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1. Introduction

The 3D continuous Heisenberg group H3 consists of all 3×3 matrices of the form

(1.1)

 1 p t
1 q

1

 ,

with t, q, p ∈ R. We denote this element by (t, q, p) for short. The discrete Heisen-
berg group H3

d consists of matrices of the form (1.1) with t, q, p ∈ Z. We want to
construct irreducible unitary representations of H3

d. First we describe a complete
set of irreducible unitary representations of H3. See [T], Chapter 1, for more.

There are one dimensional representations arising from the surjective homomor-
phism H3 → R2 given by

(1.2) (t, q, p) 7→ (q, p).

There are also unitary representations on L2(R), given for λ, µ ∈ R \ 0 by

(1.3) Rλ,µ(0, q, p)f(x) = eiλqxf(x+ µp).

In such a case,

(1.3A) Rλ,µ(t, 0, 0) = eiλµtI.

We have

(1.4) Rλ,µ ≈ Rλ′,µ′ ⇐⇒ λµ = λ′µ′,

so we could restrict attention to R1,µ, µ ∈ R \ 0.
We restrict these representations to H3

d. The 1-dimensional representations come
from the surjective homomorphism H3

d → Z2, again given by (1.2). The restriction
of Rλ,µ to H3

d is not irreducible. In such a case, the group of unitary operators on
L2(R) is generated by Mλ and Tµ, defined by

(1.5) Mλf(x) = eiλxf(x), Tµf(x) = f(x+ µ).

If Aλ,µ denotes the von Neumann algebra generated by these operators, then its
commutant satisfies

(1.6) A′
λ,µ ⊃ A2π/µ,2π/λ,

1
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since Mλ and Tµ clearly commute with M2π/µ and T2π/λ.

Having this, we are motivated to define representations ρµ of H3
d on L2(T), where

T = R/2πZ, as follows. For each µ ∈ T \ 0, set

(1.7)
Mf(x) = ρµ(0, 1, 0)f(x) = eixf(x),

Tµf(x) = ρµ(0, 0, 1)f(x) = f(x+ µ).

In such a case,

(1.7A) ρµ(t, q, p)f(x) = eitµeiqxf(x+ µp), t, q, p ∈ Z, x ∈ T.

Note that if A ∈ L(L2(T)) commutes with M then it is a multiplication operator,
Af(x) = a(x)f(x). If also A commutes with Tµ, we must have

(1.8) a(x+ µ) = a(x) on T.

Conclusion. If µ/2π is irrational, ρµ is irreducible.

Finally, we decompose ρµ as a direct integral of unitary representations of H3
d

on ℓ2(Z/n) ≈ Cn, in case

(1.9) µ = 2π
m

n
∈ (0, 2π),

with m and n relatively prime. We do this by using (1.7) with x restricted from
R/(2πZ) to points of the form 2πj/n+ ζ, where

(1.10) 0 ≤ ζ <
2π

n
.

Thus, for f ∈ ℓ2(Z/n), we set

(1.11)
Mζf(j) = σµ,ζ(0, 1, 0)f(j) = e(2πj/n+ζ)if(j),

Tmf(j) = σµ,ζ(0, 0, 1)f(j) = f(j +m).

An operator A on ℓ2(Z/n) commuting with Mζ must be a multiplication operator,
Af(j) = a(j)f(j), and if A also commutes with Tm then a(j + m) ≡ a(j), which
implies a is constant (since m and n are relatively prime), so the representations
σµ,ζ of H3

d are all irreducible.

Remark. These results extend to the (2k+1)-dimensional Heisenberg group H2k+1,
consisting of matrices in M(k + 2,R) of the form 1 pt t

I q
1


(with t ∈ R, p, q ∈ Rk, I ∈ M(k,R) the identity matrix), acting on L2(Rk), and
its discrete analogue, acting on  L2(Tk). Details left to the reader.
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2. Inversion formula

Given u ∈ ℓ1(H3
d), and a unitary representation ρµ, we form

(2.1) ρµ(u) : L2(T) −→ L2(T),

defined as

(2.2)

ρµ(u)f(x) =
∑

(t,q,p)∈H3
d

u(t, q, p)ρµ(t, q, p)f(x)

=
∑

(t,q,p)∈H3
d

u(t, q, p)eiµteiqxf(x+ µp).

Here, to reiterate,

(2.3) t, q, p ∈ Z, µ ∈ T \ 0, x ∈ T, f ∈ L2(T).

Note that

(2.3A) ‖ρµ(u)f‖L2(T) ≤ ‖u‖ℓ1(H3
d
)‖f‖L2(T).

The inversion problem is to recover u from the family of operators ρµ(u).
To start, we obtain from (2.2) that

(2.4) ρµ(u)f(x) =
∑
p,q∈Z

bµ(q, p)eiqxf(x+ µp),

with

(2.5) bµ(q, p) =
∑
t∈Z

u(t, q, p)eiµt = û1(µ, q, p).

We next note that, with ek(x) = eikx,

(2.6) ρµ(u)ek(x) =
∑
p,q∈Z

bµ(q, p)eiqxeikµpek(x),

so

(2.7)

e−k(x) ρµ(u)ek(x) =
∑
p,q∈Z

bµ(q, p)eiqxeikµp

= b̂µ(x, kµ).
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That is,

(2.8) b̂µ(x, kµ) = ψu(µ, k, x) = e−k(x) ρµ(u)ek(x).

To proceed, note that, for x, ξ ∈ T,

(2.9) b̂µ(x, ξ) =
∑
p,q∈Z

bµ(q, p)eiqxeipξ,

and

(2.10)

û(µ, x, ξ) =
∑

t,q,p∈Z

u(t, q, p)eiµteiqxeipξ

= b̂µ(x, ξ).

We see that

(2.11)
u ∈ ℓ1(H3

d) =⇒ û ∈ C(T3)

=⇒ b̂µ ∈ C(T2), ∀µ ∈ T.

Consequently

(2.12) bµ(q, p) =

∫
T2

b̂µ(x, ξ)e−ixqe−iξp dx dξ

is a continuous function of µ ∈ T, and

(2.13) u(t, q, p) =

∫
T

bµ(q, p)e−itµ dµ.

In light of this, the following result will lead to a solution to the inversion problem.

Proposition 2.1. If µ ∈ T and µ/2π is irrational, then

(2.14) bµ(q, p) = lim
N→∞

1

N

N∑
k=0

∫
T

b̂µ(x, kµ)e−iqxe−ipkµ dx,

with b̂µ(x, kµ) given by (2.8). Equivalently,

(2.15) bµ(q, p) = lim
N→∞

1

N

N∑
k=0

(ρµ(u)ek, ek+q)L2(T) e
−ikµp.

Here is the inversion formula.
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Theorem 2.2. Let u ∈ ℓ1(H3
d). Then, for t, q, p ∈ Z,

(2.16) u(t, q, p) = lim
N→∞

1

N

∫
T

N∑
k=0

(ρµ(u)ek, ek+q)L2(T) e
−ikµpe−itµ dµ.

Proof. Set

(2.17) φN (µ, q, p) =
1

N

N∑
k=0

(ρµ(u)ek, ek+q)L2(T) e
−ikµp,

for µ ∈ T \ 0, q, p ∈ Z. Then (2.15) says

(2.18) µ ∈ T \ πQ =⇒ φN (µ, q, p) → bµ(q, p),

for all q, p ∈ Z, as N → ∞. We also have

(2.19) µ ∈ T \ 0 =⇒ |φN (µ, q, p)| ≤ ‖ρµ(u)‖L(L2(T)) ≤ ‖u‖ℓ1(H3
d
).

Hence the Lebesgue dominated convergence theorem implies

(2.20)

∫
T

φN (µ, q, p)e−itµ dµ −→
∫
T

bµ(q, p)e−itµ dµ = u(t, q, p),

and we have the theorem.
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3. Plancherel formula

Given u ∈ ℓ2(H3
d), we have, with bµ(q, p) and b̂µ(x, ξ) as in (2.5) and (2.9),

(3.1)

‖u‖2ℓ2 =
∑

|u(t, q, p)|2

=

∫
T

∑
q,p

|bµ(q, p)|2 dµ,

=

∫
T3

|b̂µ(x, ξ)|2 dx dξ dµ.

If we strengthen our hypothesis on u to u ∈ ℓ1(H3
d), then b̂µ(x, ξ) is continuous,

and for each µ ∈ T \ πQ,

(3.2)

∫
T2

|b̂µ(x, ξ)|2 dx dξ = lim
N→∞

∫
T

1

N

N∑
k=0

|b̂µ(x, kµ)|2 dx

= lim
N→∞

∫
T

1

N

N∑
k=0

|ρµ(u)ek(x)|2 dx

= lim
N→∞

1

N

N∑
k=0

‖ρµ(u)ek‖2L2(T),

the second identity by (2.8). This leads to the following Plancherel formula.

Proposition 3.1. Let u ∈ ℓ1(H3
d). Then

(3.3) ‖u‖2ℓ2 = lim
N→∞

1

N

N∑
k=0

∫
T

‖ρµ(u)ek‖2L2(T) dµ.

Proof. Set

(3.4) ψN (µ) =
1

N

N∑
k=0

‖ρµ(u)ek‖2L2(T),

for µ ∈ T \ 0. Then, by (3.2),

(3.5) µ ∈ T \ πQ =⇒ ψN (µ) →
∫
T2

|b̂µ(x, ξ)|2 dx dξ,
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as N → ∞. We also have

(3.6) µ ∈ T \ 0 =⇒ |ψN (µ)| ≤ ‖ρµ(u)‖2L(L2(T)) ≤ ‖u‖2ℓ1(H3
d
).

From (3.5)–(3.6), the Lebesgue dominated convergence theorem gives

(3.7)

∫
T

ψN (µ) dµ→
∫
T3

|b̂µ(x, ξ)|2 dξ dx dµ = ‖u‖2ℓ2 ,

proving the proposition.

Another presentation of (3.3) is

(3.8) ‖u‖2ℓ2 = lim
N→∞

1

N

N∑
k=0

∫
T

(ρµ(u)∗ρµ(u)ek, ek)L2(T) dµ.

Polarization gives, for u, v ∈ ℓ1(H3
d),

(3.9) (u, v)ℓ2 = lim
N→∞

1

N

N∑
k=0

∫
T

(ρµ(v)∗ρµ(u)ek, ek)L2(T) dµ.

Taking v = δ(t,q,p) leads back to the inversion forumula of §2.
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