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Introduction

These notes have arisen as a supplement to the text I have used in Math 522, In-
troduction to Analysis in Several Variables — Advanced Calculus. There are several
categories of items. Some beef up homework problems given in the text. Others
present a different way to derive some specific result. Some merely correct some
typos.

We highlight some of the supplements given in these notes. For Chapter 2, we
provide a proof of the inverse function theorem based on a minimization argument,
rather than the iterative construction used in the text. We also include a neat trick
to show that if the inverse function theorem, applies to a C! map F, yielding a C*!
inverse G, then higher regularity F € C* yields correspondingly higher regularity
of G.

Supplementary material on the multidimensional integral in Chapter 3 includes
some reworking of basic material, to bring to the fore a characterization of the
upper and lower Riemann integrals I(f) and I(f) in terms of [ g dV/, respectively for
continuous g > f and for continuous g < f. We use this to present a Fubini theorem
that is much stronger and more general than Theorem 3.1.9, and furthermore has
a slicker proof. We also present a generalization of Darboux’s theorem to a setting
of partitions of a cell by contented sets.

Two supplements to §3.2 discuss additional material on smooth maps between
surfaces. We also explore the computation of further surface integrals, such as

w* dS(w).

Sn—l

A supplement to §4.1 delves into the issue of defining a differential form directly
on a surface M C R™, as an extension of the notion of a differential form defined on
an open set in Euclidean space. We take the perspective that in an introduction to
the theory of differential forms, it is desirable not to detour into the treatment of
vector bundles, and instead define such forms as objects given in local coordinate
systems, subject to natural compatibility conditions. (We do briefly indicate the
bundle approach.)

A supplement to Chapter 5 extends the brief treatment of holomorphic functions
on a domain in C given in §5.1. We derive the holomorphic inverse function theorem,
as a corollary of the inverse function theorem of Chapter 2. Given that we have
the real result, passing to the holomorphic case is a short step, much shorter than
what one sees in standard complex analysis texts. We use this to establish the open
mapping theorem for holomorphic maps.

Other supplements to Chapter 5 include further comments on the use of differen-
tial forms to prove the change of variable formula for integrals, and further results
on the Euler characteristic of a compact 2D surface.



Chapter 6, on geometric properties of surfaces M in R™, brings in the family
P(x) = orthogonal projection of R™ onto T, M
as an incisive tool. To supplement this, we provide some formulas for P(x), ex-

tending well known formulas for 2D surfaces M C R? that involve computing the
unit normal N (x).



Chapter 1. Background
§1.1. Sharper criterion for Riemann integrability

Here we aim to prove a Riemann integrability result that is sharper than Propo-
sition 1.1.11. A key to this proof is the result that if X C R is compact, then each
open cover of X has a finite subcover. This is a special case of Proposition 1.2.8

(in §1.2).

Proposition 1.1.11A. Set I = [a,b], and let f: I — R be bounded, say |f| < M.
Suppose that the set S of points of discontinuity of f has the property

(1) m*(S) = 0.

Then f € R(I).

Proof. Fix e,0 > 0. Cover S with a countable family of open intervals J, such that
Y0 l(Je) < 6. Set

(2) K=1I\|JJ.
4

Then f is continuous at each x € K, so for each x € K, there is an open interval
K., containing x, such that |f(z) — f(y)| < e, for y € K, NI. Hence y,y" €
Ko =[f(y) - f(y)] < 2.

Now {Jy;, K.} is a cover of I by open intervals, so we can produce a finite
subcover, {Jy, K;}. Perhaps shrinking these intervals, and relabeling, we get a
partition P = {Jy, K;} = Po U Py of I, with Py = {Ji}, P1 = {K;}. (These
shrunken and relabeled intervals are now closed.) We have

Jo € Py =>sup f—inf f <2M, > U(J) <4,
Jp Je P
(3) .
Kj€731:>s[1<1pf—1[r(1jff§25, ZE(Kj)gb—a.
J J

Hence

Ip(f) = Lp(f) < D 2MUJ)+ Y 2eU(K))

(4) Je€Po K;eP,
< 2M6 + 2:(b — a).

This implies f € R(I).



§1.1. Exercises on when f; |f(x)|dz = 0.
23. Let f € R([a,b]). Show that f; |f(z)| dz = 0 if and only if, for each € > 0,
S. ={z €la,b]: |f(x)| > e} = cont™(S.) = 0.

In such a case,
S={x€la,b]: f(z) # 0} = m*(S) =0.

24. Let f € R([0,1]) be the function arising in Example 2, following Proposition
1.1.11. We have fol |f(x)| dz = 0. Show that

S={xec0,1]: f(x) #0} =1[0,1]NQ, hence cont™ S =1.



§1.1. The binomial formula

Here we establish the binomial formula,

(1) (z+a)" = i (Z) a"k gk, (Z) - k,(n"—ik),

k=0

which plays a significant role in relating two multi-index notations in Chapter 2
(see (2.1.47)—(2.1.51)). The formula is used in some calculus courses to derive the
formula

(2) %x” =na"" 1,
via

d , .. (x4a)"—2z"
3) P L

However, we think it is easier to prove (2) using the product formula, obtaining

d d d d
4 —_— 2 e — . f 2 _ 3 [ —
(4) dmx dmx o s dmx da:aC

cx? = 3:1:2,

and so on, getting (2) by induction on n. Hence, we take (2) as known, and use it
as a tool to derive (1).
Clearly (z + a)™ is a polynomial in z of degree n,

(5) (& +a)" = p(z) = bpa™ + bp_12™ "L + -+ + by,
Applying (d/dx)* and using (2), we see that
(6) P (0) = k! by..

On the other hand, (2) also implies

dF
(7) %(:p%—a)” =nn—1)---(n—k+1)a" "

Comparing (6)—(7) gives

= M= Dk D) (n)an_k’

(8) 1

and we have (1).



We mention Newton’s extension of (1), to

) (o +a) = j (1 )ar e, lal <1l
where
0 (]:) :r(r—1)~~]'€!(r—k—|—1)’

valid for » € R. See §4.3 of Introduction to Analysis in One Variable.



§1.4. Exercise relating determinant and trace.

5. Show that, for A, B € M (n,F),

det(B +tA) =det B+t Y det(by,...,ax,...,by) + O(t?)
k
= det B + tZajk Cof (B) i + O(t?)
7,k
= det B+t Tr Cof (B)' A + O(t?).

Comparing Exercise 4, re-derive Cramer’s formula.
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Chapter 2. Multivariable differential calculus
§2.1. Further power series exercises

1. Let Q C R™ be open, f,g € C*(Q) real valued, 0 € Q. Write

fl@)= Y faa’ +oa*), gx)= D gy +o(z"),

|B]<k [vI<k

with
1= f(ﬁ)(()) B g(V)(O)
P 9T T

Show that h(x) = f(z)g(x) satisfies

hz)= > fagya’7 +o(a),

1BLIvI<k

and deduce that, for |o| <k,

(@)
B (0) _ S fg= 3 L3 0)4m(0).

| 1~/
@ Bt+y=a Btr=a By
Pass from this to the identity
o a!
(1) *(f9)(=) = D wa)(w)g(”)(:r),

for x € Q. This identity is called the Leibniz identity.

2. Define f : R? — R by
f(x) = e** cosxs.

Compute f(®)(z) for |a| < 3. Then write down

Pa) =Y 5 £ (0)z°.

|| <3

3. Attack the computation of P(x) in Exercise 2 using Exercise 1, starting with

5132 IS
1 _— 1 Al
€ +x1+2+3!+ ,

and a similar expansion of cos .
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4. Write down the power series about (0,0) of

1 ett
F(z,y) = / dt.
o L+uyt

Hint. Start by multiplying the power series of e** and (1 + yt)~1.

5. Show that, for z = (z1,...,,), with |z;| <1 for all j,

S a0 = 1t
1—3)1 1—.I'n

Hint. Write the left side as

«q (6%
E xyt e E T,".

@120 an>0

6. In this exercise, we take
n=I(t...,t) eR" |t| <1,
and consider

F(n)=>_n"

a>0

(a) Show that, for |t| < 1,

(b) Show that

a>0
where
dk(n) = #{Oé = (ala cee 7an) : |Oé’ = k}
= dim P (R"),
with

Pr(R™) = space of polynomials in € R", homogeneous of degree k.
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(¢) Comparing results of (a) and (b), show that
di(n) = coefficient of t* in f,(t) = (1 —¢t)™"

1
— = ¢k
nn+1)---(n+k—1)
k!
B (n +k — 1)
= . _
(d) If P*(R™) = space of polynomials in x € R" of degree < k, show that
dim P*(R") = dim P, (R" 1)
_(ntk\  (n+k
B k B n
(k+n)k+n—1)---(k+1)

n!
(e) Another formulation of part (a) is that (with o = (aq,...,ay))

Zt'a‘ =1-t)", for |t|<1.

a>0

Show how this leads to convergence in (2.1.86).

(f) Show that, for each j € {1,...,n},
Z ot =t(1 =)™ for |t] < 1.
a>0

Show how this leads to convergence in (2.1.91).

7. The multinomial theorem says
k k k!
k _ o —
) et = 30 (0)= (o)=a

where a! = aq!-- - a,!. Verify the following slick route to a proof. First,

oo

1
v, k
(3) e]?l"" +z _Zg(xl_i_..-—i—xn) R
k=0
second
a1 Qn
et emn_zml E:xn
aq! !
a1>0 an>0
() .
T L)
a>0

Comparing (3) and (4) yields (2). Compare the derivation in (2.1.50)—(2.1.51).
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§2.2. The inverse function theorem (alternative proof)

The inverse function theorem gives a condition under which a function can be
locally inverted. This theorem and its corollary the implicit function theorem are
fundamental results in multivariable calculus. First we state the inverse function
theorem. Here, we assume k > 1.

Theorem 2.2.1. Let F be a C* map from an open neighborhood Q0 of py € R™
to R™, with qo = F(po). Suppose the derivative DF(po) is invertible. Then there
1s a neighborhood O of py and a neighborhood U of qy such that F : O — U is
one-to-one and onto, and F~1 : U — O is a C* map. (One says F : O — U is a
diffeomorphism.)

We divide the task of proving this into two parts, first getting a one-to-one result,
then getting a result about the image containing a certain neighborhood of go. Both
of these results contain more quantitative information than is stated in Theorem
2.2.1, and are interesting in their own right.

Here is an injectivity result.

Proposition 2.2.2. Assume Q2 C R™ is open and conver, and let f : @ — R" be
Cl. Assume the symmetric part of D f(u) is positive definite for each u € 2. Then
f is one-to-one on ().

Proof. Take distinct points uq, us € €2, and set us —u; = w. Consider ¢ : [0,1] — R,
given by
o(t) =w- fluy + tw).

Then ¢'(t) = w-D f(uy+tw)w > 0 for t € [0, 1], so p(0) # ¢(1). But ¢(0) = w- f(us)
and (1) = w- f(uz), s0 f(ur) £ ()

Corollary 2.2.2A. Take Q) and f as in the first sentence of Proposition 2.2.2, and
assume there exists o < 1 such that for all x € €,

(2.1) IDf(z) = 1|| < e

The f is one-to-one on §2.

Proof. We can write

(22)  fl@)=x+R@), DR(x)=Df()~1I, |DR()|<a,
(2.3) w- Df(w)w = w]? = w- DR()w = (1 — ) ull?.

and Proposition 2.2.2 applies. We obtain

(2.3A) (ug — 1) - [f (u2) — f(u1)] > (1 — )llug — us.
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Second proof. For x,y € Q,
(2.4) r—y={f(z) - fly)} —{R(z) - R(y)},

and the hypotheses imply

(2.5) [R(z) — R(y)|| < allz —yll,
(2.6) (1= a)llz =yl <[lf(z) = FWI, Ya,yec

REMARK. The estimate (2.3A) implies (2.6), and in fact is more precise. One
advantage of the second proof is that it extends to the Banach space setting, while
the argument leading to (2.3A) requires a Hilbert space setting.

We now present a surjectivity result.

Proposition 2.2.3. Let Q C R™ be open and bounded and contain pg. Assume
F :Q — R" is continuous and F(py) = qo. Assume F is C' on Q and DF(x) is
wnvertible for all x € Q). Finally, assume there exists R > 0 such that

(2.7) x €00 = ||F(z) — ql| > R.
Then
(2.8) F(Q2) D Bry2(qo)-

Proof. Given yo € Bg/2(qo), we deduce from continuity of F' and compactness of
Q that there exists zo € Q such that

(2.9 £ (o) ~woll = inf [[F(z) oL

It follows from (2.7) and the fact that |[F(po) — yo|| < R/2 that xo ¢ 052, hence
xg € Q. We claim that F(z¢) = yo. Indeed, if F'(xg) # yo, we can consider

(2.10) F(zo +tz) = F(xo) +tDF(x0)z + o(||tz|]),

with z € R” satisfying

(2.11) DF(x0)z = yo — F(x0),

and deduce that, for small t > 0, F(xg + tz) is closer to yo than F(x) is. Contra-
diction, so F'(xg) = yo.

A further short argument improves the conclusion of the last result.
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Corollary 2.2.3A. Under the hypotheses of Proposition 2.2.3, we actually have

(2.12) F(€2) D Br(qo)-

Proof. 1t is convenient to translate coordinates, so gy = 0. It suffices to show that
F(©2) D Bg(0) for each S € (R/2,R). To get this, set G(x) = ¢ o F(z), where
¢ :R™ — R" is a diffeomorphism satisfying

(2.13) o(y) =y for ly| < S, o(y) =2y for |y| > R.

Then we apply Proposition 2.2.3, with F' replaced by G and R replaced by 2R, to
get G(2) D Br(qo), hence F(Q) D Bs(qo).

We can now put these results together to obtain a bijectivity result.

Proposition 2.2.4. Let pg € R", p >0, and Q = B,(py). Assume F : Q — R" is
continuous, and C' on Q, and assume

(2.14) |IDF(z) —I|| <, Vel

with a < 1. Let F(pg) = qo. Then F maps Q0 one-to-one onto its image, and
(2.15) F(Q) > Brlao), R=p(1—a).

Hence, taking

(2.16) O = F Y (Bgr(q)) C Q,

O is a open neighborhood of py in R™, and

(2.17) F: O — Bgr(q), one-to-one and onto.

Proof. That F' maps ) one-to-one onto its image follows from Corollary 2.2.2A.
Also, (2.14) implies DF(x) is invertible for each x € 2, so Corollary 2.2.3A applies,
and we have (2.15). Since F(py) = qo and F' is continuous, O in (2.16) is an open
set containing pog, and (2.17) follows.

REMARK. In the setting of Proposition 2.2.4, we have from (2.6) that
(2.18) (1—a)|lz —2'|| < [|[F(z) - F(@)|, V2" €,
hence for all z, 2" € O, so the inverse map G : Br(qo) — O satisfies
(2.19) L =a)IGy) - GW)I < lly=¥'l, Yy,y" € Brlqo),

so GG is continuous, in fact Lipschitz continuous, on Br(qo).
This observation leads to the following differentiability result.
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Proposition 2.2.5. In the setting of Proposition 2.2.4, the inverse map G : Br(qo) —
O is differentiable at each y € Br(qo), and

(2.20) DG(y) = DF(z)™', for y= F(x).

Proof. Given x € O, ¢ € R™ small, we have
(2.21) Flz+§) = F(z) + DF(2) + R(z,§), R(z,£) = o([¢]).
hence
G(F(z) + DF(2)§) = G(F(z + §) — R(z,9))
(2.22) =GoF(z+¢) + O(R(z,9))
=z + &+ o([¢]),

the second identity by (2.19) and the rest by (2.21). Equivalently, given that DF(x)
is invertible, for y = F'(z) € Br(qo), n € R™ small,

(2.23) G(y+n) =z + DF(x)""n+o(|nl),
yielding (2.20).

We are now ready for the

Proof of Theorem 2.2.1. Set

(2.24) J(x) = AF(x), A= DF(po)",
so Df(po) = I. Then take a < 1 and p > 0 such that B,(py) C €2 and
(2.25) IDf(z) =1l < a, V€ By(po)

Then Propositions 2.2.4-2.2.5 apply to f, so there exists an open set O, containing
po and R > 0 such that

(2.26) f: O — Br(Aqp) is one-to-one and onto,
and the inverse map g : Br(Aqp) — O is differentiable, with
(2.27) Dg(y) = Df(z)™t, for €O, y= f(x).
It follows that, with U = A=1Br(Aqo), a neighborhood of qq,
(2.28) F:0O — U is one-to-one and onto,
with inverse G : U — O that is differentiable, satisfying

(2.29) DG(y) = DF(z)™*, for z€ O, y= F(x).
The formula

(2.30) DG(y) = DF(G(y))~*

presents DG as the composition of continuous maps, so G € C*.
Regarding higher differentiability of G in case F' € C¥, k > 1, we next take up
an approach to this, different from that indicated in the text.
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§2.2. Higher regularity of inverse functions

So far we have a proof of Theorem 2.2.1 for F' € C* when k = 1. If F has higher
smoothness, one neat way to establish higher regularity for the inverse map G is to
couple F' and DF'.

Thus we consider

(2.31) ®: QO xR" — R" xR",
given by
(2.32) O(z,v) = <D]; ((Z))v).

We retain the hypothesis that DF(pg) is invertible. Note that F' € C? = & € C!
and

DF(z) 0
(2.33) D®(x,v) = <Dm(DF(:z:)v) DF(fL’))

is invertible at (po,v). Hence we have a local C! inverse

ono-(£0)
where G is the local inverse of F'. A calculation gives

_of G\ _ y
(239 o) =#(0%) = (orcayun)

and since also ®(¥(y,w)) = (y,w)?, we have DF(G(y))%(y,w) = w. Since DF(G(y))
DG(y) = I, we have 9(y,w) = DG(y)w, hence the local inverse of ® is

G(y)
2. o = .
(2.36) 50 = (i)
Now
(2.37) FeC?’=dcC'=VcC'=G,DGelC =G el?

We can proceed by induction to establish the following.

Proposition 2.2.6. In the setting of Theorem 2.2.1, the hypothesis F € C* yields
G € CF, for all k € N.

Proof. To complete the induction, suppose we have the result for £ € {1,... ¢},
and suppose F' € C**T1. Again we have (2.31)-(2.36), and we can replace the chain
of inferences in (2.37) by

(2.38) FeCTl=2dcf=VecC'=G DGeC = GeC.
This does it.
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Chapter 3. Multivariable integral calculus and calculus on surfaces
§3.1. Comments on Proposition 3.1.11

We concentrate on a part of Proposition 3.1.11.

Proposition 3.1.11A. Given a cell R C R™ and f : R — R bounded,

(424) 1) = Ta(r) =int{ [ gdv s g C(R), 9 1},
and
(134) 1(5) = L(5) =swp{ [ 9dv g C(m), g < £},

Proof. We are skipping the parts of Proposition 3.1.11 that read

1 1) =T(f) = Tolf), I(f) = L,(f) = L,(f).
To begin the proof of (42A), first note that
) Ts(f) > 1(f).
This follows directly from the observation that, given f,g: R — R, bounded,
(3) 9> f=1(9) > 1(f),
"
(4) geCR), 9= f— [gav=1(p).
"

We next tackle the converse to (2),

(5) I;(f) < I(f).

Adding a constant, we can assume f > 0 on R. Now pick € > 0, and let P = {R,}
be a partition of R such that

(6) I()>Tp(f)—e =) faV(Ra) — ¢,
where
(7) fo=sup f.

Ry
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The key is to take

(8) Go € C(R), o > Xn.. / GodV < (14 )V (Ra).
R

Then we set

(9) 9= foba,
satisfying
(10) geC(R), g=,
and

/gdv <> fall+e)V(Ra)
(11) R o

< (1 +9)[I() +2).

This gives (5), and finishes the proof of (42A). The proof of (43A) is similar, so we
have Proposition 3.1.11A.

Corollary 3.1.11B. Given f : R — R bounded, f € R(R) if and only if there
exist ¢, € C(R) such that

(12) < f<, and /(1/)—(,0)dV<€.

R

REMARK. This result has a generalization, given in Lemma 3.1.16.
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§3.1. Application to products

Using Proposition 3.1.11A, we can give another analysis of products of Riemann
integrable functions.

Proposition 3.1.17. If R C R™ is a cell, then

(1) f1, f2 € R(R) = fi1f2 € R(R).

Proof. Looking at

(2) (f1 +a1)(f2 +a2) = fifa +arfo + azfi1 + aras,

we see that there is no loss of generality in assuming fq, fo > 0. Say also f; < M.
Now take € > 0 and use Proposition 3.1.11A to pick ¢;,; such that

(3) 0<¢; <f;i < <M, ¢;,¢; € C(R), /(1/)j—90j)dv<€-
R

Then

(4) 12 < f1f2 < 1o,

and

Y1s — @12 = Y1 (1 — @2) + (Y1 — 1)p2

®) < M2 — p2) + M (1 — 1),
SO
(6) 0< /(sz — p1p2)dV < 2eM,

and Proposition 3.1.11A implies f; fo € R(R).
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§3.1. Comments on Proposition 3.1.14

In the argument involving (3.1.48)—(3.1.51), it is convenient to impose on the
partition P = { R, } the condition that the cells R, be cubes, or at least that there
be some a priori bound on the ratio of the sidelengths. This makes it straightforward
to justify (3.1.19), as a consequence of the preceding formula for G(&, + y). If the
shortest sidelength of R, were allowed to be tiny compared to the longest sidelength,
this implication could fail.

Thanks to Mark Williams for pointing this out.
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63.1A. Further Fubini theorems

Here we present some Fubini theorems that are much stronger and more general
than Theorem 3.1.9, and furthermore have a slicker proof. As a preliminary, we
establish the following special case.

Proposition 1A.1. Let A ¢ R*¥, B C R be cells, k + ¢ = n. Assume f €
C(A x B), and set

(1A.1) o) = / f(x,y) dy.

B

Then g € C(A) and

(1A.2) /g(x)dx: / Fav.

A AxB

Proof. Since A x B is compact, f is uniformly continuous. Say |f(z) — f(2)] <
w(|z = 2'[). Then [f(z,y) — f(«',y)| < w(lz —2']), so

(1A.3) l9(z) = g(")] < Ve(B)w(|z — 2']),
hence g € C(A).

To proceed, pick € > 0 and take a partition {R.3} = {Ra X Rg} of A x B,
sufficiently fine that, for each «, (3,

(1A.4) oscr,, f <&, oscgr, g<Eg,

where oscg f =supg f —infg f. Pick zop = (24,ys) € Rap. Since

(1A.5) g0 =Y" / f(x,y) dy,
5 1,
we have
(1A.6) 9(2) = 3" F(zap)Vi(Ro) + Ri (e, 2),
B8

for all x € R,, with |Ry(e,z)| < Vo(B)e. Furthermore,

(1A.7) / g(r)de = 3 g(wa)Vi(Ra) + Ra(e),

A
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with |Ra(e)| < Vi(A)e. Then (1A.6)—(1A.7) yield

(1A.8) / g(x)dr = 3 F(zap)Ve(Ra)Vi(Rs) + Rs (),
A o,

with |R3(e)| < [Vk(A) + V(A x B)]e. On the other hand,
(1A.9) / FAV =3 F(ap)V (Rag) + Rale),
AXB o,B

with |R4(e)| < V(A x B)e. Comparing (1A.8) with (1A.9) gives the asserted result
(1A.2).

We proceed to the main result (advertised in Exercise 22).

Theorem 1A.2. Let A, B be cells, as above, and take
(1A.10) f€R(Ax B).

Let f.(y) = f(x,y), so fo : B— R, forx € A. Set
(1A.11) 6 (@) =Tpfer g (1) =Inf
Then g* € R(A) and

(1A.12) /gi(x)d;c: / fdv.

A AXB

Proof. We will derive this from Proposition 1A.1, via Proposition 3.1.11. Denote
the right side of (1A.12) by I(f). Take € > 0. Then, using Proposition 3.1.11, pick
v, € C(A x B) such that

(1A.13) p< f<t, and / (Y —p)dV <e.
AxB

We have ¢, < f. <1, for each z € A, so

(1A.14) [ty <g @ <@ < [ vty
B B

for all x € A. Proposition 1A.1 gives

(1A.15) /(/ o(z,y) dy)d:c: / pdV,

A B AXB
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and similarly for 1. Hence

(1A.16) / wdV <I,9~ <Iag™ < / P dV.
AXB AXB

Taking € N\, 0 gives

(1A.17) I(f) <Ia9~ <Tag® <I(f).

Hence equality holds at each step of (1A.17). It follows from this that gt € R(A)
and (1A.12) holds.

REMARK. We also have

(1A.18) In(gt —g)=0=g" () =g (x), Vxe A\N,
where m*(N) = 0, hence
(1A.19) fe € R(B), VYxeA\N.

We present some examples that illustrate how Theorem 1A.2 contains results
that generalize Theorem 3.1.9.

Example 1. Let u € R(A x B), take

(1A.20) Q C A x B, contented,
and, for x € A, set

(1A.21) Q, ={yeB:(x,y) € N}
Then, by Proposition 3.1.17,

(1A.22) f=xaqu € R(A X B).
Note that, for x € A, y € B,

(1A.23) f2(y) = xa, (y)ua(y).

We form g*(z) as in (1A.11), and conclude from (1A.12) that

(1A.24) /udV: / fdv = /gi(az) de.

Q AxB A

Let us specialize further, and assume

(1A.25) u € C(A x B), eachQ, C B contented.
Then
(14.26) o) = [ ule,y)dy

Qz

and we have the following.
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Proposition 1A.3. Assume Q@ C A x B is contented and that u and € satisfy
(1A.25). Then

(1A.27) /udV - /(/u(a:,y) dy)da:.

Q A Qy

(Sub)example 2. Take B = [by, bs| and

(1A.28) Q={(z,y) e AX B:¢i1(z) <y < 2(2)},
where
(1A.29) w;j A= [bi,ba], ¢; € R(A), ¢1 < o.

It follows that € is contented, and also, for each x € A,
(1A.30) Qp = [p1(3), p2()]

is contented. Take

(1A.31) ueC(Q), f=xau.

Then, for each x € A,

p2(x)
(1A.32) g (2) = g~ (2) = / )y

and we deduce from Proposition 1A.3 that

(1A.33) /udV = /gi(:c) dr = /(/:::) u(z,y) dy)dx.
A A

Q

This generalizes Theorem 3.1.9.
Indeed, if ¥ C A is contented and

(1A.34) v1(x) = pa(x) for x € A\ %,

then we can replace €2 by

(1A.35) Q={(z,y) €S x B:p1(z) <y < pa()},
and obtain

(1A.36) / wdV = / ( / @j(j) u(z,y) dy)dx.
J L Vel

Q
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Taking u = 1, we have

(1A.37) V(@) = / lo2(2) — 1 ()] d.

Volumes of balls. Taking € to be the unit ball in R™,
(1A.38) B*={zeR": |z| <1},

we can apply (1A.37) to write
(1A.39) V(B") =2 / JT= T2l da.
Bn—1

For example,

(1A.40) V(B :2/\/1— 2 dx,

where D = B? is te unit disk. In turn, an application of Proposition 1A.3 gives

1 V1—z?
(1A.41) /\/1— ]:c|2da::/ V1—22—y?2dydz.
g —1J-vi—a?

Taking a? = 1 — 22, we write the inner integral as

a 1
/ \/aQ—dey=a2/ V1—s%ds
—a -1

s
= —a27

2

(1A.42)

using y = as and the substitution s = sint. Hence

1
2
(1A.43) / 1 —|z|2de = z/ (1—2*)dr = Zm,
D
and we get
(1A.44) V(B?) = %lﬂ.

Another attack on the integral (1A.40), using polar coordinates, is mentioned in
Exercise 6 of §3.1.

Another approach to computing V(B™) will arise from the following generaliza-
tion of Theorem 3.1.9.
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Proposition 1A.4. Letn =k+/, and let ¥ C R¥ be a closed, bounded, contented
set. Let p; : 3 — [0,00) be continuous, and satisfy ¢1(x) < po(x). Take

(1A.45) Q={(z,y) ER":z €D,y € R, p1(2) <|y| < pa(x)}.
Then ) is a contented set in R™. If f : Q2 — R is continuous, then
(1A.46) s@)= [ fewdy

p1(2)<|y|<p2(x)

18 continuous on X, and

(1A.47) /de :/ngk.

Q b))

Methods used to prove Theorem 3.1.9 can be tweaked to cover this result. Alter-
natively (and better), this proposition follows from Proposition 1A.3 in the same
way as (1A.36) does.

Solids of revolution. Before applying Proposition 1A.4 to V(B™), we look at
a class of 3D domains to which it applies, namely solids of revolution. Take a
continuous function ¢ : [a,b] — [0, 00), and consider

(1A.48) Q={(z,y,2):a<x<b, Vy?>+ 22 < p(x)}.

This has the form (1A.45), with ¥ = [a,b], v1 =0, @a(z) = @(z). If f: Q= R is
continuous, then (1A.46) leads to

(1A.49) s@)= [ fa)dy

lyl<e(z)
In particular, if f = f(z), then g(z) = f(x)A(Dy(s)), with
(1A.50) D,={yeR?:|y| <p}, A(D,)=mp’,

so, for 2 as in (1A.48),
b
(1A.51) f(x)dedydz =7 | f(z)p(x)?de,
1o

and taking f =1 gives

b
(1A.52) V(Q) =7 / o()? dz.

The ball B? is the solid of revolution one gets with p(z) = V1 — 22, [a,b] =
[—1,1], so (1A.52) yields an alternative derivation of (1A.44):

(1A.53) V(B?) = 7r/1 (1—2%) de = %’/T.
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Volumes of balls (bis). Returning to the case B™, we apply Proposition 1A .4,
with ¥ = [-1,1], ¢1 =0, pa(z) = V1 — 22, to obtain, for f € C(B"),

(1A.54) /de:/_11< / f(w,y)dy)da:.

ly|<v1—-2?
In particular,
1
(1A.55) V(B") = /_1 V(B! ) de,
where
(1A.56) Brl={ycR" |y <r}.
Scaling gives
(1A.57) V(B =v(B"
so we have the inductive result
1

(1A.58) V(B") =B, V(B"), B, = / (1 —22)n=1/2 gy,

—1

Applying this to n = 3, and using V(B?) = A(D) = =, leads back to (1A.53). To
go one step further, we have

(1A.59) V(BY) = BV (B?),
with
1 /2
(1A.60) B = / (1—a22)3?de = 2/ cos t dt.
-1 0

One can attack this trigonometric integral using
(1A.61) 2cos’t = 1+ cos 2t,
and squaring it.

In §3.2 we show how to calculate the area of the unit sphere S”~!, and relate
this to a computation of V(B™).



63.1B. Contented partitions and extension of Darboux’s theorem

A contented partition of a cell R C R™ is a finite collection {Kj : 1
of compact subsets of R that are contented (so cont™ (K ;) = cont™ (K;)
satisfying

M
(1B.1) UK =R, cont(K;NK;) =0, Vj#L.
j=1

We denote the family of contented partitions of R by C'(R). This is larger than the
family II(R) of cellular partitions, introduced in (3.1.8).

If f: R— Ris bounded and P = {K, : 1 < j < M} is an element of C(R), we
define I'p(f) and I5(f) as in (3.1.5):

(1B2)  Tp(f)= D (swp HV(K). Lp(f) = D (inf HVI(K))

Alternatively, if we set

(1B.3) f#(m) =sup f, fb(x)=inf f, for z¢€ K,
K; K;

J

with the convention that if x belongs to several sets Ky, f# (x) is the maximum of
such values and f%(z) is the minimum, then f;f , f% € R(R), and

(1B.4) Ip(f) =I(ff), Lp(f) = I(fp).
Note that

(1B.5) h<f<fh.

so, as in the case of the cellular partitions in (3.1.5),
(1B.6) Lp(f) < I(f) <T(f) < Tp(f),

for each P € C(R) (with I(f) and I(f) still defined by (3.1.8)). In light of this, we
can complement (3.1.8) with the identities

(1B.7) I(f) = Peig{m Ip(f), I(f) = o Ip(f).

Parallel to (3.1.3), we set

(1B.8) maxsize(P) = max diam K,

j
for P € C(R). Our next goal is to establish the following version of Darboux’s
theorem. Compare Theorem 1.1.4. See Exercise 30 of §3.2 for an extension to
integrals on a C! surface M C R".
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Proposition 1B.1. Let P, = {K,; : 1 < j < v} be a sequence of contented
partitions of R, satisfying

(1B.9) maxsize(P,) < 4, — 0.

Let f: R — R be bounded. Then

(1B.10) Ip,(f) — I(f), and Lp (f) — I(f).

Consequently,

(1B.11) FERR) <= 1(f) = lim > f(E;)V(K.y),
j=1

for arbitrary &,; € K,;, in which case the limit is fR fdv.
Proof. We make use of Proposition 3.1.11, which implies that

() :inf{/gdv:ge C(R). 9> f}.

(1B.12) R

I(f) = sup {/ng rg€C(R), g < f}-

R

We will concentrate on proving the first part of (1B.10), i.e.,
(1B.13) Ip,(f) — I(f).

The second part has a similar proof.
To begin, pick € > 0, and take v > 0, g; € C(R) such that

(1B.14) fra<ag, I(g) <I(f) +e

Now pick v sufficiently large that, for x,2’ € R,
(1B.15) v —a'| <35, = |1 () — g1 ()] < 5.

Then, for all z € R,

(1B.16) fhe)< sup  f@)< sup  gi(d) -y < gila),
|z’ —2| <36, |z’ —2| <36,

SO

(1B.17) In,(f) = I(f}) < I(g) <T(f) +e.

Since I(f) < Ip,(f), this leads to (1B.13).
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§3.1C. From coverings to partitions

Our goal here is to prove the following.

Proposition 1C.1. Let R C R™ be a cell. Assume {Uy : 1 < k < K} is a finite
cover of R by open cells. Then there is a partition P = {Ly} of R with the property
that

(1) each L, 1s contained in some Uy,.

In this work, a cell R is defined to be a product of compact intervals. By contrast,
we say an open cell (in R) is a product of intervals that is open (in R).

To start the proof of Proposition 1C.1, we note that scaling each z; variable
leaves invariant the class of cells, open cells, coverings, and partitions, so without
loss of generality we can assume

(2) R=10,1] x --- x [0,1].

Generally, if a cell U (open or closed) is a product of intervals with endpoints ay,
and by, 1 < k < n, we call the points (¢1,...,¢,) € R whose kth component is
either ay or by the vertices of U. Returning to the cover {Uy}, we can write each
Uy as a union of open cells (in R), Uy, ¢ € N, with rational vertices. Hence we get
a cover of R by a countable family {Ui, : 1 < k < K,¢ € N} of open cells with
rational vertices. Since R is compact, this has a finite subcover,

(3) {Vi:1<j<J},

of open cells with rational vertices. It suffices to show there is a partition P = {L,}
such that

(4) each L, is contained in some V.

To arrange this, let u be the least common multiple of the denominators of the
rational numbers that arise as components of the vertices of the various V;. Then
take for P the partition of [0, 1] into u™ cubes, with vertices having components

(5) E7 aeZ, 0<a<lpu.
0

This partition has the property (4).
REMARK. Proposition 1C.1 provides a convenient means of passing from the cov-

ering {Ry,..., Rn, Rf&, e ,Rﬁz} to the partition P = {Ly} in the proof of Propo-
sition 3.1.31.
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§3.2A. Action of diffeomorphisms on surfaces

Let 2,0 C R” be open, and suppose F : Q@ — O is a C* diffeomorphism. Let
S C Q be a C* surface, with coordinate chart

(1) 0:U— S, UCcCR’ open,
SO
(2) x € U= Dy(x): R® = R" is injective.

We aim to prove the folowing.

Proposition 3.2A.1. LetY = F(S). Then ¥ C O is a C* surface, with coordinate
chart v = F o ¢. In addition,

(3) peS, q=F(p) €Y= DF(p): T, == T,X.

Proof. The chain rule gives
(4) Dip(x) = DF(p(x)) Dp(x), =€ Q.

Hence D (z) is injective for each x € U, so 1 is a coordinate chart on ¥, making
¥ a C* surface.
Say ¢(z¢) = p, so Y(xo) = ¢q. Then T,,S = Range Dp(z), and

(5) T,% = Range Dy(zo) = Range DF(p)Dy(x¢) = DF (p)T,S,

and we have (3).

We next compare the metric tensors on S and ¥ (in ¢ and v coordinates, re-
spectively). We have, respectively,

(6) G(z) = Dyp(z)" Dp(2),

— Do (a) [DF(¢(x))! DF(¢(x))| Dip(a),
This leads to the following.

Proposition 3.2A.2. If F: Q — O is an isometry, given by F(y) = Ay, A €
O(n), then, for x € U,

(8) H(z) = G(2).
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§3.2B. Smooth maps between surfaces

Let X C R™ and Y C R™ be surfaces, smooth of class C*. Say j = dim X, ¢ =
dimY. We say a map F : X — Y is smooth of class C*¥ provided that, for each
p € X, there are coordinate charts ¢ : Q@ - U > pand ¢ : O -V 3 ¢ = F(p) such
that

(1) Y loFop:Q— O issmooth of class C*.

Note that Lemma 3.2.1 then gives such a result for other coordinate charts about
p and q.

The concept of smoothness of maps between surfaces is applicable in particular to
the case where one surface is actually an open set in Euclidean space. In connection
with this, it is useful to note that the arguments proving Lemma 3.2.1 also establish
the following.

Lemma 3.2B.1. Let Y C R" be a C* smooth surface, ¢ € Y. Then there erist a
neighborhood V' of ¢ in R™ and a C* map

(2) R:V—YNV, Ry =y YyeYnV.

Proof. Say ¥ (yp) = q. As seen in the proof of Lemma 3.2.1, the inverse function
theorem implies there exist a neighborhood O = O x B of (yy,0) in O x R*~¢, a
neighborhood V of ¢ in R", and a diffeomorphism

(3) U:0—V, suchthat U(y,0)=1v(y), Vye O
Then take
(4) R=VoPoU™ ! P(y,v)=(y,0).

Using this, we can prove the following.

Proposition 3.2B.2. Take X,Y as above, and let F : X — Y. Then F is C*
smooth as a map from X toY if and only if F : X — R"™ is C* smooth.

Proof. Take p € X, ¢ = F(p) € Y, and then take ¢,1¢,U,V as in the definition
above. If ' : X — Y is C* smooth, then

(5) Fop=1vo( toFoyp):Q—R" is C* smooth,

so F': X — R" is smooth. Conversely, if F : X — R" is C* smooth (and
F:X —Y), take V and R as in Lemma 3.2B.1. We have

(6) F=RoF,
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for « in some neighborhood of p in X, so F : X — Y is C* smooth, in a neighbor-
hood of p.

If we denote the composite map (1) by G = "1 o Foy : Q — O, which by
hypothesis is C*-smooth, we have

(7) Fop=9poG:Q—Y.
If ¢(z0) = p and ¢(yo) = ¢, we have
(8) Dop(zo) : R =5 T, X, Di(yo) : RY =5 T,Y,

and hence it is natural to define

9) DF(p) : T,X — T,Y
(10) DF(p) = Di(yo) DG(xo) Dg(z0) .

Note that DF(p) is invertible if and only if DG(z¢) is. In such a case, the inverse
function theorem for G translates to the following result for F'

Proposition 3.2B.3. Let F : X — Y be a C*-smooth map, k > 1, p € X, q =
F(p). If DF(p) : T,X — T,Y is an isomorphism, then there ezist a neighborhood
U of p in X and a neighborhood V of q in'Y such that F' : U — V is one-to-one
and onto. Furthermore, the inverse map F~':V — U is smooth of class C*.

Proof. For the last result, note that
(11) Gl=ploF 1oy

is C*-smooth, so (1) applies to F~1.
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§3.2C. Further surface integrals

We have the goal of evaluating

(1) Sn(a):/wo‘dS(w), a=(a1,...,ap).

Sn—1

We accomplish this by evaluating

@) In(a):/ ~lal? 40 i

Rn

in two ways. For one, we write this integral as an iterated integral and use the
2 2 2
identity e~ 1*I" = ¢ e *n to get

(3) In(a) = Li(an) -+ L (am),

where, for k € Z7,

(4) (k) = /e‘xka dx.

We note right away that k& odd = I;(k) = 0, hence
(5) I,(a) =0, if any component «,, is odd.

For the second evaluation of (2), we use (3.2.28) to write

/ / v plelyorpn=1 gp. dS(w)

:Sn(a)/ e~ prtlel=1 gy,
0

Taking s = r? gives

/ T ptlal =1 g % / T e g(ntlah/2-1 g
(7) 0 °

— lr(n"i_ ’O">’
2 2

where, as in (3.2.33), we have the gamma function

(8) I'(z) = / e *s*tds, z>0.
0
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Note also that, for k € Z™,

© 1
9) 1 (2k) = 2/ e~ 2% 4y = F(k + —).
0 2

We have the following conclusions:

(10) Sp(a) =0, whenever some component «, is odd,

and, for 8 € (ZT)™,

o LeB)
[ @ ase) =g
(11) sni

F(ﬁw%%-ﬂﬁm%)_

=2
I(8] + 5)

In connection with this, recall that, for k € ZT,

(12) T(k+1) = k!
and
(13) L(k+3)=(k-3)(k=-3) 5V

As an aside, we derive a formula for the integral of £ over the unit ball B™ C R"™:

1
/:z;adfz:: / / wermHel=t dr dS(w)
0
Sn—1

B

(14> _ Sn(oz) /1 prtlel=1 dr
0

Sn (a)

n+ ol
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§3.4. Sard’s theorem.

The following result, which complements Proposition 3.4.1, is the more typical
formulation of Sard’s theorem.

Proposition 3.4.1. If O C R” is open and F : O — R™ is a C! map, C its set of
critical points, then

(1) m*(F(C)) = 0.

Proof. Take compact Ky C O such that Ky, / O. Set Sy = F(C N Ky),S = F(C).
Then each S, is compact, and m*(S;) = cont™(S;) = 0, while S, ' S. It is a
general result that

(2) Se /S, m*(Sp) =0 = m*(S) =0.
To see this, pick € > 0 and let {Uy, : v € N} be a countable cover of S; by cells

such that Y V(Up) < 27%. Then {Uy, : £,v € N} is a countable cover of S, and
>0, V(Un) < 2e. Hence m*(S) < 2¢ for each £ > 0. This proves (1).

Note that the analogue of (2) fails when m* is replaced by cont™, as is illustrated
by Se 1 [0,1] N Q, where Sy is a set with ¢ points.
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§3.5A. Gradient vector fields on a surface

Let S C R™ be a k-dimensional surface, smooth of class C¢. Assume O is an
open neighborhood of S in R” and f : © — R is a C*-smooth function. Hence
V f is a vector field on O. We associate to this a vector field tangent to S via the
formula

(1) Vof(y) = PW)VI(y), yeS,
where
(2) P(y):R" — T},S is the orthogonal projection.

We want some further formulas for V° f, in terms of a coordinate chart
(3) 0:Q—UCS, QcRF open,

where ¢ is Cf-smooth and Dp(x) : RF — R” is injective for each € Q. In
particular, we want to relate V° f to Vg, where

(4) g=fop:Q—R.
To begin, the chain rule gives
(5) Dg(x) = Df(y)De(x), y = ¢(z),

so, for Y € R¥,

Df(
(6) =Vf(y
D

We hence have

(7)

the last identity because

(8) Ker Dp(z)" = (Range Dp(z))*" = (T,5)" = Ker P(y).
Note that

9) Dy(x)t : T,8 = R*, De(x):R¥ = T,8.
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We have seen the “metric tensor”
(10) G(z) = Do(z)' Dp(z) € L(RY),

which is symmetric and positive definite. To relate V7 f(y) to a vector field on §2,
we want to solve

(11) Dp(z)X =V f(y), for X € R

Indeed, applying Dp(z)! to both sides yields

(12) G(z)X = Dyp(x)' Vo f(y),
hence
(13) X = G(z) "' Dp(x)'V° f(y).

Comparison with (7) gives the formula

(14) X = G(a)"'Vy(),

or, denoting the solution X by V°g(x),

(15) Vig(a) = G(a) ' Vy(x).

This is the representative of the vector field V° f on S, in the coordinate system

(3)-
In turn, (11) and (15) yield

(16) VI f(y) = Do(x)G(x) ™ Vg(a),
hence, by (7),

(17) VI f(y) = Do(a)G(x) " Dy(x)'V f(y).
That is to say, we have the formula

(18) P(y) = Do(x)G(z) "' Dyp(x)', y = p(z),

for the orthogonal projection P(y) defined in (2). In connection with this, we
mention that the form of the right side of (18) readily yields

(19) P(y)' = P(y), and P(y)* = P(y).

REMARK. The orthogonal projection P will play an important role in geometric
investigations of surfaces, pursued in Chapter 6.
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Chapter 4. Differential forms and the Gauss-Green-Stokes formula
§4.1. Revision of (4.1.12)—(4.1.13)

There is a special notation we use for k-forms. If J = (j1,...,7k) and 1 < j; <
- < gk <, we set

(4.1.12) a:ZaJ(x)dle A~ Ndzj,,
J
where
(4113) CLJ(iI?) :a(DJN?DJk)? D] :8/81'J
More generally, we assign meaning to (4.1.12) summed over all k-indices (j1,. .., jk),

where we identify
(4114) dle VANCERIVAN dxjk - (Sgn U) dxjo'(l) ARERNA dxjo’(k;)7

o being a permutation of {1,...,k}. In such a case, we replace (4.1.13) by

1

(4.1.13A) aj(z) = i

Oz(Djl, . '7Djk)‘

Another variation on (4.1.12), parallel to the J-index notation used in (2.1.35)
and (2.1.39), is

(4.1.12A) o= Zaj(x) dv’, dv’ =dxj N Ndzj, .
J

Then we can rewrite the formula (4.2.11) for the exterior derivative as

(4.2.11A) da=Y3" % dwg A da”.
J4
g0
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§4.1A. k-forms on a surface

Let S C R™ be a C%smooth m-dimensional surface. We have developed results
on k-forms on an open neighborhood of S in R™. Here we introduce the notion of
a k-form on S itself.

Say S is covered by U, for which there are smooth coordinate charts

(1) w;j O — U;, O; CR™, open.

For a first approach, we view a k-form on S as an object associated to a collection
of k-forms a; on Oy, subject to a natural compatibility condition on coordinate
overlaps. Namely, if U; NU; # 0, we have transition maps

(2) Fz’j : Oij — Oji, Fi' = ng_l o ©Y;,
known to be C*-smooth, by Lemma 3.2.1. The compatibility condition is
(3) a; = Fa; on 0.

We say the collection {c;} of k-forms is compatible. Recalling that the formula for
the pull-back F}; involves first-order derivatives of the map Fjj, we see that if S

is a C*-smooth surface, a natural smoothness condition for a compatible collection
{a;} is that these forms be C"-smooth, with » < ¢ — 1. We give the compatible
collection {a;} of k-forms a label, say .

One way a compatible collection of k-forms arises is the following. Suppose il is
an open neighborhood of S in R™ and & is a C"-smooth k-form on 4. Then each
@; is also a map ¢, : O; — 4, and we can set

(4) a; = ia e AF(0;).
The compatibility condition (3) follows from (4.1.28), in this case. We say
(5) a=1"a,
where ¢ : S — 4l is the inclusion, and « is the label for the compatible collection
{aj}.
A bit later we will establish a converse to this construction.
Suppose now that we have a C*-smooth map

(6) Yv:Q— 8, QcRY open,

and a compatible collection & = {a;} of C"-smooth k-forms on S (i.e., associated
to a coordinate cover {¢;} of S). We propose to define

(7) Vra e AF(Q).
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To do this, we set

(8) Q =y 1 (U;), Q= Uﬂj,

with U; as in (1), and define

(9) Gj : Qj — Oj, Gj = goj_l o1,
B =Ghaj, B € AF(Qy).
The compatibility condition on {a;} implies

if Q;NQ; # 0. Hence there is a unique k-form 8 € A¥(2), equal to 8; on each open
subset €2;. We set

(11) Va=p.
Note that taking ¢ = ¢; : O; — S as in (1) yields
(12) pia = aj.
Also, if « is given by (5), we have
(13) Vo =yra,

where, for the right side of (13), we take ¥ : Q — $L.
Going further, suppose we have a C‘smooth, d-dimensional surface X C RY,
covered by V;, for which there are smooth coordinate charts

(14) Vi — Vi, Q c RY open,
and suppose we have a C*-smooth map
(15) F: X —5,

as considered in §3.2B of this supplement. Thus, for each i, we have a C*-smooth
map

and, as established above, if a = {«;} is a compatible collection of k-forms on 5,
we have for each i a well defined k-form

(17) Bi = Fra € A*(Q).
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Furthermore, {f;} is a compatible collection of k-forms on X (associated to the
coordinate cover {1;}). We label this collection /3, and obtain

(18) 8 =F*a.
Parallel to (13), if « is given by (5), we have
(19) F*a = F*a,

where, for the right side of (19), we take F' : X — 4l and F"*& labels the compatible
collection of k-forms {F*a}.

We record observations on exterior derivatives and wedge products. If a = {o;}
and § = {f;} are compatible collections of k-forms and ¢-forms on S (associated
to a coordinate cover {y;}), then {da;} and {o; A B;} are compatible collections,
defining

(20) do = {daj}, anp={a; B}
Also we have
(21) Frdao=dF*a, F*(aNp)=F‘aNF*p,

for F' as in (15).

We turn to a construction of compactly supported “k-forms” on S, in a fashion
that interfaces with (5). Let ¢g : Op — Uy C S be a C*-smooth coordinate chart
on S, and let ay be a C"-smooth k-form on Oqy (r < £ — 1), with compact support.
Then ¢q(supp ag) = Ky is a compact subset of Uy. We aim to prove the following.

Proposition 4.1A.1. Let U be an open neighborhood of Ky in R™. Then there is
a C"-smooth k-form & on R™ such that supp a C U and

(22) Yo = Q.
Proof. Chopping up «q via a partition of unity and applying some relabeling, we
can refer to the proof of Lemma 3.2B.1 of this supplement, and assume there exist

an open neighborhood Of) of supp a in Op, an open neighborhood B of 0 in R"~"™
(m = dim 5), and a diffeomorphism

(23) ®:0) x B—s U Cy, suchthat ®(z,0)=po(z), Ve O
Denote elements of Of x B by (z,v), z € Of, v € B. Now take
(24) Bo = fP g, P(x,v) ==z,

where f € C§°(B) and f(v) = 1 for v in some neighborhood of 0. We have f
compactly supported in Of x B. Then set

(25) a=(® 1) By, suppa C 4,
to obtain (22).

REMARK. Having Proposition 4.1A.1, we can apply (5), to obtain
(26) a=1a,
supported on Uy, and satisfying ¢ja = g, in the sense of (7)—(12).
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Another approach to k-forms on a surface.

Let S C R™ be a smooth m-dimensional surface, covered by Uj;, for which there
are coordinate charts,

0 0; — U;, O; CR™, open.

In §4.1A we have developed the notion of a k-form « on S as an object associated
to a collection of k-forms a; on O;, subject to natural compatibility conditions on
coordinate overlaps. Here we outline another approach to the definition of a k-form
on S.

To set up this definition, we bring in the space

TS = {(z,v1,...,v) € R iz € S, v; € TS},

which has the structure of a smooth (k + 1)m-dimensional surface. Then we define
a k-form a on S to be a smooth map

a:TFS — R,
having the property that, for each x € S, the restriction
alz) : TS x - xT, S —R

is k-linear, and alternating.
In this setting, we can directly define a; € A*(QO;) by the formula

() (X, ..., Xg) = alpj(z)(De;(x)X1,...,Dpj(z)Xk),

with
X, eR™, DQOJ'(I)X,/ S T¢j(m)5.

Going further, if X C R? is a smooth surface and F : X — S is a smooth map (as
defined in §3.2B of this Supplement), we have

DF(x) T X — TF(m)S,
defined as in (7)—(10) of §3.2B, and then, for x € X, a as above,
F*O!(I)(Xl, s JXk) = C%(F(ZL‘))(DF(.’E)Xl, s DF(‘T)Xk)a

with
X, €T, X, DF(z)X, € Tr)S.
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84.2A. Exterior derivative versus gradient

As stated in (4.1.8), a 1-form « acts linearly on a vector field X by
W alX) =P, X NP 0= Y ds,

Say these objects are defined on €2, an open subset of R™. If we have a Riemannian

metric on €2, given by a positive definite matrix G(z), we can associate to « a vector
field Y such that

2) a(X) = G(z)X - Y.

That is,
J 9 k
(3) Y=>a (@) 5~ > gin(@)a (@) = a;(),
J k
where (g;x) = G. Equivalently,

(4) al(x) =) g*@)ar(z), (¢*(2)=Clx)"
k

One suggestive way to think of this is to regard

(5) G(X):T,Q = TrQ,
and then
(6) a(r) = G(2)Y(x), ie., Y(z)=G(x) 'a(z).

In case a = df (x), we define the gradient V f to be the associated vector field,
(7) VO (x) = Gx) " tdf (),
the superscript G denoting that we are associating the vector field V& f to the

1-form df via the metric tensor G. Compare the formula (15) in §3.5A of this
supplement.
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§4.5. Alternative endgame to the change of variable formula for integrals

Recall the change of variable formula:

Theorem 4.5.1. Let O, be open sets in R, ¢ : O — Q a C' diffeomorphism.
Given f continuous on §2, with compact support, we have

(1) /f )| det Dp(x |d:c—/f

This was deduced from the following.

Theorem 4.5.2. Let ¢ : R® — R" be a C' map. Assume ¢(x) = x for |z| > R.
Let f be a continuous function on R™ with compact support. Then

(2) /f )) det Do (z dx—/f

The proof of Theorem 4.5.2 given in the text was a neat variant of an approach of
P. Lax. The derivation of Theorem 4.5.1 from 4.5.2 involved further arguments, and
made use of the fact that G¢1 (n,R) is connected. Here we provide an alternative
route from Theorem 4.5.2 to 4.5.1, making use of Proposition 3.1.10, which we
recall.

Lemma A. Let f be a continuous function with compact support on R™. If A €
Gl(n,R), then

(3) /f(x) do = ]detA]/f(Am) do

To start the proof of Theorem 4.5.1, bring in a partition of unity on 2 to write

N
(4) F=Y fu. f€C(), O,=¢ (),

v=1

and arrange that each O, is small enough that there exist A, € G¢(n,R) such that

(5) 1A, Dp(z) —I| < 5, V€O,

N | =



47

so we have a diffeomorphism

(7) Uy 0, — Q. Q= AN,
satisfying

1
(8) ”le/(x)_IH < 5’ VJJEOV.

Now to show that

(9) / £, (p(2))| det Dg(x) | dax = / £ (@) dz,
Q,

O,

it suffices by Lemma A to show that

(10) / £, () dz = / £, (6, (2)) det Dip, (z) e
Q. 5]}

Let us recast this as a fresh proposition. We simplify the notation by deleting
the subscripts v (and also the tilde from O,)).

Proposition B. Let O, Q be open sets in R™, ¥ : O — Q a C' diffeomorphism.

Assume

(11) IDo(@) ~T| < 5, Vaeo.

Then, given f € Co(), we have

(12) [ () det Do) do = [ f(a)da.
5 ,

To tackle Proposition B, pick p € O, set ¢ = ¥(p), and pick § > 0 such that

(13) Bs(p) C O.

As seen in the proof of Corollary 2.2.2A (in §2.2 of this supplement), || (z)—(y)|| >

(1/2)]|z = yl|, for all z,y € Bs(p), so

)
(14) z € 0Bs(p) = |[¥(x) —dll = 5.
Hence, by Corollary 2.2.3A (in §2.2 of this supplement),

(15) Y(Bs(p)) D Bs/a2(q)-
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In fact, 1 (Bs(p)) is compact, so it contains Bs/2(q), and consequently

(16) Bsya(q) € .
To continue, we simplify notation by translating axes so that
(17) p=0, ¢=0,

and we note that (2.3A) (in §2.2 of this supplement) yields

(18) x-(x) > %|x|2, for |z| < 6.

Now we pick 8 € C3°(O) such that 5 = 1 on a neighborhood of Bs(0), and
(19) supp 8 C B4(0) C O,

for some v > ¢, and set

(20) U(r) = B@)p(x) + (1 — B(x))s, = R

Noting that (18) then holds for |z| < v, we have

(@) 2 ¥(@) =) v + (1 - @) > Slaf, Vo eR
hence

(22) ()| > %|x|, Yz eR, U(z)=a for 2| > .

In particular,

(23) |W(x)] > g, for |x| >4,

SO

supp f C Bs/2(q) = fo V¥ = fo1, supported on Bs(p)

(24) = f(U(z))det DU(z) = f(1b(x)) det Dij(z).

Now Theorem 4.5.2 yields

(25) /f(\Il(m))detD\I/(x) dx:/f(x) dz,
@ Q

and we have the following.

Lemma C. In the setting of Proposition B, if (13)-(16) hold, and if supp f C
Bs/2(q), then (12) holds.

From here, a partition of unity argument finishes the proof of Proposition B.
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Alternative proof of Lemma A

Rather than depend on the argument in Proposition 3.1.10, we bring in the
following result, of a flavor more like the proof of Theorem 4.5.2, to establish Lemma
A.

Lemma D. Let A € M(n,R), and assume f € CL(R™). Then

(26) /f z)dx = (det )~ /f
Proof. Set
(27) vi(z) = f(ex), so Dv'(z) = Df(e!’x)et.
Then
d tA tA
pralt Y(x) = Df(ez)Ae™x
(28) = Dv'(z)Ax
= Vo' (z) - Az.
Hence
(29) o(t) :/f(etA:L“) d:z::/vt(a:) dz
satisfies
Vo'l(z) - Az dx
(30) /

= / "(z) div(Ax) dx,
the last identity by integration by parts. Now, for A = (a,i) € M(n,R),
(31) div(Az) Z@ Z a;pxy =Tr A,

J=1 k=1

SO

(32) (1) = —Tr Ap(t),
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hence

(33) p(t) = e T p(0),
which yields (26), since (cf. §2.3, Exercise 8)

(34) e T A — det e = (det )7L,

Using Lemma D, we can prove Lemma A as follows. Take A € G/, (n,R). By
Proposition 3.2.11, we can write

(35) A=UQ, Ue€SO(n), QecPn).
Now, by (3.2.19),
(36) u =P for some B; € Skew(n).

Meanwhile, @) is conjugate to a diagonal matrix with positive entries, so we also
have

(37) Q = P2, for some B, € Sym(n).

Thus
(38) /f(Ax) dx:/f(eBleB2x)dx,

and the identity (3) follows from two applications of Lemma D.
Finally, if A € G¢(n,R) and det A < 0, we can write

A:AlAQ, A1 € G£+(n,R),

39
(39) Asej = —e; if j =1, e; otherwise.

Directly verifying Lemma A for A, is elementary, and the proof is complete.



51

Chapter 5. Applications of the Gauss-Green-Stokes formula
85.1A. Holomorphic inverse function theorem

As defined in §5.1, if 2 C C is open and f : 0 — C, the map f is holomorphic
provided f is C'-smooth and complex differentiable. Equivalently, with

(1) f2) =ul@,y) +iv(z,y), z=z+iy, uwv: QR

the functions u and v are C''-smooth and satisfy the Cauchy-Riemann equations,

ou  Ov ou ov

(2) %:8_3/ 8_y:_8_x’

derived from

3 oY

dr i oy

Here we want to examine the map F : Q — R2, defined by

@ Fa) = (1)

v(w,y)

and compare complex differentiability of f with the behavior of

Vg Uy

(5) DF(z,y) = (“”" “y> .

Lemma 5.1A.1. The Cauchy-Riemann equations (2) are equivalent to the state-
ment that

(6) DF(z,y)J = JDF(z,y), J= (2 _01) :

Proof. One routinely computes

(7) DF(x,y)J:(uy _“9’5), JDF@,@:(‘”I _”y>,

Vy  —Ug

and checks the equivalence of (2) and (6).

REMARK. Given (5), as also see that the CR equations (2) are equivalent to the
identity

Uy Uy

(8) DF(z,y) = (um _U’”) = uzl 4 v, J,
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and to the identity

9) DF(z,y) = ( Yy uy) = vyl — uyJ.
We next look at

(10) det DF(z,y) = ugvy — Uzly.

The CR equations (2) yield

(11) det DF(z,y) = u? + v> :vi—ku?].

Meanwhile, complex differentiability of f implies

f'(z) = fo = ug + vy, and

(12) 1 i

f’(z) = ;fy = Uy + Uy,
hence
(13) 1f'(2)P = u} +v) =ul + ).

Comparing (11) and (13), we have:

Lemma 5.1A.2. If f : Q — C is holomorphic, given by (1), and if F is given by

(4), then

(14) det DF(x,y) = |f'(2)]?, z=x+1iy € Q.

Having these results, we can bring in the inverse function theorem, Theorem
2.2.1, to obtain the following holomorphic inverse function theorem.

Theorem 5.1A.3. Let f : Q — C be holomorphic, zy € Q, wo = f(z0). If f'(20) #
0, then there exist an open neighborhood O of zy in Q and an open neighborhood U

of wg in C such that

(15) f: 0O —U is one-to-one and onto,
with inverse

(16) g:U— O,

and g s holomorphic on U.
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Proof. By (14), we obtain from Theorem 2.2.1 that such O and U exist satisfying
(17) F: 0O — U is one-to-one and onto,
with C! inverse
(18) G:U—O.
Furthermore, with (u,v) € U, G(u,v) = (x,y) € O,
(19) DG (u,v) = DF(z,y)~".

The commutativity (6) then implies

(20) DG(u,v)J = JDG(u,v),
(21) G:(i), g=_E&+in

gives the holomorphic inverse (16).
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Open mapping theorem
We use the holomorphic inverse function theorem to derive the following open
mapping theorem for holomorphic functions.

Theorem 5.1A.4. Let Q2 C C be open and connected, and assume f : 2 — C is
holomorphic and not constant. Then

(1) O C Q open = f(O) open in C.

Proof. 1t suffices to show that each zy € {2 has a neighborhood O; such that
(2) f(Oq) is a neighborhood of wg = f(zp).

If f'(20) # 0, this follows from the holomorphic inverse function theorem.
Now suppose f(zp) = 0. Then there is a first n € N such that f(™(z) # 0, so
the power series expansion of f about zy has the form

(3) f(z) =wo+ ) ar(z—20)", an #0,

k=n

on some disk Dr(zp). Otherwise, all the power series coefficients would vanish, and
f would be constant. We can write

(4) [(z) = wo + an(z — 20)"9(2),

with

(5) 9() =D bz —20)" b= b =1,
k=0 n

holomorphic on Dg(zp). We hence have g(z)!/"

Oy of zp, and

holomorphic on some neighborhood

(6) f(2) = wo + [b(z — 20)g(2)V/"]" = wy + H(2)",
with H holomorphic on O,
(7) H(ZO) = 0, H/<ZO) 7£ 0

Thus, by the holomorphic inverse function theorem, H maps some neighborhood
O of 2y onto a neighborhood U; of 0, hence

(8) H,(z) = H(z)" maps O; onto a neighborhood U, of 0,

and we have (2).
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§5.1B. Exercise on log z.

Exercise 9 of §5.1 introduced log : 2 — C (2 = C\ (—o0, 0]), satisfying

d 1
—logz=—, logl=0.
dz z

This led to the next exercise:

10. Show that
e =z Vze.

Two approaches were suggested as hints. Here is a third.
Hint. Set
P(z) = ze 108z

and show that ¢’(z) = 0.

Here is a complementary result.

10A. With Q as above and O = {z € C: |Im 2| < 7}, show that
Exp: O — Q,

where Exp(z) = €*, and that

(*) loge* =z, VzeO.

(Hint. Apply d/dz to loge® to get (*).) Show that

log: 2 — O.
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§5.1C. The Hodge *-operator and harmonic functions

The Hodge *-operator is a linear map
(1C.1) £ : AFR™ — A"TFR™
that satisfies the identity
(1C.2) u A xv = (u, v)w,

for u,v € AFR™, where (u,v) is the inner product on A¥R" treated in Exercises 5-10
of 4.1 and w=-e; A---Ne, ({ej : 1 < j <n} denoting the standard orthonormal
basis of R™). In particular, we have

(1C.3) *1l=w
and
(1C.4) x(ejy N---Nej) = (sgnm)eg A---Neg, ,,

where {j1,...,jk, 01, ln—r} = {1,...,n} and 7 is the permutation taking the
first ordered set to the second. We apply this to differential forms, obtaining

(1C.5) w1 AR(Q) — AR (Q),

for open €2 C R™, upon substituting dx; for e;. Thus

(1C.6) x1=dxy A Ndxy,
and
(1C.7) *Zgj dxz; :Z(—l)j_lgj dxl/\~-~/\d/x\j/\~-/\dxn.

J

Here we aim to relate the *-operator to harmonic functions and to various formulas
that arise in §84.2-4.4, 5.1, and 5.3.

To begin, let & C R™ be open and let f : © — R be smooth of class C?. Then
we have the 1-form

(1C.8) df = Z(ajf) daj,

and (1C.7) yields the (n — 1)-form

(1C.9) wdf = Z V)=, f)day A+ Aday A+ Ady,.
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For example,
1 n . —
(1C.10)  f(z) = 5|gc|2 = df =B=> (—1) 'ajday A+ Adxzj A Aday,

which arose in Exercises 6-9 of §4.3.
To proceed, we have, in general,

d* df = Z 1)/ (0r0; f) day A -+ Adxj A+ A day
(1C.11) _Z (02 f)dxy A -+ A day,

= (Af Jw.
We can interpret this as follows.

Proposition 1C.1. Given a C? smooth f : Q — R, with Q C R™ open, the
(n — 1)-form xdf is closed if and only if f is harmonic on Q.

Let us apply this to the functions h,, : R™ \ 0 — R given by
| |2—n

(1C.12) hn(x) = ;B , n >3, hy(x)=log|z|,
—n

seen in Exercise 12 of §4.4 and in Exercise 29 of §5.1 to be harmonic on R™\ 0. We
have J;h,(x) = x;/|z|", so

(1C.13) dh, = ]x|_”2xj dx;,
J

hence, with § as in (1C.10),
(1C.14) xdhy, = |z|™" 3,

the (n — 1)-form on R™ \ 0 that arises in Exercise 9 of §4.3. This (n — 1)-form will
also arise in Exercise 25 of §5.3. In these two exercises, this form might first seem
to be pulled out of a hat, and the fact that is is closed might seem to be a bit of a
coincidence. Proposition 1C.1 shows that it arises naturally and why it is closed.

The discussion of harmonic conjugates on planar domains in (5.1.34)—(5.1.35),
leading to Proposition 5.1.10, can also be cast in the language of the Hodge star
operator. In fact, given a smooth u : O — R, O C R? open,

ou ou ou ou
(1C.15) du:6—dm+a—dy:>*du——a—dx+a—dy—a

the 1-form defined in (5.1.34), so the result that « is closed if and only if u is
harmonic is seen to be a special case of Proposition 1A.1.
The Hodge *-operator has a natural extension to

(1C.16) w0 AFM — AR M,

when M is an oriented n-dimensional manifold with a Riemannian metric. This
is introduced in (A.7.63) and plays a significant role in Hodge theory on compact
Riemannian manifolds, discussed in Appendix A.7.
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§5.2A. Further variations on the change of variable formula for integrals
Here we aim to establish further results on change of variable formulas, using
arguments of the flavor of those arising in the proof of Theorem 4.5.2.

Proposition 5.2A.1. Let F; : R™ — R"™ be a family of smooth diffeomorphisms of
R"™, depending smoothly on t € I, an interval in R. Let w be a smooth, compactly
supported n-form on R™, and set

) o) = [ Fre
Rn
Then ¢(t) is independent of t.
Proof. As in (5.2.25), define vector fields X; on R™ by

d
(2) (@) = Xe(Fy(2)).
Then, by (5.2.26),
d * * *
(3) %Ft w=FLx,w=F/dw|X}).

¢w=/EMM&>

[ arwixo
0,

the last identity by switching to an iterated integral and using the fundamental
theorem of calculus.

The following is a stronger result.

Proposition 5.2A.2. Let f; : R™ — R™ be a smooth family of maps, depending
smoothly on t € R. Assume that for each compact Ko C R"™, there exist compact

K C R" such that
(5) fr'(Ko) C Ky, VteR.

Let w be a smooth, compactly supported n-form on R™, and set

(6) o(t) = / fro.
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Then ¢(t) is independent of t.

For the proof, we want to replace use of (5.2.26) by arguments arising in the proof
of Proposition 5.2.3. To start, take F': RxR"™ — R", F(t,z) = fi(x), and consider

(7) & =F*w e A"(R x R™).

We have do = F*dw = 0. Note that if (5) holds, then

(8) suppw C Ko = suppw C R x K;.
Now consider

9) O, :RxR" >R XR", @y (t,x) =(s+t, ).

We claim that

d .. . s~

Indeed, the proof of Lemma 5.2.4 applies to yield this identity. (In the present case,
¢ =n and R"™ already provides the desired coordinate system.) Now, with

(11) j:R" — RxR" j(x)=(0,2),

we have F'o @, 05 = fs, so

d d
_ * — '*_(P* ~
Tofsw =17
(12) = ®d(@]0y)
= dj" 5 (w]0)
= das:
and
(13) suppw C Ko = suppa, C Kj.
Consequently

(14) () = / dar, = 0,

Rn

again by going to the iterated integral and applying the fundamental theorem of
calculus. This proves Proposition 5.2A.2.
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§5.3. Further cases of Euler’s formula for x(M)

Let M be a compact 2D manifold. In Exercise 8 of §5.3, we were given a trian-
gulation of M, with

(1) V vertices, E edges, and F faces,
and obtained the formula

(2) xXM)=V —-E+F

by constructing a vector field X with

one source in each face, one sink at each vertex,

(3)

and one saddle in each edge.
Going further, one can suppose M is partitioned into F' faces, each of which is a
curvilinear polygon, with edges and vertices, and extend formula (2) to this more
general setting.
For example, one can take a convex polyhedron P in R3, and project its boundary
OP onto a sphere S? C R3, obtaining the classic Euler formula
V-E+F=2
One can also get variants, such as
V-FE+F=0,
for a donut shaped polyhedron.

For higher dimensional results, see Chapter 1, §20, especially (20.12), of

M. Taylor, Partial Differential Equations, Vol. 1, Springer, NY, 1996 (2nd ed. 2011).
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More exercises

31. Define

0:8% — R, O = TYZ| go,

and consider the vector field X = V¢ on S2.

(a) Show that X has 14 critical points, 4 sources, 4 sinks, and 6 saddles.
(b) Show that the count from part (a) is consistent with the calculation x(S?) = 2.
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Chapter 6. Differential geometry of surfaces
§6.1A. Formulas for P

If S ¢ R" is a k-dimensional surface, smooth of class C!, y € S, we have the
map P(y) € L(R"),

(1) P(y) = L projection of R" onto TS,

arising in (6.1.16), as an essential tool in the study of differential geometry on S.
Here we derive some formulas for P(y), in two settings: either there is a coordinate
chart

(2) p:Q—UCS, T,S=Range Dy(x),
with y = ¢(z), or S is the level set of a map
(3) F:0—R' ({=n-k),

where O is an open neighborhood of S in R™ and DF(y) : R* — R’ is surjective,
SO

(4) T,S = Ker DF(y).

In fact, in the former case, we have derived such a formula in §3.5A, but we revisit
that work and produce a unified treatment of the two cases.
To get this, it is convenient to bring in the following two linear algebra results.

Lemma 6.1A.1. Let A : R¥ — R"™ be injective, and set

(5) P = 1 projection of R" onto V= Range A.
Then

(6) P = AG™' A,

where

(7) G = A'A € L(R¥) is positive definite.
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Lemma 6.1A.2. Let B : R™ — R’ be surjective, and set
(8) Q = L projection of R" onto W = Ker B.

Then I — Q = Q+ is given by

(9) Q- =B'H™'B,
where
(10) H = BB' € L(R") is positive definite.

Proof. The formula (6) follows from a derivation parallel to that leading up to (18)
in §3.5A of this supplement. We present a separate verification of (6), as follows.
First, for v € R¥, Gv-v = ||Av||?, so (7) holds, hence the right side of (6) is well
defined; denote it by P. Tt is routine to check that

(11) Pt=P, P?’=P,
so P is an orthogonal projection. Furthermore, the hypotheses yield
(12) AT R™ — RF s surjective,

hence Range P= Range A. This yields P= P, and proves Lemma 6.1A.1.
Moving to Lemma 6.1A.2, we see that the hypotheses imply

(13) B! :R* — R" is injective, Range B = W+.

Thus we can apply Lemma 6.1A.1, with A replaced by B* (and k replaced by /),
hence G = A'A replaced by H = BB', and we have from (8) that

(14) Q* = L projection of R" onto W.

Hence the formula (6) yields the formula (9) for Q-+, and Lemma 6.1A.2 is proved.
We can now present our formulas for P(y).

Proposition 6.1A.3. Assume there is a coordinate chart on S, as in (2), with
y=p(x) € U. Then

(15) P(y) = Do(z) G(x) ™" De(x)",
with

(16) G(z) = Dp(x)" Dip(z).
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Proposition 6.1A.4. Assume S is a level set of F', as in (3), with DF(y) : R" —
R¢ surjective. Then

(17) I —P(y)=DF(y)' H(y)~' DF(y),
with
(18) H(y) = DF(y)DF(y)".

These results are direct consequences of Lemma 6.1A.1 and 6.1A.2, with A =
Dy(x) and B = DF(y), respectively.

REMARK. A standard presentation of Proposition 6.1A.4 in case ¢ = 1 is to set
N(y) = VF(y)/|VF(y)| (unit normal to S at y) and write

(19) P(y) v = (N(y) -v)N(y),

or equivalently

(20) P(y)" =N(y)N(y)".

We leave it to the reader to show how (17) leads to this formula in such a case.
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§6.2A. Curvature and torsion of curves in R3.

Given a curve c(t) = (z(t),y(t), 2(t)) in 3-space, we define its velocity and accel-
eration by

(2A.1) v(t) = (t), a(t)=2'(t) ="(t).

(2A.2) s'(t) = v, S(t):/t s'(r) dr,

assuming we start at t = tg. We define the unit tangent vector to the curve as

(2A.3) T(t) = %

Henceforth we assume the curve is parametrized by arclength.
We define the curvature k(s) of the curve and the normal N(s) by

(20.4) s =% = s,
Note that
(2A.5) T(s)-T(s) = 1 = T'(s) - T(s) = 0,

so indeed N (s) is orthogonal to T'(s). We then define the binormal B(s) by
(2A.6) B(s) =T(s) x N(s).

For each s, the vectors T'(s), N(s) and B(s) are mutually orthogonal unit vectors,
known as the Frenet frame for the curve ¢(s). Rules governing the cross product
yield

(2A.7) T(s) = N(s) x B(s), N(s)=B(s)xT(s).

(For material on the cross product, see the exercises at the end of §1.4.)

The torsion of a curve measures the change in the plane generated by T'(s) and
N (s), or equivalently it measures the rate of change of B(s). Note that, parallel to
(2A.5),

B(s)- B(s) =1= B'(s)- B(s) = 0.

Also, differentiating (2A.6) and using (2A.4), we have

(2A.8) B'(s) =T'(s) x N(s) +T(s) x N'(s) =T(s) x N'(s) = B'(s)-T(s) = 0.
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We deduce that B’(s) is parallel to N(s). We define the torsion by

dB

(2A.9) = —7(s)N(s).

We complement the formulas (2A.4) and (2A.9) for dT'/ds and dB/ds with one
for dN/ds. Since N(s) = B(s) x T'(s), we have

(2A.10) d—N:d—BxT+B><d—T:TN><T+/§B><N,
ds ds ds
or
dN
(2A.11) o= —k(8)T(s) + 7(s)B(s).

Together, (2A.4), (2A.9) and (2A.11) are known as the Frenet-Serret formulas.
EXAMPLE. Pick a,b > 0 and consider the helix
(2A.12) c(t) = (acost,asint, bt).

Then v(t) = (—asint,acost,b) and ||v(t)|| = Va? + b?, so we can pick s = tv/a? + b?

to parametrize by arc length. We have

1
2A.13 T(s) = ——=(—asint,acost,b),
(2A.13) (©)= T )
hence
dT 1
(2A.14) R S (—acost,—asint,0).
By (2A.4), this gives
a .
(2A.15) k(s) = prE N(s) = (—cost,—sint,0).
Hence
1
2A.16 B(s) =T(s) x N(s) = ————=(bsint, —bcost,a).
(24.16) (5) = T(5) X N(s) =~ )
Then
dB 1
(2A.17) — = (bcost,bsint,0),

ds a? + b2
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so, by (2A.9),

b

(2A.18) T(s) = prawTl

In particular, for the helix (2A.12), we see that the curvature and torsion are
constant.
Let us collect the Frenet-Serret equations

dT
i N
ds :

AN
ds

dB
g _ N
ds 4

(24.19) __wT 4B

for a smooth curve c(s) in R3, parametrized by arclength, with unit tangent 7'(s),
normal N(s), and binormal B(s), given by

1
(2A.20) N(s) = TT/(S), B(s) =T(s) x N(s),
k(s
assuming k(s) = ||T"(s)|| > 0.
The basic existence and uniqueness theory, given in §2.3, applies to (2A.19). If

k(s) and 7(s) are given smooth functions on an interval I = (a,b) and s¢ € I, then,
given Ty, No, By € R3, (2A.19) has a unique solution on s € I satisfying

(2A21) T(So) = TQ, N(So) = N(), B(So) = BO.

We now establish the following.

Proposition 2A.1. Assume k and T are given smooth functions on I, with k > 0
on I. Assume {Ty, No, By} is an orthonormal basis of R3, such that By = Ty x Ny.
Then there exists a smooth, unit-speed curve c(s), s € I, for which the solution to
(2A.19) and (2A.21) is the Frenet frame.

To construct the curve, take T'(s), N(s), and B(s) to solve (2A.19) and (2A.21),
pick p € R? and set

(2A.22) c(s)=p +/ T(0)do,

S0
so T'(s) = /(s) is the velocity of this curve. To deduce that {T'(s), N(s), B(s)} is
the Frenet frame for ¢(s), for all s € I, we need to know:

(2A.23) {T(s),N(s),B(s)} orthonormal, with B(s) =T(s) x N(s), Vse€l.
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In order to pursue the analysis further, it is convenient to form the 3 x 3 matrix-
valued function

(2A.24) F(s)=(T(s),N(s),B(s)),

whose columns consist respectively of T'(s), N(s), and B(s). Then (2A.23) is
equivalent to

(2A.25) F(s) € SO(3), Vsel,

with SO(3) defined as in §1.4. The hypothesis on {Tp, Ny, By} stated in Proposition
7.1 is equivalent to Fy = (T, No, By) € SO(3). Now F(s) satisfies the differential
equation

(2A.26) F'(s) = F(s)A(s), F(so) = Fp,
where
—k(S) 0
(2A.27) A(s) = | k(s) 0 —7(s)
0 7(s) 0
Note that
(24.28) ddi C o A(s) F(s)" = —A(s)P(s)",

since A(s) in (2A.27) is skew-adjoint. Hence

d% F(s)F(s)* = Cfl—iF(S)* + F(S)di;*
(2A.29) — F(s5)A(s)F(s)* — F(s)A(s)F(s)*
= 0.

Thus, whenever (2A.26)—(2A.27) hold,
(2A.30) FoFf =1 = F(s)F(s)* =1,
and we have (2A.23).

Let us specialize the system (2A.19), or equivalently (2A.26), to the case where
k and T are constant, i.e.,

(2A.31) F'(s)=F(s)A, A=k 0 -1
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with solution
(2A.32) F(s) = Fyels=504,

We have already seen in that a helix of the form (2A.12) has curvature x and torsion
T, with

a b
2A.33 = — = —
( ) "Ter TT g
and hence
K T
2A.34 =  p=— .
( ) > + 72’ K2 4+ 72

In (2A.12), s and t are related by t = sv/k? + 72.
We can also see such a helix arise via a direct calculation of %4, which we now
produce. First, a straightforward calculation gives, for A as in (2A.31),
(2A.35) det( A — A) = A(\? + % + 77),
hence

(2A.36) Spec(A) = {0, £iv/ k2 + 72}.

An inspection shows that we can take

1 T 0 1 —K
2A.37 MN=—7—7= 0], v=1], v3=—F—m 0 ,
( ) 1 ‘/H2+T2 o 2 0 3 '/H2+T2 -
and then

(2A.38) Avy =0, Ave=VrK?>+7203, Avz=—VrK>+ 71200

In particular, with respect to the basis {va,v3} of V' = Span{wvy,v3}, A|y has the
matrix representation

(2A.39) B =+/k?+ 12 (? _01).

We see that

(2A.40) ety = vy,
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while

(2A.41) e vy = (cossVk? +72)v2 +(sinsv/r? +72)us,
| e*Avs = —(sin s\/k2 + 72)vg+(cos 51/ K2 + 72)vs.

Exercises

1. Consider a curve c(t) in R?, not necessarily parametrized by arclength. Show
that the acceleration a(t) is given by

(2A.42) oty = Cop 4 n<@>2N.

Hint. Differentiate v(t) = (ds/dt)T'(t) and use the chain rule dT'/dt = (ds/dt)(dT/ds),
plus (2A.4).

2. Show that

(2A.43) KB = T’ X“??
v

Hint. Take the cross product of both sides of (2A.42) with T, and use (2A.6).
3. In the setting of Exercises 1-2, show that
(2A.44) K2 7|v)|® = —a- (v x d).

Deduce from (2A.43)—(2A.44) that

(vxa) ad
2A.45 =
- T ol
Hint. Proceed from (2A.43) to
d 3 3dB  d B ,
L eol?) B+ sl = L xca) = xa

and use dB/dt = —7(ds/dt)N, as a consequence of (2A.9). Then dot with a, and
use a - N = k||v]|?, from (2A.42), to get (2A.44).

4. Consider the curve c(t) in R3 given by

c(t) = (a cost,b sint,t),
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where a and b are given positive constants. Compute the curvature, torsion, and
Frenet frame.

Hint. Use (2A.43) to compute x and B. Then use N = B x T. Use (2A.45) to
compute 7.

5. Suppose ¢ and ¢ are two curves, both parametrized by arc length over 0 < s < L,
and both having the same curvature x(s) > 0 and the same torsion 7(s). Show
that there exit g € R3 and A € O(3) such that

é(s) = Ac(s) +xo9, VYV se]|0,L].
Hint. To begin, show that if their Frenet frames coincide at s = 0, i.e., T(O) =
T(0), N(0) = N(0), B(0) = B(0), then T=T, N=N, B=B.

6. Suppose c is a curve in R? with curvature x > 0. Show that there exists a plane
in which ¢(t) lies for all ¢ if and only if 7 = 0.

Hint. When 7 = 0, the plane should be parallel to the orthogonal complement of
B.
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§6.4. New endgame to proof of Proposition 6.4.19

Let G be a smooth matrix group with a bi-invariant metric tensor. As seen in
Proposition 6.4.18, for each g € G,

(6.4.109) Ve : G— G, Yy(x) = gr g,
is an isometry of G, fixing ¢ and satisfying
(6.4.110) Diy(g9) = —1 on T,G.

Here we aim to provide a new endgame to the proof of the following.

Proposition 6.4.19. If v is a unit speed geodesic on G satisfying v(0) = I, then
(6.4.111) v(s+t) =v(s)y(t).

Proof. Fix t € R and consider
(6.4.112) o(s) =~(t+s).

This is a unit-speed geodesic satisfying o(0) = 7y(¢), ¢'(0) = ~/(t). It follows from
Proposition 6.4.18 that

(6.4.113) 5(s) =y (a(s))

is the unit-speed geodesic satisfying 5(0) = ~(t), 6'(0) = —+/(¢t). This forces
a(s) =~(t—s), ie.,
Y(t—s)=1 Y(t+ s
(6.4.114) (= 5) =y )
= ()t +s)" (1)

Taking ¢t = 0 gives

(6.4.115) 1(=s) = 4(s) 7Y,

and then taking s — —s gives

(6.4.116) Y(s+1t) =v(t)v(s — t)y(t).

Taking s = t gives v(2t) = v(t)?, and then we obtain by induction that
(6.4.117) Y(n+1)t) = y(0)y((n = Dt)y(t) = ()",

for each n € N. A limiting argument gives (6.4.111) when s and ¢ have the same
sign. In such a case, (6.4.114) gives

(6.4.117A) Yt = 5) = y(£)y(s) Iy () = () (=),

so we have (6.4.111) in general.
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Chapter 7. Fourier analysis
§7.4. Comment on the dimensions of spaces of spherical harmonics

Section 7.4 deals with the space Vj, of spherical harmonics of degree k on S"~ 1,
seen to be isomorphic to the space

‘Hi = space of harmonic polynomials on R",

(1)

homogeneous of degree k.

It is shown in (7.4.49) that

(2) dim Hj, = dim P*(R"2) + dim PF~1(R"2),
where
(3) PE(R™) = space of polynomials on R", of degree < k.

The formula

(4) dim P*(R") = (" Z k)

leads to the computation that, on ™!,

k+n-—2 k+n-—3
di = )
(5) im Vj, ( I )+( P )

See (7.4.52).

Here we point out that a nice derivation of (4) is given in the supplement “Further
power series exercises,” for §2.1. See Exercise 5 there.

An alternative formula for dim Vj appears in (7.4.123).
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Appendix A. Complementary material
§A.7. Correction of formula (A.7.39)

Formula (A.7.39) should be revised to read as follows:

(A.7.39) —(Au,u)rz = ||dul3s + [|dul32, ue€ AFM.

That is, replace ||Aul|2, on the left side of the original (A.7.32) by (—Aw, u)z2. This
is what actually follows from (A.7.36). With this change, none of the surrounding
arguments are affected.
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§A.7. Topological invariance of de Rham cohomology

If X is a smooth compact manifold, the definition of the de Rham cohomology
groups H¥(X) depends explicitly on the differential structure of X. In light of this,
it is of interest that the following topological invariance result holds.

Proposition T.1. Let X and Y be smooth, compact, n-dimensional manifolds,
and let
(T.1) f: X —Y beahomeomorphism.

Then f induces an isomorphism of de Rham cohomology,

(T.2) fHEY) — HF(X), for 0<k<n.

Part of the significance of this result lies in the fact that there are compact
smooth manifolds that are homeomorphic but not diffeomorphic. Indeed, [Mil]
stunned the mathematical world by producing smooth manifolds homeomorphic
but not diffeomorphic to S”.

Proof of Proposition T.1. First, embedding Y smoothly in some Euclidean space,
we can find a sequence of C'*° maps ¢, : X — Y such that ¢, — f uniformly as
v — oo. Similarly, with ¢ = f~! : Y — X, we can find C* maps 9, : Y — X such
that v, — ¢ uniformly. It follows that

(T.3) Y,00p,: X =X and p,09,:Y =Y

are smooth maps and v, o ¢, and ¢, o 1, uniformly tend to the identity maps on
X and Y, respectively. Of course, we have the induced maps

(T.4) o HENY) = HE(X), o) HE(X) = HE(Y),
for 0 < k < n, hence

ooy = (1, 00"t H¥(X) — HF(X),

(T.5)
Uy 0wy = (puoth)  t HNY) — HM(Y).

The key to the endgame is very simple. There exists N such that for v > N, ¢, 00,
and ¢, o1, in (T.3) are smoothly homotopic to the identity maps on X and Y,
respectively, so the induced maps on cohomology are the identity maps. That is,
the maps in (T.5) are the identity maps, for v > N. Hence, for v > N,

(T.6) of 1R Y)Y S HE(X), or s HRX) S HE(Y),
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these maps being 2-sided inverses of each other.
We also note that, for N large enough,

w,v > N = ¢,, ¢, smoothly homotopic, ditto for v,

T.7
(T.7) = ¢, = ¢, and ¢, =1 in (T.4),

so the isomorphisms (T.6) are uniquely determined by the map f.
There are singular cohomology groups H% (X, R), designed to be topological

sing
invariants, and a result known as de Rham’s theorem yields a natural isomorphism

(T.8) HE(X) ~ HE (X, R),

sing
when X is a smooth compact manifold. A proof can be found in [Lee].
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