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Introduction

These notes are based on a semester course on integrable systems given at UNC.
They explore various ways in which Lie groups can be used to study evolution
equations arising in mathematical physics. We treat a variety of equations, both
ODE and PDE, but the emphasis is on PDE, and in such cases the Lie groups
involved are infinite dimensional.

In Chapter I we consider equations of geodesic motion on a Lie group, finite
or infinite dimensional, endowed with a right (or left) invariant metric tensor. A
general program is set out to describe the geodesic in terms of the solution to an
evolution equation for a curve on the Lie algebra of the group. Quite a number
of very interesting PDE arise in this setting. Perhaps the most fundamental is
the Euler equation for ideal incompressible fluid flow. Various other examples are
also produced in this chapter, including the Korteweg-deVries equation and the
Camassa-Holm equation.

Chapter II discusses Hamiltonian systems. The equations derived in Chapter
I can be recast in Hamiltonian form, yielding an evolution equation for a curve
in the dual of the Lie algebra. For this discussion it is useful to work with Pois-
son structures, which are more general than symplectic structures. The dual of a
Lie algebra has a natural Lie-Poisson structure, and also a variety of other Pois-
son structures, including particularly “frozen Poisson structures,” choices of which
lead to “Poisson pairs.” The equations arising from Chapter I have a Hamilton-
ian form with respect to the Lie-Poisson structure, and in addition a number of
them are Hamiltonian with respect to another element of a Poisson pair, yielding
a “bi-Hamiltonian” structure. When this holds, there is a program that yields a
sequence of conservation laws, which frequently presents the evolution equation as
an “integrable system.” As is well known, the full Euler equations for ideal in-
compressible fluid flow do not form an integrable system, but a number of other
equations derived in Chapter I do.

Chapter III is to some degree a digression. We extend the setting of Chapter I to
Lie groups equipped with both a right invariant metric tensor and a potential. One
family of physical examples is considered, namely spinning tops. One very classical
family of symmetric spinning tops is shown to yield integrable Hamiltonian systems,
though without invoking the bi-Hamiltonian technology mentioned above.

Chapters IV and V explore in further detail two of the PDE that arose in Chap-
ter I, namely the Korteweg-deVries (KdV) equation and the Camassa-Holm (CH)
equation. Both have a bi-Hamiltonian form, which can be seen in terms of the
Lie-Poisson structure and a frozen Poisson structure (different in the two cases) on
the dual of the Virasoro algebra, which is a central extension of the Lie algebra
of vector fields on the circle. We also discuss various different (though ultimately
related) methods to construct sequences of conservation laws, involving Lax pairs
and isospectral families of linear operators. In the case of KAV we also discuss the



method of Gel’fand and Dickii to produce systematically heirarchies of Hamiltonian
systems in involution, a program that has been used to produce many additional
such heirarchies of integrable systems. We make use of conservation laws to estab-
lish global existence of smooth solutions to KdV. We also discuss how such global
existence sometimes works and sometimes breaks down for CH.

Analytical and geometric background for these notes can be found in the au-
thor’s PDE text [T3]. This includes basic geometric background, given in Chapters
1-2 and Appendices B and C of [T3], as well as techniques for analyzing nonlinear
evolution equations developed in the third volume, and material on pseudodifferen-
tial operators presented in Chapter 7 of [T3]. Basic concepts regarding Lie groups
and their Lie algebras, in the finite-dimensional case, can be found in [T4].



Chapter 1: Geodesic Flows on Groups

Introduction

This first chapter is devoted to the equations of geodesic flow on a Lie group,
equipped with a right (or left) invariant metric tensor. Ome of its focal points
involves the curious phenomenon that a remarkable number of partial differen-
tial equations that have arisen to describe fluid motion also arise as equations for
geodesics on various infinite-dimensional Lie groups, endowed with right-invariant
metric tensors.

The premier example is the Euler equation for ideal incompressible fluid flow,
which turns out to be the geodesic equation on the group of volume-preserving
diffeomorphisms of a Riemannian manifold M, with a right-invariant metric whose
value at the tangent space to the identity element of this group, which consists
of divergence-free vector fields on M, is given by the L2-inner product. Other
examples involve equations that arise to describe approximate fluid motions, via
formal nonlinear geometrical optics. These include the Korteweg-deVries equation
and the Camassa-Holm equation, and also the cubic nonlinear Schrédinger equation,
the latter via a transform of a special case of the Landau-Lifschitz equation.

We begin with a general study of the geodesic equation on a Lie group G, with
a right-invariant metric tensor. This leads to an “Euler equation” for a curve in
the Lie algebra g of G. We show how this yields a familiar treatment of the free
motion of a rigid body in R™, in terms of a geodesic motion on SO(n). We then
move on to infinite-dimensional Lie groups, starting with Diff (M), the group of dif-
feomorphisms of a compact manifold M, then considering subgroups, in particular
the group of volume-preserving diffeomorphisms. We proceed to look at various
general constructions, involving central extensions, semidirect products, and gauge
groups. We see that special cases of these constructions give rise to various PDE
mentioned in the previous paragraph.

Of these derivations, only the derivation of the equation of ideal incompressible
flow and that of rigid body motion are directly parallel to the standard physical
derivation. The main interest in the fact that these other PDE arise as geodesic
equations on Lie groups rests on the resulting mathematical structure. This is
manifested most clearly in terms of a transformation to an evolution equation for a
curve in g*. Two phenomena have the potential to come into play, though usually
one is dominant. One is that these curves in g* lie in coadjoint orbits. The other
is that the evolution equation might be Hamiltonian in two different ways. Either
one of these phenomena has the potential to generate important conservation laws.
These ideas will be developed further in subsequent chapters.



1. Geodesic equation for right (or left) invariant metrics

Let G be a Lie group (later we will allow G to be infinite dimensional), endowed
with a right-invariant metric tensor. We want to study the geodesic equation. A
geodesic u : [a,b] — G is a stationary point of the energy functional

b
(1.1) I(u) = / L(u(t),u'(t)) dt,
where
(1.2) L(p,v) = Bvp~top™), peqG, ve T,G,

B(-,-) being an inner product on 7.G = g, the Lie algebra of G. Here we (somewhat
informally) picture G as a group of elements in an algebra A of linear transforma-
tions on a vector space, so that right multiplication by p~! € G maps T,,G to T.G,
e being the identity element. All the products below are products in A. Clearly
matrix groups have a natural structure of this sort. In other cases, one can have
G act on a sufficiently rich space of functions. This approach serves to lighten the
notation in the calculations below.
The standard Lagrange equation for a stationary point of (1.1) is

d
— Dy L(u,ut) = DpL(u, uy).

(1.3) =

When L(p,v) is given by (1.2), we have

D,L(p,v)W = —QB(vp_1Wp_1, vp_l),

(1.4) -1 1
DUL(p7U)szB(Wp » UP )’

with W € T,,G. We see that

(1.5)

d

EDUL(U, u)W = 2B(Wu tugu™ ugu™) + 2BWu™ b ugu™" — wpu™ ugu™).

Thus the Lagrange equation (1.3) becomes

—B(Wu tugu™  ugu™) + BWau™ ugu™ — wpu™ tugu™t)

1.6
(1.6) = —B(uwu ' Wu™t wu™h), VW eT,G.

We now set

(1.7) v(t) = w(u(t)™t, wv:(a,b) —g.
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Hence u; = vu, uy = viu+vug, and, with Y = Wu~! € g, the equation (1.6) yields
(1.8) —B(Yv,v)+ B(Y,v) = —B(vY,v), VY €g,

or equivalently we obtain the following equation for v(¢):

(1.9) B(Y,v)+ B([v,Y],v) =0, VY €g.

We call (1.9) the Euler equation for the geodesic flow. Note that if one solves
(1.9) for v(t), then the geodesic u(t) is obtained as a solution to the (generally
non-autonomous) linear equation

(1.10) us(t) = v(t)u(t).
Another way to write (1.9) is
(1.11) v +adpgv (v) =0,

where we refer to the adjoint of the linear map adv : g — g, taken with respect to
the inner product B(-,-). Here ad v(X) = [v, X].

REMARK 1. One has a similar calculation for a left-invariant metric. Say instead
of (1.2) we take

(1.12) L(p,v) = B(p™'v,p'v).

Analogues of (1.4)—(1.6) hold, and if we replace (1.7) by

(1.13) v(t) = u(t) tug(t),

then a slight variant of (1.8) holds and yields the Euler equation
(1.14) B(Y,v) — B([v,Y],v) =0, VY eg,
which differs from (1.9) only in a sign.

REMARK 2. As is well known, a critical point of (1.1)—(1.2) is a constant-speed
geodesic. We can directly verify this from (1.9) as follows. If v : I — g solves (1.9),
then

d
(1.15) o7 B(v,v) = 2B(v¢,v) = —2B([v,v],v) =0,
the second identity obtained by taking Y = v in (1.9). Hence, given a solution to
(19),

(1.16) B(u(t),v(t)) = C1,



with C4 independent of .

2. The reductive case, and the coadjoint picture

Suppose g has a non-degenerate, Ad-invariant, symmetric bilinear form Q(-, ),
SO

(2.1) Qladv X,Y)=-Q(X,adv Y), VX,Y,veg.
Given another bilinear form B(-,-), as in §1, we can write

(2.2) B(u,v) = Q(u, Av), A:g—g.

Then the Euler equation (1.9) becomes

(2.3) Q(Y, Avy) = —Q(adv(Y), Av)

— QY v, Au)),
for all Y € g, or simply

(2.4) Avy = [v, Av].
Alternatively, if we set

(2.6) w(t) = Av(t),

we get the equation

(2.7) wy = [A™ w, w).

One implication of (2.7) is that, if ¢ty € (a,b), then
(2.8) w(t) € Oy = {Ad(g) w(to) : g € G}, Vi€ (a,b).
In other words, a solution to (2.7) must lie in an adjoint orbit.

ExAMPLE. Consider g = so(n), the space of skew-symmetric, real, n x n matrices,
with

(2.9) Q(u,v) = Tr(uv') = — Tr(uv).
Let us consider

(2.10) B(u,v) = Tr(uRv"), R:R"™— R",
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with R positive-definite. Then (2.2) holds with
1
(2.11) Au) = §(UR + Ru),
the skew-symmetric part of uR.
While compact Lie groups and semisimple Lie groups have non-degenerate, sym-
metric bilinear forms satisfying (2.1), a vast array of Lie groups do not. Hence it is

useful to have the following more general reformulation of the Euler equation (1.9).
The inner product B(-,-) used in §1 produces an isomorphism

(2.12) G:9g—g¢g", B(u,v) = (u,fv).

Then the Euler equation (1.9) is equivalent to

(2.13) wy —ad”(v) w =0,

for

(2.14) w(t) = Bu(t),

and with the coadjoint representation of g on g* given by ad”(v)w = —(adv)*w.

In other words, we get the differential equation for a path in g*:

(2.15) w; — ad* (B~ w)w = 0.

Parallel to (2.8), we have

(2.16) w(t) € Oy = {Ad"(9)w(to) : g € G}, Vit E (ash).

In other words, a solution to (2.15) must lie in a coadjoint orbit.

REMARK. The result (2.8) and its more general counterpart (2.16) amount to

conservation laws. One particular conservation law that holds when (2.8) applies
is that

(2.17) Q(w(t), w(t)) = Cs,

independent of . In other words,

(2.18) Q(Av(t), Av(t)) = Cs.

Compare this conservation law with (1.16), which in this context is

(2.19) Q(Av(t), v(t)) = Cy.
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3. Rigid body motion in R™ and geodesics on SO(n)

Suppose there is a rigid body in R", with a mass distribution at ¢ = 0 given
by a function p(z), which we will assume is piecewise continuous and has compact
support. Suppose the body moves, subject to no external forces, only the constraint
of being rigid; we want to describe the motion of the body. According to the
Lagrangian approach to mechanics, we seek an extremum of the integrated kinetic
energy, subject to this constraint.

If £(t, z) is the position in R™ at time ¢ of the point on the body whose position
at time 0 is x, then we can write the Lagrangian as

(3.1 19 =5 [ [ olet.a)éeal aa
o

Here, £(t,2) = D€ /Ot.
Using center of mass coordinates, we will assume that the center of mass of the
body is at the origin, and its total linear momentum is zero, so

(3.2) (t,x) = W(ta, W(t) € SOn),

where SO(n) is the group of rotations of R™. Thus, describing the motion of the
body becomes the problem of specifying the curve W (t) in SO(n). We can write
(3.1) as

I(§) = /t/ z)|[W' (t)z|? dz dt

(3:3) _ /tt/ )W (W ()~ y[? dy dt
= J(W

We look for an extremum, or other critical point, where we vary the family of paths
W : [to, t1] — SO(n) (keeping the endpoints fixed).

Let us reduce the formula (3.3) for J(W) to a single integral, over ¢. In fact, we
have the following.

Lemma 3.1. If A and B are real n X n matrices, i.e., belong to M (n,R), then

(3.4) [ olo) (A, By) dy = Tr(BAL,) = Tr(AZ, BY)
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where

(3.5) Lﬁi/mwy@wdyeéngnwhmmR)

Proof. 1t suffices to note that

(Ay, By) = Tr (A(y ® y) B").

Recall that we are assuming that the body’s center of mass is at 0 and its total
linear momentum vanishes (at t = 0), i.e.,

(3.6) /p@wdyZO
By (3.4), we can write the Lagrangian (3.3) as
J(W) = %/ Ty (W)W (@), (W ()W (t)~1)') dt
(3.7) o
:%A;nw@%ﬂwwa
where
(3.8) Z(t) =W &)W ()" .

Note that, if W : (tg,t1) — SO(n) is smooth, then
(39) Z(t) S SO(TL), Vite (t07t1).

where so(n) is the set of real antisymmetric n x n matrices, the Lie algebra of
SO(n); in particular so(n) is the tangent space to SO(n) C M (n,R) at the identity
element.

Clearly we are in the situation discussed in §§1-2, with

(3.10) Q(u,v) = Tr(uwv'), B(u,v) = Tr(uZ,v").

Hence W (t) is a geodesic on SO(n), and the Euler equation (via (2.4)) takes the
form

(3.11) £,7' =Z,L,7).

where (as in (2.11))

(3.12) cwwmpﬂqm,cmmzéw%+@m.
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Alternatively, if we set
(3.13) M(t)=1,Z(t)+ Z(t)I,.
Then the Euler equation is equivalent to

dM

(3.14) — =M, ).

In case n = 3, we have an isomorphism # : R® — so(3) given by

0 —Ww3 h)
(315) m(wl,wg,wg) = w3 0 —Ww1 N
—W?2 w1 0

so that the cross product on R? satisfies w x 2 = Az, A = k(w). Then the vector-
valued function

(3.16) w(t) = —r"1Z(t)

is called the angular velocity of the body.
The isomorphism k has the properties

(3.17) k(r xy) = [k(2), k(y)], Tr(s(@)r(y)) =2z -y.
Furthermore, a calculation shows that, if £, is given by (3.12), then

(3.18) KL R(w) = %jpw, I, = (Tr Z,)I — I,.

Hence, with M (t) € so(3) defined by (3.13), we have
(3.19) plt) =~ M(E) = Tylt),

the first identity defining u(t) € R3. The equation (3.14) is then equivalent to
(3.20) — = =W X [

The vector p(t) is called the angular momentum of the body, and J, is called the
inertia tensor. The equation (3.20) is the standard form of Euler’s equation for the
free motion of a rigid body in R3.

Note that J, is a positive definite 3 x 3 matrix. Let us choose a positively
oriented orthonormal basis of R? consisting of eigenvectors of J,, say J,e; = Je;.
Then, if w = (w1, ws,ws), we have u = (Jiwy, Jows, Jsws), and

w X = ((J3 - JQ)W2W3, (J1 — Jg)wlwg, (J2 — Jl)w1w2).
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Hence, (3.20) takes the form

Jiwr + (J3 — Jo)waws = 0,
(3.21) Jows + (J1 — J3)wrwz = 0,

Jgd)g + (JQ - Jl)wlwg =0.
If we multiply the ¢th line in (3.21) by w, and sum over £, we get (d/dt)(Jiw?+Jow3+
Jsw3) = 0, while if instead we multiply by Jywp and sum, we get (d/dt)(JZw? +
J2w2 4+ J3w2) = 0. Thus we have the conserved quantities

le% + JQW% + ng?% = Cl,

3.22
(3.22) PRt 2R 4 R = O,

If any of the quantities J; coincide, the system (3.21) simplifies. If, on the other
hand, we assume that J; < Jo < J3, then we can write the system (3.21) as

(3.23) we = [Pwiws, w1 = —alwows, Wy = —72wiwa,
where

(3.24) oﬂ:‘]?’;l‘b, 62:J3LJ1, 72:‘]2;3‘]1.
If we then set

(3.25) 1 =aws, G =pw, (=afws,

this system becomes

(3.26) G=00G G=-0G G=-0

For this system we have conserved quantities
(3.27) G+ =c, PG+EG=c

a fact which is equivalent to (3.22). (We mention that arranging that J; < Jy < J3
might change the orientation, hence the sign in (3.20).)
Note that we can use (3.27) to decouple the system (3.26), obtaining

1/2

1= [(cr = F)ea =¥}
(3.28) (o= —[(c1 = )(c2 —7?e1 + (3)]
(3=~ [(c2 — 31 — v 2o+ 7%

1/2

)}1/2

Thus (; are given by elliptic integrals; cf. [Lawd].
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REMARK. Note that the conservation laws in (3.22) are special cases of (2.18)—
(2.19).

4. Geodesics on Diff (M)

Here we see how the Euler equation derived in §1 looks when G = Diff (M), the
group of diffeomorphisms of M. We assume M is a compact manifold, endowed
with a Riemannian metric. The Lie algebra is

(4.1) g = Vect(M),

the space of real vector fields on M. The natural Lie bracket on g is the negative
of the standard lie bracket of vector fields on M, i.e., —[u,v].
For B(-,-), we consider bilinear forms of the form

(4.2) B(u,v) = (Au,v)2 = /g(Au,v) av.

The operator A is taken to be some positive-definite, self-adjoint operator acting
on vector fields (usually a differential operator), g(-,-) is the metric tensor on M,
and dV its volume element.

The Euler equation (1.9) has the form

(4.3) B(v,Y)=B(v,L,Y), VY & Vect(M),

where £, is the Lie derivative (cf. [T3], Chapter 1, §8). Using (4.2), we rewrite this
as

(Av,Y )2 = (Av, LY )2 = (L5 A0, Y ) 12,

so the Euler equation becomes

(4.4) Avy = L Av,
or
(4.5) v = AL A,

Here L is the L?-adjoint of £,, which can be computed as follows. Since
[ g(w,u)dV is invariant when all relevant objects are pulled back appropriately
by diffeomorphisms M — M, we have

[otw.Laav = - [geowuav - [(Lgww)av

M M

- [ gtw.w) (£av).

M

(4.6)
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Note that

(4.7) (Lvg)(u, w) = 2 g(Def(v)u, w),

where Def(v) is the deformation tensor associated with a vector field v, and
(4.8) L,(dV) = (divv) dV,

where div v is the divergence of v (cf. [T3], Chapter 2, §3). Hence (as is well known),

(4.9) Ly=—L,—Tv,
with
(4.10) Tv =2 Def v+ (divo)l.

Going back to the Euler equation (4.5), we can rewrite it as

(4.11) v+ AL, + Tv)Av = 0,

or, alternatively, using A~'BA = B + A7}[B, A], and L,v = 0, we have

(4.12) v + (Tv)v + AL, Ajv + A~ HTw, AJv = 0,

with T'v given by (4.10).

ExXAMPLE. Suppose A is the identity operator in (4.2), i.e., B(u,v) is simply the
L2-inner product. Then all the commutators in (4.12) vanish, and one has the

following first-order, quasi-linear equation:

(4.13) ve + 2(Def v)v + (divo)v = 0.

Here is another way to write the Euler equation. Since

(4.14) L,w = V,w—V,v, 2(Defv)w=V,v+ (Vov)' - w,
we have
(4.15) (Ly + Tv)w = V,yw+ (Vo) - w + (divo)w,

so the Euler equation (4.4) becomes

(4.16) Avy + V,Av + (Vo) - Av + (dive) Av = 0.
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5. The Camassa-Holm equation

Here we specialize the setting of §4 to M = S!, the circle, where we have a
canonical identification

(5.1) Vect(S1) = C®(SY), f < f(x)0,,

the Lie bracket given as usual by

(5'2) [f axagaa?] = (fg/ - f/g)a:r‘
We take

so the inner product B(u,v) is hence
(5.4) B(u,v) = /(uv +u'v') du.
Sl
In this case the calculation of L7 is elementary; one has

(Lru,w)p2 = (u, Lyw)p2 = (U, vwy, — VW) L2

5.5

(5.5) = (—vzu — (vu)z, w) 2,
and hence

(5.6) Low= vz — vz,

which is seen to be a special case of (4.9)—(4.10). Hence the Euler equation (4.4)
takes the form

(5.7) Avy + v(Av), + 2v,(Av) = 0,
or, using (5.3),
(5.8) (1 — 0?)v; + 30V, — 20Vpp — VUzge = 0.

Another way to write this is as

(5.9) (1 02) (o, +vy) + 0, (7 + %Qﬁ) 0.
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This is the Camassa-Holm equation (cf. [CH]). Similar derivations are given in [Ko],
[Mis2].

6. Geodesics on Diff s (M)

Here we look at the Euler equation for geodesics on a subgroup of Diff(M),
whose Lie algebra ) is a Lie subalgebra of Vect(M). We consider

(6.1) B(u,v) = (Au,v)2 = /g(Au,v) av,

as in (4.2). Let P denote the orthogonal projection of (the L? completion of)
Vect(M) onto (the L? completion of) ). Then the Euler equation becomes

(6.2) (Avy, Y)p2 = (Av, LY )2 = (PLy AU, Y ) 2,
forallY € §, or

(6.3) Av, = PL* Av.

Assume A and P commute, so (6.3) becomes

(6.4) vy = PATILE Av,

or, parallel to (4.12),

(6.5) v +P<(Tv)v+A‘1[£v,A]v+A_1[Tv,A]v) =0,
where, as in (4.10), we have

(6.6) Tv =2 Def v+ (divo)l.

An alternative formula for (Tv)v is

1
(6.7) (Tv)v = Vv + §VM2 + (divv)v.

EXAMPLE. Take A = I, so (6.1) is simply the L2-inner product. Then the Euler
equation (6.5) becomes

1
(6.8) ve + P<Vvv + 5 Vo + (divv)v) —0.
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For another form of the Euler equations, we can use (4.9) and (4.14) to write
(6.3) as

(6.9) Avy + P(V,Av + (Vv)' - Av + (divv)Av) = 0.

7. Ideal incompressible fluid flow

An incompressible fluid flow on a compact Riemannian manifold M defines a
one-parameter family of volume-preserving diffeomorphisms

(7.1) F(t,-): M — M.
The flow can be described in terms of its velocity field
(7.2) u(t,y) = Fi(t,x), y=F(t,x),

where Fy(t,xz) = (0/0t)F(t,z). We assume the fluid has uniform density and derive
Euler’s equation for the dynamics of the fluid flow.

If we suppose there are no external forces acting on the fluid, the dynamics are
determined by the constraint condition, that F'(¢, ) perserve volume, or equivalently
that divu(t,-) = 0 for all £. The Lagrangian involves the kinetic energy alone, so
we seek to find critical points of

b
(7.3) L(F) = / / o(Fy(t, 2), Fi(t,z)) dV dt,
M

on the space of maps F': (a,b) x M — M with the volume-preserving property.
To compare (7.3) with the Lagrangian (1.1)—(1.2) for geodesics in Diff ¢ (M) when

(7.4) $ = {v € Vect(M) : divw = 0},

and B(u,v) = (u,v)p2, let us note that for F'(t) : M — M we have

(7.5) F'(OF#)™ ' = d%F(t +5)o F(t)™!

s=0"
and in particular, for y € M, F'(t)F(t)"(y) € T,M is given by

d

(7.6) FIOF®) ™ (5) = S F(t+5.2)] g poyy = 4(t0),
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for u(t,y) as in (7.2). Hence the Lagrangian (1.1) takes the form

1) = [ [oFOF0 " FoOF© ™) av)d
b
(7.7) — [ [stutt.).utt.)avi)de

b
:/ /g(Ft(t,x),Ft(t,x))dV(x)dt,
“ M

the last identity using the volume-preserving property of F(¢). Hence the problem
of finding critical points of (7.3) is precisely the problem of finding geodesics on the
group Diff ¢ (M), with $ given by (7.4) and with A = I in (6.1). Hence we have
the following special case of (6.8):

(7.8) v+ PV,v =0, dive=0.

Here P is the Helmholtz projection of vector fields onto divergence-free vector fields.
This is the standard Euler equation for ideal incompressible fluid flow.

7B. Lagrange averaged Euler equations

Here we take $ as in (7.4) but consider the Euler equations from §6 when A is
not the identity but rather

(7B.1) A=1-ad*A.

For simplicity, take M = T"™, and let A act componentwise on vector fields. Then
A and P, the Helmholtz projection defined above, commute. Furthermore, (6.9)
becomes

(7B.2) Av; + P(V,Av + (Vo) - Av) = 0,

since dive = 0. See [Sh2] for a discussion and further references.

8. Geodesics on central extensions

Let G be a Lie group (perhaps infinite dimensional) and G a central extension,
with Lie algebra

(8.1) i—goR,
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having a Lie bracket of the form

(8'2) [(uva)v (Ua b)] = ([ua U]:V(uvv))'
Here
(8.3) vy:igxg—DR

is a skew-symmetric bilinear form. In order for (8.2) to be a Lie bracket, it must
satisfy the Jacobi identity, which imposes on ~ the following “cocycle” condition:

(8.4) V[, v}, w) + (o, w], u) +y([w,ul,v) =0, Vu,v,weg.
Not all Lie groups have nontrivial central extensions, but a variety of important
examples arise, as we will see.

Let us put on g an inner product of the form

(8.5) B((u,a), (v,b)) = B(u,v) + ab,

with B(-,-) as in §1. The Euler equation for geodesic flow on G is the following for
(v,¢): I — g:

(86) B((Utact)v(y7 y)) —f-B((’U,C), [(ch)a(K y)]) =0, V(K y) €g.
Using (8.2) and (8.5), we can rewrite this as
(8.7) B(v,Y) 4+ ¢ty + B(v, [v,Y]) + ey(v,Y) =0, V (Y,y) €g.

Setting Y = 0 in (8.7) yields ¢; = 0, i.e., ¢ = ¢p, a constant. Then the equation for
v(t) becomes

(8.8) B(v,Y) 4+ B(v,[v,Y]) = —coy(v,Y), VY eg.
Equivalently, if as in §2 we use

(8.9) w(t) = po(t), B:9—g" Blu,v)=(upbv),

and we also take

(8.10) rig—g, Y(0Y) = (Y, k),

we obtain

(8.11) we + ad™ (v)w = —cor(v),



22

or
(8.12) wy + ad* (B~ w)w = —co ko B w.

The curve w(t) does not lie in a coadjoint orbit of g*, typically, though of course
(w(t), cp) does lie in a coadjoint orbit of g* = g* & R.

EXAMPLE. Let G = R?", with the standard additive structure, so g = R?", with
the trivial Lie bracket. There is a central extension of G known as the Heisenberg
group, whose Lie algebra h” = R?” @ R has the Lie bracket

(8.13) [(v1,v2,a), (wy,ws,b)] = (0,v1 - wy — vy - w1),

where v;, w; € R" and v; - wy, is the standard dot product of vectors in R™. In this
case, since G is abelian, ad” = 0, and (8.12) takes the form

(8.14) wy = —co ko B 1w,
with solution
(8.15) w(t) = e~ Py(0), E =ropB <€ End(g*) = End(R*).

Note that if B(-,-) is a positive-definite inner product on g = R?", then E is skew-
adjoint with respect to the inner product induced on g* = R?".

9. The Virasoro group and KdV

The group Diff(S?) has a central extension called the Virasoro group, whose Lie
algebra

(9.1) Vir(S1) = Vect(S') @R ~ C=(S*) @ R

is given by (8.2), with the cocycle

(9.2) Y(u,v) = (u',0") 2 = /u’(a:)v"(:c) dr.
S1

It is straightforward to verify the cocycle condition (8.4) in this case. The Euler
equation for a curve in Vir(S?!) yields (v(t),co), with ¢y € R and v(t) satisfying
(8.8). If we take

(9.3) B(u,v) = (u,v)p2 = /u(x)v(x) dx,

Sl
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the equation (8.8) becomes
(9.4) (e, V)2 — (L0, Y )2 = (v, Y )2, VY € C™(Sh),
which in view of the formula
(9.5) Lyv = =300y,
derived in (5.6), yields the equation
(9.6) vy + 30V, — CoUppa = 0,

known as the Korteweg-deVries equation.

10. Geodesics on semidirect products

Here we consider the semidirect product H = G' X,V of a group G with a vector
space V', on which there is a G-action, ¢ : G — Aut(V). We have a Cartesian
product, H = G x V, with the group law

(10.1) (91, v1)(92,v2) = (9192, v1 + ©(g1)v2).
The Lie algebra of H is h = g &V, as a vector space, with Lie bracket
(10.2) [(u, z), (v,9)] = ([u, v], ¥(u)y — P(v)x),

where ) = dip is the derived representation of g on V.
Let us take an inner product on h of the form

(10'3) B((uam)a(vvy)) = B(“?”) +Q(1‘,y),

where B(-,-) is an inner product on g, as in §1, and Q(-,-) an inner product on
V. Then the Euler equation associated with the geodesic flow on H, with right
invariant metric, is the following equation for (v,z): 1 — g@ V:

(10.4)  B((ve, ), (YV,y)) + B((v,2), [(v,2), YV,y)]) =0, V(Vy)€ga V.
Using (10.2) and (10.3), we can rewrite this as

(10.5) B(v,Y) + B(v,[v,Y]) = =Q(z+,y) — Q(z, ¥(v)y — ¥(Y)z),
for all (Y,y) € g@® V. Setting ¥ = 0 yields

(10.6) Q(zr,y) + Q¥ (v)y) =0, VyeV,
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or
(10.7) xy = —(v)* 'z,

where ¥ (v)* : V. — V is the adjoint of ¥ (v) with respect to the inner product
Q(+,-). We then reduce (10.5) to (10.7) plus

(10.8) B(v,Y)+ B(v,[v,Y]) = Q(z,v(Y)x), VY €g.

Now we can define

(10.9) vo(x) €9, BG(2),Y) = Qz,v(Y)x),

a quadratic function of z € V. Then the equation (10.8) can be rewritten as
(10.10) B(v,Y)+ B(v,[v,Y]) = B(y§(z),Y), VY €g,

which is coupled to (10.7). In the terminology of (1.11), we can write this coupled
system as

v+ a0 (0) = vE (@),

(10.11) '
xy = —1)(v)* .

EXAMPLE. Take V = g*, ¢ = Ad", i.e.,

(10.12) H =G Xaq- g".

Also, having an inner product B(-,-) on g, let Q(-,-) be the inner product induced
on g*, i.e.,

(10.13) Qa,y) = (B~ w,y),

where, as in (2.12),

(10.14) B:g—g", B(u,v)=(u,pv).

We also use

(10.15) uw=B"tz, z=pv,

with (v,z) as in (10.11). The equation (10.7) for z is equivalent to

<6_1$t7 y> = —<ﬁ_1fb, (ad* U)y>>
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for all y € g*, hence to
(10.16) up = [v,ul.
Meanwhile we have

(Y5 (@), Y) = B(¥g(2),Y) = Q(z, (Y )z)
(10.17) = (7 2, ad*(YV)z) = ([ 2, Y], 2)
— (Y, ad" (67 0)a),

or

(10.18) BYg () = —ad* (B8 z)x.

Hence (10.10) can be written

(10.19) (Y, Bue) + (Y, (ad® v)Bv) = (Y,ad™ (Bz)x), VY €g,
so coupled to (10.16) we have

(10.20) zt + (ad® v)z = (ad™ u)x.

It is also useful to realize that when H has the form (10.12), its Lie algebra
h =g @ g*, with Lie bracket

(10.21) [(u, ), (u,n)] = ([u, v],ad” (u) n — ad™(v) §),

has a nondegenerate, Ad-invariant bilinear form:

(10.22) Q(u, &), (v;m) = {u,m) + (v, &),

where (-, -) is the natural g x g* pairing. Indeed, straightforward computations give

Q(ad(w, ¢)(u, &), (v,n)) = —(u, Y(w)n) + (v, P(w)§) — (v, (u)¢),
Q(u, &), ad(w, C)(v, 1)) = (u, Y(w)n)) = (u, P (v)C) — (v, Y(w)E),

with ¢» = ad™, and the fact that the first quantity in (10.23) is equal to the negative
of the second comes down to

(10.24) — (v, ¢ (u)) = (ad(u)v, ¢) = —(ad(v)u, () = {(u, Y(v)}).

(10.23)

11. Ideal incompressible MHD
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Here we take
(11.1) G =Diffg(M), g=9H={ve Vect(M) :dive =0},
as in (7.4), and consider the Euler equation for geodesic flow on
(11.2) H=G xaq-g".

This is an evolution equation for (v,&) : I — g@®g*. It turns out to be equivalent to
the system of equations for a velocity field v and a magnetic field B, knows as the
equations of magnetohydrodynamics, for an ideal incompressible fluid interacting
with a magnetic field.

The inner product we place of g is the L2-inner product:

(11.3) Blu,v) = (u,v) 12 = /g(u,v) qv.

We use this inner product to “identify” g* with g. Denote by B the image of &
under this identification. Formally, parallel to (10.15), we have B = 371¢.

We write out the coupled system (10.7), (10.10) in this context. The equation
(10.10) becomes

(114) (Ut,Y)LQ — (’U,ﬁUY)LQ = —(wg(f),Y)LZ, VY € g,
or
(11.5) v — PLyv = —Pyg(§),

where P is the Helmholtz projection, as used in (7.5). Using the formulas (4.9)—
(4.10) and (6.7), we can rewrite (11.5) as

(11.6) v + PVyv = =Py (¢), dive=0,

in parallel with (7.5). This is coupled to the following incarnation of (10.16):
(11.7) B,+L,B=0, divB=0.

As in (10.18), we have

(11.8) B (€) = —ad™(B) €.

Alternatively, we have

(11.9) Y8(€) = L3B = ~V5B - VB
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the first identity by (11.8) and the second by (4.9)—(4.10), plus (6.7) and the fact
that div B = 0.

The vector calculus identity V|u|? = 2V,u + 2u x curlu yields yet another
alternative, in case dim M = 3:

(11.10) V5 (&) = B x curl B— V|BJ%.
Then the incompressible MHD equations take the standard form:

vy + PV,v = —P(B x curl B),
(11.11) By + L,B =0,
dive =divB = 0.

12. Geodesics on gauge groups and the Landau-Lifschitz equation

Let G be a compact Lie group and M a compact Riemannian manifold. We
consider the “gauge group” C*°(M,G), which acts as a group of automorphisms
on the trivial principal G-bundle M x G — M. The Lie algebra of C*° (M, G) is

(12.1) b=C™(M,g).

Let us take a bi-invariant inner product Q(-,-) on g and a self-adjoint operator
A, acting on real valued functions on M. We pick a basis of g and let A act
componentwise on g-valued functions. Then we set

(12.2) B(u,v) = /Q(Au(:z;),Av(x)) v (z).

The Euler equation (1.9) is
(12.3) B(vy,Y)+ B(v,[v,Y]) =0, VY €h.

Here

B(v,Y) = | Q(Av(x), AY (x)) dV ()

(12.4)
Q(A%v,,Y)dV,

S B
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and

/Q (Av, Alp, Y]) dV
/ [v,Y])d
= —/Q([U,AZU],Y) dv.

Hence the Euler equation for geodesic flow on C*° (M, G) is

(12.5)

(12.6) A%y = v, A%).

Equivalently, for

(12.7) w = A%v,
we have
(12.8) wy = [A™%w, w).

EXAMPLE. A particularly important case of A is

(12.9) A=(1-A)"Y2

Then A=2 = 1 — A, and since [(1 — A)w,w] = —[Aw,w], the equation (12.8)
becomes

(12.10) wy = —[Aw, w].

This is known as the Landau-Lifschitz equation.

13. From Landau-Lifschitz to cubic NLS

Let us specialize the setting of §12 to M = S!. The Landau-Lifschitz equation
(12.10) becomes

(13.1) wy = (W, Weyl,

for w: R x S' — g, the Lie algebra of a compact Lie group G. We next specialize
to G = SO(3) and use the isomorphism (3.15) of so(3) with R3, with the cross
product. Then the Landau-Lifschitz equation becomes

(13.2) Wi = W X Wag,
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for w: R x ST — R3. Note that (13.2) can be written
(13.3) wy = Oz (w X wy).

The equation (13.2) is also known as the Heisenberg magnet equation.
Note that whenever ~(t, z) solves

(134) Yt = Yz X Vzz

then w(t,z) = 0,7(t,x) solves (13.2). It is interesting to regard ~(t,z) as a 1-
parameter family of curves z — ~(t,x), parametrized by ¢, and (13.4) defines an
evolution of this family of curves. Note that if (13.4) holds then

(13.5) O (Ve Vo) = 29z Vew = 2w - wy = 0,

so the “speed” |y.(t,z)| is independent of ¢. In particular, if x — ~(0,z) is a
unit-speed curve, then so is  +— (¢, z) for all ¢ (for which (13.4) holds). Let us
restrict attention to such an evolution of unit-speed curves. Thus it is suggestive
to set T'(t,z) = 0,7y(t, ), to denote the unit tangent to = +— (¢, x). We recall the
Frenet-Serret formulas:

T, = kN
(13.6) Ny = —sT + 7B
B, = — TN,

with (7', N, B) an orthonormal frame such that B =T x N. In particular, since
(13.7) Yo =T, Yoo=kN,

the equation (13.4) is equivalent to

(13.8) v = KkB.

This is known as the “filament equation.” It provides a crude model of the motion
of a curve on which vorticity is concentrated in a 3D incompressible fluid.

R. Hasimoto made the following remarkable connection between the filament
equation and the cubic nonlinear Schrédinger equation.

Proposition 13.1. Let v(t,x) solve (13.4) and satisfy |vz| =1, and set

(13.9) W(t,x) = Kt z) eMED - Mt x) = /0 mf(t, s)ds + u(t),

where p(t) will be specified below. Then 1 solves

(13.10) itht + Vo + %!w!% = 0.
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To verify (13.10), we begin with ¢; = (k; + ixM;)e™ | etc., obtaining

. 1
with
(13.12) F:—Mt+ﬁ——72+—/€2+<ﬁ+2ﬂT+Tx>l.
K 2 K K

Thus (13.10) is equivalent to the following two identities:

(13.13) Kt + 2K,T + Tok = 0,
and

Kaee 1
(1314) Mt = T — 7'2 + 5/‘62.

If we specify p(t) to satisfy
0 1
W) = —2o5 = (6,0)° + 5k(4,0)%,

then (13.14) is equivalent to

Kaox 1
(13.15) = ax< oty 5;3).

To establish (13.13), we will compare the identity
(1316) Yt = IitB + Iﬁ)Bt, (Bt 1 B),

which follows from (13.8), with the identity

(1317) Yet = Vex X Yzz T Vo X Viwws

which follows from (13.4). To establish (13.15), we will compare the identity
(1318) B;L‘t == —TtN - TNt (Nt 1 N),

which follows from the third formula in (13.6), with another formula for B,;, which
in turn is derived from the identity for B; produced by comparing (13.16) and
(13.17).

To compute the ingredients in (13.17), we have from (13.4) that

Yiz = Yz X Vazx,

(13.19)
Yizz = VYzz X VYzzz + Yz X Vazzz-
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To obtain the ingredients in (13.19), we can differentiate (13.7), using the Frenet-
Serret formulas (13.6) to obtain

Yeze = —K2T + ke IN + KT B,

(13.20) 2 .
Yezzr = — (282 + K)T + (Kge — K% — KT7)N + (26,7 + £7,) B.

This leads to

(1321) Yix = —KTN + ’%:rB7
and
(13.22) Vizw = K2TT — (KoT + k7)) N 4 (Kpe — £7%)B.

Plugging these formulas plus (13.7) into (13.17) gives
(13.27) Vit = —kkaT + (k7% — Kyz)N — (26,7 + k7, ) B.

Comparison with (13.16) yields the equation (13.13), from comparing coefficients
of B, and it also yields

(13.24) kBy = —kkip T + (K72 — Kug)N.

Dividing by s and taking the x-derivative yields

Trxr 1
(13.25) Biw = — k72T — (“— 2y 5/8) N+ (73 - Z/{wx)B.
K x I

Comparing the coefficients of N in (13.18) and (13.25) gives the identity (13.15),
and completes the proof of Proposition 13.1.

REMARK. The integral of 7(t,z) over x € [0,2n] is not necessarily an integral
multiple of 27, so ¥ (t, z) is not generally periodic in x, even if (¢, ) is.

14. Geodesics on FIO(M)

We consider FIO(M ), the group of unitary, zero-order, Fourier integral operators
on a compact Riemannian manifold M. Its Lie algebra is

(14.1) UH (M) ={A € OPS] (M) : A* = —A},

with the commutator as Lie bracket. Here OPS] (M) is the space of pseudo-

differential operators of order 1 and type (1,0). We use notation and results of
[T].
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We consider the following sort of inner product on W!(M). Pick k > n+2, where
n = dim M, and pick a positive-definite elliptic operator Q@ € OPS g(M ). Then
set

(14.2) B(A1, Ay) = Tr(A1Q43), A; € VH(M).

Note that A1QAS € OPS;S‘H(M) is trace class. Then the Euler equation (1.9)
takes the form

(14.3) Tr(v,QY ™) + Tr(vQ(Y*v* —v*Y*)) =0, VY € U (M).

Let us temporarily assume k > n + 3. Under this hypothesis on @, vQY *v* and
vQu*Y™, members of OPSl_,gH(M), are both trace class. We claim that

(14.4) Tr(vQY *v*) = Tr(v QY ™).

In fact this is a special case of the following result.

Lemma 14.1. IfA; € OPST({ (M) and my +mg < —n (n = dim M ), then

(145) TI‘(AlAQ) = Tr(AQAl).

Proof. Let us assume mo < 0; if this does not hold then we must have m; < 0, and
a similar argument will work with the roles of A; and As reversed. Decomposing
As into self-adjoint and skew-adjoint parts, we see it suffices to prove (14.5) when
A, is self-adjoint. N

Taking an appropriate A, positive definite and elliptic in OPS}'§ (M), and re-
placing A; by A + agg, with large positive a, we can assume A is elliptic, and
positive-definite, so

(14.6) Ay € OPS]™2(M), for r€R.

Given that ms < 0, we can pick k € ZT and write 4145 = AlAé_l/kAé/k with
m1 + (1 —1/k)ma < —n. Then

(14.7) Tr(A1As) = Tr(AY "4, A9,

by Theorem 3.1 of [Si]. Now applying this sort of argument to (Aé/kAl)Aé_l/k, we
have
Tr(A; Ag) = Tr(AYF A A 2P,

and iterating this argument we arrive at the conclusion (14.5).

This lemma suffices to prove (14.4), under the hypothesis that & > n + 3. Now
we improve this result.
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Lemma 14.2. Assuming k >n+2, QQ € OPSig, v,Y € OPSllyo, we have

(14.8) Tr(vQ[Y ™, v*]) = Tr([v*, vQ]Y™).

Proof. Let J. be a Friedrichs mollifier, 0 < ¢ < 1, and set Q. = J.QJ.. Then, by
(14.4), (14.8) holds, with @ replaced by Q., for each € > 0. Now, as ¢ — 0,

(14.9) VY, v = vQ[Y ", 0], [0, vQ YT — [vF, QY T,

in OPSy §+2+5(M ), for each § > 0, and hence we have convergence in trace norm,
provided k > n + 2. This yields (14.8).

Using (14.8), we can rewrite the Euler equation (14.3) as
(14.10) Tr((v.Q + [v*,vQ))Y*) =0, VY €U (M),

which yields

(14.11) v:@Q — Qui + [v*,vQ] — [v*,vQ]* =0,
or
(14.12) v:Q + Qup = [v,vQ + Q).

Note the formal similarity to the Euler equation (3.13)—(3.14) for geodesics on
SO(n). This is to be expected; it just takes a little more analysis to produce
(14.12) in the current situation.
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Chapter 2: Poisson Brackets and Hamiltonian Vector Fields

Introduction

Poisson structures are a class of structures that include symplectic structures as
a special case. A Poisson structure on a manifold M gives rise to a Poisson bracket
on functions on M, in turn yielding an association f +— Hj of a Hamiltonian vector
field Hy to such a function. The dual g* of a Lie algebra gets a natural Poisson
structure, called a Lie-Poisson structure, and this plays a central part in the role
of Lie groups in differential equations.

We define Poisson structures in §1 and establish some basic properties, including
a frequently useful criterion for testing whether the crucial Jacobi identity holds for
a candidate for a Poisson structure. We proceed in §2 to discuss the Lie-Poisson
structure. Section 3 discusses the special case of symplectic structures. The reader
has likely come across symplectic structures before, and our treatment here is brief.
More can be found in Chapter I of [T3], for example. In §4 we show how right-
invariant Lagrangians on a Lie group lead to Hamiltonian equations on the dual to
its Lie algebra, with its Lie-Poisson structure. This provides a generalization of the
setting of Chapter I.

In §5 we discuss how the Lie-Poisson structure on the dual g* of a Lie algebra
gives rise to other Poisson structures, namely shifted Poisson structures and frozen
Poisson structures. From these we get “Poisson pairs,” pairs of Poisson structures
with a crucial compatibility property. Some Hamiltonian systems on g*, with its
Lie-Poisson structure are also Hamiltonian with respect to a frozen Poisson struc-
ture. Such systems are special cases of a class called bi-Hamiltonian systems, which
we discuss in §6. Bi-Hamiltonian systems are often integrable, with a string of con-
servation laws generated by the Lenard scheme. We give a general discussion of
this here. As we will see in Chapters IV and V, the Korteweg-deVries equation and
the Camassa-Holm equation each have a bi-Hamiltonian structure, and one obtains
an infinite sequence of conservation laws in each of these cases.

1. Poisson structures

A Poisson structure on a manifold M is a map assigning to f,g € C°(M) a
function {f, g} € C>°(M), satisfying the following four identities:

{f,9y =9, /}

{fic1g91 +coga} = ci{f, 91} + ol f, 92},
{f, 9192} = g1{f, g2} + g2{f, 1},

{{f, 9%, h} +{{g,n}, f} + {{h. f}. g} =0,

1) (Anti-symmetry
2) (R-linearity
.3) (Leibniz rule
4) (Jacobi identity

~— — '
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for all fvgv h’vglagZ € COO(M)’ C1,C2 € R.
Properties (1.1)—(1.3) imply that there is a vector field (called a Hamiltonian
vector field) Hy associated to each f € C°°(M), such that

(1.5) {f,9} = Hyg,
and that f +— Hy is R-linear. Given this, (1.4) is equivalent to the identity

(1.6) Hisgy = [Hy, Hyl,
for all f,g € C>(M).

The standard example is M = R?", with coordinates (1, ..., 2, &1, ..., &), and
with Poisson bracket given by
—~(0f dg Of By
17 =y (Y 0 gy
(.7 thoh=2 o¢; ox;  Ox, a§j>

J=1

In this case it is routine to verify (1.1)—(1.4).

There are more subtle constructions of Poisson structures, such as the one we
will see in §2, where it will be easy to verify properties (1.1)—(1.3) and more of a
job to verify (1.4), or equivalently (1.6). The following result will prove to be a
useful tool.

Proposition 1.1. Assume (1.1)—(1.8) hold for {-,-}. Let L be a linear subspace
of C°(M). Suppose (1.6) holds for all f,g € L. Then (1.6) holds for all f,g € A,
the algebra generated by L.

Proof. 1t suffices to show that
(1.8) His,g,y = [Hy Hy;l = Higg100y = [Hys Hygol.

We are assuming (1.1)—(1.3). Note that Hg, g,u = {g192,u} = g1{g2, u} +92{91, u},
and hence

(1.9) Hg g, = 91Hg, + g2Hg,.
Also, we generally have
(1.10) (X, uY] =u[X, Y]+ (Xu)Y,

for vector fields X,Y and u € C*°(M). Hence

(1.11) (Hy, Hgg,) = 91[Hy, Ho, | +{f, 911 Hg, + g2[Hy, Hg, ] +{f, g2} Hy, -
Meanwhile, using (1.3) on {f, g1g2} and applying (1.9) gives

H{faéhgz} = Hgl{fagz} + HQQ{fagl}
= ng{f,gz} + {fv gQ}Hgl + g2H{f,g1} + {f7 gl}Hgg-

Now the identity of (1.11) and (1.12) follows from the hypothesis in (1.8), so the
implication in (1.8) is established.

(1.12)

The following result implies that a Poisson structure is defined by a second-order
tensor field.
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Proposition 1.2. If fi, fo € C*(M) and dfi(p) = df2(p), then Hy, (p) = Hy,(p) €
T,M.

Proof. Consider f = f; — fo, so df(p) = 0. It follows easily from Taylor’s formula
with remainder that one can write, locally near p,

(1.13) f(x) = fp) =Zgjhj, 9;(p) = h;(p) =0,

with g;j, h; € C*°(M). That Hy = 0 at p then follows from the analogue of (1.9).
Consequently, given a Poisson structure on M, there exists a linear map

(1.14) J:TyM — T,M,

depending smoothly on p, such that

(1.15) Hy(p) = Jdf(p), YpeM.

Thus J is a contravariant tensor field of order 2; we call it the Poisson tensor. We
see from (1.1) that

(1.16) T =-J.

Maps on M that preserve the Poisson bracket are called Poisson maps. The
following records an important source of Poisson maps.

Proposition 1.3. Let M have a Poisson structure. The flow F; generated by a
Hamiltonian vector field X = H,, preserves this Poisson structure, i.e.,

(1.17) Fill 9y ={F f, Fia},

where Ff f(x) = f(Frx).
Proof. The definition of F; f yields

d * * *
(1.18) E}—t f=XFf=F X[
Hence
(1.19)  ar” tWehTed
Now, by (1.4),

(1.20) X =H, = X{f.g}={XF, 3y +{f. X3},
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so the quantity (1.19) vanishes. This proves (1.17).

Generally we say a vector field X is an infinitesimal Poisson map if the flow it
generates satisfies (1.17). The content of Proposition 1.3 is that any Hamiltonian
vector field is an infinitesimal Poisson map. As the proof shows, a (more general)
sufficient condition for X to be an infinitesimal Poisson map is that

(1.21) X{f,9} ={Xf 9} +{f Xg},

for all f,g € C°°(M). This condition is also seen to be necessary.

2. Lie-Poisson structure on g*
Let g be a Lie algebra, so we have a bracket [-,-] : g x g — g, satisfying

(2'1) [XvY]:_[Y7X]7
[X, Clyl + CQYVQ] = Cl[X,Y] -+ CQ[X,)[Q],
[[Xv Y],Z] + [[Y7 Z]aX] + [[Z7X]7Y] =0,

forall X, Y, Z,Y1,Ys € g, ¢1,c2 € R. The identity (1.3) is the Jacobi identity in this
context. Another way to put it is the following. Given X € g, definead X : g — g
by

(2.4) ad X (V) =[X,Y].

Then, given (2.1)—(2.2), the identity (2.3) is equivalent to the identity

(2.5) ad[X,Y] = [ad X,ad Y],

where the right side of (2.5) denotes the commutator (ad X)(adY) — (ad Y')(ad X).

Let g* denote the dual space of g. We define a Poisson bracket of functions in
C>(g*) as follows. Given f:g* — R, £ € g*, we have df(¢) : g* — R, linear, i.e.,
df (§) € g. Using this, we set

(2.6) {f,9}(&) = ([df (£), dg(&)], £),

[-,-] denoting the Lie bracket on g.

We need to verify the properties (1.1)—(1.4) when {f, g} is defined by (2.6).
The identities (1.1)—(1.2) are obvious consequences of (2.1)—(2.2), and (1.3) follows
readily from the identity

(2.7) d(g192) = g1 dg2 + g2 dga.
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The proof of the Jacobi identity (1.4), or equivalently (1.6), is somewhat more
subtle, but we can establish it fairly cleanly, using Proposition 1.1.
First, note that if f : g* — R is linear, then, for all £ € g*, df(§) = f € g, so

f> g linear = {f, g}(&) = ([f, 9], &)

28) — (g} = ..

Hence the fact that (1.4) holds for f,g,h linear follows directly from (2.3). This
implies

(2.9) f, g linear — Hip gy = [Hy, Hgl,

at least as vector fields acting on linear functions hA. But a vector field on a linear
space is determined by its action on linear functions, so we have (2.9). Now we can
apply Proposition 1.1 to deduce that (1.6) holds whenever f and g are polynomials.
But the space of polynomials is dense in C*°(g*), so the validity of (1.6), hence of
(1.4), for all f,g,h € C>(g*) follows by a limiting argument.

We now consider integral curves of a vector field Hy, defined by (1.5), when
{-,-} is the Poisson bracket on C'°(g*) given by (2.6). An integral curve £(t) of Hy
satisfies

(2.10) ¢'(t) = Hy(£(1)).

Equivalently, given X € g, defining a linear map X : g* — R, we have

d
SHXEW) = (£, XHED)

(2.11) = ([df (£), X],£(1))
= —(X,ad" df (£(1)) £(2)),

the last identity incorporating the definition of the coadjoint representation of g on
*

g
(2.12) (ad Y (X), &) = —(X,ad" Y (£)).
Hence the differential equation (2.10) takes the form
(2.13) ¢'(t) = —ad™ (df (£(2))) (1)

From this we deduce that if (2.10) holds on an interval I = (a,b) and ty € I, then,
forall t € I,

(2.14) (1) € Oy = {Ad7(9) (ko) : g € G,
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where G is a Lie group with Lie algebra g, and Ad* the coadjoint representation of
G on g*.

EXAMPLE. Suppose

(2.15) B:g—g", (X,0Y)=DB(X,Y), positive-definite,
and set
(216) oo R f©)= 55766

A calculation gives

(2.17) df(§) = 71,

so in this case the differential equation (2.10) becomes

(2.18) &= —ad"(57€) €.

It follows from (2.14) that Hy, defined by (2.6), is tangent to each coadjoint
orbit Of . The following implies that H f‘ o+ 1s determined by f ‘ o -
€0 €o

Proposition 2.1. If f; € C*(g*) and f1 = fa on Of , then Hp, = Hy, on Of.
Proof. Consider f = f1 — f2, 80 f =0 on Of . We are claiming that
(2.19) geC™(g") = Hrg=0 on O.

Indeed, Hrg = —H, f, and by the reasoning above H, is tangent to OF , so this is
clear.

In other words, each coadjoint orbit in g* gets a Poisson structure. We will see
in §3 that this is actually a symplectic structure.

REMARK. In case g has a non-degenerate, Ad-invariant quadratic form, we can
rewrite (2.13) in terms of a differential equation for a curve in g. In fact, such a
quadratic form yields an isomorphism

(2.20) Q:9—g", Qoad=ad"oQ.

Hence if we set

(2.21) o(t) = Qe (1),
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the differential equation (2.13) is equivalent to

(2.22) V(1) = —[df (Qu(t)), v(1)]-
In case f is given by (2.16), this becomes v; = —[371Qu, v]. This can be compared
to (2.7) of Chapter I.

Another formula equivalent to (2.22) arises by taking

(2.23) F:g—R, F(v)=f(Qv).
The dF (v)w = df (Qv)Qw, so dF(v) € g* satisfies
(2.24) AF(v) = QUf(Qv)).
Thus (2.22) is equivalent to

(2.25) v = —[QHdF (v)),v].

Note how this generalizes the situation giving rise to (2.7) in Chapter I. It is natural
to set

(2.26) VE () =Q (dF(v)),
and write (2.25) as
(2.27) o' = HZ(v), HZ(w)=—ad(VF(v))v.

3. Symplectic structures

A Poisson structure on a manifold M is said to be symplectic provided

(3.1) {H¢(p): feC®(M)}=T,M, Vpell.

In view of Proposition 2.1, this is equivalent to the statement that
(3.2) J:Ty,M — T,M

is an isomorphism, where

(3.3) Hy(p) = Jdf (p), peM.

In such a case, since J* = —J, we define a 2-form ¢ on M by
(3.4) o(X,Y) = (X, 7).

Then o is non-degenerate, and we have, for all smooth functions f and vector fields
X,

(3.5) o(X,Hy) = (X,df) = X f.

Conversely, given a non-degenerate 2-form o, we can use (3.5) to define f — Hy,
uniquely, and then set {f,¢g} = Hyg. Such a bracket clearly satisfies (1.2)—(1.3).
Also

(3.6) Hiyg=0(Hy,Hy) = —Hgf,
so we easily have (1.1). The following specifies when the Jacobi identity holds.
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Proposition 3.1. If o is a non-degenerate 2-form on M and f — Hy is defined
by (3.5), then the Jacobi identity holds if and only if o is closed, i.e., do = 0.

Proof. Since (3.1) holds in this setting, it suffices to show that
(3.7) dU(Hmequfz) =0,

for all f; € C°°(M), if and only if the Jacobi identity holds. A standard formula
for the 3-form do (cf. [T2], Chapter I, (13.15)) gives the left side of (3.7) as

2
(38) Z(_l)szzo-(Hfjaka) + Z (_1)J+£U([er7Hfj]7ka)'
=0 0<£<5<2

In the first sum, {¢,j,k} = {0,1,2} and j < k. In the second sum also {/,j,k} =
{0,1,2}. We can write the first sum as

(3.9) {fo, {f1s fo}} = {1, {fo, f23} + {fe, {fo, f1}),
and the second sum as

- [Hf07Hf1]f2 + [Hfo7Hf2]f1 - [Hf17Hf2]fO =
—2{fo, {f1, f2}} = 2{f1. { S, fo}} — 2{f2, { fo, f1}}.

Thus the left side of (3.7) is equal to

(3.11) —{fo, {fr, fo}} — {1, {f2s fo} } — {fas {fo, f1} ),

which shows that do = 0 if and only if the Jacobi identity holds.

(3.10)

REMARK. A closed, non-degenerate 2-form is called a symplectic form.

The standard example of a symplectic structure is the Poisson structure on R?"
defined by (1.7). In this case, we have

(3.12) o= d& Adx;.
j=1
We also have o = dk, where & is the following 1-form on R?":
(313) R = ij dl‘j.
j=1

This is called the contact form. We will present a more general construction of
contact forms below.
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Another family of examples of symplectic structures arises on coadjoint orbits.
Recall the Poisson structure on the dual g* of a Lie algebra, defined by (2.6). As
shown in Proposition 2.1, this induces a Poisson structure on each coadjoint orbit
OZO C g*. We claim that each of these is a symplectic structure, i.e., that (3.1)
holds, for M = Of . Note that, given § € Of ,

(3.14) T:O0f, ={ad" X ¢: X € g}.
On the other hand, as seen in (2.11),

(3.15) Hy(§) = —ad™(df ()€,

so it remains to show that for each X € g, £ € g*, there exists f € C*>°(g*) such
that df (&) = X. Indeed, f(&) = (X, &) works, so (3.1) is verified.

We now discuss another very important family of symplectic manifolds, gener-
alizing (3.12). Namely, we consider the natural symplectic structure that arises on
the cotangent bundle T* M of a smooth manifold M. In fact, the symplectic form
is given by o = dk, where k is the contact form on 7% M, constructed as follows.
Let

(3.16) 7:T*M — M

be the natural projection. Given p € M and z € T, M, we want to define x(z) €
T(T*M) by its action on v € T,(T*M). The formula is

(3.17) (v, k(2)) = ((Dm)v, 2),
where
(3.18) Dr:T,(T*M) — T,M
is the derivative of 7 in (3.16).

We examine « in local coordinates z = (x,§) = (z1,...,2n,&1,...&,) on T*M
arising from local coordinates z = (z1,...,x,) on M. Given v € T,(T*M), we
write v = (U1, ..., Up, W1, ..., Wy), SO

n

(Dm)v = (v1,...,0p), ((Dm)v,z) = Zngj.

=1
Hence (3.17) gives
KR = ij dxj,
j=1

as in (3.13), so o is given by (3.12). In particular o is non-degenerate, as well as
closed, so it is a symplectic form.
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4. Right (and left) invariant Lagrangians on Lie groups

We study the equation for a critical point of a Lagrangian integral

(4.1) I(u) = / Llu(t), ' (1)) dt,

for a path u : [a,b] — G, where G is a Lie group, and we assume L(p,v) has the
form

(4.2) L(p,v) = F(up™'),

for some smooth F' : g — R. The calculations here generalize those done for
geodesics on Lie groups with right (or left) invariant metric tensors in Chapter I,

g1.
The Lagrange equation for a critical path for (4.1) is

d

(4.3) -

D,L(u,ut) = DpL(u, uy).

When L(p,v) is given by (4.2), we have

D, L(p,v)W = —DF(vp_l)vp_IWp_l,

(4.4) o .
Dy L(p,v)W = DF(vp~ " )Wp~",

with W € T,,G. We see that

d
(a5) @D W = DA () (™ e g W)

— DF (ugu™ Y Y Wutuu?.
Thus the Lagrange equation (4.3) becomes

D?*F(uyu™ Y (ugu™" — wpu ugu™, Wu™t) — DF (ugu DY Wu tugu™t

4.6
(4.6) = —DF(usu™ Hugu™ " Wau™

for all W € T,,G.
We now set

(4.7) v(t) = w()u(t)"t, wv:la,b] — g.
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Hence u; = vu, uy = viu+vug, and, with Y = Wu™! € g, the equation (4.6) yields
(4.8) D?*F(v;,Y) — DF(v)Yv = —DF(v)vY, VY €g,

or equivalently we obtain the following equation for v(t):

(4.9) D?*F(v)(v,Y) + DF(v)[v,Y] =0, VY €g.

Note that if one can solve (1.9) for v(t), then the solution u(t) to (4.3) is obtained
as a solution to the (generally non-autonomous) linear equation

(4.10) u(t) = v(t)u(t).
We can derive from (4.9) an equation for a curve £(¢) in g*, upon setting
(4.11) &= DF(v).

This is a “Legendre transform.” We have (£;,Y) = D?F(v;,Y), so (4.9) is equiva-
lent to

(4.12) (§,Y) = —DF(v)[v,Y]=—({[v,Y]), VY €g,
hence to
(4.13) & =ad"(v) €.

If we use a left-invariant Lagrangian, i.e., replace (4.2) by

(4.14) L(p,v) = F(p~"v),

we get similar formulas, involving v(t) = u(t) Luy(t) in place of (4.7). We wind up
with a sign change in the second term of (4.9). Thus setting £ = F'(v) as in (4.11)
yields

(4.15) & = —ad"(v) ¢,

in place of (4.13).
We will concentrate on (4.15), which is reminiscent of the equation (2.13):

(4.16) § = —ad (df (§)) &,

itself equivalent to (2.10):

(4.17) & = Hy(§),
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where f — Hy is determined by the Lie-Poisson structure (2.6) on g*. We claim
that, if the Legendre transform (4.11) is a difeomorphism from g to g*, then (4.15)
is equivalent to (4.16), with f(§) defined by

(4.18) f(§) = DF(v)v— F(v), &= DF(v).
Equivalently,
(4.19) f(&) = (v, §) = F(v).

In fact, defining f(§) in this way, with £ = £(v) given by (4.11), we have

Df(E)DEW)W = (v, DE()W) + (W, &) — DF(v)W

(4.20) = (v, DE(v)W),

for all W € g. Hence, given that D¢ (v) is invertible, we have

(4.21) Df(©) = v,

showing that (4.15) and (4.16) coincide.
Note that conversely, if we are given f : g* — R and if (4.21) defines a diffeo-
morphism Df : g* — g, then we can define the associated Lagrangian by

(4.22) F(v) = (v,8) = f(§) = Df(E)§ — f(£).

5. Shifted and frozen Poisson structures on g*

Here we consider variants of the Lie-Poisson structure on the dual g* of a Lie
algebra g, which was treated in §2. Recall that, for f,g € C>(g*),

(5.1) {f,9}(&) = ([df (£), dg(&)], €)-

One way to modify this Poisson structure is simply to translate it. That is to say,
fix & € g*, and define ¢, : C*°(g*) — C*°(g*) by

(5.2) 7o f(§) = F(§ + o).
Then set
(5.3) {f,9}e, = 7501{7'50 f,7e,a}- (Shifted Poisson structure)

It is obvious that (1.1)—(1.4) hold for {-,-}¢,, given that it holds for {-,-}.
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To relate these Poisson structures in another way, we calculate

{Tfofa Tﬁog}(é- - &)) = <[d7-€0f(§ - 50)7 deog(g - 50)]75 - £0>

(54) (). dg(©)). € — &),
(55) {fﬂg}io :{f,g}_{‘ﬁg}fo,
with

(5.6) {f, g} (&) = ([df (¢),dg(€)], &). (Frozen Poisson structure)

As the label suggests, {-,-}%° also satisfies (1.1)—(1.4). Of course, (1.1)-(1.2) are
obvious. Also (1.3) readily follows from (2.7). Hence there is a correspondence
f cho such that {f, g}% = chog. We need to verify (1.4), or its equivalent

(5.7) H*

_ &
thopeo = [ HGP).

Retracing an argument in §2, we first note that

(5.8) f.g linear = {f, g}*(¢) = ([, g}, o).

In this case the bracket yields a function that is independent of £. Thus when
f,g, and h are linear, all three terms in (1.4) (with {-,-} replaced by {-,-}%) are
zero. Hence both sides of (5.7) are vector fields that have the same action on linear
functions, so these vector fields are equal, whenever f and g are linear. From here,
as in §2, we can apply Proposition 1.1 to verify (5.7) for general f and g, so (5.6)
does define a Poisson structure on g*.

For an alternative approach, note that if we replace &y by &y/e in (5.5), we obtain

é‘{f,g}—{f,g}fo :5{f,g}§0/5, Ve>0.

Since the right side clearly gives a Poisson structure, so does the left side, for all
e > 0. Taking ¢ — 0 yields the Jacobi identity for {-,-}%°.
We use the notions introduced above to produce rich families of functions on g*

that Poisson commute. Denote by I(g*) the space of Ad*-invariant functions on
*

g

(5.9) I(g") ={f € C>(g"): f(Ad"(9)§) = f(§), Vg € G}
Clearly
(5.10) g€ l(g’) = {f.g} =0, VfeC>=(g"),

since we have seen that Hy is tangent to coadjoint orbits. We now establish the
following.
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Proposition 5.1. Fix & € g*. Then

(5.11) f,g€I(g”), s,teR= {15, f,Te,9} =0.

Proof. For notational simplicity, set fo¢, = Ts¢,f, etc. First note that, under the
hypotheses of (5.11),

{fsfmgtfo}*tio = Tt& {T(s—t)gofag} =0,

(5.12)
{fs£07gt£0}—s£0 = Tsﬁo{fv T(t—s)&jog} - 07

the first identity on each line by (5.3) and the second by (5.10). Hence we obtain

(5'13) 0= S{fsﬁovgtﬁo}—tfo - t{fsfovgtfo}—sfo = (S - t){fsﬁoagtéo}a

upon applying (5.5) to the quantities on the left sides of (5.12), and observing a
cancellation of +{fs¢,, gre, }¥7°°. This yields the conclusion in (5.11) when s # t.
The case s =t follows by continuity.

6. Poisson pairs and bi-Hamiltonian vector fields

Let {-,-}o and {-,-}; be two Poisson structures on a manifold M. They are said
to form a Poisson pair provided

(6.1) s{to+t{ -t ={ }ss

is a Poisson structure on M for each s,t € R. (Clearly this need only be checked
for s =1, t € R.) It is clear that {-, -}s+ always satisfies (1.1)—(1.3). In particular

there is a correspondence f — H%', such that H;’tg = {f,g}s:- With obvious
notation,

(6.2) Hy' = sHY +tHj.
The condition that we have a Poisson pair is that (1.4) holds, i.e.,

s,t s,t1 __ s,t
(6.3) [Hf Hy ]_H{f,g}s,t‘

Expanding both sides and making obvious cancellations, we see that the Jacobi
condition is equivalent to

1 0 0 17 1 0
(6.4) [Hy, Hy]+ [Hp, Hy] = Hyp gy o+ Hip gy
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Equivalently, the condition to have a Poisson pair is

{fidg,htotr +1{g:{h fotr +{h,{f.9}ohr
+{fi{g,ht1}to+1{g,{h, f}1}o +{h, {f,9}1}0 =0,

for all f,g,h € C>*°(M).

Significant examples of Poisson structures arise for M = g*, the dual to a Lie
algebra g. In fact, fix § € g*, let {-,-}o0 = {-,-} be the Lie-Poisson bracket, and
let {-,-}1 = {-,-}%° be the frozen Poisson bracket, given by (5.6). In view of the
computation (5.4)—(5.5), we have

(6.5)

(6.6) {f.9} +t{f. 9} = {f, 9} 10

which as seen in §5 is a Poisson bracket, for each ¢ € R (i.e., each —t&y € g*).

Suppose we have a Poisson pair {-,-}o, {-,-}1 on M. A vector field X on M is
said to be bi-Hamiltonian (with respect to this pair of Poisson structures) if there
exist f; € C°°(M) such that

0 1

The following result is a useful tool in the study of integrable systems.

Proposition 6.1. Assume X is a bi-Hamiltonian vector field with respect to Pois-
son structures {-,-};, j =0,1. Then H% 18 also an infinitesimal Poisson map for

{.7 .}1_
Proof. The claim is that Y = H})l satisfies
(68) Y{Q? h}l = {Yg7 h}l + {gv Yh}l;

cf. Proposition 1.3 and the subsequent discussion. Equivalently, we need to show
that

(6.9) {f1,{g,h}1}o —{{f1,9}0, h}1 — {9, {f1,h}o}1 = 0.

Now (6.5) implies that the left side of (6.9) together with the following sums to
zero:

(610) {fla {gv h}O}l - {{fl7g}17h}0 - {gv {fl7h}1}0~

But if (6.7) holds, then (6.10) is equal to

(6.11) {fo, {9, h}o}o — {{fo. 9}0, h}o — {9, {fo, h}o}o,

whixch is 0 by (1.4). This proves the proposition.
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The way this result is used is as follows. Given the setting of Proposition 6.1,
then under “favorable” circumstances,

(6.12) There exists fo € C°°(M) such that H?l = H}Q.

That is to say, the infinitesimal Poisson map Y = ngl for {-, -} discussed in Propo-
sition 6.1 is actually a Hamiltonian vector field for this Poisson structure. Thus
we have an analogue of (6.7), to which Proposition 6.1 applies. If this “favorable
circumstance” persists, we can write

(6.13) Hy =Hj},,
and continue, obtaining f; such that

(6.14) H} =H; , j>0.

When this works, the sequence is said to follow the Lenard scheme (cf. [AK], p. 310).
An important corollary is that, when this program works, these functions are in
involution. This is a consequence of the following result.

Proposition 6.2. Assume {-,-}o and {-,-}1 are a Poisson pair on M, and X is a
bi-Hamiltonian vector field, of the form (6.7). Then

(6.15) {fo, fito ={fo, f1}r =0.
Furthermore, if the sequence {f; : j > 0} exists, satisfying (6.14), then
(616) {f]?fk}():{fwfk}lzoa VJ,]CZO

Proof. First we prove (6.15). In fact (6.7) gives {fo, f1}o = H})Ofl = H}lfl =0,
and similarly {fo, fi}1 = —H}lfo = —H})Ofo =0.

Now suppose {f; : j > 0} exists, satisfying (6.14). The same reasoning used to
establish (6.15) immediately gives

(6.17) Ui fimito={fs, fix1}1 =0, ¥V ji=>0.

Hence (6.16) is true whenever |j — k| < 1. To treat the general case, assume j < k
and note the following:

{fi fres1}o = H} frrr = {fi1: fosr }1,

(6.18) 1
Ui ferihr = —Hy, , fi = {5, frto

The transformations here decrease k+1—j to k— 7, so (6.16) follows by induction.

The following gives an important “favorable circumstance” for invoking (6.14):



50

Proposition 6.3. In the setting of Proposition 6.1, assume also that {-,-}1 is a
symplectic structure on M, and that M is simply connected. Then (6.12) holds,
and so does (6.14).

Proof. The result of Proposition 6.1 that Y = H 531 is an infinitesimal Poisson map
for {-,-}; implies that its flow preserves the associated symplectic form (call it o),
or equivalently that £y o1 = 0. Now use Cartan’s formula to get

(6.19) 0="Lyoy :d(OlJY)+(d01)JY:>d(O'1JY) = 0.

Since M is simply connected, this implies

(6.20) o1|Y = —dfs,

for some fo € C°°(M), which in turn gives (6.12).
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Chapter 3: Motion on a Lie Group With a Potential

Introduction

Here we have a brief variation on the theme of Chapter I. Namely, we consider
motion of a particle on a Lie group, endowed with a right-invariant metric tensor,
and also equipped with a potential, giving rise to a force field. We examine one
family of physical problems, associated with the “heavy top,” or the “spinning
top.” We first derive equations of motion for such a top (spinning on a table)
in R”, formulated as motion on SO(n), equipped with such a metric tensor and
potential. We then note some “miracles” that occur when n = 3, arising from
the unique isomorphism of the Lie algebra so(3) with R3, equipped with the cross
product. Even specialized to three dimensions, most spinning top equations are not
integrable. We discuss one family of integrable examples, discovered by Lagrange
back in the dawn of the theory of analytical dynamics.

1. Lie groups with potentials

Let G be a Lie group, endowed with a right-invariant metric tensor. We want
to study the motion of a particle on GG, under the influence of a force arising from
a potential V. The path u : [a,b] — G followed by such a particle is a stationary
point of the functional

b
(1.1) I(u):/ L(u(t),u'(t)) dt,
where

1
(1.2) L(p,v) = 5Bwp™',op™') = V(p), peG, veTG,
B(-,-) being an inner product on T.G = g.
The equation of motion is produced via calculations parallel to those done in
Chapter I, §1. The standard Lagrange equation for such a stationary point is

d
— Dy, L(u,ut) = DpL(u, uy).

(1.3) =

When L(p,v) is given by (1.2), we have

D, L(p,v)W = —B(Up_1Wp_1,vp_1) — DV (p),

(1.4) -1, 1
DyL(p,v)W = B(Wp~*,up™ 1),
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with W € T,,G. We see that
(1.5)
EDUL(U’ u )W = —=B(Wuupu™  upu™) + BWu™ upu™ — wputuu™t).

Thus the Lagrange equation (1.3) becomes
(1.6)
—BWu 'ugu™  ugu™) + BWu™ ugu™ — wpu™tugu™t)

= —Bugu "Wut upu™t) — DV (u)W, ¥ W € T,G.
We now set
(1.7) v(t) = w(Hu(t)™t, v:(a,b) — g.
Hence u; = vu, uy = viu+vug, and, with Y = Wu~! € g, the equation (1.6) yields
(1.8) —B(Yv,v)+ B(Y,v;) = —=B(vY,v) — DV (u)Yu, VY €g,
or equivalently we obtain the following equation for v(t):
(1.9) B(v,Y)+ B(v,[v,Y]) = =DV (u)Yu, VY eg.

Unlike the geodesic equation (1.9) of Chapter I, this is not an equation for v alone,
but it is completed by coupling it to

(1.10) U = VU.

For solutions to the system (1.9)—(1.10), the total energy (1/2)B(v,v) + V(u) is
conserved. This is verified by the following calculation:

%(%B(v, v) + V(u)> = B(v¢,v) + DV (u)uy

(1.11) = —B(v, [v,v]) — DV (u)vu + DV (u)uy
=0,

the second identity by using Y = v in (1.9) and the third via (1.10).

We can transform (1.9) to an ODE for a curve £(¢) in g* by the usual device.
Take

(1.12) B:9—9" Buv)=(u,pv),
and set £(t) = fu(t). Then (1.9) yields

(1.13) (&, Y)Y+ (£,ad(v)Y) = =DV (u)Yu, VY €g.
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We can write
(1.14) DV (u)Yu = (DV (u)u, Ad(u™1)Y),
with DV (u)u : T.G — R, linear, i.e., DV (u)u € g*. Then the system (1.9)—(1.10)

becomes
& —ad*(v)¢€ = — Ad*(u)(DV (u)u), v=p"'¢,

U = VU.

(1.15)

2. The heavy top

Suppose there is a rigid body in R", with a mass distribution at ¢ = 0 given
by a function p(z), which we will assume is piecewise continuous and has compact
support. Suppose the body moves, subject to the force of gravity, and with the
constraint that one point remains fixed, say at the origin. This situation models
the motion of a heavy top, spinning about while sitting on a table. We want to
describe the motion of such a body. The derivation of these equations can be
compared with the derivation of the equations of motion of a free rigid body, done
in §3 of Chapter I.

According to the Lagrangian approach to mechanics, we seek an extremum of
the following Lagrangian, subject to this constraint. If {(¢,x) is the position in R”
at time ¢ of the point on the body whose position at time 0 is z, then we can write
the Lagrangian as

@) 1= [ [elewa)itaPid—g [ [oEtn)n cdoa

Here, £(t, x) = 0§/ 0t, o is the unit vector pointing in the vertical direction, oppo-
site to the direction of the force of gravity, and g is the gravitational acceleration.

Our rigidity assumption plus the assumption that the point at the origin remains
fixed allows us to write

(2.2) E(t,z) = W(thz, W(t) € SOn),

where SO(n) is the group of rotations of R™. Thus, describing the motion of the
body becomes the problem of specifying the curve W(t) in SO(n). We can write
(2.1) as

I(¢§) == // z)|[W' (t)z|? dz dt — // Yo - ¢ dx dt
@y / AV WO oyt —g [ / )30 W) My
W)
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We look for an extremum, or other critical point, where we vary the family of paths
W :la,b] — SO(n) (keeping the endpoints fixed).

Let us reduce the formula (2.3) for J(W) to a single integral, over ¢. As shown
in Chapter I, §3, we have

(2.4) /p(y) (Ay, By) dy = Tr (B'AZ,) = Tr (AZ,B"),
where
(25) z,— [ o) yoy dy e @2 R~ M(n.R)

Let us also set
(2.6) o= /p<y)y dy € R™.

Then we can write the Lagrangian (2.3) as

1 b b
(2.7) J(W):i/ Te (W OW ) Z,(W )W ()~ 1)) dt—g/ o - W(t)ydt.

This has the general form

b
(28) 1) = [ Lu(t). () dt,
considered in §1, i.e.,
1 _ _
(29)  Llp,v) = 5 B(wp Lop™ ) =V(p), V(p)=go-pr, peG, veTl,G,
B(+,-) being an inner product on T,G = g, namely
(2.10) B(v,w) = Tr(vZ,w").

Thus a critical path W (t) for (2.7) satisfies the following Euler-Lagrange equation
(from (1.9)), involving W (t) and Z(t) = W/(t)W ()~

(2.11) B(Z,,Y)+ B(Z,[2,Y]) = —go - YWn~o, VY €so(n),

since in this case DV(W)X = go - X~ and we use X = YW. This equation is
coupled to

(2.12) W, = ZW.
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Here W : [a,b] — SO(n) and Z : [a,b] — so(n), while o,v € R™.
Note that the conserved energy for this system is

1
E==B(Z,Z)+ V(W)
(2.13) :
= 5 Tr(2L,2") + go - Wno.
Note that if we set

(2.14) M(t) =Z1,Z(t) + Z(t)Z,,

then 2B(Z,Y) = Q(M,Y) = Tr(MY"), and since Q(-,-) is Ad-invariant, (2.11)
becomes

(2.15) QM Y) + Q([M, Z),Y) = —2g0 - YWn,, VY €so(n).

3. The heavy top in 3D
We specialize the study of the equations for a heavy top spinning on a table

in R™, studied in the last section, to the case n = 3. We use the isomorphism
Kk : R? — s0(3), given by (3.15) of Chapter I, and we set

(3.1) w(t) = —rk"1Z(t), u(t)=—k""M(t) = Tpw(t), (t) =W ().
Here J, = (TrZ,)I — Z,, as in (3.18) of Chapter I. Recall that

(3-2) Kz =wxz, Kl@xy)=[k@),sy)], Tr(s@)ky)) =22y
Then (2.15) takes the following form (with y = k= 1(Y)):

(3.3) gty + (pxw)-y=—go-(yxy), VyeR

This leads to

(3.4) e = X w~+ gy X o.

This equation is coupled to

(3.5) Ve = X w,

which follows from (2.12).



56

Together (3.4)—(3.5) form the heavy top equations in 3D. We note that the
conserved energy (2.13) takes the form

1
(3.6) E=gnwtgo-y, p=Jw

Another conserved quantity is u - . Indeed, we have

d

(3.7) G = (axw) y+pe (v xw) =0,

making use of (3.4) and (3.5). It also follows from (3.5) that

d(v-v)ZO,

(3.8) =

but this is also a trivial consequence of the definition (¢) = W (t)vo plus the fact
that W(t) € SO(3).

It is instructive to rewrite (3.4)—(3.5) in a form (which is a variant of (2.15))
involving M and Z, given by (3.1), and also
(3.9) ['(t) = —k~v(t), Y=—kKo,
with x as in (3.1)—(3.2). We obtain the system

M; = [ZvM] —|—g[2,r],

(3.10) L, — (2.1,

The conserved quantities (3.6)—(3.8) take the form
1
(3.11) €= T(MZ") + gTr(EFt), Te(MT?), Tr(ITY).

It is a remarkable fact that the system (3.10) can be put in the commutator form
as a differential equation for a curve in the Lie algebra of the Euclidean group

(3.12) E(B)~ G xaqg, G=50(3),

whose Lie algebra e(3) = {(X,u) : X, u € so(3)} has Lie bracket
(3.13) [(X,u), (Y,v)] = ([X,Y],ad X (v) —ad Y (u));
cf. Chapter I, §10. By this recipe we have

(3.14) [(Z,9%), (T, M)] = (2,17, [2, M] + g[%,T7),
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so the system (3.10) is equivalent to

d
(3.15) 90,6y = ((2,9%). (0, 01)).
As usual, it follows from (3.15) that a solution (I'(¢), M (t)) to (3.10) lies in an

orbit

(3.16) Oryat, = {Ad(g)(To, Mo) : g € E(3)}.

~—

)
Of course this implies that F'(I'(t), M (t)) is independent of ¢ whenever F' : ¢(3) — R
is Ad-invariant, i.e., F'(Ad(¢)X) = F(X) for all g € E(3), X € ¢(3). We note that
the functions

(3.17) Fy(T', M) = Tr(MT"), Fy(T', M) = Tr(I'T%)

have this property. To see this, note that to verify Ad-invariance of a function F
it suffices to show that, for each X,Y € e(3),
d
—F et ad YX
dt (
Verifying that F; and F5 have this property is straightforward.
As we have seen, in general the Lie algebra of G xaq+ g* has an Ad-invariant
biliear form given by

(3.19) B((X,£), (Y,n)) = (X,n) + (¥, §).

Cf. Chapter I, §10. If also g has a G-Ad-invariant quadratic form, say Q(-,-), as is
always the case if G is compact, then the Lie algebra of G x oq g has an Ad-invariant
bilinear form, naturally related to (3.19), namely

(3.18) = DF(X)[Y, X] = 0.

Mo

(3.20) B((X,A), (Y, B)) = Q(X, B) + Q(Y, A).

This induces a linear isomorphism of the Lie algebra § of G xaq g onto its dual
h*. This takes adjoint orbits in h to coadjoint orbits in h*. In particular the
standard Poisson structure on h* is transferred to a Poisson structure on b, yielding
a symplectic structure on each adjoint orbit.

This observation applies in particular to (3.16). It naturally follows that the
equation (3.15) is of Hamiltonian type, more precisely, of the form
(3.21) %(F,M) = He(T', M),
where £(I', M) is given by (3.11), with M and Z related as in (2.14). In light
of the computations (2.20)-(2.25) of Chapter II, if we use (3.20) with Q(X, B) =
(1/2) Tr(X B?), verifying (3.21) comes down to showing that

(3.22) DE(T, M) (A,B) = % Tr(ZB') + g Tr(XAY),
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which is a straightforward computation from the formula (3.11) for £(I", M).

Typical adjoint orbits of the form (3.16) are symplectic manifolds of dimension 4.
It follows from general theory that the system (3.20) is integrable if one can find a
second function F, functionally independent of £, such that {€, F} = 0. Typically
the system (3.20) is not integrable. One classical case where it is integrable, due to
Lagrange, will be discussed in the next section.

4. Lagrange’s symmetric top

Here we discuss a special class of 3D tops, which were shown by Lagrange to
yield integrable systems. Namely, we assume that 7Z,, defined by (2.5), has a dou-
ble eigenvalue, say a, and another eigenvalue, say b, and that the b-eigenspace is
spanned by o, defined by (2.6). Equivalently, 7, has a double eigenvalue @ and an
eigenvalue b, and its b-eigenspace is spanned by o. Since u(t) = Jpw(t), this implies
that u(t) — aw(t) is parallel to o, i.e., there exists a(t) such that

(4.1) wu(t) —aw(t) = a(t)o.

Then the equation (3.4) implies

(4.2) Ut = —ow X 0+ gy X o,
and hence

d
(4.3) (-0)=p-0=0.

dt

In other words, pu(t) - o is another conserved quantity for the Lagrange top. Equiv-
alently,

(4.4) F(T, M) = Te(ME!)
is conserved for the system (3.15). Another equivalent formulation is that
(4.5) w~a:jp_l,u-a:,u‘jp_lo:l;_l,u~a

is conserved.
As we have discussed in §3, (3.15) is a Hamiltonian system of the form

(4.6) %(F, M) = Hg(T, M), E(T,M) = iTr(MZt) + g Tr(ST),

on the 4-dimensional symplectic manifolds Or, az,, with Z and M related by (2.14).
The fact that F is constant on integral curves of H¢ is equivalent to

(4.7) (F. €} =0.
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Thus the system (4.6) is integrable for Lagrange’s symmetric top.

Let us take a further look at integrating (3.4)—(3.5) in this case. Rotating co-
ordinates and scaling, we can assume o = (0,0, 1)?, so the conservation law (4.5)
gives
(4.8) w = (w1, ws,c3)".

Then the equation (3.5) takes the form

% = C37Y2 — W273,
(4.9) vy = —c3y1 + w13,

V3 = w1 — WiYe-
Also the conservation law (3.7), i.e., u -y = k, takes the form
(4.10) a(w1y1 + waye) + besys = k,
which implies
(4.11) (k — begys)? = @2(wW?A2 + w22 + 2w way1y2).
Meanwhile, the last equation in (4.8) implies
(4.12) (73)? = w3n? + wivs — 2wiwamie,
and we can use (4.11) to eliminate all the terms containing v;v2. We get
(4.13) (13)% = (WF +w3)(FF +13) —a 2 (k — begna)®.

To streamline this further, we use |y|?> = 1 and the conservation of energy, which
yields

(4.14) wi + w3 +c3 =28 — 2g73.

Thus (4.13) becomes

(4.15) (75)? = (26 — ¢ — 2973)(1 —73) —a2(k — besys)? = p(73),

where p is a cubic polynomial, whose coefficients involve &, c3, g, k, a, and b. Sepa-
rating variables, we obtain an elliptic integral:

d
V3 -

vV p(73) -

(4.16)



60

Chapter 4: The Korteweg-deVries Equation

Introduction

In 89 of Chapter I we derived the Korteweg-deVries equation as the equation of
geodesic motion on the Virasoro group, a central extension of the group of diffeo-
morphisms of the circle S'. Here we study the KdV equation further. In §1 we
recast KAV as a Hamiltonian system on the dual Vir® of the Virasoro algebra, with
its natural Lie-Poisson structure. We show how KdV is a bi-Hamiltonian system,
also Hamiltonian with respect to a certain frozen Poisson structure on Vir*, which
together with the Lie-Poisson structure forms a Poisson pair, as a special case of
material covered in §6 of Chapter II. In §2 we recast all this in terms of Poisson
structures on the dual to the Lie algebra Vect(S!) ~ C°°(S!), and in §3 we apply
the Lenard scheme, introduced in §6 of Chapter II, and show how it produces a
sequence of conservation laws for solutions to KdV.

In §4 we apply the first 3 of these conservation laws to give a demonstration
of global existence of smooth solutions to KdV. In fact, these conservation laws
yield bounds on the H?-norm of a solution, which are more than adequate for
global existence, in view of the local existence and persistence results we obtain in
Appendix A. The results of Appendix A are parallel to familiar results for hyperbolic
PDE, such as obtained in [T2].

In fact, there is an infinite string of conservation laws, said to guarantee “in-
tegrability” of KdV. We do not give a direct discussion of what this integrability
means; that is front and center in many treatments of the subject, mentioned in
the references. (A concise characterization of integrability can be found on p. 638
of [Mc2].) However, we proceed to discuss further facets of the production of these
conservation laws, all intimately connected to integrability. In §5 we discuss how
Lax pairs arise in KdV, and lead to families of isospectral Schrodinger operators,
and how the conservation of the spectrum is related to the previously constructed
conservation laws, via “heat asymptotics,” making use of some results on such
asymptotics established in Appendix B.

In §6 we discuss the Gel’fand-Dickii approach to the production and analysis
of Lax pairs, which leads to a systematic production of conservation laws, via
a “residue” calculation. This relies on a technical result, which eventually got a
neat treatment by G. Wilson, whose argument we give in §7. Actually, the material
discussed here was developed by these authors in a more general context, to produce
further classes of integrable systems, such as the “KP-heirarchy.” We have confined
the scope here to KdV, but the reader who gets through this material might be
well prepared to read about these more general matters, in the papers we cite on
this material.
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1. KdV as a bi-Hamiltonian system
In Chapter I, §9, we produced the Korteweg-deVries equation as a geodesic

equation on the Virasoro group, in particular as an evolution equation for a curve
on its Lie algebra,

(1.1) Vir = C*(SY) @ R,

with Lie bracket given by

(1'2) [(u’ CL), (Uv b)] = (ulv - U’U/, 7(“7 U))a
where
(1'3) 7(“5 U) = (ua:a Umw)L27

and with inner product on Vir given by
(1.4) B((u,a), (v,b)) = (u,v) 2 + ab.

We complement the discussion in §9 of Chapter I with a sketch of the coadjoint
formulation. We use the inner product (1.4) to identify Vir and Vir*:

(1.5) Vir* = C*(S') @ R.

We define « : Vir — Vir* so that

(1.6) Y, v) = (v, kW), e, £(U) = —Uppe.
Starting with

(1.7) ((v,0),ad"(u, a)(w, ¢)) = —(([u, v], y(u,v)), (w, c)),
and using (1.2)-(1.4), we obtain

(1.8) ad*(u, a) (w, c) = (ad*(w)w — cx(u),0).

Now the general set-up for geodesic flow, as derived in (2.13) of Chapter I, gives
the evolution for a curve (v(t), c(t)) in Vir*:

(ve,¢r) = ad™ (v, ¢) (v, ¢)

(1.9) = (ad” (v)v — ck(v),0).

Hence ¢; = 0, so ¢ = ¢y. Recall from (5.6) of Chapter I that

(1.10) ad*(v)v = Liv = —3vu,,
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so the formula (1.6) for x(v) yields for v the Korteweg-deVries equation
(1.11) v + 30U — CoUpzz = 0,

in agreement with (9.6) of Chapter I.

We can write this equation as a Hamiltonian equation with respect to the Lie-
Poisson structure on Vir*, given as usual by

(1.12) {f,9}(u, a) = ([df (u, a), dg(u, a)], (u, a)).

By the standard set-up (cf. (2.13) of Chapter II), a Hamiltonian vector field with
respect to this Poisson structure is given by

(1.13) Hpg, (v,¢) = —ad™(dFy(v, ) (v, c).
Hence (1.9) is equivalent to (vy,¢;) = Hp, (v, ¢), with

1 1
(1.14) Fo(v,e) = —§(v,v)L2 — 502.

Now, given (ug, ag) € Vir™, there is also the frozen Poisson structure on Vir*:
(1.15) {f,9}1(u, a) = ([df (u, a), dg(u, a)], (uo, ao))-
With respect to this Poisson structure, a Hamiltonian vector field is given by
(1.16) Hp, (v,¢) = —ad*(dF (v, ) (uo, ao).
For the particular frozen Poisson structure we will use here, we take
(1.17) (up,ap) = (1,0).

Furthermore, we set

(1.18) Fi(v,c) = _i /(v3 + cv?) da.
g1
Note that
dFy(v,c)(u,a) = _19 [(v+ tu)® + (c+ ta) (vy + tuy)?] do
1\Y, ’ 4 0t T T 0
(1.19) o

1
=—3 /(3v2u + av? + 2cvpu,) dz,
Sl
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and hence

1/3 1
(1.20) dFy(v,c) = —§<§v2 — Vs, §HU€E||2L2>'

Then, by (1.8) and (1.10),

—ad™(dFy(v,¢))(1,0) =
(1.21) 3
L1 cﬁvwl,O)

= (—3vv; + CVzgs, 0),

since Liw = —vw, — 2v,w (cf. (5.6) of Chapter I).
Thus we have a bi-Hamiltonian structure:

(1.22) Hp, = Hp, .

2. Poisson structures induced on C>°(S!)

In §1 we produced two Poisson structures on Vir* = C°(S!) @ R, yielding
Hamiltonian vector fields of the following form:

HY, (v,¢) = —ad*(dFy(v,¢)) (v,¢)

(2.1) *
= —(ad™(dy Fo (v, ¢))v — ck(d, Fo(v, ¢)),0),

and

(2.2) H} (v,¢) = —ad*(dFy (v, ¢)) (1,0)

= —(ad™(d, F1(v,¢))1,0).
Recall that

(2.3) k(u) = —03u, ad*(u)v = L

2V = —uvy — 2ugv.

It is clear that the vector fields H%O and H};l are tangent to each hyperplane
¢ = c¢o. Thus, for each ¢y € R, we have a pair of Poisson structures on C*°(S1) (in
fact, a Poisson pair), yielding vector fields

HY, () = — ad” (dfo 0))0 — conldfo(v)),

(2.4) H}, (v) = —ad*(dfy (v))1,
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for f; : C*>(81) — R. Here, given v € C°(S1), df;(v) € C>°(S1) is determined by
the identity

0
(2.5) (dfj(v),w)rz = afj(v +tw)|,_-
For example, if ¢; = ¢;(s0, s1,...,5¢), then

¢
(2.6) fi(v) = @ (v, 040, ..., 05) = df;(v) = l;)(—l)k 8’;%(0, .., 0).

For some further formulas, let us set

2.7) Vi = di0),
and bring in (2.3), to write

HJQO(U) = (=02 4 200, + v,)Vo = EV,

(2.8) /
Hf1 (’U) = 2633‘/1 = DVl
Here
(2.9) E,D:C>®(8') — C>(S")

are the Poisson tensors, defined in (1.14)—(1.15) of Chapter II. Parallel to (1.16) of
Chapter II, we have D and & skew-adjoint, with respect to the L?-inner product.
Parallel to (1.14) and (1.18), we consider

1 1
(2.10) fo(v) = 5 /"U2 dz, fi(v)= 1 /(U3 + o) du,
St S1
yielding
1
(211) Vo = —, ‘/1 = 5 (—202 + covm>,
and hence

H})O(U) = EVh = =30y + CoVspsa,

(2.12) 4
Hy, (v) =DVi = =30V, + CoVsrrs-

Thus the bi-Hamiltonian structure of KdV is re-stated.
It follows immediately that, when v(t, x) is a sufficiently smooth solution to the
Korteweg-deVries equation, then fy(v) and fi(v), which a priori are functions of
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t, are actually independent of £, and hence give conservation laws for solutions to
KdV. The following is also seen to be conserved:

(2.13) fo1(v) = /vdx.
Sl

In §3 we will produce an infinite list of additional conserved quantities.

3. Conservation laws and the KdV heirarchy

Here we will construct a sequence {f; : j > 0} of functions f; : C>(S!) — R,
such that fy and f; are given by (2.10) and

(3.1) Hy, = Hj,,, 320,

where f — H } are the Poisson structures on C*°(S1) given by (2.4), or equivalently
by (2.8). That is to say, we want to produce V; = df;(v) such that

(3.2) €Vj = DVji1,
where, as in (2.8),
(3.3) EV = (—co02 4 200, +v,)V, DV =20,V.

The formulas for V5 and V; are given in (2.11).
Thus, to get V5, we compute that

(3.4) EVL = (=003 + 200; + vg) (—2”2 + coa§v> = DVs,
with

2
(35) Vo = _%08;11) + ZCO(UQQ: + zvvxz) - ZU37

which satisfies Vo = dfa(v) with

1

5)
(3.6) fo(v) = -1 /[cg(vm)Q + Beguu? + ZU4 dzx.

Sl

Note that the form of D implies that the Poisson structure {-, -}; is symplectic, so
the fact that one can continue indefinitely with (3.2) is suggested by Proposition 6.3
of Chapter II. However, that result applies literally only in the finite-dimensional
case. The following furnishes justification here.
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Lemma 3.1. For each j > 2, there exists Vi1 such that (3.2) holds. One has

(3.7) Vi = a;c)d% v + ®;(v, ..., 07 ).

Proof. Let us set

(3.8) R=D'€,

so we desire to show that

(3.9) Vi =RV,_1,

for all j, and so far we have it for j = 1,2. To provide an inductive proof, we need
to show that, as long as (3.9) holds, £V} belongs to R(D), the range of D = 20,. In
view of the formula (3.3) for &£, it suffices to show that vDV; € R(D). Note that,
by (2.11),

(3.10) vDV; = —vDRIv.

Now formal integration by parts produces the identity

(3.11) (D7'E)* =ED™', hence R* = DRD .

Thus we have, for some A;,

vDV; = ((R*) Dv)v + 0,4,

(3.12) i
= (DR’v)v + 0, 4;,
hence
1
(3.13) vDV; = 589614]',

proving the lemma.
From here we have, as in §6 of Chapter II:

Proposition 3.2. For each j > 0, there exist f; : C°(S') — R such that (3.1)
holds. Furthermore,

(314) {f]?fk}oz{f]7fk}1zoa \V/],kzo

The sequence of Hamiltonian vector fields { H J(?j : j > 0} is called the KAV heirar-

chy. It follows from (3.14) that each f; provides a conservation law for sufficiently
smooth solutions to the KdV equation (1.11).
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4. Global existence of solutions to KdV

As shown in Appendix A to this chapter, the initial value problem
(4.1) v + 30Uy — CoUgze = 0, v(0,2) = u(z),

has a short-time solution, given u € C*°(S!), and this solution does not break
down as long as one has a bound on |[v(t)|c1(s1). Here we will show that, for any
given nonzero, real cg, there is such a bound, and hence we have global existence

of a smooth solution to (4.1). We will make use of the following conservation laws,
established in §§2-3:

Ey(v) = /'02 dx,

S1
(4.2) Ey(v) = /(vi +ey 'v’) de,
S1
S
Es(v) = /(vgm + 5c5 tov2 + chzv4)daz.
Sl

Each F;(v) is a constant multiple of f;(v), given in (2.10) and (3.6).
We compare these quantities with

(4.3) Hj(v) = /(8%1))2 dx.

Sl

Clearly Eg(v) = Hy(v). We can obtain upper bounds on H;(v) and Hz(v) as
follows. First we have

(4.4) [v]| 70 < K*Ho(v) + K Hi(v),

and hence

(4.5) (/US da| < [Jollp Ho(v) < K Ho(v)*/? + K Ho(v) Hy(v)'/2
Thus

(4.6) Hi(v) < E1(v) + Klcg |[Eo(v)*? 4+ Klcg ' | Eo(v) Hy (v) /2.

Writing this as
v’ < B+24y, y* = Hi(v),
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and hence y? — 24y < B, we have y < A + v/ B + A2, hence y? < 44%2 + 2B, i.e.,
(4.7) Hi(v) < 2E1(v) + 2K |cg ' |Eo(v)*? 4+ K2cg 2 Ey(v)2.

Having this, we next immediately obtain

(4.8) Hy(v) < Bo(v) + 5lcg | (Eo(v)*? + Hy(v)/2) Hy (v).

Since [|v]|Z: < CHa(v)+CHp(v), the asserted bound on solutions to (4.1) follows
from the conservation of the three quantities in (4.2), and this leads to global
existence. We give a formal statement of such a result.

Proposition 4.1. Given u € H*(S'), k > 2, there exists a unique global solution
(4.9) v € C(R, H*(S1))

to the initial value problem (4.1). The quantities E;(v(t)) for 0 < j < 2 given by
(4.2) are independent of t.

Proof. As we have advertised, global existence of v satisfying (4.1) and (4.9) follows
from the results of Appendix A once one has a bound on |[v(t)|| g2, and by (4.8)
such a bound follows from the fact that £} (v(t)) are independent of ¢, for 0 < j < 2.

Now in the derivation of these conservation laws we assumed v was “smooth.”
We need to show that these laws hold when v has limited regularity. We can analyze

t xzxy Vax - s 2 — s = , 3
(4.10) dt 2(0(t)) = (Vtaw Vaw) + @ (v, v3) + @ (Vt, VOz) + 2 (vg,0°)

= (050, 0%v) + -,
and show this is equal to zero, given v € C(I, H*(S')) satisfying (4.1), with k > 4.
Then we readily have the stated results of Proposition 4.1 in case k > 4. It remains
to show that Proposition 4.1 holds for £ = 2 and 3.

We can establish this as follows. Using a Friedrichs mollifier J., set ux = J.u €
C>(SY), with e = 2%, and solve

(4.11) Opvg + 3Oy — cpO2vp = 0,  wr(0, ) = up(z),

obtaining v, € C®°(R x S!), by the results established above. Furthermore, for
each k, we have

(4.12) Ej(vk(t)) = Ej(uk) = €,
independent of ¢, for 7 = 0,1,2. This has the following implications:

vy bounded in L*®(R, H%(Sh)),

(4.13) . o
Opvg, bounded in L (R, H™*(S")).
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We deduce that, upon passing to a subsequence (still denoted vy,), we have, for each
T < o0, §d >0,

v — v in L®(R, H*(S')), weak™,
(4.14) vy — v in C([=T,T], H*>7°(S')), in norm,
v (t) — v(t) in H?*(S'), weak*, VtcR.

It readily follows that v is the unique solution in L (R, H?(S')) to (4.1). Further-
more, we have norm convergence

vk (Opvr)? — wv in C([=T,T], H'~°(8")),

4.15
(4.15) v — ot in C([-T,T], H>°(SY)).

Hence we have

(4.16) Es(vg) — Ha(vg) — Ea(v) — Ha(v),
locally uniformly in ¢, as k — oo. Furthermore,

(4.17) B (vk(t)) = e2 — Ea(u),

so, for each t, as k — oo,

(4.18) Ha(vx(t)) — Ha(v(t)) + Ea(u) — Ex(v(t))-
On the other hand, the third result in (4.14) implies

(4.19) limsup Ha(vk(t)) > Ha(v(t)),

k—oo

for each t, so we deduce that
(4.20) Es(v(t)) < Ea(u) = E2(v(0)),

for each t € R.

This bound suffices to complete the global existence result in Proposition 4.1
when k > 2. As for the conservation of Fs(v(t)), we can get this from (4.20) by
the following simple device. We can start the evolution at an arbitrary time, say
to, and then the reasoning leading to (4.20) gives

(421) E2(U(t)) < EQ(U(tO)), v t,1g € R.

Then reversing the roles of ¢ and tg gives the reverse inequality, hence equality. The
task of establishing conservation of E;(v), for j = 0,1, is more elementary.
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5. The Lax pair approach to conservation laws
Given v = v(t, ), defined for t € I, x € S, and given b € R, consider
(5.1) L(t) = 92 — bu(t, x),

a one-parameter family of differential operators on S, which are self-adjoint, with
discrete spectrum. As observed by P. Lax, one can form

(5.2) M(t) = ad2 + v0, + 0,v = ad2 + 200, + vy,
and the equation

(5.3) % = [eM, L],

for certain choices of constants a, b, ¢, holds precisely when v solves the Korteweg-
deVries equation

(5.4) v + 3vUy — CoUgpe = 0.

From this it can be deduced that all the operators L(t) are unitarily equivalent,

and hence have the same spectrum. This gives rise to conservation laws, providing

an alternative route to that described in §3. The pair (L,cM) is called a Lax pair.
To see how this works out, we compute that, when L and M are given by (5.1)—-

(5.2),

(5.5) [M,L]f = —(3ab + 4)(v,0 f + 1220, f) — [2bvvy + (ab + 1)vzpe] f.

We take ab = —4/3, and then
1
(5.6) (M, L)f = —(2wa . gvm> f.
Then the equation (5.3) holds if and only if
c
5.7 = 200U, — = Vggz-
(5.7) o CVVg — 530

Thus (5.3) is equivalent to (5.4), provided

8 1 3
. = — b: —_—— = ——.
(5.8) a = 30, 2 c 5
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To continue, M(t) in (5.2) is skew-adjoint for each ¢, the solution operator U (t)
to

(5.9) 38—1;’ — M(Bw,  w(t) = UE)w(0),

is unitary on L?(S?t) for each ¢, and we have

(5.10) L(t)y=U(t)L0)U(t)".

Hence, for all ¢ in an interval on which we have a solution to (5.4),

(5.11) Spec L(t) = Spec L(0).

In particular, for each s > 0,

(5.12) Tr (2 —bv(0) = Ty =(92—~bv(0))

Now, as shown in Appendix B, there is an asymptotic expansion as s “\, 0:

(5.13) Tr (%2 —0v) Z sV B (b)),
k>0

with coefficients Ej(bv) described by (B.30). These are hence conserved quantities
for solutions to (5.4), conservation laws that can be compared to those produced
in §3.

We next present a direct proof, adapted from [Lax2], that the conserved quan-
tities in (5.13) Poisson commute, at least for the Poisson structure {-,-}; given by
the second formula of (2.4), or equivalently (2.8), i.e.,

(5.14) (oht) =2 [ (@)W ds
Sl
where
(5.15) V =df(v), W = dg(w) € C*(Sh).

To begin, say
(5.16) Spec(97 — bv) = {=X\;(v)}, A(v) < Ag(v) < -

The result in Theorem 6.4 of [Lax2] is:
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Lemma 5.1. We have, for each j,k,
(5.17) {\j; At = 0.
Proof. Let w; be the real-valued \;-eigenfunction of 92 — bv, uniquely determined

up to a factor of +£1 (as long as A; is a simple eigenvalue) by the normalization
|lwjllz = 1. A calculation gives

(5.18) dAj(v) = buwj.
Another calculation gives

(5.19) Hw? = —4); d,w?,
where

(5.20) H = 92 — 4bvd, — 2bu,.

Hence we have

{)\j, /\k}l(v) = 2(&% d)\] (’U), d)\k (U))L2

(5.21) 7
(B, )
e ws;, wk 9
2)\; J
the last identity by (5.19). Note that H* = —H, so this yields
b2
(5.22) N, A (v) = —— (Hwi, w?).
2 J
Now interchanging the roles of j and & in (5.21) gives
b2
(5.23) {Ak A (v) = — o (Hwi, w?).
2\ J
But the left sides of (5.22) and (5.23) are negatives of each other, so we obtain
(5.24) AN Akt = A{Aj, A,

which implies (5.17) whenever \; # Ag.

Now Lemma 5.1 is neat as far as it goes, but it depends upon the (unstated)
hypothesis of simple spectrum, which we do not always have. To fix this up, let us
set, for each T' € (0, ),

(5.25) O = {v € C®(S') : All ), such that |A\;(v)| < T are simple}.

It is easy to show that Or is open in C°°(S1), and it is also known that Or is dense,
for each T' < co. Certainly (5.17) holds on Op, provided |A;], |A\x| < T. From here
we proceed as follows. Let

(5.26) S = {tp € C=(R) : 1(t) is rapidly decreasing as t — —oo},
and for ¢ € S set

(5.27) fo :C®(SY) =R, fu(v)=Tr(02 — bv).

We have:
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Corollary 5.2. Given T € (0,00),

(5.28) 0,0 € C°((=T,T)) = {fp, fs}1 =0 on Or.
Hence

(5.29) 0, € C°(R) = { [, fu}1 = 0.

Hence

(5.30) o0 €S = {fp, fu}1 =0.

Proof. The discussion above gives (5.28). Then (5.29) follows from the denseness of
Or in C>(8'), and then (5.30) follows by another approximation argument, plus
the fact that

(5.31) Spec(9? — bv) C (—o0, A(v)], A(v) = sup (—bv(x)).

xT

From here it readily follows that, if we set

(5.32) Ei(v) =Tr e!(0z—bv),
then
(5.33) s,t>0= {F,,E}; =0.

Then the analysis yielding (5.13) also gives
(5.34) {ES,ER} =0, Vjk,

where E%(v) = E’j (bv).

6. The Gel’fand-Dickii approach

Here we discuss an approach taken in [GD] (also pursued in [Ad], and in [SeW]
and [Wi]), involving the following algebra ¥ of “formal pseudodifferential operators”
on S!. An element of ¥ has the form

m

k=—o0
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where p, € C°°(S1), and m (the order of P) is an integer; we also say P € ¥™.
The symbol of P is

(6.2) p=Y_ p(x)".

k=—o0

If also Q = Zj<n q; ()97, we define PQ € ¥™*" in such a fashion that the
derivation identity holds:

(6.3) 8f=fo+ fs.

This leads to the identity PQ) = R, with symbol

(6.4) r=poq=>y_ %(351?)(3@)-

>0
For example, if m € N, ¢ = ¢q(x),
m m4+L£—1 e
(6.5 emoq= -0 (" T a0we
>0

The algebra DO(S1) = U,,>0 DO™(S?) of differential operators on S, consisting
of elements of the form P ="}  py(2)9*, is a subalgebra of .
We mention that there is an algebra U*(S!) of operators on D’(S?),

(6.6) v (s') cors*(s') = | ] ors™(sY),

meZ
and a surjective homomorphism
(6.7) oS — U,
whose kernel consists of smoothing operators on D’(S1). See, e.g., Chapter 2 of [T].
However, this algebra of pseudodifferential operators will not be used here, just the

algebra U described above.
The algebra ¥ will be used to construct a sequence of differential operators

(6.8) P, € DO?F (81,
such that

(6.9) [Py, L] € DO%(SY), L=0%-w.
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Then the equations

oL
(6.10) 5 = [Py, L]
are equivalent to various PDE for v. The case k = 1 will be seen to be (essen-
tially) KdV. Furthermore, a construction involving the “residue” of an element of
VU (to be defined below) will produce an infinite sequence of conservation laws, valid
simultaneously for all of these PDEs.
The analysis begins with the construction of a “square root” of L, of the form

(6.11) LY?2=0+Q, Qev L
The symbol ¢ of @) is uniquely determined, as follows. We want

E-v=(E+qo(+q) = +Eoqg+qol+qogq

(012 =& +2¢6+ gz +qoq.
Write
(6.13) q= Z qj(w)&.
Jj>1
We then have
(6.14) 21 = —v, 2q2 = —(0:qn),
and, for k > 3,
(6.15) 2qk = —(0xqr-1) — (g0 Q)k—1,

where (q o q);x—1 denotes the coefficient of ¢~+=1 in g o g, a coefficient which is
determined by {q1,...,qx—2}, via (6.4).
Having constructed L'/2, we set

(6.16) Py = (LM,

where in general for P € ¥ given by (6.1), with m > 0,

(6.17) Pp=) pi(x)d".
k=0
To take one example, note that

1 1
L2 = (02— 0) (0= S00 ! + 0,072 4+ )
2 4
(6.18) 1 X
= 0% — 00— 5(1}8 + 2v,) + il mod ¥,
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ie.,
(6.19) P =0°— gva — va.
We next note that
(6.20) [P, L] = —[(LF*Y/2)_ L] = M, € DO°(SY),

where, parallel to (6.17), for general P € ¥ as in (6.1), we set

(6.21) P.=P-P; =Y pp(z)o"
E<—1

The first identity in (6.20) arises from the elementary identity
(6.22) [LF+Y2 L] = 0.

Clearly the left side of (6.20) belongs to DO(S!), while the right side belongs to
U0 so the commutator belongs to DOO(S 1), as asserted, i.e., it is a multiplication
operator, say multiplication by M(z). From the left side of (6.20), we see that
My, (x) is a polynomial in v(x) and its derivatives, of order < 2k + 1. Note that if
we take b =11in (5.1) and a = —4/3 in (5.2), then the computation (5.5) yields

1 1
(6.23) [Py, L] = My(x) = 5 Ve = Vs
As advertised in (6.10), the kth PDE in the heirarchy produced by this construc-

tion is defined by

oL
(6.24) i [Pe,L], Pp=(L"?),.

In view of the calculation (6.20), this becomes

ov
: oM
(6.24A) 9 ks

the right side involving v and its derivatives of order < 2k + 1. For k = 1, we have
from (6.23) the equation

v 1 1
(625) E = —Evvx —|— vax:r'
This is a variant of the KdV equation (5.4). It can be converted to (5.4) via a
simple transformation.
The next result provides one of the keys for producing conserved quantities by

this method. We will present the proof of this result in §7.
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Lemma 6.1. If L = 9? — v(t, ) solves (6.24), then, for each m € Z™T,

0

(6.26) o

Lm—|—1/2 [P Lm+1/2]

The mechanism given in [Ad] for producing conserved quantities involves the
residue of an element P € W, defined by

(6.27) Res P = p_1(x),

when P has the form (6.1). We will establish the following.

Proposition 6.2. If v = v(t,x) and L = 0* — v solves (6.24), then, for each
m e Zt,

(6.28) /(Res LYY dy

Sl
18 a conserved quantity.

Proof. The identity (6.26) implies that the ¢-derivative of (6.28) is equal to

(6.29) / Res([Py, L™ /?)) da.

Sl
That this vanishes is a consequence of the following general result.

Lemma 6.3. Given A, B € ¥, we have

(6.30) /Res [A, B]dx = 0.

Proof. One readily verifies that it suffices to establish this for

(6.31) A=ad*, B=b0"", k,m>0,k>m.
We have

k—1 k ‘ ‘
(6.32) AB=)" ( ,)ab(]) r—m=3,

— \J

j=0

and, using (6.5), we have

(6.33) BA = Z (mﬂ )bau)akmﬂ'.
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It follows that

k

(6.34) Res[A, B] = (k 4l

) [ab(kferl) + (_1)kfmba(kfm+1)}.
An integration by parts shows that the integral over S! of this quantity vanishes,
so we have (6.30).

Note that Res L'/2 = —(1/2)v, so the case m = 0 of Proposition 6.2 asserts
that [vdz is conserved for solutions to the KdV equation (6.25) (which is quite
elementary) and all the other PDE of the form (6.24A). Looking at m = 1, we
extend the calculation (6.18) a bit, to obtain

1 1 1
LYY2 = (8 — 51}8_1 + vaa* + §(2v2 — V)0 A -)(82 — )
1
=9 — 51}8—# 1 Ve + §(2v2 — V)0
(6.35) L,
— 00 — vy + Zv o+
=9%— Z0d — §vx + 1(41}2 — )07+
2 4 8
Hence
1
(6.36) Res L'11/2 = §(4v2 — Vgz),
and hence
(6.37) /1)2 dx
Sl

is conserved for solutions to KdV (as we have seen before) and the other equations
(6.24A). Computing Res L™*/2 for m = 2,3 will yield other conservation laws
of the form (4.2), and higher values of m will yield still more conservation laws,
equivalent to those that arise via (5.13).

7. A graded algebra of formal pseudodifferential operators

Here we set up another algebra, slightly different from the algebra ¥ used in §6,
and use it to prove Lemma 6.1. The treatment here is adapted from [Wi].

Let B be the algebra with unit over R generated by {vU) : j € Z*}, with v(®) = v,
and let @ : B — B be the derivation satisfying dv) = vU+1) . Let Uy consist of
symbols of the form

(7.1) p= Z e €F, pp €B.

k=—oc0
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We say such p belongs to U If also ¢ = >, ., qx&® € U}, we define pog € \Ifg””

by the formula (6.4), with 9, = 9.
We also define the following “gradings” on B and on Wg. We set

(7.2) degv(j) = j+2, degv(jl) copUR) = (1 +2)+ -+ (r +2),
and define B to consist of sums of monomials of degree «, for o € Z*. We also set
degé = 1, and define U} to consist of elements of the form (7.1) with p, € B4™F
(so pr #0 = a > k). We also set
(7.3) Ut =0 Nwyg.
It is readily verified that
(7.4) PEVS, eV = poqe Vgt
and more precisely,
(7.5) peEUR, qe U’ — poge wptmts

One of the principal objects of our attention is

2 2,2

(7.6) L=¢64vevy”.
Compared with the formula for L in (6.9), we are here sticking to the “symbol”

notation (using ¢ instead of 0), and we have made a (harmless) change in sign in
v. Computations as in (6.11)—(6.15) yield

1 1
(7.7) L2 =g SueTh g JolDe 4 e gl
More generally,
(7.8) LF?2 e wik,
for k € Z*. In fact, as is easily verified, (7.8) holds for all k¥ € Z, positive or
negative.

We denote by Z(L) the set of elements of Uy that commute with L. The
following characterization of Z(L) will be very useful.

Lemma 7.1. Given P € Z(L), there exist integers m; > mg > --- and a; € R
such that

(79) P = ale1/2 + a2Lm2/2 + ...
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Proof. Say P € W} has the form (7.1), with p,, # 0. Thus [P, L] € \IlgJrl has the
property

P Ll=P—¢20P mod U
(7.10) e ) y
= 2(0pm )T mod V%,

so if [L, P] = 0 then necessarily dp,, = 0, so p,,, € B°, i.e., p,, is a constant. So set
miy =m, a1 = Pm, and we have

(7.11) Py=P—a L™/ cUF2 mg<my, [Py, L]=0.
An inductive argument yields (7.9).

Given P € Z(L), we set
(7.12) Opv = coefficient of ¢° in [Py, L],

where, as usual, if P has the form (7.1),
(7.13) Pr=) peé"
k=0

Having (7.12), we then define 0p : B — B in such a fashion that it is a derivation,
commuting with 0. That is, we set

(7.14) dpvY) = 97 (dpw),
and then define 9p on v ... vUr) to act as a derivation. We then define
(7.15) Op : Vg — Up

to act componentwise, so
Op(ae &) = (Opar)€", aw € B.
It readily follows that dp is a derivation on ¥, i.e.,
(7.16) Op(Q10Q2) = (0pQ1) 0 Q2+ Q10 (0pQ2), V Qj € Vp.
The following is an elementary precursor to the main result of this section.
Lemma 7.2. Given P € Z(L), Py asin (7.13),
(7.17) opL = [Py, L].

Proof. 1t is clear from the definitions that the left side of (7.17) is equal to Opwv.
As for the right side of (7.17), we have, with notations parallel to (6.8)—(6.9),

(7.18) P, ¢ DOY, L € DO} = [P, L] € DO},
while
(7.19) P.=P-Py eV = [Py, L] =—[P_,L] € ¥},

hence [P,, L] € DO%. Hence the definition (7.12) yields the identity (7.17).

The following extension of Lemma 7.2 is the central result of this section. The
case P = LF+t1/2 Q = L™*Y/2 implies Lemma 6.1.
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Proposition 7.3. Given P,Q € Z(L), we have

(7.20) opQ = [Py, Q).

Proof. Tt suffices to treat the cases where P and () are homogeneous, i.e.,
(7.21) Pely, Qevy.

Lemma 7.1 then implies that

(7.22) P=al™?cUp™ Q=>bL"?cUpm

We can assume m > 0. Applying the derivation dp to the identity [@Q, L] = 0, we
obtain

(7.23) 0pQ, L] + [Q,0pL] = 0.

Now (7.17) gives

(7.24) Q. 0pL] = Q[P+, L)) = [[Q. P4]. L,
so we have [0pQ — [Py, Q], L] = 0, ie.,

(7.25) 0pQ — [Py, Q] € Z(L).

Now from (7.22) plus the fact that the coefficient of £ in @ is constant, it follows
that

(7.26) IpQ € Wit

and meanwhile

Hence
(7.28) OpQ — [Py, Q] € \I,g—l,n—km'

However, given m > 0, it follows from Lemma 7.1 that an element of Z(L) satisfying
(7.28) must vanish. This proves Proposition 7.3.

To obtain Lemma 6.1 from this result, note that (with our current sign conven-
tion), by (7.17) the equation 0;L = [Py, L] is equivalent to d;v = dpv. Now if
w € B is a polynomial in v and its derivatives (x-derivatives, that is), the con-

struction of Jp is just such that we obtain 0,v = dpv = 0w = dpw. Hence, for
Q = L™*/2 we obtain 6,Q = 9pQ.
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Regarding the conserved quantities produced in §6, as a consequence of Lemma
6.1, note that

(7.29) P € ¥y = ResP € B>,
so in particular, for m € Z*,
(7.30) Res L™ +1/2 ¢ g2m+2,

By way of comparison, note that the integrands of Ej;(v) in (4.2) belong to B2+4,
We can also see from (B.13)—(B.14) that the conserved quantities Fy(bv) in (5.13)
have integrands in B2**4, since
(7.31) b € B2,
We define the space of conserved densities:
(7.32) C*={feB":0pf c Ranged,YP € Z(L)}/oB"1.
It seems likely that, for each m € Z,
(7.33) dim C*™*t2 =1,

and that C>™*2 is spanned by Res L™11/2, and also that it is spanned by bom,. A
somewhat related issue is discussed in [Wi2] and in [F1].

A. Local existence of solutions to generalized KdV equations

Here we establish short-time existence of unique solutions to nonlinear evolution
equations of the form

(A.1) O = Lv + g(v)vg, v(0,z)=u(zx),

where g € C*°(R) and L is a constant-coefficient, skew-adjoint differential operator,
e.g., L = 92. We take z € S!, though higher-dimensional cases can be similarly
treated. Our technique is adapted from a treatment of quasi-linear hyperbolic
equations, as presented in Chapter 5 of [T2] and in Chapter 16 of [T3].

To begin, we let {J. : 0 < ¢ < 1} be a Friedrichs mollifier, and consider the
evolution equations

(A.2) Opve = JoLJove + Jog(ve)Jo0zve,  v:(0,2) = Jeu(x).

For each £ > 0, this is a Banach space ODE, whose local solvability follows by
standard contraction mapping principle arguments. In order to show that solutions
v. exist on an interval independent of ¢ and that there is a limit v solving (A.1),
we need estimates, which are obtained as follows. We have

(A 3) %(6];'057 algjvs)L2 = 2((9];8151)6, aﬁvs)LQ
- 2(659(U5)J58xv5, Jsag][fvs)Lz.

The term containing L disappears since L is skew-adjoint and commutes with 9%,
To proceed, we establish the following.
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Lemma A.1. We have

(Ad)  |(0r9(0)0sw, 05w) 2| < Cllwllzgllg)ller + Cllg()llan [wller [lwll g

Proof. Write the inner product on the left as

(A.5) ([0%, g(0)]0pw, D% w) 2 + (9(v)Dpwi, W) 2, Wi = OFw.

To estimate the first term in (A.5), we we use the Moser estimate:

(A.6) 107, 9(]oswlz2 < Cllg()llor [wllas + Cllg(@) || dpwl| <

cf. (3.6.1) of [T2], or (3.22) in Chapter 13 of [T3]. To treat the second term in
(A.5), note that

(A.7) 2(9(v)0pwi, wi) 2 = —(9'(v)vg Wk, W) L2,

which is bounded in absolute value by g’ (v)vy|| e ||wkl|2:. Since ||g'(v)vy|pe= <
|g(v)]|c1, we have (A.4).

Returning to (A.3), we have

(A‘S) |a§U€H%2 < CHQ(US)HC” ”Jeveniﬂc + CHJEUEHC” ”g(ve)HH’“HJsUeHH’%

4
dt
Another Moser-type estimate applies:

(A.9) lg(@)[mx < C(lvllzee) 1+ [vllan);

cf. (3.1.20) of [T2], or (3.30) in Chapter 13 of [T3]. Hence we obtain

d
[ol[7pe < C(llvellen) (14 [lvell )

(A.10) |

Now |[v|lcr < CJ|v|| g2 for functions on S! (more generally, ||v]|c1 < C||v| g+ for
k > n/2 + 1, for functions on a compact n-dimensional manifold). Hence (A.10)
yields

d
(A.11) EHUEH(Z}W < (I)k(HUEH%I’C)7

for solutions to (A.2), as long as k > 2. Then Gronwall’s inequality yields an
estimate

(A.12) lve@llae < r(llullge), [t < T =T(u),
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for solutions to (A.2). These estimates are independent of €, and they imply solv-
ability of (A.2) on an interval independent of €, as well as such estimates on this
interval. Then we have

10sve || grr—s < C||Lve || gr-s + Cl|g(ve ) Op Jeve || gra—s

(A.13)
< Cllvellze + C([lvellzoe ) (1 + lvell e ) vl v,

(if say L = 93), assuming k > 2. Consequently, if the initial data u belongs to
H*(S1), we deduce the existence of a subsequence v., converging to

(A.14) v e L°°(I, H*(SY)) N Lip(I, H*=3(S1)),

with convergence in the weak® topology in these function spaces, and hence in the
strong topology in C(I, H*=9(S1)), for example. It follows that such a limit satisfies
(A.1), so we have a local existence result.

To treat uniqueness, suppose that w satisfies the conditions of (A.14) and also
solves (A.1). Then

d

EH’U —w||3s = 2(vs — wi, v — W) e

(A-15) = 2(g(v)vs — g(w)wy, v — w) 2
= 2((9(v) = g(w))vg, v — w)r2 + (g(w) (Ve — wz),v — W) 2.

We have
(A.16) ((9(v) = g(w))ve,v = w)rz < K(|vller + Jw]lze)llo = w]72,
and
(A17) 2(9(w)0z (v —w),v —w)rz = (g(w)z(v — w),v — w)ra

' < [lg(w)|ler[lv — w72,
hence
(A.18) %Hv — w72 < [Klv]lor + K|w] e~ + Hg(w)Hcﬂ] [o = wl|7.

Under the hypothesis that v and w satisfy (A.14), we can estimate ||v||c1, [|w| L=<,
and ||g(w)||c1, and then apply Gronwall’s inequality to deduce uniqueness.

We next show that if u € H*(S'), with k > 2, then for the solution v(t) to (A.1)
we have a bound on |[v(t)|| g+ as long as ||v(t)|c1 is bounded. This result together
with the local existence result established above will enable us to obtain the global
existence result for KAV in §4, as a consequence of conservation laws derived in

§62-3.
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Estimates to establish this persistence result are variants of those used in (A.3)—
(A.10). We assume v solves (A.1), with v € H*¥(S'), and start with

d
a(aﬁng, 6§J5’0)L2 = 2(6§J58t’0, 8§JEU)L2
= 2(0%J.g(v)0pv, O J.v) 2.

(A.19)

We write this last term as

(A.20) 2(g(v)0,08 Jov, 08 Jov) 12 + 2([0F I, g(v)])0pv, OF Jov) 2.

The first term in (A.20) is

(A.21) — (g (0)va 0 Tv, 08.0) < [lg/ (W)l ooe 05 To0 ] 2e.

As for the second term in (A.20), we have a Moser-type estimate similar to (A.6):
(A22) 05, g())0ewlze < Clg()llor [l + Cllg@)l s 10w] .
which also follows from (3.6.1) of [T2]. Thus the second term in (A.20) is

(A.23) < Cllg)llerllvll gellog Jevll 2 + Cllg(o)llax[vllcr 105 Jevll e

We deduce that

d
(A.24) allaﬁJsvllia < Cllg)ller lollzs + C(lollc) ol (1 + [[vllgx),
and hence
d
(A.25) %“JEUH?% < Co(lvllen) @ + [lvllFm)-

Integration yields

(A.26) 1Tev(®) 17 < 1 Teullz + /Ot Ca(llo(s)ller) (1 + [lu(s)13) ds,

and letting ¢ — 0 gives

(A.27) (@7 < Nz +/0 Ca(llv(s)ller) (1 + [lv(s) 1 7x) ds.

As long as we have a bound on ||v(s)|/c1, a Gronwall argument applied to (A.27)
gives an estimate on ||v(¢)|| g+, which establishes our persistence result.
We summarize the results established here.
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Proposition A.2. Given k > 2 and initial data u € H*(SY), the equation (A.1)
has a unique solution

(A.28) veC(I,H"(S")),

for some open interval I aboutt = 0. The solution persists as long as ||v(t)||c: does
not blow up.

At this point we have proven everything stated in this proposition except (A.28);
what we have at this point is (A.14), which implies that v(¢) is a continuous function
of t € I with values in H*(S'), with the weak* topology. To conclude that it
is continuous when H¥(S!) has the strong topology, it suffices to show that the
function ¢ — ||v(t)|| g+ is continuous. To see this, note that a time-reversal argument
allows us to bound the absolute value of the left side of (A.25). This implies that
N.(t) = ||J-v(t)||3,, is Lipschitz continuous in ¢, uniformly in . Since Jov(t) — v(t)
in H*-norm for each ¢ € I, it follows that [[u(t)||%, = No(t) = lim._.o N.(¢) has
the same Lipschitz continuity. The proof is complete.

REMARK. Proposition A.2 can be extended, to allow k to be any real number
satisfying & > 3/2. In fact, the only technical points involve treating (A.6) and
(A.22) for nonintegral k, and in such cases (3.6.1) of [T2] (then called a Kato-
Ponce estimate), still applies.

A comparable result was obtained in [Kat], using different techniques. A stronger
result, valid for somewhat rougher initial data, is obtained in [KPV].

B. Trace asymptotics of e!(%~V)

Here we derive results on the asymptotic behavior (as t N\, 0) of the trace of

et(8§+V)’ acting on functions on S!. There results are applied in §5 to produce
conservation laws for solutions to KdV.
We begin with an accurate approximate solution to

(Bl) O = Ugy — Vu, U(O,ZB) = f(%),

with the following Fourier integral representation:
ut.o) = [ at.o e f6) de
(B.2)

1 i(e—y)¢
= o | att.z. e f(y) dy d.

The natural setting for (B.2) is # € R, but the standard method of images allows
one to pass to the case x € S. Using 02(fg) = fexg + 2f29z + [z, We see that

(B.3) 02(ae'™) = (—&%a + 2ifa, + az,)e™s.
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Hence, if u(t, x) has the form (B.2),
(B.4) o — O%u + Vu = /(at + 20 — 2ifay — gy + Va)e'™E f(£) dE.

Thus we want a(t, x, §) to satisfy, in an appropriate sense (to be specified below),
(B.5) Ora ~ —&%a + 20 a + (02 — V)a.

The way we achieve this is to set

(B.6) a~ Zak(t,x,«f),

k>0
and require

3ta0 = _£2a07 a0(07x7€) = 17
aifal - —£2G1 + 2i£axa07 a1<07x7£) = 07

(B.7)
and, for k > 2,
(B.8) Ovar, = —E3ay, + 2i€d a1 + (32 —V)ag_2, ar(0,2,£) =0.
Note that (B.7) yields
(B.9) ap(t,z, &) = et ai(y,z,&) = 0.
It is convenient to set
(B.10) ay(t,z,&) = by(t,z,&)e .
Then we have
(B.11) bp=1, b =0,
and, for k > 2,
(B.12) Orby = 2i€0,by_1 + (02 — V)bg_a, br(0,2,£) =0,

ie.,

t '
(B.13) b(t,x, &) = 22’{/0 Orbr—1(s,z,&)ds —i—/o (85 — V)bg—2(s,z,€) ds.
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Here are a few more explicit formulas:
by = —tV,
by = —it?0,V,

2
(B.14) b= SOV~ S(ORV - V),

1 1
bs = §i§3t4a§’;V — §i§t3(28§V —Va, V).

An induction demonstrates that, for k£ > 2,
(B.15) bi(t, @, &) = "2 By (a,1'/%¢),

where By (z,() is a polynomial in (, of degree k — 2, which is even in ( if k is even
and odd in ( if k is odd. The coefficients of these polynomials are smooth functions
of z, in fact polynomials in V(x) and its derivatives. We will comment more on
this a little later on.

From (B.15) we can deduce such estimates as

lag (t, 2, €)| < Cyth/? 7t

(B.16) , e e
<CL(1+[E)) "e :

Similar estimates hold for z and t derivatives of ag(t,z,£). We can use these
estimates to see how well

(B.17) En(t)f(z) = /AN(t,x,é)e”gf(ﬁ) ¢, An =) a

J<N
approximates e'(%+tV) f(z). Note that, by a calculation similar to (B.4),

(0r =02+ V)EN () f(x) = /RN(t>:v,€)e”5f(5) d¢ = Ry (1) f(z),
Ry(t,x,&) = 2i€0,an + (02 — V)(an_1 + an).

(B.18)

Hence, by DuHamel’s principle,

(B.19) En(t)f(z) = '@V f(z) + / t =)@V Ry (s) f(x) ds,
0

and estimates on Ry (¢, z,&) from (B.16) give a sense in which et@2=V) o En(t).
This allows us to justify the following trace result:

(B.20) Trel@%=V) ~ % Z// ax(t,z,§) d¢ dx.

k>0
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The other ingredient used here is that, if

K () = / Kz, €6 F(€) de

(B.21)
— 5 [ [ M= ) ayag,
then
1
(B.22) TrK = o // k(z,&)d€ dx.

To analyze the individual terms in (B.20), write

// ai(t,z,&) d¢ dr = // be(t, z,&)e € de da

(B.23) = ¢k/? // , t1/28)e " d¢ da

= t(k=1)/2 // By(z,O)e < d¢ da.

If k£ is odd the integrand is an odd function of (, and hence the integral vanishes,
so the nonzero contributions come only from even k.
In summary, we have

(B.24) Tret@=V) A Y -1/ g
E>0
with
(B.25) Bk == /bk(x) d:L‘,
Sl
and
1

(B.26) Bu(x) = / " Bu(w, e de,

21

where By (x,() are given as in (B.15). Note also that

(B.27) / e ¢ = / —sgt=1/2 s = T (£+ >):

Given the inductive procedure (B.12) for constructing by (t, z, ), we can say that
By(z) has the following form:

(B.28) Brya(z) = BrosV + Q(0IV),
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where @ is a sum of monomials involving (971 V) - - - (87 V) with j;+---+7, < k—2.
Note that, by (B.13),

t
(B.29) /bk(t,x,g) dr = // Vbi_o(s,x,&)dsdx.
st s 0
Via an analogue of (B.28) for By(z) and an integration by parts, we have, for k > 1,
(B.30) Bopss — / [k (057 1V)2 + Qu(d9V)] da,
Sl

where Qj, is a sum of monomials involving (891V) - - - (89 V), with ji + -+ + j, <
2k — 4, and each j, < k — 2. Furthermore, it can be shown that each aj, # 0.
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Chapter 5: The Camassa-Holm Equation

Introduction

The Camassa-Holm equation was derived in §5 of Chapter I as the equation
for geodesic flow on the diffeomorphism group of the circle S!, whose Lie algebra
Vect(S1) ~ C*°(S?) is equipped with the square H!-norm. We study the equation
further here. In §1 we note its Hamiltonian form on the dual of this Lie algebra,
with the natural Lie-Poisson structure. In fact, this equation has a bi-Hamiltonian
structure, but the second member of the Poisson pair does not arise as a frozen
Poisson structure on the dual of Vect(S1). Rather, one needs to go to the Virasoro
algebra to see the appropriate Poisson pair arise in this fashion.

In §2 we use this bi-Hamiltonian structure and the Lenard scheme to produce a
string of conserved quantities. The nature of these conserved quantities is different
from those that arise for KdV. An interesting one is

[ Vatta)d,

where w = v — v,,. One implication of this conservation law is that if w(0,z) > 0,
and v solves CH for ¢ in an interval I about 0, then w(t,z) > 0 for ¢ € I. One
says the solution has positive momentum density. In §3 we produce an isospectral
family of self-adjoint operators associated to a solution to CH, a related string of
conservation laws, and another perspective on this positivity-preserving result.

In §4 we discuss global existence of solutions to CH with positive momentum
density. Our treatment follows [CoE], but is more streamlined, partly because we
have available cleaner local existence results, discussed in Appendix A.

In more general cases, singularities can develop in the CH equations. We discuss
some simple examples in §5; more general examples can be found in [CH] and [CoE].
Section 6 gives a brief description of some of the results on global weak solutions
to CH, due to [XZ] and [Mc2]. Section 7 briefly discusses a family of Lipschitz
solutions to CH, known as peakons and multi-peakons, whose central importance
was first pointed out in [CH].

1. CH as a bi-Hamiltonian system

In §5 of Chapter I the Camassa-Holm equation was produced in the following
form:

(1.1) Avy + v(Av), + 20, (Av) = 0,
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for v € Vect(S!) ~ C>°(81), with
(1.2) A=1-02

By the approach taken there, this gives a curve in Vect(S!) describing a geodesic
flow on Diff(S1), when the inner product on Vect(S!) ~ C°°(S?) is given by

(1.3) B(u,v) = /(uv +u'v') du.
Sl

Let us recast this in Hamiltonian form on Vect® ~ C°°(S?), with the Lie-Poisson
structure, defined by

(1.4) H} (w) = —ad” (dfo(w))w.
Recall from Chapter I that
(1.5) ad* (v)w = LIw = —uw, — 2uw.

Now we take

(1.6) fo(w) = —% /wA_lw dx,
S1

S0

(1.7) dfo(w) = —A™ 1w,

and the evolution equation dyw = HJQO (w) becomes

(1.8) ow = L5_1 w=—(A"Tw)w, — 2(A™ w,)w.
This is equivalent to (1.1), with

(1.9) w = Av.

Note that it is natural to regard

(1.10) A : Vect — Vect™,

as indeed it arises from the inner product (1.3). The quantity w defined by (1.9) is
called the momentum density.

There is a second Poisson structure on C°°(S!) with respect to which the CH
equation is Hamiltonian, and which together with (1.4) forms a Poisson pair. How-
ever, it does not arise as a frozen Poisson structure on Vect®. To relate this Poisson
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pair to a Lie-Poisson structure plus a frozen Poisson structure, we go to the Virasoro
algebra

(1.11) Vir = Vect(S*) @ R ~ C*(S!) @ R,

as described in §9 of Chapter I, and in §1 of Chapter IV. As derived in (1.8) of
Chapter IV, we have

(1.12) ad™(u, a)(w, c) = (ad” (v)w — ck(u),0),

for (u,a) € Vir, (w,c) € Vir*, with ad”(u)w as in (1.5) and

(1.13) k(u) = —93u.

As in §1 of Chapter IV, we have the Lie-Poisson structure on Vir* defined by
(1.14) HY (w,c) = —(ad”* (dwFo(w, ¢))w — ck(dywFo(w, c)),0).

Then the evolution equation (wy,ct) = H%O (w, c) gives ¢; =0, i.e., ¢ = ¢p, and then

(1.15) 0w = — ad” (dy Fo(w, ¢g)) — cok(dy Fo(w, cg)).
If
(1.16) Fy(w,c) = folw) = —% /wA_lw dx,

Sl

then we obtain

(1.17) Orw = — (A" w)w, — 2(A™  w)w — co 92 A w,
and hence, for v = A~'w we obtain

(1.18) Avy 4+ v(AV) ¢ + 20, (Av) = —co03v,
which for ¢p =0 1is (1.1).

The second Poisson structure on Vir® we use here is the following frozen Poisson
structure:

Hp (w,c) = —ad*(dFy(w,c)) (3, —1)

(1.19) = (=L ad* (dwFi (w, €)1 + £(dwFi (w, ), 0).

With V = d,, F;(w, c), we have ad" (V)1 = —20,V, so

(1.20) Hp (w,c) = (8,V — 82V,0) = (0,AV,0), V =d,Fi(w,c).



94

Now we set

1
(1.21) Fi(w,c) = fi(w) = ~5 /(03 +vv?)dr, v=A"tw.
Sl
We have
(1.22)

dwF1(w,c) = dfy(w) = —%A_l [3(A™ w)? + (A7 w,)? — 20, (A w) (A w,))].

The evolution equation (wy, ¢;) = Hp, (w, ¢) again gives ¢ = ¢o, and then

1
(1.23) Oyw = —581, [3v° + 02 — 20, (vv,)], v=A"w,
or
(1.24) (1 — 0%)vy = —3vvy + 204Vp + Vs,

which is equivalent to (1.1); cf. (5.8) of Chapter I.

Note that HY% and H} are always tangent to each space ¢ = const. in Vir*. Thus
we have a Poisson pair on such subspaces, which are linearly isomorphic to C°°(S?).
The case co gives us a Poisson pair on C°(S!) and the bi-Hamiltonian structure
of CH. As the calculations above show, the two Poisson structures are

HY (w) = EVy = 2wy + w,) Vo,

1.25
(1.25) Hj (w) = DVy = (8, — 9,)VA,

where V; = df;(w).

2. Conservation laws

It follows from the computations of §1 that the quantities

fo(w) = —% /wA_lwda: = —%/(v2 +v2) dx
(2.1) . s
fitw) = —= [ (v* + v0?) de,
y

with v = A~ !w, are constant, independent of ¢, for sufficiently smooth solutions of
the CH equation (1.1), and they realize this equation as a bi-Hamiltonian system
wy = HY (w) = H} (w), with

HY(w) = £df(w),  H}(w) = Ddf(w),

(2.2) 5
EV = Qud, +w,)V, DV = (9, — )V
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Somewhat in parallel with the calculations in §3 of Chapter IV, we will be able to
implement the Lenard scheme (described abstractly in §6 of Chapter II) to produce
further conservation laws, by solving inductively

(2.3) EV; =DVj1, V; = df;(w).
So far we have
(2.4) Vo=—-A"1w, V= —%A‘l [3v% + v2 — 20, (vv,)].
This time, we go “backwards,” and solve for V_;:
(2.5) EV_1 =DVy = -0, AA 'w = —wy,,
obtaining
(2.6) Vo =-1,
and giving
(2.7) fo1(w) = —/wdw

S

as a conserved quantity. The conservation of this quantity is of course also imme-
diate from (1.23). Note also that

(2.8) /wdx:/(v—vm)dxz/vda:,

S1 S1 St
the conservation of which is also immediate from the following variant of (1.1):
1 1
(2.9) Vi + By (51)2 A <v2 + §U§)) —0;

cf. (5.9) of Chapter I.
Next we solve for V_o:

(2.10) EV_, =DV_; = 0.

Of course V_5 = 0 would solve (2.10), but a more interesting solution is
(2.11) Vg =w/2

giving

(2.12) foo(w) = 2/\/6(13:
Sl

as a conserved quantity.

Since f_, is apparently not smooth at functions w that vanish somewhere on S*
(and perhaps change sign), one might perhaps wonder about the validity of (2.12)
as a conserved quantity. In fact, we have the following result, established in [CoE].
Set wy = w on E(t) = {x : w(t,z) > 0}, 0 on the complement, and set w_ = —w
on {z : w(t,x) <0}, 0 on the complement.
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Proposition 2.1. Given v € C(I, H3(S')), solving (1.1), the quantities

(2.13) / Joor (,2) dx, / o () dz,

are independent of t € I.
Proof. We have, for € > 0,

d 1 Wy
2.14 — dr = - ——dx.
214 i [ VT =y [
g1 E(t)
The equation (1.1) implies
(2.15) Wy = —VW, — 20w

so the right side of (2.14) is

/ W d 1 _ Wav
= ———dx —
VE+ wy \/5 + w+

E(t)

——/\/5+w v dm—ke/—wdac—l/&dw
+re \/5+w+ 2 \/5+w+ '

E(t) E(t) E(t)

(2.16)

Now integration by parts yields

1 Wy
(217) /\/5+w+vmdx:—§/\/ﬁdx+z U\/€+w_|_:|

E(t) E(t)

where J runs over all the intervals J, = (a,,b,) into which the interior of E(t)
decomposes, and [f]; = f(b,) — f(a,). Thus

‘Zv €+ wq J‘—\/_’Z ) —v(ay,)) <\/_/|vx|dx

Hence, if 0,t € I, we have

[Verutaan = [ Vet om) i

(2.18) .
Uz
g1
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Since

IS <\/g
\/€—|—w+_ ’

we have upon taking € — 0 the result

(2.20) /\/w+(t,m) dm:/\/er(O,:L’) dx,
Sl Sl

(2.19)

which handles the first term in (2.13). The other term is treated similarly.

REMARK. A more natural regularity hypothesis to make on v in Proposition 2.1 is
(2.21) ve C(I,H*(Sh).

In fact, the extension of Proposition 2.1 to this case can be accomplished by an
approximation argument. We omit the details. (We might provide them in a more
polished version of these notes.)

One corollary of Lemma 3.1 is that if v € C(I,C3(S!)) solves (1.1) and wy =
(1 —02)v(0,2) > 0, then w = (1 — 9?)v > 0 on I x S*. This observation will play
an important role in §4.

One can continue applying the Lenard scheme, producing further conservation
laws. The next one is

(2.22) fos(w) = /(iwiwa — 2w*1/2) dx.
St

Another method of producing conserved quantities will be discussed in §3.

3. Related isospectral family

Here we look at the operator S : L?(S') — L2?(S%), defined by

(3.1) S = K*M,K,
where
(3.2) K=(-0)"", K =(3+8,)"", Myf=uwf

We show that if w = Av and v = v(t) evolves via the CH-equation (1.1), then the
spectrum of S = S(t) is invariant. Our treatment is adapted from [Mc2].
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Note that K : L?(S') — H!(S!), and

(3.3) we H Y (SY = M, : H'(S') — H~}(Sh),
(3.4) we H HSY = S : L*(S') — L*(SY).

Note also that S is self-adjoint (we are taking w to be real valued). We claim
that S is actually Hilbert-Schmidt. In fact S? is a bounded, positive semi-definite
operator, and we have

(3.5) TrS? =Tr K*M,KK*M,K = TrT?,
where
(3.6) T = RM R—KK*—<1—82)_1
. — RM,,, = =(;-9) -
We can write
(3.7) Rf(x) = / r@ - y) () dy.
Sl
Then

(3.8) Trst =TT = //r(f” — 2)w(2)r(z — 2)w(x) dv dz
- //7“(93 — 2)*w()w(z) dz dz,

since r(z) = r(—x). Furthermore, if we consider

3.9) AT (@) = (1= 22)7 1) = [ b =) () dy,
S1
the fact that r(z) is a linear combination of €*/2 and e=*/2 on (0, L) while k(z) is a

linear combination of e and e~ on (0, L), and both functions are invariant under
xr — L — x, allows us to deduce that

(3.10) r(z)? = ak(z) + 3,

for some constants « and [ (whose computation we leave to the reader). We obatin
2
TrS? = a(A 'w,w) + ﬂ(/wdx)
(3.11) 2
:a/(vQ—f—vi)dac—kﬂ(/vdx) .

St St
Note that the terms on the right side of (3.11) are among the conserved quantities
identified in §2.
We deduce that S is a compact, self-adjoint operator, so L?(S1) has an orthonor-
mal basis {F;} of eigenfunctions of S, with eigenvalue \;. The following result can
be compared with Lemma 5.1 of Chapter IV.
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Lemma 3.1. We have, for each j,k,
(3.12) s Akt =0,

where {f,g}o = H})g is the first Poisson structure described in (1.25).

Proof. With \; = \;(w), a computation gives

(3.13) d\j(w) = f, f; = KF;,
and
1
(3.14) Efi = Qudy +wi) [ = S0 — O}
Then

1 1
Mo = 5 [ 0. - )t s
(3.15) [ e - o

1
= —r{)\k,)\j}o,
j

which gives (3.12) whenever \; # Ay.

This result suffers from the same limitations as Lemma 5.1 of Chapter IV, due to
the possibility of eigenvalues coalescing. (Actually, in the setting of [Mc2], with S*
replaced by R, it is the case that S always has simple spectrum, but in the current
setting this need not hold.) A variant of the remedy used there is also effective
here. Namely, set

(3.16) F={y e C®R):¢(s) =0near s =0},
and set
(3.17) folw) = Trp(K* My K).

Then we have

(3.18) 0, € F = {fs, fu}o =0.

Then a limiting argument gives

(3.19) {r.fo}o=0, VepelF,
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where
(3.20) 7(w) = Tr §? = Tr(K* M, K)?.
By (3.11) we have
(3.21) T(w) = —2afo(w) + Bf-1(w)?,
where fo(w) is given by (2.1) and f_;(w) by (2.7). Note that, since df_;(w) = —1,
(3.22) (Frddo= =5 [ (0~ 9 fdz =0,
g1
Hence from (3.19) and (3.21) we deduce
(3.23) {fo, fo}o=0, VieF,
or, loosely stated,
(3.24) {fo;Xj}o=0, V.

Thus the quantities A; are all constants of motion for a solution to the CH equation,
ie, S=K*M,K is isospectral.

REMARK. Note that
2
(3.25) (8.5)10 = [ (Kf@))* w(a)da.
Sl
In particular,
(3.26) S>0«=w>0 on S

Thus the fact that S is isospectral, when w(t) = (1 — 92)v(t) and v(t) solves CH,
implies that

(3.27) wo > 0= w(t) >0,

by a different method than that used in §2 (the conservation of (2.13)) to reach
such a conclusion.

4. Global existence of solutions with positive momentum density

In this section we establish some results on global solutions to the initial value
problem

(4.1) Avy + v(Av), + 20, (Av) =0, v(0,z) = vo(x),
under the hypothesis that vy satisfies the condition
(4.2) wo(x) = (1 —0*)vg(x) >0 on S

We start with the following result of [CoE].
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Proposition 4.1. Assume vg € H*(SY), k > 2, and that (4.2) holds. Then the
equation (4.1) has a unique global solution

(4.3) ve CR,H*(SY))NnCYHR, HF1(S1)).

Proof. From Proposition A.1 we have a solution v of the type (4.3) on some interval
I about t = 0, and we can guarantee I = R if we can show that |[v(¢)||c1 does not
blow up. This follows from conservation laws established in §2. In particular the
conservation of [ /wz dx shows that if (4.2) holds then w(t, z) = (1—-02)v(t,x) > 0
for all t € I. We also have conservation of

(4.4) /v(t,a:) dx = /[v(t,a:) — 9%v(t,z)] d.
st s1

But if the integrand on the right is > 0, this yields

(4.5) 11 = 0wl (s1) < K,

which immediately implies

(4.6) [o(t)ller sty < Ko,

and proves the proposition.

The following result on more singular global solutions was also established in
[CoE].

Proposition 4.2. Assume (1 —92)vg is a positive measure on St. Then (4.1) has
a global solution, satisfying, for all 6 > 0,

(4.7) ve CR,H>?79(S1)) N Lip(R x ).

Proof. Using a mollifier on S!, we can take vg ; € C°°(S!) such that

(48) Wo,k = (1 - 6§>U0,k > 07 ”wO,kHLl < K7
and
(4.9) vor — vo in H¥?79(SY), V4§ >0.

We also have convergence in various other function spaces, which we need not
specify here. By Proposition 4.1 there is a unique vy € C*°(R x S1), satisfying

(4.10) Adyvi + v (Avg) o + 2(0zvk) (Avg) = 0, vk(0,2) = vo (),
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or equivalently

1
(4.11) Oyvr + VO + A0, (v,% + 5(6ka)2) =0, vk(0,2) =vr(z).

We have
(4.12) (1—0*vx(t,z) >0, YVt
and
(4.13) / (1= 2)op(t, o) do = / wo i (x) dz.
St St
for all ¢ € R. Hence
(4.14) (1 - ag)vk(t)ﬂy(sl) <K <00, so [Jop(t)|lcisty < K' < oo.

Furthermore, by the Sobolev imbedding theorem, the first result in (4.14) implies
that

(415) ||’Uk(t)||H3/2—é(51) S K§ < 00, i ) > 0.

Thus we have {v;} uniformly bounded in L (R, H3/279(8')), for each § > 0.
Also, since {9,v} is bounded in L (R x S1), we have (by (4.11)) {0;vx } uniformly
bounded in L= (R x S'), so {vy} is uniformly bounded in Lip(R x S*). It follows
that {vx} has a subsequence vy, converging to

(4.16) ve L®(R, H3279(8Y)) N Lip(R x S1),

in the weak* topology, hence strongly in C([-T,T], H3/?725(S1)), for all T <
0o, 6 > 0. It follows that v satisfies

1
(4.17) O + vO,v + A7, (02 + 50323) =0, v(0,z)=wvo(x),

i.e., v solves (4.1).

REMARK 1. From (4.12)—(4.14) we see that the solution v produced in Proposition
4.2 also has the properties

(4.18) (1= dv(t) € MH(SY), [I(1-02)v(®)rv < K <oo, VEER,

where M (S1) denotes the space of positive Borel measures on S! and || - ||ty the
total variation norm.
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REMARK 2. Propositions 4.1-4.2 have obvious analogues with “wg positive” re-
placed by “wgy negative.”

REMARK 3. The proof of Proposition 4.1 used a conservation law that was stated in
§3 to hold for vy € H?(S!) but demonstrated there only for vg € H3(S!). (In fact
Proposition 4.1 was demonstrated in [CoE] only for k£ > 3.) To complete the proof
of Proposition 4.1 in the case k = 2, we can proceed as follows. Given vy € H?(S?)
such that (4.2) holds, let vy € C°°(S') approximate vy as in (4.8), with (4.9)
strengthened to vg — vo in H?(S'). (Sorry for the double use of the letter k.)
Then Proposition 4.1 applies to vg x, yielding vy € C*°(R x S1), satisfying (4.11),
with limit v satisfying (4.16). But also v(0,x) = vg, and using (A.11), with k£ = 2,
we can deduce that v € C(I, H?(S1)) for an interval I about t = 0. Since, by (4.16),
|v(t)||cr does not blow up, this solution persists, satisfying (4.3) with k& = 2.

Uniqueness of solutions to (4.1) produced by Proposition 4.2 was established in
[CoM]. Here we prove the following uniqueness result.

Proposition 4.3. In the setting of Proposition 4.2, the solution to (4.1) produced
by mollifying the initial data as in (4.8)—(4.9) is unique.

Proof. Let u be another solution to (4.1), satisfying (4.7) and (4.18). We will
estimate w(t) = u(t) — v(t). To begin, we temporarily assume u(0) and v(0) are
smooth, and estimate

& )] + (0] d
Sl
= /[wt(t,x) sgnw(t, z) + wig (¢, ) sgnw,(t, )] da.

Sl

(4.19)

We concentrate on estimating the integral of the second term on the right side of
(4.19), since the estimate on the first term is similar but simpler.

By (4.17) we have

(4.20) Wiy = — Oy (uum —vv, + KF(u,uy) — KF(U,UI)),
with

1
(4.21) K=0,1-0)"" F(uu,)=1u>+ u?.
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Note that 9, K = 02(1 — %) ' = -1+ (1-02)"1, so
/‘&TK(F(U, ug) — F(v,v,))| da
Sl

<c / F(uuz) — F(v,0,)| dx
g1

(4.22) 1
§C’/[|u—|—v|~|u—v|—i—§]ux—|—vx|~|u$—vx|] dx
S1
< [ [l + ] da.
S1

where we have used (4.7) to bound |u + v| and |u, + v|. It remains to estimate
(4.23) - /(sgn Wy ) Oz (Ut — vv,,) dx.

S1
We write

Oz (Utly — vvy) = Op(Uly — VUL + VUL — VUL )
(4.24) = 0y (Wuy + vwy)

= Wply + Wlge + VpWy + VW,
and separately estimate the resulting four terms. First,
(4.25) / |wpty | de < C/ |wy | dx,
g1 S1

since ||uz||p~ < C. Next,

/]wum]dx < C sup |w|
x
Sl

(4.26)
<Ca [ [jwl + Jus ] o
Sl

the first estimate by (4.18), with u in place of v. Next,

(4.27) /|Umww]dx§0/\wm|dx,
51 S1
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since ||vz|| L= < C. Finally,

’/(Sgnwm)vwm dx‘ = ‘/v@m|wm| dx’
St S1
(4.28) ~ ‘/vx w, | de]
Sl

SC’/|wx|dx.
St

These estimates and their counterparts for the first term on the right side of (4.19)
yield

d
(4.29) & [ Tl + ] dz < C’/Uw\ + wg|] de.
St St
It follows from Gronwall’s inequality that
(4.30) [u(t) = ()| gra(sry < e w(0) = v(0)]| i (sm),
for t > 0, with a similar estimate for ¢ < 0. Here
(4.31) C = Co(l(1 = 32)u(0)[lrv + [1(1 = 82)v(0) | Tv).

So far we have (4.30)—(4.31) when u(0) and v(0) are smooth. Now we take
general u(0) and v(0) satisfying the conditions of Proposition 4.2, and approximate
by smooth wug x, vok, as in (4.8)-(4.9). Then as in (4.30) we get

(4.32) lur (t) = ve ()| sy < € uo k= vokll sy,
and the analogue of (4.31) holds, so C' can be taken independent of k in (4.32).

Passing to the limit & — oo, we obtain (4.30) for the general solutions produced by
Proposition 4.2. This proves uniqueness.

REMARK 4. A stronger uniqueness result is proven in [CoM]. Namely, solutions to
(4.1) satisfying (4.7) and (4.18) are unique. The proof involves estimating

d
(4.33) pn [1p= * w|* + | pe * wy|?] d,

Sl
where p. is a mollifier. The techniques are parallel to but more elaborate than
those used above.

5. Breakdown of smooth solutions

In §4 we had some global existence results for solutions to (1.1) with positive
momentum density, including global existence of smooth solutions, given smooth
initial data. It turns out that the solutions can develop singularities in cases where
this hypothesis fails. One simple family of examples arises as follows.
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Proposition 5.1. Assume vy € C®(SY), vo(—x) = —vo(z), and d,ve(0) < 0.
Then there exists T € (0,00) such that O,v(t,0) — —oco ast /' T.

Proof. Let us rewrite (1.1) as

(5.1) v = —0, (%qﬂ A (v %Ug)) 0(0,) = vo(a),

where as usual A =1 — 2. Then we have

1 1
Bu(vy) = — 02 <§v2 A (UZ + 5@))
= —1112 + 0% — v, — A_l(v2 + 1112)
2" ’ 2%

(5.2)

The hypothesis that vg(z) is odd and that (5.1) holds on I x S implies that v(t, x)
is odd in z for all ¢t € I. In particular v(¢,0) = 0. Hence s(t) = v,(¢,0) satisfies

1
(5.3) s'(t) < —53(75)2,
since A=1(v? +v2/2) > 0. Now clearly (5.3) plus s(0) < 0 forces s(t) — —oo for
finite ¢ > 0.

In [CH] a more general mechanism for breakdown is discussed, which involves
an inflection point in vg(z) to the right of its maximum. (Here z € R.)

The paper [CoE] discusses some other conditions that guarantee breakdown of
smooth solutions to (5.1). Such breakdown is demonstrated under the hypothesis
that vy # 0 and

(5.4) /vo(x) dx = 0.
S1
Also breakdown is demonstrated when vy # 0 and
(5.5) /(vg’ + v9(0,v0)?) dz = 0.
Sl

In §6 we discuss some progress in treating weak solutions in cases where such
breakdown is possible.

6. Remarks on weak solutions
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The fact that [(v?+v2)dz is conserved for solutions to (1.1) makes it natural to
think that this equation has a global weak solution in L (R, H(S%)), given initial
data vg € H'(S1). One attempt to get this might involve the following variant of
the method used in Appendix A. We start with the approximating equation

(6.1) Opve = —Jo (Jove) (Jove)) — Jo0, A1 ((JEUE)Z + %(ax.]gvg)2>.

We estimate the H! norm:

1d
5%(141)5,1}5) = (Aatvg,vg)
(6.2) = — ((Jov) (Jeve) oy AJve) + ((Jeve)? + L (8, Jve)?, 0pdv2)

=0.

Thus {v. : 0 < € < 1} is uniformly bounded in L= (R, H'(S')). We then have 9;v.
bounded in L>(R, L?(S!)). Hence there is a sequence €, — 0 with v, converging
to

(6.3) ve L®(R,HY(SY)) NLip(R, L(Sh)),

in the weak* topology. The left side of (6.1) converges to dyv weakly. We also have
no problem with convergence of two of the three terms on the right side of (6.1),
to —vv, and —9, A~ 1(v?), respectively. Furthermore, we have convergence

(6.4) (02, v2,))? — w € L¥°(R, MT(Sh)),

where M™T(S!) denotes the space of positive measures on S*. However, it is not
clear that w = v2.

Another approach is taken in [XZ], using
—1 2, 1o
(6.5) vp = —ov, — A0, <v + 5%) + EVgy.

Using the theory of Young measures, the authors establish existence of weak solu-
tions to CH, with initial data in H'(S'), as a limit of solutions to (6.5). The issue
of uniqueness is still open.

We also mention [Mc2|, which “integrates” the CH equation in terms of the
flows generated by Hf\)j, with A;(w) as in §3. This paper has a discussion of how
singularities can arise in the solution to CH.

7. Peakons and multi-peakons
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The CH equation (1.1) has a family of solutions on R x R,
(7.1) v(t, x) = ce” 177t

called peakons. There are also peakon solutions on R x S!, with S1 = R/(LZ),
such as

o0

(7.2) (t,z) = Y e TR

k=—0oc0
in case L = 1. There are also “multi-peakon” solutions of (1.1) on R x R, of the
form

N

(7:3) o(t,z) = my(tyelFul,

j=1

Plugging (7.3) into (1.1) yields a system of ODE for (y,7) = (y1,--- YN M1, -« - 1IN )
of Hamiltonian type:

(7.4) (9,1 = Hr(y,m),
with
1 N
(7.5) Flym) =5 D> nymee” 7",
jk=1

This is precisely the equation for geodesic motion on RY, equipped with the metric
tensor (g;x) whose inverse matrix (g7%) is given by

(7.6) ¢ (y) = e i —uwl,

This is an integrable system of ODE. See [CH| and [ACHM] for a study.

A. Local existence of solutions to equations of CH-type

Here we establish local existence of solutions to the equation (1.1) with initial
data in H¥(S'), k > 2. It is convenient to rewrite (1.1) as

1
(A1) vt+vvm+A_18m<vz+§v§> —0, A=1-8
Compare (5.9) of Chapter I. We consider more generally the initial value problem
(A.2) vy = g(v)vy + KF(v,v,), v(0,2)=u(x),

given K = K(D) € OPS™1(S!). We will establish the following result.
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Proposition A.1. Given k > 2 and initial data uw € H*(SY), the equation (A.2)
has a unique solution

(A.3) ve O, H (SY))nol (1, HF 1 (S1)),

for some interval I aboutt = 0. The solution persists as long as ||[v(t)||c1 does not
blow up.

The proof of this result is similar to that presented in Appendix A of Chapter
IV for the class of PDE considered there (related to KdV). Since there are some
significant differences, we go over the proof in this case.

As in Chapter IV, we let {J. : 0 < ¢ < 1} be a Friedrichs mollifier. Now we
consider the evolution equations

(A.4) Opve = Jog(ve)JeO0pve + J- K J F (v, 0pve),  v:(0,2) = Jou(x).

For each £ > 0, this is a Banach space ODE, whose local solvability is standard. In
order to show that solutions v. exist on an interval independent of € and that there

is a limit v solving (A.2), we need estimates. To start, we have
(A.5)

%(8§v5,8§vs)m = 2(658151)5,8’;1)5)
= 2(8§g(v5)8wl]51)5, 8’;ng5) + 2(8§KJ5F(UE, Oz Ve ), afjJEvE).

Lemma A.1 of Chapter IV applies to the first term in the last sum, bounding its
absolute value by

(A.6) CllJeve |3 lg(ve)ller + Cllg(ue) e | Jevellen [|Jeve |l e

and, as in (A.9) of Chapter IV, we have a Moser estimate

(A7) lg(oe)llze < Cl[vllzee) (1 4 [Jve [ x)-

As for the last term in (A.5), since K € OPS™1(S1), we easily bound its absolute
value by

(A.8) ClIF (ve; Ouve) | s [ Jevell r < ClJveller) (1 + [Joe|l o) | Jeve | v

the last inequality by a Moser estimate parallel to (A.7).
From (A.5)-(A.8) we have

d
(A.9) el < Clllvellen) (1 + [lvellZn),

and hence

d
(A.10) Zlvellzne < @x(floelze).
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for solutions to (A.4), as long as k& > 2. Then Gronwall’s inequality yields an
estimate

(A.11) lve @)l < r(lllge ), [t < T =T(u),

for solutions to (A.4). These estimates are independent of ¢, and they imply solv-
ability of (A.4) on an interval independent of ¢, as well as such estimates on this
interval. Then we have

[0sve| r—1 < Cllg(ve) O Jeve|| gr—1 + C||F(ve, Opve) || prr—2

A.
(A.12) < C(lveller) (1 + Ilve 1),

assuming k > 2. Consequently, if the initial data u belongs to H*(S%), we deduce
the existence of a subsequence v., converging to

(A.13) v e L®(I, H*(SY) N Lip(I, H*~1(S1)),

with convergence in the weak* topology in these function spaces, and hence in the
strong topology in C(I, H*=9(S')). It follows that such a limit satisfies (A.2). This
gives the local existence result asserted in Proposition A.1, except for the additional
regularity stated in (A.3), which we will address below.

To establish uniqueness, we begin as in (A.15) of Chapter IV. If w satisfies the
conditions of (A.13) and also solves (A.2), then
(A.14)

EHU — wH%Q = 2(vy — wg, v — W) 2

= 2(g(0), — gw)wasv — w) + 2AKF(v,0,) — KF(w,w,),v — w).
As in (A.16)—(A.17) of Chapter IV, we bound the first term in the last sum by
(A.15) [Clvller + Cllwllze + llg(w)llr] lv = w][7».
However, the last term in (A.14) is more recalcitrant. We can bound it by
(A.16) Clllvller, lwler) (v = wlliz + llv — wllzzllve — wallz2),

but the appearance of the quantity ||v, — w,||z2 obliges us to do more work.
We therefore complement (A.14) with

d

EHUI - me%Q = Q(Utoc — Wiy, Vg — w:c)
(A17) = 2(9u(9(v)vs) — Bu(g(w)w,), vy — wy)
+ 2(8xKF(v, V) — O KF(w,wy), vy — wm).
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To estimate the first term in the last sum, we write

(02(9(V)V) = 8u(g(w)W),V = W) = (8x (9(v)(V = W),V = W)

(A.18) + (02 ((9(v) = g(w)) W),V = W).

An integration by parts applied to the first term on the right side of (A.18) bounds
its absolute value by

1
(A.19) Slg' @)l l[vller [V = W7
Meanwhile the last term in (A.18) is bounded in absolute value by

(A20) ([1029(v) = Ozg(w)ll 2 [W L + [lg(v) — g(w) | 10:W [12) [V — W[ Lz

Setting V' = v, and W = w,, we bound the absolute value of the first term on the
right side of (A.17) by

(A.21) Clllvller 1wl ) lv = wlls.

We turn to the last term in (A.17). Since 9,K € OPS°(S!), it is bounded in
absolute value by

(A22)  C|IF(v,v0) — F(w,wg)l|z2]lve — wallzz < C(llvller, wller) v = wlF-
Putting together (A.14)—(A.22), we have

d
(A.23) o= wli < Cllvller, [wlla2) llo = wl:,

which yields the uniqueness result of Proposition A.1.

As for the persistence result stated in Proposition A.1, and also the result (A.3)
on the regularity of the solution, which improves (A.13), the proofs of these facts
use the same sorts of estimates that appear in (A.19)—(A.27) of Chapter IV. Similar
arguments are also given on pp. 1084-1085 of [Mis2].
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