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1. Introduction
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The 3D continuous Heisenberg group H*° consists of all 3 x 3 matrices of the form

1

— 3

t
(1.1) q |,
1

with t,q,p € R. We denote this element by (¢, q,p) for short. The discrete Heisen-
berg group M3 consists of matrices of the form (1.1) with ¢,¢,p € Z. We want to
construct irreducible unitary representations of H3. First we describe a complete
set of irreducible unitary representations of H3. See [T], Chapter 1, for more.

There are one dimensional representations arising from the surjective homomor-
phism H3 — R? given by

(1.2) (t,q,p) = (¢, p).

There are also unitary representations on L2(R), given for A,z € R\ 0 by

(1.3) Rx,u(0,q,p) f(x) = €9 f(x + pp).

In such a case,

(1.3A) Ry ,.(t,0,0) = e
We have
(1.4) Ry, = Ry <= Ap= Ny,

so we could restrict attention to Ry ,, p € R\ 0.

We restrict these representations to H3. The 1-dimensional representations come
from the surjective homomorphism H3 — Z?, again given by (1.2). The restriction
of Ry, to HJ is not irreducible. In such a case, the group of unitary operators on
L%(R) is generated by My and T),, defined by

(1.5) Myf(x) =™ f(z), T.f(z) = fla+ p).

If Ay, denotes the von Neumann algebra generated by these operators, then its
commutant satisfies

(16) AI)\,H 2 A27r/u,27r/)\7
1
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since M) and T}, clearly commute with My, and To /.

Having this, we are motivated to define representations p, of #3 on L?(T), where
T = R/27Z, as follows. For each p € T\ 0, set

(1.7) Mf(x) = pu(0,1,0) f(x) = e (),
| T.f(z) = pu(0,0,1) f(2) = f(z + p).

In such a case,

(1.7A) pu(t, q,p)f(x) = e f(x + pp), t,q,p€Z, x€T.

Note that if A € £(L?(T)) commutes with M then it is a multiplication operator,
Af(x) = a(x)f(x). If also A commutes with T),, we must have

(1.8) a(x +p) =a(x) on T.

Conclusion. If ;/27 is irrational, p, is irreducible.

Finally, we decompose p,, as a direct integral of unitary representations of H3
on (?(Z/n) ~ C", in case
(1.9) p=2r2 € (0,2m),
n

with m and n relatively prime. We do this by using (1.7) with x restricted from
R/(27Z) to points of the form 27j/n + ¢, where

(1.10) 0<(¢< 2%

Thus, for f € (?(Z/n), we set

Mcf(§) = 0u,c(0,1,0)f(5) = e®/mFO £ (5),
T f(3) = 01,¢(0,0,1) f(§) = f(j +m).

An operator A on ¢*(Z/n) commuting with M must be a multiplication operator,
Af(j) = a(j)f(j), and if A also commutes with T,,, then a(j +m) = a(j), which
implies a is constant (since m and n are relatively prime), so the representations
0,,c of H3 are all irreducible.

(1.11)

REMARK. These results extend to the (2k+1)-dimensional Heisenberg group H2*+1,
consisting of matrices in M (k + 2,R) of the form

1 pt ot
I q

1
(with t € R, p,q € R¥, T € M(k,R) the identity matrix), acting on L?(R¥), and
its discrete analogue, acting on Lz(Tk). Details left to the reader.



2. Inversion formula

Given u € ¢! (H3), and a unitary representation Pu, we form
(2.1) pu(u) : LA(T) — LX(T),
defined as

pu(u)f(x) = Z U(t, q’p>pu(t7 Q7p)f(x)

t,q,p)EH3

(22) R "
= D ult,g,p)e e f(z + pp).

(t,q,p)EHS
Here, to reiterate,
(2.3) t,q,p€Z, peT\0, zeT, fecL*T).
Note that
(2.3A) lou(w) fll2ry < lulle @) £z ).

d

The inversion problem is to recover u from the family of operators p, (u).
To start, we obtain from (2.2) that

(24) pu(w)f(z) = bulg,p)e"™ f(x + up),
P,qEL
with
(2.5) bu(g,p) = > ult,q.p)e™ = i (1, q,p).
teZ

We next note that, with ey (z) = e*@,

(2.6) pule(@) = D bu(g,p)e™™ e Pey(x),
D,qEZ

SO

e_k(z) pu(u)ex(z) = Z b, (g, p)eiteihnp
(2.7) =

= Z;M(x, k).
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That is,

~

(2.8) bu(mv kp) =ty (p, k) = e (z) pu(u)ek(w)‘

To proceed, note that, for x,& € T,

(2-9) Bu(%i) = Z bu(%p)eiqxeipg,

D,qEZL

and

a2, 8) = Y ult,q,p)ete et

(2.10) t,q,pEZ
= b,U«(x7 6)

We see that

u € (M) = aeC(T
o1 () = e C(T)

— b, € C(T"), VpeT.

Consequently
(2.12) bulasp) = [ B e v

T2
is a continuous function of p € T, and

(2.13) u(t,q,p) = /bu(q,p)e_““ d.
T

In light of this, the following result will lead to a solution to the inversion problem.

Proposition 2.1. If u € T and pu/27 is irrational, then
| X
(2.14) bu(q,p) = lim NZ/b“(:L’,ku)e—zqme—zpkﬂ dx,
T
with lA)M(:L', kw) given by (2.8). Equivalently,

N
) 1 —i
(215) bu(g.0) = Jim_ > (puw)er. ehag)racr) e,

N —o0
k=

o

Here is the inversion formula.



Theorem 2.2. Let u € (*(H3). Then, fort,q,p € Z,

(2.16) ult,g,p) = lim —/Z pu(W)er, exrq)rairy e e dpu.
Proof. Set

IR
(2.17) YN ,u, q9,p) = N ; €k, ek—l—q)L?(T) e kuP’

for p € T\ 0, q,p € Z. Then (2.15) says
(2.18) p € T\mQ = on(1,qp) = bu(q,p),

for all ¢,p € Z, as N — oo. We also have

(2.19) p€T\O= lon(,a,p)| < llpu(u)llezimy) < llulle )

Hence the Lebesgue dominated convergence theorem implies

(2.20) /SON(M: g,p)e” " dp — /bu(q,p)e”“ dp = u(t,q,p),
T

and we have the theorem.



3. Plancherel formula

Given u € (?(H3), we have, with b,(q,p) and Bu(x,ﬁ) as in (2.5) and (2.9),

lull?s = lult, q,p)|?
=/Z\bu(q,p)l2du,

(3.1) T P

— [ (e O drd dy
T3

If we strengthen our hypothesis on u to u € £1(H3), then b, (x,€) is continuous,
and for each p € T \ 7Q,

N
. _ 1 .
[ oo O dode = tim [ 5> e, bl do
T2 k=0

T

(3.2) = lim_ / = > o)) ds

_ 2
= ]\}gn Nz o (u 6k||L2(1r)>

the second identity by (2.8). This leads to the following Plancherel formula.
Proposition 3.1. Let u € (*(H3). Then

(5.3 Jull: = Jim Z [ loutwealace du
Proof. Set
1 N
(3.0 uw (k) = 5 3 louwenEagey
k=0

for p € T\ 0. Then, by (3.2),

(3.5) b e T\ 7Q = dn (1) — / by (2, €)[2 du de,



as N — oo. We also have
(3.6) p € T\O =[x ()] < llpu(W)lIZ(z2(my) < Iullfs 303

From (3.5)—(3.6), the Lebesgue dominated convergence theorem gives
(3.7 [ x> [ e ©)P de dod = .,
T T3

proving the proposition.

Another presentation of (3.3) is
| XN
(3.9 ol = Jim, 3= [ (outo) muwensce) o s
=0T

Polarization gives, for u,v € ¢'(H3),

N
. 1 .
(3.9) (u,v)p2 = ]\}l_fgo N kzo/(Pu(v) pu(u)ek7ek)L2(T) dp.
=0T

Taking v = d(4,4,p) leads back to the inversion forumula of §2.
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