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Introduction

This appendix provides background material on manifolds, vector bundles,
and Lie groups, which are used throughout the book. We begin with a
section on metric spaces and topological spaces, defining some terms that
are necessary for the concept of a manifold, defined in §2, and for that of
a vector bundle, defined in §3. These sections contain mostly definitions;
however, a few results about compactness are proved.

In §4 we establish the easy case of a theorem of Sard, a useful result in
manifold theory. It is used only once in the text, in the development of
degree theory in Chapter 1, §19.

In §5 we introduce the concept of a Lie group G and its Lie algebra
g and establish the correspondence between Lie subgroups of G and Lie
subalgebras of g. We also define a Haar measure on a Lie group. In §6
we establish an important relation between Lie groups and Lie algebras,
known as the Campbell-Hausdorff formula.

In §7 we discuss representations of a Lie group and associated represen-
tations of its Lie algebra. Some basic results on representations of compact
Lie groups are given in §8, and in §9 we specialize to the groups SU(2) and
SO(3) and to some related groups, such as SO(4). Material in §9 is use-
ful in Chapter 8, Spectral Theory, particularly in its study of the simplest
quantum mechanical model of the hydrogen atom.
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1. Metric spaces and topological spaces

A metric space is a set X together with a distance function d : X x X —
[0,00), having the properties that

d(xvy) =0<=uz=y,
(1.1) d(z,y) = d(y, z),
d(z,y) < d(z,z) + d(y, 2).

The third of these properties is called the triangle inequality. An example of
a metric space is the set of rational numbers Q, with d(z,y) = |z —y|. An-
other example is X = R", with d(z,y) = /(z1 —31)2 + - + (¥0 — Yn)>

If (x,) is a sequence in X, indexed by v = 1,2,3,... (i.e., by v € Z7),
one says z, — y if d(z,,y) — 0, as v — co. One says (z,) is a Cauchy
sequence if d(x,,x,) — 0 as p,v — 0o. One says X is a complete metric
space if every Cauchy sequence converges to a limit in X. Some metric
spaces are not complete; for example, Q is not complete. One can take
a sequence (z,) of rational numbers such that x, — /2, which is not
rational. Then (z,) is Cauchy in Q, but it has no limit in Q. R

If a metric space X is not complete, one can construct its completion X
as follows. Let an element & of X consist of an equivalence class of Cauchy
sequences in X, where we say (z,) ~ (y,), provided d(z,,y,) — 0. We
write the equivalence class containing (z,) as [z,]. If £ = [x,] and n = [y, ],
we can set d(§,n) = lim, .o d(7,,y,) and verify that this is well defined
and makes X a complete metric space.

If the completion of Q is constructed by this process, you get R, the set
of real numbers.

A metric space X is said to be compact provided any sequence (x,) in
X has a convergent subsequence. Clearly, every compact metric space is
complete. There are two useful conditions, each equivalent to the charac-
terization of compactness just stated, on a metric space. The reader can
establish the equivalence, as an exercise.

(i) If S C X is a set with infinitely many elements, then there is an accu-
mulation point, that is, a point p € X such that every neighborhood U of
p contains infinitely many points in S.

Here, a neighborhood of p € X is a set containing the ball
(1.2) Be(p) = {z € X : d(z,p) < e},

for some ¢ > 0.
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(ii) Every open cover {U,} of X has a finite subcover.

Here, aset U C X is called open if it contains a neighborhood of each of its
points. The complement of an open set is said to be closed. Equivalently,
K C X is closed provided that

(1.3) r, €K, x, o pe X =pec K.

It is clear that any closed subset of a compact metric space is also compact.
If X;,1<j<m,is a finite collection of metric spaces, with metrics d;,
we can define a product metric space

j=1

Another choice of metric is §(z,y) = /di(21,y1)% + -+ + din(Trns Ym )2
The metrics d and § are equivalent; that is, there exist constants Cy, Cy €
(0, 00) such that

(1.5) Cod(z,y) < d(z,y) < Cié(x,y), Vax,yeX.

We describe some useful classes of compact spaces.

Proposition 1.1. If X; are compact metric spaces, 1 < j < m, so is the
product space X =[]}, X;.

Proof. Suppose (x,) is an infinite sequence of points in X; let us write
z, = (T1py...,Tmy). Pick a convergent subsequence (z1,) in X7, and
consider the corresponding subsequence of (x,), which we relabel (z,).
Using this, pick a convergent subsequence (zg,) in X5. Continue. Having
a subsequence such that z;, — y; in X, for each j = 1,...,m, we then
have a convergent subsequence in X.

The following result is called the Heine-Borel theorem:

Proposition 1.2. If K is a closed bounded subset of R™, then K is com-
pact.

Proof. The discussion above reduces the problem to showing that any
closed interval I = [a,b] in R is compact. Suppose S is a subset of I with
infinitely many elements. Divide I into two equal subintervals, Iy = [a, b1],
Iy = [b1,b], by = (a +b)/2. Then either I; or I must contain infinitely



many elements of S. Say I; does. Let z; be any element of S lying in I;.
Now divide I; in two equal pieces, I; = I;; U Ij2. One of these intervals
(say I;) contains infinitely many points of S. Pick x2 € I to be one such
point (different from z). Then subdivide I;; into two equal subintervals,
and continue. We get an infinite sequence of distinct points x,, € S, and
|z, — xpik| < 277(b —a), for k > 1. Since R is complete, (z,) converges,
say to y € I. Any neighborhood of y contains infinitely many points in S,
so we are done.

If X and Y are metric spaces, a function f : X — Y is said to be
continuous provided z, — z in X implies f(z,) — f(z) in Y.

Proposition 1.3. If X and Y are metric spaces, f : X — Y continuous,
and K C X compact, then f(K) is a compact subset of Y.

Proof. If (y,) is an infinite sequence of points in f(K), pick z,, € K such
that f(z,) = y,. If K is compact, we have a subsequence x,, — p in X,
and then y,, — f(p) in Y.

If F: X — R is continuous, we say f € C'(X). A corollary of Proposition
1.3 is the following:

Proposition 1.4. If X is a compact metric space and f € C(X), then f
assumes a maximum and a minimum value on X.

A function f € C(X) is said to be uniformly continuous provided that,
for any € > 0, there exists § > 0 such that

(1.6) z,y € X, d(x,y) < 0= |f(z) - fy)l <e.

An equivalent condition is that f have a modulus of continuity, in other
words, a monotonic function w : [0,1) — [0, 00) such that 6 \, 0 = w(d) \
0 and such that

(1.7) z,y € X, dlz,y) <6 <1=|f(z) - f(y)] < w(d).

Not all continuous functions are uniformly continuous. For example, if
X = (0,1) C R, then f(x) = sin(1/x) is continuous, but not uniformly
continuous, on X. There is a case where continuity implies uniform conti-
nuity:

Proposition 1.5. If X is a compact metric space and f € C(X), then f
is uniformly continuous.

Proof. If not, there exist z,,y, € X and € > 0 such that d(x,,y,) < 27"
but

(1.8) |f (@) = fly)] = &
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Taking a convergent subsequence z,, — p, we also have y,, — p. Now
continuity of f at p implies f(z,;) — f(p) and f(y.,) — f(p), contradicting
(1.8).

If X and Y are metric spaces, the space C(X,Y’) of continuous maps f :
X — Y has a natural metric structure, under some additional hypotheses.
We use
(1.9) D(f,g) = sup d(f(x),g(x)).

zeX
This sup exists provided f(X) and g(X) are bounded subsets of Y, where
to say B C Y is bounded is to say d : B x B — [0, 00) has bounded image.
In particular, this supremum exists if X is compact. The following result
is useful in the proof of the fundamental local existence theorem for ODE,
in Chapter 1.

Proposition 1.6. If X is a compact metric space and Y is a complete
metric space, then C(X,Y), with the metric (1.9), is complete.

We leave the proof as an exercise.
The following extension of Proposition 1.1 is a special case of Tychonov’s
theorem.

Proposition 1.7. If {X; : j € Z'} are compact metric spaces, so Is the
product X = []72, X;.

Here, we can make X a metric space by setting

N i), pi(y)
10 d(x7y)_;2 L+ d;(p;(2), ()"

where p; : X — X is the projection onto the jth factor. It is easy to verify
that if z, € X, then z, — y in X, as v — oo, if and only if, for each j,
pj(xy) — p;(y) in X;.

Proof. Following the argument in Proposition 1.1, if (x,) is an infinite
sequence of points in X, we obtain a nested family of subsequences

(1.11) (x,) D (z') D> (2%)D - D(f,)D---

such that pg(mjy) converges in Xy, for 1 < ¢ < j. The next step is a
“diagonal construction.” We set

(1.12) & =", €X.

Then, for each j, after throwing away a finite number N (j) of elements, one
obtains from (£,) a subsequence of the sequence (z7,) in (1.11), so pe(&,)
converges in X, for all £. Hence (§,) is a convergent subsequence of ().



We turn now to the notion of a topological space. This is a set X,
together with a family O of subsets, called “open,” satisfying the following
conditions:

X,0 open,
N

Uj open,1 < j < N = ﬂ U; open,
j=1

(1.13)

U, open,a € A = U U, open,
a€cA

where A is any index set. It is obvious that the collection of open subsets
of a metric space, defined above, satisfies these conditions. As before, a set
S C X is closed provided X \ S is open. Also, we say a subset N C X
containing p is a neighborhood of p provided N contains an open set U
that in turn contains p.

If X is a topological space and S is a subset, S gets a topology as follows.
For each U open in X, U N S is declared to be open in S. This is called
the induced topology.

A topological space X is said to be Hausdorff provided that any dis-
tinct p,q € X have disjoint neighborhoods. Clearly, any metric space is
Hausdorff. Most important topological spaces are Hausdorff.

A Hausdorff topological space is said to be compact provided the follow-
ing condition holds. If {U, : @ € A} is any family of open subsets of X,
covering X (i.e., X = (J,c4 Ua), then there is a finite subcover, that is,
a finite subset {U,,,...,Uay : oj € A} such that X = Uy, U---UUq,.
An equivalent formulation is the following, known as the finite intersection
property. Let {S, : @ € A} be any collection of closed subsets of X. If
each finite collection of these closed sets has nonempty intersection, then
the complete intersection (1,4 So is nonempty. It is not hard to show
that any compact metric space satisfies this condition.

Any closed subset of a compact space is compact. Furthermore, any
compact subset of a Hausdorff space is necessarily closed.

Most of the propositions stated above for compact metric spaces have
extensions to compact Hausdorff spaces. We mention one nontrivial result,
which is the general form of Tychonov’s theorem; for a proof, see [Dug].

Theorem 1.8. If S is any nonempty set (possibly uncountable) and if, for
any a € S, X, is a compact Hausdorff space, then so is X = [],cg Xa-

A Hausdorff space X is said to be locally compact provided every p € X
has a neighborhood N that is compact (with the induced topology).

A Hausdorff space is said to be paracompact provided every open cover
{Uqs : @ € A} has a locally finite refinement, that is, an open cover {Vj :
B € B} such that each Vj is contained in some U, and each p € X has
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a neighborhood N, such that N, N V3 is nonempty for only finitely many
8 € B. A typical example of a paracompact space is a locally compact
Hausdorff space X that is also o-compact (i.e., X = (J,—; X, with X,
compact). Paracompactness is a natural condition under which to construct
partitions of unity, as will be illustrated in the next two sections.

A map F : X — Y between two topological spaces is said to be continu-
ous provided F~1(U) is open in X whenever U isopenin Y. If F: X — Y
is one-to-one and onto, and both F and F~! are continuous, F is said to be
a homeomorphism. For a bijective map F : X — Y, the continuity of F'~!
is equivalent to the statement that F'(V') is open in Y whenever V is open
in X; another equivalent statement is that F'(S) is closed in Y whenever S
is closed in X.

If X and Y are Hausdorff, and F : X — Y is continuous, then F(K)
is compact in Y whenever K is compact in X. In view of the discussion
above, there arises the following useful sufficient condition for a continuous
map F : X — Y to be a homeomorphism. Namely, if X is compact, Y is
Hausdorff, and F' is one-to-one and onto, then F' is a homeomorphism.

2. Manifolds

A manifold is a Hausdorff topological space with an “atlas,” that is, a
covering by open sets U; together with homeomorphisms ¢; : U; — Vj,
V; open in R™. The number n is called the dimension of M. We say that
M is a smooth manifold provided the atlas has the following property. If
Uji =U; N Uy, # 0, then the map

(2.1) Vi 05 (Ujk) — ¢x(Un),

given by @y o <pj_1, is a smooth diffeomorphism from the open set ¢;(Uj)
to the open set ¢ (Ujx) in R”. By this, we mean that ¢;; is C°°, with a
C*°-inverse. If the 9, are all C*-smooth, M is said to be C*-smooth. The
pairs (Uj, ¢;) are called local coordinate charts.

A continuous map from M to another smooth manifold N is said to
be smooth if it is smooth in local coordinates. Two different atlases on
M, giving a priori two structures of M as a smooth manifold, are said to
be equivalent if the identity map on M is smooth from each one of these
two manifolds to the other. Actually, a smooth manifold is considered to
be defined by equivalence classes of such atlases, under this equivalence
relation.

One way manifolds arise is the following. Let fi,..., fx be smooth func-
tions on an open set U C R™. Let M = {z € U : f;(z) = ¢;}, for a given
(c1,...,c,) € R*. Suppose that M # () and, for each 2 € M, the gradi-
ents V f; are linearly independent at x. It follows easily from the implicit
function theorem that M has a natural structure of a smooth manifold
of dimension n — k. We say M is a submanifold of U. More generally,



let F : X — Y be a smooth map between smooth manifolds, ¢ € Y,
M = F~!(c), and assume that M # () and that, at each point = € M,
there is a coordinate neighborhood U of x and V of ¢ such that the de-
rivative DF' at = has rank k. More pedantically, (U, ¢) and (V%) are the
coordinate charts, and we assume the derivative of ¢ o F' o ¢! has rank
k at ¢(x); there is a natural notion of DF(x) : T, X — T.Y, which will
be defined in the next section. In such a case, again the implicit function
theorem gives M the structure of a smooth manifold.

We mention a couple of other methods for producing manifolds. For one,
given any connected smooth manifold M, its universal covering space M
has the natural structure of a smooth manifold. M can be described as
follows. Pick a base point p € M. For z € M, consider smooth paths from p
to x, v :[0,1] — M. We say two such paths vy and ~; are equivalent if they
are homotopic, that is, if there is a smooth map o : I x I — M (I = [0, 1])
such that 0(0,t) = v(t), o(1,t) = 1 (t), 0(s,0) = p, and o(s,1) = =.
Points in M lying over any given z € M consist of such equivalence classes.

Another construction produces quotient manifolds. In this situation, we
have a smooth manifold M and a discrete group I' of diffeomorphisms on
M. The quotient space I' \ M consists of equivalence classes of points of
M, where we set x ~ y(x) for each z € M, v € T'. If we assume that each
x € M has a neighborhood U containing no «y(z), for v # e, the identity
element of T, then I" \ M has a natural smooth manifold structure.

We next discuss partitions of unity. Supose M is paracompact. In this
case, using a locally finite covering of M by coordinate neighborhoods, we
can construct ¢; € C§°(M) such that, for any compact K C M, only
finitely many 1); are nonzero on K (we say the sequence ; is locally finite)
and such that, for any p € M, some v;(p) # 0. Then

(22) o) = (Y wn@?) vy
k

is a locally finite sequence of functions in C§° (M), satisfying >, ¢;(z) = 1.
Such a sequence is called a partition of unity. It has many uses.

Using local coordinates plus such cut-offs as appear in (2.2), one can eas-
ily prove that any smooth, compact manifold M can be smoothly imbedded
in some Euclidean space RY, though one does not obtain so easily Whit-
ney’s optimal value of N (N = 2dim M + 1, valid for paracompact M, not
just compact M), proved in [Wh].

A more general notion than manifold is that of a smooth manifold with
boundary. In this case, M is again a Hausdorff topological space, and
there are two types of coordinate charts (Uj, ;). Either ¢; takes U; to
an open subset V; of R" as before, or ¢; maps U; homeomorphically onto
an open subset of R} = {(x1,...,2,) € R" : 2, > 0}. Again appropriate
transition maps are required to be smooth. In case M is paracompact,
there is again the construction of partitions of unity. For one simple but
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effective application of this construction, see the proof of the Stokes formula
in §13 of Chapter I.

3. Vector bundles

We begin with an intrinsic definition of a tangent vector to a smooth man-
ifold M, at a point p € M. It is an equivalence class of smooth curves
through p, that is, of smooth maps v : I — M, I an interval containing 0,
such that v(0) = p. The equivalence relation is v ~ 1 provided that, for
some coordinate chart (U, ) about p, ¢ : U — V C R", we have

d d

(3.1) 2 (9 07)(0) = 2 (pom)(0).
This equivalence is independent of the choice of coordinate chart about p.

If V' C R" is open, we have a natural identification of the set of tangent
vectors to V at p € V with R™. In general, the set of tangent vectors to M
at p is denoted T, M. A coordinate cover of M induces a coordinate cover
of T'M, the disjoint union of T),M as p runs over M, making 7'M a smooth
manifold. TM is called the tangent bundle of M. Note that each T,,M has
the natural structure of a vector space of dimension n, if n is the dimension
of M. If F: X — M is a smooth map between manifolds, x € X, there is
a natural linear map DF(x) : T,X — T,M, p = F(z), which agrees with
the derivative as defined in §1 of Chapter 1, in local coordinates. DF'(x)
takes the equivalence class of a smooth curve v through = to that of the
curve F' oy through p.

The tangent bundle TM of a smooth manifold M is a special case of
a vector bundle. Generally, a smooth vector bundle £ — M is a smooth
manifold F, together with a smooth map 7 : £ — M with the following
properties. For each p € M, the “fiber” E, = m~!(p) has the structure of a
vector space, of dimension k, independent of p. Furthermore, there exists a
cover of M by open sets U;, and diffeomorphisms ®; : 7= 1(U;) — U; x R*
with the property that, for each p € U;, ®; : E, — {p} x R* - RF is a
linear isomorphism, and if Uj, = U; N U, # (), we have smooth “transition
functions”

(3.2) po®; ' =W : Ujy x R¥ — Ujp x R,

which are the identity on the first factor and such that for each p € Uy,
U 4(p) is a linear isomorphism on R¥. In the case of complex vector bundles,
we systematically replace R* by C¥ in the discussion above.

The structure above arises for the tangent bundle as follows. Let (Uj, ;)
be a coordinate cover of M, ¢; : U; — V; C R". Then ®; : TU; — U; x R"
takes the equivalence class of smooth curves through p € U; containing an
element ~y to the pair (p, (¢; 07)'(0)) € U; x R™.
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A section of a vector bundle E — M is a smooth map 3 : M — E such
that w(8(p)) = p for all p € M. For example, a section of the tangent
bundle TM — M is a vector field on M. If X is a vector field on M,
generating a flow F*, then X(p) € T,M coincides with the equivalence
class of v(t) = F'p.

Any smooth vector bundle E — M has associated a vector bundle E* —
M, the “dual bundle” with the property that there is a natural duality of
E, and Ej for each p € M. In case E is the tangent bundle 7'M, this dual
bundle is called the cotangent bundle and is denoted T* M.

More generally, given a vector bundle £ — M, other natural construc-
tions involving vector spaces yield other vector bundles over M, such as
tensor bundles ® E — M with fiber ®’ E,,, mixed tensor bundles with fiber
(®j Ep) ® (®kE;), exterior algebra bundles with fiber AE,, and so forth.
Note that a k-form, as defined in Chapter 1, is a section of A*T*M. A
section of (®jT) ® (®kT*)M is called a tensor field of type (j, k).

A Riemannian metric tensor on a smooth manifold M is a smooth, sym-
metric section g of ®2T*M that is positive-definite at each point p € M;
that is, g,(X,X) > 0 for each nonzero X € T,M. For any fixed p € M,
using a local coordinate patch (U, ) containing p, one can construct a
positive, symmetric section of ®27*U. Using a partition of unity, we can
hence construct a Riemannian metric tensor on any smooth, paracompact
manifold M. If we define the length of a path ~: [0,1] — M to be

L(y) = / a(v (1), (1) 2,
then

(3.3) d(p,q) = inf{L(v) : 7v(0) = p,7(1) = ¢}

is a distance function making M a metric space, provided M is connected.

The notion of vector bundle often aids in making intrinsic definitions of
important mathematical concepts. As an illustration, we note the following
intrinsic characterization of the contact form s on T M, which was specified
in local coordinates in (14.17) of Chapter 1. Let z € T*M;if w : T*M — M
is the natural projection, let p = 7w(z), so z € TyM. To define x at z, as
k(z) € T;(T* M), we specify how it acts on a tangent vector v € T,(T*M).
The specification is

(3.4) (v,5(2)) = ((Dm)v, 2),

where Dr : T,(T*M) — T,M is the derivative of m, and the right side of
(3.4) is defined by the usual dual pairing of T, M and Ty M. It is routine to
check that this agrees with (14.17) of Chapter 1 in any coordinate system
on M. This establishes again the result of §14 of Chapter 1, that the
symplectic form o = dk is well defined on a cotangent bundle 7M.
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4. Sard’s theorem

Let F:  — R™ be a C'-map, with Q open in R™. If p € Q and DF(p) :
R™ — R™ is not surjective, then p is said to be a critical point and F'(p) a
critical value. The set C' of critical points can be a large subset of €2, even
all of it, but the set of critical values F'(C) must be small in R™. This is
part of Sard’s theorem.

Theorem 4.1. If F : Q — R" is a C'-map, then the set of critical values
of F' has measure 0 in R".

Proof. If K C Q is compact, cover K N C with m-dimensional cubes @,
with disjoint interiors, of side §;. Pick p; € CNQj, so L; = DF(p;) has
rank <n — 1. Then, for z € Q;,

F(pj+z)=F(pj) + Ljz + Rj(2), ||R;(@)] < pj =n;6;,

where n; — 0 as §; — 0. Now L;(Q;) is certainly contained in an (n — 1)-
dimensional cube of side Cyd;, where Cy is an upper bound for /m|DF||
on K. Since all points of F(Q;) are a distance < p; from (a translate of)
L;(Q;), this implies

meas F(Q;) < 2p;(Cobj +2p;)" ' < C1n;63,

provided 0; is sufficiently small that p; < ;. Now > y 67 is the volume
of the cover of K N C. For fixed K, this can be assumed to be bounded.
Hence

meas F(CNK) <Ck n,

where 7 = max {;}. Picking a cover by small cubes, we make 7 arbitrarily
small, so meas F(C' N K) = 0. Letting K, ,/ €, we complete the proof.

Sard’s theorem also treats the more difficult case when €2 is open in
R™ m > n. Then a more elaborate argument is needed, and one requires
more differentiability, namely that F is class C*, with k = m —n+ 1. A
proof can be found in [Stb]. The theorem also clearly extends to smooth
mappings between separable manifolds.

Theorem 4.1 is applied in Chapter 1, in the study of degree theory. We
give another application of Theorem 4.1, to the existence of lots of Morse
functions. This application gives the typical flavor of how one uses Sard’s
theorem, and it is used in a Morse theory argument in Appendix C. The
proof here is adapted from one in [GP]. We begin with a special case:

Proposition 4.2. Let Q C R™ be open, f € C*(Q). For a € R", set
fa(z) = f(x) —a-x. Then, for almost every a € R"™, f, is a Morse function,
that is, it has only nondegenerate critical points.
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Proof. Consider F(z) = Vf(z); F:Q — R". A point z € Q is a critical
point of f, if and only if F(z) = a, and this critical point is degenerate
only if, in addition, a is a critical value of F'. Hence the desired conclusion
holds for all @ € R™ that are not critical values of F.

Now for the result on manifolds:

Proposition 4.3. Let M be an n-dimensional manifold, imbedded in R¥.
Let f € C®(M), and, for a € RX | let f,(z) = f(¥)—a-x, forx € M C RE.
Then, for almost all a € R¥, f, is a Morse function.

Proof. Each p € M has a neighborhood §2, such that some n of the
coordinates x,, on R¥ produce coordinates on Qp. Let’s say x1,...,2, do
it. Let (an+1,.-.,ax) be fixed, but arbitrary. Then, by Proposition 4.2, for
almost every (a1, ...,a,) € R", f, has only nondegenerate critical points
on 2,. By Fubini’s theorem, we deduce that, for almost every a € RE,
fa has only nondegenerate critical points on ,. (The set of bad a € R¥
is readily seen to be a countable union of closed sets, hence measurable.)
Covering M by a countable family of such sets €2, we finish the proof.

5. Lie groups

A Lie group G is a group that is also a smooth manifold, such that the group
operations G x G — G and G — G given by (g,h) — gh and g — g~ are
smooth maps. Let e denote the identity element of G. For each g € G, we
have left and right translations, L, and R, diffeomorphisms on G, defined

by
(5.1) Ly(h) = gh, Ry(h) = hg.

The set of left-invariant vector fields X on G, that is, vector fields satis-
fying
(5.2) (DLg)X (h) = X(gh),
is called the Lie algebra of G, and is denoted g. If X, Y € g, then the Lie
bracket [X,Y] belongs to g. Evaluation of X € g at e provides a linear
isomorphism of g with T.G.

A vector field X on G belongs to g if and only if the flow Fk it generates

commutes with L, for all g € G, that is, g(Fih) = Fi (gh) for all g,h € G.
If we set

(5-3) vx(t) = Fxe,
we obtain yx (t + s) = F5 (Fke) - e = (Fke)(Fxe), and hence

(5.4) yx (s +1) = vx(s)rx (1),
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for s,t € R; we say yx is a smooth, one-parameter subgroup of G. Clearly,
(5.5) Vx (0) = X(e).

Conversely, if v is any smooth, one-parameter group satisfying +/(0) =
X (e), then Ftg = g-~(t) defines a flow generated by the vector field X € g
coinciding with X (e) at e.

The exponential map

(5.6) Exp:g — G
is defined by
(5.7) Exp(X) = vx(1).

Note that vsx (t) = vx(st), so Exp(tX) = vx(¢). In particular, under the
identification g — TG,

(5.8) D Exp(0) : T.G — T.G is the identity map.

The fact that each element X € g generates a one-parameter group has
the following generalization, to a fundamental result of S. Lie. Let h C g be
a Lie subalgebra, that is, b is a linear subspace and X, € h = [X1, X3 € .
By Frobenius’s theorem (established in §9 of Chapter 1), through each
point p of G there is a smooth manifold M, of dimension k£ = dim b,
which is an integral manifold for h (i.e., h spans the tangent space of M,
at each ¢ € M,). We can take M, to be the maximal such (connected)
manifold, and then it is unique. Let H be the maximal integral manifold
of h containing the identity element e.

Proposition 5.1. H is a subgroup of G.

Proof. Take hg € H and consider Hy = halH; clearly, e € Hy. By left
invariance, Hy is also an integral manifold of §, so Hy = H. This shows
that hg,h1 € H = hglhl € H, so H is a group.

In addition to left-invariant vector fields on G, one can consider all left-
invariant differential operators on GG. This is an algebra, isomorphic to the
“universal enveloping algebra” $4(g), which can be defined as

(5.9) U(g) = @ ac/ 7,

where gc is the complexification of g and J is the two-sided ideal in the
tensor algebra ) gc generated by {XY —YX — [X,Y]: X,Y € g}.

There are other classes of objects whose left-invariant elements are of
particular interest, such as tensor fields (particularly metric tensors) and
differential forms.

Given any ag € A¥T*G, there is a unique k-form a on G, invariant under
Ly, that is, satisfying Lya = « for all g € G, equal to ag at e. In case
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k =n = dim G, if wy is a nonzero element of A"T)G, the corresponding
left-invariant n-form w on G defines also an orientation on G, and hence a
left-invariant volume form on G, called a (left) Haar measure. It is uniquely
defined up to a constant multiple. Similarly one has a right Haar measure.
It is very important to be able to integrate over a Lie group using Haar
measure.

In many but not all cases left Haar measure is also right Haar measure;
then G is said to be unimodular. Note that if w € A"(G) gives a left Haar
measure, then, for each g € G, Rjw is also a left Haar measure, so we must
have

(5.10) Ryw = p(g)w, p:G — (0,00).

Furthermore, u(gg’) = p(g)p(g’). If G is compact, this implies p(g) = 1
for all g, so all compact Lie groups are unimodular.

There are some particular Lie groups that we want to mention. Let
n € Z* and F =R or C. Then Gl(n, F) is the group of all invertible n x n
matrices with entries in F'. We set

(5.11) Slin,F)={A € Gl(n,F):det A=1}.
We also set

O(n) = {A € Gl(n,R) : A® = A1},

(5.12)

SO(n) ={A € O(n) : det A =1},
and
(5.13) U(n) = {A € Gl(n,C) : A* = A7},

SU(n) ={A € U(n):det A=1}.

The Lie algebras of the groups listed above also have special names. We
have gl(n, F') = M (n, F'), the set of n x n matrices with entries in F'. Also,
siin, F) ={A e M(n,F): Tr A= 0},

o(n) = so(n) ={A € M(n,R): A" = —A},
u(n) ={A e M(n,C): A* = —A},

su(n) ={A €u(n): Tr A=0}.

There are many other important matrix Lie groups and Lie algebras with

special names, but we will not list any more here. See [Helg], [T], or [Varl]
for such lists.

(5.14)

6. The Campbell-Hausdorff formula

The Campbell-Hausdorff formula has the form
(6.1) Exp(X) Exp(Y) = Exp(C(X,Y)),
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where G is any Lie group, with Lie algebra g, and Exp: g — G is the
exponential map defined by (5.7); X and Y are elements of g in a sufficiently
small neighborhood U of zero. The map C : U x U — g has a universal
form, independent of g. We give a demonstration similar to one in [HS],
which was also independently discovered by [Str].

We begin with the case G = Gl(n,C) and produce an explicit formula
for the matrix-valued analytic function X (s) of s in the identity

(6.2) eX() = eXesV

near s = 0. Note that this function satisfies the ODE
d

(6.3) £€X(S) =Xy,

We can produce an ODE for X (s) by using the following formula, derived
in Exercises 7-10 of §4, Chapter 1:

ds

As shown there, we can rewrite this as

d 1
(6.4) —eX(®) = eX(S)/ efTX(S)X’(s)eTX(S) dr.
0

(6.5) %ex(s) =eXZ(ad X(s)) X' (s).

Here, ad is defined as a linear operator on the space of n X n matrices by

(6.6) ad X(Y) = XY - YX;

1 _
1— z
(2) :/ e TP dr = ¢ ,
0

z

the function = is

(6.7)

[1]

an entire holomorphic function of z; and a holomorphic function of an op-
erator is defined either as in Exercise 10 of that set, or as in §5 of Appendix
A. Comparing (6.3) and (6.5), we obtain

(6.8) E(ad X(5))X'(s) =Y, X(0)=X.

We can obtain a more convenient ODE for X (s) as follows. Note that
(69) ead X(s) — Ad eX(s) - Ad 6X . Ad 6sY _ eadX es ad Y.
Now let ¥(¢) be holomorphic near ¢ = 1 and satisfy

1 a
6.10 T(e) = - -
(6.10) (€)= 55 = T
explicitly,
1
(6.11) w(o) = S

It follows that
(6.12) T(ed Xet 2 V) (ad X (s)) = 1,
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so we can transform (6.8) to
(6.13) X'(s) =T(e* Xer 2 Y)Y, X(0)=X.

Integrating gives the Campbell-Hausdorff formula for X (s) in (6.2):
(6.14) X(s) =X+ / (e Xet * Y)Y g,
0

This is valid for ||sY|| small enough, if also X is close enough to 0.
Taking the s = 1 case, we can rewrite this formula as

1
(6.15)  eXe¥ =Y o(X)Y) =X +/ W (et Xt 2d Yy gp,
0

The formula (6.15) gives a power series in ad X and ad Y which is norm-
summable provided

(6.16) lad X|| <z, [ad Y| <y,
with e*t¥ — 1 < 1, that is,
(6.17) T +y < log2.

We can extend the analysis above to the case where X and Y are vector
fields on a manifold M, asking for a vector field X (s) such that

where F% is the flow generated by X, evaluated at time ¢. If there is such
a family X (s), depending smoothly on s, material in §6 of Chapter 1, in
place of material in §4 cited above, leads to a formula parallel to (6.4),
and hence to (6.8), in this context. However, we cannot always solve (6.8),
because ad X (s) tends not to act as a bounded operator on a Banach space
of vector fields, and in fact one cannot always solve (6.18) for X (s) is this
case. However, if there is a finite-dimensional Lie algebra g of vector fields
containing X and Y, then the analysis (6.9)—(6.17) extends. We have

(6.19) f&ft = fé(t,X,Y)’
with
1
(6.20) Ct,X,Y)=X + / T (erd X ead s)Y g,
0

provided ||ad tX|| + ||ad tY|| < log2, the operator norm |ad X| being
computed using any convenient norm on g. In particular, if M = G is a
Lie group with Lie algebra g, and X,Y € g, this analysis applies to yield
the Campbell-Hausdorff formula for general Lie groups.
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7. Representations of Lie groups and Lie algebras

We define a representation of a Lie group G on a finite-dimensional vector
space V' to be a smooth map

(7.1) m: G — End(V)
such that
(7.2) m(e) =1, =(99') =n(g9)n(g"), 9,9 €G.

If F € Cy(G), that is, if F is continuous with compact support, we can
define 7(F) € End(V) by

(7.3) w(F)o = [ Flgm(gn do
G

We get different results depending on whether left or right Haar measure is
used. Right now, let us use right Haar measure. Then, for g € G, we have

(7.4) m(F)m(g)v = /F(z)w(mg)v dx = /F(asgfl)ﬂ'(sc)v dx.
G G

We also define the derived representation

(7.5) dr: g — End(V)
by
(7.6) dm = Dr(e) : T.G — End(V),

using the identification g ~ T.G. Thus, for X € g,
1
(7.7) dr(X)v = }in(l) n [7(Exp tX)v —v].
The following result states that dn is a Lie algebra homomorphism.

Proposition 7.1. For X,Y € g, we have
(7.8) [dw(X),dw(Y)] = dw([X, Y])

Proof. We will first produce a formula for 7(F)dr(X), given F' € C§°(G).
In fact, making use of (7.4), we have

n(F)in(X)0 =l 5 [[Flo)m(an(Exp tX) = Flg)n(g)]v dg
G
(7.9) —timy 7 [ [P(g- Bxpl(~t)) = F(g)]n(g)v dg
G
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where X I’ denotes the left-invariant vector field X applied to F. It follows
that
(7.10) 7(F)[dn(X)dr(Y) — dr(Y)dm(X)]v
' = 7(YXF - XYF)o = —(|X,Y]F)u,

which by (7.9) is equal to 7(F)dn ([X,Y])v. Now, if F is supported near
e € G and integrates to 1, is is easily seen that 7 (F) is close to the identity
1, so this implies (7.8).

There is a representation of G on g, called the adjoint representation,
defined as follows. Consider
(7.11) K,:G— G, K,(h)=ghg'.
Then K,(e) = e, and we set
(7.12) Ad(g) = DKy(e) : T.G — T.G,

identifying T.G ~ g. Note that K, 0 K, = K4, so the chain rule implies
Ad(g)Ad(g') = Ad(gg")-

Note that v(t) = g Exp(tX)g~! is a one-parameter subgroup of G satis-
fying 7/(0) = Ad(g)X. Hence

(7.13) Exp(t Ad(g)X) = g Exp(tX) g .
In particular,
(7.14) Exp((Ad Exp sY)tX) = Exp(sY) Exp(tX) Exp(—sY).

Now, the right side of (7.15) is equal to Fy* o Fk o Fi(e), so by results
on the Lie derivative of a vector field given in (8.1)—(8.3) of Chapter 1, we
have

(7.15) Ad(Exp sY)X = Fy 4 X.

If we take the s-derivative at s = 0, we get a formula for the derived
representation of Ad, which is denoted ad, rather than d Ad. Using (8.3)—
(8.5) of Chapter 1, we have

(7.16) ad(Y)X = [v, X].

In other words, the adjoint representation of g on g is given by the Lie
bracket. We mention that Jacobi’s identity for Lie algebras is equivalent
to the statement that

(7.17) ad([X,Y]) = [ad(X),ad(Y)], VX,Y €g.

If V has a positive-definite inner product, we say that the representation
(7.1) is unitary provided 7(g) is a unitary operator on V, for each g € G

(ie, m(g)~" = 7(9)").
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We say the representation (7.1) is irreducible if V' has no proper linear
subspace invariant under 7(g) for all g € G. Irreducible unitary represen-
tations are particularly important. The following version of Schur’s lemma
is useful.

Proposition 7.2. A unitary representation w of G on V' is irreducible if
and only if, for any A € End(V),

(7.18) m(g)A=An(g), Vge G= A=Al

Proof. First, suppose 7 is irreducible and A commutes with 7(g) for all
g. Then so does A*, hence A+ A* and (1/i)(A — A*), so we may as well
suppose A = A*. Now, any polynomial p(A) commutes with 7(g) for all
g, so it follows that each projection P, onto an eigenspace of A commutes
with all 7(g). Hence the range of Py is invariant under 7, so if Py # 0, it
must be I, and A = AI.

Conversely, suppose the implication (7.18) holds. Then if W C V is
invariant under m, the orthogonal projection P of V onto W must commute
with all 7(g), so P is a scalar multiple of I, hence either 0 or I. This
completes the proof.

Corollary 7.3. Assume G is connected. Then a unitary representation of
G on V is irreducible if and only if, for any A € End(V),

(7.19) dr(X)A=Adn(X), VXeg=— A=)l

Proof. We mention that
(7.20) 7(Exp tX) = et 47X

and leave the details to the reader.

Given a representation m of G on V, there is also a representation of the
universal enveloping algebra $(g), defined as follows. If

(721) P= Z Ci1~»-i#Xi1 B .Xiu’ X] €y,
pu<m

with ¢;,...;, € C, we have

(7.22) dn(P) =Y ciyi,dr(Xy,) - dm(X,,).

p<m

Proposition 7.4. Suppose G is connected. Let P € $l(g), and assume
(7.23) PX=XP, VXeg.
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If 7 is an irreducible unitary representation of G on V, then dm(P) is a
scalar multiple of the identity, that is,

dm(P) = M.

Proof. Immediate from Corollary 7.3.

So far in this section we have concentrated on finite-dimensional repre-
sentations. It is also of interest to consider infinite-dimensional represen-
tations. One example is the right-regular representation of G on L?(G):

(7.24) R(g)f(z) = f(zg).

If G has right-invariant Haar measure, then R(g) is a unitary operator on
L?(G) for each g € G, and one readily verifies that R(g)R(¢') = R(gg’).
However, the smoothness hypothesis made on 7 in (7.1) does not hold
here. When working with an infinite-dimensional representation 7 of G on
a Banach space V', one makes instead the hypothesis of strong continuity:
For each v € V, the map g — m(g)v is continuous from G to V, with its
norm topology. If the map is C'°°, one says v is a smooth vector for the
representation v. For example, each f € C§°(G) is a smooth vector for the
representation (7.24). Of course, C§°(G) is dense in L?(G). More generally,
the set of smooth vectors for any strongly continuous representation 7 of
G on a Banach space V is dense in V. In fact, for F € C5°(G), n(F) is
still well defined by (7.3), and the space

(7.25) Gr={r(F)v: F e C(G),veV}

is readily verified to be a dense subspace of V consisting of smooth vec-
tors. If V is finite dimensional, this implies that G, = V, so any strongly
continuous, finite-dimensional representation of a Lie group automatically
possesses the smoothness property used above.

The occasional use made of Lie group representations in this book will
not require much development of the theory of infinite-dimensional repre-
sentations, so we will not go further into it here. One can find treatments
in many places, including [HT], [Kn], [T], [Var2], and [Wall].

8. Representations of compact Lie groups

Throughout this section, G will be a compact Lie group. If 7 is a represen-
tation of G on a finite-dimensional complex vector space V', we can always
put an inner product on V' so that 7 is unitary. Indeed, let ((u,v)) be any
Hermitian inner product on V, and set

(8.1) (1, 0) = / (e(g)u. n(g)v)) dg.

G
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Note that if V] is a subspace of V invariant under 7(g) for all g € G, and if
7 is unitary, then the orthogonal complement of V; is also invariant. Thus,
if 7w is not irreducible on V', we can decompose it, and we can obviously
continue this process only a finite number of times if dim V is finite. Thus
7 breaks up into a direct sum of irreducible unitary representations of G.

Let m and X be two representations of G, on V and W, respectively. We
say they are equivalent if there is A € L(V, W), invertible, such that

(8.2) m(g) = A7'\N(¢9)A, VgeQG.

If these representations are unitary, we say they are unitarily equivalent if
A can be taken to be unitary.

Suppose that m and X are irreducible and unitary, and (8.2) holds. Then
m(g9)* = A*A(g)* (A1), for all g € G, so 7(g) = (A*A)w(g)(A*A)~1. By
Schur’s lemma, A*A must be a (positive) scalar, say b2. Replacing A by
b~1 A makes it unitary. Breaking up a general 7 into irreducible represen-
tations, we deduce that whenever m and A are finite-dimensional, unitary
representations, if they are equivalent, then they are unitarily equivalent.

We now derive some results known as Weyl orthogonality relations, which
play an important role in the study of representations of compact Lie
groups. To begin, let 7 and A be two irreducible representations of a
compact group G, on finite-dimensional spaces V' and W, respectively.
Consider the representation v =7 ®@ X on V@ W’ ~ L(W, V), defined by

(8.3) v(g)(A) =m(g)ANg)™", g€G, A€ LW, V).

Let Z be the linear subspace of £L(V, W) on which v acts trivially. We want
to specify Z. Note that Ay € Z if and only if

(8.4) m(9)Ao = Aom(g), Vge€G.

Since this implies that the range of Ay is invariant under 7 and Ker Ag
is invariant under A, we see that either Ay = 0 or Ap is an isomorphism
from W to V. In the latter case, we have 7(g) = AgA(9)Ay ", so the
representations 7 and A would have to be equivalent. In this case, for
arbitrary A € Z, we would have

m(g)A = ANg) = AA; '7(g) Ao,

or m(g)AAy T = AA; 7(g), so Schur’s lemma implies that AA; ! is a scalar.
We have proved the following result:

Proposition 8.1. If7 and \ are finite-dimensional, irreducible representa-
tions of G and if v = w® ), then the trivial representation occurs not at all
in v if m and A are not equivalent, and it occurs acting on a one-dimensional
subspace of V.@ W' if m and \ are equivalent.
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The next ingredient for the orthogonality relation is the study of the
operator

(8.5) P= /W(g) dg.

G

Here 7 is a finite-dimensional representation of the compact group G, not
necessarily irreducible, and dg denotes Haar measure, with total mass 1.
Note that

(8.6) m(y)P = /ﬂ(yg) dg = P = Pr(y),
G
for all y € G. Hence

(8.7) P? = P/ﬂ(g) dg = /Pﬂ(g) dg = P,
G G

so P is a projection. Also, if 7 is unitary, we see that P = P*.

Now, if 7 is unitary, it gives a representation both on the range R(P) and
on the kernel Ker P. It is clear from (8.5) that, given v € V| ||Pv|| < ||v||
unless w(g)v = v, for all g € G. Consequently, 7 operates like the identity
on R(P), but we do not have 7(g)v = v for all g € G, for any nonzero
v € Ker P. We have proved:

Proposition 8.2. Ifr is a unitary representation of G on V', then P, given
by (8.5), is the orthogonal projection onto the subspace of V' on which 7
acts trivially.

The following is a special case:

Corollary 8.3. If m is a nontrivial, irreducible, unitary representation,
and P is given by (8.5), then P = 0.

We apply Proposition 8.2 to

(8.8) Q= / 7(9) ® Ng) dg,

G

with 7 and X irreducible. By Proposition 8.1, we see that
(8.9) @ =0 if 7 and A are not equivalent.

On the other hand, if A = m, then @ has as its range the set of scalar
multiples of the identity operator on V' (if m acts on V). Note that 7 @ 7
leaves invariant the space of elements A € L(V,V) of trace zero, which
is the orthogonal complement (with respect to the Hilbert-Schmidt inner
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product) of the space of scalars, so @ must annihilate this space. Thus Q
is given by
(8.10) QA)=(dtTr A)I, 7=\, d= dim V.

The identities (8.9) and (8.10) are equivalent to the Weyl orthogonality
relations. If we express m and A\ as matrices, with respect to some or-
thonormal bases, we get the following theorem:

Theorem 8.4. Let w and \ be inequivalent irreducible, unitary represen-
tations of G, on V and W, with matrix entries m;; and A, respectively.
Then

(8.11) [ miit@rusta) dg =o.

el
Also,
(8.12) /mj(g)wkg(g) dg =0, wunlessi=Fkandj=~.
el
Furthermore,
(8.13) [P dg=a
el

where d = dim V = Tr w(e).

Hence, if {7*} is a complete set of inequivalent, irreducible, unitary
representations of G on spaces Vi, of dimension dj, then
1/2
(8.14) d,% 7k (g)
forms an orthonormal set in L?(G). The following is the Peter-Weyl theo-
rem:

Theorem 8.5. The orthonormal set (8.14) is complete.

In other words, the linear span of (8.14) is dense. If G is given as a group
of unitary N x N matrices, this result is elementary. In fact, the linear span
of (8.14) is an algebra (take tensor products of 7% and 7¢ and decompose
into irreducibles), and is closed under complex conjugates (pass from 7 to
7), so if we know it separates points (which is clear if G C U(N)), the
Stone-Weierstrass theorem applies.

If we do not know a priori that G C U(N), we can prove the theorem by
considering the right-regular representation of G on L?(G):

(8.15) R(9)f(x) = f(zg).
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If we endow G with a bi-invariant Riemannian metric and consider the
associated Laplace operator A, which is then a bi-invariant differential
operator, we see that the representation R leaves invariant each eigenspace
E; of A. Now, Ey is finite-dimensional, and the restriction R, of R to Ej
splits into irreducibles:

(8.16) Ey=En®--- & En, N=N((),

say RZ|E4, = Ryy,. Thus there is a unitary map A : Eg, — Vi, for some
k = k(¢,m), such that Ry,, = Ar*A~1. If {e;} is an orthonormal basis of
Vi with respect to which the matrix of 7*(g) is (Trfj (9)), then u; = A 'e;
gives an orthonormal basis of Ejy,,, and we have

(8.17) ui(rg) = Z?TZ (9)u;().

In particular, taking x = e,

(8.18) ui(g) = Zcﬂfj(% cj = uj(e).

This shows that each space FEj,, consists of finite linear combinations of
the functions in (8.14). Since

LG =P E=PP Em.
14 L m

this proves Theorem 8.5.
The following corollary will be useful in the next section.

Corollary 8.6. If G; and G2 are two compact Lie groups, then the irre-
ducible, unitary representations of G = G1 X Go are, up to unitary equiv-
alence, precisely those of the form

(8.19) 7(g) = m1(g91) ® ma(g2),

where g = (g91,92) € G, and 7; € @j is a general, irreducible, unitary
representation of G;.

Proof. Given irreducible, unitary representations m; of G, the irreducibil-
ity and unitarity of (8.19) are clear. It remains to prove the completeness of
the set of such representations. For this, it suffices to show that the matrix
entries of such representations have dense linear span in L?(G1 x Gg). This
follows from the general elementary fact that tensor products of orthonor-
mal bases of L?(G1) and L?(G2) form an orthonormal basis of L?(G x Ga).
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9. Representations of SU(2) and related groups

The group SU(2) is the group of 2 x 2, complex, unitary matrices of deter-
minant 1, that is,

(9.1) SU(2) = {( a1 ZQ) aP =1, 2 € «:}.
—Z2 Z1

As a set, SU(2) is naturally identified with the unit sphere S in C2. Its

Lie algebra su(2) consists of 2 x 2, complex, skew-adjoint matrices of trace

zero. A basis of su(2) is formed by

1(i 0 1/0 1 1/0 i
(92) X12(0 —i)’ X22(—1 0)’ X32<i 0)'

Note the commutation relations
(9.3) (X1, Xo] = X3, [Xo, X3]= X1, [X3,X1]=Xo.

The group SO(3) is the group of linear isometries of R? with determinant
1. Its Lie algebra so(3) is spanned by elements Jy, £ = 1,2, 3, which generate
rotations about the xy-axis. One readily verifies that these satisfy the same
commutation relations as in (9.3). Thus SU(2) and SO(3) have isomorphic
Lie algebras. There is an explicit homomorphism

(9.4) p:SU2) — SO(3),

which exhibits SU(2) as a double cover of SO(3). One way to construct p is
the following. The linear span g of (9.2) over R is a three-dimensional, real
vector space, with an inner product given by (X,Y) = — Tr XY It is clear
that the representation p of SU(2) by a group of linear transformations on
g given by p(g) = gX g~ preserves this inner product and gives (9.4). Note
that Ker p = {I, —I}.

If we regard X; as left-invariant vector fields on SU(2), set

(9.5) A =X+ X3+ X3,

a second-order, left-invariant differential operator. It follows easily from
(9.3) that X; and A commute:

(9.6) AX; = X;A, 1<j<3.

Suppose 7 is an irreducible unitary representation of SU(2) on V. Then
7 induces a skew-adjoint representation dm of the Lie algebra su(2) and
an algebraic representation of the universal enveloping algebra. By (9.6),
dr(A) commutes with dn(X;), j = 1,...,3. Thus, if 7 is irreducible,
Proposition 7.4 implies

(9.7) dr(A) = —\21,
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for some A € R. (Since dm(A) is a sum of squares of skew-adjoint operators,
it must be negative.) Let

(9.8) L; = dr(X;).
Now we will diagonalize L; on V. Set
(99) VH - {U eV: Ll’U = ’l:/J/U}’ V = @ V,Un
ip€ spec Ly

The structure of 7 is defined by how Ly and L3 behave on V,,. It is conve-
nient to set

(9.10) Ly =1Ly Fils.
We have the following key identity, as a direct consequence of (9.3):
(9.11) [Ly,Ly) = +ily.

Using this, we can establish the following;:

Lemma 9.1. We have

(9.12) Ly:V,— V1.

In particular, if it € spec Ly, then either Ly = 0 on V), or n+ 1 € spec

Ly, and also either L_ =0 onV, or 1 — 1 € spec L.

Proof. Let v € V},. By (9.11) we have
LiLyv=LyLyw+iliv=i(u+1)Liv,

which establishes the lemma. The operators L are called ladder operators.

To continue, if 7 is irreducible on V, we claim that spec i~ 'L; must
consist of a sequence

(9.13) spec i 'Ly = {po, po + 1, ..., o + k= 1},

with

(9.14) Ly Vgt = Vigtj1  isomorphism, for 0 <j <k —1,
and

(9.15) L_:V, _j—V,_j—1 isomorphism, for 0 <j<k—1

In fact, we can compute
(9.16) L Ly =1L3+41L3+i[L3,Lo] = -\ — L3 —ily
on V, and

(9.17) LiL_=-)—-13+4il,
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on V, so
L_L, = 1) — A2 Vo,
(9.18) = plut D) =2 on Vi
LiL_=pu(lp—1)—X on V,.
Note that since Ly and L3 are skew-adjoint, Ly = —L* , so
LiL_=-L"L_, L. Ly=-LL,.
Thus

Ker Ly = Ker L_L;, KerL_= Ker L,L_.
These observations establish (9.13)—(9.15).
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Considering that dm acts on the linear span of {v, Lyv,... L} " v} for
any nonzero v € V., and that irreducibility implies this must be all of V/,

we have

(9.19) dimV, =1, po<p<pm.

From (9.18) we see that 1 (u1 + 1) = A% = po(po — 1). Hence,
(9.20) ul—uo:k:uo:—g, m:g,

and we have

(9.21) dmV=Fk+1, A= %k(ls+2):i(dim VZi—1).

A nonzero element v € V' such that Lyv = 0 is called a “highest-weight
vector” for the representation m of SU(2) on V. It follows from the analysis
above that all highest-weight vectors for an irreducible representation on

V belong to the one-dimensional space V,,, .

The calculations above establish that an irreducible, unitary representa-
tion 7 of SU(2) on V is determined uniquely up to equivalence by dim V.

We are ready to prove the following:

Proposition 9.2. There is precisely one equivalence class of irreducible,

unitary representations of SU(2) on C**1, for each k = 0,1,2,....

We will realize each such representation, which is denoted Dy /3, on the

space

(9.22)  Pr = {p(2) : p homogeneous polynomial of degree k on C?},
with SU(2) acting on Py by

(9-23) Dy2(9)f(2) = f(g7'2), g€ SU(2), zeC.

Note that, for X € su(2),

%f(e—th) o = _(alf, 82f) . X (2’1) 7

(9.24) dDy2(X)f(2) = 22
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where 9; f = 8f/dz;. A calculation gives

Lif(2) = = 5(:00f — 2201),
(9.25) Laf(2) = ~5(200 f ~ 21001),

L3f(Z) = —%(Zgalf + Zlagf).

In particular, for

(9.26) orj(z) =2 72 €Pp, 0<j<k,
we have
gk
(9.27) Lipr; = Z(‘g + J)Wm
SO
(9.28) V =P, = span prj = V_j /245, 0<j <k
Note that
(9.29) Lif(z) = =201f(2), L-f(z)=20:f(2),
SO
(9.30) Liogj=—(k—7)prj+1,  Lotprj = jerj-1.

We see that the structure of the representation Dy /o of SU(2) on Py
is as described in (9.12)-(9.21). The last detail is to show that Dy, is
irreducible. If not, then Py splits into a direct sum of several irreducible
subspaces, each of which has a one-dimensional space of highest-weight
vectors, annihilated by L. But as seen above, within Py, only multiples
of 2§ are annihilated by L., so the representaiton Dy, of SU(2) on Py, is
irreducible.

We can deduce the classification of irreducible, unitary representations
of SO(3) from the result above as follows. We have the covering homomor-
phism (9.4), and Ker p = {£I}. Now each irreducible representation d;
of SO(3) defines an irreducible representation d; o p of SU(2), which must
be equivalent to one of the representations Dy /o described above. On the
other hand, Dy, factors through to yield a representation of SO(3) if and
only if Dy, /o is the identity on Ker p, that is, if and only if Dy /o(—1) = 1.
Clearly, this holds if and only if k is even. Thus all the irreducible, unitary
representations of SO(3) are given by representations D; on Psj, uniquely
defined by

(9.31) Dj(plg)) = D;(g9), g€ SU2).

It is conventional to use D; instead of l~)j to denote such a representation
of SO(3). Note that D, represents SO(3) on a space of dimension 2j + 1,
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and
(9.32) dD;(A) = —j(j +1).
Also, we can classify the irreducible representations of U(2), using the
results on SU(2). To do this, use the exact sequence
(9.33) 1— K — S"xSU2) —U2) — 1,
where “1” denotes the trivial multiplicative group, and
(9.34) K ={(w,g9) € S"xSU2):g=w'T,w?=1}.
The irreducible representations of S x SU(2) are given by
(9.35) Tmk(w,g) = w™ Dy 2(g) on Py,

with m,k € Z, k > 0. Those giving a complete set of irreducible represen-
tations of U(2) are those for which m,,,(K) = I, that is, those for which
(=1)™Dy,jo(—1I) = I. Since Dy o(—I) = (—1)*I, we see the condition is
that m + k be an even integer.

We now consider the representations of SO(4). First note that SO(4) is
covered by SU(2)xSU(2). To see this, equate the unit sphere S® C R*,
with its standard metric, to SU(2), with a bi-invariant metric. Then SO(4)
is the connected component of the identity in the isometry group of S3.
Meanwhile, SU(2)xSU(2) acts as a group of isometries, by

(9.36) (91.92) -& = gizgy ', g; € SU(2).
Thus we have a map
(9.37) 7:SU(2) x SU(2) — SO(4).

This is a group homomorphism. Note that (g1,92) € Ker 7 implies g; =
g2 = £1. Furthermore, a dimension count shows 7 must be surjective, so

(9.38) SO(4) ~ SU(2) x SU(2)/{=(I, I)}.

As shown in §8, if G; and G5 are compact Lie groups, and G = G1 X Ga,
then the set of all irreducible, unitary representations of G, up to unitary
equivalence, is given by

(9.39) {n(g) = mi(g1) @ ma(ga) : m; € Gy},

where ¢ = (¢g1,92) € G and G 7 parameterizes the irreducible, unitary
representations of ;. In particular, the irreducible unitary representations
of SU(2)xSU(2), up to equivalence, are precisely the representations of the
form

(9.40) Yie(g) = Dk/z(gl) ® Dg/g(gg), k.0 e€{0,1,2,...},

acting on Pp ® Py ~ CF*1 @ C**1. By (9.38), the irreducible, unitary
representations of SO(4) are given by all yx, such that k + ¢ is even, since,
for po = (=1, —I) € SU(2)xSU(2), Yke(po) = (~1)*+*I.
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We next consider the problem of decomposing the tensor-product repre-
sentations Dy /o ® Dyjo of SU(2) (i.e., the composition of (9.40) with the
diagonal map SU(2)—SU(2)xSU(2)) into irreducible representations. We
may as well assume that £ < k. Note that 7y = Dy /2 ® Dy/s acts on

Pre = {f(2,w) : polynomial on C? x C?,

(9.41)

homogeneous of degree k in z, ¢ in w},
as
(9.42) me(9) f(z,0) = f(g7 2,97 w).

Parallel to (9.25) and (9.29), we have, on Pyy,

7
Llf = - §(Zlaz1f_Z28z2f+w18w1f_w28wzf)a

L+f = — Zgazlf — wgawlf, L_f = 2’1822f + w18w2f.

To decompose Py, into irreducible subspaces, we specify Ker L. In fact,
a holomorphic function f(z,w) annihilated by L. is of the form

(9.43)

(9.44) f(z,w) = g(2z2, w2, wez1 — z2w1),
and the kernel of L in Py, is the linear span of
(9.45) Ureu(z,w) = 25 Fwhy M (waz — zowr)*, 0 < p < L

A calculation gives

(9.46) L1pkey, = %(k + 4= 20) k-

It follows that, for fixed £,¢, 0 < ¢ < k, and for each p = 0,..., ¢, ¥, is
the highest-weight vector of a representation equivalent to D(x4¢—2,)/2, 80
we have
(9.47)
¢
Dy ® Dyjg =~ @ Dyo—2p)72 = D—ty/2 ® Dio—0y /241 © -+ © D(ggey j2-
©n=0

This is called the Clebsch-Gordon series.

Extensions of the results presented here to more general compact Lie

groups, due mainly to E. Cartan and H. Weyl, can be found in a number
of places, including [T], [Varl], and [Wall].
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