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Introduction

This text examines basic topics in the field of ordinary differential equations
(ODE), as it has developed from the era of Newton into modern times. This
is closely tied to the development of a number of concepts in advanced
calculus. We begin with a brief discussion of the derivative of a vector-
valued function of several variables as a linear map. We then establish in
62 the fundamental local existence and uniqueness of solutions to ODE, of
the form
dy

(0.1) i F(t,y), y(to) = vo,



where F(t,y) is continuous in both arguments and Lipschitz in y, and y
takes values in R*. The proof uses a nice tool known as the contraction
mapping principle; next we use this principle to establish the inverse and
implicit function theorems in §3. After a discussion of constant-coefficient
linear equations, in which we recall the basic results of linear algebra, in §4,
we treat variable-coefficient linear ODE in §5, emphasizing a result known
as Duhamel’s principle, and then use this to examine smooth dependence
on parameters for solutions to nonlinear ODE in §6.

The first six sections have a fairly purely analytic character and present
ODE from a perspective similar to that seen in introductory courses. It is
expected that the reader has seen much of this material before. Beginning
in §7, the material begins to acquire a geometrical flavor as well. This
section interprets solutions to (0.1) in terms of a flow generated by a vector
field. The next two sections examine the Lie derivative of vector fields and
some of its implications for ODE. While we initially work on domains in
R™, here we begin a transition to global constructions, involving working
on manifolds and hence making use of concepts that are invariant under
changes of coordinates. By the end of §13, this transition is complete.
Appendix B collects some of the basic facts about manifolds which are
useful for such an approach to analysis.

Physics is a major source of differential equations, and in §10 we dis-
cuss some of the basic ODE arising from Newton’s force law, converting
the resulting second-order ODE to first-order systems known as Hamilton-
ian systems. The study of Hamiltonian vector fields is a major focus for
the subsequent sections in this chapter. In §11 we deal with an appar-
ently disjoint topic, the equations of geodesics on a Riemannian manifold.
We introduce the covariant derivative as a tool for expressing the geodesic
equations, and later show that these equations can also be cast in Hamil-
tonian form. In §12 we study a general class of variational problems, giving
rise to both the equations of mechanics and the equations of geodesics, all
expressible in Hamiltonian form.

In §13 we develop the theory of differential forms, one of E. Cartan’s
great contributions to analysis. There is a differential operator, called
the exterior derivative, acting on differential forms. In beginning courses
in multivariable calculus, one learns of div, grad, and curl as the major
first-order differential operators; from a more advanced perspective, it is
reasonable to think of the Lie derivative, the covariant derivative, and the
exterior derivative as filling this role. The relevance of differential forms to
ODE has many roots, but its most direct relevance for Hamiltonian systems
is through the symplectic form, discussed in §14.

Results on Hamiltonian systems are applied in §15 to the study of first-
order nonlinear PDE for a single unknown. The next section studies “com-
pletely integrable” systems, reversing the perspective, to apply solutions to
certain nonlinear PDE to the study of Hamiltonian systems. These two sec-
tions comprise what is known as Hamilton-Jacobi theory. In §17 we make
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a further study of integrable systems arising from central force problems,
particularly the one involving the gravitational attraction of two bodies, the
solution to which was Newton’s triumph. Section 18 gives a brief relativis-
tic treatment of the equations of motion arising from the electromagnetic
force, which ushered in Einstein’s theory of relativity.

In §19 we apply material from §13 on differential forms to some topo-
logical results, such as the Brouwer fixed-point theorem, the study of the
degree of a map between compact oriented manifolds, and the Jordan-
Brouwer separation theorem. We apply the degree theory in §20 to a study
of the index of a vector field, which reflects the behavior of its critical
points.

The appendix at the end of this text discusses the existence and unique-
ness of solutions to (0.1) when F satisfies a condition weaker than Lipschitz
in y. Results established here are applicable to the study of ideal fluid flow,
as will be seen in Chapter 17.

1. The derivative
Let O be an open subset of R”, and let F : O — R™ be a continuous

function. We say that F' is differentiable at a point = € O, with derivative
L,if L: R™ — R™ is a linear transformation such that, for small y € R™,

(1.1) F(z+vy)=F(z)+ Ly + R(z,y),
with
(1.2) IR@ Iy sy 0.

1yl

We denote the derivative at by DF(x) = L. With respect to the standard
bases of R” and R™, DF(x) is simply the matrix of partial derivatives,

OF}
(1.3) DF(z) = (aTck>
so that, if v = (v1,...,v,) (regarded as a column vector), then
OF, OF,,
1.4 DF = — Uk, - - .
(1.4) (e = ( St 2 o)

It will be shown that F' is differentiable whenever all the partial derivatives
exist and are continuous on O. In such a case we say that F is a C'-
function on O. In general, F is said to be C* if all its partial derivatives
of order < k exist and are continuous.

In (1.2) we can use the Fuclidean norm on R™ and R™. This norm is
defined by

(1.5) |z = (22 + - +22)"?
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for ¢ = (z1,...,2,) € R™. Any other norm would do equally well. Some
basic results on the Euclidean norm are derived in §4.

More generally, the definition of the derivative given by (1.1) and (1.2)
extends to a function F' : O — Y, where O is an open subset of X, and
X and Y are Banach spaces. Basic material on Banach spaces appears
in Appendix A, Functional Analysis. In this case, we require L to be a
bounded linear map from X to Y. The notion of differentiable function in
this context is useful in the study of nonlinear PDE.

We now derive the chain rule for the derivative. Let F': O — R™ be
differentiable at « € O, as above; let U be a neighborhood of z = F'(z) in
R™: and let G : U — R* be differentiable at z. Consider H = G o F. We
have

H(z +y) = G(F(z +y))

(
L6) = G(F(z) + DF(z)y + R(z,y))
' = G(2) + DG(2)(DF(x)y + R(x,y)) + Ri(x,y)
= G(2) + DG(2)DF (z)y + Ra(,y),
with
1ol o g
[yl '
Thus G o F is differentiable at x, and
(1.7) D(Go F)(xz) = DG(F(x)) - DF(x).

This result works equally well if R?, R™, and R* are replaced by general
Banach spaces.

Another useful remark is that, by the fundamental theorem of calculus,
applied to o(t) = F(z + ty),

1
(1.8) F(x+y) =F(x) +/0 DF(x +ty)y dt,

provided F is C!. For a typical application, see (6.6).

A closely related application of the fundamental theorem of calculus is
that if we assume that F' : O — R™ is differentiable in each variable
separately, and that each 0F/0x; is continuous on O, then

Flx+y) = —|—Z (x+2j) — F(z —ﬁ—zj,l)]

(1.9) = F(x) +ZAj(:v,y)yj,

Jj=1

1

OF

Aj(z,y) =/ F (@ 4 zj—1 + tyje;) dt,
0 O
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where zo =0, z; = (y1,-..,9;,0,...,0), and {e;} is the standard basis of
R™. Now (1.9) implies that F' is differentiable on O, as we stated beneath
(1.4). Asis shown in many calculus texts, by using the mean value theorem
instead of the fundamental theorem of calculus, one can obtain a slightly
sharper result. We leave the reconstruction of this argument to the reader.

We now describe two convenient notations to express higher-order deriva-
tives of a C*-function f : Q — R, where Q C R™ is open. In the first, let .J
be a k-tuple of integers between 1 and n; J = (j1,...,jk). We set

9
6a:j '
Also, we set |J| = k, the total order of differentiation. As will be seen in
the exercises, 0;,0;f = 0;0;f, provided f € C?(f2). Hence, if f € C*(Q),
then 0, ---0;, f = 0Op, -+ 0p, f whenever {{q,...,¢;} is a permutation of

(1.10) ) =0;, - 05 f(x), 9=

{j1,---,Jr}- Thus, another convenient notation to use is the following. Let
a be an n-tuple of nonnegative integers, a = (a, ..., a,). Then we set
(1.11) fO(z) =02 9% f(x), |l =ai+-+ay.

Note that if |J| = |a| = k and f € C*(€), then

(1.12) FD(x) = f (), with a; = #{0: jo = i}.
Correspondingly, there are two expressions for monomials in z:

(1.13) ol =x g, Y=ot a,

and 27 = x%, provided J and « are related as in (1.12). Both of these
notations are called “multi-index” notations.

We now derive Taylor’s formula with remainder for a smooth function
F : Q) — R, making use of these multi-index notations. We will apply the
one-variable formula,

1 1
(1L14)  o(t) = 9(0) + @' (0)t + 5" ()8 + -+ + M () + 7y (1),
with

1 t
i =) ds,

given ¢ € C*1(I), I = (—a,a). Let us assume that 0 € Q and that the
line segment from 0 to x is contained in Q. We set ¢(t) = F(tx) and apply
(1.14) and (1.15) with ¢ = 1. Applying the chain rule, we have

(1.16) Za F(tz)z; = Y FY(ta)x

[7]=1

(1.15) ri(t) =

Differentiating again, we have

(1.17) 't)= > FUTO2) " = N PO (ta)a
[J]=1,|K|=1 [J]=2
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where, if |J| = k and |K| = ¢, we take J + K = (j1,...,Jk, k1,-.., ko).
Inductively, we have

(1.18) e®(t) = Y FU(ta)a’.
|J|=Fk

Hence, from (1.14), with ¢t = 1,

F(z)=F(0)+ Y FY(0)2 +-- + L > FU0)2 + Ri(w),

k!
|J|=1 |J|=k
or, more briefly,
1
(1.19) Flz)= Y WF(J)(O)xJ+Rk(x),
|J|<k

where

1 ! k() J
(1.20) Ry (x) = o Jzk+1(/0 (1=9)"F“)(sx) ds):v .

This gives Taylor’s formula with remainder for £ € C*+1(Q), in the J-
multi-index notation.

We also want to write the formula in the a-multi-index notation. We
have

(1.21) Z FO (tx)z! = Z V() F) (tz)z®,
|J|=k la|=k

where

(1.22) via) =#{J:a=a(J)},

and we define the relation & = «(J) to hold provided (1.12) holds or,
equivalently, provided 7 = x®. Thus, v(«) is uniquely defined by

(1.23) > vla)ar =" 2l = (w4 )k

o=k |J|=k

One sees that, if || = k, then v(a) is equal to the product of the number
of combinations of k£ objects, taken «; at a time, times the number of
combinations of k — a; objects, taken as at a time, and so on, times the
number of combinations of k — (ay + -+ 4+ a,—1) objects, taken a,, at a
time. Thus

(1.24)

[k k— o k—ap—-—ap1\ k!
aq (&%} (67% [OARICHIRIRN G 77

In other words, for |a| = k,

k!
(1.25) v(a) = o where a! = a;1!---ap!.
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Thus, the Taylor formula (1.19) can be rewritten as

1
(1.26) Flr)= > aF<O‘)(0)x‘*Jrllzk(:c),
lal<k
where
k+1 ! kp(a) o
(1.27) Ri@)= Y — (/0 (1 — )" F() (s) ds)x .
la|=k+1 ’
Exercises

1. Let M, x» be the space of complex n X n matrices, and let det : M, x, — C
denote the determinant. Show that if I is the identity matrix, then

D det(I)B =Tr B,

ie.,
d
% det([ + tB)|t:0 =Tr B.

2. If A(t) = (ajk(t)> is a curve in My xn, use the expansion of (d/dt) det A(t) as

a sum of n determinants, in which the rows of A(t) are successively differen-
tiated, to show that, for A € M, xn,

D det(A)B = Tr (Cof(A)t : B),

where Cof(A) is the cofactor matrix of A.
3. Suppose A € M, xn is invertible. Using
det(A +tB) = (det A) det(I +tA™'B),
show that
D det(A)B = (det A) Tr (A™'B).
Comparing the result of Exercise 2, deduce Cramer’s formula:

(1.28) (det A)A™" = Cof(A)".

4. Identify R? and C via z = x + iy. Then multiplication by i on C corresponds

to applying
0 -1
=33

Let © € R? be open, and let f : O — R? be C'. Say f = (u,v). Regard
Df(z,y) as a 2x2 real matrix. One says f is holomorphic, or complex analytic,
provided the Cauchy-Riemann equations hold:

Oou Ov Ou _ Ov

1.2 Ou_ov  Ou_ Oy
(1.29) ox Oy’ Oy Ox



Show that this is equivalent to the condition
Df(z,y)J = JDf(z,y).

Generalize to O open in C™, f: 0 — C".
5. If R(z) is a C™-function near the origin in R", satisfying R(0) = 0 and
DR(0) =0, show that there exist smooth functions 7, (z) such that

x) = Z 7k (2)T; Tk

(Hint: Using (1.8), write R(z) = ®(z)z, ®(x fo DR(tz)dt, since R(0) =
Then ®(0) = DR(0) = 0, so (1.8) can be applled again, to give ®(z) = \I/(m)az)
6. If f is C' on a region in R? containing [a, ] x {y}, show that

b b
di‘;/ fay) da::/a %g<x,y> da

(Hint: Show that the left side is equal to

h—0

b 1 /h af
lim — —(z,y + s) ds dx.
; ay( y+s) )

a

7. Suppose F : O — R™ is a C*-function. Applying the fundamental theorem of
calculus, first to

G;(z) = F(a + he;) — F(x)
(as a function of h) and then to
Hji(z) = Gj(x + hey) — Gj(),

where {e;} is the standard basis of R", show that if x € O and h is small,
then

F(z + he; + hex) — F(z + hex) — +he])+F( )

/ / awk 8x] T + se; +tek> ds dt.

Similarly, show that this quantlty is equal to

/ / 8353 31:k :EJrseJ +tek> dt ds.

oo 9 oF
Oxy, Oz ~ Oz Oy
(Hint: Use Exercise 6.)

Arguments that use the mean value theorem instead of the fundamental the-
orem of calculus can be found in many calculus texts.

Deduce that

2. Fundamental local existence theorem for ODE

The goal of this section is to establish the existence of solutions to an ODE:

dy

(2.1) ~

= F(t,y), y(to) = vo.
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We will prove the following fundamental result.

Theorem 2.1. Let yg € O, an open subset of R™, I C R an interval
containing ty. Suppose F' is continuous on I x O and satisfies the following
Lipschitz estimate in y:

(2.2) [E(t,y1) = F(ty2)ll < Lllyr — w2l

fort € I, y; € O. Then the equation (2.1) has a unique solution on some
t-interval containing tg.

To begin the proof, we note that the equation (2.1) is equivalent to the
integral equation
t

(2.3) yt) =yo+ [ F(s,y(s)) ds.

to

Existence will be established via the Picard iteration method, which is the
following. Guess yo(t), e.g., yo(t) = yo. Then set

(2.4) yr(t) = o —|—/t F(s,yr—1(s)) ds.

We aim to show that, as k — oo, yi(t) converges to a (unique) solution of
(2.3), at least for t close enough to £y. To do this, we will use the following
tool, known as the contraction mapping principle.

Theorem 2.2. Let X be a complete metric space, and let T : X — X
satisfy
(2.5) dist(Tx, Ty) < r dist(z, y),

for some r < 1. (We say that T is a contraction.) Then T has a unique
fixed point x. For any yo € X, T*yy — x as k — oco.

Proof. Pick yo € X, and let y, = T*yo. Then
dist (Y41, yx) < 7" dist (y1, o),
S0
dist(Yk-+m, Y) < AiSU(Yrtms Yom—1) + -+ - + dist(Yr+1, Yr)
(2.6) < (rF 4 M) dist(yg, yo)

< rk(l — r)_l dist(y1, yo)-

It follows that (yx) is a Cauchy sequence, so it converges; yr — x. Since
Tyr = yr+1 and T is continuous, it follows that Tz = z, that is, z is a
fixed point. The uniqueness of the fixed point is clear from the estimate
dist(Tz, Tz") < r dist(x, 2’), which implies dist(z,2’) = 0 if x and 2’ are
fixed points. This completes the proof.
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Tackling the solvability of (2.3), we look for a fixed point of T, defined
by

(27) (Ty)(t) = yo + / F(s,y(s)) ds.

Let
(2.8) X ={ue C(J,R") : u(ty) = yo, sup |u(t) — yoll < K}
te
Here J = [tg — &,to + €], where £ will be chosen, sufficiently small, below.

K is picked so {y : ||y — yo|| < K} is contained in O, and we also suppose
J C I. Then there exists an M such that

(2.9) sup  |[F(s,y)ll < M.
s€d|ly—yoll<K

Then, provided

K
2.10 < =
(2:10) <t
we have
(2.11) T: X — X.

Now, using the Lipschitz hypothesis (2.2), we have, for t € J,

t

(2.12) [[(Ty) () =(T=) ()]l S/t Lljy(s)—z(s)| ds <e L Sup ly(s)==(s)ll,
0 S

assuming y and z belong to X. It follows that T is a contraction on X

provided one has

1
(2.13) €< I
in addition to the hypotheses above. This proves Theorem 2.1.

In view of the lower bound on the length of the interval J on which the
existence theorem works, it is easy to show that the only way a solution
can fail to be globally defined, that is, to exist for all ¢ € I, is for y(t) to
“explode to infinity” by leaving every compact set K C O, as t — tq, for
some t1 € I.

We remark that the local existence proof given above works if R™ is
replaced by any Banach space.

Often one wants to deal with a higher-order ODE. There is a standard
method of reducing an nth-order ODE

(2.14) y™ @) = ft,y,, ...,y Y)

to a first-order system. One sets u = (ug, ..., Un—1), With

(2.15) u =y, u; =y,
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and then
du
dt
If y takes values in R¥, then u takes values in RF™.

If the system (2.1) is nonautonomous, that is, if F' explicitly depends

on t, it can be converted to an autonomous system (one with no explicit
t-dependence) as follows. Set z = (t,y). We then have

(2.17) 2= (1L,y) =(1,F(2) = G(2).

(2.16) = (ul, ceyUpo1, f(tug, ... 7un,l)) =g(t,u).

Sometimes this process destroys important features of the original system
(2.1). For example, if (2.1) is linear, (2.17) might be nonlinear. Neverthe-
less, the trick of converting (2.1) to (2.17) has some uses.

Many systems of ODE are difficult to solve explicitly. One very basic
class of ODE can be solved explicitly, in terms of integrals, namely the
single first-order linear ODE:

dy
(2.18) o = oy +0(t), y(0) =y,

where a(t) and b(t) are continuous real- or complex-valued functions. Set

(2.19) Alt) = /O as) ds.

Then (2.18) can be written as

d, _
(2.20) eA(t)&(e Aly) = b(t),
which yields
t
(2.21) y(t) = eAWyq + eA(t)/ e A)p(s) ds.
0

Compare this result with formulas (4.42) and (5.8), in subsequent sections
of this chapter.

Exercises

1. Solve the initial-value problem

v =y, y(0)=a,

given a € R. On what t-interval is the solution defined?

2. Under the hypotheses of Theorem 2.1, if y solves (2.1) for ¢t € [Tp,T1], and
y(t) € K, compact in O, for all such ¢, prove that y(¢) extends to a solution
for t € [So, S1], with So < Ty, T1 > To, as stated beneath (2.13).

3. Let M be a compact, smooth surface in R™. Suppose F : R* — R" is a
smooth map (vector field) such that, for each z € M, F(x) is tangent to M,
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that is, the line v, (t) = = + tF(z) is tangent to M at z, at t = 0. Show that
if z € M, then the initial-value problem

Yy =F(y), y0)=z
has a solution for all t € R, and y(t) € M for all ¢.
(Hint: Locally, straighten out M to be a linear subspace of R™, to which F is
tangent. Use uniqueness. Material in §3 will help do this local straightening.)
Reconsider this problem after reading §7.
4. Show that the initial-value problem

dx d
= =2 +¢°), di; =—y(@@*+y*), 2(0)==z0, y(0)=1o

has a solution for all ¢ > 0, but not for all ¢ < 0, unless (zo,yo) = (0,0).

3. Inverse function and implicit function theorems

We will use the contraction mapping principle to establish the inverse func-
tion theorem, which together with its corollary, the implicit function the-
orem, is a fundamental result in multivariable calculus. First we state the
inverse function theorem.

Theorem 3.1. Let F' be a C*-map from an open neighborhood §) of py €
R™ to R™, with qo = F(po). Suppose the derivative DF(pg) is invertible.
Then there is a neighborhood U of py and a neighborhood V' of q¢ such
that F : U — V is one-to-one and onto, and F~! : V — U is a C*-map.
(One says that F' : U — V is a diffeomorphism.)

Proof. Using the chain rule, it is easy to reduce to the case py = ¢p =0
and DF(pg) = I, the identity matrix, so we suppose this has been done.
Thus,

(3.1) F(u) =u+ R(u), R(0)=0, DR(0)=0.
For v small, we want to solve

(3.2) F(u) =wv.

This is equivalent to u + R(u) = v, so let

(3.3) Ty(u) = v — R(u).

Thus, solving (3.2) is equivalent to solving

(3.4) T, (u) = u.

We look for a fixed point v = K(v) = F~!(v). Also, we want to prove
that DK (0) = I, that is, that K(v) = v+ r(v), with r(v) = o(||v||). If we
succeed in doing this, it follows easily that, for general x close to 0,

DK (z) = (DF(K(x)))_17
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and a simple inductive argument shows that K is C* if F'is C*. Now
consider

(3.5) Ty Xy — Xo,

with

(3.6) X, = {ueQ: fu—v| < A},

where we set

(3.7) A, = sup [[R(w)].
lwll<2lv]|

We claim that (3.5) holds if |jv|| is sufficiently small. To prove this, note
that T, (u) — v = —R(u), so we need to show that, provided ||v|| is small,
u € X, implies ||R(u)|| < A,. But indeed, if u € X,,, then |lu| < ||v| + As,
which is < 2||v]| if |Jv|| is small, so then
[R(u)[| < sup [[R(w)]| = Ay;
lwl[<2[[]]

this establishes (3.5).

Note that if ||v|| is small enough, the map (3.5) is a contraction map,
so there exists a unique fixed point © = K(v) € X,. Also note that since
u € Xy,

(3-8) 1K (v) = v]| < Ay = o([|v]])-

Hence, the inverse function theorem is proved.

Thus, if DF is invertible on the domain of F', then F' is a local diffeo-
morphism, although stronger hypotheses are needed to guarantee that F
is a global diffeomorphism onto its range. Here is one result along these
lines.

Proposition 3.2. If Q) C R" is open and convex, F : Q — R" is C', and
the symmetric part of DF(u) is positive-definite for each u € ), then F' is
one-to-one on ).

Proof. Suppose that F(u;) = F(ug), where us = u; + w. Consider ¢ :
[0,1] — R, given by
o(t) = w- F(up + tw).

Thus ¢(0) = ¢(1), so ¢'(tp) must vanish for some ¢y € (0,1), by the mean
value theorem. But ¢'(t) = w- DF(u; + tw)w > 0, if w # 0, by the
hypothesis on DF'. This shows that F' is one-to-one.

We can obtain the following implicit function theorem as a consequence
of the inverse function theorem.
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Theorem 3.3. Suppose U is a neighborhood of g € R*, V is a neighbor-
hood of zy € RY, and

(3.9) F:UxV —R*

is a C*-map. Assume D,F(x,z) is invertible; say F(xg,29) = up. Then
the equation F(x,z) = wug defines z = f(x,ug) for x near xo, with f a
C*-map.

Proof. Consider H : U x V — RF x R’ defined by

(3.10) H(z,z) = (z,F(z,2)).
We have
(3.11) DH = (é g?) .

Thus DH (g, 29) is invertible, so J = H~! exists and is C*, by the inverse
function theorem. It is clear that J(x,ug) has the form

(312) J(.%,Uo) = (I,f(x,’llo)),
and f is the desired map.

As in §2, we remark that the inverse function theorem generalizes. One
can replace R™ by any Banach space and the proof of Theorem 3.1 given
above extends with no change. Such generalizations are useful in nonlinear
PDE, as we will see in Chapter 14.

Exercises

1. Suppose that F : U — R™ is a C*-map, U is open in R™, p € U, and DF(p)
is invertible. With ¢ = F(p), define a map N on a neighborhood of p by

(3.13) N(z) =z + DF(z) ™" (q - F(m))
Show that there exists € > 0 and C' < oo such that, for 0 <r < g,
|z = pll <7 = ||N(z) —pl| < C 7*.

Conclude that if ||z1 — p|| < 7, with r < min(e, 1/2C), then z;41 = N(x;)
defines a sequence converging very rapidly to p. This is the basis of Newton’s
method, for solving F(p) = q for p.
(Hint: Write x = p+y, F(z) = F(p)+ DF(z)y+ R, with R given as in (1.27),
with k = 2. Then N(z) =p+§, § = —DF(z)"'R.)

2. Applying Newton’s method to f(z) = 1/z, show that you get a fast approxi-
mation to division using only addition and multiplication.
(Hint: Carry out the calculation of N(z) in this case and notice a “miracle.”)
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. Identify R?" with C" via z = z + 4y, as in Exercise 4 of §1. Let U C R*"
be open, and let F : U — R®" be C'. Assume that p € U and DF(p) is
invertible. If F~! : V — U is given as in Theorem 3.1, show that F~! is
holomorphic provided F is.

. Let O C R™ be open. We say that a function f € C*(Q) is real analytic
provided that, for each zo € O, we have a convergent power-series expansion

(3.14) flx) = Z if(a)(xo)(m —x0)”,

a>0

valid in a neighborhood of zo. Show that we can let = be complex in (3.14), and
obtain an extension f to a neighborhood of © in C". Show that the extended
function is holomorphic, that is, satisfies the Cauchy-Riemann equations.
Remark. It can be shown that, conversely, any holomorphic function has a
power-series expansion. See (2.30) of Chapter 3 for one such proof. For the
next exercise, assume this to be known.

. Let O C R" be open, p € O, and f : O — R" be real analytic, with D f(p)
invertible. Take f~! : V — U as in Theorem 3.1. Show f~! is real analytic.
(Hint: Consider a holomorphic extension F' :  — C" of f, and apply Exercise
3.)

4. Constant-coefficient linear systems; exponentiation of
matrices

Let A be an n X n matrix, real or complex. We consider the linear ODE

(4.1) y' = Ay, y(0)=yo.
In analogy to the scalar case, we can produce the solution in the form
(4.2) y(t) = eyo,

where we define the matrix exponential

(4.3) e 3 iAk.
k!
k=0

We will establish estimates implying the convergence of this infinite series
for all real ¢, indeed for all complex ¢. Then term-by-term differentiation is
valid and gives (4.1). To discuss convergence of (4.3), we need the notion of
the norm of a matrix. This is a special case of results discussed in Appendix
A, Functional Analysis.

If u = (uy,...,u,) belongs to R™ or to C", set, as in (1.5),

1/2
(4.4) lull = (lua]? + - + [un]?) 2.

Then, if A is an n X n matrix, set

(4.5) [A[] = sup{[[Au]| - [[u]| <1}
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The norm (4.4) possesses the following properties:

(4.6) llul >0, [u|| =0 if and only if u =0,
(4.7 llcu|l = |¢| |Jul|, for real or complex c,
(4.8) lu 4ol < fufl + o]

The last property, known as the triangle inequality, follows from Cauchy’s
inequality:

(4.9) [(w, 0)] < | - [l

where the inner product is (u,v) = w171 +- - - +u,Up. To deduce (4.8) from
(4.9), just square both sides of (4.8). To prove (4.9), use (v —v,u —v) >0
to get

2 Re (u,v) < [lul® + [|v]|*.

Then replace u by e*u to deduce

2|(u, v)| < Jlull® + ol
Next, replace u by tu and v by t~1v, to get

2|(u, v)| < EJull® + ¢ |lv]|?,
for any t > 0. Picking ¢ so that t? = |[v||/| ||, we have Cauchy’s inequality
(4.9).
Given (4.6)—(4.8), we easily get
Al = 0,

(4.10) l[eAll = el [|All,

A+ B < [IA]l +[|BIl

Also, ||A|| = 0 if and only if A = 0. The fact that ||A|| is the smallest
constant K such that ||Aul| < Kljul| gives

(4.11) [AB| < [l A[l - [|B]|-
In particular,
(4.12) AR < A%

This makes it easy to check the convergence of the power-series (4.3).
Power-series manipulations can be used to establish the identity

(4.13) e At = e(stDA,

Another way to prove this is as follows. Regard t as fixed; denote the left
side of (4.13) as X (s) and the right side as Y'(s). Then differentiation with
respect to s gives, respectively,

X'(s) = AX(s), X(0) = e'4,

(4.14) Y/(s) = AY(s), Y(0) = e,
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so the uniqueness of solutions to the ODE implies X (s) = Y'(s) for all s.
We note that (4.13) is a special case of the following.

Proposition 4.1. e'A+8) = ¢t4etB for all t, if and only if A and B
commute.

Proof. Let

(4.15) Y(t) = et AHB) Z(t) = ettt

Note that Y'(0) = Z(0) = I, so it suffices to show that Y (¢) and Z(t) satisfy
the same ODE, to deduce that they coincide. Clearly,

(4.16) Y'(t) = (A+ B)Y (t).
Meanwhile,
(4.17) Z'(t) = Aee!B 4 e BetB,

Thus we get the equation (4.16) for Z(t) provided we know that
(4.18) "B = Be'? if AB = BA.

This follows from the power-series expansion for et4, together with the fact
that

(4.19) A*B =BA* VEk>0, if AB= BA.

For the converse, if Y (t) = Z(t) for all ¢, then !B = Be!”, by (4.17),
and hence, taking the t-derivative, e?AAB = BAe'4; setting t = 0 gives
AB = BA.

If A is in diagonal form,

ai
(4.20) A= )
an
then clearly
et
(4.21) et =
etan

The following result makes it useful to diagonalize A in order to compute
tA
et

Proposition 4.2. If K is an invertible matrix and B = KAK ™!, then
(4.22) P = K et K1
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Proof. This follows from the power-series expansion (4.3), given the ob-
servation that
(4.23) BY =K AF K71

In view of (4.20)—(4.22), it is convenient to record a few standard results

about eigenvalues and eigenvectors here. Let A be an n X n matrix over
F, F =R or C. An eigenvector of A is a nonzero u € F™ such that

(4.24) Au = du,

for some A € F. Such an eigenvector exists if and only if A—AI : F — F"
is not invertible, that is, if and only if

(4.25) det(A—AI)=0.
Now (4.25) is a polynomial equation, so it always has a complex root. This

proves the following.

Proposition 4.3. Given an n X n matrix A, there exists at least one
(complex) eigenvector u.

Of course, if A is real, and we know there is a real root of (4.25) (e.g., if
n is odd), then a real eigenvector exists. One important class of matrices
guaranteed to have real eigenvalues is the class of self-adjoint matrices. The
adjoint of an n x n complex matrix is specified by the identity (Au,v) =
(u, A*v).

Proposition 4.4. If A = A*, then all eigenvalues of A are real.

Proof. Au = Au implies
(4.26) Alull® = (A, u) = (Au,u) = (u, Au) = (u, Au) = NJul|*.
Hence \ = ), if u # 0.

We now establish the following important result.

Theorem 4.5. If A = A*, then there is an orthonormal basis of C™ con-
sisting of eigenvectors of A.

Proof. Let u; be one unit eigenvector; Au; = Auj. Existence is guaran-
teed by Proposition 4.3. Let V = (u;)* be the orthogonal complement of
the linear span of w;. Then dim V is n — 1 and

(4.27) AV -V, if A= A"

The result follows by induction on n.
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Corollary 4.6. If A = A' is a real symmetric matrix, then there is an
orthonormal basis of R™ consisting of eigenvectors of A.

Proof. By Proposition 4.4 and the remarks following Proposition 4.3,
there is one unit eigenvector u; € R™. The rest of the proof is as above.

The proofs of the last four results rest on the fact that every nonconstant
polynomial has a complex root. This is the fundamental theorem of algebra.

A proof is given in §19 (Exercise 5), and another after Corollary 4.7 of
Chapter 3. An alternative approach to Proposition 4.3 when A = A*,
yielding Proposition 4.4-Corollary 4.6, is given in one of the exercises at
the end of this section.

Given an ODE in upper triangular form,

d all * *
Y
Gnn

you can solve the last ODE for y,, as it is just dy,/dt = apny,. Then
you get a single nonhomogeneous ODE for ¥, _1, which can be solved as
demonstrated in (2.18)—(2.21), and you can continue inductively to solve.
Thus, it is often useful to be able to put an n X n matrix A in upper
triangular form, with respect to a convenient choice of basis. We will
establish two results along these lines. The first is due to Schur.

Theorem 4.7. For any n X n matrix A, there is an orthonormal basis
U1,...,u, of C" with respect to which A is in upper triangular form.

This result is equivalent to the following proposition.

Proposition 4.8. For any A, there is a sequence of vector spaces V; of
dimension j, contained in C", with

(4.29) VidVuo1D---DWy
and
(4.30) AV, — V.

To see the equivalence, if we are granted (4.29)—(4.30), pick u, LV, _1,
a unit vector, then pick u,_1 € V,,_1 such that u,_11V,,_5, and so forth.
Meanwhile, Proposition 4.8 is a simple inductive consequence of the follow-
ing result.

Lemma 4.9. For any matrix A acting on V,,, there is a linear subspace
Vn_1, of codimension 1, such that A : V,_1 — V,_1.
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Proof. Use Proposition 4.3, applied to A*. There is a vector v; such that
A*v; = Mvy. Let V,,_1 = (vy)*. This completes the proof of the lemma,
hence of Theorem 4.7.

Let us look more closely at what you can say about solutions to an ODE
that has been put in the form (4.28). As mentioned, we can obtain y;
inductively by solving nonhomogeneous scalar ODE

dy;
(4.31) o = Qi +0;(0),
where b;(t) is a linear combination of y;y1(¢),...,y,(t), and the formula

(2.21) applies, with A(t) = a;;t. We have y,(t) = Ce®t, s0 b,_1(t) is
a multiple of e, If a1 n—1 # Gnn, Yn—1(t) will be a linear combi-
nation of e®n! and e* ==t but if an_nn-1 = Ann, Yn—1(t) may be a
linear combination of e%»»! and te%»~t. Further integration will involve
J p(t)e**dt, where p(t) is a polynomial. That no other sort of function will

arise is guaranteed by the following result.

Lemma 4.10. If p(t) € P, the space of polynomials of degree < n, and
« # 0, then

(4.32) / p(t)e® dt = q(t)e™ + C,
for some q(t) € P,.

Proof. The map p = Tq defined by (d/dt)(q(t)e**) = p(t)e** is a map on
P,; in fact, we have

(4.33) Tq(t) = aq(t) +4'(t).
It suffices to show that T : P,, — P, is invertible. But D = d/dt is nilpotent

on P,; D"t = 0. Hence

I '=a'I+a'D)y'=a'I-a'D+---+a "(-D)").
Note that this gives a neat formula for the integral (4.32). For example,

/t"e‘t dt = —(t"4+nt" P+ fne ' 4 C
(4.34)
1 2 1 n —t
:—n!(1+t+7t ot —t )e +C.
2 n!

This could also be established by integration by parts and induction. Of
course, when o = 0 in (4.32), the result is different; ¢(¢) is a polynomial of
degree n + 1.

Now the implication for the solution to (4.28) is that all the components
of y(t) are products of polynomials and exponentials. By Theorem 4.7, we
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can draw the same conclusion about the solution to dy/dt = Ay for any
n x n matrix A. We can formally state the result as follows.

Proposition 4.11. For any n X n matrix A,
(4.35) ety = Z eritu;(t),

where {\;} is the set of eigenvalues of A and v;(t) are C"-valued polyno-
mials. All the v;(t) are constant when A is diagonalizable.

To see that the A; are the eigenvalues of A, note that in the upper trian-
gular case only the exponentials %4t arise, and in that case the eigenvalues
are precisely the diagonal elements.

If we let £, denote the space of C"-valued functions of the form V(¢) =
eMo(t), where v(t) is a C"-valued polynomial, then &, is invariant under
the action of both d/dt and A, hence of d/dt — A. Hence, if a sum V;(t) +
cF Vi(t), Vi(t) € &y, (with Ajs distinct), is annihilated by d/dt — A, so
is each term in this sum.

Therefore, if (4.35) is a sum over the distinct eigenvalues A; of A, it
follows that each term e*itv;(¢) is annihilated by d/dt— A or, equivalently, is

of the form e*4w;, where w; = v;(0). This leads to the following conclusion.
Set
(4.36) Gy = {veC": ey = eu(t), v(t) polynomial}.

Then C™ has a direct-sum decomposition

(4.37) C* = Gy, +-- + Gy,
where A1, ..., A are the distinct eigenvalues of A. Furthermore, each G\,
is invariant under A, and
(4.38) Aj = A‘GM has exactly one eigenvalue, A;.
A

This last statement holds because e*v involves only the exponential e?it,
when v € G;. We say that Gy, is the generalized eigenspace of A, with
eigenvalue \;. Of course, G, contains ker (A — \;I). Now B; = A; — \;1
has only 0 as an eigenvalue. It is subject to the following result.

Lemma 4.12. If B : C*¥ — C* has only 0 as an eigenvalue, then B is
nilpotent; in fact,

(4.39) B™ =0 for some m < k.

Proof. Let W; = BJ(C*); then C¥ > Wy D W D --- is a sequence of
finite-dimensional vector spaces, each invariant under B. This sequence
must stabilize, so for some m, B : W,, — W, bijectively. If W,,, # 0, B
has a nonzero eigenvalue.
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We next discuss the famous Jordan normal form of a complex n x n
matrix. The result is the following.

Theorem 4.13. If A is an n X n matrix, then there is a basis of C" with
respect to which A becomes a direct sum of blocks of the form

A1
(4.40) As

1
Aj

In light of the decomposition (4.37) and Lemma 4.12, it suffices to es-
tablish the Jordan normal form for a nilpotent matrix B. Given vy € CF,
let m be the smallest integer such that B™vy = 0; m < k. If m = k, then
{vo, Bvo, ..., B™ 1uy} gives a basis of C¥, putting B in Jordan normal
form. We then say v is a cyclic vector for B, and CF is generated by wvg.
We call {vg,...,B™ vy} a string.

We will have a Jordan normal form precisely if we can write C* as a direct
sum of cyclic subspaces. We establish that this can be done by induction
on the dimension.

Thus, inductively, we can suppose that W; = B(CF) is a direct sum
of cyclic subspaces, so W7 has a basis that is a union of strings, let’s say
a union of d strings {vj, Bvj,...,B%v;}, 1 < j < d. In this case, ker
BNW; = Nj has dimension d, and the vectors Béivj, 1 <5 <d, span Nj.
Furthermore, each v; has the form v; = Bw; for some w; € Ck.

Now dim ker B = k — r > d, where r = dim Wy. Let {z1,...,2k—r—da}
span a subspace of ker B complementary to Ni. Then the strings {w;, v; =
Bwj,...,Bb%v;}, 1 < j <d, and {z1},...,{2k—r—a} generate cyclic sub-
spaces whose direct sum is C*, giving the Jordan normal form.

The argument above is part of an argument of Filippov. In fact, Fil-
ippov’s proof contains a further clever twist, enabling one to prove Theo-
rem 4.13 without using the decomposition (4.37). However, since we got
this decomposition almost for free as a byproduct of the ODE analysis in
Proposition 4.11, this author decided to make use of it. See Strang [Str]
for Filippov’s proof.

We have seen how constructing e'” solves the equation (4.1). We can
also use it to solve a nonhomogeneous equation, of the form

(4.41) y' = Ay +b(t), y(0)=yo.

Direct calculation shows that the solution is given by

¢
(4.42) y(t) = ey +/ (=94 p(s) ds.
0



Exercises 23

Note how this partially generalizes the formula (2.21). This formula is a
special case of Duhamel’s principle, which will be discussed further in §5.

We remark that the definition of e*4 by power series (4.3) extends to
the case where A is a bounded linear operator on a Banach space. In that
case, et furnishes the simplest sort of example of a one-parameter group of
operators. Compare §9 in Appendix A, Functional Analysis, for a further
discussion of semigroups of operators. A number of problems in PDE
amount to exponentiating various unbounded operators. The discussion of
eigenvalues, eigenvectors, and normal forms above relies heavily on finite
dimensionality, although a good deal of it carries over to compact operators
on infinite-dimensional Banach and Hilbert spaces; see §6 of Appendix A.
Also, there is a somewhat more subtle extension of Theorem 4.5 for general
self-adjoint operators on a Hilbert space, which is discussed in §1 of Chapter
8.

Exercises

1. In addition to the operator norm ||A|| of an n X n matrix, defined by (4.5),
we consider the Hilbert-Schmidt norm ||A|us, defined by

[Allfs = lagel?,

ik
if A= (ajk). Show that

[All < | Allns.
(Hint: If r1,...,r, are the rows of A, then for u € C”, Au has entries

rj-u, 1 <j <n. Use Cauchy’s inequality (4.9) to estimate |r; - u|?.)

Show also that
Z lar)® < ||A||® for each F,

j
and hence
[ Allfis < nllAl.

(Hint: ||A]| > ||Aex|| for each standard basis vector ey.)
2. Show that, in analogy with (4.11), we have

[ABlus < [[Allus||Bllus-
Indeed, show that
[AB|lus < |All - || Bl|us,

where the first factor on the right is the operator norm || AJ|.
3. Let X be an n x n matrix. Show that

X Tr X
dete® =e " .



24

(Hint: Use a normal form.)
Let M,, denote the space of complex n X n matrices. If A € M,, and det A =
1, we say that A € SL(n,C). If X € M, and Tr X = 0, we say that
X €sl(n,C).

4. Let X € s1(2,C). Suppose X has eigenvalues {\,—A}, A # 0. Such an X
can be diagonalized, so we know that there exist matrices Z; € M> such that

tX A —tA
et =Z1e" " +Zse .

Evaluating both sides at ¢ = 0, and the t-derivative at ¢ = 0, show that
Z1+ Zax=1, \Zy — A\Zy = X, and solve for Z1, Zs. Deduce that

e'* = (cosh tA)T 4+ A~ ' (sinh tA)X.
5. Define holomorphic functions C(z) and S(z) by

C(z) = cosh vz, S(z)= %z\/g

Deduce from Exercise 4 that, for X € sl(2,C),
e = C(—det X)I 4+ S(—det X)X.

Show that this identity is also valid when 0 is an eigenvalue of X.
6. Rederive the formula above for e, X € sl(2,C), by using the power series
for e together with the identity

X% = —(det X)I, X e5sl(2,C).

The next set of exercises examines the derivative of the map
Exp: M, — M,, Exp(X)= e,
7. Set U(t,s) = e!X+sY) where X and Y are n x n matrices, and set Us =
0U/0s. Show that U, satisfies

oU,
ot
8. Use Duhamel’s principle, formula (4.42), to show that

t
Us(t, s) :/ Q=TI (XHsY) 3 T(X4sY) g
0

= (X +sY)U, + YU, U,(0,s)=0.

Deduce that

d X+sY
4.4 —
(4.43) 7 €

9. Given X € My, define ad X € End(M,), that is,
ad X : M,, —» M,,

1
x —TXy, TX
=e /e YeT dr.
s=0 0

by
ad X(Y) = XY - YX.

Show that
Xy ptX _ —tad Xy
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(Hint: If V (t) denotes either side, show that dV/dt = —(ad X))V, V(0) =Y")
10. Deduce from Exercise 8 that

(4.44) 4 xrey

X —
= = X)Y,
o e (ad X)Y,

5=0

where E(z) is the entire holomorphic function

1 _ -z
(z):/ e Fdr = 1-e .
0

(4.45) .

[1]

The operator Z(ad X) is defined in the following manner. For any L €
End(C™) = M,,, any function F(z) holomorphic on |z| < a, with a > ||L||,
define F'(L) by power series:

(4.46) F(L)= i faL"™, where F(z) = i fn2".
n=0 n=0

For further material on holomorphic functions of operators, see §5 in Appen-
dix A.

11. With Exp : M,, — M,, as defined above, describe the set of matrices X such
that the transformation D Exp(X) is not invertible.

12. Let A : R™ — R" be symmetric, and let Q(z) = (Az,z). Let vy € S" 1 =

{z € R" : |x| = 1} be a point where Q‘ | assumes a maximum. Show that
S‘VL*

v1 is an eigenvector of A.

(Hint: Show that VQ(vi) is parallel to VE(v1), where E(z) = (z,x).)

Use this result to give an alternative proof of Corollary 4.6. Extend this
argument to establish Theorem 4.5.

5. Variable-coefficient linear systems of ODE: Duhamel’s
principle

Let A(t) be a continuous, n X n matrix-valued function of t € I. We
consider the general linear, homogeneous ODE

(1) W Ay, v0) =m0

The general theory of §2 gives local solutions. We claim that the solutions

here exist for all ¢t € I. This follows from the discussion after the proof of
Theorem 2.1, together with the following estimate on the solution to (5.1).

Proposition 5.1. If ||A(t)|| < M for t € I, then the solution to (5.1)
satisfies

(5-2) ly@)] < e ]lyo]|.

It suffices to prove this for ¢ > 0. Then z(t) = e~ Mty(t) satisfies
(5.3) 2 =C(t)z, =z(0)=uyo,
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with C(t) = A(t) — M. Hence C(t) satisfies
(5.4) Re (C(t)u,u) <0, for all u e C".

Thus (5.2) is a consequence of the following energy estimate, which is of
independent interest.

Proposition 5.2. If z solves (5.3) and if (5.4) holds for C(t), then
2@ < [[z(0)[], for ¢ > 0.

Proof. We have

L = (2(6),2(0)) + (=00, £ (1)
(5:5) — 2 Re (C(1)z(1), (1))
<0

Thus we have global existence for (5.1). There is a matrix-valued function
S(t, s) such that the unique solution to (5.1) satisfies

(5.6) y(t) = S(t, s)y(s).
Using this solution operator, we can treat the nonhomogeneous equation
(5.7) y' = Aty +b(), y(0) =y

Indeed, direct calculation yields

(5.8) y(t) = S(t,0)yo + /0 S(t, s)b(s) ds.

This identity is known as Duhamel’s principle.
Next we prove an identity that might be called the “noncommutative
fundamental theorem of calculus.”

Proposition 5.3. If A(t) is a continuous matrix function and S(t,0) is
defined as above, then

(5.9) S(t,0) = lim e®/MA(n=1t/n) . (t/n)A0)

n—oo

where there are n factors on the right.

Proof. To prove this at ¢t = T, divide the interval [0, T into n equal parts.
Set y = S(t,0)yo, and define z,(t) by 2z,(0) = yo and

(5.10) 2, = A(jT/n)z,, for te (jT/n,(j+1)T/n),

requiring continuity across each endpoint of these intervals. We see that

(5.11) 2 = A(t)z, + Ry(t),
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with

(5.12) IR ()] < nllzn(®)|l, 0n — 0 asn — oo.

Meanwhile we see that ||z, (t)]] < Crllyo| on [0,T]. We want to compare
zn(t) and y(t). We have

% en —4) = AW)n — 1)+ Ral0); 20(0) ~ 5(0) =0,

Hence Duhamel’s principle gives

(5.13)

t
(5.14) zn(t) —y(t) = / S(t,s)Ry(s) ds,
0
and since we have an a priori bound ||S(t, s)|| < K for |s|, |t| < T, we get
(5.15) lzn(t) —y(®)|| < KTCrén|lyoll — 0 as n — oo, |t| <T.

In particular, z,(T) — y(T') as n — oo. Since z,(T') is given by the right
side of (5.9) with ¢ = T, this proves (5.9).

Exercises

1. Let A(t) and X (t) be n x n matrices satisfying
dxX

= A(t)X.
i (t)
We form the Wronskian W (t) = det X (¢). Show that W satisfies the ODE
% — o)W, a(t) = Tr A(t),

(Hint: Use Exercise 2 of §1 to write dW/dt = Tr(Cof(X)'dX/dt), and use
Cramer’s formula, (det X)X~ = Cof(X)*. Alternative: Write X (t + h) =
"4 X (t) 4 O(h?) and use Exercise 3 of §4 to write det ") = ") hence
W(t+ h) = DWW () + 0(h?).)

2. Let u(t) = ||ly(t)||?, for a solution y to (5.1). Show that

(5.16) u < M(t)u(t),

provided [|A(t)|| < M(t)/2. Such a differential inequality implies the integral
inequality

(5.17) u(t) < A+ /t M(s)u(s) ds, t >0,

with A = u(0). The following is a Gronwall inequality; namely, if (5.17) holds
for a real-valued function u, then provided M(s) > 0, we have, for ¢ > 0,

(5.18) u(t) < AN N(t) = / tM(s) ds.

Prove this. Note that the quantity dominating w(t) in (5.18) is equal to U,
solving U(0) = A, dU/dt = M (t)U ().
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3. Generalize the Gronwall inequality of Exercise 2 as follows. Assume F'(¢,u)
and 0, F(t,u) are continuous, let U be a real-valued solution to

(5.19) U' =F(tU), U(@)=A,

and let u satisfy the integral inequality
¢
(5.20) u(t) < A+/ F(s,u(s)) ds.
0
Then prove that

(5.21) u(t) <U(t), fort >0,

provided OF/Ou > 0. Show that this continues to hold if we replace (5.19) by
t
(5.19a) Uit)y>A —|—/ F(s,U(s)) ds.
0

(Hint: Set v =u — U. Then (5.19a) and (5.20) imply

1w)gATF@w@»—F@¢ugﬂd&:AUw@w@)¢,

where
M(s) = ./0.1 F, (s, Tu(s) + (1 — T)U(S)) dr.

Thus (5.17) applies, with A =0.)

4. Let z(t) be a smooth curve in R®; assume it is parameterized by arc length,
so T(t) = 2'(t) has unit length; T'(¢) - T(t) = 1. Differentiating, we have
T'(t) LT(t). The curvature is defined to be x(t) = |[|T"(t)||. If x(t) # 0, we
set N(t) =T'/||T'|, so

T = kN,
and N is a unit vector orthogonal to T. We define B(t) by
(5.22) B=TxN.
Note that (T, N, B) form an orthonormal basis of R® for each ¢, and
(5.23) T=NxB, N=BxT.

By (5.22) we have B’ = T' x N’. Deduce that B’ is orthogonal to both T" and
B, hence parallel to N. We set

B = —7N,

for smooth 7(t), called the torsion.
5. From N’ = B’ x T + B x T’ and the formulas for 7’ and B’ given in Exercise
4, deduce the following system, called the Frenet-Serret formula:
T = kN
(5.24) N = sl 4B
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Form the 3 x 3 matrix

0 —x O
(5.25) At)=|x 0 —7],
0 7 0

and deduce that the 3 x 3 matrix F(¢) whose columns are T, N, B,
F=(T,N,B),
satisfies the ODE
F' = FA(t).

6. Derive the following converse to the Frenet-Serret formula. Let T'(0), N(0),
and B(0) be an orthonormal set in R®, such that B(0) = T(0) x N(0); let (t)
and 7(t) be given smooth functions; and solve the system (5.24). Show that
there is a unique curve z(t) such that x(0) = 0 and T'(¢), N(t), and B(t) are
associated to z(t) by the construction in Exercise 4, so in particular the curve
has curvature (t) and torsion 7(t).

(Hint: To prove that (5.22) and (5.23) hold for all ¢, consider the next exercise.)

7. Let A(t) be a smooth, n x n real matrix function that is skew-adjoint for all ¢
(of which (5.25) is an example). Suppose F'(¢) is a real n X n matrix function
satisfying

F' = F A(t).

If F(0) is an orthogonal matrix, show that F'(¢) is orthogonal for all ¢.
(Hint: Set J(t) = F(t)"F(t). Show that J(¢) and Jo(t) = I both solve the
initial-value problem

J =[J,A®)], J(0O)=1)

8. Let Uy =T, Uz = N and Us = B, and set w(t) = 7T + kB. Show that (5.24)
is equivalent to U} =w x U;, 1 < j < 3.

9. Suppose 7 and k are constant. Show that w is constant, so T'(t) satisfies the
constant-coefficient ODE

T'(t) = w x T(t).

Note that w - T'(0) = 7. Show that after a translation and rotation, z(t) takes
the form

~(t) = ()\721'6 cos At, \ 2k sin At, )\717'75), A =kr?+ 72

6. Dependence of solutions on initial data and on other
parameters

We consider how a solution to an ODE depends on the initial conditions.
Consider a nonlinear system

(6.1) Yy =F(y), y0) ==
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As noted in §2, we can consider an autonomous system, such as (6.1),
without loss of generality. Suppose F': U — R" is smooth, U C R™ open;
for simplicity we assume U is convex. Say y = y(t,x). We want to examine
smoothness in z.

Note that formally differentiating (6.1) with respect to = suggests that
W = D,y(t, z) satisfies an ODE called the linearization of (6.1):

(6.2) W' = DF(y)W, W(0)=1I.

In other words, w(t,x) = D,y(t, x)w, satisfies

(6.3) w' = DF(y)w, w(0) = wy.

To justify this, we want to compare w(t) and

(6.4) 2(t) = y1(t) —y(t) = y(t, z + wo) — y(t, x).

It would be convenient to show that z satisfies an ODE similar to (6.3).
Indeed, z(t) satisfies

(6.5) 2= F(y) — F(y) = ®(y1,9)2,  2(0) = wo,
where
(6.6) D(y1,y) = /0 DF(ty1 + (1 = 7)y) dr.

If we assume that
(6.7) IDF(uw)|| < M, foruelU,

then the solution operator S(¢,0) of the linear ODE d/dt — B(t), with
B(y) = ®(y1(t),y(t)), satisfies a bound ||S(¢,0)|| < ™ as long as y(t)
and y1(t) belong to U. Hence

(6.8) ly1 (t) = y()I| < el Jaw].

This establishes that y(¢, x) is Lipschitz in .
To continue, since ®(y,y) = DF(y), we rewrite (6.5) as

(6.9) 2 =®(y+z,9)z=DF(y)z+ R(y,2), w(0) = wo,
where

(6.10) FeCY(U) = [R(y.2)ll = o(|l=])) = o([[wol])-

Now comparing (6.9) with (6.3), we have

(6.11) %(z —w) = DF(y)(z —w) + R(y, %), (= —w)(0) = 0.

Then Duhamel’s principle yields

(6.12) z(t) —w(t) = /0 S(t, s)R(y(s), 2(s)) ds,
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so by the bound ||S(t,s)|| < el*=*I™ and (6.10), we have
(6.13) 2(t) —w(t) = o([lwol])-

This is precisely what is required to show that y(t, x) is differentiable with
respect to xz, with derivative W = D,y(t, z) satisfying (6.2). We state our
first result.

Proposition 6.1. If F € C'(U), and if solutions to (6.1) exist for t €
(—To,Ty), then for each sucht, y(t,x) is C' in x, with derivative D, y(t, z) =
W (t,z) satisfying (6.2).

So far we have shown that y(t, z) is both Lipschitz and differentiable in
x, but the continuity of W (¢, z) in x follows easily by comparing the ODEs
of the form (6.2) for W (t,x) and W (¢, z 4+ wy), in the spirit of the analysis
of (6.11).

If F possesses further smoothness, we can obtain higher differentiability
of y(t,x) in = by the following trick. Couple (6.1) and (6.2), to get an ODE
for (y, W):

!
=F
(6.14) Y (v),
W' = DF(y)W,
with initial conditions
(6.15) y(0) =z, W(0)=1.

We can reiterate the preceeding argument, getting results on D, (y, W),

that is, on D2y(t,x), and continue, proving:

Proposition 6.2. If F € C*(U), then y(t,z) is C* in .

Similarly, we can consider dependence of the solution to a system of the
form

d

dit/ =F(ry), y(0)==
on a parameter 7, assuming F' is smooth jointly in 7,y. This result can be
deduced from the previous one by the following trick: Consider the ODE

(6.17) y' =F(z,y), 2 =0; y(0) ==z 2(0)=r

(6.16)

Thus we get smoothness of y(¢,7,x) in (7,2). As one special case, let
F(r,y) = 7F(y). In this case y(to, 7, x) = y(7to, 1, ), so we can improve
the conclusion of Proposition 6.2 to the following:

(6.18) F € CHU) = y € C* jointly in (¢, ).

It is also true that if F' is analytic, then one has the analytic dependence
of solutions on parameters, especially on ¢, so that power-series techniques
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work in that case. One approach to the proof of this is given in the exercises
below, and another at the end of §9.

Exercises

1. Let Q be open in R?", identified with C", via z = = + iy. Let X : Q — R?"
have components X = (a1,...,an,b1,...,b,), where a;(z,y) and b;(z,y) are
real-valued. Denote the solution to du/dt = X(u),u(0) = z by u(t, 2).
Assume f;(z) = a;(z) + ibj(z) is holomorphic in z, that is, its derivative
commutes with J, acting on R?* = C* as multiplication by i. Show that, for
each t, u(t, z) is holomorphic in z, that is, D,u(t, z) commutes with J.
(Hint: Use the linearized equation (6.2) to show that K (¢) = [W(t), J] satis-
fies the ODE

K'=DX(2)K, K(0)=0.)

2. If O C R™ is open and F : O — R" is real analytic, show that the solution
y(t, x) to (6.1) is real analytic in z.
(Hint: With F = (ai,...,an), take holomorphic extensions f;(z) of a;(z)
and use Exercise 1.)
Using the trick leading to (6.18), show that y(¢, ) is real analytic jointly in
(t, ).

In the next set of problems, consider a linear ODE of the form

(6.19) A(x)% =B(z)u, 0<z<1,

where we assume that the n X n matrix functions A and B have holomorphic
extensions to A = {z € C : |z| < 1}, such that det A(z) = 0 at z =
0, but at no other point of A. We say z = 0 is a singular point. Let
u1(z),...,un(z) be n linearly independent solutions to (6.19), obtained, for
example, by specifying v at z = 1/2.

3. Show that each u; has a unique holomorphic extension to the universal cov-
ering surface M of A\ 0, and show that there are c¢;j; € C such that

u;(e™x) = Z ¢k up(z), 0<z <L
k
4. Suppose the matrix C = (c;) is diagonalizable, with eigenvalues A\, € C, 1 <
£ < n. Show that there is a basis of solutions vy to (6.19) such that
vg(ezﬂix) = X ve(2),
and hence, picking oy € C such that e>™¢ = ),
ve(z) = z%we(x);  we holomorphic on A\ 0.

5. Suppose ||A(z) 7' B(z)|| < K|z|7'. Show that ||ve(2)] < Clz|~*. Deduce
that each we(z) has at most a pole at z = 0; hence, shifting oy by an integer,
we can assume that wg is holomorphic on A. (Hint: Recall the statement of
Gronwall’s inequality, in Exercises 2 and 3 of §5.)
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6. Suppose that instead of C' being diagonalizable, it has the Jordan normal

form
Al
0 A
(in case n = 2). What can you say? Generalize.

7. If a(z) and b(z) are holomorphic on A, convert

2. n

z*u’ (x) + za(z)u'(z) + b(z)u(z) =0
to a first-order system to which Exercises 3-6 apply. (Hint. Take v = xu’

rather than v = u'.)

The next set of exercises deals with certain small perturbations of the system
T = —y, y = x, whose solution curves are circles centered at the origin.
8. Let © = z(t), y = ye(t) solve
i‘:—y+5($2+y2), y:l',

with initial data z(0) = 1, y(0) = 0. Knowing smooth dependence on ¢, find
ODEs for the coefficients z;(t), y;(t) in power-series expansions

w(t) = zo(t) + ez (t) + %w2(t) + -+, y(t) = yo(t) +eya(t) +y2(t) + -

9. Making use of the substitution {(t) = —z(—t), n(t) = y(—t), show that, for
fixed initial data and e sufficiently small, the orbits of the ODE in Exercise
8 are periodic.
10. Show that, for £ small, the period of the orbit in Exercise 8 is a smooth
function of e. Compute the first three terms in its power-series expansion.

7. Flows and vector fields

Let U C R”™ be open. A vector field on U is a smooth map
(7.1) X:U—R™
Consider the corresponding ODE:

(7.2) v =X(y), y(0)=uz,

with © € U. A curve y(t) solving (7.2) is called an integral curve of the
vector field X. It is also called an orbit. For fixed t, write

(7.3) y=y(t,z) = Fx(2).

The locally defined F%, mapping (a subdomain of) U to U, is called the
flow generated by the vector field X.

The vector field X defines a differential operator on scalar functions, as
follows:

(8 Lxi@) = [ - @) = S ],y
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We also use the common notation
(7.5) Lxf(z)=Xf,

that is, we apply X to f as a first-order differential operator.
Note that if we apply the chain rule to (7.4) and use (7.2), we have

(7.6) Lxf(@) = X(2)- V@) =Y %(z)(,fjj,

if X =" aj(x)e;, with {e;} the standard basis of R™. In particular, using
the notation (7.5), we have

(7.7 a;(z) = Xaj.
In the notation (7.5),
0

We note that X is a derivation, that is, a map on C*°(U), linear over R,
satisfying

(7.9) X(fg9) = (Xf)g + f(Xg).

Conversely, any derivation on C°°(U) defines a vector field, namely, has
the form (7.8), as we now show.

Proposition 7.1. If X is a derivation on C*>°(U), then X has the form

(7.8).

Proof. Set aj(z) = Xx;, X# =3 a;(x)0/0x;, and Y = X — X#. Then
Y is a derivation satisfying Y'z; = 0 for each j; we aim to show that Y f = 0
for all f. Note that whenever Y is a derivation,

1'1=1=Y-1=2Y-1=Y-1=0,

that is, Y annihilates constants. Thus, in this case Y annihilates all poly-
nomials of degree < 1.

Now we show that Y f(p) = 0 for all p € U. Without loss of generality,
we can suppose p = 0, the origin. Then, by (1.8), we can take b;(z) =
fol(ajf)(t:c) dt, and write

f(x) = f(0) + ) bj(x)a;.

It immediately follows that Y f vanishes at 0, so the proposition is proved.

If U is a manifold, it is natural to regard a vector field X as a section
of the tangent bundle of U, as explained in Appendix B. Of course, the
characterization given in Proposition 7.1 makes good invariant sense on a
manifold.
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A fundamental fact about vector fields is that they can be “straightened
out” near points where they do not vanish. To see this, suppose a smooth
vector field X is given on U such that, for a certain p € U, X(p) # 0.
Then near p there is a hypersurface M that is nowhere tangent to X. We
can choose coordinates near p so that p is the origin and M is given by
{x, = 0}. Thus, we can identify a point 2’ € R"~! near the origin with
2’ € M. We can define a map

(7.10) F: M x (—tg, tg) — U
by
(7.11) F(a' t) = Fi(z").

This is C*° and has surjective derivative and so by the inverse function
theorem is a local diffeomorphism. This defines a new coordinate system
near p, in which the flow generated by X has the form

(7.12) Fi(@' t) = (2t + s).

If we denote the new coordinates by (u1,...,u,), we see that the following
result is established.

Theorem 7.2. If X is a smooth vector field on U with X (p) # 0, then
there exists a coordinate system (u1,...,uy) centered at p (so u;j(p) = 0)
with respect to which

0

(7.13) X

We now make some elementary comments on vector fields in the plane.
Here the object is to find the integral curves of

(7.14) o) + 9(00) 5

that is, to solve
(7.15) o' = f(z,y), v =g(@y).
This implies

or, written in differential-form notation (which will be discussed more thor-
oughly in §13),

(7.17) g(z,y)dz — f(z,y)dy = 0.

Suppose we manage to find an explicit solution to (7.16):

(7.18) y=o(x), ==19().
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Often it is not feasible to do so, but ODE texts frequently give methods
for doing so in some cases. Then the original system becomes

(7.19) o' = f(z,0(x)), ¥ =g0(),y).

In other words, we have reduced ourselves to integrating vector fields on
the line. We have

/ [, o(@))] dz =t +Cy,
(7.20)

/[g(lb(y), y)] " dy = t+ Co.

If (7.18) can be explicitly achieved, it may be that one integral or the other
in (7.20) is easier to evaluate. With either = or y solved as a function of ¢,
the other is determined by (7.18).

One case when the planar vector field can be integrated explicitly (lo-
cally) is when there is a smooth u, with nonvanishing gradient, explicitly
given, such that

(7.21) Xu=0,

where X is the vector field (7.14). One says u is a conserved quantity.
In such a case, let w be any smooth function such that (u,w) form a local
coordinate system. In this coordinate system,

(7.22) X = b(ww)%

by (7.7), so

(7.23) Xv =1,

with

(7.24) v(u,w) = /w b(u,s)"! ds,

and the local coordinate system (u,v) linearizes X.

Exercises

1. Suppose h(z,y) is homogeneous of degree 0, that is, h(rz,ry) = h(x,y), so
h(z,y) = k(z/y). Show that the ODE

dy
= = h(a,
7 = @)
is changed to a separable ODE for u = u(x), if u = y/z.
2. Using Exercise 1, discuss constructing the integral curves of a vector field

0 0
X = f(%y)% +g(ﬂr,y)afy
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when f(z,y) and g(z,y) are homogeneous of degree a, that is,
flrz,ry) =r"* f(z,y) forr >0,

and similarly for g.
3. Describe the integral curves of

0 0
2 2

(@ +y7) 5 vy,
4. Describe the integral curves of

0 0
A —+B —
(z,y) 5+ Blz,y) By
when A(z,y) = a1z + a2y + as, B(z,y) = bix + bay + bs.

5. Let X = f(z,y)(0/0z) + g(z,4)(d/dy) be a vector field on a disc Q C R2.
Suppose that div X = 0, that is, df/0z 4+ 0g/0y = 0. Show that a function
u(z,y) such that

ou ou
8717 =9, 87/ =—f
is given by a line integral. Show that Xu = 0, and hence integrate X.
Reconsider this problem after reading §13.
6. Find the integral curves of the vector field

0 0
X =(2 241 = 21—y =,
(wy+y+)6x+(ff:+ y)ay
7. Show that
div(e"X) = e”(div X + Xv).

Hence, if X is a vector field on  C R?, as in Exercise 5, show that you can

integrate X if you can construct a function v(z,y) such that Xv = —div X.
Construct such v if either
div X div X
= ¢z =P(y)-
f@,y) (=) 9(z,y) W)

For now, we define div X = 0X1/0z1 + -+ - + 80X, /0zy. See Chapter 2, §2,
for another definition.
8. Find the integral curves of the vector field

0 0
X = Zmy% + (2® +y° — l)a—y

Let X be a vector field on R™, with a critical point at 0, that is, X (0) = 0.
Suppose that for x € R™ near 0,

(7.25) X(z) = Az +R(z), |R()l|=O(«l?),

where A is an n X n matrix. We call Az the linearization of X at 0.
9. Suppose all the eigenvalues of A have negative real part. Construct a qua-

dratic polynomial @ : R" — [0, 00), such that Q(0) = 0, (OQQ/axjaxk) is

positive-definite, and for any integral curve z(t) of X as in (7.25),

%Q(m(t)) <0 ift>0,
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provided z(0) = zo(# 0) is close enough to 0. Deduce that for small enough
C, if ||zo|] < C, then z(t) exists for all ¢ > 0 and z(y) — 0 as t — oo.
(Hint: Take Q(z) = (x, z), using Exercise 10 below.)

10. Let A be an n x n matrix, all of whose eigenvalues \; have negative real part.
Show that there exists a Hermitian inner product (,) on C" such that Re
(Au,u) < 0 for nonzero u € C". (Hint: Put A in Jordan normal form, but

with es instead of 1s above the diagonal, where ¢ is small compared with
\Re /\J|)

8. Lie brackets

If F:V — W is a diffeomorphism between two open domains in R"™, or
between two smooth manifolds, and Y is a vector field on W, we define a
vector field FxY on V so that

(8.1) f}#Y:FflofffoF,
or equivalently, by the chain rule,
(8.2) F4Y () = (DF ') (F(z))Y (F(2)).
In particular, if U C R™ is open and X is a vector field on U defining a flow
F*, then for a vector field Y, FLY is defined on most of U, for [¢| small,
and we can define the Lie derivative,

d

: —1(rh t
(8.3) LxY =lim h™H(FRY —Y) = 2 FpY|,
as a vector field on U.
Another natural construction is the operator-theoretic bracket:

(8.4) (X, Y]=XY -YX,
where the vector fields X and Y are regarded as first-order differential
operators on C*°(U). One verifies that (8.4) defines a derivation on C*°(U),
hence a vector field on U. The basic elementary fact about the Lie bracket
is the following.

Theorem 8.1. If X and Y are smooth vector fields, then
(8.5) LxY =[X)Y].

Proof. Let us first verify the identity in the special case

0 0

Then FLY = > bj(x +ter) d/0x;, so LxY = > (9b;/dx1) /D, and a
straightforward calculation shows that this is also the formula for [X, Y],
in this case.
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Now we verify (8.5) in general, at any point g € U. First, if X is
nonvanishing at xg, we can choose a local coordinate system so the example
above gives the identity. By continuity, we get the identity (8.5) on the
closure of the set of points z(, where X(zg) # 0. Finally, if z¢ has a
neighborhood where X = 0, clearly £LxY = 0 and [X,Y] = 0 at . This
completes the proof.

Corollary 8.2. If X and Y are smooth vector fields on U, then
d

(8.6) =

FryY = FxylX,Y],

for all t.

Proof. Since locally Fi'* = F5 F%, we have the same identity for .7:?7;,
which yields (8.6) upon taking the s-derivative.

We make some further comments about cases when one can explicitly
integrate a vector field X in the plane, exploiting “symmetries” that may
be apparent. In fact, suppose one has in hand a vector field Y such that

(8.7) [X,Y] =0.

By (8.6), this implies Ft 4 X = X for all ¢; this connection will be pursued
further in the next section. Suppose that one has an explicit hold on the
flow generated by Y, so one can produce explicit local coordinates (u,v)
with respect to which

0
Y = .

ou
In this coordinate system, write X = a(u,v)d/0u + b(u,v)d/0v. The con-
dition (8.7) implies da/0u = 0 = 9b/du, so in fact we have

(8.8)

0 9]
(8.9) X = a(v)% + b(v)av.
Integral curves of (8.9) satisfy
(8.10) v =av), v =b)
and can be found explicitly in terms of integrals; one has
(8.11) /b(v)_l dv=t+C4
and then

(8.12) u= /a(v(t)) dt + Cs.

More generally than (8.7), we can suppose that, for some constant c,

(8.13) [X,Y] = cX,
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which by (8.6) is the same as

(8.14) FyuX =e X,
An example would be
0 0

8.15 X = = Ly) —,

(8.15) f@y) 5 +9(@y) By
where f and g satisfy “homogeneity” conditions of the form

(8.16) from,rby) =" f(a,y),  g(ria,r’y) = r"g(z,y),
for r > 0; in such a case one can take explicitly

(8.17) Fy(z,y) = (e®z,ey).

Now, if one again has (8.8) in a local coordinate system (u, v), then X must
have the form

0 0
1 X =e™ — +b(v)—
(5.18) e [a(0) 5+ b(o) o],
which can be explicitly integrated, since
d
(8.19) u = e a(v), v = eb(v) = d—z = Z((Z))

The hypothesis (8.13) implies that the linear span (over R) of X and Y
is a two-dimensional, solvable Lie algebra. Sophus Lie devoted a good deal
of effort to examining when one could use constructions of solvable Lie al-
gebras of vector fields to integrate vector fields explicitly; his investigations
led to his foundation of what is now called the theory of Lie groups.

Exercises

1. Verify that the bracket (8.4) satisfies the “Jacobi identity”
(X, [V, Z]] - [V, [X, Z]] = [[X, Y], Z],
ie.,
[Lx,Ly]Z = Lix v Z.
2. Find the integral curves of

0

0
X:($+y2)f+y8fy

Oz
using (8.16).

3. Find the integral curves of

_ 2 5 2 2 2 4&
Xf(xy+y)am+(:r +zy +y)ay-
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9. Commuting flows; Frobenius’s theorem
Let G : U — V be a diffeomorphism. Recall from §8 the action on vector
fields:
(9-1) G4Y(2) = DG(y)~'Y(y), y=Gla).

As noted there, an alternative characterization of G4Y is given in terms
of the flow it generates. One has

(9.2) FyoG=GoFg,y.
The proof of this is a direct consequence of the chain rule. As a special
case, we have the following

Proposition 9.1. If GxY =Y, then Fl, o G = G o Fi.

From this, we derive the following condition for a pair of flows to com-
mute. Let X and Y be vector fields on U.

Proposition 9.2. If X and Y commute as differential operators, that is,
(9.3) X, Y] =0,

then locally F5 and Fi{ commute; in other words, for any py € U, there
exists a § > 0 such that for |s|, |t| <4,

(9.4) F5xFipo = Fyv-Fipo.

Proof. By Proposition 9.1, it suffices to show that FxyY =Y. This
clearly holds at s = 0. But by (8.6), we have
d
ds
which vanishes if (9.3) holds. This finishes the proof.

FxpY = FxulX, Y],

We have stated that given (9.3), the identity (9.4) holds locally. If the
flows generated by X and Y are not complete, this can break down globally.
For example, consider X = 9/dx1, Y = 0/0z2 on R?, which satisfy (9.3)
and generate commuting flows. These vector fields lift to vector fields on
the universal covering surface M of R2 \ (0,0), which continue to satisfy
(9.3). The flows on M do not commute globally. This phenomenon does
not arise, for example, for vector fields on a compact manifold.

We now consider when a family of vector fields has a multidimensional
integral manifold. Suppose X1, ..., X} are smooth vector fields on U which
are linearly independent at each point of a k-dimensional surface ¥ C U. If
each X is tangent to ¥ at each point, ¥ is said to be an integral manifold
of ()(17 cee ,Xk).



42

Proposition 9.3. Suppose Xi,..., Xy are linearly independent at each
point of U and [X;, X,;] = 0 for all j,£. Then, for each x¢ € U, there is a
k-dimensional integral manifold of (X, ..., X}) containing xg.

Proof. We define a map F : V — U, V a neighborhood of 0 in R*, by
(9.5) F(ty,... tg) = Fy, - Fs xo.

Clearly, (90/0t1)F = X1(F). Similarly, since .7:;(1 all commute, we can put

any .7-')?] first and get (9/0t;)F = X;(F'). This shows that the image of V
under F'is an integral manifold containing zg.

We now derive a more general condition guaranteeing the existence of
integral submanifolds. This important result is due to Frobenius. We say
(Xq,...,Xk) is involutive provided that, for each j, ¢, there are smooth
bit(x) such that

k
(9.6) (X5, Xe) = D bl () X
m=1
The following is Frobenius’s theorem.

Theorem 9.4. If (X;,...,Xy) are C* vector fields on U, linearly in-
dependent at each point, and the involutivity condition (9.6) holds, then

through each x there is, locally, a unique integral manifold ¥, of dimension
k.

We will give two proofs of this result. First, let us restate the conclusion

as follows. There exist local coordinates (y1,...,¥yn) centered at o such
that
0 0
9.7 span (X1, ..., Xg) = s (——)
(9.7 span (X k) = span o0 i

First proof. The result is clear for £ = 1. We will use induction on
k. So let the set of vector fields Xi,..., X1 be linearly independent
at each point and involutive. Choose a local coordinate system so that
Xk+1 = 8/8u1 Now let

0 : 9
(9.8) Yy = Xj = (Gu) o= for 1<j <k Yir = 5o
Since in (uy, ..., uy,) coordinates, no Yi, ..., Y} involves 9/0uy, neither does

any Lie bracket, so

[Yj,Ye] € span (Yy,...,Yk), Jj,l<k.
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Thus (Y3, ...,Y}) is involutive. The induction hypothesis implies that there
exist local coordinates (y1,...,yy) such that

0 0
span (Y3,...,Y,) = span (a—yl,,a—yk)

Now let

k

0 0
(9.9) Z=Yp41— Z(Yk+1yz) I Z(Yk+1y€) e

=1 C sk

Since, in the (uy, ..., u,) coordinates, Y7,...,Y) do not involve 9/0u;, we
have

[Yit1,Y;] € span (Y7,...,Y%).

Thus [Z,Y;] € span (Y1, ...,Y}) for j <k, while (9.9) implies that [Z, 0/0y;]
belongs to the span of (0/0yk+1,...,0/0yy), for j < k. Thus we have
0

Z, —} —0, j<k
|: 8yj

Proposition 9.3 implies span (0/dy1, . . ., 0/0yx, Z) has an integral manifold
through each point, and since this span is equal to the span of X1,..., Xit1,
the first proof is complete.

Second proof. Let Xi,..., X be C* vector fields, linearly independent
at each point and satisfying the condition (9.6). Choose an (n — k)-
dimensional surface @ C U, transverse to Xi,...,X;. For V a neigh-
borhood of the origin in R*, define ® : V x O — U by

(9.10) O(tr,. .., th,x) = FY, - Fg .

We claim that, for x fixed, the image of V in U is a k-dimensional surface
tangent to each X, at each point of X. Note that since ®(0, ...,¢;,...,0,z)
= ]—";"jx, we have

(9.11) —— @(0,...,0,2) = X;(z), z€0.

To establish the claim, it suffices to show that f}f(j#Xg is a linear com-
bination with coefficients in C*°(U) of X1,...,X). This is accomplished
by the following:

Lemma 9.5. Suppose [Y,X;] = >, X\ju(z)X,, with smooth coefficients
Aje(z). Then ff,#Xj is a linear combination of X1,..., X}, with coeffi-
cients in C*°(U).
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Proof. Denote by A the matrix (\;¢), and let A(t) = A(t,z) = (Nje(Fix)).
Now let A(t) = A(t, z) be the unique solution to the ODE

(9.12) A'(t) = A(t)A(t), A(0)=1.
Write A = (o). We claim that
(9.13) ff/#Xj = Zaje(t,x)Xg.

¢

This formula will prove the lemma. Indeed, we have
d t
dat (Fy )X = (Fy)xlY, Xj]
= (FP) Y NjeXe
¢
=D (oo Fy)(FypXo).
¢
Uniqueness of the solution to (9.12) gives (9.13), and we are done.

This completes the second proof of Frobenius’s theorem.

Exercises
1. Let Q be open in R?", identified with C" via z = = + iy. Let
7] 3]

be a vector field on Q, where a;(z,y) and bj(z,y) are real-valued. Form
fi(z) = a;j(2) +ibj(z). Consider the vector field
0 0
Y=JX= EJ: {—bj(%y) oz, +a;(z,y) (Tyj
Show that X and Y commute, that is, [X,Y] = 0, provided f(z) is holomor-
phic, namely if the Cauchy-Riemann equations hold:

Oa; _ 0b; Doy Oby

axk - 8yk’ ayk 871:;@
2. Assuming f;(z) = a;(z) + ib;(z) are holomorphic, show that, for z € Q,
2(t,s) = FxFyz

satisfies 0z/0s = J9z/0t, and hence that z(t, s) is holomorphic in ¢ + is.

3. Suppose a;(z) are real analytic (and real-valued) on O C R". Let X =
> a;(z)8/0z;. Show that, for x € O, x(t) = Fxz is real analytic in ¢ (for ¢
near 0), by applying Exercises 1 and 2.

Compare the proof of this indicated in Exercise 2 of §6.
4. Discuss the uniqueness of integral manifolds arising in Theorem 9.4.
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5. Let A; be smooth m x m matrix-valued functions on O C R". Suppose
the operators L; = 8/dz; + Aj(x), acting on functions with values in R™, all
commute, 1 < j < n. If p € O, show that there is a solution in a neighborhood
of p to

Lju=0, 1<j<mn,

with u(p) € R™ prescribed.

10. Hamiltonian systems

Hamiltonian systems arise from classical mechanics.  As a most basic
example, consider the equations of motion that arise from Newton’s law
F' = ma, where the force F is given by

(10.1) F = — grad V(z),
with V the potential energy. We get the ODE
d*z ov

10.2 — ==

(102) " Oz
We can convert this into a first-order system for (x, &), where

dz
10.3 =m—
(10.3) E=m%

is the momentum. We have

de ¢ de 9V
(10.4) E - E’ E _— %.

Now consider the total energy

1
10.5 = — ¢+ V().
(10.5) [, = 5 P + V(@)

Note that df/0¢ = &/m and 0f/0x = OV /Ox. Thus (10.4) is of the form
di; _0f d& _ of

dt o 8§j’ dt aZL'j.

Hence we’re looking for the integral curves of the vector field

C&(af 0 of O
(10.7) H =Y [a@@ - @(ng]

(10.6)

Jj=1

For smooth f(z,¢), we call Hy, defined by (10.7), a Hamiltonian vector
field. Note that, directly from (10.7),

(10.8) Hsf =0.
A useful notation is the Poisson bracket, defined by
(10.9) {f.9} = Hyg.
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One verifies directly from (10.7) that

generalizing (10.8). Also, a routine calculation verifies that
(10.11) [H¢, Hy =Hp g

As noted at the end of §7, if X is a vector field in the plane and we
explicitly have a function u with nonvanishing gradient such that Xu =
0, then X can be explicitly integrated. These comments apply to X =
Hy, w= f, when Hy is a planar Hamiltonian vector field. We can rephrase
this description as follows. If z € R, £ € R, then integral curves of

of of

r _YJ r_ YY)
(10.12) r = €’ 13 o

lie on a level set

(10.13) f(z, &) =E.

Suppose that locally this set is described by

(10.14) =) or £&=1y(x).
Then we have one of the following ODEs:

(10.15) o' = fe(z,¥(z)) or & =—fu(p(€),8),
and hence we have

(10.16) /f& (x,w(m))‘lda: =t+C
or

(10.17) - [ £:et€1.9 de =t

Thus, solving (10.12) is reduced to a quadrature, that is, a calculation of
an explicit integral, (10.16) or (10.17).

If the planar Hamiltonian vector field H arises from describing motion
in a force field on a line, via Newton’s laws given in (10.2), so that

1
10.1 — g2
(10.18) f@,6) = 5 €+ V(@)
then the second curve in (10.14) is
(10.19) ¢ = +[(2m)(E - V(@))%
and the formula (10.16) becomes

(10.20) ﬁ:(%)l/z/[}f —V(@)] Pz =t+C,

defining x implicitly as a function of ¢.
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In some cases, the integral in (10.20) can be evaluated by elementary
means. This includes the trivial case of a constant force, where V(z) = cz,
and also the case of the “harmonic oscillator” or linearized spring, where
V(z) = cz?®. It also includes the case of the motion of a rocket in space,
along a line through the center of a planet, where V(x) = —K/|z|. This
gravitational attraction problem for motion in several-dimensional space
will be studied further in §§16 and 17. The case V(z) = —K cos z arises
in the analysis of the pendulum (see (12.38)). In that case, (10.20) is an
elliptic integral, rather than one that arises in first-year calculus.

For Hamiltonian vector fields in higher dimensions, more effort is required
to understand the resulting flows. The notion of complete integrability
provides a method of constructing explicit solutions in some cases, as will
be discussed in §§16 and 17.

Hamiltonian vector fields arise in the treatment of many problems in
addition to those derived from Newton’s laws in Cartesian coordinates. In
§11 we study the equations of geodesics and then show how they can be
transformed to Hamiltonian systems. In §12 this is seen to be a special case
of a broad class of variational problems, which lead to Hamiltonian systems,
and which also encompass classical mechanics. This variational approach
has many convenient features, such as allowing an easy formulation of the
equations of motion in arbitrary coordinate systems, a theme that will be
developed in a number of subsequent sections.

Exercises

1. Verify that [Hy, Hg] = H{fyg}.
2. Demonstrate that the Poisson bracket satisfies the Jacobi identity

(Hint: Use Exercise 1 above and Exercise 1 of §8.)

3. Identifying y and &, show that a planar vector field X = f(x,y)(9/0z) +
g(z,y)(9/0y) is Hamiltonian if and only if div X = 0.
Reconsider Exercise 5 in §7.

4. Show that

& 9@, =1{f.9)

on an orbit of Hy.
5. If X =3 X;(x)0/0x; is a vector field on U C R", associate to X a function
on U x R" = T*U:

(10.22) sx(x,8) = (X,&) =Y &X;(x).
Show that

(10.23) S[x,y] = {Sx,8v}.
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11. Geodesics

Here we define the concept of a geodesic on a region with a Riemannian

metric (more generally, a Riemannian manifold). A Riemannian met-
ric on © C R” is specified by g;i(x), where (g;x) is a positive-definite,
smooth, n x n matrix-valued function on Q. If U = Y u/(2)d/dz; and
V = > v(2)d/dx; are two vector fields on €2, their inner product is the
smooth scalar function

(111) <Ua V> = gjk(x) uj(x)vk(x)a

using the summation convention (i.e., summing over repeated indices). If
Q) is a manifold, a Riemannian metric is an inner product on each tangent
space T, given in local coordinates by (11.1). Thus, (g;x) gives rise to a
tensor field of type (0,2), that is, a section of the bundle ®27*Q.

If v(t), a <t <b, is a smooth curve on €2, its length is

b b
(112) L= [l = [ [saowmenio]

A curve 7 is said to be a geodesic if, for [t —t2| sufficiently small, ¢; € [a, b],
the curve y(t), t; <t < s, has the shortest length of all smooth curves in
Q from y(t1) to y(t2).

We derive the ODE for a geodesic. We start with the case where Q) has
the metric induced from a diffeomorphism 2 — S, S a hypersurface in
R"*!: we will identify  and S here. This short computation will serve as
a guide for the general case.

So let vo(t) be a smooth curve in S (a <t < b), joining p and ¢q. Suppose
vs(t) is a smooth family of such curves. We look for a condition guar-
anteeing that 7o(¢) has minimum length. Since the length of a curve is
independent of its parameterization, we may additionally suppose that

(11.3) 176()]| = co, constant, for a <t <b.

Let N denote a field of normal vectors to S. Note that

)
(11.4) V=57 LN.

Also, any vector field V' L N over the image of 7y can be obtained by some
variation 4 of g, provided V' = 0 at p and ¢. Recall that we are assuming
vs(a) = p, vs(b) = q. If L(s) denotes the length of s, we have

b
(11.5) L) = [ 1@l e,
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and hence

/H DIl 5 (402400 e

— 9 ! —
= j (% 'ys(t),ys(t)> dt, ats=0.

CO

(11.6)

Using the identity

(107 (2070 = (A0 + (w220,

together with the fundamental theorem of calculus, in view of the fact that

(11.8) %%(t) =0, att=a and b,
we have
b
(11.9) L'(s) = 1 (V(t),7)(t)) dt, at s=0.
co

Now, if vy were a geodesic, we would have
(11.10) L'(0) =0,

for all such variations. In other words, we must have vj(¢t) L V for all
vector fields V' tangent to S (and vanishing at p and q), and hence

(11.11) Y (t)||N.

This vanishing of the tangential curvature of -y is the usual geodesic equa-
tion for a hypersurface in R"*1.

We proceed to derive from (11.11) an ODE in standard form. Suppose
S is defined locally by u(z) = C, Vu # 0. Then (11.11) is equivalent to

(11.12) Wt = Ku(0(t)),
for a scalar K that remains to be determined. But the condition that
u(yo(t)) = C implies

Y(t) - Vu(yo(t)) = 0,

and differentiating this gives

(11.13) Y (t) - Vu(yo(t)) = = (t) - D*u(v0(t)) - v (t),

where D?u is the matrix of second-order partial derivatives of u. Comparing
(11.12) and (11.13) gives K, and we obtain the ODE

(11.14) (1) = =|Vulro®)| [ - D2u(r0(8)) - 26(8)] Tu(0(t))

for a geodesic g lying in S.
We now want to parallel (11.6)—(11.11), to provide the ODE for a ge-
odesic on  with a general Riemannian metric. As before, let v4(¢) be a
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one-parameter family of curves satisfying v4(a) = p, vs(b) = ¢, and (11.3).
Then

(11.15) V= %%(t)}s:o

is a vector field defined on the curve 7,(t), vanishing at p and ¢, and a
general vector field of this sort could be obtained by a variation 74(t). Let

(11.16) T =~,(t).
With the notation of (11.1), we have, parallel to (11.6),

b

L'(s) :/ V(T,T)Y? dt
(11.17) ¢
-1 bV(TT) dt, ats=0
- 260 . ] ) - Y.
Now we need a generalization of (0/0s)v.(t) and of the formula (11.7).
One natural approach involves the notion of a covariant derivative.

If X and Y are vector fields on 2, the covariant derivative VxY is a
vector field on 2. The following properties are to hold: We assume that
VxY is additive in both X and Y, that

(11.18) VixY = fVxY,
for f € C*>°(Q), and that
(11.19) Vx(fY)=fVxY +(Xf)Y

(i.e., Vx acts as a derivation). The operator Vx is required to have the
following relation to the Riemannian metric:

(11.20) XY, Z)=(VxY,Z)+{Y,VxZ).

One further property, called the “zero torsion condition,” will uniquely
specify V:

(11.21) VxY -VyX =[X,Y].

If these properties hold, one says that V is a “Levi-Civita connection.”
We have the following existence result.

Proposition 11.1. Associated with a Riemannian metric is a unique Levi-
Civita connection, given by

2AVXY,Z) =X{Y, Z) + Y(X,Z) — Z(X,Y)

(11.22)
+ <[X7 Y],Z> - <[X7 Z],Y) - <[Y7 Z]uX>'

Proof. To obtain the formula (11.22), cyclically permute X, Y, and Z in
(11.20) and take the appropriate alternating sum, using (11.21) to cancel
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out all terms involving V but two copies of (VxY,Z). This derives the
formula and establishes uniqueness. On the other hand, if (11.22) is taken
as the definition of V xY, then verification of the properties (11.18)—(11.21)
is a routine exercise.

We can resume our analysis of (11.17), which becomes
1 b
(11.23) L'(s) = 7/ (VyT,T) dt, ats=0.
Co Ja
Since 9/0s and 0/0t commute, we have [V,T] = 0 on 7y, and (11.21)
implies
1 b
(11.24) L(s) = ?/ (VoV.T) dt, at s —0.
0 Ja
The replacement for (11.7) is
(11.25) T(V.T) = (Vo V.T) + (V. VT),
so, by the fundamental theorem of calculus,

1 b
(11.26) L) = [ (v,v21) at
0 Ja

If this is to vanish for all smooth vector fields over ~g, vanishing at p and
q, we must have
(11.27) VT =0.

This is the geodesic equation for a general Riemannian metric.
If Q@ C R” carries a Riemannian metric g;;(x) and a corresponding Levi-
Civita connection, the Christoffel symbols Fkij are defined by

(11.28) Vp,Dj =Y T%;Dy,
k

where Dy, = 0/0xj. The formula (11.22) implies

l[agjk n 9gir 391‘;}
2L 0x;  Ox; Ozl

We can rewrite the geodesic equation (11.27) for vo(t) = x(t) as follows.
With = (z1,...,2,) and T = (3%,...,4"), we have

(11.30) 0= Vr(#'Dy) =Y _[#'Ds+i'VrDy].
4 4

(11.29) grelsy =

In view of (11.28), this becomes
(11.31) it al #F T =0

(with the summation convention). The standard existence and uniqueness
theory applies to this system of second-order ODE. We will call any smooth
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curve satisfying the equation (11.27), or equivalently (11.31), a geodesic.
Shortly we will verify that such a curve is indeed locally length-minimizing.
Note that if T'= +/(¢), then T(T,T) = 2(V T, T); so if (11.27) holds, ~(t)
automatically has constant speed.

For a given p € , the exponential map

(11.32) Exp, : U — Q2
is defined on a neighborhood U of 0 € R" = T,Q by
(11.33) Exp,(v) = v,(1),

where v, (t) is the unique constant-speed geodesic satisfying

(11.34) 7(0) =p,  7,(0) = v.

Note that Expy(tv) = 7, (t). It is clear that Exp), is well defined and C'*° on
a sufficiently small neighborhood U of 0 € R™, and its derivative at 0 is the
identity. Thus, perhaps shrinking U, we have that Exp, is a diffeomorphism
of U onto a neighborhood O of p in 2. This provides what is called an
exponential coordinate system, or a normal coordinate system. Clearly,
the geodesics through p are the lines through the origin in this coordinate
system. We claim that in this coordinate system

(11.35) Ik(p) = 0.

Indeed, since the line through the origin in any direction aD; + bDy, is a
geodesic, we have

(11.36) V(aD,+bDy)(aD; +bDy) = 0, at p,
for all a,b € R and all j, k. This implies
(11.37) Vp, D =0, atp forall j,k,

which implies (11.35). We note that (11.35) implies dg;i/0x, = 0 at p,
in this exponential coordinate system. In fact, a simple manipulation of
(11.29) gives

99k
Bl‘g
As a consequence, a number of calculations in differential geometry can be
simplified by working in exponential coordinate systems.

We now establish a result, known as the Gauss lemma, which implies

that a geodesic is locally length-minimizing. For a small, let X, = {v €
R™ : ||v]| = a}, and let S, = Exp,(Z,).

(11.38)

= Imkl™ j0 + Gmsi T ke

Proposition 11.2. Any unit-speed geodesic through p hitting S, att = a
is orthogonal to S,.

Proof. If ~y(t) is a unit-speed geodesic, 9(0) = p, vo(a) = q¢ € S,, and
V € T, is tangent to S,, there is a smooth family of unit-speed geodesics,
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vs(t), such that v5(0) = p and (6/8s)vs(a)|820 = V. Using (11.24) and
(11.25) for this family, with 0 < ¢ < a, since L(s) is constant, we have

0= [ TWT) dt = Virpla),
0
which proves the proposition.

Though a geodesic is locally length-minimizing, it need not be globally
length-minimizing. There are many simple examples of this, some of which
are discussed in the exercises.

We next consider a “naive” alternative to the calculations (11.17)—(11.31),
not bringing in the notion of covariant derivative, in order to compute L’(0)
when L(s) is given by

]1/2

b
(11.39) L) = [ Jon(e@)si sw] e

We use the notation T9 = &(t), VI = (8/9s)al(t)|s=o. Calculating in a
spirit similar to that of (11.6), we have (with z = )

1 [ o . 1. . 0gke
11.40 L) = = [ [gma-il®)],_ T + VI 2T a.
(11.40) 0= = [ ongsid ol o7 + 3 o
Now, in analogy with (11.7), and in place of (11.25), we can write
(11.41)
d ; 0 .. Gk <,
o (gjk(z(t))wTk) = gjk%zi(t)L:OTk + gk VIER(t) + Tea—;eV]T’“.
Thus, by the fundamental theorem of calculus,
I 99jk « 1. Ogke
11.42) L'(0) = —— { Wik ot Qikyiqpk 2y 9k phepe] gy
(142) 20) =~ [ [yt + 7 F 3" o

and the stationary condition L'(0) = 0 for all variations of the form de-
scribed before implies

g, 10
(11.43) gt (t) = f( ag;: - 5%)%#.
Symmetrizing the quantity in parentheses with respect to k and ¢ yields
the ODE (11.31), with I'*;; given by (11.29).

Of the two derivations for the equations of (constant-speed) geodesics
given in this section, the latter is a bit shorter and more direct. On the
other hand, the slight additional complication of the first derivation paid
for the introduction of the notion of covariant derivative, a fundamental
object in differential geometry. As we will see in the next section, the
methods of the second derivation are very flexible; there we consider a
class of extremal problems, containing the problem of geodesics, and also
containing problems giving rise to the equations of classical physics, via
the stationary action principle.
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We now show that the geodesic flow equations can be transformed to a

Hamiltonian system.  Let (¢’%) denote the matrix inverse of (g;i), and
relate v € R™ to £ € R” by
(11.44) & = gin(@)og, ie., v; = g*(2)&.

Define f(z,€) on 2 x R™ by

(11.45) fla,€) = 59" ()¢,

as before using the summation convention. For a manifold M, (11.44) is a
local coordinate expression of the Riemannian metric tensor, providing an
isomorphism of T, M with T M, and (11.45) defines half the square norm
on T*M. Then the integral curves (z(t),{(t)) of Hy satisfy

1 0g7*

(11.46) iy = g™ (x)e, & = 390

fjé-k
If we differentiate the first equation and plug in the second one for &, we
get

. 1 ,.0g" dg*
(11.47) xg=Z[—§gej%+ & g &fm
J

and using & = Y gjx (), straightforward manipulations yield the geo-
desic equation (11.31), with I'*;;, given by (11.29).

We now describe a relatively noncomputational approach to the result
just obtained. Identifying (z,v)-space and (x, £)-space via (11.44), let Y be
the resulting vector field on (z,£)-space defined by the geodesic flow. The
result we want to reestablish is that Y and H coincide at an arbitrary point
(20,&0) € 2 x R™. We will make use of an exponential coordinate system
centered at xg; recall that in this coordinate system the geodesics through
2o become precisely the lines through the origin. (Of course, geodesics
through nearby points are not generally straight lines in this coordinate
system.) In such a coordinate system, we can arrange g7 (z¢) = 6% and,
by (11.35), (9¢’%/0x¢)(z0) = 0. Thus, if & = (ay,...,a,), using (11.46)
we have

(11.48) (20, &0) = Zak Y (20, &o0)

in this coordinate system. The identity of Hy and Y at (x¢, &) is inde-
pendent of the coordinate system used, so our result is again established.
Actually, there is a little cheat here. We have not shown that Hy is defined
independently of the choice of coordinates on 2. This will be established
in §14; see (14.15)—(14.19).

In the next section there will be a systematic approach to converting
variational problems to Hamiltonian systems.
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Exercises

1. Suppose Expp : B, — M is a diffeomorphism of B, = {v € T,M : ||v|| < a}

onto its image, B. Use the Gauss lemma to show that, for each q € B, q =
Exp(w), the curve v(t) = Exp(tw), 0 < ¢ < 1, is the unique shortest path
from p to ¢. If Exp, is defined on B, but is not a diffeomorphism, show that
this conclusion does not hold.

2. Let M be a connected Riemannian manifold. Define d(p, ¢) to be the infimum
of lengths of smooth curves from p to q. Show that this makes M a metric
space.

3. Let p,q € M, and suppose there exists a Lipschitz curve v : [a,b] — M, vy(a) =
p, v(b) = g, parameterized by arc length, of length equal to d(p, g). Show that
v is a C*°-curve. (Hint: Make use of Exercise 1.)

4. Let M be a connected Riemannian manifold that, with the metric of Exercise
2, is compact. Show that any p,q € M can be joined by a geodesic of length
d(p,q).-

(Hint: Let v : [0,1] - M, v(0) = p, 7x(1) = g be constant-speed curves
of lengths ¢, — d(p,q). Use Ascoli’s theorem to produce a Lipschitz curve of
length d(p, ¢) as a uniform limit of a subsequence of these.)

5. Try to extend the result of Exercise 4 to the case where M is assumed to be
complete, rather than compact.

6. Verify that the definition of Vx given by (11.22) does indeed provide a Levi-
Civita connection, having properties (11.18)—(11.21).

(Hint: For example, if you interchange the roles of Y and Z in (11.22), and
add it to the resulting formula for 2(Y, Vx Z), you can cancel all the terms on
the right side except X (Y, Z) + X(Z,Y); this gives (11.20).)

12. Variational problems and the stationary action principle

The calculus of variations consists of the study of stationary points (e.g.,
maxima and minima) of a real-valued function that is defined on some
space of functions. Here, we let M be a region in R™, or more generally an
n-dimensional manifold, fix two points p,q € M and an interval [a, b] C R,
and consider a space of functions P consisting of smooth curves u : [a, b] —
M satisfying u(a) = p, u(b) = q. We consider functions I : P — R of the
form

b
(12.1) I(u) = / F(u(t),a(t)) dt.
Here F(z,v) is a smooth function on the tangent bundle T'M, or perhaps

on some open subset of TM. By definition, the condition for I to be
stationary at u is that

(12.2) — I(ug)| _, =0
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for any smooth family us of elements of P with ug = u. Note that

d
=5 Us()] g = w(t)

defines a tangent vector to M at u(t), and precisely those tangent vectors
w(t) vanishing at ¢ = a and at ¢ = b arise from making some variation of u
within P.

As in the last section, we can compute the left side of (12.2) by dif-
ferentiating under the integral, and obtaining a formula for this involves
considering t-derivatives of w. Recall the two approaches to this taken in
§11. Here we will emphasize the second approach, since the data at hand do
not generally pick out some distinguished covariant derivative on M. Thus
we work in local coordinates on M. Since any smooth curve on M can be
enclosed by a single coordinate patch, this involves no loss of generality.
Then, given (12.3), we have

(12.3)

b
(12.4) d% I(ug)|,_, = / [Fy(u, @)w + Fy(u, @)w] dt.

Integrating the last term by parts and recalling that w(a) and w(b) vanish,
we see that this is equal to

(12.5) /ab [Fx(u,ﬂ) - %Fq,(u,ﬁ)}w dt.

It follows that the condition for u to be stationary is precisely that u satisfy
the equation

d
(12.6) pn Fy(u,u) — Fy(u,4) =0,
a second-order ODE, called Lagrange’s equation. Written more fully, it is
(12.7) Fyoy(u, @)t + Fyp(u, )t — Fp(u, @) =0,

where F,, is the n x n matrix of second-order v-derivatives of F(x,v),
acting on the vector i, etc. This is a nonsingular system as long as F'(z,v)
satisfies the condition

(12.8) Fyy(z,v) is invertible,

as an n X n matrix, for each (x,v) = (u(t),@(t)), t € [a,b)].
The ODE (12.6) suggests a particularly important role for

(12.9) &€ = F,(z,v).
Then, for (x,v) = (u, ), we have
(12.10) £ =F,(z,v), &=wv.

We claim that this system, in (x,£)-coordinates, is in Hamiltonian form.
Note that (z, £) gives a local coordinate system under the hypothesis (12.8),
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by the inverse function theorem. In other words, we will produce a function
E(x,€) such that (12.10) is the same as

(12.11) i=FE;, £=—E,,

so the goal is to construct F(z, &) such that

(12.12) Fu(e,€) = —Fu(n,0),  Fe(2,6) =v,
when v = v(z, ) is defined by inverting the transformation
(12.13) (z,8) = (z, Fy(z,v)) = A(z,v).

If we set

(12.14) Eb(z,v) = E(\(z,v)),

then (12.12) is equivalent to

(12.15) EY(2z,v) = —F, + vF,,, Elx,v)=v F,,,

as follows from the chain rule. This calculation is most easily performed
using differential forms, details on which can be found in the next section;
in the differential form notation, our task is to find E(x,v) such that

(12.16) dE® = (= F, + vF,;) dz + vF,, dv.
It can be seen by inspection that this identity is satisfied by
(12.17) E’(z,v) = F,(z,v)v — F(x,v).

Thus the ODE (12.7) describing a stationary point for (12.1) has been
converted to a first-order Hamiltonian system, in the (z,£)-coordinates,
given the hypothesis (12.8) on Fy,. In view of (12.13), one often writes
(12.17) informally as

E(z,§) =& -v— F(z,v).

We make some observations about the transformation A of (12.13). If
v € T, M, then F,(z,v) acts naturally as a linear functional on T, M. In
other words, £ = F,(z,v) is naturally regarded as an element of 7'M, in
the cotangent bundle of M; it makes invariant sense to regard

(12.18) N:TM — T*M

(if F is defined on all of TM). This map is called the Legendre transfor-
mation. As we have already noted, the hypothesis (12.8) is equivalent to
the statement that A is a local diffeomorphism.

As an example, suppose M has a Riemannian metric g and

F(z,v) = %g(v, v).

Then the map (12.18) is the identification of TM and T*M associated
with “lowering indices,” using the metric tensor g;. A straightforward
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calculation gives, in this case, E(x, £) equal to half the natural square norm
on cotangent vectors. On the other hand, the function F(z,v) = /g(v,v)
fails to satisfy the hypothesis (12.8). Since this is the integrand for arc
length, it is important to incorporate this case into our analysis. Recall
from the previous section that obtaining equations for a geodesic involves
parameterizing a curve by arc length. We now look at the following more
general situation.

We say F(x,v) is homogeneous of degree r in v if F(z,cv) = ¢"F(z,v)
for ¢ > 0. Thus y/g(v,v) above is homogeneous of degree 1. When F' is
homogeneous of degree 1, hypothesis (12.8) is never satisfied. Furthermore,
I(u) is independent of the parameterization of a curve in this case; if o :
[a,b] — [a,b] is a diffeomorphism (fixing a and b), then I(u) = I(a) for
u(t) = u(o(t)). Let us look at a function f(x,v) related to F(z,v) by

(12.19) f(x,0) = $(F(z,0)), F(z,0) = o(f(2,0)).

Given a family wus of curves as before, we can write

d b

7I(u5)‘52 = QD/ f(uau) fz(uau)
(12.20) ds ’ /a { Ez )

— %{go’(f(u,u))fv(u, u)}}w dt.
If u satisfies the condition
(12.21) flu,a) =c,
with ¢ constant, this is equal to
b
(12.22) J / [y @) — (d/dt) fu(u )] w dt,
with ¢ = ¢'(¢). Of course, setting
b
(12.23) () = / Flu,1) dt,
we have
d b d

(12.24) ()], = / [fm(u,u) - = folu, u)]w dt.

Consequently, if u satisfies (12.21), then w is stationary for I if and only if
u is stationary for J (provided ¢’(c) # 0).

It is possible that f(z,v) satisfies (12.8) even though F'(x,v) does not,
as the case F'(z,v) = y/g(v,v) illustrates. Note that

ij'Uk = w/(F)ijvk + w//(F)Fquvk-

Let us specialize to the case ¥(F) = F?, so f(z,v) = F(z,v)? is homoge-
neous of degree 2. If F' is convex in v and (F),, ), a positive-semidefinite
matrix, annihilates only radial vectors, and if F' > 0, then f(x,v) is strictly
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convex (i.e., fyy is positive-definite), and hence (12.8) holds for f(x,wv).
This is the case when F(x,v) = \/g(v,v) is the arc length integrand.

If f(x,v) = F(z,v)? satisfies (12.8), then the stationary condition for
(12.23) is that u satisfy the ODE

Soo(u, @)t + foz(u, @)0 — fo(u,a) =0,

a nonsingular ODE for which we know there is a unique local solution, with
u(a) = p, 4(a) given. We will be able to say that such a solution is also
stationary for (12.1) once we know that (12.21) holds, that is, f(u,u) is
constant. Indeed, if f(z,v) is homogeneous of degree 2, then f,(x,v)v =
2f(x,v), and hence

(1225) eb(:c,v) :fv(ajvv)vff(xav) :f(:c,v).

But since the equations for uw take Hamiltonian form in the coordinates
(z,€) = (x, fy(x,v)), it follows that e®(u(t),u(t)) is constant for u station-
ary, so (12.21) does hold in this case.

There is a general principle, known as the stationary action principle,
or Hamilton’s principle, for producing equations of mathematical physics.
In this set-up, the state of a physical system at a given time is described
by a pair (z,v), position and velocity. One has a kinetic energy function
T(x,v) and a potential energy function V' (z,v), determining the dynamies,
as follows. Form the difference

(12.26) L(z,v) =T(x,v) — V(z,v),

known as the Lagrangian. Hamilton’s principle states that a path wu(t)
describing the evolution of the state in this system is a stationary path for
the action integral

(12.27) I(u) = / b L(u, 1) dt.

In many important cases, the potential V = V(z) is velocity independent
and T'(x,v) is a quadratic form in v; say T(x,v) = (1/2)v - G(z)v for a
symmetric matrix G(z). In that case, we consider

(12.28) L(z,v) = %v -G(x)v — V().
Thus we have
(12.29) &= Ly(z,v) = G(z)v,

and the conserved quantity (12.17) becomes

1
E’(z,v) =v-G(z)v — [50 -G(x)v—V(x)

(12.30) .
=5V G(z)v + V(z),
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which is the total energy T(x,v) + V(x). Note that the nondegeneracy
condition is that G(z) be invertible (in physical problems, G(x) is typically
positive-definite, but see (18.20)); assuming this, we have

(12.31) B(z,€) = 36 G() €+ V(2),

whose Hamiltonian vector field defines the dynamics. Note that, in this
case, Lagrange’s equation (12.6) takes the form

1
(12.32) 4 [Gu)i] = Zi - Gy(u)i — Vy(u),
dt 2
which can be rewritten as
(12.33) i + Tad + G(u) "'V (u) = 0,

where 't is a vector whose ¢th component is rfjkujuk, with szk the
connection coefficients defined by (11.29) with (g;x) = G(z). In other
words, (12.33) generalizes the geodesic equation for the Riemannian metric
(9jx) = G(z), which is what would arise in the case V' = 0.

We refer to [Ar] and [Go] for a discussion of the relation of Hamilton’s
principle to other formulations of the laws of Newtonian mechanics, but we
will briefly illustrate it here with a couple of examples.

Consider the basic case of motion of a particle in Euclidean space R™, in
the presence of a force field of potential type F(x) = — grad V(z), as in
the beginning of §10. Then

(12.34) T(x,v) = %m|v|27 V(z,v) =V(x).

This is of course the special case of (12.28) with G(x) = mI, and the ODE
satisfied by stationary paths for (12.27) hence has the form

(12.35) mii + Vz(u) =0,

precisely the equation (10.2) expressing Newton’s law F = ma.

FIGURrE 12.1
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Next we consider one example where Cartesian coordinates are not used,
namely the motion of a pendulum (Fig. 12.1). We suppose a mass m is
at the end of a (massless) rod of length ¢, swinging under the influence of
gravity. In this case, we can express the potential energy as

(12.36) V(0) = —mglcos®,

where 6 is the angle the rod makes with the downward vertical ray, and g
denotes the strength of gravity. The speed of the mass at the end of the
pendulum is £|6], so the kinetic energy is

(12.37) T(,0) = %m€2\9|2.

In this case we see that Hamilton’s principle leads to the ODE
(12.38) 00 + gsin = 0,

describing the motion of a pendulum.

Next we consider a very important physical problem that involves a
velocity-dependent force, leading to a Lagrangian of a form different from
(12.28), namely the (nonrelativistic) motion of a charged particle (with
charge e) in an electromagnetic field (F, B). One has Newton’s law

dv
12.39 — =F,
(12.39) "
where v = dz/dt and F is the Lorentz force, given by
(12.40) F =e(E+vxB).

Certainly F' here is not of the form —VV(z). To construct a replacement
for the potential V', one makes use of two of Maxwell’s equations for £ and
B:

(12.41) curl £ = faa—?, div B =0,

in units where the speed of light is 1. We will return to Maxwell’s equations
later on. As we will show in §18, these equations imply the existence of a
real-valued ¢(t, z) and a vector-valued A(t,x) such that

(12.42) B= curl A4, E=-grad p — %

Given these quantities, we set

(12.43) V(z,v) =e(p— A-v),

and use the Lagrangian L =T — V, with T' = (1/2)m|v|?. We have

L,=mv+eA, L,=—ep,+egrad(A-v).
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Consequently, (d/dt)L, = m dv/dt + eDA/Ot + eAyv. Using (12.42), we
can obtain

d d
(12.44) %L” —L,=m d—qtj —e(E + v x curl A),
showing that Lagrange’s equation
d
(12.45) %LU —-L,=0

is indeed equivalent to (12.39)—(12.40).
If the electromagnetic field varies with ¢, then the Lagrangian L produced
by (12.43) has explicit t-dependence:

(12.46) L =L(t,z,v).

The equation (12.45) is still the stationary condition for the integral

b
(12.47) I(u) = / L(t,u(t),u(t)) dt,
as in (12.6). Of course, instead of (12.7), we have
(12.48) Ly (t,u, )i 4 Loy (8,1, @) — Ly (t, u, @) + Ly (¢, u, @) = 0.

Finally, we note that for this Lorentz force the Legendre transformation
(12.13) is given by

(12.49) (x,8) = (x,mv + eA),

and hence the Hamiltonian function E(z,&) as in (12.11) is given by

(12.50) Ez,6) = %g — Al +ep.

A treatment of the relativistic motion of a charged particle in an elec-
tromagnetic field (which in an important sense is cleaner than the nonrel-
ativistic treatment) is given in §18.

Hamilton’s principle can readily be extended to produce partial differen-
tial equations, describing the motion of continua, such as vibrating strings,
moving fluids, and numerous other important phenomena. Some of these
results will be discussed in the beginning of Chapter 2, and others in various
subsequent chapters.

We end this section by noting that Lagrange’s equation (12.6) depends
on the choice of a coordinate system. We can write down an analogue of
(12.6), which depends on a choice of Riemannian metric on M, but not on
a coordinate system.

Thus, let M be a Riemannian manifold, and denote by V the Levi-Civita
connection constructed in §11. If we have a family of curves in TM, that
is, a map

(12.51) u:IxIT— M, u=u(ts),
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with velocity us : I x I — T M, we can write

(12.52) I(s) = /b F(u(t,s)) dt,

for a given F': TM — R. We have
b
(12.53) I'(s) :/ DF (uy(t,s))0suy dt.

Note that DF(u;) acts on Osu; € Ty, (TM). Now, given v € TM, we can
write

(12.54) T, (TM) = V,(TM)® H,(TM).

Here the “vertical” space V,,(T'M) is simply T, (T, M), where 7 : TM —
M is the usual projection. The “horizontal” space H,(T'M) is a comple-
mentary space, isomorphic to Ty ()M, defined as follows.

For any smooth curve v on M, such that v(0) = = w(v), let V(¢) €
T )M be given by parallel translation of v along v, that is, if T' = ~/(t),
V solves VyrV =0, V(0) = v. Thus V(t) is a curve in TM, and V(0) = v.
The map ~/(0) — V’(0) is an injective linear map of Ty (,yM into T,,(T'M),
whose range we call H,(T'M). One might compare the construction in
86 of Appendix C, Connections and Curvature. Thus we have both the
decomposition (12.54) and the isomorphisms

(12.55) Vo(TM) » Tro)M, Hy(TM) = Ty M.

The first isomorphism is canonical. The second isomorphism is simply the
restriction of D7 : T,(TM) — Ty()M to the subspace H,(TM).
The splitting (12.54) gives

(12.56) DF (v)(0sut) = (Fy(v), (Osut)vert) + (Fz(v), (Ostut horiz),
where we use this to define
(12.57) F,(v) € TryM = Vo(TM), F.(v)€ TrwyM = H,(TM).

If we set v = uy, w = us, we have

(12.58) I'(s) = /ab [(Fv(ut), Vow) + (Fu(v), w>} dt.

Parallel to (11.24)—(11.26), we have

(12.59) /b<Fv(ut),va> dt = — /b<VvFv(ut),w> dt,

where to apply V, we regard F,(u;) as a vector field defined over the curve
t — u(t,s) in M. Hence the stationary condition that I'(0) = 0 for all
variations of u(t) = u(t,0) takes the form

(12.60) VaF,(it) — Fy(i) = 0.
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Note that if v(s) is a smooth curve in TM, with 7(v(s)) = u(s) and
u/(s) = w(s), then, under the identification in (12.55),

(1261) ’U/(S)Vert = va7 UI(S)hOFiZ =w.
Then, for smooth F : TM — R,

d
(12.62) £F(v(s)) = (F,(v), Vo) + (Fy(v), w).

In particular,
(12.63) F(v) = (v,v) = F,(v) =2v and F,(v) =0.

Thus, for this function F'(v), the Lagrange equation (12.60) becomes the
geodesic equation V,v = 0, as expected. If, parallel to (12.28), we take
L(v) = (1/2)(v,v) = V(x), z = w(v), then

(12.64) L,(v)=v, L.;(v)=— grad V(z),

where grad V(z) is the vector field on M defined by (grad V(z), W) =
LwV(x). The Lagrange equation becomes

(12.65) Va4 grad V(u) =0,
in agreement with (12.33).

Exercises

1. Suppose that, more generally than (12.28), we have a Lagrangian of the form
L(z,v) = %v CG(z)v+ Az) v — V().
Show that (12.30) continues to hold, that is,
E’(z,v) = %v -G(z)v + V(z),
and that the Hamiltonian function becomes, in place of (12.31),

Blw,€) = 5(6— A@) - G(a) (€~ A@) + V(@).

Work out the modification to (12.33) when the extra term A(z) - v is in-
cluded. Relate this to the discussion of the motion in an electromagnetic field
in (12.39)—(12.50).

2. Work out the differential equations for a planar double pendulum, in the spirit
of (12.36)—(12.38). See Fig. 12.2. (Hint: To compute kinetic and potential
energy, think of the plane as the complex plane, with the real axis pointing
down. The position of particle 1 is £1€%* and that of particle 2 is ¢1e'% +
deiQZ.)

3. After reading §18, show that the identity F = dA in (18.19) implies the
identity (12.42), with A = ¢ dzo + 3,5, 4; dz;.
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FIGURE 12.2

4. Tf A(z) is a vector field on R? and v is a constant vector, show that
grad (v-A) = V,A+ v x curl A.

Use this to verify (12.44). How is the formula above modified if v = v(z) is
a function of 7 Reconsider this last question after looking at the exercises
following §8 of Chapter 5.

5. The statement before (12.4)—that any smooth curve u(s) on M can be en-
closed by a single coordinate patch—is not strictly accurate, as the curve may
have self-intersections. Give a more precise statement.

13. Differential forms

It is very desirable to be able to make constructions that depend as little
as possible on a particular choice of coordinate system. The calculus of
differential forms, whose study we now take up, is one convenient set of
tools for this purpose.

We start with the notion of a 1-form. It is an object that is integrated
over a curve; formally, a 1-form on  C R™ is written

(13.1) a= Z aj(z) dx;.

If v : [a,b] — Q is a smooth curve, we set
b
(13.2) /a :/ > a;(v()yj(t) dt.
¥

In other words,

(13.3) /az /W*a,

o I

where I = [a,b] and v*a = 37 a;(v(t))7;(t) is the pull-back of a under the

map . More generally, if FF: O — Q is a smooth map (O C R™ open),
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the pull-back F*« is a 1-form on O defined by

OF;
(13.4) Fla=3ay(F(y) 52 dy
gk

The usual change of variable for integrals gives

(13.5) /a:/Fm

if v is the curve F oo.
If F: O — Qis a diffeomorphism, and

(13.6) X = Zba‘(x)i

633‘]‘
is a vector field on €2, recall that we have the vector field on O:
(13.7) FyX(y) = (DF'(p)) X (p), »=F(y).

If we define a pairing between 1-forms and vector fields on 2 by

(13.8) (X,a) = ij(x)aj(x) =b-a,

a simple calculation gives
(13.9) (FuX,F*a) = (X,a)o F.

Thus, a 1-form on  is characterized at each point p €  as a linear
transformation of vectors at p to R.

More generally, we can regard a k-form o on € as a k-multilinear map
on vector fields:

(13.10) a(X1,..., Xp) € C™(9);

we impose the further condition of antisymmetry:
(13.11)
Oz(Xl,...,Xj,...,Xg,...,Xk) = 704(X1,...,Xg,...,Xj,...,Xk).

We use a special notation for k-forms: If 1 < j; < - < jp < mn, j=
(J1s -+ Jk), wWe set

(13.12) o= Zaj(ac) dxj, N--- Ndxj,,
J
where
0
(1313) a](a:) :a(DJI,,DM), D] = 67
J

More generally, we assign meaning to (13.12) summed over all k-indices
(J1,---+Jk), where we identify

(13.14) dzj, A+ Ndxj, = (sgn o) dzj, A= ANdxj,
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o being a permutation of {1,...,k}. If any j,, = j¢ (m # £), then (13.14)
vanishes. A common notation for the statement that « is a k-form on Q is

(13.15) a € AF(Q).
In particular, we can write a 2-form 0 as
(13.16) B=> bir(x) du; A duy

and pick coefficients satisfying b, (x) = —bg;(z). According to (13.12) and
(13.13), if we set U = > u;(x) 0/0x; and V = > v;(x) §/0x;, then

(13.17) BUV) =2 bjx(a)u! (x)0* ().
If bj; is not required to be antisymmetric, one gets B(U, V) = > (bjr —
by u vk

If F: O — Qis asmooth map as above, we define the pull-back F*« of
a k-form «, given by (13.12), to be

(13.18) Fra=>Y a;(F(y)(F*dw;,) A A (F*daj,),
J
where
OF;
13.19 Frde; =y —2L dy,,
( ) J %: aye Ye

the algebraic computation in (13.18) being performed using the rule (13.14).
Extending (13.9), if F' is a diffeomorphism, we have
(13.20) (F*a)(FuX1,..., FuXy) = a(X1,...,Xp) o F.

If B = (bj)) is an n X n matrix, then, by (13.14),

(; bik dxk) A (; b dxk> Ao A (; Dok d:vk>

(13.21) = (Y580 roybane)Buon) ) dor A+ Ad,

= (detB) dxi N -+ Ndxy,

Hence, if ' : O — Q is a C'-map between two domains of dimension n,
and o = A(x) dzqy A -+ - Adzxy is an n-form on €2, then

(13.22) F*a=det DF(y) A(F(y)) dyi A -+ A dyy,.

Comparison with the change-of-variable formula for multiple integrals
suggests that one has an intrinsic definition of fQ « when « is an n-form
on 2, n = dim Q. To implement this, we need to take into account that
det DF(y) rather than |det DF(y)| appears in (13.21). We say that a
smooth map F' : O — ) between two open subsets of R™ preserves orien-
tation if det DF(y) is everywhere positive. The object called an “orienta-
tion” on ) can be identified as an equivalence class of nowhere-vanishing
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n-forms on €2, where two such forms are equivalent if one is a multiple
of another by a positive function in C*°(2); the standard orientation on
R™ is determined by dz; A --- A dx,. If S is an n-dimensional surface in
R™+* an orientation on S can also be specified by a nowhere-vanishing
form w € A™(S). If such a form exists, S is said to be orientable. The
equivalence class of positive multiples a(z)w is said to consist of “positive”
forms. A smooth map 1 : S — M between oriented n-dimensional surfaces
preserves orientation provided ¢*o is positive on S whenever o € A™(M)
is positive. If S is oriented, one can choose coordinate charts that are all
orientation-preserving. Surfaces that cannot be oriented also exist.

If O,Q are open in R™ and F : O — ) is an orientation-preserving
diffeomorphism, we have

(13.23) O/F*a :Q/a.

More generally, if S is an n-dimensional manifold with an orientation, say
the image of an open set © C R™ by ¢ : O — S, carrying the natural
orientation of O, we can set

(13.24) /a = /go*a

S o

for an n-form a on S. If it takes several coordinate patches to cover S,
define [ g @ by writing a as a sum of forms, each supported on one patch.

We need to show that this definition of |, g @ is independent of the choice
of coordinate system on S (as long as the orientation of S is respected).
Thus, suppose ¢ : O — U C S and ¥ : Q@ — U C S are both coordinate
patches, so that ' = 1"t o : O — 0 is an orientation-preserving diffeo-
morphism. We need to check that if « is an n-form on S, supported on U,
then

(13.25) O/<p*a = Q/w*a.

To see this, first note that, for any form « of any degree,
(13.26) Yol =p= ¢p"a=F"Y*a.

It suffices to check this for o = dxj. Then ¢* dx; = > (0v;/0x¢) dxy, by
(13.14), so

F . :
(13.27) F** dzj = Z %% Az, ¢*dz; = Z gjj Az m;
tm m m m

but the identity of these forms follows from the chain rule:

(13.28) Dy = (DY)(DF) — 221 3~ 95 0Tt
l

0Ly Oxy Oxp,
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Now that we have (13.26), we see that the left side of (13.25) is equal to

(13.29) / F*(¢*a),
O

which is equal to the right side of (13.25), by (13.23). Thus the integral of
an n-form over an oriented n-dimensional surface is well defined.

Having discussed the notion of a differential form as something to be
integrated, we now consider some operations on forms. There is a wedge
product, or exterior product, characterized as follows. If a € A¥(2) has
the form (13.12), and if

(13.30) B=>> bi(x)dx;, A--- Ndx;, € A(Q),

define
(13.31) alfp= Z a;(x)b;(x) dxj, A~ ANdxj, ANdzg, N Ndx,
jii

in AF(Q). A special case of this arose in (13.18)(13.21). We retain the
equivalence (13.14). It follows easily that

(13.32) aAB= (D3 Aa.

In addition, there is an interior product if o € A*(Q) with a vector field
X on , producing txa = a|X € A*71(Q), defined by

(1333) (aJX)(le s 7Xk—1) = Oé(X, le o an—l)'
Consequently, if & = dzj, A--- Adzj,, D; = 0/0x;, then
(13.34) OtJDjz = (—1)6_1 d.’l?jl AR /\@je VAN "'/\dl’jk7

where @j/z denotes removing the factor dz;,. Furthermore,
’L¢ {jh,]k}:OZJDl =0.

If F:O — Qis a difftomorphism and «, 3 are forms and X a vector
field on 2, it is readily verified that

(13.35) F(anp)=(Fra)N(F*B), F'(a]X)=(Fa)|(FgX).
We make use of the operators Ax and tx on forms:

(13.36) Apa =dxp Ao, g = aDy.

There is the following useful anticommutation relation:

(13.37) Akte + Ll = ke,

where dy¢ is 1 if £ = £, 0 otherwise. This is a fairly straightforward conse-
quence of (13.34). We also have

(13.38) Nj N+ Ak N =0, it + oty = 0.
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From (13.37) and (13.38) one says that the operators {¢;,A; : 1 < j < n}
generate a “Clifford algebra.” For more on this, see Chapter 10.
Another important operator on forms is the exterior derivative:

(13.39) d: A*(Q) — AFTL(Q),
defined as follows. If a € A*(Q) is given by (13.12), then
8aj
4.t
Equivalently,
(13.41) da=> "0y Ao a,
=1

where 0y = 0/0x; and Ay is given by (13.36). The antisymmetry dz,, A
dxy = —dxyAdx,,, together with the identity 82aj/8mzawm = 82aj/8xm8xg,
implies

(13.42) d(da) =0,
for any differential form «. We also have a product rule:
(13.43) d(aAB) = (da)AB+ (=D*an(dB), acA¥(Q), BN (Q).

The exterior derivative has the following important property under pull-
backs:

(13.44) F*(da) = dF*«,

if a € A¥(Q) and F : O — Q is a smooth map. To see this, extending
(13.43) to a formula for d(a A 31 A -+ A B¢) and using this to apply d to
F*a, we have

(13 45)

o= Z 5'£Ue F(x)) dxg A (F*dxj,) A A (Fdaj,)
+Z V(F*daj,) A~ Nd(F*daj,) A--- A (F*da,).

Now

F ’L j =Y,
dz;) Z 81‘ (“)xg dr; Ndxy =0

so only the first sum in (13.45) contributes to dF*a. Meanwhile,

(13.46) F'da =Y a‘”

0xm
J m

(F(z)) (F*dwy) A (Fdzj,) A A (Frdy,),
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so (13.44) follows from the identity

(13.47) 3 a%e(aj o F(z)) duy = Oa;.
4

— 0xm

(F(x)) F*dx,,,

which in turn follows from the chain rule.

If doo = 0, we say « is closed; if & = df for some 3 € AF~1(Q), we
say a is ezact. Formula (13.42) implies that every exact form is closed.
The converse is not always true globally. Consider the multivalued angular
coordinate 6 on R? \ (0,0); df is a single-valued, closed form on R?\ (0,0)
that is not globally exact. As we will see shortly, every closed form is locally
exact.

First we introduce another important construction. If o € A¥(Q) and
X is a vector field on 2, generating a flow FY%, the Lie derivative Lxa is
defined to be

d .
(13.48) Lxoa = ﬁ(}}) ali—o.

Note the formal similarity to the definition (8.2) of LxY for a vector field
Y. Recall the formula (8.4) for LxY . The following is not only a compu-
tationally convenient formula for £ x«, but also an identity of fundamental
importance.

Proosition 13.1. We have
(13.49) Lxa=d(a]X)+ (do)] X.

Proof. First we compare both sides in the special case X = 9/dxy = Dy.
Note that

(}"Ee)*a = Zaj(x +teg) dzj, A -+ ANdxj,,
SO

(13.50) Lp,a= Z % dzj, A--- Ndzj, = 0.

To evaluate the right side of (13.49) with X = Dy, use (13.41) to write this
quantity as
(13.51) d(ver) + tedo = Z((’?j Aj te + 1N ) a.

j=1

Using the commutativity of d; with A; and with ¢, and the anticommu-
tation relations (13.37), we see that the right side of (13.51) is 9y, which
coincides with (13.50). Thus the proposition holds for X = 9/dz;.

Now we can prove the proposition in general, for a smooth vector field
X on Q. It is to be verified at each point xg € Q. If X(xg) # 0, choose
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a coordinate system about xy so that X = 9/dz;, and use the calculation
above. This shows that the desired identity holds on the set of points
{zog € Q : X(z9) # 0}, and by continuity it holds on the closure of this
set. However, if zp € Q has a neighborhood on which X vanishes, it is
clear that Lxa = 0 near zy and also «|X and da|X vanish near xg. This
completes the proof.

The identity (13.49) can furnish a formula for the exterior derivative in
terms of Lie brackets, as follows. By (8.4) and (13.49), we have, for a
k-form w,

(13.52)

(Lxw)(Xy,. ., Xp) =X (X1, X)) = > w(Xy,.. L [X X, Xe).
J
Now (13.49) can be rewritten as

(13.53) txdw = Lxw — dixw.

This implies
(13.54)
(dw)(Xo,Xl, “ee ,Xk> = (EXO(U>(X1, [N ,Xk) - (dLXOw) (Xl, ce 7Xk:)~

We can substitute (13.52) into the first term on the right in (13.54). In
case w is a 1-form, the last term is easily evaluated; we get

(1355) (dw)(Xo,Xl) = XO -w(Xl) - X1 -w(Xo) — w([Xo,Xl]).

More generally, we can tackle the last term on the right side of (13.54) by
the same method, using (13.53) with w replaced by the (k — 1)-form ¢x,w.
In this way we inductively obtain the formula

(13.56)

(71)ZX€ ! W(X()v s 755@7 s an)

M=

(dw)(Xo, ..., Xg) =

~
Il

0

-~

+ Y (X X)L Ko, X X X,
0<e<j<k

Note that from (13.48) and the property F5'* = F5 F¥ it easily follows
that

4
dt

It is useful to generalize this. Let F}; be any smooth family of diffeomor-
phisms from M to Fy(M) C M. Define vector fields X; on F;(M) by

4
dt

(13.57) (F&) a=Lx (Fy) a = (F&) Lxa.
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Then it easily follows that, for o € AF M,

4 Fla=FLx,a

(13.59) dt '
= F/ [d(a] X;) + (do) | Xy].

In particular, if « is closed, then if F; are diffeomorphisms for 0 < ¢ < 1,
1
(13.60) Ffa—Fja=d8, p= / F} (| Xy) dt.
0
Using this, we can prove the celebrated Poincaré lemma.

Theorem 13.2. If B is the unit ball in R", centered at 0, o € A¥(B), k >
0, and do = 0, then a = dj3 for some 3 € A*~1(B).

Proof. Consider the family of maps F; : B — B given by Fi(z) = tz.
For 0 < t <1, these are diffeomorphisms, and the formula (13.59) applies.
Note that

Fla=«a, Fja=0.

Now a simple limiting argument shows that (13.60) remains valid, so a =
df with

(13.61) B = /01 Fr (o)t dt,

where V = rd/0r = > x;0/0x;. Since Fj = 0, the apparent singularity
in the integrand is removable.

Since in the proof of the theorem we dealt with F}; such that Fy was not

a diffeomorphism, we are motivated to generalize (13.60) to the case where

F,: M — N is a smooth family of maps, not necessarily diffeomorphisms.

Then (13.58) does not work to define X, as a vector field, but we do have
d

(13.62) o Ft(x) = Z(t7$)§ Z(t, m) € TFt(I)N'

Now in (13.60) we see that
F* o) X)) (Y1,..., Y1) = a(Ft(x)) (Xt, DFy(x)Ys,. .., DFt(x)Yk71)7

and we can replace X; by Z(t,x). Hence, in this more general case, if « is
closed, we can write

1
(13.63) Fla—-Fja=d3, (= / Ve dt,
0

where, at x € M,
(13.64)
rYt(Yly s 7Yk—1) = O[(Ft('l:)) (Z(t,fﬂ), DFt('I)Yla R DFt(x)Yk‘—l)-
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For an alternative approach to this homotopy invariance, see Exercise 7.
A basic result in the theory of differential forms is the generalized Stokes
formula:

Proposition 13.3. Given a compactly supported (k — 1)-form 3 of class
C* on an oriented k-dimensional manifold M (of class C?) with boundary
OM , with its natural orientation,

(13.65) ]Zdﬁ :3}\/4 8.

The orientation induced on 0M is uniquely determined by the following
requirement. If

(13.66) M=RF ={z cR": 2, <0},

then OM = {(z2,...,x)} has the orientation determined by dzaA- - -Adxy.
Proof. Using a partition of unity and invariance of the integral and the
exterior derivative under coordinate transformations, it suffices to prove

this when M has the form (13.66). In that case, we will be able to deduce
(13.65) from the fundamental theorem of calculus. Indeed, if

(13.67) B=b;(x) doy A ANdzj A Aday,
with b;(z) of bounded support, we have

1 9b;
(13.68) df = (=17 2L gy A+ A day.

6xj
If 5 > 1, we have

(13.69) A{dﬁ: /{/Z SZ da; } da’ =0,

and also k* = 0, where x : 9M — M is the inclusion. On the other hand,
for 7 =1, we have

(13.70) = /bl(o, ) da’

This proves Stokes’ formula (13.65).
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It is useful to allow singularities in OM. We say a point p € M is a
corner of dimension v if there is a neighborhood U of p in M and a C2-
diffeomorphism of U onto a neighborhood of 0 in

(13.71) K={zeRF:2;<0, for 1 <j<k-v},

where k is the dimension of M. If M is a C2-manifold and every point
p € OM is a corner (of some dimension), we say M is a C?-manifold with
corners. In such a case, M is a locally finite union of C2-manifolds with
corners. The following result extends Proposition 13.3.

Proposition 13.4. If M is a C*-manifold of dimension k, with corners,
and f3 is a compactly supported (k—1)-form of class C* on M, then (13.65)
holds.

Proof. It suffices to establish this when ( is supported on a small neigh-
borhood of a corner p € M, of the form U described above. Hence it
suffices to show that (13.65) holds whenever 3 is a (k — 1)-form of class
C!, with compact support on K in (13.71); and we can take 3 to have the
form (13.67). Then, for j > k — v, (13.69) still holds, while for j < k — v,
we have, as in (13.70),
(13.72)

- O Ob; —
/dﬁ:(—l)] /{ —dxj}dx1-~-da:j-~-dxk
K

— 00 0xj

= (—1)j71 /bj(xl,...,l‘j_1,0,$j+1,...,l‘k) dxq @] - odry

4

The reason we required M to be a manifold of class C? (with corners) in
Propositions 13.3 and 13.4 is the following. Due to the formulas (13.18)—
(13.19) for a pull-back, if 3 is of class C7 and F is of class C*, then F*3 is
generally of class C*, with g = min(j,¢—1). Thus, if j = £ =1, F*( might
be only of class C°, so there is not a well-defined notion of a differential form
of class C! on a C*'-manifold, though such a notion is well defined on a C*-
manifold. This problem can be overcome, and one can extend Propositions
13.3 and 13.4 to the case where M is a C''-manifold (with corners) and 3 is a
(k—1)-form with the property that both 5 and df are continuous. We will
not go into the details. Substantially more sophisticated generalizations
are given in [Fed].
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Exercises

.IfF: Uy — Uy and G : Uy — Uz are smooth maps and « € Ak(Uz), (13.26)

implies
(GoF)*a=F*(G*a) in A*(Up).

In the special case that U; = R™, F' and G are linear maps, and k = n, show
that this identity implies

det(GF) = (det F)(det G).

. If @ is a closed form and ( is exact, show that oo A 8 is exact. (Hint: Use

(13.43).)

Let A*(R™) denote the space of k-forms (13.12) with constant coefficients. If
T : R™ — R" is linear, then T™ preserves this class of spaces; we denote the
map

AT - A*R™ — AFR™.
Similarly, replacing T" by T™ yields
AT A"R™ — AFR™

. Show that A*T is uniquely characterized as a linear map from A*R™ to A¥R"

that satisfies
(A*TY(wr A Aog) = (Tor) A--- A (Twg), v; € R™.

. If {e1,...,en} is the standard orthonormal basis of R™, define an inner prod-

uct on A*R™ by declaring an orthonormal basis to be
{eji Ao Nejy, 1 1< g1 <+ < jx <n}.

Show that if {u1,...,un} is any other orthonormal basis of R™, then the set
{ujy, Ao ANy, 1< g1 < <jp <n}

is an orthonormal basis of A¥R™.

. Let F be a vector field on U, open in R®, F = 32 f;(2)3/dz;. Consider

the 1-form ¢ = % f;(x) dz;. Show that dp and curl F are related in the
following way:

3
9
curl F =Y g,(z) —,

dp = g1(z) dza A das + g2(x) des A dzy + g3(z) dzi A das.

. If F and ¢ are related as in Exercise 5, show that curl F' is uniquely specified

by the relation
dp A a = (curl F, a)w

for all 1-forms o on U C R3, where w = dz1 A dza A dzs is the volume form.

. Suppose fo, f1 : X — Y are smoothly homotopic maps, via ® : X x R —

Y, ®(z,j) = f;(z). Let a € A*Y be closed. Apply (13.60) to & = ®*a €
A*(X x R), with Fi(z,s) = (z,s +1), to obtain 3 € A*"'(X x R) such that
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Fi& —a = dfj3, and from there produce 8 € A*~!(X) such that fia— fia =
d3.
(Hint: Use B = 1*f3, where (x) = (z,0).)

For the next set of exercises, let © be a planar domain, X = f(z,y) 9/0z +
g(z,y) 0/0y a nonvanishing vector field on Q. Consider the 1-form a =
g(z,y) dz — f(z,y) dy.

8. Let vy : I —  be asmooth curve, I = (a,b). Show that the image C' = () is
the image of an integral curve of X if and only if y*a = 0. Consequently, with
slight abuse of notation, one describes the integral curves by gdx — f dy = 0.
If av is exact (i.e., @ = du,) conclude that the level curves of u are the integral
curves of X.

9. A function ¢ is called an integrating factor if & = o is exact (i.e., if
d(pa) = 0, provided € is simply connected). Show that an integrating factor
always exists, at least locally. Show that ¢ = e” is an integrating factor if
and only if Xv = — div X. Reconsider Exercise 7 in §7. Find an integrating
factor for o = (2% + ¢y* — 1) dx — 2y dy.

10. Let Y be a vector field that you know how to linearize (i.e., conjugate to
9/0z) and suppose Lya = 0. Show how to construct an integrating factor
for . Treat the more general case Lxa = ca for some constant ¢. Compare
the discussion in §8 of the situation where [X,Y] = c¢X.

14. The symplectic form and canonical transformations

Recall from §10 that a Hamiltonian vector field on a region ) C R?", with
coordinates ¢ = (z, &), is a vector field of the form

" rof 0 of 0
(14.1) H; = [—— - .
! Jz::l 0¢; Oz Ox; 0§,
We want to gain an understanding of Hamiltonian vector fields, free from
coordinates. In particular, we ask the following question. Let F : O — Q
be a diffeomorphism, and let Hy be a Hamiltonian vector field on €2. Under
what condition on F'is Fiu Hy a Hamiltonian vector field on O7

A central object in this study is the symplectic form, a 2-form on R2"
defined by

(14.2) o= d¢Adz;.

Note that if
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then
(14.3) o(U,V) = Z[—uj(C)bj(C) +a’(¢)v’ (¢)].

In particular, o satisfies the following nondegeneracy condition: If U has
the property that, for some (z9,&) € R?", o(U,V) = 0 at (x9,&) for all
vector fields V', then U must vanish at (xg,&p). The relation between the
symplectic form and Hamiltonian vector fields is as follows:

Proposition 14.1. The vector field Hy is uniquely determined by the
identity

(14.4) o|Hy = —df.

Proof. The content of the identity is

(14.5) o(Hy, V) =~V F,

for any smooth vector field V. If V' has the form used in (14.3), then that
identity gives

oty V) = =[50+ L vi)

J=1

which coincides with the right side of (14.5). In view of the nondegeneracy
of o, the proposition is proved. Note the special case

(14.6) o(Hy,Hy) ={f. g}
The following is an immediate corollary.
Proposition 14.2. If O,Q are open in R?", and F : O — ) is a diffeo-
morphism preserving o, that is, satisfying
(14.7) F*o = o,
then for any f € C*(Q), FyHy is Hamiltonian on Q and
(14.8) FuHy = Hp+y,
where F* f(y) = f(F(y))-

A diffeomorphism satisfying (14.7) is called a canonical transformation,
or a symplectic transformation. Let us now look at the condition on a
vector field X on 2 that the flow F% generated by X preserve o for each
t. There is a simple general condition in terms of the Lie derivative for a
given form to be preserved.
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Lemma 14.3. Let a € AF(Q). Then (F&) o = a for all t if and only if
EXa =0.

Proof. This is an immediate consequence of (13.57).

Recall the formula (13.49):
(14.9) Lxa=d(a]|X)+ (da)] X.
We apply it in the case where a@ = ¢ is the symplectic form. Clearly, (14.2)
implies
(14.10) do = 0,
SO
(14.11) Lxo=d(c]|X).

Consequently, F% preserves the symplectic form ¢ if and only if d(c | X) = 0
on ). In view of Poincaré’s lemma, at least locally, one has a smooth
function f(x,&) such that

(14.12) o|X = df,

provided d(o]X) = 0. Any two f’s satisfying (14.12) must differ by a
constant, and it follows that such f exists globally provided Q is simply
connected. In view of Proposition 14.1, (14.12) is equivalent to the identity

(14.13) X = —Hy.
In particular, we have established the following result.

Proposition 14.4. The flow generated by a Hamiltonian vector field H
preserves the symplectic form o.

It follows a fortiori that the flow F* generated by a Hamiltonian vector
field Hy leaves invariant the 2n-form

v=0A---Ao (n factors),

which provides a volume form on ). That this volume form is preserved is
known as a theorem of Liouville. This result has the following refinement.
Let S be a level surface of the function f; suppose f is nondegenerate on
S. Then we can define a (2n — 1)-form w on S (giving rise to a volume
element on S) which is also invariant under the flow F?, as follows. Let X
be any vector field on €2 such that X f =1 on S, and define

(14.14) w = j*(v] X),

where j : S — 0 is the natural inclusion. We claim this is well defined.
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Lemma 14.5. The form (14.14) is independent of the choice of X, as long
as Xf=1onS.

Proof. The difference of two such forms is j*(v|Y7), where Y1 f =0 on S,
that is, Y7 is tangent to S. Now this form, acting on vectors Ys,...,Ys,,
all tangent to S, is merely (j*v)(Y1,...,Ys,); but obviously j*v = 0 since
dim S < 2n.

We can now establish the invariance of the form w on §.
Proposition 14.6. The form (14.14) is invariant under the flow F* on S.

Proof. Since v is invariant under F*, we have
Frw = j*(F*v] Fy X)
= j*(v|FuX)
=w+j"(v](FLX - X)).

Since F** f = f, we see that (F,X)f =1 = X, so the last term vanishes,
by Lemma 14.5, and the proof is complete.

Let O C R™ be open; we claim that the symplectic form o is well defined
on T*O = O x R™, in the following sense. Suppose g : O — Q is a
diffeomorphism (i.e., a coordinate change). The map this induces from
7O to T*Q is

(14.15) Gl €) = (9(a). (Dg)") " (@)€) = (9.1,
Our invariance result is

(14.16) G*o =o.

In fact, a stronger result is true. We can write

(14.17) o=di, k=Y &dj
J

where the 1-form & is called the contact form. We claim that
(14.18) G*k = K,

which implies (14.16), since G*dk = dG*k. To see (14.18), note that

g,
dy; = Z 87351 drg, 15 = ZHje&z,
k ¢
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where (Hjg) is the matrix of ((Dg)t)_l, that is, the inverse matrix of
(0ge/Ox;). Hence

0g;
Zﬁj dy; = Z 8702 Hjo&p dxy
J

Jrkt

(14.19) = Z Okeée dxy,

ot
= z & dxy,,
I

which establishes (14.18).

As a particular case, a vector field Y on O, generating a flow F¢ on O,
induces a flow G¢, on T*O. Not only does this flow preserve the symplectic
form; in fact, G is generated by the Hamiltonian vector field Hg, where

(14.20) ®(z,8) = (Y(2),8) = Zﬁjvj(x)

ity =Y v(z)0/0x;.

The symplectic form given by (14.2) can be regarded as a special case
of a general symplectic form, which is a closed, nondegenerate 2-form on a
domain (or manifold) Q. Often such a form w arises naturally, in a form
not a priori looking like (14.2). It is a theorem of Darbouz that locally one
can pick coordinates in such a fashion that w does take the standard form
(14.2). We present a short proof, due to J. Moser, of that theorem.

To start, pick p € 2, and consider B = w(p), a nondegenerate, antisym-
metric, bilinear form on the vector space V = T,(). It is a simple exercise
in linear algebra that if one has such a form, then dim V must be even, say
2n, and V has a basis {e;, f; : 1 < j < n} such that

(14.21) Blej,er) = B(fj, fe) =0, Blej, fr) = e,
for 1 < j,¢ < n. Using such a basis to impose linear coordinates (z,¢) on

a neighborhood of p, taken to the origin, we have w = wy = Y d§; Adx; at
p. Thus Darboux’ theorem follows from:

Proposition 14.7. If w and wq are closed, nondegenerate 2-forms on €,
and w = wqy at p € §Q, then there is a diffeomorphism G, defined on a
neighborhood of p, such that

(14.22) Gi1(p) =p and Gijw = wy.

Proof. Fort € [0,1], let
(14.23) wr=(1—two+tw=wp+ta, a=w-—uwp.
Thus @ = 0 at p, and « is a closed 2-form. We can therefore write

(14.24) a=ds
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on a neighborhood of p, and if § is given by the formula (13.61) in the
proof of the Poincaré lemma, we have 8 = 0 at p. Since for each t, w; = w
at p, we see that each w; is nondegenerate on some common neighborhood
of p, for t € [0, 1].

Our strategy will be to produce a smooth family of local diffeomorphisms
Gi, 0 <t < 1, such that G¢(p) = p, Go = id., and such that Gfw; is
independent of ¢, hence G;w; = wy. G will be specified by a time-varying
family of vector fields, via the ODE

(14.25) %Q@:Xﬂﬂ@%(ﬁ@:m

We will have G¢(p) = p provided X;(p) = 0. To arrange for Gfw; to be
independent of £, note that, by the product rule,

d d
(14.26) £@%=@@M+@%L
By (14.23), dw;/dt = o = df3, and by Proposition 13.1,
(1427) Ltht = d(thXt)

since w; is closed. Thus we can write (14.26) as

d
This vanishes provided X; is defined to satisfy

Since w; is nondegenerate near p, this does indeed uniquely specify a vector
field X; near p, for each ¢ € [0, 1], which vanishes at p, since § = 0 at p.
The proof of Darboux’ theorem is complete.

Exercises

1. Do the linear algebra exercise stated before Proposition 14.7, as a preparation
for the proof of Darboux’ theorem.

2. On R? identify (z, &) with (,y), so the symplectic form is ¢ = dy A dz. Show
that

0 0
X:f%Jrga—y and a=gdx— fdy

are related by
a=o|X.

Reconsider Exercises 8-10 of §13 in light of this.

3. Show that the volume form w on the level surface S of f, given by (14.14), can
be characterized as follows. Let S, be the level set {f(z,£) =c+h}, S = So.
Given any vector field X transversal to S, any open set O C S with smooth
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boundary, let Op be the thin set sandwiched between S and Sh, lying on orbits
of X through O. Then, with v =0 A --- A o the volume form on £2,

o
CEES RS
o Oy,

4. A manifold M C R?" is said to be coisotropic if, for each p € M, the tangent
space T, M contains its symplectic annihilator

T; = {w S R2n . 0—(’1},’11}) =0 forallv e TpM}

It is said to be Lagrangian if T, M = T, for allp € M. If M is coisotropic, show
that it is naturally foliated by manifolds { Ny} such that, for p € Ny, T, N, =
T7. (Hint: Apply Frobenius’s theorem.)

15. First-order, scalar, nonlinear PDE

This section is devoted to a study of PDE of the form
(15.1) F(x,u,Vu) =0,

for a real-valued u € C*°(f), dim Q = n, given F(z,u,£) smooth on
QxR xR", or some subdomain thereof. We study local solutions of (15.1)
satisfying

(15.2) uls = v,

where S is a smooth hypersurface of 2, v € C°(S). The study being
local, we suppose S is given by x,, = 0. Pick a point g € S C R", and set
Co = (Ov/0x1,...,00/0x,_1) at xg. Assume

F(zo,v(x0), (0, 70)) =0,
15.
(15:3) % = (0 at this point.
We call this the noncharacteristic hypothesis on S. We look for a solution
to (15.1) near xo.

In the paragraph above, Vu denotes the n-tuple (Ou/dz1, ..., 0u/0x,).
In view of the material in §§13 and 14, one should be used to the idea
that the 1-form du = ) (0u/0z;) dz; has an invariant meaning. As we will
see later, a Riemannian metric on 2 then associates to du a vector field,
denoted grad u.

Thus, we will rephrase (15.1) as

(15.4) F(z,u,du) = 0.

We think of F' as being defined on T x R, or some open subset of this
space. The first case we will treat is the case

(15.5) F(x,du) = 0.
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This sort of equation is known as an eikonal equation. From the treatment
of (15.5), we will be able to deduce a treatment of the general case (15.4),
using a device known as Jacobi’s trick.

The equation (15.5) is intimately connected with the theory of Hamil-
tonian systems. We will use this theory to construct a surface A in R?", of
dimension n, the graph of a function £ = E(x), which ought to be the graph
of du for some smooth u. Thus our first goal is to produce a geometrical
description of when

(15.6) A = graph of £ = Z(z)

is the graph of du for some smooth .

Proposition 15.1. The surface (15.6) is locally the graph of du for some
smooth u if and only if

9% 0%k g

15. =
(15.7) Oz Oz’

Proof. This follows from the Poincaré lemma, since (15.7) is the same as
the condition that > =;(x) dz; be closed.

The next step is to produce the following geometrical restatement.

Proposition 15.2. The surface A of (15.6) is the graph of du (locally) if
and only if 0(X,Y) = 0 for all vectors X,Y tangent to A, where o is the
symplectic form.

If A satisfies this condition, and dim A = n, we say A is a Lagrangian
surface.

Proof. We may as well check o(X}, X;) for some specific set X1,..., X,
of linearly independent vector fields, tangent to A. Thus, take
0 95, 0

15.8 Xj=5—+ oy .
( ) J 8$j 7 637]‘ 85@

In view of the formula (14.3), we have
o= o,
a$j 8$k ’

so the result follows from Proposition 15.1.

(15.9) o(X;,Xy) =

To continue our pursuit of the solution to (15.5), we next specify a surface
Y, of dimension n—1, lying over S = {z,, = 0}, namely, with 0;v = dv/0z;,

(15.10) ¥ ={(z,&) 1z, =0, § =0jv, for 1 <j<n-—1, F(z,§) =0}
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The noncharacteristic hypothesis implies, by the implicit function theorem,
that (with ' = (21,...,2,—1)), the equation

F(2',0;01v,...,0,_10,7) =0

implicitly defines 7 = 7(2’), so (15.10) defines a smooth surface of dimen-
sion n — 1 through the point (zq, (o, 70))-

We now define A to be the union of the integral curves of the Hamiltonian
vector field Hr through . Note that the noncharacteristic hypothesis
implies that Hr has a nonvanishing d/0z, component over S, so A is a
surface of dimension n, and is the graph of a function £ = Z(z), at least
for = close to zo (Fig. 15.1). Since F is constant on integral curves of Hp,
it follows that F' =0 on A.

FIGURE 15.1

Theorem 15.3. The surface A constructed above is locally the graph of
du, for a solution u to

(15.11) F(z,du) =0, u|s=wv.

Proof. We will show that A is Lagrangian. So let X,Y be vector fields
tangent to A at (z,€) in A C R?". We need to examine o(X,Y). First
suppose x € S (i.e., (x,€) € X). Then we may decompose X and Y into
X =X14+Xs, Y =Y1+Ys, with X;,Y; tangent to ¥ and X5, Y5 multiples
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of Hr at (x,£). It suffices to show that o(X7,Y7) = 0 and o(X1,Y2) = 0.
Since X, regarded simply as projecting over {z, = 0}, is the graph of
a gradient, Proposition 15.2 implies 0(X;,Y;) = 0. On the other hand,
0(X1,Ys) is a multiple of o(X1,Hp) = (X;7,dF) = XjF. Since X; is
tangent to X and FF =0on X, X3 F =0.

Thus we know that o(X,Y) =0 if X and Y are tangent to A at a point
in 3. Suppose now that X and Y are tangent to A at a point Ft(z,¢&),
where (z,£) € ¥ and F*? is the flow generated by Hr. We have

o(X,Y) = (Fo)(FuX, FLY).

Now F}, X and FLY are tangent to A at (z,§) € X. We use the important
fact that the flow generated by Hp leaves the symplectic form invariant to
conclude that

o(X,Y) =o(FuX,FLY) =0.

This shows that A is Lagrangian.

Thus A is the graph of du for some smooth u, uniquely determined up
to an additive constant. Pick z¢ € S and set u(zg) = v(zo). We see that,
on S, Ou/0x; = 0v/0x; for 1 < j < n—1, so this forces u|g = v. We have
seen that F'=0 on A, so we have solved (15.11).

An important example of an eikonal equation is
(15.12) |del? =1

on a Riemannian manifold, with metric tensor g;i. In local coordinates,
(15.12) is

(15.13) Zgﬂ"“(a:)a—‘pa—‘p =1,

y Oxj Oxy,

where, as before, (¢’%) is the matrix inverse to (g;x). We want to give a
geometrical description of solutions to this equation. Let ¢ be specified
on a hypersurface S C M;p|ls = ©. Assume that |d¥| < 1 on S. Then
there are two possible sections of T* M over S, giving the graphs of dy over
S. Pick one of then; call it ¥. As we have seen, the graph of dy is the
flow-out A of X, via the flow generated by Hy, with f(z,£) = (1/2)|¢]* =
(1/2) 3" g% ()& €k, that is, via the “geodesic flow” on T*M. The projec-
tions onto M of the integral curves of Hy in T* M are geodesics on M. The
geometrical description of ¢ arises from the following result.

Proposition 15.4. The level surfaces of ¢ are orthogonal to the geodesics
that are the projections on M of the integral curves of Hy through .

Proof. If we consider a point z € M over which A is the graph of dyp,
we have (x,€) € A, &€ = dp(x). The assertion of the proposition is that
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the metric tensor, inducing an isomorphism Ty M =~ T, M, identifies £ with
~'(t), where v/(t), the tangent vector to such a geodesic, is the projection
onto T, M of Hy at (z,£). Since

—[0f & 0f O
(15.14) Hy = Z[(‘ngaTsj - %ja—&},

this projection is equal to

of 0 : 0
(15.15) > agfj 9z, > dF @) P

which is in fact the image of £ € Ty under the natural metric isomorphism
T*M ~ T,M. This proves the proposition.

We can restate it this way. The metric isomorphism T*M ~ T'M pro-
duces from the 1-form dy, the gradient vector field grad ¢. In local coor-
dinates, with dp = > (9¢/0x;) dx;, we have

99 9

15.1 dyo= Ik :
(15.16) grad o= 0" () 5 5

Thus, the content of the last proposition is the following:

Corollary 15.5. If+(t) is the geodesic of unit speed that is the projection
on M of an integral curve of Hy through ¥, then

(15.17) grad o(z) =+'(t), atx=~(t).

Suppose, for example, that for an initial condition on ¢ we take ¢ = ¢
(constant) on the surface S. Then, near S, the other level sets of ¢ are
described as follows. For p € S, let v, (t) be the unit-speed geodesic through
D, 80 7p(0) = p, orthogonal to S, going in one of two possible directions,
corresponding to a choice of one of two possible ¥s, as mentioned above.
Then

(15.18) p(x) =c+t, atz=,(t).

This gives a very geometrical picture of solutions to (15.12).

On flat Fuclidean space, where geodesics are just straight lines, these
formulas become quite explicit. Suppose, for example, that we want to
solve |dp|?> =1 on R™ (i.e., > (0¢/0x;)* = 1), and we prescribe

(15.19) ¢ =0 on a surface S defined by ¥ (z) =0,

where 9(x) is given. Then it is clear that, for [¢t| not too large, ¢ is defined
by

(15.20) o(z + V()| V() =¢t, for z € S.
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For small a, I = (—a,a), the map

(15.21) U:SxI—R"
given by
(15.22) U(x,t) =2+ t|V(z)| ' Vip(z)

is a diffeomorphism, but simple examples show that this can break down
for large |t|.

Having solved the special sort of first-order PDE known as the eikonal
equation, we now tackle the general case (15.1)—(15.2), subject to the condi-
tion (15.3). We use a method, called Jacobi’s trick, of defining u implicitly
by

(15.23) Via,u(z)) =0

and producing a PDE for V of the eikonal type. Indeed (15.23) gives, with
V =V(x,z2),

(15.24) V.V+V.Vu=0, or Vu=-V,'V,V,
so set

(15.25) g(x,2,6,¢) = F(x, 2, —CL€).

Our equation for V is hence F(x,z,—V,1V,V) =0, or
(15.26) g(z,2,V, V) =0.

This is of eikonal type. Our initial condition is
(15.27) V=z—v onz, =0.

This gives V, # 0 locally, so by the implicit function theorem, (15.23)
defines a function u(z), which solves the system (15.1)—(15.2).

Exercises

1. Let X be a vector field on a region €2, generating a flow F*, which we will
assume is defined everywhere. Consider the linear PDE

(15.28) % = Xu, u(0,z)= f(z).

Show that a solution is given by
u(t,z) = f(F'x).

Show that the equation

(15.29) = = Xu+g(t,x), u(z)=f(z)



(15.30)
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is solved by

u(t,z) = f(F'z) + /tg(s,}'t_sx> ds,
0

and that
%: = Xu+a(t,x)u, u(0,z)= f(z)

is solved by

(fof a(s,]—'tfsw)ds)
u(t,z) =e f(Fx).

(Hint: The solution to (15.28) is constant on integral curves of 9/9t — X in
R x Q. Apply Duhamel’s principle to (15.29). Then find A(t,z) such that
(15.30) is equivalent to

. A PDE of the form

for a real-valued u = u(t, x), is a special case of a quasilinear equation. Show
that if we set u(0,2) = v(z) € C*°(R™), then there is a unique smooth solution
in a neighborhood of {0} x R™ in R**!, and u(t, z) has the following property.
For each zo € R™, consider the vector field
) w )
VmO = E + Z (J,j(ZE,’U(l’())) 87:6]

Jj=

=

Then u(t,z) is equal to v(xzo) on the integral curve of V, through (0, o).
Considering the example

ur +uuy =0, u(0,z) = e_x2,

show that this smooth solution can cease to exist globally, due to two such
lines crossing.
. Work out explicitly the solution to

2 2
25\, (9¢)'_ |
oz Jdy

satisfying ¢(z,%) = 0 on the parabola y = 2, and d¢/dy > 0 there, using
(15.19) and (15.20). Write a computer program to graph the level curves of
. How does the solution break down?

. The group of dilations of 7" M, defined (in local coordinates) by D(r)(z,§) =
(z,7€), is generated by a vector field ¥ on T*M, which we call the natural
radial vector field. Show that ¥ is uniquely specified by the identity

o(?, X) = (X, ),
when X is a vector field on 7" M, and k = Y §; dx; is the contact form (14.17).
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5. Suppose A is a submanifold of T*M of dimension n = dim M, with ¢ : A —
T*M. Show that A is Lagrangian if and only if :*x is a closed 1-form on A
(hence locally exact). If A is Lagrangian, relate :*x = df on A to du, in the
context of Proposition 15.1.

6. Suppose A is a Lagrangian submanifold of T*M, transverse to 9. Define a
subbundle V of TA by

Ve,e) = (9)7 N Ta0)A,
where ()7 is the set of vectors v € T, ¢)T* M such that o(¥,v) = 0. Show
that V is an integrable subbundle of T'A, that is, that Frobenius’s theorem
applies to V, giving a foliation of A. If A is the graph of du, u € C*(M),

show that the inverse image, under 7 : A — M, of the level sets of u gives the
leaves of this foliation of A.

16. Completely integrable Hamiltonian systems

Here we will examine the consequences of having n “conservation laws” for
a Hamiltonian system with n degrees of freedom. More precisely, suppose
O is a region in R?", with coordinates (z,£) and symplectic form o =
Z?Zl d&; N dxj, or more generally O could be a symplectic manifold of
dimension 2n. Suppose we have n functions uq, ..., u,, in involution, that
is,

(16.1) {uj,ur} =0, 1<j,k<n.

The function u; = F could be the energy function whose Hamiltonian vec-
tor field we want to analyze, and uo, . . ., u, auxiliary functions, constructed
to reflect conservation laws. We give some examples shortly. In case one
has n such functions, with linearly independent gradients, one is said to
have a completely integrable system.

Our goal here will be to show that in such a case the flows generated by
the H,, can be constructed by quadrature. We define the last concept as
follows. Given a collection of functions {u;}, a map is said to be constructed
by quadrature if it is produced by a composition of the following operations:

(i) elementary algebraic manipulation,
(ii) differentiation,
(iii) integration,
(iv) constructing inverses of maps.
To begin the study of a completely integrable system, given (16.1), con-
sider, for a given p € R", the level set

(16.2) M, ={(x,§) € O :uj(z,§) = p;}.

Assuming the u; have linearly independent gradients, each nonempty M,
is a manifold of dimension n. Note that each vector field H,; is tangent to
M, by (16.1), and therefore {H,, : 1 < j < n} spans the tangent space to
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M, at each point. Since o(Hy,, Hy,) = {uj, ur}, we conclude from (16.1)
that
(16.3) each M, is Lagrangian.
If we make the “generic” hypothesis
(16.4) m: My — R" is a local diffeomorphism,

where 7(x,€) = x, then M, is the graph of a closed 1-form =, (depending
smoothly on p); note that Z,(z) is constructed by inverting a map, one of
the operations involved in construction by quadrature. Furthermore, =,
being closed, we can construct a smooth function ¢(z,p) such that

(16.5) M, is the graph of z — dyp(z,p).

The function ¢(z,p) is constructed from Z, by an integration, another
ingredient in construction by quadrature. Note that a statement equivalent
to (16.5) is that ¢ simultaneously satisfies the eikonal equations

Consider now the following maps:

(2,p) —2— (dpp(z,p),p)
(16.7) Cl

(2,p) —2— (2,dp(x,p)).

Since Fy(z,p) = (x,=Zp(x)), it is clear that F, is a local diffeomorphism
under our hypotheses. This implies that the matrix

0%p
apjaxk

(16.8)

is invertible, which hence implies that F} is a local diffeomorphism (by the
inverse function theorem). Hence C is locally defined, as a diffeomorphism:

(16.9) C(dpp(x,p),p) = (2, duip(,p)).
Write C(q,p) = (z,£). Note that

. 0?
F5 N dej ndey = apkgm dpi A da;
d.k J

(16.10)
=F; Y dp; Adgj,
SO

(16.11) c* (Z dg; A dxj) =" dp; A dg,

that is, C preserves the symplectic form. One says C is a canonical trans-
formation with generating function p(x,p). Now conjugation by C takes
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the Hamiltonian vector fields H,; on (z,£)-space to the Hamiltonian vector
fields Hg, on (g, p)-space, with

;(q,p) = u; 0 C(q,p) = pj,
in view of (16.6). Thus

0
(16.12) Hz, = 9’
so C conjugates the flows generated by H,, to simple straight-line flows.
This provides the construction of the H,, -flows by quadrature.

Note that if O has dimension 2, one needs only one function u;. Thus
the construction above generalizes the treatment of Hamiltonian systems
on R? given in §10. In fact, the approach given above, specialized to n = 1,
is closer to the analysis in §10 than it might at first appear. Using notation
as in §10, let w1 = f, p1 = F, so

is the graph of £ = ¢(z, E) = dyp(z, E), with

p(a.E) = [ v(w.B) do

Note that f(z,¢(z,FE)) = E = fevp =1, so
(16.13) dpp(z, E) :/fg(x,w(x,E))_l dz,

and C maps ([ fgldac,E) to (z,9¢(x,€)). To say C conjugates Hy to Hg =
0/9q (in (g, E) coordinates) is to say that under the time-t Hamiltonian
flow, [ fgldx is augmented by ¢; but this is precisely the content of (10.16),
namely,

(16.14) /fg (:c,zp(a:,E))‘l dr =1+ C(E).

We also note that, for the purpose of linearizing H,,, it suffices to have
o(z,p), satisfying only the eikonal equation

(16.15) Uy (x,dxcp(x,p)) = p1,

such that the matrix (16.8) is invertible. The existence of us, . .., u,, which
together with uy are in involution, provides a way to construct ¢(x, p), but
any other successful attack on (16.15) is just as satisfactory. Integrating
H,, by perceiving solutions to (16.15) is the essence of the Hamilton-Jacobi
method.

We now look at some examples of completely integrable Hamiltonian
systems. First we consider geodesic flow on a two-dimensional surface of
revolution M? C R3. Note that T*M? is four-dimensional, so we want
uy and ue, in involution. The function u; is, of course, the energy funtion
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up = (1/2) 3 ¢7%(2)€;€k; as we have seen, H,, generates the geodesic
flow. Our function u, will arise from the group of rotations Ry of M?
about its axis of symmetry, § € R/27Z. This produces a group Ry of
canonical transformations of T*M?, generated by a Hamiltonian vector
field X = H,,, with us(z,£) = (9/00,¢). Since Ry is a group of isometries
of M2, Ry preserves uj (i.e., Xuj = 0), or equivalently, {uz,u;} = 0. We
have our pair of functions in involution. Thus geodesics on such a surface
of revolution can be constructed by quadrature.

Another important class of completely integrable Hamiltonian systems
is provided by motion in a central force field in the plane R?. In other
words, let x(t), a path in R?, satisfy

(16.16) i=-VV(x), V(z)=ov(z|).
The Hamiltonian system is
(16.17) i=VeF, £=-V,F,
with

1
(16.18) F(z,8) = 5|¢1 + v(|a])-

We take u; = F and look for usg, in involution. Again uy arises from a
group of rotations, this time rotations of R? about the origin. The method
we have given by which a vector field on €2 produces a Hamiltonian vector
field on T™( yields the formula

e = ()

(16.19) A
< 2 0z T 8x2’£>

=x21& — 12&1.

This is the “angular momentum.” The symmetry of V(z) implies that
the group of rotations on T*R? generated by H,, preserves F' = uy, that
is,

(1620) {Ul,UQ} = 0,

a fact that is also easily verified from (16.18) and (16.19) by a computation.
This expresses the well-known law of conservation of angular momentum.
It also establishes the complete integrability of the general central force
problem on R?. We remark that, for the general central force problem in
R™, conservation of angular momentum forces any path to lie in a plane,
so there is no loss of generality in studying planar motion.

The case

K

(16.21) Vi) =~

(K >0)
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of the central force problem is called the Kepler problem. It gives Newton’s
description of a planet traveling about a massive star, or of two celestial
bodies revolving about their center of mass. We will give a direct study of
central force problems, with particular attention to the Kepler problem, in
the next section.

These examples of completely integrable systems have been based on
only the simplest of symmetry considerations. For many other examples of
completely integrable systems, see [Wh].

We have dealt here only with the local behavior of completely integrable
systems. There is also an interesting “global” theory, which among other
things studies the distinction between the regular behavior of completely
integable systems on the one hand and varieties of “chaotic behavior” ex-
hibited by (globally) nonintegrable systems on the other. The reader can
find out more about this important topic (begun in [Poi]) in [Mos|, [TS],
[Wig], and references given therein.

Exercises

1. Let ui(z,€) = (1/2)|€]* — ||~ * be the energy function for the Kepler problem
(with K = 1), and let uz(z, £) be given by (16.19). Set

v;(2,€) = x|z — 2 |¢ + (2 )&, J=1,2

(v1,v2) is called the Lenz vector. Show that the following Poisson bracket
relations hold:

{ulvvj}:[)a j:1725
{uz, v} = Fvj,
{Ul,vg} = 2U1UQ.

Also show that
vf + v% — 2u1u§ =1.

2. Deduce that the Kepler problem is integrable in several different ways. Can
you relate this to the fact that all bounded orbits are periodic?

In Exercises 3-5, suppose a given My, as in (16.2), is compact, and duj,1 <
j < n are linearly independent at each point of M.

3. Show that there is an R™-action on M, defined by ®(t)(¢) = Fit --- Fin¢, for
t=(t1,...,tn),{ € My, where F; is the flow generated by H,;. Show that
D(t + 5)¢ = B(1)B(s)C.

4. Show that R™ acts transitively on My, that is, given ¢ € M,, O(¢) = {P(¢)¢ :
t € R} is all of M. (Hint: Use the linear independence to show O(() is open.
Then, if {1 is on the boundary of O(¢) in M,, show that O((1) N O(¢) # 0.)

5. Fix (o € M, and let I' = {t € R" : ®(¢){o = (o}. Show that M, is diffeomor-
phic to R™/T" and that this is a torus.

6. If u1 = F can be extended to a completely integrable system in two different
ways, with the setting of Exercises 3—5 applicable in each case, then phase
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space may be foliated by tori in two different ways. Hence intersections of
various tori will be invariant under Hr. How does this relate to Exercise 27

17. Examples of integrable systems; central force problems

In the last section it was noted that central force problems give rise to
a class of completely integrable Hamiltonian systems with two degrees of
freedom. Here we will look at this again, from a more elementary point of
view. We look at a class of Hamiltonians on a region in R*, of the form

(171) F(?/J]) :F(ylanlan2>7

that is, with no ys-dependence. Thus Hamilton’s equations take the form
. oF . OF )

(17.2) Yi = 72 = 0.

= 877/ m= _373;1’
In particular, 7, is constant on any orbit, say

This, in addition to F', provides the second conservation law implying in-
tegrability; note that {F,n2} = 0. If F(yy,m, L) = F on an integral curve,
we write this relation as

(174) m = w(yl,L,E)

We can now pursue an analysis that is a variant of that described by
(10.14)—(10.20). The first equation in (17.2) becomes

(175) yl :F’I71 (th(thaE)?L)a

with solution given implicitly by

(17.6) /Fm (y1,%(y1, L, E), L) "dys =t + C.
Once one has y;(t), then one has

(17.7) m(t) = v ), L, E),

and then the remaining equation in (17.2) becomes
(17.8) Jo = Fo, (11 (1), m (1), L),

which is solved by an integration.
We apply this method to the central force problem, with

1
(17.9) F(z,8) = §|§|2+v(|m|), z € R%
Use of polar coordinates is clearly suggested, so we set

(17.10) =71, yo=0; x1 =1 cosb, o =r sinb.
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In these coordinates, the Euclidean metric dz? + dz3 becomes dr? + r2d6?,
so, as in (12.31), the function F becomes

1 -
(17.11) F(y,m) = 5 (nf +v1*n3) +v(m)-
We see that the first pair of ODEs in (17.2) takes the form
(17.12) i=mn, 0=0Lr?,

where L is the constant value of 72 along an integral curve, as in (17.3).
The last equation, rewritten as

(17.13) 2 =L,

expresses conservation of angular momentum. The remaining ODE in
(17.2) becomes

(17.14) m = L* 3 =/ (r).

Note that differentiating the first equation of (17.12) and using (17.14)
gives

(17.15) = L% —/(r),

an equation that can be integrated by the methods described in (10.12)—
(10.20). We will not solve (17.15) by this means here, though (17.15) will
be used below, to produce (17.23). For now, we instead use (17.4)—(17.6).
In the present case, (17.4) takes the form

(17.16) m = +[2E — 20(r) — L2V,
and since F,, = m, (17.6) takes the form
(17.17) i/[QErQ —220(r) — L] Prdr =t + C.

In the case of the Kepler problem (16.21), where v(r) = —K/r, the resulting
integral

(17.18) i/(QErQ +2Kr — L2)_1/27~ dr=t+C

can be evaluated using techniques of first-year calculus, by completing the
square in 2Er? + 2Kr — L?. Once r = r(t) is given, the equation (17.13)
provides an integral formula for 6 = 6(¢).

One of the most remarkable aspects of the analysis of the Kepler problem
is the demonstration that orbits all lie on some conic section, given in polar
coordinates by

(17.19) r[1+4 e cos(d — 6p)] = ed,

where e is the “eccentricity.” We now describe the famous, elementary but
ingenious trick used to demonstrate this. The method involves producing
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a differential equation for r in terms of 6, from (17.13) and (17.15). More
precisely, we produce a differential equation for u, defined by

(1720) u = 7”_1.
By the chain rule,
dr du du df du
17.21 A P i el
(17.21) at At do dt o’
in light of (17.13). Differentiating this with respect to t gives
d?r d du d*u df d’u
17.22 L 22— 22
(17.22) dt? dt do do> dt T2,

again using (17.13). Comparing this with (17.15), we get —L?u?(d*u/d6?) =
L?u3 — v'(1/u) or, equivalently,

d*u et
(17.23) 5 +u= (L) v/(a).

In the case of the Kepler problem, v(r) = —K/r, the right side becomes
the constant K/L?, so in this case (17.23) becomes the linear equation

d*u
17. - -
(17.24) d02—|—u 72
with general solution
K
(17.25) u(f) = Acos(6 — 6p) + —,

12
which is equivalent to the formula (17.19) for a conic section.

For more general central force problems, the equation (17.23) is typically
not linear, but it is of the form treatable by the method of (10.12)—(10.20).

Exercises

1. Solve explicitly w”(t) = —w(t), for w taking values in R? = C. Show that
|w(t)|? 4+ |w’ (t)|> = 2E is constant for each orbit.
2. For w(t) taking values in C, define a new curve by

dr

20 = w9 =
Show that if w”(t) = —w(t), then
20 =48 o

that is, Z(7) solves the Kepler problem.
3. Analyze the flow of Hp, for F' of the form (17.1), in a manner more directly
parallel to the approach in §16, in a spirit similar to (16.13) and (16.14). Note
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that, with w1 = F, u2 = n2, p1 = F, p2 = L, the canonical transformation C
of (16.9) is defined by

C< Fp' dys,ye */Fﬂanz dyl;EJ) = <y17y2;¢(y1,L7E),L>7
where the first integrand is F,, (yl,w(yl, L, E), L)i , and so on.
4. Analyze the equation (17.23) for u(0) in the following cases.

(a) v(r) = —K/r?

(b) v(r) = Kr?,

(c) v(r) = —K/r +er?.

Show that, in case (c), u(0) is typically not periodic in 6.

5. Consider motion on a surface of revolution, under a force arising from a ro-
tationally invariant potential. Show that you can choose coordinates (r,8) so
that the metric tensor is ds® = dr? + 3(r) "' d#?, and then you get a Hamil-
tonian system of the form (17.2) with

1 1
F(yi,m,n2) = 577? + §ﬂ(y1)n§ +v(y1),

where y1 = 7, y2 = 6. Show that, parallel to (17.16) and (17.17), you get

P =+ [QE — 2u(r) — Lzﬁ(r)} v

Show that u = 1/r satisfies
du u? 1 2 1\1Y?
Wz U lop-—2(-) 12> .
a6 = TLA(1/u) { ”(u) ﬁ(u)}

18. Relativistic motion

Mechanical systems considered in previous sections were formulated in the
Newtonian framework. The description of a particle moving subject to a
force was given in terms of a curve in space (with a positive-definite metric),
parameterized by time. In the relativistic set-up, one has not space and
time as separate entities, but rather spacetime, provided with a metric of
Lorentz signature. In particular, Minkowski spacetime is R* with inner
product

3
(18.1) (,y) = *fﬂoyo+zfﬂjyj7
j=1
given z = (zo,...,23), ¥y = (Yo,-..,y3). The behavior of a particle moving

in a force field is described by a curve in spacetime, which is timelike, that
is, its tangent vector T satisfies (T, T) < 0. We parameterize the curve not
by time, but by arc length, so we consider a curve z(7) satisfying

(18.2) (u(r),u(r)) = =1, wu(r)=2'(7).
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The parameter 7 is often called “proper time,” and u(7) the “4-velocity.”
Such a curve x(7) is sometimes called a “world line.”

Relativistic laws of physics are to be formulated in a manner depending
only on the Lorentz metric (18.1), but contact is made with the Newtonian
picture by using the product decomposition R* = R x R3, writing = =
(t,xs), t = o, and x5 = (21, 22, 23). The “3-velocity” is v = dxs/dt. Then
(18.3) w=(1,0),
where, by (18.2),

dt —1/2
18.4 =—=(1-|v?
(18.4) y=-= 0=

with [v]? = v} 4+ v3 + v3. In the limit of small velocities, v is close to 1.
The particle whose motion is to be described is assumed to have a con-
stant “rest mass” myg, and then the “4-momentum” is defined to be

(18.5) P = mou.
In terms of the decomposition (18.3),

(186) b= (mO’YamO,—Y’U)a
where mgv is the momentum in Newtonian theory. The replacement for
Newton’s equation modv/dt = f is
dp
dr
the right side being the “Minkowski 4-force.”

Newtonian theory and Einstein’s relativity are related as follows. Define
m by m = mg7y and, using (18.6) and (18.7), write

dm d(mv)) B (dm d(mv))

18.8 F= (7 am.
(18.8) ar’dr T
Then we identify fo = d(mw)/dt as the “classical force” and write the last

expression as (f°,vfc). If (18.2) is to hold, we require f° = vfc - v (the
dot product in Euclidean R?), so

(18.9) F=~(fc-v, fc).

With this correspondence, the equation (18.7) yields Newton’s equation in
the small velocity limit.

Since the 4-velocity has constant length, by (18.2), the Minkowski 4-force
F must satisfy

(18.10) (F,u) = 0.

(18.7) F,

It follows that in relativity one cannot have velocity-independent forces.
The simplest situation compatible with (18.10) is for F' to be linear in w,
say

(18.11) F(x,u) = F(x)u,
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where for each z € R*, F(x) is a linear transformation on R*; in other
words, F is a tensor field of type (1,1). The condition (18.10) holds pro-
vided F is skew-adjoint with respect to the Lorentz inner product:

(18.12) (Fu,w) = —(u, Fw).
Equivalently, if we consider the related tensor F of type (0, 2),
(18.13) Flu,w) = (u, Fw),

then F is antisymmetric, that is, F is a 2-form. In index notation, F;, =
hjgffk, where hj;, defines the Lorentz metric.

The electromagnetic field is of this sort. The classical force exerted by
an electric field E and a magnetic field B on a particle with charge e is the
Lorentz force

(18.14) fr =e(E+v x B),
as in (12.40). Using this in (18.9) gives, for u = (u°,v),
(18.15) Fu=e(E-v,Bu’ +vx B).

Consequently the 2-form F is F(u,w) = e ) Fu,w, with

0 -E —-F, —E
E, 0 By —-DB
Ey, -By 0 B
E; By, -B, 0

(18.16) (Fuv) =

In relativity it is this 2-form which is called the electromagnetic field.
To change notation slightly, let us denote by F the 2-form described by
(18.16), namely, with ¢t = o,

3
(18.17) F =Y Ejdz; Adt+ By dwy Ndws+ By dus Aday + Bs day Adxy.

j=1

Thus the force in (18.11) is now denoted by eFu.

We can construct a Lagrangian giving the equation of motion (18.7),
(18.11), in a fashion similar to (12.44). The part of Maxwell’s equations for
the electromagnetic field recorded as (12.41) is equivalent to the statement
that

(18.18) dF = 0.
Thus we can find a 1-form 4 on Minkowski spacetime such that
(18.19) F=dA.

Then we can set

(18.20) L(z,u) = %m()(u,u) +e(A,u),
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and the force law dp/dr = eF(z)u is seen to be equivalent to

d
18.21 —L,—L,=0.
( ) dr

See Exercise 3 below. In this case, the Legendre transform (12.13) becomes,

with u® = (—u®, ul, u? u?),
(18.22) (z,€) = (x, mou’ + e A),
and we get the Hamiltonian system
dz d¢
18.23 2R, ==-E,
( ) dr © dr
with
1
(18.24) E(x,§) = — (£ —eA £ —eA).
2m0
Exercises

1. Consider a constant electromagnetic field of the form
E=(1,0,0), B=0.
Work out the solution to Newton’s equation

dv dz
ma—e(E—l—va), V=

for the path = z(t) in R® of a particle of charge e, mass m, moved by
the Lorentz force arising from this field. Then work out the solution to the
relativistic equation

d
moﬁ =¢(E-v,Eu’ +v x B),
with u = (u°,v) (having square norm —1), u = dz/dr, for the path in R?* of
a particle of charge e, rest mass mo, moved by such an electromagnetic field.
Compare the results. Do the same for

E=0, B=(1,0,0).

2. Take another look at Exercise 3 in §12.

3. Show that taking (18.20) for the Lagrangian implies that Lagrange’s equation
(18.21) is equivalent to the force law dp/dr = eFu, on Minkowski spacetime.
(Hint: To compute L, use

d(A,u) = —(dA) Ju+ LA,

regard u as independent of z, and note that dA/dr = V, A = L, A, in that
case.)
Compare Exercise 4 in §12. _

4. Verify formula (18.16) for F,,. Show that the matrix for F has the same
form, except all E; carry plus signs.
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5. An alternative sign convention for the Lorentz metric on Minkowski spacetime
is to replace (18.1) by (z,y) = zoyo — >_,5, %;y;- Show that this leads to a
sign change in (18.16). What other sign changes arise?

6. Suppose a 1-form A is given, satisfying (18.19), on a general four-dimensional
Lorentz manifold M. Let L : TM — R be given by (18.20). Use the set-
up described in (12.51)—(12.65) to derive equations of motion, extending the
Lorentz force law from Minkowski spacetime to any Lorentz 4-manifold.
(Hint: In analogy with (12.64), show that L, is given by

L, = mou + eA#,

where A¥ is the vector field corresponding to A via the metric (by raising
indices). Taking a cue from Exercise 3, show that L, satisfies

Ly = eFu+ eV, A*.
Deduce that the equation
moVau = e]?u

is the stationary condition for this Lagrangian.)

19. Topological applications of differential forms

Differential forms are a fundamental tool in calculus. In addition, they
have important applications to topology. We give a few here, starting with
simple proofs of some important topological results of Brouwer.

Proposition 19.1. There is no continuous retraction ¢ : B — S™~! of
the closed unit ball B in R™ onto its boundary S™~!.

In fact, it is just as easy to prove the following more general result. The
approach we use is adapted from [Kan].

Proposition 19.2. If M is a compact, oriented manifold with nonempty
boundary OM , there is no continuous retraction ¢ : M — OM.

Proof. A retraction ¢ satisfies ¢ o j(z) = x, where j : OM — M is the
natural inclusion. By a simple approximation, if there were a continuous
retraction there would be a smooth one, so we can suppose ¢ is smooth.
Pick w € A"~1(0M) to be the volume form on M, endowed with some
Riemannian metric (n = dim M), so fBM w > 0. Now apply Stokes’
theorem to a = p*w. If ¢ is a retraction, j*¢*w = w, so we have

(19.1) /w:/dgp*w.
M

oM

But dp*w = p*dw = 0, so the integral (19.1) is zero. This is a contradiction,
so there can be no retraction.
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A simple consequence of this is the famous Brouwer fixed-point theorem.

Theorem 19.3. If F: B — B is a continuous map on the closed unit ball
in R™, then F' has a fixed point.

Proof. We are claiming that F(z) = « for some z € B. If not, define
©(z) to be the endpoint of the ray from F(z) to x, continued until it
hits 0B = S"~1. It is clear that ¢ would be a retraction, contradicting
Proposition 19.1.

We next show that an even-dimensional sphere cannot have a smooth
nonvanishing vector field.

Proposition 19.4. There is no smooth nonvanishing vector field on S™ if
n = 2k is even.

Proof. If X were such a vector field, we could arrange it to have unit
length, so we would have X : S™ — S™, with X (v) L v for v € S C R+,
Thus there is a unique unit-speed geodesic v, from v to X (v), of length
/2. Define a smooth family of maps F} : S™ — S™ by Fy(v) = 7,(t). Thus
Fo(v) = v, Frjo(v) = X(v), and Fr = A would be the antipodal map,
A(v) = —v. By (13.63), we deduce that A*w —w = df is exact, where w is
the volume form on S™. Hence, by Stokes’ theorem,

(19.2) S[A*w :S[w.

On the other hand, it is straightforward that A*w = (—1)""w, so (19.2)
is possible only when n is odd.

Note that an important ingredient in the proof of both Proposition 19.2
and Proposition 19.4 is the existence of n-forms on a compact, oriented,
n-dimensional manifold M which are not exact (though of course they are
closed). We next establish the following important counterpoint to the
Poincaré lemma.

Proposition 19.5. If M is a compact, connected, oriented manifold of
dimension n and o € A"M, then o = df3 for some 3 € A"~ 1(M) if and
only if

(19.3) / a=0.

M

We have already discussed the necessity of (19.3). To prove the suffi-
ciency, we first look at the case M = S™.
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In that case, any n-form « is of the form a(x)w, a € C*°(S™), w the
volume form on S™, with its standard metric. The group G = SO(n + 1)
of rotations of R"*! acts as a transitive group of isometries on S™. In
Appendix B, Manifolds, Vector Bundles, and Lie Groups, we construct the
integral of functions over SO(n + 1), with respect to Haar measure.

As noted in Appendix B, we have the map Exp : Skew(n+1) — SO(n+
1), giving a diffeomorphism from a ball O about 0 in Skew(n + 1) onto an
open set U C SO(n + 1) = G, a neighborhood of the identity. Since G
is compact, we can pick a finite number of elements £; € G such that the
open sets U; = {§;g : g € U} cover G. Pick n; € Skew(n + 1) such that
Exp n; = &;. Define ®;, : U; — G for 0 <t < 1 by

(19.4) ®;¢ (&5 Exp(A)) = (Exp tn;)(Exp t4), Ae€O.

Now partition G into subsets €2, each of whose boundaries has content
zero, such that Q; C U;. If g € Q;, set g(t) = ®j:(g9). This family of
elements of SO(n + 1) defines a family of maps Fy; : S — S™. Now, as in
(13.60), we have

(19.5) a=g'a—drg(a), kKgla)= /0 Fo(a] Xg) dt,

for each g € SO(n + 1), where X is the family of vector fields on S™
generated by Fy, as in (13.58). Therefore,

(19.6) a:/g*a dgfd/ng(a) dg.

G G

Now the first term on the right is equal to aw, where @ = [ a(g - z)dg is a
constant; in fact, the constant is

_ 1
Sn

Thus, in this case, (19.3) is precisely what serves to make (19.6) a repre-
sentation of a as an exact form. This finishes the case M = S™.

For a general compact, oriented, connected M, proceed as follows. Cover
M with open sets O1,...,OF such that each O, is diffeomorphic to the
closed unit ball in R™. Set U; = O;, and inductively enlarge each O;
to Uj, so that Uj is also diffeomorphic to the closed ball, and such that
Uis1NU; #0, 1 < j < K. You can do this by drawing a simple curve
from @j-H to a point in U; and thickening it. Pick a smooth partition of
unity ¢;, subordinate to this cover.

Given o € A"M, satisfying (19.3), take &; = ¢ja. Most likely [@; =
c1 # 0, so take o1 € A" M, with compact support in Uy N Us, such that
fal = c¢;. Set @y = &1 — o1, and redefine as to be the old as plus o;.
Make a similar construction using f Qg = c2, and continue. When you are
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done, you have
(19.8) a=o01+- - +ok,

with a; compactly supported in U;. By construction,

(19.9) /Olj =0,

for 1 < j < K. But then (19.3) implies [ ax = 0 too.
Now pick p € S™ and define smooth maps

(19.10) Yy M — 8",

which map U; diffeomorphically onto S™\ p and map M \ U; to p. There is
a unique v; € A™S™, with compact support in S™ \ p, such that ¥*v; = «;.

Clearly
/'Uj = 0,

STL
so by the case M = S™ of Proposition 19.5 already established, we know
that v; = dw; for some w; € A"~1S" and then

(19.11) a; =dBj, By =jw;.

This concludes the proof.

We can sharpen and extend some of the topological results given above,
using the notion of the degree of a map between compact, oriented surfaces.
Let X and Y be compact, oriented, n-dimensional surfaces. We want to
define the degree of a smooth map F' : X — Y. To do this, assume Y is
connected. We pick w € A™Y such that

(19.12) /w:L

Y
We want to define
(19.13) Deg(F) = /F*w.
X

The following result shows that Deg(F') is indeed well defined by this for-
mula. The key argument is an application of Proposition 19.5.

Lemma 19.6. The quantity (19.13) is independent of the choice of w, as
long as (19.12) holds.

Proof. Pick w; € A"Y satisfying [, w1 = 1,50 [, w—wi = 0. By
Proposition 19.5, this implies

(19.14) w—w; =da, for some o € A"'Y.
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Thus

(19.15) /F*w—/F*wl :/dF*a:O,

X X X

and the lemma is proved.
The following is a most basic property.
Proposition 19.7. If Fy and Fy are homotopic, then Deg(Fy) = Deg(Fy).

Proof. As noted in Exercise 7 of §13, if Fy and F; are homotopic, then
Fjw — Ffw is exact, say df3, and of course fX dg = 0.

We next give an alternative formula for the degree of a map, which is very
useful in many applications. A point yg € Y is called a regular value of F
provided that, for each x € X satisfying F'(z) = yo, DF(z) : T, X — T}, Y
is an isomorphism. The easy case of Sard’s theorem, discussed in Appendix
B, implies that most points in Y are regular. Endow X with a volume
element wy, and similarly endow Y with wy. If DF(z) is invertible, define
JF(z) € R\ 0 by F*(wy) = JF(x)wx. Clearly the sign of JF(z) (i.e., sgn
JF(z) = £1), is independent of the choices of wx and wy, as long as they
determine the given orientations of X and Y.

Proposition 19.8. If yq is a regular value of F', then
(19.16) Deg(F) = {sgn JF(z;) : F(x;) = yo}.

Proof. Pick w € A"Y, satisfying (19.12), with support in a small neigh-
borhood of 9. Then F*w will be a sum ) w;, with w; supported in a small
neighborhood of z;, and [w; = £1 as sgn JF(z;) = £1.

The following result is a powerful tool in degree theory.

Proposition 19.9. Let M be a compact, oriented manifold with bound-
ary. Assume that dim M = n + 1. Given a smooth map F': M — Y, let
f=F|,,, :0M —Y. Then

Deg(f) = 0.

Proof. Applying Stokes’ theorem to a = F*w, we have

/f*w:/dF*w.

oM M

But dF*w = F*dw, and dw = 0 if dim Y = n, so we are done.
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An easy corollary of this is another proof of Brouwer’s no-retraction
theorem. Compare the proof of Proposition 19.2.

Corollary 19.10. If M is a compact, oriented manifold with nonempty
boundary OM, then there is no smooth retraction ¢ : M — OM.

Proof. Without loss of generality, we can assume that M is connected.
If there were a retraction, then M = (M) must also be connected, so
Proposition 19.9 applies. But then we would have, for the map id. = <,0|8M7

the contradiction that its degree is both 0 and 1.

For another application of degree theory, let X be a compact, smooth,
oriented hypersurface in R"™! and set @ = R"* \ X. (Assume n > 1.)
Given p € (), define

(19.17) Fy: X — 8", Fy(z)= —L.

|z — p|
It is clear that Deg(F},) is constant on each connected component of Q. It
is also easy to see that, when p crosses X, Deg(F},) jumps by £1. Thus Q
has at least two connected components. This is most of the smooth case of
the Jordan-Brouwer separation theorem:

Theorem 19.11. If X is a smooth, compact, oriented hypersurface of
R™ L, which is connected, then Q2 = R"*1\ X has exactly two connected
components.

Proof. Since X is oriented, it has a smooth, global, normal vector field.
Use this to separate a small collar neighborhood C of X into two pieces;
C\ X =CoUC;. The collar C is diffeomorphic to [-1,1] x X, and each C;
is clearly connected. It suffices to show that any connected component O
of ) intersects either Cy or C;. Take p € 00. If p ¢ X, then p € Q, which
is open, so p cannot be a boundary point of any component of 2. Thus
00 C X, so O must intersect a C;. This completes the proof.

Let us note that, of the two components of 2, exactly one is unbounded,
say €, and the other is bounded; call it €. Then we claim that if X is
given the orientation it gets as 92y,

(19.18) p € Q; = Deg(F),) = j.

Indeed, for p very far from X, F, : X — S™ is not onto, so its degree is 0.
And when p crosses X, from Qg to 1, the degree jumps by +1.

For a simple closed curve in R2, this result is the smooth case of the
Jordan curve theorem. That special case of the argument given above can
be found in [Sto].
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We remark that, with a bit more work, one can show that any compact,
smooth hypersurface in R®*! is orientable. For one proof, see Appendix B
to Chapter 5.

The next application of degree theory is useful in the study of closed
orbits of planar vector fields. Let C' be a simple, smooth, closed curve
in R?, parameterized by arc length, of total length L. Say C is given
by x = v(t), v(t + L) = ~(t). Then we have a unit tangent field to
C, T(y(t)) =~'(t), defining

(19.19) T:C— S

Proposition 19.12. For T given by (19.19), we have
(19.20) Deg(T) = 1.

Proof. Pick a tangent line £ to C' such that C' lies on one side of ¢, as
in Fig. 19.1. Without changing Deg(T'), you can flatten out C a little, so
it intersects ¢ along a line segment, from ~(Lg) to v(L) = v(0), where we
take Lo =L —2¢, L1 =L —«¢.
Now T is close to the map Ty : C — S*, given by
_ Alt+s) =)
[yt + ) = (1)
for any s > 0 small enough; hence T and T, are homotopic, for small
positive s. It follows that T and T, are homotopic for all s € (0,L).
Furthermore, we can even let s = s(t) be any continuous function s :
[0,L] — (0, L) such that s(0) = s(L). In particular, T' is homotopic to the
map V : C — S, obtained from (19.21) by taking

s(t) =1Ly —t, forte |0, Lo,

(19.21) T, (+(1))

9

and s(t) going monotonically from L; — Lo to Ly, for t € [Lg, L]. Note that

V(L) — (1)

V60 = Rz er

The parts of V' over the ranges 0 <t < Ly and Ly <t < L, respectively,
are illustrated in Figures 19.1 and 19.2. We see that V' maps the segment
of C from ¥(0) to v(Lg) into the lower half of the circle S*, and it maps
the segment of C from ~(Lg) to (L) into the upper half of the circle S*.
Therefore, V' (hence T') is homotopic to a one-to-one map of C' onto S!,
preserving orientation, and (19.20) is proved.

0<t< L.

The material of this section can be cast in the language of deRham
cohomology, which we now define. Let M be a smooth manifold. A smooth
k-form w is said to be ezact if u = dv for some smooth (k — 1)-form v, and
closed if du = 0. Since d? = 0, every exact form is closed:

(19.22) EM(M) c C*(M),
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FIGure 19.1

FIGURE 19.2

where £¥(M) and C* (M) denote respectively the spaces of exact and closed
k-forms. The deRham cohomology groups are defined as quotient spaces:
(19.23) HE(M) = CF(M)/Ex(M).

There are no nonzero (—1)-forms, so E9(M) = 0. A 0-form is a real-valued
function, and it is closed if and only if it is constant on each connected
component of M, so

(19.24) HO(M) ~RY, v =# connected components of M.

An immediate consequence of Proposition 19.5 is the following;:
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Proposition 19.13. If M is a compact, connected, oriented manifold of
dimension n, then

(19.25) H*(M) ~ R.

Via the pull-back of forms, a smooth map F : X — Y between two
manifolds induces maps on cohomology:

(19.26) F*  HI(Y) — HI(X).

If X and Y are both compact, connected, oriented, and of dimension n,
then we have F* : H*(Y) — H"(X), and, via the isomorphism H"(X) =
R ~ H™(Y) arising from integration of n-forms, this map is simply multi-
plication by Deg F'.

The subject of deRham cohomology plays an important role in material
we develop later, such as Hodge theory, in Chapter 5, and index theory, in
Chapter 10.

Exercises

1. Show that the identity map I : X — X has degree 1.

2. Show that if F': X — Y is not onto, then Deg(F') = 0.

3. If A: S™ — S™ is the antipodal map, show that Deg(A) = (—1)""*.

4. Show that the homotopy invariance property given in Proposition 19.7 can be

deduced as a corollary of Proposition 19.9. (Hint: Take M = X x [0, 1].)

5. Let p(2) = 2" +an—12"" '+ - -+a1z+ao be a polynomial of degree n > 1. Show
that if we identify S® ~ C U {oo}, then p : C — C has a unique continuous
extension 7 : S? — S?, with p(co) = co. Show that

Deg p = n.
Deduce that 7 : S — S? is onto, and hence that p : C — C is onto. In

particular, each nonconstant polynomial in z has a complex root.
This result is the fundamental theorem of algebra.

20. Critical points and index of a vector field

A critical point of a vector field V is a point at which V vanishes. Let
V be a vector field defined on a neighborhood O of p € R", with a single
critical point, at p. Then, for any small ball B, about p, B, C O, we have
a map
G
V()|

The degree of this map is called the index of V' at p, denoted ind,(V); it

is clearly independent of 7. If V has a finite number of critical points, then

(20.1) V,: 0B, — S"7 Vi(x)
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the index of V is defined to be
(20.2) Index(V) = > ind,, (V).

If ¢ : O — O' is an orientation-preserving diffeomorphism, taking p to p
and V to W, then we claim that

(20.3) ind, (V) = ind,(W).

In fact, D (p) is an element of GL(n,R) with positive determinant, so it is
homotopic to the identity, and from this it readily follows that V. and W,
are homotopic maps of B, — S™~!. Thus one has a well-defined notion
of the index of a vector field with a finite number of critical points on any
oriented manifold M.

A vector field V on O C R" is said to have a nondegenerate critical point
at p provided DV (p) is a nonsingular n x n matrix. The following formula
is convenient.

Proposition 20.1. IfV has a nondegenerate critical point at p, then

(20.4) ind, (V) = sgn det DV (p).

Proof. If p is a nondegenerate critical point, and we set ¢ (z) = DV (p)z,
Yr(z) = Y(z)/|¢(x)], for € OB,, it is readily verified that , and V, are
homotopic, for r small. The fact that Deg(v,) is given by the right side of
(20.4) is an easy consequence of Proposition 19.8.

The following is an important global relation between index and degree.

Proposition 20.2. Let Q be a smooth bounded region in R"*!. Let V
be a vector field on €2, with a finite number of critical points p;, all in the
interior Q. Define F : 9Q — S™ by F(x) =V (x)/|V(x)|. Then

(20.5) Index(V') = Deg(F).

Proof. If we apply Proposition 19.9 to M = Q\ Uj B.(p;), we see that
Deg(F) is equal to the sum of degrees of the maps of 9B.(p;) to S™, which
gives (20.5).

Next we look at a process of producing vector fields in higher-dimensional
spaces from vector fields in lower-dimensional spaces.

Proposition 20.3. Let W be a vector field on R"™, vanishing only at 0.
Define a vector field V on R"** by V(z,y) = (W(z),y). Then V vanishes
only at (0,0). Then we have

(206) de()W = I'Hd(o)o)‘/.
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Proof. If we use Proposition 19.8 to compute degrees of maps, and choose
yo € S"1 c §"tE-L 4 regular value of W,., and hence also for V., this
identity follows.

We turn to a more sophisticated variation. Let X be a compact, oriented,
n-dimensional submanifold of R"** W a (tangent) vector field on X with
a finite number of critical points p;. Let Q be a small tubular neighborhood
of X, m:Q — X mapping z € Q to the nearest point in X. Let ¢(z) =

dist(z, X)2. Now define a vector field V on Q by

(20.7) V(z) =W(n(z)) + Ve(2).

Proposition 20.4. If F: 9Q — S"T*~1 is given by F(z) = V(2)/|V(2)],
then

(20.8) Deg(F) = Index(W).

Proof. We see that all the critical points of V' are points in X that are
critical for W, and, as in Proposition 20.3, Index(W) = Index(V). But
Proposition 20.2 implies that Index(V) = Deg(F).

Since ¢(z) is increasing as one moves away from X, it is clear that, for
z € 99, V(z) points out of €, provided it is a sufficiently small tubular
neighborhood of X. Thus F : 9Q — S"t*~1 is homotopic to the Gauss
map

(20.9) N :9Q — SnHk=L

given by the outward-pointing normal. This immediately gives the next
result.

Corollary 20.5. Let X be a compact oriented manifold in R"t* Q a
small tubular neighborhood of X, and N : 9Q — S™t*~1 the Gauss map.
If W is a vector field on X with a finite number of critical points, then

(20.10) Index(W) = Deg(N).

Clearly, the right side of (20.10) is independent of the choice of W. Thus
any two vector fields on X with a finite number of critical points have
the same index, that is, Index(WW) is an invariant of X. This invariant is
denoted by

(20.11) Index(W) = x(X),

and is called the Fuler characteristic of X. See the exercises for more
results on x(X). A different definition of x(X) is given in Chapter 5.
These two definitions are related in §8 of Appendix C, Connections and
Curvature.
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Exercises

In Exercises 1-3, V is a vector field on a region Q ¢ R%. A nondegenerate
critical point p of a vector field V is said to be a source if the real parts of
the eigenvalues of DV (p) are all positive, a sink if they are all negative, and a
saddle if they are all either positive or negative, and there exist some of each
sign. Such a critical point is called a center if all orbits of V' close to p are
closed orbits, which stay near p; this requires all the eigenvalues of DV (p) to
be purely imaginary.
1. Let V have a nondegenerate critical point at p. Show that

p saddle = ind,(V) = —1,

1,
p sink = ind =1,
=1.

»(
p source = ind,(V

»(

»(V

)
)
V)

p center => ind, (V)

2. If V has a closed orbit v, show that the map T : v — S*, T(z) = V(z)/|V (z)],
has degree +1. (Hint: Use Proposition 19.8.)

3. If V has a closed orbit « whose inside O is contained in 2, show that V must
have at least one critical point in O, and that the sum of the indices of such
critical points must be +1. (Hint: Use Proposition 20.2.)

If V' has exactly one critical point in O, show that it cannot be a saddle.

4. Let M be a compact, oriented surface. Given a triangulation of M, within
each triangle construct a vector field, vanishing at seven points as illustrated
in Fig. 20.1, with the vertices as attractors, the center as a repeller, and the

midpoints of each side as saddle points. Fit these together to produce a smooth
vector field X on M. Show directly that

Index(X) =V — E+ F,
where
V = # vertices, F = # edges, I = # faces,

in the triangulation.

FIGURE 20.1
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5. More generally, construct a vector field on an n-simplex so that when a com-
pact, oriented, n-dimensional manifold M is triangulated into simplices, one
produces a vector field X on M such that

(20.12) Index(X) = i(fl)jw,

=0

where v; is the number of j-simplices in the triangulation, namely, vy = #
vertices, v1 = # edges, ...,v, = # of n-simplices. (See Fig. 20.2 for a picture
of a 3-simplex, with its faces (i.e., 2-simplices), edges, and vertices labeled.)

The right side of (20.12) is one definition of x(M). As we have seen, the left
side of (20.12) is independent of the choice of X, so it follows that the right
side is independent of the choice of triangulation.

FIGURE 20.2

6. Let M be the sphere S™, which is homeomorphic to the boundary of an (n+1)-
simplex. Computing the right side of (20.12), show that

(20.13) x(S™) =2if neven, O0ifn odd.

Conclude that if n is even, there is no smooth nowhere-vanishing vector field
on S", thus obtaining another proof of Proposition 19.4.

7. With X = 8™ ¢ R™"!, note that the manifold 9Q in (20.9) consists of two
copies of S™, with opposite orientations. Compute the degree of the map N in
(20.9) and (20.10), and use this to give another derivation of (20.13), granted
(20.11).

8. Consider the vector field R on S? generating rotation about an axis. Show
that R has two critical points, at the “poles.” Classify the critical points,
compute Index(R), and compare the n = 2 case of (20.13).

9. Show that the computation of the index of a vector field X on a manifold M
is independent of orientation and that Index(X) can be defined when M is
not orientable.



A. Nonsmooth vector fields 115
A. Nonsmooth vector fields

Here we establish properties of solutions to the ODE

dy
— = F(t tg) =
dt ( 7y)7 y( 0) Zo

of a sort done in §§2—6, under weaker hypotheses than those used there; in
particular, we do not require F' to be Lipschitz in y. For existence, we can
assume considerably less:

(A1)

Proposition A.1. Let o € O, an open subset of R™, I C R an interval
containing ty. Assume F' is continuous on I x O. Then the equation (A.1)
has a solution on some t-interval containing tg.

Proof. Without loss of generality, we can assume F' is bounded and con-
tinuous on R xR™. Take F; € C>°(RxR") such that |F}| < K and F; — F
locally uniformly, and let y; € C*°(R) be the unique solution to

d .
(A2) % = Fj(t7y)7 yj(tO) = Zo,
whose existence is guaranteed by the material of §2. Thus
t

(A.3) y;(t) = xo +/ F; (s7yj(s)) ds.

to
Now
(A4) |Fj] < K = |y;(t') —y; (1) < K[t —¢|.

Hence, by Ascoli’s theorem (see Proposition 6.2 in Appendix A, Functional
Analysis) the sequence (y;) has a subsequence (y;, ) which converges locally
uniformly: y;, — y. It follows immediately that

(A.5) y(t) = zg —I—/ F(s,y(s)) ds,

to

so y solves (A.1).

Under the hypotheses of Proposition A.1, a solution to (A.1) may not
be unique. The following family of examples illustrates the phenomenon.
Take a € (0,1) and consider

dy
A6 = = a 0 — 0
(A-6) o = Wt w0
Then one solution on [0, 00) is given by
(A.7) yo(t) = (1 — @)/ A=) /(=)

and another is given by

y«(t) = 0.
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Note that, for any € > 0, the problem dy/dt = |y|*, y(0) = & has a unique
solution on t € [0,00), and lim. o ¥:(t) = yo(t). Understanding this
provides the key to the following uniqueness result, due to W. Osgood.

Let w : Rt — RT be a modulus of continuity, i.e., w(0) = 0, w is
continuous, and increasing. We may as well assume w is bounded and C'*°
on (0, c0).

Proposition A.2. In the setting of Proposition A.1, assume F' is contin-
uous on I x O and that

(A.8) [F(t,y1) — F(ty2)| < w(lyr — p2l),

forallt € I, y; € O. Then solutions to (A.1) (with range in O) are unique,
provided

(A.9) /Olc:i):oo

Proof. If y;(¢t) and y2(t) are two solutions to (A.1), then

t

(A.10) yi(t) —y2(t) = | {F(s,y1(s)) — F(s,92(s))} ds.

to

Let us set 0(t) = |y1(t) — y2(¢)|. Hence, by (A.8), for t > to,

t
(A.11) 0(t) §/ w(f(s)) ds.

to
In particular, for each € > 0, 0(t) < fttow(e(s) +¢) ds. Since we are
assuming w is smooth on (0,00), we can apply the Gronwall inequality,
derived in (5.19)—(5.21), to deduce that

(A.12) 0(t) < @c(t), Vit=>ty, e>0,
where ¢, is uniquely defined on [tg, 00) by
(A.lS) Spla(t) = w(ﬁpa(t) + €)a @e(to) =0.
Thus
pe(t) d¢

A.14 — =1 —1p.
(A1 /0 w(¢+e) ’
Now the hypothesis (A.9) implies

. i = >
(A.15) ;I\I‘I(l) we(t) =0, Vit>to,

so we have 6(t) = 0, for all t > to. Similarly, one shows 6(¢) = 0, for t < tg,
and uniqueness is proved.
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An important example to which Proposition A.2 applies is

(A.16) wis) =5 log L, s< %
S

This arises in the study of ideal fluid flow, as will be seen in Chapter 17.
A similar argument establishes continuous dependence on initial data. If

dy,
(A.17) 7; = F(tvyj)ﬂ yj(tO) = Ty,
then
t
(A18)  yi(t) —ye(t) =1 —z2+ [ {F(s,51(s)) — F(s,y2(s))} ds,
to
50 012(t) = |y1(t) — ya2(t)| satisfies
t
(A.19) 012(t) < |21 — 22| —|—/ w(612(s)) ds.
to
An argument similar to that used above gives (for ¢ > ty)
(A.20) t12(t) < I(|lz1 — 22|, 1),
where, for a > 0, t > tg, ¥(a,t) is the unique solution to
(A.21) K =w(9), Y a,ty) =a,
that is,
Y (a,t) dC

A.22 / —— =1t—1p.
(422 . wg T
Again, the hypothesis (A.9) implies

. i = > to.
(A.23) il{% I a,t) =0, Yit>tp

By (A.20), we have
(A.24) y1(t) — y2(1)] < O (|1 — 22/, 1),

for all t > to, and a similar argument works for ¢ < t;.
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