Microlocal analysis on contact manifolds:

Eigenfunction concentration, Weyl formulas,
and Noncommutative phase space
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8. Seminar talks and AMS talks
See also

1. Pseudodifferential operators, Fourier integral operators, and
microlocal analysis
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Heat asymptotics and microlocal Weyl asymptotics on a compact
Riemannian manifold M, with Laplace operator A.

Orthonormal basis @y, eigenvalues —\.

Tr etA = Z ei/\kt7 Tr AetA = Z ei)\kt(ASDka QOk)LZ-
1>0 k=0

A € OPS(M).

Heat asymptotics

Tret® ~ C(M)t™™/2,  m = dim M.

Tr Aet2 ~ C(M)(/ oa(z,0) d5(z,<))rm/2.

S*M
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Heat parametrix
etBf(z) ~ / h(t,z,¢)e @20 Z=W)Cr (1) dw dC.
T*M

Tret® ~ / e 120 dV (2, ().
T*M

Similar formulas for Aet?, given action of A:

Af(z) = (271')"/ a(z,¢)e’ G (w) dw dC.
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Microlocal Weyl formula, via Tauberian theorem:

N
lim 1Z(A<pk,<pk),_z: / oa(z,¢)dS(z, ().

k=1 S*M

Corollary: local Weyl formula: take special case Af(z) = a(z)f(z).

N
lim 2)|ew(2)]? dV(2) = —— [ a(z) dV(z).
Jim, ; A{ k(2 V(M )/
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On to hypoelliptic operators.

L second order differential operator on M, formally negative and
self adjoint. Assume hypoelliptic with loss of < 2 derivatives.

Hence, for some o > 0,

L7t [2(M) — HO(M).

Thus L=! compact and self adjoint on L2(M), so have ON basis
{¢k} of eigenfunctions:

Lok = —Akpk, 0 < A 7 Hoo.
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Theorem. Let L, denote the principal symbol of L. If
[ Itz 01 "2 d(2.0) = o,
S*M

then, except for a sparse subsequence, {(x} concentrates
microlocally on the characteristic set of ¥ C T*M \ 0, given by

Y ={(z,{) e T*"M\ 0: Lx(z,¢) = 0}.
Ingredients in proof: if Ag vanishes on conic nbd of X,
TrAetl ~ C(Ag)t™™2, as t\,0,
where Ag = total symbol of A, but

t"2 Trett —s 400, ast\,0.
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Proof of last result uses
tL t(L+eA
Trett > Tret(tted)

plus heat asymptotics in elliptic case.

Taking A— A*A, with A as above, yields
1 N
. 2
Jim kZI |Agkllz =0,

hence the theorem.
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Contact manifold, with contact line bundle X

M compact manifold of dimension m=2n+1, ¥ C T*M line
bundle, x section of X (one-form). Contact condition:

A (dk)™ nowhere vanishing.
Complementary subbundle HM of TM.
H,M={X € T,M : X(z) L k(z)}.
Xj, Xk smooth sections of HM =
dr(Xj, Xi) = = (X Xi])-
Contact condition =
dr(z) nondegenerate bilinear form on H, M,

so we have maximal non-involutivity of HM.
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Examples of contact manifolds.

M c R?* ~ CH, codim 1. N outward unit normal, J complex
structure. Define

K(X)=(X,IN), H,M={XeT,M:X L JIN(z)}.
As before, X, Y smooth sections of HM =
—dr(X,Y) = r([X,Y]).
Contact condition:

dk(z) nondegenerate bilinear form on H,M, Vz € M.
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Levi form (symmetric)
L(X,Y)=—dr(X,JY), X,Y € H,M.
Geometric formula (see [T3], Chapter 12, or [T6], §3):
L(X, X) = 1(X,X) + 11(JX, IX).
Il = second fundamental form of M C R?“. 1I(X, Y) = (AnX, Y).
AyX = —DxN, N :M — S?*71 Gauss map, Ay Weingarten map.

Definition. If M = 9Q and L is positive definite, we say € is a
strongly pseudoconvex domain.
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Key example: Heisenberg group.
H" = {(t,q,p) : t € R, q,p € R"}.
Group law

(t1,q1,p1) - (t2, 92, P2)
= (t1+ t2 + 50((q1, p1), (92, P2)), 1 + G2, p1 + P2).

Symplectic form on R?":
o((q1,p1), (g2, p2)) = p1- G2 — q1 - p2.

Let algebra h" of right-invariant vector fields:

_ 9,9 PO 0 40
T_at’LJ_aqj 28t’MJ_8pj+2at’

with 1 < j < n. Commutator relations
[Lj,Mj] =—[M;,Lj]=T,

other commutators zero.
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Contact structure of H":
HH" = Span{X; : 1 <j<2n}, Xj=Lj, Xpyj = M;.
/{:dt+%(q'dp—p-dq).
Automorphisms of H":

0:A(t, q,p) = (£, £A2q,AM?p), A >0,
ag(t,q,p) = (t,g(q,p)), & €Sp(nR).

Representations of H" on L?(R"):

mA(t, g, p) = m1(d+a(t, q, P)),

mi(t,q, p) = el(+aXP0)

Here q - Xu(x) = Y qjxju(x), p- Du(x) =713 pjou/dx;.
Also have scalar reps, 7T(y7n)(t, q,p) = el(y-a+np)
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Sublaplacians on a contact manifold M, dimension m = 2n + 1.

Second order differential operator L, principal symbol

L, <0on T*M\ 0, vanishing precisely on X.

Proposition. One-to-one correspondence between such principal
symbols and smooth, positive-definite inner products on the vector
bundle HM.

Over open O C M, with frame field {X;} for HM defined over O,
get operator with principal symbol Ly:

Zajk XXk,

plus first-order operator. Here (ajc(z)) positive definite.
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Formally self-adjoint modification (assume M is given a volume
form):

L#:—ZX ai(2) Xk,  —Xiu=Xju+ bju

:Lb+Zkak, bk—Zbajk

General case:
L=L#+iY +c,

Y real vector field, iY + ¢ formally self-adjoint.
Real coefficients = Y = 0.
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Darboux theorem for contact manifolds.

M, M’ m-dimensional contact manifolds, containing p, p’. There
are neighborhoods O, ', and a contact diffeomorphism

F:0—0O.
We have
DF(z) : H,O — H, O,
forze O, 2 = F(z).

Apply this with M’ =H", m =2n+ 1. Get
2n
L= au(2)XiXe + ia(2) T + B,
Jk=1
with
Xp=Lj Xpj=M, 1<j<n,

B = Z bj(2)X; + c(z).

Michael Taylor Microlocal analysis on contact manifolds: Eigenfunction conce



Heisenberg calculus

First treat right-invariant operators,
L= apXXc+iaT, aj,acR
ik
Consider convolution operators on H"”, Ku = k * u.
mea(k) = [ K(eq.p)nsa(t.g.p) deda o
= k(X £A2X,A\Y2D),
k Euclidean Fourier transform of k. Use Weyl calculus:
a(X,D) = /é(q, p)e'(aX+P D) dg dp,

i.e., for f € S(R"),

A(X,D)f(x) = (2) " [ [ a4+ y), )F(v) dy .
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Also write ok (£A)(X, D) = m1a(k), so key identity
ma(k * u) = my(k)ma(u)
implies
Tex(Ku) = ok (£A)(X, D)msr(u).
Key cases:
or(EX)(X, D) = £iXl, o, (£N)(X, D) = £i\/2x;,

B
o (£X)(X, D) = A e

Definition. For m € R, W7 consists of functions /2(7’,_)/, ), smooth
on H" \ 0, such that for 7 > 0,
k(t7,y,m) = 72 k(£1, 7712y, 77 2p).

We say A
Kw=kxw, ke Vg = K e OPVY{.

In such a case,

ok (£N)(x,€) = A" 2oy (£1)(x, ).
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Key case:

L=> auXXq+iaT = L€ OP W,
Jjk

and
o (£EAN)(X,D) = =AHy, Hy = Q(£X,D)+al,

QM%&) =D aiXiXk:  Xj =X Xntj =&
Tk

Special case:
2n
L=Y"XF = Qx.€) = [xP + |¢?

j=1
= Q(£X,D) = Hy = —A + |x]%,

n-dimensional harmonic oscillator Hamiltonian.
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Classical spectral calculation:
n=1= SpecHp ={1,3,5,...}.

Lemma. If Q(x,&) is a positive quadratic form on R?",
dg € Sp(n,R) such that

g(x,§)) = Z,ujx —|—§ wj > 0.

Metaplectic covariance. Given g € Sp(n,R),

Qg(x,€) = Qg(x,&)) = Qg(X, D) unitarily equiv to Q(X, D)
= Spec Q(£X, D) = Spec Qz(X, D).

Corollary.

Spec Q(£X, D) {ZMJ (2k +1) : ki ez+}
J
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Proposition. Provided t« satisfies the condition for invertibility of
HL, we have

E € OPW,? such that og(£A)(X,D) = A"tHY,
and E is a two-sided parametrix for Lb = Do au XXk +iaT.
Note. We have

OPVwg C OPST/z,l/zv if m>0,
OPSY/Z, . if m<0.

Corollary. The existence of the parametrix E implies that L? is
hypoelliptic, with loss of one derivative. This holds particularly if

o] < pj, implying H positive definite.
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Lower order terms
L=> apXiXc+iaT+ > bXj+c=L"+ B+ By
Take E € OP \Ilaz, parametrix for L?. Then
EL=1+E(B1+ By), LE=1+(B1+ By)E,
and XJ-GOPlUl,CG(C:>
EBi,Bi1E € OPW !, EBy, BoE € OP W2

Now

Ki € OP V7 = KiKy € OP V"™ and
Try ik (EN) (X, D) = 0, (£N)(X, D)ok, (£N)(X, D).
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Definition. K € OP W™ provided

K~Y K, K eOPwi,
j>0

in the sense that K — ngN K; is arbitrarily smoothing, for N large.
Proposition. Given that L? has a parametrix E? € OP \Ug2,
L has a parametrix E € OP W2,

Hence L is hypoelliptic, with loss of one derivative.
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Other operator classes. Given K € OP W', k € ZT,

K € OP U & oi(£1)(x, &) = ar(x,£), with

ai(ng) ~ Z(_l)J@J(ixv‘S)v as |X’2 =+ ’5‘2 — 00,
ik

pj € C*(R?"\ 0), homogenepus of degree m — 2j.
We write a4 (X, D) € OP H™k(R").
Note: T € OP W',

K; € OPW(" = [Ki, Ko € OP Wit
K € OP U™ = K € OPS™ ¥, microlocally away from ¥.

Also set
OP W = (M| OP wg™"
k
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Variable coefficients.
K(z) smooth family of elements of OP W™, Set

Ku(z) = K(z)u(z), yielding K € OP W™,
Similarly define OP W™k Set Ko(z) = part in OP W2, and
ok (z, £A)(X, D) = oky(2)(EFN)(X, D).
Theorem. Operator and symbol calculus for OP U™ work. In
particular,

K; € OPU™ = A = KiKy € OPWU™+M and
A(z) — Ki(2)Ka(z) € OP W™ +m=1 vy 7 hence
ok, k, (2, £A)(X, D) = ok, (z, £X)(X, D)ok, (z, £X)(X, D).
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Variable coefficient hypoellipticity
L_Zajk )Xi Xy + iz T+Zb )X; + c(z
= Lb + B1 + Ba.
LeOPW2 B, cOPV! B,cOPVO.

Symbol computation,
or(z, £N)(X,D) = =AH1(z), Hi(z) = Q.(£X,D) + a(z2).

Theorem. Given (ajx(z)) € M(2n,R) positive definite,

Hi(z) € OP H?(R") is elliptic.

Then L has a parametrix E € OP W~2 provided H(z) is invertible,
for each z.

H+(z) is positive definite provided |a(z)| < > pj(2).
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Sublaplacians on a compact contact manifold, M, of dimension
m=2n+1.

L second order differential operator, formally self-adjoint and
negative semidefinite, principal symbol L, < 0, vanishing precisely
on contact line bundle .

In Heisenberg coordinates, L has form described in last frame.
Assume |a(z)| < ) pj(z), so Hi(z) is positive-definite.

Then L= : [2(M) — HY(M), so L?(M) has an orthonormal basis
pk of eigenfunctions:

Lok = =Akpk, Ak /oo
Heat trace asymptotics (cf. [MS]):
Trett ~ Gt 1.
Yields eigenvalue asymptotics,

H{k: M < A}~ AL
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Microlocal Weyl formula, in standard /DO calculus.
Microlocal heat trace asymptotics:

Ac OPSO(M) = TrAett ~ Gil(oa)t™" L,
/ZUA (+r(2))Ke(z) dVo(2).

Weyl law (cf. [CHT]):

pim *Z(A@k,wk 2 = I(oa).

Apply with A +— A*A to get

||m *ZHASOkHB = /(’UA| )-

=1

Implies a concentration of eigenfunctions microlocally on X.

oaly = 0= 1(0a) = I(joal?) = 0.
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Refined microlocal Weyl formula, in Heisenberg calculus.

Bring in symbol
Ga:X\0— OPHOR"), AcOPWOM).
Theorem. Cf. [T4]. Take
A e OPWO(M).

Then
N

) 1
lim N Z(Aapk, Ok 12

N—oco
k=1

= C(M) / > Tra(£r(2))He(z) " dVo(2).
M +

Proof uses asymptotics for Tr Aett, using parametrix for el via a
different approach from [MS], using Heisenberg calculus, produced
independently by [T1] and [BGS], [BG].

Related theory in [P1], [P2] can also be applied.
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Further refined microlocal Weyl formula.
Use one-parameter families

As € OP \TJO’OO.
Example. Ga,(££(2))(X, D) = ¢¥(6H+(2)),
b eS[R), »(\)=1for |\ <1.

Proposition 1. Given such Ay,

N
li = J
Jim Z Aspks k)2 =1+ R(6 Z cjd’.
k=1 j>1
Proof uses

| Trpp(6HL(2))He(2) 7" < 6, ¢p(N) =1 —(N).
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Refined microlocal concentration result.

Proposition 2. Given such As as in Proposition 1,

N
.1 2
Jim > N0 = Al < €6
k=1
Proof uses Prop.1 and takes | — As — (I — As)*(I — As).

Other examples: A. € OP WO ().
5a.(£r(2))(X, D) = a; (¢X,eD),  a; € S(R*").

Similar results. Bring in semiclassical analysis.
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More general case of A. € OP W0>°(\)
Fa.(£6(2))(X, D) = af(e?,eX,eD),

aF(£2,-,-) smooth in £2, values in S(R?").
This class also contains the class As, with § = &.

Proposition 3. Given ¢ € S(R), H = Q(X, D) + al positive
elliptic, Q(¢) positive quadratic form,

Y(6H) = By(e?,eX,eD),

with By(e?,¢) smooth in £2 with values in S(R?"), § = &2,
¢ = (x,&). Furthermore,

Bu(e® Q)= 3 D UMbl (@),

J,k=>0|B|=2k

Leading term is ¥(Q(()).
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Proof of Prop. 3 uses
w(oH) = [ Ds(0)e™ de, bs(0) = V(M)

together with Fourier integral representation of the Schrodinger
semigroup e'tf, obtained via analytic continuation from formula for
“heat” semigroup

e 7D = h2(X. D),
hQ(x, €) = (det cosh TAQ)_1/2e_TQ(19(TAQ)CaC)’

with ¢ = (x,£), Ag = (_F(%)l/27 o(u, FQV) = Q(u,v),
9(t) = t Ltanht.

Variant of Mehler formula.
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Contact with Weyl formula involving P € OPS°(M).

Lemma 4. If A€ OP WO(M), P € OPS°(M), then
PA € OP W0 and

Gpa(+r(2))(X; D) = op(+r(2))5a(+(2))(X, D),
where op(£k(z)) = classical principal symbol of P, restricted to
X\0.

Corollary 5. Given such P, As,

lim Z(PAzi(Pka(Pk)

N—ro0
/Z(;P (£(2)) Trp(0He(2)) He (2) 7" dVo(2).

Taking § — 0 and using Prop. 2 yields Weyl formula of [CHT],
with Ki(z) = Tr Hy(z)~" L.
Remark. If L has real coefficients, then a = 0 and K;.(z) = K_(2).
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Appendix.

Heisenberg-calculus-microlocalized heat trace asymptotics. Model
case.

oL (FA)(X, D) = —Hx, Hy = Q(£X,D)+al.
Take A € OP W0,

AeSLao(ta q7p) = kA,S(ta q, p):
kas(+ = £7)(£r 2y, 7712
As(ET, Y, 1) = Opest (ET) (T 7y, 77 %),
0 pest (£7)(X, D) = oa(£1)(X, D)e "=,

To write local trace of Ae®t, compute

kn+(0,0,0) = / / / kas(r,y.m) dy di dr.
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To start,
// kas(£7,y,n) dy dn = //UAesL(iT)(iT_l/zy,7‘1/277) dy dn

= ’7‘n // O'AesL(:l:T)(X7£) dX dé.
=" TI’O’AesL(iT)(Xv D)
= 1" Troa(£1)(X, D)e M.

Hence
kas(0,0,0) = > 7" Troa(£1)(X, D)e ™ dr
+
— s_”_lz/ t" Troa(£1)(X, D)e tH= dt
+ JO

= Cps " 1Y Troa(x1)(X,D)HL" .
+
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