Topological Obstruction to Lifting Principal Bundles

MICHAEL TAYLOR

Let G be a connected Lie group with connected covering group é, and covering
homomorphism 7 : G — G. In such a case, the discrete group I' = Kerr is
contained in the center of G. The basic case is Spin(n) — SO(n).

Let M be a Riemannian manifold and P — M a principal G-bundle. Cover
M with geodesically convex balls U;. Then P is trivializable over each Uj;, say
P~U; xG. Ifx e Ujy = U;NUyg, the two trivializations (over U, and Uj,
respectively) are related by

(1) Ti(g,2) = (g56(v)g, %), gk € C(Ujn, G), g1 = Gny-
It follows that if U = U; N Uy N Uy # 0 and x € Ujpe, then

(2) 9ik = 9je9ek-

The last identity can be rewritten

(3) 9ik9kedge; = €,

where e € (G is the identity element.

We want to see when it is possible to lift P to a principal G-bundle P — M. As
a first try, we can take

(4) gjk € C(Ujk, G) such that Ogjk: = gjk-

This will define a principal G-bundle provided that the analogue g;igrege; = € of
(3) holds, but we cannot expect that. We do know that

(5) m(Jjxgregej) = €, hence gixgrege; = ejre €T,

whenever U; N U, N Uy # 0. We next try to adjust the local lifts g;;. We set
(6) 97e(@) = firdju(x),  fix €T

Recalling that I is in the center of é, we see that

) 9591098 = Firfrefes Gikdnedes

= firfrefej€jne.
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Hence {gﬁC € C(Ujx,G)} defines a lift of P if and only if

(8) Cjke = PjkPrLPLjs Pk = fﬁﬂl'

Now (8) says that {ejre} is a coboundary, hence defines the element 0 in the
cohomology group H?(M,T"). Let us also note the following. Assume the cover
{U,} of M is sufficiently fine that the following holds. Given any 4 elements of this
cover with connected union (say @), then this union is contained in a geodesically
convex set. Then P trivializes over O, hence lifts. Consequently the restriction
of {ejre} to O is a coboundary. It follows that {e;re} defines a cocycle, hence a
cohomology class in H?(M,T'). The computation (7) shows that any two local lifts

{g;x} and {g;i} define cohomologous cocycles. This gives the following result.

Proposition 1. Associated to the principal G-bundle P — M and connected cov-
ering group G — G is a cohomology class

(9) w(P,G) € H*(M,T).

Furthermore, P can be lifted to a principal G-bundle P — M if and only if
w(P,G) = 0.

Suppose now that w(P, @) = 0 and that {g;x} and {gﬁ} both lift P to principal
G-bundles, so m(Gjx) = W(gﬁ) = g;, on Uji, and
(10) JikJrede; = €, gﬁg;ﬁzgﬁ =e,

where here e denotes the identity on G. Again, g;, and g}i are related as in (6),
and the identities (10) then imply that

(11) fikfrefe; = e.
That is to say, {f;x} is a cocycle, defining an element
(12) [{fir}] € H'(M,T).

Furthermore, if {g;;} satisfies (10) and {gﬁ} are given by (6), then {gﬁ} satisfies
(10) if and only if {f;x} satisfies (11), hence if and only if we get an element
[{fix}] € H'(M,T). This element is zero if and only if there exist e; € T' such that

(13) fik = ej_lek.
If (13) holds, then, by (6),
(14) e;gh.(x) = Gin(@)er,

hence {ey} defines a bundle isomorphism P, — ﬁg, where P; is the lift of P defined
by {g};.} and P, the lift defined by {g;x}.



Examples of G—G

1. Spin(n) — SO(n), SO(n) — PSO(n), n even.

2. G — AdG, (G connected Lie group with discrete center).
3. SU(2,R) —» PSI(2,R).

4. SU(n) — SU(n)/T, T ={al:a" =1}.

5. U(n) — Un)/T,,, L, ={al:a™ =1}



