Discretizing the Laplacian on Radial Functions

MICHAEL TAYLOR

Let u be a radial function on B, = {x € R"™ : |z| < a},

(1) w(x) = f(r), r=lzl.
Then the Laplacian of u is given by

n—1

(2) Au(z) = f"(r) + f(r).
The fact that the coefficient (n—1)/r of f'(r) blows up as r \, 0 can be inconvenient.
We examine here how to discretize Au, in a fashion that avoids the singular behavior
while retaining the one dimensional character.

To start, we recall the centered difference discretization, given as follows. Fix a
mesh size h. Then

(3) 7Ahu(a:) = % Z{u(m + hej) + u(z — hej)} — nu(x),

where {eq,...,e,} is the standard basis of R". Using (1), we get

(@) T Af) = S+ ) F = )]+ (0 DA R~ nf (),

Let us take h = a/N, for some (large) integer V. Our discrete representation of

f(r) will be

() fi=rfGh), 0<j<N,

and it is natural to set f_; = fi. Then the discrete representation of Ay f is Gy,
satisfying

h2

(6) ?Gj:%[fj+1+fj—l]+(n_1>90j_nfj7 0<j<N-1,
where

(7) ej = F(V3? +1) = [(ih + &),

with

S . 1
8 = = l—-j=—©——.
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Clearly

(9) o = fi1-

For 1 <j < N —1, we find ¢; by interpolating f;_1, f;, and f;11. We set

(10) ;= a-1(&) fi-1+ ao(&§)fi +ai(&) fi+1-

In detail, if we freeze j and set F'(§) = f(jh + &), with 0 < £ < h, then we make
expansions

F(§) = a1 (©)F(-h) + ao(©)F(0) + () F (1)
) = a1 (©)(F(0) ~ FOh+ SF"(OR +-- ) + ao(€)F(0)
+ar(©)(FO) + FOh+ S/ OR +---),

and neglect higher powers of h, to write

F(€) = (a-1(6) + a0(€) + a1 (6) ) F(0)

(12) + (@& —a-a(©) P (0
+ %(al(f) + a_1(£)>F”(0)h2.

Comparison with

(13) F(§) = F(0) + F/(0)¢ + 5 " (0)¢?

gives

(14) ay (5) - afl(g) = 7

h
m©  raa©=(3)
hence
0-350+)
(15) aa©=—55(1-%),
o1 (5"
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We plug (8) into (15) to get a,(§;), ¥ = —1,0,1, and then use (10) to compute ¢;,
for 1 <j <N —1 (and (9) for j = 0). This then goes into the formula (6) for the
discretized Laplacian, except at j = N.

Discretizing Au at 7 = N, i.e., at the boundary of the ball B,, requires a different
formula. But this is well away from the singularity » = 0, so one can take some
method of discretizing (2). In fact, to numerically solve Ou/dt = Au on (0, 1] x By,
for u(t,z) = f(t,|z|), with boundary condition u(¢,z) = 0 when |z| = a, we may
not need to evaluate G; at j = N, since for each ¢, fxy = 0.

For more detail on G; for 0 < j < N — 1, we have

h? 1 1
(16) G =it gfici—fit (n—1)(p; — fi),
and, with

1
17 v =
(a7) ! j2+1+j
we have
1 1 1

(18) w; —fi= §’Yj(fj+1 — fi—1) +7; <§fj+1 + §fj—1 - fj)>
SO

h? o /1 1
(19) 7Gj = (1 +(n— 1)%‘) <§fj+1 + §fj—1 - fj>

n—1
+ T%’(fjﬂ — fi—1)s

hence, for j > 1,

Gj=(1+(n- 1)%2)%0%1 + fi-1 = 2f5)

(20) o —J 1(2ﬂj)fj+12—hfj17

with

(21) r; = jh,

while

(22) Go=n L ET =20 20 gy,

h2 T oh2
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Note that (20) resembles a straightforward discretization of the right side of (2) for
large j, since

. _ 2 2
(23) 2 =1-% < iy

Let us also note that typically f is smooth and even on r € (—a,a), and hence
f'(0) =0, so

n—1

(24) lim L)

= f" : "
i - = f”(0), Thence ilﬁ%f (r) +

f'(r) =nf"(0),

which can be compared to (22). In light of these results, we might ponder to what
extent (20)—(22) provide a “regularized” discretization of (2).



