must be. We have

1 [9 d¢  wj
(33.7) 5/00 0 7‘7, mod A,
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by (33.6). One can also verify directly from (33.7) that if the branches are chosen appro-
priately then ws = wy + ws. It is not so clear that if A is constructed directly from (33.7)
then the values of p(z;A) at z = w;/2 are given by (33.4), unless one already knows that
Proposition 33.1 is true.

Given Proposition 33.1, we can rewrite the elliptic integral (33.3) as follows. The result
depends on the particular path ~y; from (y to ¢(; and on the particular choice of path
001 in C/A such that p maps 0p; homeomorphically onto 7p1. With these choices, (33.3)
becomes

1
(33.9) [ (050 ¢))9':)
or, as we write more loosely,

(33.9) [ (o). 59)) 9 )

where zy and z; are the endpoints of o¢1, satisfying p(z;) = ¢;. It follows from Proposition
31.2 that

(33.10) R(9(2), 50/(2))9/(2) = Ra(p(2) + Ralo(2)6/(2),

for some rational functions R;(¢). In fact, one can describe computational rules for pro-
ducing such R, by using (33.5). Write R((,n) as a quotient of polynomials in (¢, 7) and
use (33.5) to obtain that the left side of (33.10) is equal to

Pi(p(2)) + Pa(p(2))¢(2)
(33.11) Q1(p(2)) + Q2(p(2))¢’ (2)’

for some polynomials PJ( (),Q;(¢). Then multiply the numerator and denominator of
(33.11) by Q1(p(z)) — Q2(p(2))e’(2) and use (33.5) again on the new denominator to
obtain the right side of (33.10).

The integral of (33.3) is now transformed to the integral of the right side of (33.10).
Note that

¢

(3312) | Relotane)a: = [ m@dc G =o)
0

This leaves us with the task of analyzing

(33.13) | R

20

when R;(C) is a rational function.
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We first analyze (33.13) when R;(() is a polynomial. To begin, we have

(33.14) / o2 dz = C(z0) — (),

20

by (30.15), where ((z) = ((z;A) is given by (30.14). See (32.35)—(32.36) for a formula in
terms of theta functions. Next, differentiating (33.5) gives (as mentioned in Exercise 5 of

§31)

(33.15) o'() = 24 (9(2) = 69(=)* — 500
(33.10 6 [ (e s = of(20) — ¢/ ao) + L (a1 — 0).

We can integrate p(z)**2 for k € N via the following inductive procedure. We have

d

33.17 —
(33.17) 7

(¢ (2)p(2)*) = 9" (2)p(2)" + k' (2)*p(2)" "

Apply (33.15) to ¢”(2) and (33.5) (or equivalently (31.17)) to p’(z)? to obtain

d
(33.18) - (0 (2)p(2)") = (6 + 4k)p(2)"** — (34 k)gap(2)" — kgap(2)* .
From here the inductive evaluation of fzzol o(2)k+2dz, for k = 1,2,3,. .., is straightforward.

To analyze (33.13) for a general rational function R;((), we see upon making a partial
fraction decomposition that it remains to analyze

z1
(33.19) / (p(2) — a)~“dz,
£
for £ = 1,2,3,.... One can also obtain inductive formulas here, by replacing o(z)*¥ by
(p(z) — a)* in (33.18) and realizing that k need not be positive. We get
d _
(33.20) — (' (2)(0(z) - a)*) = ¢"(2)(p(2) — a)* + ko' (2)*(p(2) — )" 1.
Now write

0'(2)* = das(p(2) — a)® + daz(p(2) — a)” + don(p(2) — a) + da,

(33.21) . ,
P (2) = 242(p(2) — a)” + 241 (p(2) — a) + 2A,
where
(4) (G+1)
(33.22) a; =1 j!(“), 4, =1 ] (a)
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to obtain

(o) ~ )
(33.23) = (242 + 4kas)(p(2) — @) + (241 + 4kas)(p(z) — a)F
+ (240 + 4kay) (p(2) — a)® + dkag(p(2) — a)* L.

Note that
(33.24) ag = q(a), 24g+4kay = (24 4k)d (a).

Thus, if a is not equal to e; for any j and if we know the integral (33.19) for integral
¢ < —k (for some negative integer k), we can compute the integral for £ = 1 — k, as long
as k # 0. If a = e; for some j, and if we know (33.19) for integral ¢ < —k — 1, we can
compute it for £ = —k, since then ¢'(a) # 0.

At this point, the remaining case of (33.19) to consider is the case ¢ =1, i.e.,

(33.25) / E %.

See Exercises 2-4 of §32 for expressions of (p(z) —a)~! in terms of logarithmic derivatives
of quotients of theta functions.

Note that the cases £ =0, —1, and 1 of (33.19) are, under the correspondence of (33.3)
with (33.8), respectively equal to

¢1 dc 1 dC ¢1 1 dC
(33.26) /< O / ok / , (=0 VO

These are called, respectively, elliptic integrals of the first, second, and third kind. The
material given above expresses the general elliptic integral (33.3) in terms of these cases.
There is another family of elliptic integrals, namely those of the form

(33.27) I= / R(¢. Q) d.

where R((,n) is a rational function of its arguments and Q(() is a fourth degree polynomial:

(33.28) Q(¢) = (¢ —ao)(¢ —a1)(¢ — az)(¢ — as3),

with a; € C distinct. Such integrals can be transformed to integrals of the form (33.3),
via the change of variable

(33.29) r=
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One has

1 1/1 1 1

oft o) -1+ v-) (o)t )
(3330) T T \T T T
= —7_—4(7' —e1)(T —ex)(T —e3),
where
1
(3331) A= (a1 — ao)(a2 — ao)(ag — ao), €; = .
a; — agp

Then we have

(33.32) = [t v a0 YA Vam) S o

T

with ¢(7) as in (33.1). After a further coordinate translation, one can alter e; to arrange
(33.2).

Elliptic integrals are frequently encountered in many areas of mathematics. Here we
give two examples, one from differential equations and one from geometry.

Our first example involves the differential equation for the motion of a simple pendulum,
which takes the form

2

(33.33) 6% + g sinf =0,
where ¢ is the length of the pendulum g the acceleration of gravity (32 ft./sec.? on the
surface of the earth), and 6 is the angle the pendulum makes with the downward-pointing
vertical axis. The total energy of the pendulum is proportional to

1/doN2 g
(33.34) E= §<%> 2 cosd.

Applying d/dt to (33.34) and comparing with (33.33) shows that E is constant for each
solution to (33.33), so one has

1 df g
. — — =+4/E + = cosd
(33.35) 7 dt + g cost,

or

(33.36) = V2t +,

do
Y
/ VE +acosf
with a = g/¢. With ¢ = 0/2, cos2p =1 — 2sin? ¢, we have

t
:——}—6/7

i/ g
Vo — Bsin? ¢ 2

(33.37)
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with o = F + a, 8 = 2a. Then setting ( = sin ¢, d{ = cos ¢ dp, we have

t
:——|—c/,

i/ V=831 -¢3) V2

which is an integral of the form (33.27). If instead in (33.36) we set ( = cos#, so d( =
—sin 6 df, we obtain

(33.38)

(33.39) = V2t 4+,

¢
7/ NCETRI )

which is an integral of the form (33.3).
In our next example we produce a formula for the arc length L(#) of the portion of the
ellipse

(33.40) z(t) = (a cost,b sint),
fromt=0tot=0. We assume a > b > 0. Note that

|2/ (t)|* = a®sin®t + b? cos? t

33.41
( ) = b2 4 ?sin’t,
with ¢ = a? — b2, so
0
(33.42) L(0) = / Vb2 + c2sin® t dt.
0
With ( =sint, u = sinf, this becomes
/ /b2 4+ 202 ——
/1— (2
(33.43) 5 9.9
b + c*C

dg,

\/ 1_C2 b2—1—02C2)

which is an integral of the form (33.27).

Exercises

1. Using (33.7) and the comments that follow it, show that, for j = 1,2,

€3 .,
(33.44) 1 / 4 _ 90 hod A,
2 €j q(¢) 2
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where j/ =2ifj=1, j/=1if j = 2.

2. Setting ey; = e} — ej, show that

1 [t d¢ 12\ (=12 1 pkterle
(33.45) - 3 ( /)( /) L
2 Je, V(<) 2\/612613 C )efyels k+0+1/2

k,£=0

is a convergent power series provided |n| < min(|e; — ez, |e; —e3|). Using this and variants
to integrate from e; to e; + 7 for j = 2 and 3, find convergent power series for w;/2 (mod
A).

3. Given k # £1, show that

/ _ 1 dr
V(1= ¢)(k2 - ¢?) 2(1-k?) q(r)’

e 0= (D ) )

In Exercises 4-9, we assume e; are real and e; < ex < e3. We consider

[
er V(¢ —e1)(C—ez)(¢ —es)

(33.46)

with

4. Show that
do
wg = 2/
(33.48) 0 \/ (e3 — ez)sin® 0 4 (e — e1) cos2
=2I(e3 — e2,/e3 — €1),
where
do
(33.49) I(r,s) = / :
0 /r2sin?6 + s2cos2 0
Note that in (33.48), 0 <7 < s.
Exercises 5-7 will be devoted to showing that
7r
33.50 I = —

if 0 < r < s, where M(s,r) is the Gauss arithmetic-geometric mean, defined below.
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5. Given 0 < b < a, define inductively

ar +b
(33.51) (a0, bo) = (a,b), (ak+1,bk+1):< < k,\/akbk>.

Show that
ag > a; >ag > - > by > by > by.

Show that
ai—l—l - biﬂ = (ak+1 — ax)?.

Monotonicity implies ay — ax+1 — 0. Deduce that ary1 — br+1 — 0, and hence

(33.52) lim ap = lim by = M(a,b),

k—o00 k—o00

the latter identity being the definition of M (a,b). Show also that

1
ai—&—l - bi+1 = Z(ak — bk)Q;

hence

(ar — bk)Q'

33.53 —-b =
( ) Ap41 k+1 8ak+2

Deduce from (33.53) that convergence in (33.52) is quite rapid.

6. Show that the asserted identity (33.50) holds if it can be demonstrated that, for 0 <
r < s,

(33.54) I(r,s) = I(\/E, r ‘; 8).

Hint. Show that (33.54) = I(r,s) = I(m,m), with m = M (s, ), and evaluate I(m,m).

7. Take the following steps to prove (33.54). Show that you can make the change of
variable from 6 to ¢, with

2ssin ¢

33.55 inf = )
( ) i (s+r)+(s—r) sin? ¢

™
0<p< —
_90_2a

and obtain

7r/2 2d
(33.56) I(r,s) = / Ld
0 \/47’3 sin? o

+ (s +1r)2cos? ¢
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Show that this yields (33.54).

8. In the setting of Exercise 4, deduce that

™

(33.57) s = ST =)

9. Similarly, show that

“’1:/63 Ve dfezxc—eg)

/2 db
(33.58) = 2i /
%

(e2 —e1)sin? 0 + (e3 — e1) cos2

(\/63—617\/62—61)'

10. Set = = sinf to get

/ \/1—62311& / \/1—952 — B?z?)
Write 1 — 82sin?0 = (1 — 32)sin® @ + cos? @ to deduce that

dx T

(33.59) 1 =

VA —2?)(1-5%?)  2M(1,\/1-5?)

if e (—1,1).

11. Parallel to Exercise 10, show that

/ do B /1 dx
0 /14 B2sin?6 0 \/(1—962)(14-52:5’2)7
and deduce that

™

(33.60)

/o VAT FPa?) M1+ 52 1)

if 5 € R. A special case is

(33.61) /0 =i = MATD

For more on the arithmetic-geometric mean (AGM), see [BB].
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34. The Riemann surface of /¢(()

Recall from §33 the cubic polynomial
(34.1) q(¢) = (¢ —e1)(C —e2)(¢ —es),

where e, eq,e3 € C are distinct. Here we will construct a compact Riemann surface M
associated with the “double valued” function \/q(¢), together with a holomorphic map

(34.2) ¢: M — C,

and discuss some important properties of M and . Here C=CuU {o0} is the Riemann
sphere, introduced in §22 and identified there with S?. We will use the construction of ¢ to
prove Proposition 33.1. Material developed below will use some basic results on manifolds,
particularly on surfaces. Background material on this is given in Appendix D. Further
material can be found in basic topology and geometry texts, such as [Mun] and [Sp].

To begin, we set e4 = 00 in C. Reordering if necessary, we arrange that the geodesic
~v12 from e; to e is disjoint from the geodesic v34 from ez to e4. We slit C along 12 and
along 734, obtaining X, a manifold with boundary, as illustrated in the top right portion
of Fig. 34.1. Now

(34.3) M=X1UXy/ ~,

where X7 and X5 are two copies of X, and the equivalence relation ~ identifies the upper
boundary of X; along the slit 15 with the lower boundary of X5 along this slit and vice-
versa, and similarly for vs4. This is illustrated in the middle and bottom parts of Fig. 34.1.
The manifold M is seen to be topologically equivalent to a torus.

The map ¢ : M — C in (34.2) is tautological. It is two-to-one except for the four
points p; = ¢ !(e;). Recall the definition of a Riemann surface given in §22, in terms
of coordinate covers. The space M has a unique Riemann surface structure for which
¢ is holomorphic. A coordinate taking a neighborhood of p; in M bijectively onto a
neighborhood of the origin in C is given by ¢;(z) = (p(x) — e;)1/2, for 1 < j < 3,
with ¢(z) € ((Aj, and a coordinate mapping a neighborhood of py in M bijectively onto a
neighborhood of the origin in C is given by 4 (x) = p(z)~1/2.

Now consider the double-valued form d¢/+/q(¢) on C, having singularities at {e;}. This
pulls back to a single-valued 1-form o on M. Noting that if w? = ¢ then

dg¢
4.4 — =9(
(34.4) NG 2 dw,

and that if w? = 1/¢ then
d¢
/C3

we see that « is a smooth, holomorphic 1-form on M, with no singularities, and also that
« has no zeros on M. Using this, we can prove the following.

(34.5) = —2dw,
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Proposition 34.1. There is a lattice A9 C C and a holomorphic diffeomorphism

(34.6) b M — C/A,.

Proof. Given M homeomorphic to S x S*, we have closed curves ¢; and ¢y through p;

in M such that each closed curve v in M is homotopic to a curve starting at p;, winding

ny times along ci, then ny times along ¢y, with n; € Z. Say w; = fc} «. We claim w; and
J

wy are linearly independent over R. First we show that they are not both 0. Indeed, if
w1 = wo = 0, then

(34.7) U(z) = /p a

would define a non-constant holomorphic map ¥ : M — C, which would contradict the
maximum principle. Let us say ws # 0, and set 8 = w; 'a. Then ¥y (z) = fpzo B is well
defined modulo an additive term of the form j + k(w;/ws), with j, k € Z. If wy /we were
real, then ImW¥; : M — R would be a well defined harmonic function, hence (by the
maximum principle) constant, forcing ¥ constant, and contradicting the fact that a # 0.

Thus we have that A; = {niwi + nowa : n; € Z} is a lattice, and that (34.7) yields a
well defined holomorphic map

(34.8) U: M — C/A,.

Since a is nowhere vanishing, ¥ is a local diffeomorphism. Hence it must be a covering
map. This gives (34.6), where Ag is perhaps a sublattice of A;.

We now prove Proposition 33.1, which we restate here.

Proposition 34.2. Let ey, es, ez be distinct points in C, satisfying
(349) el +ex+e3 = 0.

There exists a lattice A C C, generated by wi,ws, linearly independent over R, such that
if p(z) = p(z;A), then

(34.10) p(—') —e;, 1<j<3,

where w3 = w1 + ws.

Proof. We have from (34.2) and (34.6) a holomorphic map
(34.11) ®:C/Ay — C,

which is a branched double cover, branching over eq, e, e3, and co. We can regard ® as a
meromorphic function on C, satisfying

(34.12) O(z+w) =P(2), YweE Ap.
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Furthermore, translating coordinates, we can assume ® has a double pole, precisely at
points in Ag. It follows that there are constants a and b such that

(34.13) O(z) = apo(z)+b, acC* beC,

where po(z) = p(z; Ag). Hence ®'(z) = agp(z), so by Proposition 31.1 we have
’ Woj
(34.14) ¥(z)=0¢=2="2 mod Ao,

where wp1, woz generate Ay and wps = wo1 + wp2. Hence (perhaps after some reordering)

(34.15) e; = apo (%) +b.

Now if e = po(wo;/2), we have by (31.15) that e] + e5 + e5 = 0, so (34.9) yields
(34.16) b=0.

Finally, we set A = a=/2A¢ and use (32.34) to get

(34.17) o(z;A) = ap(a'/?z; Ay).

Then (34.10) is achieved.

We mention that a similar construction works to yield a compact Riemann surface
M — C on which there is a single valued version of /q(¢{) when

(34.18) a(¢) = (¢ —e1) (¢ —em),

where e; € C are distinct, and m > 2. If m = 2¢g 4 1, one has slits from ez;_; to ey;, for
j=1,...,g9, and a slit from ez441 to 0o, which we denote egg42. If m = 2g + 2, one has
slits from ep;_1 to ey, for j = 1,...,9 + 1. Then X is constructed by opening the slits,
and M is constructed as in (34.3). The picture looks like that in Fig. 34.1, but instead of
two sets of pipes getting attached, one has g+ 1 sets. One gets a Riemann surface M with
g holes, called a surface of genus g. Again the double-valued form d({/+/q(¢) on C pulls
back to a single-valued 1-form o on M, with no singularities, except when m = 2 (see the
exercises). If m = 4 (so again g = 1), @ has no zeros. If m > 5 (so g > 2), a has a zero
at ¢~ !(c0). Proposition 34.1 extends to the case m = 4. If m > 5 the situation changes.
It is a classical result that M is covered by the disk D rather than by C. The pull-back
of a to D is called an automorphic form. For much more on such matters, and on more
general constructions of Riemann surfaces, we recommend [FK] and [MM].

We end this section with a brief description of a Riemann surface, conformally equivalent
to M in (34.3), appearing as a submanifold of complex projective space CPP2. More details
on such a construction can be found in [Cl] and [MM].



366

To begin, we define complex projective space CP™ as (C"T1\ 0)/ ~, where we say z and
2/ € C"1\ 0 satisfy 2z ~ 2’ provided 2z’ = az for some a € C*. Then CP™ has the structure
of a complex manifold. Denote by [z] the equivalence class in CP™ of z € C"™1\ 0. We
note that the map

(34.19) k: CP' — CU {oc} =C,
given by

K([(21,22)]) = 21/22, 22 #0,

(34.20)
£([(1,0)]) = oo,
is a holomorphic diffeomorphism, so CP! ~ C ~ S2.

Now given distinct ej,es,e3 € C, we can define M, C CP? to consist of elements
[(w, ¢, t)] such that (w,(,t) € C3\ 0 satisfies

(34.21) w?t = (¢ — e1t)(C — eat)(¢ — est).

One can show that M, is a smooth complex submanifold of CP2?, possessing then the
structure of a compact Riemann surface. An analogue of the map (34.2) is given as
follows.

Set p =[(1,0,0)] € CP?2. Then there is a holomorphic map

(34.22) ¢ : CP?\ p — CP*,
given by
(34.23) Y([(w, ¢, 0)]) = [(¢, )]

This restricts to M, \ p — CP'. Note that p € M,. While ¢ in (34.22) is actually singular
at p, for the restriction to M, \ p this is a removable singularity, and one has a holomorphic
map

(34.24) ¢e : M, — CP' ~ C ~ 52,

given by (34.22) on M, \ p and taking p to [(1,0)] € CP!, hence to oo € CU{cc}. This map
can be seen to be a 2-to-1 branched covering, branching over B = {ej, ez, e3,00}. Given
q € C, qg¢ B, and a choice r € p~!(¢) C M and r. € ¢.'(q) C M., there is a unique
holomorphic diffeomorphism

(34.25) I': M — M.,

such that I'(r) = r. and p = p. oI
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Exercises
1. Show that the covering map W in (34.8) is actually a diffeomorphism, and hence Ay = A;.

2. Suppose Ay and A; are two lattices in C such that T,, and T, are conformally
equivalent, via a holomorphic diffeomorphism

(34.26) £:C/Ag — C/A,.

Show that f lifts to a holomorphic diffeomorphism F' of C onto itself, such that F'(0) = 0,
and hence that F(z) = az for some a € C*. Deduce that A; = al.

3. Consider the upper half-plane 4 = {7 € C: Im7 > 0}. Given 7 € U, define
(34.27) A(T) ={m+n7t:m,n € Z}.

Show that each lattice A C C has the form A = aA(7) for some a € C*, 7 € U.
4. Define the maps o, : U — U by

(34.28) a(r) = -2, B =r1+1.

Show that, for each 7 € U,

(34.29) Aa(r) =7 A1), AB(1)) = A(T).

5. Let G be the group of automorphisms of U generated by a and 3, given in (34.28).
Show that if 7,7/ € U,

(34.30) C/A(1) ~ C/A(T"),

in the sense of being holomorphically diffeomorphic, if and only if

(34.31) 7" =~(1), for some € G.

6. Show that the group G consists of linear fractional transformations of the form

at +b a b
4.32 L =—\ A=
(3432 A= A= (00,

where a,b,¢c,d € Z and det A =1, i.e., A € SI(2,Z). Show that

G ~ SI(2,Z)/{=I}.
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In Exercises 7-8, we make use of the covering map ¥ : &/ — C\ {0, 1}, given by (26.5),
and results of Exercises 1-8 of §26, including (26.10)—(26.11), i.e.,

(34.33) U(a(r)) = , U(B(r)=1—Y(7).

7. Given 7,7 € U, we say T ~ 7" if and only if (34.30) holds. Show that, given

(34.34) 7T eU, w=Y(r), w =¥(7")eC\{0,1},
we have
(34.35) T~7 < w = F(w) for some F €g,

where G is the group (of order 6) of automorphisms of C \ {0,1} arising in Exercise 7 of
§26.

8. Bringing in the map H : §? — S? arising in Exercise 9 of §26, i.e.,

4 (w?—w+1)3

(34.36) H(w) = 5 T e

satisfying (26.23), i.e.,

(34.37) H(%) = H(w), H(l—w)=H(w),
show that
(34.38) w' = F(w) for some F € § <= H(w')= H(w).

Deduce that, for 7,7/ € U,

(34.39) T~T < HoVU(r") = Ho V(7).

Exercises 9-14 deal with the Riemann surface M of /¢(¢) when
(34.40) a(¢) = (¢ —e1)(¢ — e2),
and e1, es € C are distinct.

9. Show that the process analogous to that pictured in Fig. 34.1 involves the attachment
of one pair of pipes, and M is topologically equivalent to a sphere. One gets a branched
covering ¢ : M — C, as in (34.2).
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10. Show that the double-valued form d{/+/q(¢) on C pulls back to a single-valued form
a on M. Using (34.4), show that « is a smooth nonvanishing form except at {p1,p2} =
¢~ (00). In a local coordinate system about p; of the form ¢;(z) = p(x)~!, use a variant
of (34.4)—(34.5) to show that « has the form

(34.41) o= (—1)3'M dz,
where g(z) is holomorphic and ¢(0) # 0.

11. Let ¢ be a curve in M \ {p1,p2} with winding number 1 about p;. Set

(34.42) w:/a, L={kw:keZ}CC.

c

Note that Exercise 10 implies w # 0. Pick ¢ € M \ {p1,p2}. Show that

(34.43) U(z) = /Z a

yields a well defined holomorphic map

(34.44) U M\ A{p1,p2} — C/L.

12. Show that ¥ in (34.44) is a holomorphic diffeomorphism of M \ {p1,p2} onto C/L.
Hint. To show W is onto, use (34.41) to examine the behavior of ¥ near p; and ps.

13. Produce a holomorphic diffeomorphism C/L ~ C\ {0}, and then use (34.44) to obtain
a holomorphic diffeomorphism

(34.45) Uy M\ {p1,p2} — C\ {0, 00}
Show that this extends uniquely to a holomorphic diffeomorphism

(34.46) U, : M —s C.

14. Note that with a linear change of variable we can arrange e; = (—1)7 in (34.40). Relate
the results of Exercises 9-13 to the identity

(34.47) /2(1 —¢H)7V2d¢ =sin"t 2z (mod 27Z).
0
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K. Rapid evaluation of the Weierstrass p-function

Given a lattice A C C, the associated Weierstrass p-function is defined by

(K.1) (2 A) = Zi2 S (ﬁ - %)

0£BEA

This converges rather slowly, so another method must be used to evaluate p(z; A) rapidly.
The classical method, which we describe below, involves a representation of g in terms of
theta functions. It is most conveniently described in case

(K.2) A generated by 1 and 7, Im7 > 0.

To pass from this to the general case, we can use the identity
(K.3) (z;al) L (Z A>
. z;al) = —:A).
P2 29\

The material below is basically a summary of material from §32, assembled here to clarify
the important application to the task of the rapid evaluation of (K.1).
To evaluate p(z; A), which we henceforth denote p(z), we use the following identity:

1(0) 192(2“)>2
192(0 191(2) ’

See (32.20). Here e; = p(w1/2) = p(1/2), and the theta functions ¥;(z) (which also
depend on w) are defined as follows (cf. (32.6)—(32.10)):

(K.4) o(z) =1+ (

~—

oo

D) =i 3 ()i,

n=—oo

> 2
192(2)2 Z p2n—1q(n—1/2)’

(K.5) .
93(z) = Y p™¢",
e 2
da(z) = Y (=1)"p™"q" .
Here
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with 7 as in (K.2).
The functions ¥, and ¥4 appear in (K.4). Also ¥3 and 1,4 arise to yield a rapid evaluation
of ey (cf. (32.33)):

2

(K.7) e1 = % [95(0)* + 94(0)"].

Note that (d/dz)p?"~! = 7i(2n — 1)p**~1 and hence

(K.8) S Z —1)gn1/2’,

n=—oo

It is convenient to rewrite the formulas for ¥ (z) and ¥5(z) as

2
E : (n—1/2) (p2n—l _pl—2n)7
(K.9)

Zq(n 1/2)2 2n—1 +p1—2n).

also formulas for 9] (0) and 9,(0), which appear in (K.4) and (K.7), can be rewritten:

— _271-2 )q" 1/2)2

(K.10) =l

Rectangular lattices

We specialize to the case where A is a rectangular lattice, of sides 1 and L, more
precisely:

(K.11) A generated by 1 and iL, L >0.
Now the formulas established above hold, with 7 = L, hence

(K.12) g=e "L
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Since ¢ is real, we see that the quantities 9] (0) and ¥;(0) in (K.10) are real. It is also
convenient to calculate the real and imaginary parts of 9,(z) in this case. Say

(K.13) z =u+1iv,
with 4 and v real. Then
(K.14) pPTl = g (@n—Dm [cos(2n — 1)mu + isin(2n — 1)mu].

We then have

Re(—i01(2)) = — Z(—l)"q("_1/2)2 [6(2"_1)7”’ — e_(2”_1)7”’] cos(2n — 1)mu,

(K.15) o
Im(—iv1(2)) = z:(—l)”q(”_lm)2 [6(2"_1)” + e_(%_l)”] sin(2n — 1)7u,
n=1
and

Re 192<Z) _ Z q(n—1/2)2 [6(2n—1)7rv + 6—(2n—1)7rv] cos(2n _ l)ﬂ'u,
(K.16) =
Imds(z) = — Z q(”*l/Q)2 [6(2”*1)” - 67(27171)7”]] sin(2n — 1)7u.

n=1

We can calculate these quantities accurately by summing over a small range. Let us
insist that

(K.17) -

no|
IN
<
N
N | B~

< < 1
u — —
= 27

N | =

and assume

(K.18) L>1.

Then

(K.19) ‘q(n—1/2)26(2n—1)ﬂv| < e—(n2—3n+5/4)7rL,
and since

(K.20) e < —
we see that the quantity in (K.19) is

<05x107 for n=25,

K.21
( ) <2x107% for n =6,
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with rapid decrease for n > 6. Thus, summing over 1 < n <5 will give adequate approxi-
mations.
For z = u + v very near 0, where 19; vanishes and @ has a pole, the identity

(K.22) L (2O

p(z) —er  \91(0) Pa(z)
in concert with (K.10) and (K.15)—(K.16), gives an accurate approximation to (p(z)—e1) ™1,
which in this case is also very small. Note, however, that some care should be taken in
evaluating Re(—it1(2)), via the first part of (K.15), when |z| is very small. More precisely,
care is needed in evaluating

(K.23) k™ _eThT ok =9pn—1¢€{1,3,5,7,9},

when v is very small, since then (K.23) is the difference between two quantities close to 1,
so evaluating e*™ and e ¥ separately and subtracting can lead to an undesirable loss of
accuracy. In case k = 1, one can effect this cancellation at the power series level and write

J
(K.24) e =2} (@') .
j>1,0dd J:

If |wv] < 1072, summing over j < 7 yields substantial accuracy. (If |7v| > 1072, separate
evaluation of €*™ and e~*™ should not be a problem.) For other values of k in (K.23),
one can derive from

(K.25) (" =) =(z -1+ 1)

the identity
k-1

(K.QG) ekﬂ'v _ e—lmrv — (em; _ 6—7\'1}) Z e(2€—(k—1))7rv7
£=0

which in concert with (K.24) yields an accurate evaluation of each term in (K.23).

REMARK. If (K.11) holds with 0 < L < 1, one can use (K.3), with a =iL, to transfer to
the case of a lattice generated by 1 and i/L.
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Chapter 7. Complex analysis and differential equations

This chapter has two sections. The first discusses a special differential equation, called
Bessel’s equation, and the special functions (Bessel functions) that arise in its solution.
The second gives a general treatment of linear differential equations with holomorphic
coefficients on a complex domain, with results on Bessel’s equation serving as a guide.

Bessel’s equation is the following:

d’z 1 dx V2
(7.0.1) ot (1 t2>x—0.
Its central importance comes from the fact that it arises in the analysis of wave equations
on domains in Euclideam space R™ on which it is convenient to use polar coordinates. A
discussion of the relevance of (7.0.1) to such wave equations is given in Appendix O, at
the end of this chapter.
We apply power series techniques to obtain a solution to (7.0.1) of the form

oo -1 k N\ 2k+v
(7.0.2) Ju(t) = kZ:O k!r(( —|—)1/ +1) <§> ’

valid for ¢t € C\ (—o0,0]. Clearly J_,(t) is also a solution to (7.0.1). If v ¢ Z, J,(t) and
J_,(t) form a complete set of solutions, but if n € Z, J,(t) = (—1)"J_,(t), We bring in
the Wronskian as a tool to produce another family of solutions Y, (¢), which works with
J,(t) to produce a complete set of solutions for all v € C.

At this point, let us take an opportunity to list (7.0.2) as an example of a point raised
in §18 of Chapter 4, regarding the central role that the Gamma function plays in the study
of many higher transcendental functions.

We complement series representations of Bessel functions with integral representations,
such as

(7.0.3) () = —— 2" / (1= s/t g,
ra/2rwv+1/2) J_4

for Rev > —1/2 and t € C\ (—00,0]. To celebrate the unity of various facets of analysis
developed in this text, we point out that the integral in (7.0.3) is a Fourier transform. Sec-
tion 35 also analyzes the behavior of J,(t) as t — oo, using results developed in Appendix
P.

In addition to the functions J,(t) and Y, (), related to wave equations, we have the
functions

(7.0.4) I(t) = e ™™/ ], (it),

which solve

d?u 1 du v
M . - — 1 _— p—
(7.0.5) p7e + i ( + >u 0,
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and arise in the study of diffusion equations. The simultaneous treatment of wave equations
and diffusion equations gives evidence of the advantage of treating these equations in the
complex domain.

Section 36 treats a general class of linear differential equations with holomorphic coef-
ficients. Specifically, we look at first order n x n systems,

d
(7.0.6) ZizA@W+ﬂ@,v@@:m,
given zg € 2, vg € C", and
(7.0.7) A:Q— M(n,C), f:Q2—C" holomorphic.

Higher order equations, such as (7.0.1), can be converted to first order systems. Our first
attack on (7.0.6) is via power series,

oo

(7.0.8) v(z) = ka(z —2)", v, € C™
k=0

Plugging this and the power series for A(z) and f(z) into (7.0.6) yields recursive formulas
for the coeflicients vy, and we establish the following.

Theorem. If the power series for A(z) and f(z) converge for |z — 29| < R, then the power
series (7.0.6) obtained by the process described above also converges for |z — 29| < R, to a
solution to (7.0.6).

Unless €2 is a disk and zq its center, there is more work to do to investigate the solutions
to (7.0.6). One approach to pursuing this brings in one of the most important applications
of analytic continuation along a curve. A key result called the Monodromy Theorem states
that analytic continuation along two curves in €2 from zg to z; yields identical holomorphic
functions on a neighborhood of z; provided these curves are homotopic (as curves in {2
with fixed ends). It follows that (7.0.6) has a unique global holomorphic solution on 2,
provided 2 is simply connected.

In connection with this, we note that Bessel’s equation (7.0.1) has coefficients that are
holomorphic on C \ {0}, which is not simply connected. We get single valued solutions,
like J,(2), by working on the simply connected domain C \ (—o0, 0].

To dwell on (7.0.1), we note that the coefficients are singular at z = 0 in a special way.
This equation can be converted to a first order system of the form

d
(7.0.9) zézA@M%
with A(z) a holomorphic 2 x 2 matrix on C. Generally, an n X n system of the form (7.0.9).
with

(7.0.10) A:D,(0) — M(n,C), holomorphic,
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is said to have a regular singular point at z = 0. In case A(z) = Ay, (7.0.9) is a matrix
Euler equation,

d
(7.0.11) zd—z = Ago,
with solution
(7.0.12) v(z) = e84y (1), 2 e C\ (—o0,0].

This provides a starting point for the treatment of (7.0.9) given in §36.

Many other differential equations have regular singular points, including the Legendre
equation, given in (36.106), and the confluent hypergeometric and hypergeometric equa-
tions, given in (36.112)—(36.113). We also have a brief discussion of generalized hypergeo-
metric equations, one of which provides a formula for the Bring radical, arising in Appendix
Q in connection with quintic equations.
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35. Bessel functions

Bessel functions are an important class of special functions that arise in the analysis of
wave equations on domains in Euclidean space R™ on which it is convenient to use polar
coordinates. Such wave equations give rise to Bessel’s equation,

2

d’z  1dx (1——)93:0.

35.1 e i
( ) dt2+t dt+

Details on how this equation arises are given in Appendix O. The analysis of the solutions
to (35.1) carried out in this section provide an illustration of the power of various techniques
of complex analysis developed in this text. We first treat (35.1) for ¢ > 0, and then extend
the solutions to complex ¢.

Note that if the factor (1 —v?/t?) in front of x had the term 1 dropped, one would have
the Euler equation

(35.2) t22" +ta’ — vz =0,
with solutions

(35.3) z(t) = t+,

In light of this, we are motivated to set

(35.4) 2(t) = ty(t),
and study the resulting differential equation for y:

d’>y  2uv4+1dy
o

(35.5)

This might seem only moderately less singular than (35.1) at ¢ = 0, but in fact it has a
smooth solution. To obtain it, let us note that if y(t) solves (35.5), so does y(—t), hence
so does y(t) + y(—t), which is even in t. Thus, we look for a solution to (35.5) in the form

(35.6) y(t) = axt®.
k=0
Substitution into (35.5) yields for the left side of (35.5) the power series

(35.7) Z{(zk; 4 2)(2k + 20+ 2)ajsq + ak}t%,
k=0
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assuming convergence, which we will examine shortly. From this we see that, as long as
(35.8) veg{-1,-2,-3,...},

we can fix ag = ag(v) and solve recursively for a1, for each k > 0, obtaining

Ghor = — il
T Lk D)k +v+ 1)

(35.9)

Given (35.8), this recursion works, and one can readily apply the ratio test to show that
the power series (35.6) converges for all ¢t € C.

We will find it useful to produce an explicit solution to the recursive formula (35.9).
For this, it is convenient to write

(35.10) ar = BV,
with
1 Bk Vi
( ) Ak+1 40%7 5k+1 k1’ V41 Ertovrl

Clearly the first two equations have the explicit solutions

(35.12) ay = (—i)kao, By = %

We can solve the third if we have in hand a function I'(2) satisfying
(35.13) T(z+1) = 2I'(z).

Indeed, the Euler gamma function I'(z), discussed §18, is a holomorphic function on C\
{0,—1,—2,...} that satisfies (35.13). With this function in hand, we can write

Yo
35.14 _ T
( ) T Thktv 1)

and putting together (35.10)—(35.14) yields

1\* ao
(35.15) W= (_Z> KT (k+v+1)

We initialize this with ag = 27%. At this point it is useful to recall from §18 that

I(2) is well defined and holomorphic in z € C
z

vanishing for z € {0,—1,-2,...}.
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Consequently we obtain

oo _1)k
g — 2—(2k‘+1/) ( 2k
To(t) ;;) PINUEES A

holomorphicint € C, Vv € C,

(35.16)

as a solution y(t) = J,(t) to (35.5), and hence the solution z(t) = J,(t) = t*J,(t) to
(35.1),

s —1)k £ 2k+v
(35.17) o) = kz_o k:!l“(( -1—)1/ 1) (5) '

is defined for each v € C, and is holomorphic in C\ 7, the complex plane slit along a ray
v through 0, typically v = (—o0, 0]. Furthermore,

(35.18) J, and J_, solve (16.1), for v € C.

Let us examine the behavior of J,(t) as t — 0. We have

(35.19) Jo(t) = ﬁ (%)U Lo, as t— 0.

As long as v satisfies (35.8), the coefficient 1/T'(v + 1) is nonzero. Furthermore,

(35.20) J(t) = ﬁ(%)_ O, as 0,

and as long as v ¢ {1,2,3,...}, the coefficient 1/I'(1 — v) is nonzero. In particular, we see
that

If véZ,J, and J_, are linearly independent solutions

(35.21) to (35.1) on (0, o),

and in fact on £ € C\ 7. In contrast to this, we have the following:
(35.22) IfneZ, J,(t)=(—1)"J_,(t).
To see this, we assume n € {1,2,3,...}, and note that

1

(35.23) TR

=0, for 0<k<n-1.

We use this, together with the restatement of (35.17) that

B 0o (_1)k t\ 2k+v
(35.24) Ju(t) = kZ:O Ik +1)D(k+v+1) (5) ’
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which follows from the identity I'(k + 1) = k!, to deduce that, for n € N,

> )k 2k—n
ZFk+1 F(llc—n+1)<%>

B & ( 1)£+n £\ 204n
_2:: T+l +n+1) (5)

B
3

(35.25)

Consequently J,(t) and J_,(t) are linearly independent solutions to (35.1) as long as
v ¢ 7, but this fails for v € Z. We now seek a family of solutions Y, (¢) to (35.1) with the
property that J, and Y, are linearly independent solutions, for all v € R. The key to this
construction lies in an analysis of the Wronskian

(35.26) W, (t) =W (J,,J_,)(t) = J,(t)J_,(t) = J, (t)J_,(t).
Applying d/dt to (35.26) and then applying (35.1) to replace J! and J” , one gets

aw, 1

2 — - 7 122
(35.27) - W,

hence

(35.28) W, (t) = Kiy)

To evaluate K (v), we calculate

W(JIJJ J—z/) = W(tyju;t_yj—u)

(35.29) 2v
=W(J,,T-v) - ij(t)j—u(t)-

Since J,(t) and J_,(t) are smooth in ¢, so is W(J,,J-,), and we deduce from (35.28)—
(35.29) that

2
(35.30) W, (t) = —TVJ,,(O)j_,,(O).
Now, since J,(0) = 1/2"I'(v 4 1), we have

v7,(0)T-,(0) =

(35.31)
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An importent gamma function identity, established in (18.6), is

T
32 PW)I(1 —v) = .
(35.32) - =
Hence (35.30)—(35.31) yields
) o
(35.33) Wy, Jo)(t) = == Smtm

This motivates the following. For v ¢ Z, set

Jy(t)cosmr — J_,(t)

sin Ty

(35.34) Y, (t) =

Note that, by (35.25), numerator and denominator both vanish for v € Z. Now, for v ¢ Z,
we have

1
W(J,,Y,)(t) = ——= W(J,,J-,)(t)
(35.35) 25”1 ™
Tt
Consequently, for n € Z, we set
g _170J,(t) n0J_,(t)
(35.36) Yalt) = gl—r{?lz Y1) = ;[ o (=1) v } v=n’

and we also have (35.35) for v € Z. Note that
(35.37) Y_,(t) = (=1)"Y,(t).

We next desire to parallel (35.17) with a series representation for Y,,(t), when n € Z*.
We can rewrite (35.17) as

ad 2k+v —1)k
(35.38) Tu(t) :;)O"“(V)G) +’ anv) = k!F(/E: +12/+1)'
Hence
339 w3 (L)" T+ loxh) Sanw) (L)
k=0 k=0

The last sum is equal to J,(t). Hence

0 - i ol (n) (%)M” + (1og %)Jn(t).
k=0

(35.40) 357 (®)
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Similarly,

(35.41) %J_,,(t)

== gak(—n)@)%_n ~ (log %)J_n(t).

Plugging (35.40) and (35.41) into (35.36) then yields a series for Y,,(t), convergent for
teC\n~.
In detail, if n is a positive integer,

Y, (t) = %<log £>Jn(t) n (—;)" iaﬁc(—n)(%yk_n
k=0

2
(35.42) N )
1 , t\ 2k+n
Freim(z)
and
2 t 2 — £ 2k
A4 Yt:—<l —) t)+ = : (—)
(35.43) o(t) = —(log 3 Jo<)+wk2_0ak<0> 5
The coefficients o} (£n) can be evaluated using
—1)k
o) = S gk v 0),
where .
B(z) = )
The evaluation of §'(¢) for ¢ € Z is discussed in Appendix J.
We see that
2
(35.44) Yo(t) ~ —logt, as t— 0,
T
while, if n is a positive integer,
-1\ t\—"n
(35.45) va(t) ~ S0 () <§> , as t— 0.
T
As seen in Appendix J, when n is a positive integer,
(35.46) ap(—n) = (-n+1) = (=1)"" (n -1

We next obtain an integral formula for J,(t), which plays an important role in further
investigations, such as the behavior of J,(t) for large t.
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Proposition 35.1. IfRev > —1/2 andt € C\ ~, then

v 1
940 30 = Frm i | e

Proof. To verify (35.47), we replace e*! by its power series, integrate term by term, and
use some identites from §18. To begin, the integral on the right side of (35.47) is equal to

(35.48) Z k) / (ist)?k (1 — 52V~ 12 gs.
The identity (18.31) implies
1
_ Dk+1/2)T(v+1/2)
4 2k 1— 2\v 1/2d —
(35.49) /_15 (1—-s57) s Tk +v+ 1) ,

for v > —1/2, so the right side of (35.47) equals

(t/2)” = o L(k+1/2)0(v +1/2)
(35-50) ['(1/2)0(v+1/2) kz—o Fk+v+1) '
From (18.34) (see also (18.47)), we have
(35.51) r(%) (2K)! = 22kIT (ko + %)

o0 (35.50) is equal to

v X 1)k 2
S e ()"

which agrees with our formula (35.17) for J,(t).

We will provide a second proof of Proposition 35.1, which incidentally yields further
interesting identities for Bessel functions.

Second proof. Denote by x,(t) the right side of (35.47), and set

(35.53) c(v) = [F(%)F(V n %)} g,

Applying d/dt to the right side of (35.47) yields

dx, _ (uc(l/))ty /1 eist<1 _ Sz)y—l/z ds
dt t _1
(35.54)

1
+ ic(v)t” / e"ts(1 — s2)V 12 gs.

—1




384

The first term on the right side of (35.54) is equal to (v/t)x,(t). If we assume Rev > 1/2,
the second is equal to

1
@tu/ di<eist>s(1 _ 82)1/71/2 ds
1 as

= —@ tv /1 [(1 — 22 v —1)s%(1 — 32)”_1_1/2] ds

(35.55) -
= —C(t—y) ¥ /_1 [21/(1 — 52)”*1/2 —2v—-1)(1- 82)V7171/2] ds
2v (2v — 1)e(v)
= —71’1/(?5) ny—l(t)-

Since ¢(v)/c(v — 1) = 1/(2v — 1), we have

(35.56) Lo o Yoty malt)
(35.57) (& +D)antt) = 2 (t),

at least for Rev > 1/2. Next, we have

1

Tyi1(t) =c(v+ 1)tu+1/ ez’st(l _ 82)V+1’1/2 ds
—1

1 <ieist)(1 - 82)V+1_1/2 ds

1 ds

1

= —ic(v+1)2v+ 1)75”/ ets(1 — s2)r 12 ds,
-1

(35.58) — ie(y 4+ 1) /

and since ¢(v 4+ 1) = ¢(v)/(2v + 1), this is equal to the negative of the second term on the
right side of (35.54). Hence

(35.59) (% - %)xy(t) = 21 (t),

complementing (35.57). Putting these two formulas together, we get

(35.60) (% - 1) (% + %)x,,(t) )

which is equivalent to Bessel’s equation (35.1). It follows that

(35.61) 2y (t) = av Jy () + by (1),
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for Rev > 1/2, v ¢ N. We can evaluate the constants a, and b, from the behavior of
x,(t) as t — 1. Since taking k£ = 0 in (35.49) yields

(35.62) /_1(1 U2 g - F(l/iiz(i 51/2)7

we see from inspecting the right side of (35.47) that

(35.63) 2 (1) ~ ﬁ(%)” as ¢ — 0.

Comparison with (35.18)—(35.19) then gives a,, = 1, b, = 0, so we have
(35.64) z,(t) = Ju(t),

for Rev > 1/2, v ¢ N. From here, we have (35.64) for all v € C such that Rev > —1/2,
by analytic continuation (in v). This completes the second proof of Proposition 35.1.

Having (35.64), we can rewrite the identities (35.57) and (35.59) as

4. v Ju(t) = Ju-1(t),
dt  t

(35.65) '
(5= 2)0) = = Tusat0),

first for Rev > 1/2, and then, by analytic continuation in v, for all v € C.

REMARK. The identity (35.47) implies

(35.66) Jo(t) = V2

T\ ~ 1
m<§> ’QZJ,/(t), for Rev > —57

for t € R, where zﬁl, is the Fourier transform of 1, given by

Yo (s) = (1=s2)* 712 for |s| <1,

(35.67)
0 for |s| > 1.

We next seek an integral formula for J,(¢) that works for all v € C. To get this, we
replace the identity (35.49) by

1 1
R Cr—(ktr+1) 4
(35.68) Tt v +1) 2m,/e§ ¢, VvreC,

o
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where the path ¢ runs from —oo — i0 to —p — ¢0, then counterclockwise from —p — i0 to
—p + 10 on the circle |¢| = p, and then from —p 4 0 to —oo + 30 (cf. Figure 35.1). This is
a rewrite of the identity (cf. Proposition 18.6)

(35.69) = L/e%—z d¢, VzeC.

[(z) 2mi

o

We pick p € (0,00). By Cauchy’s integral theorem, this integral is independent of the
choice of such p. Plugging (35.68) into the series (35.17), we have

Ju(2) = <%>V§<_/€—1!)k<2im/e%_(k+u+1)dg> (%)21«

(35.70) o o (C1)F 2k
- () o [ S ()

hence

(35.71) I (1) = (%)V%m,/ec—tmc g

for each v € C, t € C\ .
To proceed, we can scale, setting ¢ = st/2, if ¢ > 0, and obtain

27
o

1
(35.72) J,(t) = _/e(t/Z)(s—l/s)S—y_ld&

!

where ¢’ is a scaled version of o. We first have (35.72) for ¢ > 0, and then, by analytic
continuation, for Ret > 0. Choosing ¢’ so that the circular part has radius 1, we have

1 ™
Ju(t) = —/ cos(tsin@ — v0) do
m
(85.73) s(;nm/ 0
_ / o~ (/2 (@—1/2) =1 g
7T 1

Taking x = e, we obtain the following.

Proposition 35.2. Forv € C, Ret >0,
1 (7 i
J,(t) = —/ cos(tsin @ — v0) do
0

(35.74) ) .
S v ;
_ / e—tsmhu—yu du.
0

™
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Bringing in the formula (35.34) for Y, (¢) (complemented by (35.36)), we obtain from
(35.74) the integral

1 s
Y, (t) = —/ sin(tsiné — v0) db
(35.75) f -
— —/ e tsinhu e o cosr eV du,
T Jo

for Ret > 0, v € C (first for v ¢ Z, then, by analytic continuation, for all v € C).
Another useful basis of solutions to (35.1) is the pair of Hankel functions, defined by

HY () = J,(t) + Y, (1),

(35.76) HP () = J,(t) — iV, (¢),

for v € C, t € C\ . Parallel to (35.35), we have

4
. HY H®)¢) = —.
(35.77) WD, B ) = —
From (35.74)—(35.75) we obtain the integral formula
1 L™ ittsino—vo
ng )(t) - ez(tsm v )de
(35.78) ™ -
- e—tsinhu[eyu + e—u(u+7ri)] du,
i Jo
for v € C, Ret > 0, which we can rewrite as
(1) _ 1 tsinhu—vu
(35.79) Ht)=— [e du,
g
C1

for v € C, Ret > 0, where the path C'; goes from —oo to 0 along the negative real axis,
then from 0 to 74, then from 7i to mi+ 0o along a horizontal ray (cf. Figure 35.2). Similarly

1 :
(3580) H(Z)(t) — __/etsmhu—yu du,

™
C

for v € C, Ret > 0, where the path C; is the reflection of C; across the real axis. Shifting
the contour down 7/2 units and making the associated change of variable, we can write

1

5. t) = —e ¥™ it coshu=vu gy, et >0,
(3 81) ngl)() V7rz/2/ t h d R 0

T
Cs
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where Cy = Cy — 7i/2 (cf. Figure 35.3).
It is convenient to deform the path Cy to a new path, C3, asymptotic to Cy at F(oo0 +
mi/2), on which the real part of coshu is constant. Writing

(35.82) cosh(x + 1y) = (coshz)(cosy) + i(sinh x)(siny),
we see that we want
(35.83) (coshz)(cosy) =1
if Cy is to pass through the origin. Wanting y — Fmi/2 as x — Foo, we obtain
(35.84) y(z) = tan"!(sinhz), =z €R,
defining the path C3. Then, changing the path in (35.81) from Cs to Cs, we get

1 . o
(35.85) HV(t) = —,ez(t””/Q)/ et @ @)y (1 dy,

) oo
where

u(z) = z + itan"'(sinh ),

(35.86) , .

wiz)=1+ coshz’
and

Y(z) = (sinhz)(siny(z))
(35.87) = (sinh z)(tanh x)
B sinh?
~ coshz’

The second identity in (35.86) uses

@ _ coshx 1

35.88 = =
( ) dr  14sinh®z  coshz’

and the second identity in (35.87) uses

v
V1402

Let us note that ¥ (x) is positive for all real x # 0, tending exponentially fast to oo as
|z| — oo, and that

(35.90) W'(0)=2, wu(0)=0, u'(0)=1+1.

(35.89) sin(tan™' v) =

Hence the Laplace asymptotic method, treated in Appendix P, gives the following result
on the asymptotic behavior of ngl)(t). To state it, set

(35.91) Ag = {re? :r >0, -B <0 < B},
for g € (0,m).
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Proposition 35.3. Given 6 € (0,7/2), we have

(35.92) HD(t) = eitt—vm/2=n/) [(3)1/2 +0(t 7)),

Tt
ast — 00 in Agjo_s.

The following is a useful complement to (35.92):

- i(t—vm/2—7 2 1/2 -
LD (1) = jeilt-vm/2 /4)[(_) +o(t )],

it

(35.93)

ast — oo in A;/o_5. One way to deduce this from (35.92) is to apply the identity

(35.94) £ = - / : Cng dc

0D+ (t)

to f(¢) = H,Sl)(C). Another is to bring in the identity

(35.95)

which is parallel to (35.65), and then apply (35.92) with v replaced by v — 1.
We now restrict attention to v € R and ¢ € (0,00). Then J,(t) and Y, (¢) are the real

and imaginary parts of H, ,51)(15), and we have the following.

Proposition 35.4. Forv € R andt € (0,00),

7t 9 4
2\1/2 | B
(35.96) J,(t) = —ggl)/z Sm(t — g — %) +O(t 3/2)’
v = (=) simn(t- 20 = T) + o),
Y, (t) = (%)1/2 cos<t — V; — %) + O(t_3/2)7
as t — +o00.

More generally, if v € R, any real valued solutiuon u, to Bessel’s equation (35.1) is a
linear combination u, = aJ, + bY,, with a,b € R, and hence there exist 6 € [0,27] and
A € R such that

uy, () = At™2 cos(t — 0) + O(t3/?)
ul (t) = —At~Y2sin(t — ) + O(t~3/?),

v

(35.97)
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as t — 4+00. We assume u,, is not identically 0, so A # 0. Now set

(35.98) ap=kr+0, By=ay+ g

We have, with t = ay,

uy(ax) = (~1)F AL 4 O(92),

35.99

( ) U/y(ﬁk) = O(t_3/2),
and

(35.100) u () = O(t=3/2),

ul,(Br) = (~1)FH1AEY2 4 O =3/?).
The first part of (35.99) guarantees that there exists K < oo such that whenever k > K,
the numbers u, (ax) and u,(agy1) = u,(ar + 7) have opposite signs. This leads to the
following.

Proposition 35.5. Let v € R and take u, to be a real valued solution of (35.1), so
(85.97)-(35.100) hold. Then there exists K < oo such that whenever k > K, there is
exactly one

(35.101) Vg € (ag,ar +m) such that wu,(Jg) = 0.
Furthermore,
(35.102) I = B + Ok ).

Proof. We can assume A = 1. The estimates in (35.97) imply that there exists B € (0, 00)
such that, for all sufficiently large k,

B
(—l)kuy(t) >0 for ap <t<pfp— o
(35.103) 5
(_1)kuu(t) <0 for fBi+ T <t<aq+m.

Thus there is a zero of u, in the subinterval [8; — B/k, Br + B/k], and all zeros of u, in
[, o, + ] must lie in this subinterval. If u, had more than one zero in this subinterval,
then w,(t) must vanish for some ¢ € [8; — B/k, B + B/k], but this contradicts the second
part of (35.97).

We turn to a variant of Bessel’s equation. As shown in Appendix O, while wave equations
on certain domains in R™ give rise to (35.1), diffusion equations on such domains lead to

2

1—|—V—>u:0.

Pu 1 du
(35.104) ( >

wtia
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This differs from (35.1) only in the change 1 — —1. One readily verifies that
x(t) solves (35.1) = u(t) = x(it) solves (35.104).

In this correspondence, if z(t) is holomorphic in ¢ € C \ ~, then u(t) is holomorphic in
t € C\ v/i. Standard terminology takes

(35.105) L(t) = e ™™/ ], (it),
and
(35.106) K, (t) = %Zem‘”/ 21 (M (it).

Parallel to (35.35) and (35.77), we have
1
(35.107) WL, K,)(t) = —7.

From Proposition 35.1 we obtain the integral formula

_ (t/z)y ! 2\v—1/2 st
L(t) = T(1/2)T(v + 1/2) /_1(1 - $7) e ds,

(35.108)
for Rev > —1/2, Ret > 0. We also have

1 OO —tcoshu—vu
(35.109) Kt ==>] e du,

for Ret > 0, v € C, which is obtained from the following variant of (35.81):

1 . o
(35.110) HV (1) = —evmi/2 / eiteoshu=ru gy Imt > 0.

uy} e

Parallel to Proposition 35.3, one can show that

) =[(5) "+ 00,

Kt = e [(2)" o),

(35.111)

as t — 0o in Ay /p_s. Details on these last mentioned results can be found in Chapter 5 of
[Leb].

Applications of Bessel functions to partial differential equations, particularly to wave
equations, can be found in Chapters 8 and 9 of [T2]. Also, one can find a wealth of further
material on Bessel functions in the classic treatise [W].
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Exercises

1. Show directly from the power series (35.17), and its analogues with v replaced by v — 1
and v + 1, that the Bessel functions J, satisfy the following recursion relations:

d

GER0) =00, 5(E0) ==t )

or equivalently
v
Jur1(t) = —J,(t) + ;Jl,(t),

Jua(t) = Ty(0) + T

~—

This provides another derivation of (35.69).

2. Show that J_,5(t) = y/2/7 cost, and deduce that

/2 /2
‘]—1/2(t> = ﬂ_—tCOSt, Jl/g(t) = ESll’lt.

Deduce from Exercise 1 that, for n € ZT,
Jn = J- 1/2 sint
Jn—|—1/2 {Jl_[< )}\/%7
C(tr/d §—1/2\ cost
T-n-12f) = {IJ(%_ t >}\/ﬁ

Hint. The differential equation (16.5) for J_; /5 is y" +y = 0. Since J_1/2(t) is even in ¢,

J-1/2(t) = C cost, and the evaluation of C comes from J_;,2(0) = v2/I'(1/2) = /2/m,
thanks to (18.22).

3. Show that the functions Y, satisfy the same recursion relations as J,, i.e.,

d

) R (e

4. The Hankel functions H,El)(t) and H&Q)(t) are defined to be

HV(t) = J,(t) + i, (t), HP(t) = J,(t) —iY,(t).
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Show that they satisfy the same recursion relations as J,, i.e.,

d , , d ‘ :
v rr(9) — ) v r(9) — _ 4V (9
dt( HI/ (t)) 13 Hu—l(t)v dt (t Hl/ (t)> t HV+1(t>7

for j = 1,2.

5. Show that ' ‘
HO(t) = e HM (), HE)(t) = e ™ HP (2).

6. Show that Y, /5(t) = —J_1,2(t), and deduce that
2 (2) 2
1/2(15):—2 Eet, Hl/Q(t):u/Ee £,

7O

7. Show that if v € R, then H,Sl)(t) dos not vanish at any ¢t € R\ 0.
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36. Differential equations on a complex domain

Here we study differential equations, such as

d™u d"1u du
36.1 n(z)— n_ — F - —
(361)  an@) e () oy ()
given a; and g holomorphic on a connected, open domain €2 C C, and a,(z) # 0 for z € Q.
An example, studied in §35, is Bessel’s equation, i.e.,

+ao(2)u = g(2),

d*u 1 du v?
36.2 Sl (1__> ~0.
(36:2) dz? * z dz * “
for which @ = C\ 0. We confine our attention to linear equations. Some basic material
on nonlinear holomorphic differential equations can be found in Chapter 1 (particularly
Sections 6 and 9) of [T2].
We will work in the setting of a first-order n x n system,

d
(36.3) T = AR+ f(), =) = v,
given zg € 2, vg € C", and
(36.4) A:Q— M(n,C), f:Q— C", holomorphic.

A standard conversion of (36.1) to (36.3) takes v = (ug, ..., up_1)", with

Then v satisfies the n x n system
du
(36.6) %:um, 0<j<n—2
du”_l ) n—1
(36.7) e an(2) 7 [92) = D a2
j=0

We pick zg € 2 and impose on this system the initial condition
(36.8) v(z0) = (u(z0), v (20), . .., u™ Y (20))t = vy € C™.

In the general framework of (36.3)—(36.4), we seek a solution v(z) that is holomorphic
on a neighborhood of zp in Q. Such v(z) would have a power series expansion

(36.9) v(z) = ka(z —2)F, v e C™
k=0
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Assume A(z) and f(z) ar egiven by convergent power series,

(36.10) Az) = ZAk(Z —20)F, f(z)= ka(z — 20)",
k=0 k=0

with

(36.11) Ap € M(n,C), fpeC™

If (36.9) is a convergent power series, then the coefficients vy are obtained, recursively, as
follows. We have

d'U o0 o0
(36.12) = Z kvg(z — zo Z vk+1z
k=1 k=0
and
A(z)v(z) = ZAJ z— 2p) ng z — zo
7=0
(36.13) o
= ( Ak_jvj> (z — zo)k,
k=0 j=0

so the power series for the left side and the right side of (36.3) agree if and only if, for each
k>0,

(36.14) (k+ Dogyr = Z Ap_jvj + f.
7=0

In particular, the first three recursions are
= Aovo + fo,

(36.15) 2uy = Ayvo + Aovr + fi,
vz = Asvg + Arvr + Agua + fo.

To start the recursion, the initial condition in (36.3) specifies vg.
The following key result addresses the issue of convergence of the power series thus
produced for v(z).

Proposition 36.1. Assume the power series for A(z) and f(z) in (36.10) converge for

(3616) |Z — Zo’ < Ry,
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and let vy, be defined recursively by (36.14). Then the power series (36.9) for v(z) also
converges in the region (36.16).

Proof. To estimate the terms in (36.9), we use matrix and vector norms, as treated in
Appendix N. The hypotheses on (36.10) imply that for each R < Ry, there exist a,b €
(0, 00) such that

(36.17) |Ax]| < aR7®, ||Ifi]l <BR7F, VEkeZ'.
We will show that, given r € (0, R), there exists C € (0, 00) such that
(36.18) |vi|| < Cr~7, VjeZ'.

Such estimates imply that the power series (36.9) converges for |z — 29| < r, for each
r < Ry, hence for |z — z9| < Rp.

We will prove (36.18) by induction. The inductive step is to assume it holds for all
J < k and to deduce it holds for 7 = k + 1. This deduction proceeds as follows. We have,
by (36.14), (36.17), and (36.18) for j < k,

k
(B + DlJonsall <> 1Ar—5ll - llos ]| + 1| el
§=0

k
(36.19) <aCy RIFrI 4 bR
j=0
k

_ —k T\ —k
=aCr ;<R> +bR™".

Now, given 0 < r < R,

k . [ .
r\ ki r\J 1
(36.20) j;(§> < ;0<E> = 1= = M) < oo
Hence
(36.21) (k+ D lvkg1]| < aCM(R,7)r™* +br=".

We place on C the constraint that

(36.22) C>b,

and obtain

36.23 vpatll < aM(Ror) +1 - o ke
+

kE+1
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This gives the desired result

(36.24) [vpp1]] < Cr*1,
as long as

aM(R,r)+1
36.25 B — L.
(36.25) k+1  —

Thus, to finish the argument, we pick K € N such that
(36.26) K+1> [aM(R,r)+1]r.

Recall that we have a, R,r and M(R,r). Then we pick C € (0,00) large enough that
(36.18) holds for all j € {0,1,..., K}, i.e., we take (in addition to (36.22))

(36.27) C > max_77||vj].
0<j<K

Then for all £ > K, the inductive step yielding (36.24) from the validity of (36.18) for all
j < k holds, and the inductive proof of (36.18) is complete.

Under the hypothesis (36.4), Proposition 36.1 applies whenever
(3628) DRO (Zo) = {Z eC: ’Z - Zo‘ < Ro} C Q.

Having the solution to (36.3) on Dg,(20), we next want to analytically continue this
solution to a larger domain in ). To start, we discuss analytic continuation of v along a
continuous curve

(36.29) v a, b — Q. y(a) = z0, Y(b) = #1.
To get this, using compactness we pick R; > 0 and a partition
(36.30) a=ap<a; < - <ap1=>

of [a, b] such that, for 0 < j < n,

D; = Dg,(v(a;)) contains ~(|a;,a; , and
(36.31) J R ('7( _7)) . '7([ .j ]+1])
is contained in €.

Proposition 36.1 implies the power series (36.9), given via (36.14), is convergent and holo-
morphic on Dy. Call this solution vp,. Now «y(a1) € Dy, and we can apply Proposition
36.1, with zg replaced by (a1) and Ry replaced by Ry, to produce a holomorphic function
vp, on Dy, satisfying (36.9), and agreeing with vp, on Dy N D;. We can continue this
construction for each j, obtaining at the end vp,, holomorphic on D,,, which contains
Y(ant1) = z1. Also, vp, solves (36.9) on D,,.
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It is useful to put this notion of analytic continuation along v in a more general context,
as follows. Given a continuous path v as in (36.29), we say a chain along + is a partition
of [a,b] as in (36.30) together with a collection of open, convex sets D, satisfying

(36.32) v([aj,aj+1]) C D; C Q, for 0<j<n.

Given v = vp,, holomorphic on Dy, we say an analytic continuation of v along this chain
is a collection

vp, : Dj — C, holomorphic, such that

(36.33) Up; = VUp,,, on DjNDjyq, for 0<j<n-1

Note that (36.32) implies D; N D1 # 0.
The following is a key uniqueness result.

Proposition 36.2. Let {50, e ,5m} be another chain along v, associated to a partition

(3634) a:d0§d1<---§&m+1:b.

Assume we also have an analytic continuation of v along this chain, given by holomorphic
functions v on Dj. Then

(36.35) o~ =wvp, on the neighborhood Dy, N D, of ~(b).

Proof. We first show the conclusion holds when the two partitions are equal, i.e., m = n
and a; = a;, but the sets D; and D may differ. In such a case, D# D;nN DJ is also

an open, convex set satisfying D;.éﬁ D v(laj,aj41]). Application of Proposmon 10.1 and
induction on j shows that if v|p, = 9| ,# on D# C Dy, then v|p, = 9| ,# for each j, which
0 J

yields (36.35).

It remains to show that two analytic continuations of v on Dy, along chains associated
to two different partitions of [a, b], agree on a neighborhood of (b). To see this, note that
two partitions of [a,b] have a common refinement, so it suffices to show such agreement
when the partition (36.30) is augmented by adding one element, say a; € (a¢, ap+1). We
can obtain a chain associated to this partition by taking the chain {D,, ..., D, } associated
to the partition (36.30), as in (36.32), and “adding” Dy = Dy D v([ae, ars1]) = Y([ae, d])U
~([@e, ap+1]). That the conclusion of Proposition 36.2 holds in this case is clear.

Proposition 36.2 motivates us to introduce the following notation. Let Oy and O; be
open convex neighborhoods of zy and z; in €2, and let v be a continuous path from zy to
21, as in (36.29). Let v be holomorphic on Oy. Assume there exists a chain {Dy,...,D,}
along v such that Dy = Oy and D,, = 01, and an analytic continuation of v along this
chain, as in (36.33). We set

(36.36) vy: 0O —C
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equal to vp, on D, = O;. By Proposition 36.2, this is independent of the choice of chain
along ~ for which such an analytic continuation exists.

We next supplement Proposition 36.2 with another key uniqueness result, called the
monodromy theorem. To formulate it, suppose we have a homotopic family of curves

(36.37) Vs ¢ [a, 0] — Q,  ys(a) = z0, vs(b) =21, 0<s<1

so ¥(s,t) = 7s(t) defines a continuous map v : [0,1] X [a,b] — Q. As above, assume O
and O are convex open neighbrhoods of zy and z; in €2, and that v is holomorphic on Oy.

Proposition 36.3. Assume that for each s € [0, 1] there is a chain along vs from Oq to
O1 and an analytic continuation of v along this chain, producing

(36.38) v, : Oy — C.

Then v, 1is independent of s € [0, 1].

Proof. Take s € [0,1], and let {Dy, ..., D,} be a chain along s, , associated to a partition
of [a, b] of the form (36.30), satisfying Dy = Oy, D,, = Oy, along which v has an analytic
continuation. Then there exists € > 0 such that, for each s € [0, 1] such that |s — so| < ¢,
{Do, ..., Dy} is also a chain along 7s. The fact that v,, = v, for all such s follows from
Proposition 36.2. This observation readily leads to the conclusion of Proposition 36.3.

Let us return to the setting of Proposition 36.1, and the discussion of analytic con-
tinuation along a curve in {2, involving (36.28)—(36.31). Combining these results with
Proposition 36.3, we have the following.

Proposition 36.4. Consider the differential equation (36.3), where A and f satisfy (36.4)
and zy € Q. If Q is simply connected, then the solution v on Dg,(20) produced in Propo-

sition 36.1 has a unique extension to a holomorphic function v : Q — C, satisfying (36.3)
on ().

Returning to Bessel’s equation (36.2) and the first-order 2 x 2 system arising from it, we
see that Proposition 36.4 applies, not to 2 = C\ 0, but to a simply connected subdomain
of C\ 0, such as Q2 = C\ (—00,0]. Indeed, as we saw in (35.16)—(35.17), the solution J,(z)
to (36.2) has the form

(36.39) Ju(z)=2"T,(2), for ze€C)\ (—o0,0],

With 7, (z) holomorphic in z € C, for each v € C. Subsequent calculations, involving
(35.34)—(35.43), show that the solution Y, (z) to (36.2) has the form

(36.40) Y, (2) =2"A,(2) + 27"B,(z), for z€C\ (—o0,0],
with A, (z) and B, (%) holomorphic in z € C, for each v € C\ Z, and, for n € Z,

(36.41) Y, (z) = %<log %)Jn(z) + A, (z), for ze€C\ (—0,0],
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where A,,(2) is holomorphic on C if n = 0, and is meromorphic with a pole of order n at
z=0if n € N.

Bessel’s equation (36.2) belongs to the more general class of second order linear differ-
ential equations of the form

(36.42) 220" (2) + 2b(2)u/ (2) + c(2)u(z) = 0,
where ¢(z) and b(z) are holomorphic on some disk D,(0). For (36.2),
(36.43) b(z) =1, c(z)=2*—1v%

To convert (36.42) to a first-order system, instead of (36.5), it is convenient to set
u(z)

36.44 _ .

(36.44) o= 17)

Then the differential equation for v becomes

(36.45) i = A(z)v(z),

with
(36.46) A(z) = (_c()(Z> : _1b(z)> .

Generally, if
(36.47) A:Dy(0) — M(n,C) is holomorphic,
the n x n system (36.45) is said to have a regular singular point at z = 0. By Proposition
36.4, if (36.47) holds and we set
(36.48) Q=D,0)\ (—a,0], 2z €9,

and take vy € C™, then the system (36.45) has a unique solution, holomorphic on €2,
satisfying v(zp) = vo. We now desire to understand more precisely how such a solution
v(z) behaves as z — 0, in light of the results (36.39)—(36.41).

As a simple example, take A(z) = Ag € M(n,C), so (36.45) becomes

dv

A4 — = Apw.

(36.49) i 0U

If we set zp = 1 and v(1) = vy, the solution is

(36.50) v(z) = elo82) oy, 2 e C\ (—o0,0],

where ¢4 is the matrix exponential, discussed in Appendix N. If vy is an eigenvector of
A(J’

(36.51) Agug = Mg = v(z) = 2 vp.

From (36.42)—(36.46), we see that, for the system arising from Bessel’s equation,
0 1 0 O

(3652) A(Z) = AO + A22’2, AO = (1/2 0) s A2 = (_1 0) s

and the eigenvalues of Ay are +v. This is a preliminary indication of a connection between
(36.51) and (36.39)—(36.41). The following result will lead to a strengthening of this
connection.
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Proposition 36.5. Assume B : D,(0) — M (n,C) is holomorphic, and set By = B(0).
Assume that 0 is an eigenvalue of By but that By has no eigenvalues that are positive
integers. If Bovg = 0, then the system

(36.53) W _ B

ZE =
has a solution v, holomorphic on D,(0), satisfying v(0) = vy.

Proof. Parallel to the proof of Proposition 36.1, we set
(36.54) v(z) = Z ZFuy,
k=0

and produce a recursive formula for the coefficients vy, given vy € C™ such that Byvg = 0.
Granted convergence of (36.54), we have

d
(36.55) 22 =Y kot

and

>0 >0
(36.56) "
= Bovg + Z Z Bk_g?}gzk.
k>1 =0

Having Byvy = 0, we obtain the following recursive formula, for k£ > 1,

k—1

(36.57) kvr = Bovk + Y Bi_svy,
£=0

or equivalently
k—1

(36.58) (kI — Bo)uk = Br—ouy.
£=0

We can solve uniquely for v, provided k is not an eigenvalue of By. If no positive integer
is an eigenvalue of By, we can solve for the coefficients vy for all k& € N, obtaining the
series (36.54). Estimates on these coefficients, verifying that (36.54) converges, are similar
to those made in the proof of Proposition 36.1.

To apply Proposition 36.5 to the system (36.45), under the hypothesis (36.47), assume
A is an eigenvalue of Ay = A(0), so

(3659) (A() — )\)UO = 0,
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for some nonzero vy € C™. If we set

(36.60) v(z) = 2Mw(z), 2z€ Q= D40)\ (—a,0],
the equation (36.45) is converted to

dw

61 e
(36.61) =

= (A(z) = Mw.

Hence Proposition 36.5 applies, with B(z) = A(z) — A, and we have:

Proposition 36.6. Assume A : D,(0) — M(n,C) is holomorphic and X is an eigenvalue
of Ag = A(0), with eigenvector vg. Assume that X\ + k is not an eigenvalue of Ay for any
k € N. Then the system (36.45) has a solution of the form (36.60), where

(36.62) w: Dg(0) = C" s holomorphic and w(0) = vp.

For Bessel’s equation, whose associated first-order system (36.45) takes A(z) as in
(36.52), we have seen that

(36.63) Ay = (VO2 (1)) has eigenvalues =+ v,
and

1
(36.64) (Ao — vI) (V> — 0.

Thus Proposition 36.6 provides a solution to (36.45) of the form

1
(36.65) vy (2) = 2%w,(2), w, holomorphic on C, w,(0) = ( ),
v
as long as
(36.66) —92y ¢ N.

Comparison with (36.39)—(36.41), and the supporting calculations from §35, shows that
the condition (36.66) is stronger than necessary for the conclusion given in (36.65). The
condition ought to be

(36.67) —v ¢N.

To get this stronger conclusion, we can take into account the special structure of (36.52)
and bring in the following variant of Proposition 36.5.
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Proposition 36.7. In the setting of Proposition 36.5, assume that B : D,(0) — M (n,C)
is holomorphic and even in z, and set By = B(0). Assume that 0 is an eigenvalue of
By (with associated eigenvector vg) and that By has no eigenvalues that are positive even
integers. Then the equation (36.53) has a solution v, holomorphic and even on D,(0),
satisfying v(0) = vy.

Proof. This is a simple variant of the proof of Proposition 36.5. Replace (36.54) by

(36.68) v(z) = Z 22K vy,
k=0

and replace (36.56) by

B(z)v = Zngzgj nggz%

>0 >0
(36.69) K
= Bovg + Z Z Bog_aqvep2?*.
k>1 (=0

Then the recursion (36.58) is replaced by

k—1

(36.70) (2K — Bo)vay, = Z Bag—20v20,
=0

and the result follows.

Proposition 36.8. In the setting of Proposition 36.6, assume A : Dy(0) — M(n,C) is
holomorphic and even in z, and X is an eigenvalue of Ay = A(0), with eigenvector vy.
Assume X + 2k is not an eigenvalue of Ag for any k € N. Then the system (36.45) has a
solution of the form (36.60), with (36.62) holding.

We see that Proposition 36.8 applies to the Bessel system

dv 0 1
(36.71) i = (VQ _ 2 O> v,

to produce a 2D space of solutions, holomorphic on 2 = C\ (-0, 0], if v € C\Z, and a 1D
space of solutions to this system if v = n € Z (which one verifies to be the same for v = n
and v = —n). Results of §35 show that the 2D space of solutions to (36.71) is spanned by

(36.72) (Z‘];L((ZZ))) and (z‘{]‘,”y((zz))) for veC\Z,

and the 1D space of solutions given by Corollary 36.8 is spanned by

(36.73) (;;;&), for v=n € Z.
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Also results of §35 imply that the 2D space of solutions to (36.71) is spanned by (36.73)
and

Yo (2)

(36.74) (zYA (z)), for v=n€Z

As seen in (36.41), these last solutions do not behave as in (36.65), since factors of log z
appear.

To obtain results more general than those of Propositions 36.6 and 36.8, we take the
following approach. We seek a holomorphic map

(36.75) U: Dy(0) —s M(n,C), U(0) =1,

such that, under the change of variable

(36.76) v(z) =U(2)w(z),

(36.45) becomes

(36.77) = Aow,

a case already treated in (36.49)-(36.50). To reiterate, the general solution to (36.77) on
C\ (—00,0] is

(36.78) w(z) = el1082) A0y, — Aoy 4y € CP,

the latter identity defining 24 for z € C\ (—o0,0]. To construct such U(z) = >, 5, Uxz",
we start with -

(36.79) AU (2)w = z@ = zU(z)le—Z} + 22U’ (2)w,

which leads to (36.77) provided U(z) satisfies
au

ZE—

(36.80) A(z)U(z) — U(z)Ao.

This equation has the same form as (36.45), i.e.,

U

36.81 i
(36.81) e

A()U(2),

where U/(z) takes values in M (n,C) and A(z2) is a linear transformation on the vector space
M(n,C):

A(2)U = A(2)U — U Ag
(36.82) Y At
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In particular,

(36.83) AU = AgU —UAg = [Ag, U] = Cu,U,
the latter identity defining

(36.84) Ca, : M(n,C) — M(n,C).

Note that Cy,I = [Ap,I] = 0, so 0 is an eigenvalue of Cjy,, with eigenvector I = U(0).
Hence Proposition 36.5 applies, with C” replaced by M (n,C) and By = C4,. The hypoth-
esis that By has no eigenvalue that is a positive integer is hence that C'4, has no eigenvalue
that is a positive integer. One readily verifies that the set Spec C4, of eigenvalues of Cy,
is described as follows:

(36.85) Spec Ag = {\j} = Spec Cs, = {\; — A}

Thus the condition that Spec C'4, contains no positive integer is equivalent to the condition
that Ag have no pair of eigenvalues that differ by a nonzero integer. This establishes the
following.

Proposition 36.9. Assume A : D,(0) — M(n,C) is holomorphic, and A(0) = Ap.
Assume Ag has no two eigenvalues that differ by a monzero integer. Then there is a
holomorphic map U, as in (36.75), such that the general solution to (36.45) on D4(0) \
(—a,0] is given by

(36.86) v(z) = U(z)z%v, vy € C".

Let us comment that, in this setting, the recursion (36.57)—(36.58) becomes

k—1

(36.87) KUy = [Ao, U] + > Ax—eUy,
=0

ie.,
k—1

(36.88) (kI — Cao)Ur = > AU,
=0

for kK > 1.

In cases where A(z) is an even function of z, we can replace Proposition 36.5 by Propo-
sition 36.7, and obtain the following.
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Proposition 36.10. In the setting of Proposition 36.9, assume A(z) is even. Then the
conclusion holds as long as Ag has no two eigenvalues that differ by a nonzero even integer.

Comparing Propositions 36.6 and 36.8 with Propositions 36.9 and 36.10, we see that
the latter pair do not involve more general hypotheses on Ay but they do have a stronger
conclusion, when Ag is not diagonalizable. To illustrate this, we take the case v = 0 of the
Bessel system (36.71), for which

(36.89) Ay = (8 (1)) .

In this case, A3 = 0, and the power series representation of eS4o gives

(36.90) 20 = elloe2) 4o — T 4 (log 2)Ag = ((1) 10?) .

Thus we see that (36.86) captures the full 2D space of solutions to this Bessel equation,
and the log z factor in the behavior of Yj(2) is manifest.

On the other hand, Propositions 36.9-36.10 are not effective for the Bessel system
(36.71) when v = n is a nonzero integer, in which case

(36.91) Ag = (732 (1)) , SpecAg ={—n,n}, SpecCy, ={—2n,0,2n}.

We next state a result that does apply to such situations.

Proposition 36.11. Let A: D,(0) — M(n,C) be holomorphic, with A(0) = Ag. Assume

(36.92) Ayg is diagonalizable,
and
(36.93) SpecCa, contains exactly one positive integer £.

Then there exists By € M (n,C) such that
(36.94) [Ao, Be] = By,

and a holomorphic function U(z), as in (36.75), such that the general solution to (36.45)
on Dy (0) \ (—a,0] is given by

(36.95) v(z) = U(z)z% 2By, vy € C.
Furthermore,

(36.96) By is nilpotent.
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We refer to Proposition 11.5 in Chapter 3 of [T4] for a proof, remarking that the crux
of the matter involves modifying (36.77) to

d
(36.97) P (Ag + BezHw
dz
hence replacing (36.80) by
dU ,
(36.98) = A(2)U(z) = U(z)(Ap + Bez"),

and consequently modifying (36.88) to something that works for k = ¢, as well as other
values of k € N.

To say that By is nilpotent is to say that B;”H = 0 for some m € N. In such a case,
we have

1
(36.99) ’; o (log z)*

If (36.45) is a 2 x 2 system, nilpotence implies B = 0, and hence
(36.100) 2P = I + (log 2) By,

as in (36.90). For larger systems, higher powers of log z can appear.
Note that if (36.45) is a 2 x 2 system and if (36.92) fails, then Aj has just one eigenvalue,
so Proposition 36.9 applies. On the other hand, if (36.92) holds, then

(36101) Spec AO = {)\1,)\2} — Spec CAO = {)\1 — )\2,0, Aoy — )\1},

so either (36.93) holds or Proposition 36.9 applies.
We refer to Chapter 3 of [T4] for further results, more general than Proposition 36.11,
applicable to n x n systems of the form (36.45) when n > 3.
We have discussed differential equations with a regular singular point at 0. Similarly, a
forst-order system has a regular singular point at zg € 2 if it is of the form
dv
(36.102) (z — 20)— = A(2)v,
dz
with A : Q@ — M(n,C) holomorphic. More generally, if 2 C C is a connected open set,
and F C Q is a finite subset, and if B : Q \ F — M (n,C) is holomorphic, the system

(36.103) — = B(z)v

dz

is said to have a regular singular point at zyp € F provided (z — 29)B(z) extends to
be holomorphic on a neighborhood of zy. Related to this, if A,B,C : Q\ F — C are
holomorphic, the second-order differential equation

(36.104) A2)u"(2) + B(2)u' (2) + C(2)u(z) =0
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has a regular singular point at zg € F provided

A(2), (z—20)B(z), and (z — 2)?C(2)
(36.105) extend to be holomorphic on a neighborhood of zg,
and A(zg) # 0.

An example is the class of Legendre equations

2
(36.106) (1 — 22" (2) — 220/ (2) + [VQ 7 ﬁ ZQ}u(z) =0,
produced in (0.28), which has the form (36.104)—(36.105), upon division by 1 — 22, with

regular singular points at z = +1, for all v, u € C, including p = 0, when (36.106) reduces
to

(36.107) (1 — 23" (2) + 220/ (2) + v*u(z) = 0.

Proposition 36.4 implies that if 2 is a simply connected subdomain of C \ {—1,1}, then
(36.106) has a two-dimensional space of solutions that are holomorphic on 2. Such Q
might, for example, be

(36.108) O =C\ {(~o00, ~1] UL, 00)}.

Propositions 36.9 and 36.11 apply to first-order systems, of the form (36.102), with zg =
+1, derivable from (36.106).

We next consider special functions defined by what are called hypergeometric series,
and the differential equations they satisfy. The basic cases are

o N~ (@ 2
(36.109) VFy(as by 2) = kz_o B W
nad

L e (a1)k(ag)g 2R
(36.110) 2 Fi(ay, ag;b;2) = kZ:OW R
Here (a)p = 1 and, for k € N,
(36.111) (a)k:a(a+1)...(a+k_1):%’

the latter identity holding provided a ¢ {0,—1,—-2,...}. In (36.109)—(36.110), we require
b¢ {0,—1,—2,...}. Then the series (36.109) converges for all z € C. The series (36.110)
converges for |z| < 1. The function 1 F} is called the confluent hypergeometric function,
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and o[ is called the hypergeometric function. Differentiation of these power series implies
that 1 F1(a; b; z) = u(z) satisfies the differential equation

(36.112) zu" (2) + (b — 2)u/(2) — au(z) = 0,
and that o F}(aq,a2;b;2) = u(z) satisfies the differential equation
(36.113) 2(1—2)u"(2) + [b— (a1 + az + 1)2]u/(2) — aragu(z) = 0.

The equations (36.112)—(36.113) are called, respectively, the confluent hypergeometric
equation and the hypergeometric equation. For (36.112), z = 0 is a regular singular
point, and for (36.113), 2 = 0 and z = 1 are regular singular points. By Proposition

36.4, a solution to (36.113) has an analytic continuation to any simply connected domain
Q2 c C\{0,1}, such as

(36.114) 0 =C\ {(~00,0] U1, 00)}.

Such a continuation has jumps across (—oo,0) and across (1,00). However, we know
that o F} (a1, az;b; 2) is holomorphic in |z| < 1, so the jump across the segment (—1,0) in
(—00,0) vanishes. Hence this jump vanishes on all of (—o0,0). We deduce that, as long as
be {0,—1,-2,...},

oFy(a1,az2;b;2) continues analytically to

36.115
( ) z€ C\[1,00).

As we know, whenever b ¢ {0, —1,—2,...}, both (36.112) and (36.113) have a 2D space
of solutions, on their domains, respectively C\ (—o0,0] and (36.114). Concentrating on
the regular singularity at z = 0, we see that each of these differential equations, when
converted to a first-order system as in (36.42)—(36.46), yields a system of the form (36.45)
with

(36.116) A(0) = Ag = (8 . b) .

Clearly the eigenvalues of Ay are 0 and 1 — b. Given that we already require b ¢
{0,—1,—2,...}, we see that Proposition 36.6 applies, with A =1 — b, as long as

(36.117) b {2,3,4,...}.

Then, as long as (36.117) holds, we expect to find another solution to each of (36.112)
and (36.113), of the form (36.60), with w(z) holomorphic on a neighborhood of z = 0 and
A =1—b. In fact, one can verify that, if (36.117) holds,

(36.118) AT R (14 a—b;2 - b;2)
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is also a solution to (36.112). In addition,
(36.119) AR (ag —b+1,a0 —b+1;2 —b; 2)

is also a solution to (36.113).
One reason the hypergeometric functions are so important is that many other functions
can be expressed using them. These range from elementary functions, such as

e =1F1(1;1;2),

(36.120) log(1 —2) = —z2F1(1,1;2; 2),

1132>

co—1
- F(
S1n z = 221222

to special functions, such as Bessel functions,

—iz v 1
¢ (3> 1F1<1/+§;2u+1;2z’z>,

(36.121) J,(2) = RIS

elliptic integrals,

11
7T2F1< 12’2),

(36.122) / V1= z2sin? 2 22
1 _ 22 ain2 _T Ll
/0 1— 22sin“60do 22F1< ,—: 1z >,

2°2
and many other examples, which can be found in Chapter 9 of [Leb].

The hypergeometric functions (36.109)—(36.110) are part of a heirarchy, defined as fol-
lows. Take p,g e N, p < ¢+ 1, and

(36.123) a=(ay,...,a,), b=(by,....by), b;&{0,~1,-2,...}.
Then we set
(36.124) (a3 b; 2) i - (ap)i 2

' i (b kU

with (a;); defined as in (36.111). Equivalently, if also a; ¢ {0, -1, -2,...},

(36.125) pFo(a;b;2) =

L(b1) -+ D(by) o~ Tar +k) - T(ay + k) 2
kz_()r(b1+k)---r(bq+k) k!

This power series converges for all z € Cif p < g+ 1, and for |z|] < 1 if p = ¢+ 1. The
function ,Fy(a;b; z) = u(z) satisfies the differential equation

(36.125) d% H(zd% + by — 1) - ﬁ(zd% + CL@) w=0,
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which reduces to (36.112) if p = ¢ =1 and to (36.113) if p=2,g = 1. In case p = ¢ + 1,
we see that this differential equation has the form

dPu
36.126 M-z)—+---=0,
(36.126) (1 - 2) 0+
with singular points at z = 0 and z = 1, leading to a holomorphic continuation of

F,(a;b; z), first to the domain (36.114), and then, since the jump across (—1,0) vanishes,
to C\ [1,00).
As an example of a special function expressible via 4F3, we consider the Bring radical,
®~1, defined in Appendix Q as the holomorphic map

(36.127) &' Dyysp5-1/4(0) — C,  ©71(0) =0,
that inverts
(36.128) O(2) =2 —2°.
As shown in (Q.93), we have

> 5k Z4kz—|—1

12 d1(z) = =

(36.129) (2) Z<k>4k+1’

k=0
for |z| < (4/5)5~1/%. This leads to the following identity.
Proposition 36.12. The Bring radical =1 is given by

1 234135 _/bz\*

(36.130) d1(z2) = z4F3(—, 22222 —;5<Zz> >

Proof. To start, we write

5k\  (5k)!  T(5k+1) 5 T(5k) 1
(36.131) (k:) T (4k)E! T T(4k+ 1)k 4 T(4k) k!

Next, the Gauss formula (18.40) yields

152 T(k+ DU (k+ 3)0(k+ HT(k + 3)

(36.132) —n = @m)” 44k—1/2 L(k+3)C(k+ 2)(k+ 3)

Hence, for |z| < (4/5)57 /4, ®~1(2) is equal to

251/2i (+k:)F(§+k)F(§+k)‘ 1
41/2 L +ErE+ kI3 +k) 4k +1

5\ k
><5k(—) AL
4

(36.133)
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Using
(36.134) (4k + D)T(k + 1) = 4T (k + 2),
we obtain
1, LB PTEHTETE)I(G) -
(36.135) v = NESINESINE)
><4F3(1 234135 (5_Z> )

It remains to evaluate the constant factor that precedes z. Using the identity

™

(36.136) I'(@)I(1 - 2) =

. )
SN T

and I'(1/2) = /7, we see that this factor is equal to

(36.137) Vi1

T« . P
4 sin ¢ - sin 5

since sin /4 = 1/4/2. Now, by (Q.32),

2r /51 T VE+1
(36.138) COS - = — —, oS 1

and then we can readily compute (1 — cos?(7/5))(1 — cos?(27/5)) and show that

2 5
(36.139) sing . sin % - %.

Hence (36.137) is equal to 1, and we have (36.130).

The results on analytic continuation of ,F,, derived above from (36.125)(36.126), give
another proof of Proposition Q.4, on the analytic continuation of ®~!, established by a
geometrical argument in Appendix Q.

We leave special functions and return to generalities. We have seen many cases of
holomorphic differential equations defined on a domain 2 C C that is connected but
not simply connected, and have seen that, given zy € {2, we can analytically continue a
solution from a neighborhood D,(zp) to any other point z € Q along a curve 7,,,, in a
way that depends only on the homotopy class of the curve from zy to z. If {2 were simply
connected, there would be only one such homotopy class, leading to a uniquely defined
analytic continuation to a holomorphic function on €. If € is not simply connected,
there can be many such homotopy classes, and one would get a “multivalued” analytic
continuation. Examples of this are readily seen in the representation (36.60) of a solution
to (36.45) near a regular singular point, when X is not an integer.
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One way to get a single valued analytic continuation of a solution v to a system of the
form (36.3) is to work on the univesal covering space 2 of €,

(36.140) T — Q.

Given a point zy € (2, the space Q is defined so that, for 2 € Q, 771(2) consists of
homotopy classes of continuous curves v : [0,1] — € such that v(0) = 29 and (1) = z.
The space €2 has a natural structure of a Riemann surface, for which 7 in (36.140) yields
local holomorphic coordinates. Then analytic continuation along a continuous curve v,
as in (36.36), defines a holomorphic function on €.

The obstruction to an analytic continuation of a solution to a first-order linear system
on 2 being single valued on €2, or equivalently the way in which its analytic continuation to
Q differs at different points of 7=1(2), for 2z € €, can be expressed in terms of monodromy,
defined as follows.

Fix zp € Q, and let v : Dy(29) — C" solve

(36.141) % = A(z)v, v(z) = vy,

with A : Q@ — M(n,C) holomorphic. Consider a continuous curve

(36.142) v:10,1] — Q,  ~(0) = (1) = 2.
Then set
(36.143) »(y)vo = v4(20),

with v., defined as in (36.36). Clearly the dependence on vy is linear, so we have
(36.144) »(y) € M(n,C),

for each continuous path 7 of the form (36.142). By Proposition 36.3, »(vy) = s(71) if v
and ~; are homotopic curves satisfying (36.142). Hence s induces a well defined map

(36.145) w1 (Q,20) — M(n,C),

where 71 (€2, 29) consists of homotopy classes of continuous curves satisfying (36.142). This
is the monodromy map associated with the holomorphic system (36.141).

We can define a product on paths of the form (36.142), as follows. If vy and 7, satisfy
(36.142), we set

(36.146)
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We have

(36.147) (710 70) = 3(71)3(70)-

If ; are homotopic to o, satisfying (36.142), then ~; o 7y is homotopic to o; o 0¢, so we
have a product on (€2, 29), and 3 in (36.145) preserves products.
Note that the constant map

(36.148) e:0,1] — Q, &(t) = 2o,

acts as a multiplicative identity on 7 (€2, zg), in that for each ~y satisfying (36.142), v, €0+,
and vy o € are homotopic. Clearly

(36.149) () = I.

Furthermore, given v as in (36.142), if we set

(36.150) Fy[0,1] — Q, ) = (1 —t),
then y~!' o~ and 7 oy~! are homotopic to . Hence

(36.151) s(y"h o) = (v )a(y) = 1,

SO

(36.152) (v = ()7,

and in particular s(vy) € M(n,C) is invertible. We have
(36.153) s (2, 20) — GL(n,C),

where G¢(n,C) denotes the set of invertible matrices in M (n, C).
One additional piece of structure on 7 (€2, z9) worth observing is that, if v1,v2, and 3
satisfy (36.142), then

(36.154) 30 (Y2 0v1) and (y3 0 y2) o y1 are homotopic,

hence define the same element of 71(€2, z9). We say that the product in m (€2, 20) is as-
sociative. A set with an associative product, and a multiplicative identity element, with
the property that each element has a multiplicative inverse is called a group. The group
m1(€, 20) is called the fundamental group of 2. Matrix multiplication also makes G¥¢(n, C)
a group. The fact that s in (36.153) satisfies (36.147) and (36.149) makes it a group
homomorphism.

To illustrate the monodromy map, let us take

(36.155) Q = D,(0)\ 0,



415

and consider the system (36.45), with A holomorphic on D,(0). Take

(36.156) zo =1 € (0,a),
and set
(36.157) B(t) =re*™, 0<t<1,

so £(0) = B(1) = zp. Note that

A(z) = Ag = v(z) = 2 (r~oy)
(36.158) — U<T€27Tit) _ 627TitAOUO

= x(f) = e2mido

When A(z) is not constant, matters are more complicated. Here is a basic case.

Proposition 36.13. Assume that Proposition 36.9 applies to the system (36.45), so
(36.86) holds. Then

(36.159) »#(B) = U(r)e*™ Aoy (r)~L.

Proof. From (36.86) we have
(36.160) v(r) = U(r)rtov,, v € C",

and

U(eQTritT‘) U(€27ritr)rA0 eQwitonl
(627‘-“7“)7“140 eQWitAOT—AO U(’I“)_l’l)(’l“)

(627rit7a)€27ritAo U(T) —1,0(7,>7

(36.161)

I
S S

and taking ¢ — 1 gives (36.159).

Suppose you have a second-order differential equation for which z = 0 is a regular
singular point, as in (36.42). Then the conversion to the system (36.45) is accomplished
by the substitution (36.44), and Proposition 36.13 bears on this system, in most cases.
However, it might be preferable to use instead the substitution

(36.162) v(z) = (3((’?)),

producing a different first-order system, with a different monodromy map, though the two
monodromy maps are related in an elementary fashion.
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We briefly discuss the monodromy map associated to the hypergeometric equation
(36.113), which is holomorphic on

(36.163) 0 =C\{0,1},

with regular singular points at 2 = 0 and z = 1. In this case, we take

1 1., 1.
(36.164) 20=73, Bo(t) = 562””, Bi(t)=1— 562“”.

We convert (36.113) to a first-order 2 x 2 system, using (36.162). In this case, every
continuous path ~ satisfying (36.142) is homotopic to a product

(36.165) Bj, 0Bj,0---0B5,, Jjve€{0,1}.
(This product is not commutative!) Thus the monodromy map (36.153) is determined by

(36.166) #(Bo), #(B1) € GL(2,C).

Exercises

1. The following equation is called the Airy equation:
u'(z) —2u(z) =0, wu(0) = ug, v (0) =uy.
Show that taking v = (u, )" yields the first-order system

dv_

= (Ao + Aiz)u, v(0) = vy = <“°)

U1

0 1 0 0
AO_(O 0)’ Al_(l 0)‘

Using the recursion (36.14), show that the coefficients vy in the power series

oo
v(z) = Z v 2"
k=0

with

satisfy

_ 1 (wm 0
'Uk+3—k+3( 0 ]%;_1 Vg

Use this to establish directly that this series converges for all z € C.
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2. Let v(z) solve the first-order system

(36.167) o _ A(z)v(2),

ZE =
on |z| > R, with A(z) holomorphic in z in this region, and set
(36.168) o(z) =v(z7"), 0<|z| <R

Show that v satisfies

dv

1 —
(36.169) 55

= —A(z"1)o(2),
for 0 < |z| < R™!. We say (36.167) has a regular singular point at oo provided (36.169)
has a regular singular point at 0. Note that this holds if and only if A(z) = A(z7!) extends

to be holomorphic on a neighborhood of z = 0, hence if and only if A(z) is bounded as
Z — 0.

3. Let u(z) solve a second-order linear differential equation, e.g., (36.32), with coefficients
that are holomorphic for |z| > R. We say this equation has a regular singular point at oo
provided the first-order system, of the form (36.167), produced via (36.44)—(36.46), has a
regular singular point at co. Show that the hypergeometric equation (36.113) has a regular
singular point at co. Show that the confluent hypergeometric equation (36.112) does not
have a regular singular point at co. Neither does the Bessel equation, (36.2).

4. Show that the function (36.119) solves the hypergeometric equation (36.113).

5. Demonstrate the identity (36.121) relating J,, and 1 Fy.

6. Demonstrate the identities (36.122) relating elliptic integrals and o F}.

7. Show that, if b ¢ {0,—1,-2,...},

1F1(a;b;2) = l}‘m o Fi(a,c;b;ct2).
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O. From wave equations to Bessel and Legendre equations

Bessel functions, the subject of §35, arise from the natural generalization of the equation

d*u 9

with solutions sin kx and cos kz, to partial differential equations
(0.2) Au+ k*u =0,
where A is the Laplace operator, acting on a function v on a domain 2 C R™ by

0%u n n 0%u

~ 9.2 2
Ox] O0x?

(0.3) Au

We can eliminate k2 from (O.2) by scaling. Set u(x) = v(kx). Then equation (O.2)
becomes

(0.4) (A+1)v=0.
We specialize to the case n = 2 and write

9%u  O%*u

. Au=— + —.
(0.5) U 8x2+8y2

For a number of special domains  C R2, such as circular domains, annular domains,
angular sectors, and pie-shaped domains, it is convenient to switch to polar coordinates
(r,0), related to (x,y)-coordinates by

(0.6) x =rcosf, y=rsind.
In such coordinates,

0? 10 1 02
(0.7) Mo =55+ 5+ )"

A special class of solutions to (O.4) has the form
(0.8) v =w(r)e™?.

By (0.7), for such v,

(0.9) (A+1)v= [d2w N 1 dw N (1 _ V—Q)w} o
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so (O.4) holds if and only if

2
1—”—)w:0.

r2

(0.10) —+-—+

d?w  1dw (
dr?2  rdr

This is Bessel’s equation (35.1) (with different variables).

Note that if v solves (0.4) on Q@ C R? and if Q is a circular domain or an annular
domain, centered at the origin, then v must be an integer. However, if € is an angular
sector or a pie-shaped domain, with vertex at the origin, ¥ need not be an integer.

In n dimensions, the Laplace operator (O.3) can be written

(0.11) Av =

where Ag is a second-order differential operator acting on functions on the unit sphere
Sn=1 c R", called the Laplace-Beltrami operator. Generalizing (O.8), one looks for solu-
tions to (0.4) of the form

(0.12) v(z) = w(r)P(w),

where 2 = rw, r € (0,00), w € S L. Parallel to (0.9), for such v,

dPw n—1dw V2
(0.13) (A+1)w= [W — (1 - r—2>w]w(w),
provided
(0.14) Agyp = —v%P.

The equation

2

Pw n-—1dw v
0.1 R T 1 _
(0-15) dr? roodr < r2>w 0

is a variant of Bessel’s equation. If we set
(0.16) o(r) = T”/Qflw(r),

then (O.15) is converted into the Bessel equation

e  1ldp ( p

(0.17) — + -+ 1—r—2>g0:0, ,u2:1/2+<n_2>2.

2

The study of solutions to (O.14) gives rise to the study of spherical harmonics, and from
there to other special functions, such as Legendre functions, more on which below.
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The equation (0O.2) arises from looking for solutions to the wave equation

92

(0.18) (@ . A)(p —0,

in the form

(0.19) o(t, ) = e*lu(x).

Another classical partial differential equation is the heat equation, or diffusion equation,
0

(0.20) a—f = A,

and if we seek purely decaying solutions, of the form

(0.21) o(t,z) = e_thu(a;),

we get, in place of (0.2), the equation

(0.22) (A — E*)u = 0.

Again we can scale to take k = 1. This in turn gives rise to the following variant of Bessel’s
equation (0.10),

d>w 1 dw v?
(0.23) o (1 r—2>w—0,
in which 1 is changed to —1. The variants of Bessel functions that satisfy (0.23) are also
considered in §35.

We return to (0.14) and look at it more closely in the case n = 3, so S"~! = S? is
the unit 2-sphere in R®. Standard spherical coordinates are (6,p) € [0,7] x (R/27Z), 0
denoting geodesic distance to the “north pole” (0,0,1) € S? C R3, and ¢ the angular
coordinate in the (z,y)-plane. In these coordinates,

1 0 /. 1 0%
sinf 00 (smH%) * sin® 0 g2’
Parallel to (0.8), we seek solutions of the form
(0.25) D0, ) = f(O)e™?.

Then (0.14) becomes

(0.24) Agtp =

1 dy. . df s 2
2 —( 0—)—— 0) =— 0).
(0-26) smd a0\ ag) ~ gpzg 1O = 1)
Since cos @ gives the vertical coordinate of a point in $? C R3, it is natural to set

(0.27) f(0) = g(cosb).
Then (0.26) becomes

(0.28) (1= 22)g"(2) = 229'(2) + |12 = L ]g(2) =0,

known as Legendre’s differential equation.



421

Appendices

In addition to various appendices scattered through Chapters 1-7, we have six “global”
appendices, collected here.

In Appendix A we cover material on metric spaces and compactness, such as what one
might find in a good advanced calculus course (cf. [T0] and [T]). This material applies both
to subsets of the complex plane and to various sets of functions. In the latter category, we
have the Arzela-Ascoli theorem, which is an important ingredient in the theory of normal
families. We also have the contraction mapping theorem, of use in Appendix B.

In Appendix B we discuss the derivative of a function of several real variables and prove
the inverse function theorem, in the real context, which is of use in §4 of Chapter 1 to get
the inverse function theorem for holomorphic functions on domains in C. It is also useful
for the treatment of surfaces in Chapter 5.

Appendix P treats a method of analyzing an integral of the form

(A.0.1) / Tt g (2) da

for large t, known as the Laplace asymptotic method. This is applied here to analyze the
behavior of I'(z) for large z (Stirling’s formula). Also, in §35 of Chapter 7, this method is
applied to analyze the behavior of Bessel functions for large argument.

Appendix M provides some basic results on the Stieltjes integral

b
(A.0.2) / (@) du(z).

We assume that f € C([a,b]) and u : [a,b] — R is increasing. Possibly b = oo, and then
there are restrictions on the behavior of f and u at infinity. The Stieltjes integral provides
a convenient language to use to relate functions that count primes to the Riemann zeta
function, and we make use of it in §19 of Chapter 4. It also provides a convenient setting
for the material in Appendix R.

Appendix R deals with Abelian theorems and Tauberian theorems. These are results
to the effect that one sort of convergence implies another. In a certain sense, Tauberian
theorems are partial converses to Abelian theorems. One source for such results is the
following: in many proofs of the prime number theorem, including the one given in §19
of Chapter 4, the last step involves using a Tauberian theorem. The particular Tauberian
theorem needed to end the analysis in §19 is given a short proof in Appendix R, as a
consequence of a result of broad general use known as Karamata’s Tauberian theorem.

In Appendix Q we show how the formula

A.0.3 sin3z = —4sin® z + 3sin 2
(

enables one to solve cubic equations, and move on to seek formulas for solutions to quartic
equations and quintic equations. In the latter case this cannot necessarily be done in terms
of radicals, and this appendix introduces a special function, called the Bring radical, to
treat quintic equations.



422

A. Metric spaces, convergence, and compactness

A metric space is a set X, together with a distance function d : X x X — [0, 00), having
the properties that
d(l’,y) :Oﬁ]?:y,
(A.1) d(z,y) = d(y, ),
d(z,y) < d(z,z) +d(y, 2).

The third of these properties is called the triangle inequality. An example of a metric space
is the set of rational numbers Q, with d(z,y) = |x — y|. Another example is X = R", with

d(x,y) = \/(wl —y1)? 4+t (T —yn)?

If (x,) is a sequence in X, indexed by v = 1,2,3,..., i.e., by v € Z™, one says z,, — y if
d(z,,y) — 0, as v — oo. One says (z,) is a Cauchy sequence if d(z,,z,) — 0 as p, v — 0.
One says X is a complete metric space if every Cauchy sequence converges to a limit in
X. Some metric spaces are not complete; for example, Q is not complete. You can take a
sequence (1,,) of rational numbers such that =, — v/2, which is not rational. Then (z,,) is
Cauchy in Q, but it has no limit in Q.

If a metric space X is not complete, one can construct its completion X as follows. Let
an element & of X consist of an equivalence class of Cauchy sequences in X, where we say
(x,) ~ (y,) provided d(z,,y,) — 0. We write the equivalence class containing (x,) as [x,].
If ¢ = [z,] and n = [y, ], we can set d(§,n) = lim,_,~ d(z,,y,), and verify that this is well
defined, and makes X a complete metric space.

If the completion of Q is constructed by this process, you get R, the set of real numbers.
This construction provides a good way to develop the basic theory of the real numbers. A
detailed construction of R using this method is given in Chapter 1 of [TO0].

There are a number of useful concepts related to the notion of closeness. We define
some of them here. First, if p is a point in a metric space X and r € (0,00), the set

(A.2) B.(p) ={x € X :d(x,p) <r}

is called the open ball about p of radius r. Generally, a neighborhood of p € X is a set
containing such a ball, for some r > 0.

A set U C X is called open if it contains a neighborhood of each of its points. The
complement of an open set is said to be closed. The following result characterizes closed
sets.

Proposition A.1. A subset K C X of a metric space X is closed if and only if

(A.3) z;eK, z;opeX=pecK.
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Proof. Assume K is closed, z; € K, x; — p. lf p ¢ K, then p € X \ K, which is open, so
some B.(p) C X \ K, and d(zj,p) > ¢ for all j. This contradiction implies p € K.

Conversely, assume (A.3) holds, and let ¢ € U = X \ K. If By/,(q) is not contained in
U for any n, then there exists z,, € K N By /,(q), hence z,, — ¢, contradicting (A.3). This
completes the proof.

The following is straightforward.

Proposition A.2. If U, is a family of open sets in X, then U,U, is open. If K, is a
family of closed subsets of X, then Ny K, is closed.

Given S C X, we denote by S (the closure of S) the smallest closed subset of X
containing S, i.e., the intersection of all the closed sets K, C X containing S. The
following result is straightforward.

Proposition A.3. Given S C X, p € S if and only if there exist x; € S such that z; — p.

Given S C X, p € X, we say p is an accumulation point of S if and only if, for each
e > 0, there exists ¢ € SN B:(p), q # p. It follows that p is an accumulation point of S if
and only if each B.(p), € > 0, contains infinitely many points of S. One straightforward
observation is that all points of S\ S are accumulation points of S.

The interior of a set S C X is the largest open set contained in S, i.e., the union of all
the open sets contained in S. Note that the complement of the interior of S is equal to
the closure of X \ S.

We now turn to the notion of compactness. We say a metric space X is compact provided
the following property holds:

(A) Each sequence (zp) in X has a convergent subsequence.

We will establish various properties of compact metric spaces, and provide various equiv-
alent characterizations. For example, it is easily seen that (A) is equivalent to:

(B) Each infinite subset S C X has an accumulation point.

The following property is known as total boundedness:

Proposition A.4. If X is a compact metric space, then

(C) Given € >0, 3 finite set {x1,...,xn} such that Bc(x1),...,B:(xn) covers X.

Proof. Take ¢ > 0 and pick x1 € X. If B.(z1) = X, we are done. If not, pick xo €
X\ Bo(z1). If Bo(z1) U B-(23) = X, we are done. If not, pick 3 € X \ [Bs(z1) U B:(22)].
Continue, taking zx411 € X \ [Be(21) U+ U Bo(xk)], if Be(z1)U-+-U B:(x) # X. Note
that, for 1 <i,5 <k,

i # j = d(z;,x;) > e.

If one never covers X this way, consider S = {x; : j € N}. This is an infinite set with no
accumulation point, so property (B) is contradicted.



424

Corollary A.5. If X is a compact metric space, it has a countable dense subset.

Proof. Given € = 27", let S,, be a finite set of points x; such that {B.(z;)} covers X.
Then C = U,,S,, is a countable dense subset of X.

Here is another useful property of compact metric spaces, which will eventually be
generalized even further, in (E) below.

Proposition A.6. Let X be a compact metric space. Assume K1 D Ko D K3 D -+ form
a decreasing sequence of closed subsets of X. If each K, # 0, then N, K, # (.

Proof. Pick z,, € K,. If (A) holds, (x,) has a convergent subsequence, z,, — y. Since
{zn, : k> 1} C K,,, which is closed, we have y € N, K,.

Corollary A.7. Let X be a compact metric space. Assume Uy C Uy C U3 C --- form an
increasing sequence of open subsets of X. If U,U,, = X, then Uny = X for some N.

Proof. Consider K,, = X \ U,.
The following is an important extension of Corollary A.7.

Proposition A.8. If X is a compact metric space, then it has the property:

(D) Every open cover {U,:a € A} of X has a finite subcover.

Proof. Each U, is a union of open balls, so it suffices to show that (A) implies the following:
(D) Every cover {B, :a € A} of X by open balls has a finite subcover.

Let C ={z; : j € N} C X be a countable dense subset of X, as in Corollary A.2. Each B,
is a union of balls B, (z;), with z; € C N By, r; rational. Thus it suffices to show that

(D”) Every countable cover {B;:j € N} of X by open balls has a finite subcover.

For this, we set
U,=DB1U---UB,

and apply Corollary A.7.

The following is a convenient alternative to property (D):

(E) If K, C X are closed and ﬂ K, =10, then some finite intersection is empty.

«

Considering U, = X \ K, we see that
(D) < (F).

The following result completes Proposition A.8.
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Theorem A.9. For a metric space X,

(A) < (D).

Proof. By Proposition A.8, (A) = (D). To prove the converse, it will suffice to show that
(E) = (B). So let S C X and assume S has no accumulation point. We claim:

Such S must be closed.

Indeed, if z € S and z ¢ S, then z would have to be an accumulation point. Say S = {z :
a € A}, Set K, =S\ {zo}. Then each K, has no accumulation point, hence K, C X is
closed. Also N, K, = (). Hence there exists a finite set F C A such that Naer K, = 0, if
(E) holds. Hence S = Uyer{xn} is finite, so indeed (E) = (B).

REMARK. So far we have that for every metric space X,
(A) <= (B) <— (D) — (F) = (O).

We claim that (C) implies the other conditions if X is complete. Of course, compactness
implies completeness, but (C) may hold for incomplete X, e.g., X = (0,1) C R.

Proposition A.10. If X is a complete metric space with property (C), then X is compact.

Proof. 1t suffices to show that (C) = (B) if X is a complete metric space. So let S C X
be an infinite set. Cover X by balls By 3(x1),..., Bi/2(zn). One of these balls contains

infinitely many points of S, and so does its closure, say X; = Bj/2(y1). Now cover X by
finitely many balls of radius 1/4; their intersection with X; provides a cover of X;. One

such set contains infinitely many points of .S, and so does its closure Xy = By /4(y2) N X7.
Continue in this fashion, obtaining

X1D2X9DX3D DX DXpr1D:0+, XjC Byily)),

each containing infinitely many points of S. One sees that (y;) forms a Cauchy sequence.
If X is complete, it has a limit, y; — z, and z is seen to be an accumulation point of S.

If X;, 1 <j<m,is a finite collection of metric spaces, with metrics d;, we can define
a Cartesian product metric space

(A4) X = HXja d(xvy) :dl(xlayl)"f’"'"f’dm(xmvym)'
j=1

Another choice of metric is §(z,y) = \/di(z1,y1)2 + - + dm (T, Ym)?. The metrics d and
) are equivalent, i.e., there exist constants Cy, C7 € (0, 00) such that

(A.5) Cod(x,y) < d(z,y) < Ci6(z,y), Vazx,yeX.

A key example is R, the Cartesian product of m copies of the real line R.
We describe some important classes of compact spaces.
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Proposition A.11. If X; are compact metric spaces, 1 < j < m, so is X = H;n:l X;.

Proof. If (x,) is an infinite sequence of points in X, say x, = (z1,,...,Zmy), pick a
convergent subsequence of (x1,) in Xi, and consider the corresponding subsequence of
(x,), which we relabel (z,). Using this, pick a convergent subsequence of (zg,) in Xs.
Continue. Having a subsequence such that x;, — y; in X; for each j =1,...,m, we then
have a convergent subsequence in X.

The following result is useful for calculus on R”.
Proposition A.12. If K is a closed bounded subset of R™, then K is compact.

Proof. The discussion above reduces the problem to showing that any closed interval I =
[a,b] in R is compact. This compactness is a corollary of Proposition A.10. For pedagogical
purposes, we redo the argument here, since in this concrete case it can be streamlined.

Suppose S is a subset of I with infinitely many elements. Divide I into 2 equal subin-
tervals, Iy = [a,b1], Iz = [b1,b], by = (a+0b)/2. Then either I; or I, must contain infinitely
many elements of S. Say I; does. Let z1 be any element of S lying in I;. Now divide I; in
two equal pieces, I; = I;; U Ij2. One of these intervals (say [;;) contains infinitely many
points of S. Pick xo € Ij; to be one such point (different from x;). Then subdivide I
into two equal subintervals, and continue. We get an infinite sequence of distinct points
x, €S, and |z, — zy4k| < 277 (b—a), for £ > 1. Since R is complete, (x,) converges, say
to y € I. Any neighborhood of y contains infinitely many points in S, so we are done.

If X and Y are metric spaces, a function f : X — Y is said to be continuous provided
z, — x in X implies f(x,) — f(x) in Y. An equivalent condition, which the reader is
invited to verify, is

(A.6) U openin Y = f~Y(U) openin X.

Proposition A.13. If X and Y are metric spaces, f : X — Y continuous, and K C X
compact, then f(K) is a compact subset of Y.

Proof. 1f (y,) is an infinite sequence of points in f(K), pick z, € K such that f(z,) = y,.
If K is compact, we have a subsequence z,, — p in X, and then y,, — f(p) in Y.

If F: X — R is continuous, we say f € C(X). A useful corollary of Proposition A.13 is:

Proposition A.14. If X is a compact metric space and f € C(X), then f assumes a
mazximum and a minimum value on X.

Proof. We know from Proposition A.13 that f(X) is a compact subset of R. Hence f(X)
is bounded, say f(X) C I = [a,b]. Repeatedly subdividing I into equal halves, as in the
proof of Proposition A.12; at each stage throwing out intervals that do not intersect f(X),
and keeping only the leftmost and rightmost interval amongst those remaining, we obtain
points o € f(X) and 8 € f(X) such that f(X) C [a, 8]. Then a = f(z0) for some zy € X
is the minimum and 8 = f(z1) for some x; € X is the maximum.
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Ifts c R is a nonempty, bounded set, Proposition A.12 implies S is compact. The
function n : S — R, n(x) = z is continuous, so by Proposition A.14 it assumes a maximum
and a minimum on S. We set

(A.7) sup S = max x, inf S = min z,
ses zeS

when S is bounded. More generally, if S C R is nonempty and bounded from above, say
S C (—o0, B], we can pick A < B such that S N [A, B] is nonempty, and set

(A.8) sup S =sup SN I[A, B].

Similarly, if S C R is nonempty and bounded from below, say S C [A,00), we can pick
B > A such that SN [A, B] is nonempty, and set

(A.9) inf S =inf SN[A, B].
If X is a nonempty set and f: X — R is bounded from above, we set

(A.10) sup f(x) = sup f(X),

reX

and if f: X — R is bounded from below, we set

(A.11) inf f(x)=inf f(X).
zeX
If f is not bounded from above, we set sup f = +o00, and if f is not bounded from below,
we set inf f = —o0.
Given a set X, f: X — R, and x,, — x, we set

(A.11A) limsup f(z,)= lim (sup f(a:k)>,
n— 00 n— oo kzn

and

(A.11B) liminf f(r,) = nllr%o(gga f(ack)>.

We return to the notion of continuity. A function f € C(X) is said to be uniformly
continuous provided that, for any € > 0, there exists § > 0 such that

(A.12) z,y € X, dlz,y) <6 = |f(x) - f(y)| <e

An equivalent condition is that f have a modulus of continuity, i.e., a monotonic function

w:[0,1) = [0,00) such that § \, 0 = w(d) \, 0, and such that
(A.13) 2,y € X, d(z,y) <6< 1= |f(z) — f(y)| < w(0).

Not all continuous functions are uniformly continuous. For example, if X = (0,1) C R,
then f(xz) = sinl/x is continuous, but not uniformly continuous, on X. The following
result is useful, for example, in the development of the Riemann integral.
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Proposition A.15. If X is a compact metric space and f € C(X), then f is uniformly
CcONtInuoUs.

Proof. If not, there exist z,,y, € X and € > 0 such that d(z,,y,) < 27" but

(A.14) [f(2) = )] Z &

Taking a convergent subsequence z,, — p, we also have y,,, — p. Now continuity of f at
p implies f(x,,) = f(p) and f(y,,) — f(p), contradicting (A.14).

If X and Y are metric spaces, the space C(X,Y) of continuous maps f: X — Y has a
natural metric structure, under some additional hypotheses. We use

(A.15) D(f,g9) = sup d(f(z),g(z)).

reX

This sup exists provided f(X) and g(X) are bounded subsets of Y, where to say B C Y is
bounded is to say d : B x B — [0,00) has bounded image. In particular, this supremum
exists if X is compact. The following is a natural completeness result.

Proposition A.16. If X is a compact metric space and Y is a complete metric space,
then C(X,Y), with the metric (A.9), is complete.

Proof. That D(f,g) satisfies the conditions to define a metric on C'(X,Y) is straightfor-
ward. We check completeness. Suppose (f,) is a Cauchy sequence in C'(X,Y), so, as
v — 00,

(A.16) sup sup d(fy4x(2), fu(z)) <&, — 0.
k>0 z€X

Then in particular (f,(z)) is a Cauchy sequence in Y for each x € X, so it converges, say
to g(x) € Y. It remains to show that g € C(X,Y) and that f, — g in the metric (A.9).
In fact, taking £ — oo in the estimate above, we have

(A.17) sup d(g(x), fu(x)) <&, =0,

i.e., f, — g uniformly. It remains only to show that g is continuous. For this, let z; — x
in X and fix € > 0. Pick N so that ey < e. Since fy is continuous, there exists J such
that j > J = d(f~n(z;), fn(x)) < e. Hence

j >J = d(g(.’L’j),g(l‘)) < d(g(x])va(x])) +d(fN<m])afN(x>) +d(fN(x)7g(I)) < 3e.

This completes the proof.

In case Y = R, C(X,R) = C(X), introduced earlier in this appendix. The distance
function (A.15) can be written

D(f,9) = If — gllsups I fllsup = sup [f(z)].
reX
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| fllsup is & norm on C(X).
Generally, a norm on a vector space V' is an assignment f — ||f]| € [0, 00), satisfying

Ifl =0 f=0, lafl=lalllfll, WIf+gll <151+l

given f,g € V and a a scalar (in R or C). A vector space equipped with a norm is called a
normed vector space. It is then a metric space, with distance function D(f,g) = ||f — ¢||-
If the space is complete, one calls V' a Banach space.

In particular, by Proposition A.16, C'(X) is a Banach space, when X is a compact
metric space.

We next give a couple of slightly more sophisticated results on compactness. The fol-
lowing extension of Proposition A.11 is a special case of Tychonov’s Theorem.

Proposition A.17. If {X;:j € Z"} are compact metric spaces, so is X = H;’;l X;.

Here, we can make X a metric space by setting

(A.18) d(z,y) = iQ—j da‘@j(m apj(y))

where p; : X — X is the projection onto the jth factor. It is easy to verify that, if z, € X,
then z, — y in X, as v — oo, if and only if, for each j, p;(z,) — p;(y) in X;.

Proof. Following the argument in Proposition A.11, if (z,) is an infinite sequence of points
in X, we obtain a nested family of subsequences

(Alg) (;L‘V) D (;L*ly) D) (1'2,/) DR (.fl?jl,) BDEEE

such that py(z7,) converges in Xy, for 1 < ¢ < j. The next step is a diagonal construction.
We set

(A.20) £ =1", € X.

Then, for each j, after throwing away a finite number N(j) of elements, one obtains from
(£,) a subsequence of the sequence (27,) in (A.19), so pe(&,) converges in X, for all .
Hence (,) is a convergent subsequence of (x,).

The next result is known as the Arzela-Ascoli Theorem. It is useful in the theory of
normal families, developed in §21.

Proposition A.18. Let X and Y be compact metric spaces, and fix a modulus of conti-
nuity w(d). Then

(A.21) Co={f€C(X,Y) :d(f(x), f(z") Sw(d(z,2")) Vz,2' € X}

is a compact subset of C(X,Y).
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Proof. Let (f,) be a sequence in C,,. Let 3 be a countable dense subset of X, as in Corollary
A5, Foreachz € ¥, (f,(x)) is a sequence in Y, which hence has a convergent subsequence.
Using a diagonal construction similar to that in the proof of Proposition A.17, we obtain
a subsequence (p,) of (f,) with the property that ¢, (z) converges in Y, for each x € %,
say

(A.22) pu () = (),

for all x € X, where ¢ : ¥ — Y.

So far, we have not used (A.21). This hypothesis will now be used to show that ¢,
converges uniformly on X. Pick € > 0. Then pick § > 0 such that w(d) < /3. Since X is
compact, we can cover X by finitely many balls Bs(x;), 1 < j < N, x; € 3. Pick M so
large that ¢, (x;) is within €/3 of its limit for all v > M (when 1 < j < N). Now, for any
x € X, picking ¢ € {1,..., N} such that d(x,z,) < ¢, we have, for k >0, v > M,

d(pvar(x), 00 () < d(Purn(), Loar(e)) + d(Purr(ze), oo (2e))

(A.23) + d(pu(20), o0 ()
<e/3+¢/3+¢/3.

Thus (¢, (x)) is Cauchy in Y for all x € X, hence convergent. Call the limit ¢ (x), so we
now have (A.22) for all z € X. Letting k¥ — oo in (A.23) we have uniform convergence of
¢, to ¥. Finally, passing to the limit ¥ — co in

(A.24) d(pu(x), pu(2)) < wld(z,2"))

gives ¢ € C,,.

We want to re-state Proposition A.18, bringing in the notion of equicontinuity. Given
metric spaces X and Y, and a set of maps F C C(X,Y), we say F is equicontinuous at a
point zg € X provided

Ve >0, 46 >0 such that Vo € X, f € F,

(A.25) dx (2, 20) < 6 = dy (£(z), f(z0)) < e.

We say F is equicontinuous on X if it is equicontinuous at each point of X. We say F is
uniformly equicontinuous on X provided

Ve >0, 36 >0 such that Vz,2' € X, f € F,

(4.26) dx(z,7") < 6 = dy(f(z), f(z')) < e.

Note that (A.26) is equivalent to the existence of a modulus of continuity w such that
F C C,, given by (A.21). It is useful to record the following result.
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Proposition A.19. Let X andY be metric spaces, F C C(X,Y). Assume X is compact.
then

(A.27) F equicontinuous => F is uniformly equicontinuous.

Proof. The argument is a variant of the proof of Proposition A.15. In more detail, suppose
there exist x,,z!, € X, £ >0, and f, € F such that d(z,,z,) < 27" but

(A28) d(fu(mv)afu(mzl/» > €.

Taking a convergent subsequence x,, — p € X, we also have xf,j — p. Now equicontinuity
of F at p implies that there esists N < oo such that

3 .
(A.29) d(g(zy,;),9(p)) < 30 VizN.geF,

contradicting (A.28).
Putting together Propositions A.18 and A.19 then gives the following.

Proposition A.20. Let X and Y be compact metric spaces. If F C C(X,Y) is equicon-
tinuous on X, then it has compact closure in C(X,Y).

We next define the notion of a connected space. A metric space X is said to be connected
provided that it cannot be written as the union of two disjoint nonempty open subsets.
The following is a basic class of examples.

Proposition A.21. Fach interval I in R is connected.

Proof. Suppose A C I is nonempty, with nonempty complement B C I, and both sets are
open. Take a € A, b € B; we can assume a < b. Let £ = sup{z € [a,b] : x € A} This
exists, as a consequence of the basic fact that R is complete.

Now we obtain a contradiction, as follows. Since A is closed £ € A. But then, since A
is open, there must be a neighborhood (§ — ¢,& + €) contained in A; this is not possible.

We say X is path-connected if, given any p, g € X, there is a continuous map v : [0, 1] —
X such that v(0) = p and v(1) = ¢. It is an easy consequence of Proposition A.21 that X
is connected whenever it is path-connected.

The next result, known as the Intermediate Value Theorem, is frequently useful.

Proposition A.22. Let X be a connected metric space and f : X — R continuous.
Assume p,q € X, and f(p) = a < f(q) =b. Then, given any c € (a,b), there exists z € X
such that f(z) = c.

Proof. Under the hypotheses, A = {z € X : f(z) < ¢} is open and contains p, while
B={zx € X : f(x) > c} is open and contains ¢. If X is connected, then AU B cannot be
all of X; so any point in its complement has the desired property.

The next result is known as the Contraction Mapping Principle, and it has many uses
in analysis. In particular, we will use it in the proof of the Inverse Function Theorem, in
Appendix B.
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Theorem A.23. Let X be a complete metric space, and let T : X — X satisfy
(A.30) d(Tz,Ty) < rd(x,y),

for some r < 1. (We say T is a contraction.) Then T has a unique fized point x. For any
yo € X, TFyg — x as k — oo.

Proof. Pick yp € X and let y, = Tkyo. Then d(yk, yk+1) < rk d(yo,y1), SO

d(Wks Ykrm) < dYr, Y1) + -+ d(Yrtm—15 Yrtm)
(A.31) < (P4 P d(yo, 1)
<r*(1—r) " d(yo, y1)-
It follows that (yi) is a Cauchy sequence, so it converges; yr — x. Since Ty, = yr+1 and
T is continuous, it follows that Tx = x, i.e., x is a fixed point. Uniqueness of the fixed

point is clear from the estimate d(Tx.T2") < rd(x,z"), which implies d(x,2") = 0 if z and
2’ are fixed points. This proves Theorem A.23.

Exercises
1. If X is a metric space, with distance function d, show that
|d(£L‘7 y) - d('rlu y/>| < d(fl’}, xl> + d(y> y/)a

and hence
d: X x X — [0,00) is continuous.

2. Let ¢ : [0,00) = [0,00) be a C? function. Assume
e(0)=0, ¢ >0, ¢"<0.
Prove that if d(x,y) is symmetric and satisfies the triangle inequality, so does
6(z,y) = p(d(z,y)).
Hint. Show that such ¢ satisfies p(s +t) < p(s) + ¢(t), for s,t € RT.

3. Show that the function d(z,y) defined by (A.18) satisfies (A.1).
Hint. Consider ¢(r) =1r/(14r).

4. Let X be a compact metric space. Assume f;, f € C(X) and

fi(z) / f(z), VzelX.
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Prove that f; — f uniformly on X. (This result is called Dini’s theorem.)
Hint. Fore > 0,let K;(¢) = {x € X : f(x)—f;(z) > €}. Note that K;(¢) D Kj41(¢) D -~

5. In the setting of (A.4), let

9 9 1/2
6(@,y) = {di (@) + -+ dlem ym)?}

Show that
6(z,y) < d(z,y) < vVmd(z,y).

6. Let X and Y be compact metric spaces. Show that if 7 C C'(X,Y) is compact, then F
is equicontinuous. (This is a converse to Proposition A.20.)

7. Recall that a Banach space is a complete normed linear space. Consider C*(I), where
I =10, 1], with norm

[ fller = sup |f] + sup |f.
Show that C'(I) is a Banach space.

8. Let F = {f € CY(I): ||fllcr <1}. Show that F has compact closure in C(I). Find a
function in the closure of F that is not in C1(I).
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B. Derivatives and diffeomorphisms

To start this section off, we define the derivative and discuss some of its basic properties.
Let O be an open subset of R", and F' : O — R™ a continuous function. We say F' is
differentiable at a point z € O, with derivative L, if L : R™ — R™ is a linear transformation
such that, for y € R", small,

(B.1) F(zx+vy)=F(z)+ Ly + R(x,y)
with
(B.2) M%O as y — 0.

Iyl

We denote the derivative at by DF(z) = L. With respect to the standard bases of R™
and R™ DF(x) is simply the matrix of partial derivatives,

(B.3) DF(z) = (%) :

t

so that, if v = (vy1,...,v,)", (regarded as a column vector) then

OF,
(B.4) DF(x)v = ( G e Z 8xk ) .

It will be shown below that F' is differentiable whenever all the partial derivatives exist
and are continuous on O. In such a case we say F is a C! function on O. More generally,
F is said to be C¥ if all its partial derivatives of order < k exist and are continuous. If F
is C* for all k, we say F is C°.

In (B.2), we can use the Euclidean norm on R™ and R™. This norm is defined by

(B.5) |zl = (22 + -+ 22)"/?

for z = (x1,...,2,) € R". Any other norm would do equally well.

We now derive the chain rule for the derivative. Let F' : O — R™ be differentiable at
xr € O, as above, let U be a neighborhood of z = F(x) in R™, and let G : U — RF be
differentiable at z. Consider H = G o F. We have

H(z +y)=G(F(z +y))

(F(z) + DF (z)y + R(z,y))
(

(

(B.6)

z) + DG(z)(DF(z)y + R(z,y)) + Ri(z,y)

G
G
G(z) + DG(2) DF(x)y + Ro(x,y)
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with
[ R2(z, y)|
lyll
Thus G o F' is differentiable at =, and

—0 as y— 0.

(B.7) D(G o F)(z) = DG(F(z)) - DF ().

Another useful remark is that, by the Fundamental Theorem of Calculus, applied to
o(t) = F(z +ty),

(B.8) F(x+y) = F(x) —1—/01 DF(x + ty)y dt,

provided F is C'. A closely related application of the Fundamental Theorem of Calculus
is that, if we assume F' : O — R"™ is differentiable in each variable separately, and that
each 0F/0x; is continuous on O, then

Flz+y) = +Z (@ +2j) = Flz+21)] = F@) +>_ Aj(,9)y;,
(B.9) =1

L oF
Aj(x,y) = —(1‘ +zj-1+ tyjej) dt,

o O;
where zo =0, z; = (y1,...,9;,0,...,0), and {e;} is the standard basis of R”. Now (B.9)

implies F is differentiable on O, as we stated below (B.4). Thus we have established the
following.

Proposition B.1. If O is an open subset of R and F : O — R™ is of class C*, then F
1s differentiable at each point x € O.

As is shown in many calculus texts, one can use the Mean Value Theorem instead of
the Fundamental Theorem of Calculus, and obtain a slightly sharper result.

For the study of higher order derivatives of a function, the following result is fundamen-
tal.

Proposition B.2. Assume F : O — R™ is of class C?, with O open in R™. Then, for
each x € O, 1 < j,k<n,

0 OF 0 OF

To prove Proposition B.2, it suffices to treat real valued functions, so consider f : O — R.
For 1 <j <n, set

(B.11) Ajnf(x) =+ (f(@+ hej) — f(z)),

SRS
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where {eq,...,e,} is the standard basis of R™. The mean value theorem (for functions of
x; alone) implies that if 0;f = 0f/0x; exists on O, then, for x € O, h > 0 sufficiently
small,

(B.12) Ajnf(x) =0;f(x + ajhe;),

for some «; € (0,1), depending on x and h. Iterating this, if 9;(0kf) exists on O, then,
for x € O and h > 0 sufficiently small,

Apnjnf (@) = Ou(Ajnf) (@ + arher)
(B.13) = Ajn(0cf)(z + arhey)
= 00 f(x + arher, + ajhe;),

with a;, ar € (0,1). Here we have used the elementary result
(B.14) wAjnf = Djn(0kf).

We deduce the following.
Proposition B.3. If Orf and 0;0f exist on O and 0;0k f is continuous at xo € O, then

(B.15) 638kf(m0) = IPEEJ A]“hAj’hf(iE()).
Clearly
(B.16) AV FAVES WA VEWAVIEN) S

so we have the following, which easily implies Proposition B.2.

Corollary B.4. In the setting of Proposition B.3, if also 0;f and 0,0, f exist on O and
OL0; f is continuous at g, then

(B.17) 0jOk f(w0) = O0r0; f (o).

If U and V be open subsets of R and F : U — V is a C' map, we say F is a
diffeomorphism of U onto V provided F' maps U one-to-one and onto V', and its inverse
G = F~lisa C! map. If F is a diffeomorphism, it follows from the chain rule that DF(x)
is invertible for each x € U. We now present a partial converse of this, the Inverse Function
Theorem, which is a fundamental result in multivariable calculus.

Theorem B.5. Let F' be a C* map from an open neighborhood Q0 of py € R™ to R™, with
qo = F(po). Assume k > 1. Suppose the derivative DF(pg) is invertible. Then there is a
neighborhood U of pg and a neighborhood V' of qo such that F : U — V' is one-to-one and
onto, and F~1:V — U is a C* map. (So F :U — V is a diffeomorphism.)

First we show that F' is one-to-one on a neighborhood of pg, under these hypotheses.
In fact, we establish the following result, of interest in its own right.
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Proposition B.6. Assume Q C R" is open and convex, and let f : Q — R"™ be C'.
Assume that the symmetric part of Df(u) is positive-definite, for each u € Q. Then f is
one-to-one on €.

Proof. Take distinct points uq, us € €, and set ug — u; = w. Consider ¢ : [0,1] — R,
given by
o(t) =w- f(uy + tw).

Then ¢'(t) = w - Df(u; + tw)w > 0 for t € [0, 1], so ¢(0) # ¢(1). But ¢(0) = w - f(u1)
and ¢(1) = w - f(uz), so f(u1) # f(uz).

To continue the proof of Theorem B.5, let us set
(B.18) f(u) = A(F(po +u) — q), A=DF(po)~".

Then f(0) =0 and Df(0) = I, the identity matrix. We show that f maps a neighborhood
of 0 one-to-one and onto some neighborhood of 0. Proposition B.4 applies, so we know f
is one-to-one on some neighborhood O of 0. We next show that the image of O under f

contains a neighborhood of 0.
Note that

(B.19) f(u)=u+ R(u), R(0)=0, DR(0)=0.

For v small, we want to solve

(B.20) f(u) =v.

This is equivalent to u + R(u) = v, so let

(B.21) Ty(u) = v — R(u).

Thus solving (B.20) is equivalent to solving

(B.22) Ty (u) = u.

We look for a fized point u = K (v) = f~!(v). Also, we want to prove that DK (0) = I, i.e.,

that K(v) = v + r(v) with r(v) = o(||v|)), i.e., r(v)/[|v|| = 0 as v — 0. If we succeed in
doing this, it follows easily that, for general = close to gy, G(r) = F~!(z) is defined, and

(B.23) DG(z) = (DF(G(Q:))>_1.

Then a simple inductive argument shows that G is C* if F is C*.
A tool we will use to solve (B.22) is the Contraction Mapping Principle, established in
Appendix A, which states that if X is a complete metric space, and if T : X — X satisfies

(B.24) dist(Tx, Ty) < r dist(z,y),
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for some r < 1 (we say T is a contraction), then T has a unique fixed point z.
In order to implement this, we consider

(B.25) Ty: Xy — Xy
with
(B.26) Xy ={ueQ:||lu—v|| <A}

where we set

(B.27) Ay = sup ||R(w)].

lwl<2lv]l

We claim that (B.25) holds if ||v|| is sufficiently small. To prove this, note that T, (u) —v =
—R(u), so we need to show that, provided ||v|| is small, u € X, implies ||R(u)|| < A,. But
indeed, if u € X,, then |lul| < ||v|| + Ay, which is < 2|jv|| if ||v]| is small, so then

[Ru)| < sup [[R(w)]| = A

lwll<2]lv]l

This establishes (B.25).

Note that T, (u1) — T, (u2) = R(uz) — R(u1), and R is a C* map, satisfying DR(0) = 0.
It follows that, if ||v]| is small enough, the map (B.18) is a contraction map. Hence there
exists a unique fixed point u = K(v) € X,,. Also, since u € X,

(B.28) 1K (v) = v]| < Ay = o([|v]]),
so the Inverse Function Theorem is proved.

Thus if DF' is invertible on the domain of F, F' is a local diffeomorphism. Stronger
hypotheses are needed to guarantee that F' is a global diffeomorphism onto its range.
Proposition B.6 provides one tool for doing this. Here is a slight strengthening.

Corollary B.7. Assume Q C R™ is open and convez, and that F : Q — R™ is C'. Assume
there exist n x n matrices A and B such that the symmetric part of A DF(u) B is positive

definite for each u € . Then F' maps () diffeomorphically onto its image, an open set in
R™.

Proof. Exercise.
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P. The Laplace asymptotic method and Stirling’s formula

Recall that the Gamma function is given by

o0
(P.1) ['(z) :/ e~ tt* 1 at,
0
for Rez > 0. We aim to analyze its behavior for large z, particularly in a sector
(P.2) Ag = {re’? :r >0, |0] < B},
for § < m/2. Let us first take z > 0, and set t = sz, and then s = e¥, to write

['(z) = zz/ e #(5-logs) o1 ¢
0

oo
_ Zzez/ efz(eyfyfl) dy

— 00

(P.3)

Having done this, we see that each side of (P.3) is holomorphic in the half plane Re z > 0,
so the identity holds for all such z. The last integral has the form

(P4) 1= [ e A iy

with A(y) =1 in this case, and ¢(y) = e¥ — y — 1. Note that ¢(y) is real valued and has
a nondegenerate minimum at y = 0,

(P.5) p(0)=0, ¢'(0)=0, ¢"(0)>0.
Furthermore,

o(y) > ay® for |yl <1,

P.6
(P-6) a for |y|>1,

for some a > 0.

The Laplace asymptotic method analyzes the asymptotic behavior of such an integral,
as z — 00 in a sector A, ;5. In addition to the hypotheses (P.5)-(P.6), we assume that
¢ and A are smooth, and we assume that, given a > 0, there exists S > 0 such that

(P.7) ‘/ e W A(y) dy| < Ce PReZ for Rez>1.

ly|>a
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These hypotheses are readily verified for the integral that arises in (P.3).
Given these hypotheses, our first step to tackle (P.4) is to pick b € C°°(R) such that
b(y) =1 for |y| < o and b(y) = 0 for |y| > 2a, and set

(P.8) Ao(y) = b(y)A(y), Ai(y) = (1—b(y))A(y),
(P.9) ’/Oo e_z‘/’(y)Al(y) dy‘ < Qe PRez

for Rez > 1. It remains to analyze

(P.10) Io(z) = / e **W) Ay (y) dy.
Pick a sufficiently small that you can write

(P.11) e(y) =&(y)?, for [y| < 2a,

where £ maps [—2a, 2a] diffeomorphically onto an interval about 0 in R. Then

(P.12) Io(2) = / T e Bo(e) de,

— 00

with Bo(§) = Ao(y(§))y'(§), where y(§) denotes the map inverse to £(y). Hence By €
Cg° (R).
To analyze (P.12), we use the Fourier transform:

~ 1 o0 ,
P.13 By(z) = — Bo(&)e "¢ dg,
(P13 @)= o= [ B e
studied in §14. Arguing as in the calculation (14.11)—(14.12), we have, for Rez > 0,
~ 1\ 1/2
(P.14) B(§) = = Bu(a) = (57) e
z

Hence, by Plancherel’s theorem, for Re z > 0,

Iy(z) = (2()1/2 /OO e_CwQEO(a:) dx

— 00

(P.15)
=200, (=,

Now, given By € C5°(R), one has By € C*(R), and

(P.16) |27 B ()| < Cjr, VxR
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We say By € S(R). Using this, it follows that

(P.17) To(¢) = / h e~ By(z) da

— 00

is holomorphic on {¢ € C: Re( > 0} and C* on {¢ € C: Re( > 0}. We have

(P.18) I()(O) = /Oo Eo(l’) dr = \/%BO(O)

— 00

It follows that, for Re( > 0,
(P.19) Zo(¢) = V21 By(0) + O(|¢]), as ¢ — 0,

hence, for Rez > 0, z # 0,
T\ 1/2
(P.20) Io(z) = (;> Bo(0) + O(|2]73/%), as z — oc.

If we apply this to (P.3)—(P.9), we obtain Stirling’s formula,

(P.21) ['(z) = zze_z(zgyﬂ [1 + O(|z|_1)],

for z € A o_s, taking into account that in this case By(0) = V2.

Asymptotic analysis of the Hankel function, done in §35, leads to an integral of the form
(P.4) with

sinh? y
P.22 -
(P.22) o) =4 m
and
(P.23) A(y) = e W/ (y), u(y) =y +itan~'(sinhy),

so u/(y) = 1+4/ coshy. The conditions for applicability of (P.5)-(P.9) are readily verified
for this case, yielding the asymptotic expansion in Proposition 35.3.

Returning to Stirling’s formula, we mention another approach, which gives more precise
information. It involves the ingenious identity

1 1
(P.24) logT(z) = (z - 5) logz—z+ 3 log 27 + w(z),

with a convenient integral formula for w(z), namely

(P.25) w(z) = /000 f(t)e " dt,
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for Rez > 0, with

f(t):<1_l+i>%

2t et-1
(P-26) 1 (1 cosht/2 1)
T t\2sinht/2 ¢/

which is a smooth, even function of ¢ on R, asymptotic to 1/2t as t ,* +00. A proof can
be found in §1.4 of [Leb].

We show how to derive a complete asymptotic expansion of the Laplace transform (3.2),
valid for z — oo, Rez > 0, just given that f € C°°([0,00)) and that fU) is integrable on
[0,00) for each j > 1. To start, integration by parts yields

> —z _ 1 > d —z
/0 f(t)e *tdt = _5/0 f(t)%e tdt
_ 1 > / —Zz f(O)
—;/O f(t)e tdt—f—T,

valid for Re z > 0. We can iterate this argument to obtain

(P.27)

N r(k-1) 1 [
(P.28) w(z) = Z f—k(O) +— / FM™) (e~ dt,
z Z 0
k=1
and
(P.29) ‘/ FM (1) ‘ztdt‘ / 1N (t)|dt < 0o, for N >1, Rez> 0.

By (P.24), w(z) is holomorphic on C\ (—o0,0]. Meanwhile, the right side of (P.28) is
continuous on {z € C: Rez > 0, z # 0}, so equality in (P.28) holds on this region.
To carry on, we note that, for |t| < 2,

(P.30)

1 1 - (_]‘)k 2k—1
. YV
PR ;; I

N |

where By, are the Bernoulli numbers, introduced in §12, Exercises 6-8, and related to ((2k)
in §30. Hence, for |t| < 2,

(1)
(P.31) f(t) = ; mBHﬂf%.
Thus
fA0)= 0 j odd,
(P.32) (=1)!Byi

i+1D20+2) 7 26,



443

SO

(—=1)* By 1
(P.33) w(z) NZ T2l ) 2 z — 00, Rez > 0.
>0

Thus there are A, € R such that

A
(P.34) ew(2) Nl—i—zz—:, z — 00, Rez > 0.
k>1

This yields the following refinement of (P.21):

(P.35) ['(z) ~ 2%e? (2—7T)1/2 [1 + Z Akz_k}7 |z| = 00, Rez > 0.

z
k>1

We can push the asymptotic analysis of I'(z) into the left half-plane, using the identity

_ T
(P.36) ['(—z)sinmz = G
to extend (P.24), i.e.,
Z\? |27
= (= 27 ew(2) >
(P.37) I'(z) (€> \/ e for Rez >0, 2 #0,

to the rest of C\ R™. If we define z* and /z in the standard fashion for z € (0,00) and
to be holomorphic on C\ R™, we get

1 z [2
(P.38) I'(z) = T otz <E> \/ nll e (=2 for Rez<0, Imz >0,
— e mE \e z
and
1 Z\ ? 2 —w(—z)
(P.39) [(z) = 1—_2<—) e , for Rez<0, Imz < 0.
— e X4 e z

Comparing (P.37) and (P.38) for z = iy, y > 0, we see that
(P.40) e (W) — (1 — e 2™) (W) 4 5.

That e=“(=%) and (") have the same asymptotic behavior as y — 400 also follows from
the fact that only odd powers of z~! appear in (P.33).
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M. The Stieltjes integral

Here we develop basic results on integrals of the form

b
(ML) | f@auta)
known as Stieltjes integrals. We assume that f € C([a,b]) and that
(M.2) u: [a,b] — R is increasing,
e, 1 < z9 = u(xy) < u(xz). We also assume u is right continuous, i.e.,

(M.3) u(z) = Z}l{r;; u(y), Yz €la,b).

Note that (M.2) implies the existence for all x € [a, b] of

(M.4) u(z) = liminf u(y), u (z) = limsup u(y)
Y \T y  x

(with the convention that u™ (a) = u(a) and u™(b) = u(b)). We have
(M.5) u (z) <ut(z), Va€la,b)],

and (M.3) says u(xz) = u™(z) for all z. Note that u is continuous at z if and only if
u”(z) = ut(x). If u is not continuous at z, it has a jump discontinuity there, and it is
easy to see that u can have at most countably many such discontinuities.

We prepare to define the integral (M.1), mirroring a standard development of the Rie-
mann integral when u(x) = x. For now, we allow f to be any bounded, real-valued function
on [a,bl], say |f(z)| < M. To start, we partition [a, b] into smaller intervals. A partition P
of [a, b] is a finite collection of subintervals {J; : 0 < k < N — 1}, disjoint except for their
endpoints, whose union is [a,b]. We order the Jy so that Jx = [xk, xkr1], where

(M.6) a=x9g< 1T <---<zxN=>

We call the points z; the endpoints of P. We set
N-1
p(fdu) = Z (sup f)luzrer) =~ ulzs))

»(fdu) = 1nf Plu(zrsr) — u(zg)].

MHO

k=0
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Note that I(fdu) < Ip(fdu). These quantities should be approximations to (M.1) if
the partition P is sufficiently “fine.”

To be more precise, if P and Q are two partitions of [a, b], we say P refines Q, and write
P = Q, if P is formed by partitioning the intervals in Q. Equivalently, P > Q if and only
if all the endpoints of Q are endpoints of P. It is easy to see that any two partitions have a
common refinement; just take the union of their endpoints, to form a new partition. Note
that

(M.8) P=Q=Ip(fdu)<I
lp(fdu) >1

Consequently, if P; are two partitions of [a,b] and Q is a common refinement, we have

(M.9) Ip, (f du) < Io(f du) < To(f du) < Tp,(f du).

Thus, whenever f : [a,b] — R is bounded, the following quantities are well defined:
—b —
I (fdu)= inf [T d

() = inf T du)

IP(fdu)= sup Ip(fdu),
Pellla,b]

(M.10)

where II[a, b] denotes the set of all partitions of [a,b]. Clearly, by (M.9),
(M.11) I(f du) < Ty (f du).

We say a bounded function f : [a,b] — R is Riemann-Stieltjes integrable provided there is
equality in (M.11). In such a case, we set

b
(M.12) / f(2) du(z) = T2(f du) = 1% (f du),

and we write f € R([a,b],du). Though we will not emphasize it, another notation for
(M.12) is

(M.13) /f(x) du(z), I=(a,b].

1

Our first basic result is that each continuous function on [a,b] is Riemann-Stieltjes
integrable.

Proposition M.1. If f : [a,b] — R is continuous, then f € R([a,b],du).

Proof. Any continuous function on [a, b] is uniformly continuous (cf. Appendix A). Thus
there is a function w(d) such that

(M.14) lz—y| <d=|f(x) — fly)] Sw(d), w()—0 as §—0.
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Given J = [xk, Tp41], let us set £(Jg) = xp+1 — 2k, and, for the partition P with endpoints
as in (M.6), set

(M.15) maxsize(P) = o max 0(Jy).
Then
(M.16) maxsize(P) < § = Ip(f du) — Lp(f du) < w()[u(b) — u(a)],

which yields the proposition.

We will concentrate on (M.1) for continuous f, but there are a couple of results that
are conveniently established for more general integrable f.

Proposition M.2. If f,g € R([a,b],du), then f+ g € R([a,b],du), and

b b b
(M.17) / ((z) + g(x)) du(z) = / f() du(z) + / o(x) du(z).

Proof. If Ji is any subinterval of [a, b], then

sup (f +g) <sup f+sup g, and
Jk Jk Ik

(M.18) " S g
ind (f+g)_1}1k f+1}1k q,

so, for any partition P, we have Ip(f+g) du) < Ip(f du)+1p(gdu). Also,using a common
refinement of partitions, we can simultaneously approximate TZ( fdu) and TZ( gdu) by
Ip(f du) and I'p(gdu), and likewise for TZ((f + g) du). Then the characterization (M.10)
implies TZ((f +g)du) < TZ(f du) —I—TZ(g du). A parallel argument implies I° ((f +g) du) >
I%(f du) 4+ I® (g du), and the proposition follows.

Here is another useful additivity result.

Proposition M.3. Let a < b < ¢, f : [a,c] = R, fi = flap, fo = flp,. Assume
u: la,c] — R is increasing and right continuous. Then

(M.19) f € R(la,c],du) & f1 € R([a,b],du) and fa € R([b,cl,du),
and, if this holds,

(M.20) /f ) du(z /f1 ) du(a /f2 ) du(a

Proof. Since any partition of [a, ¢| has a refinement for which b is an endpoint, we may as
well consider a partition P = P; UPq, where P; is a partition of [a, b] and P5 is a partition
of [b,c|]. Then

(M.21) Ip(f du) = Ip,(f1 du) + Ip,(fa du),
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with a parallel identity for I, (f du), so

(M.22) Tp(f du) — Lp(f du) = {Tp, (fs du) — Ip, (fs du)} + {Tp, (o du) — Lp, (> du)}.
Since both terms in braces in (M.22) are > 0, we have the equivalence in (M.19). Then
(M.20) follows from (M.21) upon taking sufficiently fine partitions.

In the classical case u(x) = z, we denote R([a, b, du) by R([a,b]), the space of Riemann
integrable functions on [a, b]. We record a few standard results about the Riemann integral,
whose proofs can be found in many texts, including [T0], Chapter 4, and [T}, §0.

Proposition M.4. Ifu: [a,b] — R is increasing and right continuous, then u € R([a,b]).
Proposition M.5. If f,g € R([a,b]), then fg € R([a,]).
The next result is known as the Darboux theorem for the Riemann integral.

Proposition M.6. Let P, be a sequence of partitions of [a,b], into v intervals Jyp, 1 <
k <wv, such that

(M.23) maxsize(P,) — 0,

and assume f € R([a,b]). Then
b v

(M.24) | f@rde = Jim 3" F(6)en),
@ k=1

for arbitrary &, € Jyk, where £(J,y) is the length of the interval Jy.

We now present a very useful result, known as integration by parts for the Stieltjes
integral.

Proposition M.7. Let u : [a,b] — R be increasing and right continuous, and let f €
C1([a,b]), so f' € C([a,b]). Then

b b
(M.29) | t@ o) = sul = [ £t s
where
(M30) ful, = rO)u) ~ @yt

Proof. Pick a partition P of [a, b] with endpoints z, 0 < k < N, as in (M.6). Then

b N—-1

(M.31) f(z)du(x) = /Wrl f(x) du(x).

a k=0 k
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Now, given ¢ > 0, pick > 0 such that

(M.32) maxsize(P) < 6 = ge[sup ] (&) — fzp)| <e.
Then
b N-1
(M.33) / f(@)du(@) = Y flaw)w@rs) —ulzr)] + O(e).
@ k=0

We can write this last sum as

—f(@o)u(zo) + [f(w0) — f(z1)]u(zy) + -
+ [f(xn-1) = flon)u(@zn) + flzn)u(zy),

SO

o) [ @) = fuf + Y @0~ Sl +06)
@ k=0

Now the Mean Value Theorem implies

(M.35) f(or) = f(wpg1) = —f/(Ck)(ka — Tp),

for some (i € (xk,zk+1). Since f' € C([a,b]), we have in addition to (M.32) that, after
perhaps shrinking 4,

(M.36) maxsize(P) <d = sup |f(¢)— f'(zx)| < e.

CE€[xk,wrt1]

Hence

o36) [ s ) =l = X Futm e - a0 +0)
a k=0

Now Propositions M.4-M.5 imply f'u € R([a,b]), and then Proposition M.6, applied to
f'u, implies that, in the limit as maxsize(P) — 0, the sum on the right side of (M.36)
tends to

(M.37) / f(x)u(x) dz.

This proves (M.29).
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We discuss some natural extensions of the integral (M.1). For one, we can take w = u—wv,
where v : [a,b] :— R is also increasing and right continuous, and set

(M.38) / () dw(z / f(z) du(z / f(z) dv(z

Let us take f € C([a,b]). To see (M.38) is well defined, suppose that also w = u; — vy,
where u; and vy are also increasing and right continuous. The identity of the right side of
(M.38) with

(M.39) / F(2) dus (z / F(x) dvy (z

is equivalent to the identity

(M.40) / F(@) du(z / F(x) dvy (x / F(2) dus (2 / f(z) dv(z

hence to

(M.41) /f ) du(x /f ) dvs ( /f d(u+v1)(),

which is readily established, via
(M.42) Tp(f du) —|—T7)(f d’Ul) = Tp(f d(u +U1)),

and similar identities.
Another extension is to take u : [0,00) — R, increasing and right continuous, and define

(M.43) /0 N f(z) du(z)

for a class of functions f : [0,00) — R satisfying appropriate bounds at infinity. For
example, we might take

, Ve>0,

(M.44) ul )|

|f ()

<C
<C , for some a > 0.

There are many variants. One then sets

o) R
(M.45) /0 f(x)du(z) = I%iinm ; f(x) du(z).
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Extending the integration by parts formula (M.29), we have

(M.46) /ooo fa) du(z) = Jim f“’: - /OR f(@)u(z) do

— —£(0)u(0) / " P (@)u(e) dr,

for f € C1([0,00)), under an appropriate additional condition on f’(x), such as
(M.47) |f(z)] < Ce™ %,

when (M.44) holds.

In addition, one can also have v : [0,00) — R, increasing and right continuous, set
w = u — v, and define [;° f(z)dw(z), in a fashion parallel to (M.38). If, for example,
(M.44) also holds with u replaced by v, we can extend (M.46) to

(M.48) / " f(@) du(z) = —F(0)w(0) / " P ()w(a) de.

The material developed above is adequate for use in §19 and Appendix R, but we
mention that further extension can be made, to the Lebesgue-Stieltjes integral. In this
set-up, one associates a “measure” p on [a,b] to the function u, and places the integral
(M.1) within the framework of the Lebesgue integral with respect to a measure. Material
on this can be found in many texts on measure theory, such as [T3], Chapters 5 and 13. In
this setting, the content of Proposition M.7 is that the measure y is the “weak derivative”

of u, and one can extend the identity (M.29) to a class of functions f much more general
than f € C'([a,b)).
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R. Abelian theorems and Tauberian theorems

Abelian theorems and Tauberian theorems are results to the effect that one sort of
convergence leads to another. We start with the original Abelian theorem, due to Abel,
and give some applications of that result, before moving on to other Abelian theorems,
and to Tauberian theorems.

Proposition R.1. Assume we have a convergent series
(R.1) > ap = A
k=0
Then
[o.@]
(R.2) flr) = Z ar®
k=0

converges uniformly on [0,1], so f € C([0,1)). In particular, f(r) — A asr /1.

As a warm up, we look at the following somewhat simpler result. Compare Propositions
13.2 and L.4.

Proposition R.2. Assume we have an absolutely convergent series

(R-3) D k| < o
k=0

Then the series (R.2) converges uniformly on [—1,1], so f € C([-1,1]).
Proof. Clearly

m—+n m—+n

>t < Y e,
k=m k=m

for r € [—1,1], so if (R.3) holds, then (R.2) converges u niformly for r € [—1,1]. Of course,
a uniform limit of a sequence of continuous functions on [—1, 1] is also continuous on this
set.

Proposition R.1 is much more subtle than Proposition R.2. One ingredient in the proof
is the following summation by parts formula.

Proposition R.3. Let (a;) and (b;) be sequences, and let

(R.4) Sp = Zaj.
§=0
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If m > n, then

m m—1
(R5) Z apbr = (Smbm — Snanrl) + Sk(bk — bk+1).
k=n+1 k=n+1

Proof. Write the left side of (M.5) as

m

(R.6) > (56— sk-1)bx.

k=n+1

It is then straightforward to obtain the right side.

Before applying Proposition R.3 to the proof of Proposition R.1, we note that, by
Proposition 0.3 and its proof, especially (0.32), the power series (R.2) converges uniformly
on compact subsets of (—1,1), and defines f € C((—1,1)). Our task here is to get uniform
convergence up to r = 1.

To proceed, we apply (R.5) with b, =7 and n+1=0,5_; = 0, to get

m m—1
(R.7) Z ay (1—r Z sprt 4 5™
k=0 k=0

Now, we want to add and subtract a function g,,(r), defined for 0 < r < 1 by

gm(r) =(1—r) Z sprt
(R.8) e
=Ar+(1—r) Z opr”,
k=m
with A as in (R.1) and
(R.9) o =8t —A—0, as k— oc.

Note that, for 0 <r <1, uy € N,

(1—r) ‘Zakr ‘ < <sup |0;€])(1—7‘)ir’~C

(R.10) h=n k=p
= <sup lok ]) r.

k>p

It follows that

(R.11) gm(1) = Ar™ + hy, (r)
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extends to be continuous on [0, 1] and

(R.12) |hm (1) < sup |ok|, hm(1) =0.
k>m

Now adding and subtracting ¢,,(r) in (R.7) gives
(R.13) > awr® = go(r) + (sm — A)r"™ = hn(r),
k=0

and this converges uniformly for r € [0,1] to go(r). We have Theorem R.1, with f(r) =
go(r).

Here is one illustration of Proposition R.1. Let a; = (—1)*~!/k, which produces a
convergent series by the alternating series test (Section 0, Exercise 8). By (4.33),

i

(R.14) > Trk — log(1 + 1),
k=1

for |r| < 1. It follows from Proposition R.1 that this infinite series converges uniformly on

[0, 1], and hence
o —1)k—1

(R.15) Z % = log 2.
k=1

See Exercise 2 in §4 for a more direct approach to (R.15), using the special behavior of
alternating series. Here is a more subtle generalization, which we will establish below.

Claim. For all 6 € (0,27), the series

> eik&
(R.16) > — =500
k=1

converges.

Given this claim, it follows from Proposition R.1 that

(R.17) lim i —rt=50), Voe(0.2m).

Note that taking 0 = 7 gives (R.15). We recall from §4 that the function log : (0,00) — R
has a natural extension to

(R.18) log: C\ (—00,0] — C,
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and

(R.19) i

k=1

2= —log(l—2), for |z| <1,

| =

from which we deduce, via Proposition R.1, that S(6) in (R.16) satisfies
(R.20) S(0) = —log(1—€), 0<6<2nm.

We want to establish the convergence of (R.16) for 6 € (0,27). In fact, we prove the
following more general result.

Proposition R.4. If b, 0, then
(R.21) D be? =
k=1

converges for all 6 € (0, 2m).
Given Proposition R.4, it then follows from Proposition R.1 that

: k _ik6 __
(R.22) lim ;bkr et = F(9), V60 ¢e(0,2n).

In turn, Proposition R.4 is a special case of the following more general result, known as
the Dirichlet test for convergence of an infinite series.

Proposition R.5. If by \ 0, ar € C, and there exists B < oo such that

k
(R.23) sk =Y a;=>|sx] <B, VkeEN,
j=1
then
(R.24) Zakbk converges.
k=1

To apply Proposition R.5 to Proposition R.4, take aj = e**? and observe that

k6

(R.25) Z et =~ ¢ e

1—6“9

which is uniformly bounded (in k) for each 0 € (0, 27).
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To prove Proposition R.5, we use summation by parts, Proposition R.3. We have, via
(R.5) with n =0, so =0,

m m—1
(R.26) Zakzbk = Smbm + Z Sk (b — br41).
— k=1

Now, if |si| < B for all k and by N\, 0, then

(R27) Z |Sk(bk — bk+1 <B Z bk — bk—H = Bb; <
k=1 k=1

so the infinite series

(R28) Z Sk k — bk_|_1

is absolutely convergent, and the convergence of the left side of (R.26) readily follows.
For a first generalization of Proposition R.1, let us make a change of variable, r — e™?,
sor /1 e s\, 0. Also think of {k € ZT} as a discretization of {t € RT}. To proceed,

assume we have
(R.29) u,v : [0,00) —> [0,00), monotone increasing,

e.g., t1 < to = u(t1) < u(te), and right continuous. Also assume that u(0) = v(0) = 0,
and that

(R.29A) u(t), v(t) < C.et, Ve >0,
Now form
(R.30) f(t) =u(t) —v(t).

An example would be a piecewise constant f(¢), with jumps ar at ¢ = k. The following
result generalizes Proposition R.1. We use the Stieltjes integral, discussed in Appendix M.

Proposition R.6. Take f as above, and assume
(R.31) fit)y — A, as t— oo.

Then

(R.32) /00 e Stdf(t) — A, as s\, 0.
0
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Proof. The hypothesis (R.29A) implies the left side of (R.31) is an absolutely convergent

integral for each s > 0. Replacing summation by parts by integration by parts in the
Stieltjes integral, we have

/000 e Stdf(t) = 8/00 e Sf(t) dt

(R.33) 0

= A+ s/ e Stf(t) — A dt.
0

Pick € > 0, and then take K < oo such that

(R.34) t>K=|f(t)— Al <e.

Then

s/ooo et F(t) — Al dt

K o)
(R.35) < s/ e St f(t) — Al dt + es/ e st dt
0 K
< (sup () — A|)Ks +e.
t<K
Hence
(R.36) lim sup ’/ e Stdf(t) — A) <e Ve>D0,
sN\0 0
and we have (R.32).
We next replace the hypothesis (R.31) by
(R.37) f(t) ~ At*, as t— oo,

given o > 0.
Proposition R.7. In the setting of Proposition R.6, if hypothesis (R.31) is replaced by
(R.37), with o > 0, then

(R.38) /OOO e Stdf(t) ~ AT (a+1)s™%, as s\, 0.

Proof. Noting that

(R.39) / e dt =T (a +1)s7*7
0
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we have, in place of (R.33),

/Ooo e Stdf(t) = s /Oo e Stf(t) dt

(R.40) 0

= AT (a+1)s™ %+ S/OO e Sf(t) — At®] dt.
0

Now, in place of (R.74), pick € > 0 and take K < oo such that
(R.41) t> K = |f(t) — At®| < et®.
We have

sl+o / e~ £ (1) — At dt
0

K 00
(R.42) < sl+a/ e S f(t) — Ato‘ldt+€sl+a/ e "'t dt
0 K
< (sup |f(t) — Ata|>K31+"‘ +el(a+1).
t<K
Hence
(R.43) lim sup sa/ e df(1) ~ AT(0 +1)| < T(a+ 1), Ve >0,
s\0 0

and we have (R.38).
In the next result, we weaken the hypothesis (R.37).

Proposition R.8. Let f be as in Proposition R.7, except that we replace hypothesis (R.37)
by the hypothesis

(R.44) fi(t) ~ Bt“t as t — oo,
where
(R.45) fi(t) = / 1) dr.

Then the conclusion (R.38) holds, with
(R.46) A= (a+1)B.

Proof. In place of (R.40), write
/ et df(t) = s / =t F (1) dt
0

0

(R.47) .
= 8/0 e St dfy(t).
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We apply Proposition R.7, with f replaced by f; (and At® replaced by Bt®*!) to deduce
that

(R.48) /OO e St dfy(t) ~ BI'(a+2)s™ 7L,
0

Multiplying both sides of (R.48) by s and noting that I'(a+2) = (a+ 1)I'(aw+ 1), we have
(R.38).

The Abelian theorems given above have been stated for real-valued f, but we can readily
treat complex-valued f, simply by taking the real and imaginary parts.

Tauberian theorems are to some degree converse results to Abelian theorems. However,
Tauberian theorems require some auxiliary structure on f, or, in the setting of Proposition
R.1, on {ar}. To see this, we bring in the geometric series

- 1

If we take a, = e**?, then

o0
1 1
k
<R50) Zakr = m — m, as r /l 1,
k=0
for 0 < § < 2m. However, since |ay| = 1, the series ), aj is certainly not convergent.

A classical theorem of Littlewood does obtain the convergence (R.1) from convergence
f(r) = Ain (R.2), under the hypothesis that |ax| < C/k. One can see [Don] for such a
result.

The Tauberian theorems we concentrate on here require

(R.51) f(t) =u(t) 7,

or, in the setting of Proposition R.1, aix > 0. In the latter case, it is clear that
.52 li F=A

(R.52) T%Zakr :>Zak<oo,

and then the “easy” result Proposition R.2 applies.

However, converses of results like Proposition R.7 when a > 0 are not at all trivial.
In particular, we have the following important result, known as Karamata’s Tauberian
theorem.

Proposition R.9. Let u : [0,00) — [0,00) be an increasing, right-continuous function, as
in (R.29). Take o € (0,00), and assume

(R.53) / e St du(t) ~ Bs™, as s\,0.
0
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Then
(R.54) (1)~ — D o L
. u TatD) as 0.
Proof. Let us phrase the hypothesis (R.53) as
(R.55) / e " du(t) ~ By(s),
0
where
oo 1
(R.56) p(s) =s¢ :/ e Sto(t)dt, wv(t) = —t*1
0 I'(a)
Our goal in (R.54) is equivalent to showing that
1/s 1/s
(R.57) / du(t) = B/ v(t)dt +o(s™%), sN\0.
0 0
We tackle this problem in stages, examining when we can show that
(R.58) / F(st)du(t B/ t)dt +o(s™ ),
0
for various functions F'(t), ultimately including
xr(t)=1, for 0 <t <1,
(R.59) 0, for t>1.
We start with the function space
M
(R.60) e={Y me™:mer Men}.

As seen in Appendix G, as a consequence of the Weierstrass approximation theorem, the
space £ is dense in

(R.61) Co([0.00)) = {f € C([0,00)) : Jim f(t) = 0},
Now if F' € &, say

(R.62) F(t) =) we ™,
k=1

then (R.55) implies

/000 (st) du(t Z’yk/ —SR du(t)

(R.63) = B%ykw ks) + 0(% )

_B / Flst)o(t) dt + o(s~).
0
Hence (R.58) holds for all F' € £. The following moves us along.
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Lemma R.10. In the setting of Proposition R.9, the result (R.58) holds for all

(R.64) F € Cy([0,00)) such that e'F € Cy([0,00)).

Proof. Given such F and given ¢ > 0, we take H € & such that sup |H(t) — ' F(t)| < ¢,
and set G(t) = e *H(t), so

(R.65) Geé& |F(t)—Gt)] <eet

This implies

(R.66) /000 |F(st) — G(st)| du(t) < 8/000 et dul(t)
and
(R.67) /Ooo |F(st) — G(st)v(t)dt < e /Ooo e Sto(t)dt.

The facts that the right sides of (R.66) and (R.67) are both < Ceyp(s) follow from (R.55)
and (R.56), respectively. But we know that (R.58) holds with G in place of F. Hence

(R.68) ‘ /0 " P(st) du(t) — B /0  F(sto(t) dt‘ < 2Cep(s) + o(p(s)),

for each € > 0. Taking ¢ \, 0 yields the lemma.

We now tackle (R.58) for F' = x;, given by (R.59). For each ¢ € (0,1/2], take f5,95 €
Co([0,00)) such that

(R.69) 0< fs<x1<gs <1,
with

fs(t)=1 for 0<t <13,
R.70
( ) 0 for t>1,
and
(R.71) gs(t) =1 for 0 <t <1,

0 for t>1+96.

Note that Lemma R.10 is applicable to each fs5 and gs. Hence
| attdu® < [ gt dute
0 0

(R.72) o
_4 /0 g5 (st)v(t) dt + o((s)),
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and

/ x1(st) du(t / fs(st) du(t
0

(R.73)
_A/ Fs(st)o(t) dt + o(e(s).

Complementing the estimates (R.72)—(R.73), we have

/000 [95(8t) — fg(st)}v(t) dt

(146)/s
< / u(t)dt
(

(R.74) 1-6)/s
20 1-96 149
< —- : <t<
< max{v(t) P t< S }
< Cos™“.

It then follows from (R.72)—(R.73) that

lim sup s x1(st)du(t) — B/ x1(st)v dt)
(R.75) N0 0 0
< inf C6=0.
§<1/2

This yields (R.57) and hence completes the proof of Proposition R.9.

Arguments proving Proposition R.9 can also be used to establish variants of the impli-
cation (R.53) = (R.54), such as

*° 1
/ e 5t du(t) ~ A(log —>s_0‘, s\ 0,
0 S
(R.76)

= u(t) ~ t“(logt), t— oo,

MNa+1)

provided u : [0,00) — [0, 00) is increasing and « > 0. The reader might like to verify this.
Hint: replace the calculation in (R.56) by the Laplace transform identity

(R.77) /000 e 1" (logt)dt = (I"(a) — I'(c) log 5)s~°.

See Exercise 3 in §18.

Putting together Propositions R.8 and R.9 yields the following result, of use in §19. In
fact, Proposition R.11 below is equivalent to Proposition 19.14, which plays a role in the
proof of the prime number theorem.
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Proposition R.11. Let ¢ : [0,00) — [0,00) be an increasing function, and set 11 (t) =
f(f () dr. Take B € (0,00), a € [0,00). Then
P1(t) ~ Bt*TH as t — o0

(R78) — () ~ (a+1)Bt*, as t — oo.

Proof. First, by Proposition R.8, the hypothesis on 11 (¢) in (R.78) implies
(R.79) / et dip(t) ~ Bl (a+2)s™%, s \,0.
0
Then Karamata’s Tauberian theorem applied to (R.79) yields the conclusion in (R.78), at

least for & > 0. But such a conclusion for a = 0 is elementary.

Karamata’s Tauberian theorem is a very important tool. In addition to the application
we have made in the proof of the prime number theorem, it has uses in partial differential
equations, which can be found in [T2].

We mention another Tauberian theorem, known as Ikehara’s Tauberian theorem.

Proposition R.12. Let u: [0,00) — [0,00) be increasing, and consider

(R.80) F(s) = /000 e St dul(t).

Assume the integral is absolutely convergent on {s € C: Res > 1} and that

(R.81) F(s) — is continuous on {s € C:Res > 1}.
S —

Then

(R.82) e tu(t) — A as t — oo.

We refer to [Don] for a proof of Proposition R.12. This result is applicable to (19.67),
CI(S) o0 B
(R.83) - = x” % dy(x),
¢(s) 1
with 1 given by (19.65). In fact, setting u(t) = ¥ (e') gives
¢'(s) R
(R.84) - = e " du(t).
¢(s) 0
Then Propositions 19.2 and 19.4 imply (R.81), with A = 1, so (R.82) yields e~ *u(t) — 1,
hence

(R.85) @ — 1, as x — 0.

In this way, we get another proof of (19.69), which yields the prime number theorem. This
proof requires less information on the Riemann zeta function than was used in the proof
of Theorem 19.10. It requires Proposition 19.4, but not its refinement, Proposition 19.8
and Corollary 19.9. On the other hand, the proof of Tkehara’s theorem is more subtle than
that of Proposition R.11. This illustrates the advantage of obtaining more insight into the
Riemann zeta function.
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Q. Cubics, quartics, and quintics

We take up the problem of finding formulas for the roots of polynomials, i.e., elements
z € C such that

(Q.1) P(2)=2"4an 12" '+ apn 02" P+ 4 a1z +ag =0,

given a; € C, with emphasis on the cases n = 3,4, and 5. We start with generalities,
involving two elementary transformations. First, if 2 = w — a,—1/n, then

(Q2) P(z) = Q(w) = w" 4 by_ow"™ ? + - -+ + by,
with b; € C. We have arranged that the coefficient of w™ ! be zero. In case n = 2, we get
(Q-3) Q(w) = w* + by,

with roots w = ++1/—bg, leading to the familiar quadratic formula.
For n > 3, the form of @Q(w) is more complicated. We next take w = ~vyu, so

(Q.4) Q(w) =v"R(u) =" (u" + cpou" 2 + -+ +cg), c¢j=7"""b;.

In particular, ¢,,—s = Y 2b,_o. This has the following significance. If b,_s # 0, we can
preselect ¢ € C\ 0 and choose v € C such that y72b,,_» = ¢, i.e.,

(Q.5) Y= (Cb;iz)l/z,

and therefore achieve that c is the coefficient of u"~2 in R(u).
In case n = 3, we get

(Q.6) Ru)=v’+cu+d, d=~>c.

Our task is to find a formula for the roots of R(u), along the way making a convenient
choice of ¢ to facilitate this task. One neat approach involves a trigonometric identity,
expressing sin 3¢ as a polynomial in sin (. Starting with

(Q.7) sin(¢ + 2¢) = sin ¢ cos 2¢ + cos ( sin 2(,
it is an exercise to obtain

(Q.8) sin3¢ = —4sin® ¢ 4+ 3sin¢, V¢ eC.
Consequently, we see that the equation

(Q.9) 4u® —3u—+4d =0
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is solved by
(Q.10) u=sin(, if 4d =sin3(.

Here we have taken ¢ = —3/4 in (Q.6). In this case, the other solutions to (Q.9) are

(Q.11) Uy = sin(C + 2%), uz = sin(( — 2%)

Now (Q.10)—(Q.11) provide formulas for the solutions to (Q.9), but they involve the tran-
scendental functions sin and sin~'. We can obtain purely algebraic formulas as follows. If
4d = sin 3¢, as in (Q.10),

S =p=n—n"'=8id

Q.12
(Q12) — ) = did + /—(4d)2 1 1.
Then
: Loys i3
(Q.13) u=sin¢ = 2—@(77 —n 7).
Note that the two roots n4 in (Q.12) are related by n— = —1/n4, so they lead to the same

quantity n'/3 —n~1/3. In (Q.13), the cube root is regarded as a multivalued function; for
a € C,

al={beC:b®=a}.
Similarly, if a # 0, then
a2 —a 1B ={b—b"1: 03 =a}.
Taking the three cube roots of 1 in (Q.13) gives the three roots of R(u).

We have obtained an algebraic formula for the roots of (Q.6), with the help of the

functions sin and sin”!'. Now we will take an alternative route, avoiding explicit use of

these functions. To get it, note that, with v = €, the identity (Q.8) is equivalent to
(Q.14) v — v = (v—v )3+ 3w -0t

which is also directly verifiable via the binomial formula. Thus, if we set

(Q.15) u=v—v"

and take ¢ = 3 in (Q.6), we see that R(u) = 0 is equivalent to

(Q.16) v? — v = —d.
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This time, in place of (Q.12), we have

v =n=n-n"'=-d
Q17) :n:—gi%\/m.
Then, in place of (Q.13), we get
(Q.18) w=n"? =y,
Again the two roots 4 in (Q.17) are related by n— = —1/n4, so they lead to the same

quantity n'/3 — n~1/3. Furthermore, taking the three cube roots of 7 gives, via (Q.18),

the three roots of R(u). The two formulas (Q.13) and (Q.18) have a different appearance

simply because of the different choices of ¢: ¢ = —3/4 for (Q.13) and ¢ = 3 for (Q.18).
We move on to quartic polynomials,

(Q.19) P(z) = 2* + a32® + a22® + a1z + ao.
As before, setting z = w — ag/4 yields
(Q.20) P(z) = Q(w) = w* 4+ bw? + cw + d.

We seek a formula for the solutions to @Q(w) = 0. We can rewrite this equation as

5 b\2 b?
(Q.21) (w +§> =—cw—d+ T
The left side is a perfect square, but the right side is not, unless ¢ = 0. We desire to add a
certain quadratic polynomial in w to both sides of (Q.21) so that the resulting polynomials
are both perfect squares. We aim for the new left side to have the form

(Q.22) (w2 + g + a)z,

with o € C to be determined. This requires adding 2a(w? + b/2) + a2 to the left side of
(Q.21), and adding this to the right side of (Q.21) yields

2

(Q.22A) 20w° — cw + <a2 + ba + bz - d).

We want this to be a perfect square. If it were, it would have to be

(Q.23) (V2aw - 2\/6%>2.
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This is equal to (Q.22A) if and only if
(Q.24) 8a® + 4ba® + (2b* — 8d)a — ¢ = 0.

This is a cubic equation for a, solvable by means discussed above. For (Q.23) to work, we
need o # 0. If a = 0 solves (Q.24), this forces ¢ = 0, hence Q(w) = w* + bw? + d, which
is a quadratic polynomial in w?, solvable by elementary means. Even if ¢ = 0, (Q.24) has
a nonzero root unless also b = d = 0, i.e., unless Q(w) = w™.

Now, assuming Q(w) # w?, we pick a to be one nonzero solution to (Q.24). Then the

solutions to Q(w) = 0 are given by

b c
(Q.25) w2+§+a:i<\/ﬁw—2m>.

This is a pair of quadratic equations. Each has two roots, and together they yield the four
roots of Q(w).

It is interesting to consider a particular quartic equation for which a different approach,
not going through (Q.20), is effective, namely

(Q.26) A B4 241=0,

which arises from factoring z — 1 out of z° — 1, therefore seeking the other fifth roots of
unity. Let us multiply (Q.26) by 272, obtaining

(Q.27) Zdz+1l+2 4272 =0.

The symmetric form of this equation suggests making the substitution

(Q.28) w=z+2z"1,
SO
(Q.29) w? =22+ 24 272,

and (Q.27) becomes
(Q.30) w? +w—1=0,

a quadratic equation with solutions
1 1
(Q.31) w=—7 & 5%5.

Then (Q.28) becomes a quadratic equation for z. We see that (Q.26) is solvable in a fashion
that requires no extraction of cube roots. Noting that the roots of (Q.26) have absolute
value 1, we see that w = 2Re z, and (Q.31) says

2r V5 -1 Air V541
32 o A _ .
(Q.32) cos — T s 1
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Such a calculation allows one to construct a regular pentagon with compass and straight-
edge.

Let us extend the scope of this, and look at solutions to z7 — 1 = 0, arising in the
construction of a regular 7-gon. Factoring out z — 1 yields

(Q.33) PP+ 24 24+1=0,

or equivalently

(Q.34) B2tz 1+2 22273 =0

Again we make the substitution (Q.28). Complementing (Q.29) with

(Q.35) w? =23 4+32+327 4273,

we see that (Q.34) leads to the cubic equation

(Q.36) q(w) = w* +w? — 2w —1=0.

Since ¢(—1) > 0 and ¢(0) < 0, we see that (Q.36) has three real roots, satisfying
(Q.37) ws < wy < 0 < wy,

and, parallel to (Q.32), we have

2r wy 4t we 6  ws
(Q.38) COS — = <=, €08 = o, - 5"
One major difference between (Q.32) and (Q.38) is that the computation of w; involves
the extraction of cube roots. In the time of Euclid, the problems of whether one could
construct cube roots or a regular 7-gon by compass and straightedge were regarded as major
mysteries. Much later, a young Gauss proved that one could make such a construction of a
regular n-gon if and only if n is of the form 2% perhaps times a product of distinct Fermat
primes, i.e., primes of the form p = 22 + 1. The smallest examples are p = 2! +1 = 3,
p=224+1=5 and p=2*+1 = 17. Modern treatments of these problems cast them in
the framework of Galois theory; see [L].
We now consider fifth degree polynomials,

(Q.39) P(2) = 2° 4+ ag2* + a32® + ap2® + a1z + ap.

The treatment of this differs markedly from that of equations of degree < 4, in that one
cannot find a formula for the roots in terms of radicals, i.e., involving a finite number of
arithmetical operations and extraction of nth roots. That no such general formula exists
was proved by Abel. Then Galois showed that specific equations, such as

(Q.40) 2" — 162 +2 =0,
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had roots that could not be obtained from the set Q of rational numbers via radicals.
We will not delve into Galois theory here; see [L]. Rather, we will discuss how there are
formulas for the roots of (Q.39) that bring in other special functions.

In our analysis, we will find it convenient to assume the roots of P(z) are distinct.
Otherwise, any double root of P(z) is also a root of P’(z), which has degree 4. We also
assume z = 0 is not a root, i.e., ag # 0.

A key tool in the analysis of (Q.39) is the reduction to Bring-Jerrard normal form:

(Q.41) Q(w) = w® —w + a.

That is to say, given a; € C, one can find a € C such that the roots of P(z) in (Q.39) are
related to the roots of @Q(w) in (Q.41) by means of solving polynomial equations of degree
< 4. Going from (Q.39) to (Q.41) is done via a Tschirnhaus transformation. Generally,
such a transformation takes P(z) in (Q.39) to a polynomial of the form

(Q.42) Q(w) = w’® + baw? + bsw? + boyw? + byw + by,

in a way that the roots of P(z) and of Q(w) are realted as described above. The ultimate
goal is to produce a Tschirnhaus transformation that yields (Q.42) with

(Q.43) by = by = by = 0.

As we have seen, the linear change of variable z = w — a4 /5 achieves by = 0, but here we
want to achieve much more. This will involve a nonlinear change of variable.

Following [A4], we give a matrix formulation of Tschirnhaus transformations. Relevant
linear algebra background can be found in §§6-7 of [T5]. To start, given (Q.39), pick a
matrix A € M (5,C) whose characteristic polynomial is P(z),

(Q.44) P(z) =det(z] — A).

For example, A could be the companion matrix of P. Note that the set of eigenvalues of
A,

(Q.45) Spec A = {z; : 1 < j <5},

is the set of roots of (Q.39). The Cayley-Hamilton theorem implies
(Q.46) P(A) = A% 4+ asA* + a3 A% + ap A> + a1 A+ apl = 0.
It follows that

(Q.47) A = Span{I, A, A% A% A*}

is a commutative matrix algebra. The hypothesis that the roots of A are disinct implies
that P is the minimal polynomial of A, so the 5 matrices listed in (Q.47) form a basis of

A.
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In this setting, a Tschirnhaus transformation is produced by taking

(Q.48) B=p(A) =Y BA,

=0

where (z) is a non-constant polynomial of degree m < 4. Then B € A, with characteristic
polynomial

(Q.49) Q(w) = det(wl — B),

of the form (Q.42). The set of roots of Q(w) forms

(Q.50) Spec B = {f(z;) : zj € Spec A}.

We can entertain two possibilities, depending on the behavior of
(Q.51) {I,B, B B3 B*}.

CASE 1. The set (Q.51) is linearly dependent.
Then ¢(B) = 0 for some polynomial ¢(w) of degree < 4, so

(Q.52) Spec B = {w; : 1 <j <5}

and each w; is a root of g. Methods described earlier in this appendix apply to solving for
the roots of ¢, and to find the roots of P(z), i.e., the elements of Spec A, we solve

(Q53) B(Zj) = Wy

for z;. Since, for each j, (Q.53) has m solutions, this may produce solutions not in Spec A,
but one can test each solution z; to see if it is a root of P(z).

CAsSE II. The set (Q.51) is linearly independent.
Then this set spans A, so we can find 7; € C such that

4
(Q.54) A= Z'ijj =T(B).

It follows that
(Q.55) Spec A = {I'(w;) : w; € Spec B}.

It remains to find Spec B, i.e., the set of roots of Q(w) in (Q.42). It is here that we want
to implement (Q.43). The following result is relevant to this endeavor.
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Lemma Q.1. Let Q(w), given by (Q.49), have the form (Q.42), and pick ¢ € {1,...,5}.
Then

Q.56 bs_i =0for1<j<l<=TrB =0 forl1<j<U.
J

Proof. To start, we note that by = — Tr B. More generally, bs_; is given (up to a sign) as an
elementary symmetric polynomial in the eigenvalues {wy,...,ws} of B. The equivalence
(Q.51) follows from the classical Newton formula for these symmetric polynomials in terms
of the polynomials w{ 4+ wg = Tr B7.

We illustrate the use of (Q.48) to achieve (Q.56) in case ¢ = 2. In this case, we take
m = 2 in (Q.40), and set

(Q.57) B = Bol + BiA + BoA2, By —1.

Then

@i Bt = 1+ 2 + 05+ )
128 A® 4 AL

Then, if

(Q.58) -

we obtain

(Q.59) Tr B =560 + &6 + &,

Tr B = 535 + 2618051 + &2(B7 +2) + 28381 + &

Set Tr B = Tr B2 = 0. Then the first identity in (Q.55) yields

(Q.60) Bo = —é(&ﬁl +&2),

and substituting this into the second identity of (Q.59) gives

(Q.61) %(5151 +&)% - ;&51 (&161 + &2) + E28F + 26381 = —265 — &4,

a quadratic equation for 81, with leading term (& — £2/5)58%. We solve for By and 1, and
hence obtain B € A with characteristic polynomial Q(w) satisfying

(Q.62) Q(w) = w® + bow? + byw + by.

This goes halfway from (Q.2) (with n = 5) to (Q.43).



471

Before discussing closing this gap, we make another comment on achieving (Q.62).
Namely, suppose A has been prepped so that

(Q.63) TrA=0,

i.e., A is replaced by A — (1/5)(Tr A)I. Apply (Q.57) to this new A. Then & = 0, so
(Q.60)—(Q.61) simplify to

(Q64) fo= 36,
and
(Q65) 663 + 2y = £~ %6 — &

This latter equation is a quadratic equation for 3y if & = TrA? # 0. Of course, if
Tr A2 = 0, we have already achieved our goal (Q.62), with B = A.
Moving forward, let us now assume we have

(Q.66) A€ M(5,C), TrA=TrA*=0,

having minimal polynomial of the form (Q.39) with ay = az = 0, and we desire to construct
B as in (Q.48), satisfying

(Q.67) TrB=TrB?>=TrB*=0.
At this point, a first try would take
(Q.68) B = ol + p1A+ B2A® + 4%, p3=1.

Calculations parallel to (Q.57)—(Q.65) yield first

(Q.69) Bo = —éf?n

and then a pair of polynomial equations for (51, 82), one of degree 2 and one of degree 3.
However, this system is more complicated than the 5th degree equation we are trying to
solve. Another attack is needed.

E. Bring, and, independently, G. Jerrard, succeeded in achieving (Q.43) by using a
quartic transformation. In the current setting, this involves replacing (Q.68) by

(Q.70) B = Bol + B1A+ oA + B3 A% + By AY, Bu=1.

The extra parameter permits one to achieve (Q.67) with coefficients Sy, . .., 53 determined
by fourth order equations. The computations are lengthy, and we refer to [Ki] for more
details.
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Once one has Q(w) satisfying (Q.42)—(Q.43), i.e.,
(Q.71) Q(w) = w® + byw + b,

then, if by # 0, one can take w = yu as in (Q.4), and, by a parallel computation, write

(Q.72) Q(w) =~"R(u), R(u)=u’—u+a,
with
(Q.73) v =—bi, a=~"b.

R(u) thus has the Bring-Jerrard normal form (Q.41). Solving R(u) = 0 is equivalent to
solving

(Q.74) d(z)=a, P(2)=2z-2".

Consequently our current task is to study mapping properties of ® : C — C and its inverse
®~1, a multi-valued function known as the Bring radical.
To start, note that

(Q.75) d'(z) =1 — 524,
hence
(Q.76) () =0 CecC= {54 £i5- 14}

If zg € C\ C, the inverse function theorem, Theorem 4.2, implies that there exist neigh-
borhoods O of zy and U of ®(zp) such that & : O — U is one-to-one and onto, with
holomorphic inverse. This observation applies in particular to zo = 0, since

(Q.77) ®(0)=0, P(0)=1.

Note that, by (Q.75),

2| <57V = 9" (2) — 1] < 1

(Q.78) /
= Re ®'(2) > 0,

so, by Proposition 4.3,

(Q.79) ®: Dy 1/4(0) — C is one-to-one,

where, for p € (0,00), 29 € C,

(Q.80) D,(z0) ={z € C: |z — 20| < p}.
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Also note that

2| =571 = |®(2)| = |2 — 27|
(Q.81)
Z 571/4 _ 575/4 — (4/5)571/4'

Hence, via results of §17 on the argument principle,
(Q.82) @(D571/4(O)) D) D(4/5)571/4(O).

We deduce that the map (Q.79) has holomorphic inverse

(Q.83) &' Dy/5)5-1/4(0) — Ds-1/4(0) C C,
satisfying ®~1(0) = 0.

Note that
(Q.84) O (ia) = iP(a).
Hence we can write, for |a| < (4/5)571/4,
(Q.85) ©~(a) = a¥(a?),
with

44

(Q.86) U(b) holomorphic in [b| < w5
satisfying
(Q.87) a¥(a?) —a®¥(a*) =a, T(0)=1,
hence
(Q.88) U(b) =14 b¥(b)°, W(0) = 1.

Using (Q.88), we can work out the power series
(Q.89) W(b) = b,y =1,

k=0

as follows. First, (Q.89) yields

Vo) =] D ve, b

v=1/¢,=0

=3 > ey et

k=0 £>0,|¢|=Fk

(Q.90)
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where £ = (¢1,...,05), |{| =401+ -+ {5. Then (Q.88) yields

b thpyrb® =bU(b)°

k>0
(Q.91) -
:bz Z W, - e b,
k>0 0>0,|6|=k
hence
(Q.92) Urir = Y e iy, for k>0

£>0,/¢)=k
While this recursive formula is pretty, it is desirable to have an explicit power series
formula. Indeed, one has the following.
Proposition Q.2. In the setting of (Q.83),

a4]—|—1

— (5] 4
(Q.93) O Ha) = jgo (J]) e for la| < R 514,

Proof. By Proposition 5.6, we have from (Q.79)—(Q.83) that

(Q.94) b a) = QLﬂ'Z / % dz,
80

with O = D5-1/4(0), |a| < (4/5)5~ /4. We then have the convergent power series

1 1
O(z)—a P(2) 1—a/P(2)
(Q.95) ,
- = D(z)FHL’

(Q.96) da) = % Z(/ ;i;(ki)l dz> a”.

k>0 50

Since ®'(z) = 1 — 52% and ®(2) = z(1 — 2*), the coefficient of a* is

1 1—-5zt  dz
(Q97) 2_71'2 / (1 _ 24)k+1 Z_k7
00
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or equivalently, the coefficient of a”* is equal to the coefficient of z¥~1 in the power series
expansion of (1 —5z%)/(1 — 2*)**1. This requires k = 4j + 1 for some j € Z*, and we then
seek

A 1-5
(Q.98) the coefficient of ¢’ in ﬁ, k=45 +1.
We have
(Q.99) (1= " =3 ("“‘ ”)cj,
i=o 7
hence

51— ¢) D = 5Y (k ) g) ¢+
=0

=—5i(k+‘j11)4j-
j=1

(Q.100)
j —

Thus the coefficient specified in (Q.98) is 1 for j = 0, and, for j > 1, it is

kot Etj—1
( +.‘7>—5( + ) with k= 4j + 1,
J J—1

N R &

giving (Q.93).

We next discuss some global aspects of the map ® : C — C, making use of results on
covering maps from §25. To state the result, let us take C = {57 1/% £i571/4}, as in
(Q.76), and set

(Q.102) v=a()=:c C=o(V)
Lemma Q.3. The map
(Q.103) ®:C\C—C\V
18 a H-fold covering map.
Note that (Q.81) implies
(Q.104) D (4/5)5-1/4(0) C C\ V.

The following is a consequence of Propositions 25.1-25.2.
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Proposition Q.4. Assume ) is an open, connected, simply connected set satisfying
(Q.105) QCC\V, QD Duyss-1/4(0).

Then @~ in (Q.83) has a unique extension to a holomorphic map

(Q.106) o ':0—C\C.

A direct path from Proposition Q.2 to Proposition Q.4 is provided by recognizing the
power series (Q.93) as representing Q~!(a) in terms of a generalized hypergeometric func-
tion, namely

1234135 _/band
—1 _ - 2= .- 2 Z.
(Q.107) ® (a)_“4F3<5’5’5’5’2’4’4’5<4) )

See §36 for a discussion of hypergeometric functions, their differential equations and ana-
lytic continuations, and a proof of (Q.107).

The analysis of the Bring radical was carried further by C. Hermite, who produced a
formula for ® ! in terms of elliptic functions and their associated theta functions. This
was also pursued by L. Kronecker and F. Klein. For more on this, we refer to [Kl], and to
Chapter 5 of [MM]. Work on the application of theta functions to higher degree polynomials
is given in [Um].
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