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ABSTRACT. We develop the theory of layer potentials and related singular in-
tegral operators as a tool to study a variety of elliptic boundary problems on
a family of domains introduced by Semmes [101]-[102] and Kenig and Toro
[64]-[66], which we call regular Semmes-Kenig-Toro domains. This extends
the classic work of Fabes, Jodeit, and Riviere in several ways. For one, the
class of domains considered contains the class of VMO; domains, which in
turn contains the class of C! domains. In addition we study not only the
Dirichlet and Neumann boundary problems, but also a variety of others. Fur-
thermore, we treat not only constant coefficient operators, but also operators
with variable coefficients, including operators on manifolds.

Note to reader. This paper appeared in
International Math. Research Notices 2010, 2567-2865.

Colleagues have mentioned that they would really like the paper to have a table
of contents, and maybe even an index. The product at hand provides such aids to
digesting the contents.
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Chapter 1

Introduction

The original motivation behind the development of Fredholm theory was to use the
compactness of various double layer potential operators on smooth domains, aris-
ing in mathematical physics, in order to solve boundary value problems via integral
equation methods. Indeed, in his 1898 Ph.D. Thesis, Erik Ivar Fredholm himself
pioneered the use of such an approach in the study of a problem in elasticity theory.
Shortly thereafter, in a paper based on his doctoral dissertation, which appeared
in 1900, Fredholm proved his famous theorems for the integral equations associ-
ated with the Dirichlet problem for the Laplacian and, in 1906, he used potential
theoretic methods in the study of the first basic problem of elasticity theory (for
which he utilized the so-called pseudo-stress elastic double layer —cf. the discussion
in §6.3). Through the work of Mikhlin and of Calderén and Zygmund and others,
integral operators have played a key role in the study of elliptic boundary problems,
first for smooth boundaries, and then more recently for rougher boundaries.

In the classical setting of a bounded domain € with smooth boundary, the
source of compactness for, say, the harmonic double layer

(1L0.1)  Kf(X) = lim — / Wf(Y)do(Y), X €09,

on LP(00Q,do), 1 < p < oo, is the weak singularity of its integral kernel (itself,
a consequence of the special algebraic structure of the integral kernel in (1.0.1)).
This holds when the boundary has defining functions whose first derivatives have
a Holder, or even Dini, modulus of continuity, but it fails for boundaries that are
C* or rougher. See also [9], [69], [80] and the references therein for some related,
early developments.

Calder6n in [11] initiated a breakthrough, proving LP-bounds for Cauchy inte-
gral operators on Lipschitz curves with small Lipschitz constant. This was applied
in [37] by Fabes, Jodeit, and Riviére, who showed that K in (1.0.1) is compact on
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4 1. Introduction

LP(0Q,do) for each p € (1,00) whenever 9 is a C! surface. Since then there have
been further developments in a number of directions.

In one direction, Coifman, McIntosh, and Meyer [20] extended Calderén’s es-
timate on Cauchy integrals to general Lipschitz curves, and applied this to such
results as boundedness of K in (1.0.1) on LP(91?, do) for each p € (1, 00), whenever
0 is a strongly Lipschitz surface. Generally, compactness fails here, but other
methods have led to invertibility of various layer potentials and applications to
the Dirichlet and Neumann problems, beginning in [116], and extended to other
settings and other boundary problems in various papers, including [38], [91], and
others.

In another direction, Jerison and Kenig [56] showed that the Poisson kernel h of
a bounded C! domain, given by hx = dw” /do, the Radon-Nikodym derivative of
harmonic measure with pole at X with respect to surface measure, has the property

(1.0.2) loghx € VMO(9Q, do), V X € Q.

Then Kenig and Toro [65] demonstrated (1.0.2) for a much larger class of domains,
namely for what they called chord-arc domains with vanishing constant (which we
call here regular Semmes-Kenig-Toro domains, or, briefly, regular SKT domains),
and in [66] they proved the converse.

In a third direction, Hofmann [50] established compactness of K when 99
is a VMO; domain. The work of Kenig and Toro mentioned above leads one to
speculate that such compactness might hold on regular SKT domains, and indeed
one of the central results of the current paper is that this is true.

Yet another direction has led to LP-boundedness of such singular integral op-
erators as K on surfaces more general than the boundaries of Lipschitz domains.
Works of David [28], [29], [30], of David-Jerison [31], and of David-Semmes [33],
[34], and Semmes [100] yield such boundedness when the surface ¥ is Ahlfors reg-
ular and has “big pieces of Lipschitz surfaces,” in a uniform manner; one calls ¥ a
uniformly rectifiable surface. (See Chapters 2 and 3 for definitions of these terms.)
This work has interfaced tightly with geometric measure theory, but until now it
has not been applied to problems in PDE.

Our aim here is to find the optimal geometric measure theoretic context in
which Fredholm theory can be successfully implemented, along the lines of its orig-
inal development, for solving boundary value problems with LP data via the method
of layer potentials. In the process, we forge new links between the analysis of singu-
lar integral operators on uniformly rectifiable surfaces, and in particular on regular
SKT domains, and problems in PDE, notably boundary problems for the Laplace
operator and other second order elliptic operators, including systems. The following
is the structure of the rest of this paper.

Chapter 2 discusses Ahlfors regular domains. There are several reasons to start
here. For one, Ahlfors regularity is the first part of the defining property of uniform
rectifiability. For another, it is a natural general setting in which weakly singular
integral operators can be shown to be compact (cf. §5.1). Also it is a setting in
which the harmonic analysis of [23] applies, which is useful in several respects. In
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addition, as shown in §2.3, it is a natural setting for a version of Green’s formula
that will play an important role further on. In §2.4 we gather some results on
analysis on spaces of homogeneous type. In §2.5 we show that surfaces that are
locally graphs of BMO; functions are Ahlfors regular.

In Chapter 3 we define uniformly rectifiable sets and UR domains. We discuss
sufficient conditions for a domain €2 to be a UR domain, such as conditions involving
Ahlfors regularity and the NTA condition, or the more general John condition. We
recall basic singular integral estimates of David and colleagues, and supplement
them with nontangential maximal function estimates. The major effort in this
section is devoted to establishing nontangential convergence at the boundary of
appropriate classes of layer potentials applied to elements of LP(952, do).

In Chapter 4 we define SKT domains (called chord arc domains in [101]-[102]
and [64]-[66]) and regular SK'T domains, and recall some of their basic properties.
We produce further equivalent characterizations of regular SKT domains, based on
a Poincaré inequality and a careful analysis of the Semmes decomposition. One no-
table characterization is that the domain satisfies a two-sided John condition (which
is the case if the domain in question is two-sided NTA), is Ahlfors regular, and its
unit normal v belongs to VMO(91?, do). Making use of the Poincaré inequality of
§4.2, we also show that the LP-Sobolev space L} (9€2) is isomorphic to the space
WP1(9Q) defined for general metric measure spaces by Hajtasz [46], which will
prove useful. From here we proceed to the main goal in Chapter 4, which is the
proof of compactness on LP (052, do) of a class of operators including K in (1.0.1)
in case 2 is a regular SKT domain. We also establish the converse result, that if
Q is a UR domain (satisfying a two-sided John condition) for which such a class of
operators (together with a natural class of commutators) is compact, then 2 must
be a regular SKT domain, thus completing this circle of compactness results.

In Chapter 4 we also define the class of e-regular SKT domains, replacing the
property that v € VMO(91, do) by the property

(1.0.3) dist (v, VMO (09, do)) < e,

where the distance is measured in the BMO-norm. The compactness results de-
scribed above extend to results of the sort that such operators as K have small
norm modulo compacts if € is an e-regular SKT domain for small e.

Chapters 5-7 apply these results to boundary problems for second order elliptic
PDE on e-regular SKT domains. Chapter 5 deals with the Dirichlet and Neumann
problem for the Laplace operator. We go beyond the constant coefficient case, and
in the spirit of work developed in [91]-[93], work on domains in a manifold, en-
dowed with a Riemannian metric tensor whose components have a certain Dini-type
modulus of continuity. In Chapters 6—7 we explore various systems, particularly the
Lamé system, the Stokes system, and the Maxwell system, and natural boundary
problems that arise for such systems. We present general results (on invertibility
of boundary integral equations, etc.) in Chapter 6 and concentrate on applications
to these specific cases of boundary problems in Chapter 7.
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Chapter 2

Finite perimeter domains,
Ahlfors regular domains, and
BMO; domains

As noted in the introduction, we are engaged in analysis on a domain 2 whose
boundary 0f) satisfies certain weak forms of regularity. One of the conditions is
that 02 be Ahlfors regular. In §2.1, we define Ahlfors regularity and record a
fundamental result on the Hardy-Littlewood maximal function applied to functions
on Ahlfors regular surfaces. We then define the nontangential maximal function
Nu associated to a function u € C°(Q) and establish a basic result to the effect
that [|N'u|| £r(90,40) depends only weakly on the choice of definition of nontangential
approach region.

The next two sections are devoted to versions of the Gauss-Green formula.
This formula is crucial in the study of layer potentials for two distinct reasons.
One, pursued in Chapter 3, is to provide a tool for proving jump relations for
layer potentials. The other, pursued in Chapter 5 and Chapter 6, is to yield a
Green formula for certain functions given as layer potentials, which in turn implies
injectivity (and hence, in connection with other arguments, invertibility) of certain
layer potential operators, key to our attack on elliptic boundary problems. In §2.2
we discuss the validity of a Green formula of the form

(2.0.1) /divvdx: /(V,U) do,
Q 0*Q

for © having locally finite perimeter, valid for a compactly supported Lipschitz
vector field v. Results here are due to Federer and De Giorgi. These results are
adequate for applications in Chapter 3. For applications in Chapter 5 and Chapter
6, we need such an identity for a larger class of v. We establish such an identity in
§2.3, in the case when (2 is Ahlfors regular.

7



8 2. Finite perimeter domains, Ahlfors regular domains, and BMO; domains

Section 2.4 discusses general results on spaces of homogeneous type, including
Ahlfors regular surfaces. This includes discussions of Hardy spaces and spaces BMO
and VMO on such surfaces. In §2.5 we introduce BMO; domains and show they
are Ahlfors regular.

2.1. Ahlfors regular domains and nontangential maximal functions

A closed set ¥ C R™*! is said to be Ahlfors regular provided there exist 0 < a <
b < oo such that

(2.1.1) ar” <H"(B(X,r)Nx) < br”,

for each X € ¥, r € (0,00) (if ¥ is unbounded), where H™ denotes n-dimensional
Hausdorff measure and B(X,7) := {Y € R""! . |X — Y| < r}. If ¥ is compact, we
require (2.1.1) only for r € (0,1]. Nonetheless, (2.1.1) continues to hold in this case
(albeit with possibly different constants) for each 0 < r < diam 3. It should be
pointed out that Ahlfors regularity is not a regularity property per se, but rather a
scale-invariant way of expressing the fact that the set in question is n-dimensional.

An open set Q C R"! is said to be an Ahlfors reqular domain provided 9
is Ahlfors regular. Most of our analysis will be done on Ahlfors regular domains.
Note that if (2.1.1) holds then (cf. Theorem 4 on p. 61 in [36]),

(2.1.2) o :=H"| X is a Radon, doubling measure.
Hence fundamental results of [23] (cf. the discussion on p. 624) yield the following.

Proposition 2.1.1. An Ahlfors reqular surface ¥ C R is a space of homo-
geneous type (in the sense of Coifman-Weiss), when equipped with the Euclidean
distance and the measure o = H™|X. In particular, the associated Hardy-Littlewood
maximal operator

2.13) MA(X) = sup][ F(V)|do(Y), Xe3,
r>0J YeX: | X-Y|<r

is bounded on LP(X,do) for each p € (1,00). Here and elsewhere, the barred integral

denotes averaging (with the convention that this is zero if the set in question has

zero measure). Furthermore, there ezists C = C(X) € (0,00) such that

(2.1.4) o({X €3 MA(X) > M) < CA s .o,

for every f € LY(X,do) and X > 0.

We will say more about spaces of homogeneous type in §2.4. We now turn to
the notion of the non-tangential maximal operator, applied to functions on an open
set  C R*"*L. To define this, fix o > 0 and for each boundary point Z € 99
introduce the non-tangential approach region
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(2.1.5) [(Z):=Ta(Z):={X €Q: |X — Z| < (1 +a)dist (X,Q)}.

It should be noted that, under the current hypotheses, it could happen that I'(Z) =
() for points Z € 9Q. (This point will be discussed further in §2.3.)

Next, for u : 2 — R, we define the non-tangential maximal function of u by

(2.1.6) Nu(Z) := Nyu(Z) :=sup{|u(X)| : X € T'w(Z)}, Z € 09.

Here and elsewhere in the sequel, we make the convention that Nu(Z) = 0 whenever
Z € 99 is such that I'(Z) = 0.

The following result implies that the choice of «a plays a relatively minor role
when measuring the size of the nontangential maximal function in LP(99, do).

Proposition 2.1.2. Assume Q C R™t! s open and Ahlfors reqular. Then for
every a, 3 >0 and 0 < p < oo there exist Cy,Cy > 0 such that

(2.1.7)  ColNaullLra0,d0) < INpullLr00,d0) < C1lNatllLr09,d0);
for each function u.

Proof. We adapt a well-known point-of-density argument of Fefferman and Stein
[42] (cf. also [108]). Specifically, fix A > 0 and consider the open subset of 9
given by

(2.1.8) Op = {X €00 sup {[u(Y)]: Y € Ta(X)} > )\}.

As a consequence, A := 90\ O, is closed. For each v € (0,1) we then set

(2.1.9) AL :={X€0Q: c(ANA(X,r)) > vo(A(X,7)), Yr >0},

where A(X,r) := B(X,r) N JQ. That is, A% is the collection of points of (global)
~v-density for the set A.

We now claim that there exists v € (0,1) such that

(2.1.10) O C N\ A,

To justify this inclusion, fix an arbitrary point X € Opg. Then there exists ¥ €
I's(X) such that |u(Y)] > A and we select Y € 99 such that |Y —Y| = dist (Y, 09).
We now make two observations of geometrical nature. First,

(2.1.11) ZeAY,alY —V|) =Y € Tu(2).

Indeed, if Z € 9Q and |Z — Y| < a|Y — Y| then
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1Z-Y[<|Z-Y|+|Y -Y]

(2.1.12) _ . :
<aly =Y|+|Y —=Y|=(1+«)dist (Y,090),

ie,Y €I'y(Z), as desired. Our second observation is that

(2.1.13) A(Y,alY —=Y|) CAX, (24 a+B)|Y =Y.

To see this, we note that if Z € 9Q and |Z — Y| < a|Y — Y| then

X —Z| < [ X=Y|+|Y -Y|+|Y -Z
(2.1.14) (14 B)dist (Y,0Q) + (1 +a)[Y =Y |=(2+a+B)|Y - Y]

AN

In concert, (2.1.11), (2.1.13) and the fact that |u(Y)| > A yield

(2.1.15) A(Y,alY —=Y|) CO,NAX, 2+ a+B)Y =Y]),

so that, thanks to the estimate (2.1.1) defining Ahlfors regularity,

o(0aNAX, 2+ a+ )Y 7))
o(AX,2+a+B)Y ~T))

Q n
(2.1.16) > C(W) ;

where c is a small, positive constant which depends only on {2 and n. In particular,
if we set 7 := (2+ a + 6)|Y — Y|, then

a(A(Y,a|Y - Y|))

Y

J(A(X, 2+a+B)Y — Y|))

o(AﬂA(X,r)) N
(2.1.17) m <l-c <2+a+6> .

Thus, if we select «y such that 1 —¢(
This proves the claim (2.1.10).

Let M be the Hardy-Littlewood maximal operator associated as in (2.1.3) to
% := 090. Then, based on (2.1.10) and (2.1.4), we may write

Trars)" <7 <1, then (2.1.17) entails X ¢ AZ.

a(Op)

IN

o000\ A*) = U({X €00 : M(1pga)(X) >1— 7})

C

(2.1.18) < g

70(89 \A) =C(Q,7)0(0,).

Hence,
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(2.1.19) 0(0p) < C(Q, a, B)o(Oy),
and (2.1.7) readily follows from this. O

2.2. Finite perimeter domains and Green’s formula

Let Q C R™ be open. We say 2 has locally finite perimeter provided

(2.2.1) 1= Vig

is a locally finite R"-valued measure. It follows from the Radon-Nikodym theorem
that 4 = —v o, where o is a locally finite positive measure, supported on 02, and
v € L*(09Q,0) is an R™-valued function, satistying |v(z)| = 1, o-a.e. It then
follows from the Besicovitch differentiation theorem that

. 1
B, (x)
for o-a.e. x.

Via distribution theory, we can restate (2.2.1) as follows. Take a vector field
v € CF(R™,R™). Then
(2.2.3) (dive,1q) = —(v, V1q).

Hence (2.2.1) is equivalent to

(2.2.4) /divvdm = /(V, v) do, Yo e Cge(R™,R™).
Q 0

Works of Federer and of De Giorgi produced the following results on the struc-
ture of o, when  has locally finite perimeter. First,
(2.2.5) o=H""10Q,
where H™ ™! is (m—1)-dimensional Hausdorff measure and 8*Q C 942 is the reduced
boundary of €2, defined as
(2.2.6) 9*Q = {:c: (2.2.2) holds, with |v(z)| = 1}.
(It follows from the remarks leading up to (2.2.2) that o is supported on 9*(Q.)

Second, 9*( is countably rectifiable; it is a countable disjoint union

(2.2.7) " =My UN,
k
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where each M}, is a compact subset of an (m — 1)-dimensional C'* surface (to which
v is normal in the usual sense), and H™ *(N) = 0. Given (2.2.5), the identity
(2.2.4) yields the Gauss-Green formula

(2.2.8) /dmdz = /(V,v> dH™

Q 0*Q2

for v € C§°(R™,R™). Third, there exist constants C,, € (1,00) such that

(2.2.9) C; <liminfr~ (™Yo (B, (z)) < limsupr~ ™ Vo (B, (z)) < C,,

r—0+ r—0+

for each z € 0*Q2 (which, informally speaking, can be thought of as an infinitesimal
Ahlfors regularity conditions).

It is also useful to record some results on sets 9, D 9p€2 D 9*2, which will be
formally introduced shortly (cf. (2.2.14) and (2.2.12) below). Good references for
this material, as well as the results stated above, are [41], [36], and [118]. First,
given a unit vector vy and x € 0S), set

(2.2.10) HE () ={y e R™: £(vp,y —x) > 0}.
Then (cf. [36], p. 203), for x € 9*Q, QT :=Q, Q7 := R™\ Q, one has

(2.2.11) lim =" L™ (B,(x) N Q* N Hy, () =0,

r—0

when vy = v(x) is given by (2.2.2). Here £™ denotes the Lebesgue measure on
R™. More generally, a unit vector vg for which (2.2.11) holds is called the measure-
theoretic outer normal to €2 at x. It is easy to show that if such vg exists it is unique.
With vg(z) denoting the measure-theoretic outer normal, if we now define

(2.2.12) 0o == {x € 02 : (2.2.11) holds},

we may then conclude that

(2.2.13) 0N D0 and vg(r)=v(z) on I9*Q.

Next, we define the measure-theoretic boundary of €2 by

(2.2.14) 0,0 := {m € 09 : limsup r~ " L™ (B, (z) N QF) > O}.

r—0

It is clear that 0.2 D 9pQ2. Furthermore (cf. [36], p.208) one has

(2.2.15) H™ 10,0\ 0%Q) =0

Consequently the Green formula (2.2.8) can be rewritten
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(2.2.16) /divvdm = /<y,v> dH™

Q 0.8

for v € C§°(R™,R™). The advantage of (2.2.16) is that the definition of 9.9 is
more straightforward and geometrical than is that of 9*Q2. Note that 0,0 is well
defined whether or not 2 has locally finite perimeter. It is known that

Q has locally finite perimeter <= H™ (9,2 NK) < oo,

2.2.17
( ) VI CR™ compact.

Cf. [36], p.222. In general 90\ 9,9 can be quite large. It is of interest to know
conditions under which H™~1(9Q \ 9.Q) = 0. We will comment further on this
later on.

We next discuss an important class of domains with locally finite perimeter.
Let Q C R™ be the region over the graph of a function A : R™~1 — R:

(2.2.18) Q={z eR™: z, > A(2)},
where © = (2, z,,,). We have:

Proposition 2.2.1. Given a function

(2.2.19) AcCOR™Y), VAelL (R,
then Q defined as in (2.2.18) has locally finite perimeter.
For the reader’s convenience we include a proof of this result, which is more

than sufficient for use on BMO; domains. A more elaborate result, treating graphs
of BV functions, is given in [41], §4.5.9.

Proof. Pick ¢ € C§°(R™ 1) such that [¢(z')dz’ = 1, define ¢y, (z') = k™ op(ka'),
k€N, and set A = ¢y x A,

(2.2.20) Qp ={x eR™: x,, > Ar(z')}.
Clearly
(2.2.21) A — A, locally, uniformly,

SO

(2.2.22) lg, — lg in L}, (R™).

k

Hence V1g, — V1g in D'(R™). Also
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(2.2.23) Vl1g, = —vi ok,

where oy, is surface area on

(2.2.24) Yp={r eR": x, = Ar(2")},

given in z’-coordinates by

(2.2.25) dog(z') = 1+ |VAg(2")]? do,

and vy is the downward-pointing unit normal to the surface ¥j;. The hypothesis
(2.2.19) implies that {vyor : k > 1} is a bounded set of R™-valued measures on
each set Bg = {# € R™ : |z| < R}, so passing to the limit gives

(2.2.26) Vig=pu
where p is a locally finite R"-valued measure. This proves the proposition. O

The measure p in (2.2.26) has the form p = —v o, as described after (2.2.1).
To obtain a more explicit formula, we invoke (2.2.4),

(2.2.27) Q/ div v dz — / (v,0) do,

[5}9]

together with the elementary identity

(2.2.28) /divvdx: / (VAk(z"), —1),v(’, Ax(2"))) do’,

Qp Rm—1

valid for each v € C°(R™,R™) and k € N. As k — oo, the left side of (2.2.28)
converges to the left side of (2.2.27), while the right side of (2.2.28) converges to

(2.2.29) / (VA(z"), —1),v(z’, A(z"))) dx’.
an—l

Hence

(2.2.30) /(1/, vydo = / (p(2"),v(2', A(x"))) do ('),

where

~0 I\ . (VA((E/),—:[) 0’1'/ - ! :L'/
(2.2.31) #(a) = Wi et do(a') := /14 |[VA(")]? da’.
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The formula (2.2.30) is valid for all v € C§°(R™, R™), hence for all v € CJ(R™, R™).

Formulas (2.2.30)-(2.2.31) identify the integral of a class of functions (of the
form (v,v)) against do. Given that v can be any vector field in C§(R™,R™), they
amount to an identity of two vector measures, namely

(2.2.32) vdo =v'do’'

where /(X) = (VA(2'),-1)/y/1 + |VA(@)|? if X = (2, A(z')) € 99Q, and we have
temporarily denoted by ¢’ the push-forward of 1/1 + |V A|? dz’ to the boundary of
Q via the mapping 2’ — (2, A(z')). Since the total variation measure of the left
side of (2.2.32) is o and the total variation measure of the right side is o', one
arrives at

(2.2.33) o=7o, and v=1v o-ae

In particular,

o({(z',A(z")) : 2’ € O}) = /o V1+|VA()]2d,

for every Borel set O C R™1,

(2.2.34)

Remark. At this point we can invoke (2.2.5), to get

(2.2.35) / (v, 0) AL = / (@), v(, A@@)) do(@),

o0*Q) Rm—1
for each v € CJ(R™, R™).

It is also of interest to see how the decomposition (2.2.7), asserting countable
rectifiability, arises in the context of (2.2.18)-(2.2.19). For simplicity, assume A has
compact support. Then set

(2.2.36) fi=1A]+|VA|, g = Mf,

the latter being the Hardy-Littlewood maximal function in R™~!, and for A > 0
take

(2.2.37) R :={z e R™1: g(z) < \}.

Then L7~ 1(R™™1\ R*) < CA7Y||f||z:, and an argument involving the Poincaré

inequality yields

(2.2.38) z,y € R* = |A(z)| < X and |A(z) — A(y)| < CA|z —y|.
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Using this one writes 02 = ULy U N , where each Lj is a Lipschitz graph and
o(N) = 0. Passing to (2.2.7) is then done by decomposing each Lipschitz graph
into a countable union of C! graphs plus a negligible remainder, via Rademacher’s
theorem and Whitney’s theorem. See §6.6 of [36] for details.

Regarding the issue of 9Q versus 0,2, it is clear that 9Q = 0,0 whenever A
is locally Lipschitz. For more general A satisfying (2.2.19), we have the following,
which is a consequence of the main results of [114] and [40].

Proposition 2.2.2. If Q is the region in R™ over the graph of a function A sat-
isfying (2.2.19), then

(2.2.39) H™L(0Q )\ 0.0) = 0.

Proof. Given a “rectangle” @ = I x --- x I,,_1 C R™~! a product of compact
intervals, set Kg = @ x R. Given the formula (2.2.31) for o, it follows from
Theorem 3.17 of [114] that

(2.2.40) (0NN Kg) =TI™ 100N Kg),

where Z™~1 denotes (m — 1)-dimensional integral-geometric measure. Furthermore,
it is shown in [40] that

(2.2.41) H™ 100NN Kg) =T 100N Kg).

On the other hand, we have from (2.2.5) that o(0QN Kg) = H™ 1H(9*QN Kg), so
(2.2.39) follows. O

It is useful to note explicitly the following consequence of the preceding argu-
ments.

Proposition 2.2.3. Assume that Q and A are as in (2.2.18)-(2.2.19), that O C
R™~1 s a Borel set and that M := {(2', A(z")) : 2’ € O}. Then

(2.2.42) H™ (M) = / V14 VA2 do'.
(@]

Proof. Tt follows from (2.2.34) that the right side of (2.2.42) is equal to o(M).
That o(M) = H™ (M) follows from the proof of Proposition 2.2.2, namely from
(2.2.40)(2.2.41). O

So far we have discussed the Green formula for v € C§°(R™, R™). A simple lim-
iting argument extends (2.2.4), and hence (2.2.8) and (2.2.16), to v € C}(R™,R™);
[41] emphasizes that (2.2.8) is true for compactly supported Lipschitz v. The
smooth case will be adequate for use in proving jump relations in Chapter 3 but
for other purposes, such as establishing invertibility of certain layer potentials in
Chapters 5 and 6, further extensions are desirable. We present some preliminary
results here, prior to pursuing the matter much further in §2.3. Here is one easy
extension.
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Proposition 2.2.4. If @ C R™ has locally finite perimeter, then formula (2.2.4)
holds for v in

(2.2.43) D= {v e CYR™ R™): dive € L*(R™)}.

Proof. Givenv € D, take ¢ € C§°(R™) such that [ ¢ dz =1, set ¢y (z) := k™p(kx),
and define vy, := ¢ * v € C§°(R™). Then (2.2.4) applies to v, i.e.,

(2.2.44) /div v da = /(1/, vg) do.

Q o0
Meanwhile, div vy = @ * (dive) implies div vy — dive in LY (R™), and (v, v;,) —
(v, v) uniformly on 99, so as k — oo, the left side of (2.2.44) converges to the left

side of (2.2.4), while the right side of (2.2.44) converges to the right side of (2.2.4).
(]

In many cases one deals with functions defined only on €, and one would like
to avoid assuming they have extensions to R™ with nice properties. To obtain a
result for such functions, we will introduce the following concept. Let open sets 2
satisfy Qi C Q, Q C Quy1, and Qi N Q. We say {Q : k > 1} is a tame interior
approximation to € if in addition there exists C(R) < oo such that, for R € (0, c0),

(2245) ||V19k||TV(BR) < C(R)a VEk > 1.

Here TV stands for the total variation norm of a vector measure.

To give an example, take A : R™~1 — R, satisfying (2.2.19), and let Q be
given by (2.2.18). We have seen that € has locally finite perimeter. The arguments
proving Proposition 2.2.1 also imply that

(2.2.46) Q. ={(@',2,) ER™: 1, > A(2)) + k1)
is a tame interior approximation to (2. The following is a partial extension of
Proposition 2.2.4.

Proposition 2.2.5. Assume  C R™ has locally finite perimeter and a tame inte-
rior approzimation. Then (2.2.4) holds for v in

(2.2.47) D :={v e CYOR™): dive e L1(Q)}.

Proof. Let {Q} denote a tame interior approximation. Pick ¢ € C§°(92) to be
= 1 on a neighborhood of € N suppw, set vy, = ¢rv, and apply Proposition 2.2.1
with Q replaced by Q4 and v by vk, noting that div v, = @rdive + (Vig, v). We
have

(2.2.48) /divvdw = —(v,V1g,).

Qp
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As k — oo, the left side of (2.2.48) converges to the left side of (2.2.4). Meanwhile,
we can take w € CJ(R™,R™), equal to v on ©Q, and the right side of (2.2.48) is
equal to —(w, V1g,). Now 1o, — 1q in L}, .(R™), so V1g, — Vlg in D'(R™),
and hence

(2.2.49) (w,V1g,) — (w,V1g)

for each w € C§°(R™,R™). The bounds (2.2.45) then imply that (2.2.49) holds for
each w € C§(R™ R™). Hence the right side of (2.2.48) converges to

(2.2.50) —(w,V1g) = [ (v,v)do,
/

which is the right side of (2.2.4). O

Remark. Proposition 2.2.5 can be compared with the following result, given in
[39], p. 314. Let Q C R™ be a bounded open set such that H™~1(9Q) < co. Fix
j€{1,...,m} and take f such that

(2.2.51) fec@), 0;felL(Q).

Then

(2.2.52) Ojfdr = [ (ej,v) fdH™*,
[ore]

where 0p2 has been introduced in (2.2.12), and e; is the jth standard basis vector
of R™. In light of (2.2.15) one could replace 92 by 0*Q or by 0, in (2.2.52). This
leads to the identity (2.2.16) for a vector field v € C(Q) provided each term 9;v;
in divv belongs to L'(Q). However, the vector fields arising in the applications of
Green’s formula needed in Chapters 5-6 need not have this additional structure, so
(2.2.52) is not applicable.

We also mention results given in §2 of [16], dealing with a vector field v €
LP(O) such that divv is a measure on O, and Q C O. These results also extend
Proposition 2.2.4, but they do not imply Proposition 2.2.5, nor the results given in
the next subsection.

Further results related to the last two propositions can be found in [95].

We next recall a Green formula for

(2.2.53) / divv dez,

QNB,

where Q has locally finite perimeter and B, := {z € R™ : |z| < r}. This classical
result will be of direct use in our proof of jump relations for layer potentials.
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Assume v € Cg''(R™,R™). Given ¢ € (0,7), set

1 for |z| <r —¢,
(2.2.54) pe(z) =4 1—L(ja|[—r+e) for r—e <|z| <,
0 for |z| > r.
Then, with V1 = —v o, we have

/divvda: = hm/djgdlvvdz

— g%/[divwsv— (v, Vipe)] dz
Q

— tin([wv)do - [ (0. Vur)do)

Q

1
(2.2.55) = /V’U ydo + lim — / (n,v)dx,

eNo0 €
B, QNS.

where n is the outward unit normal to B, and

(2.2.56) S.:= B, \ B,_..

Consequently,

(2.2.57) / divvdz = /(1/, vydo + D ®(r),
QNB, B,

where D indicates differentiation from the left with respect to r, and

(2.2.58) O(r) := /(n,v)dx.

QNB,

Note that, by the change of variable formula and Fubini’s theorem,

(2.2.59) O(r) = / (n,v) dH™ ! ds,
* anos.

SO

(2.2.60) D ®(r) = / (n,v)dH™ ', for L'-ae. r > 0.
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It is of interest to note that D, ®(r) exists for all r € (0,00) (under our standing
hypothesis on ), though the identity (2.2.60) is valid perhaps not for each r, but
just for a.e. r.

Remark. Having (2.2.57), one can bring in (2.2.5) and write

(2.2.61) / divoder = / (v,0) dH™ ' 4+ D, ®(r).
QMB, B.N9*Q
It is useful to note that (2.2.5) is not needed to prove (2.2.57), since (2.2.57) plays a

role in proofs of (2.2.5). (Cf. [36].) It is also useful to put together (2.2.60)—(2.2.61),
to write

(2.2.62) /diwdm: / (v, v) do + / (n, v) dH™,

QAB, B, Q QNIB,
for Ll-a.e. r > 0.

While the result (2.2.62) is well known (cf. Lemma 1 on p.195 of [36]), we think
it useful to include a proof, not only for the reader’s convenience, but also to
emphasize two points: first that one does not need the relatively advanced co-area
formula in the proof, and second that the formulation (2.2.57) of the result actually
holds for all , not merely almost all r.

2.3. Green’s formula on Ahlfors regular domains

Assume that 2 € R"*! is a bounded open set whose boundary is Ahlfors regular
and satisfies

(2.3.1) H™(9Q )\ 8,Q) = 0.

Note that, by (2.2.17), these conditions entail that Q is of finite perimeter. In
keeping with earlier conventions, we denote by v the measure theoretic outward
unit normal to 9 and set o := H"| 9. We wish to study the validity of a version
of Green’s formula, i.e.,

(2.3.2) /divvdX = /<V,U|6Q>d0',
Q

o0

for vector fields v € C°(Q) for which

dive € LY(Q), Nw e LP(0Q,do) for some p € [1, <]
(2.3.3)
and the pointwise nontangential trace v| 5 €Xists o-a.e.

In the case when (2 is Lipschitz, a convenient approach is to approximate it by
a nested family of nice domains Q;  Q, write Green’s formula in each 2; and then
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obtain (2.3.2) by passing to the limit in j. See [116]. For Reifenberg flat domains,
an approximation result of this nature has been proved by C. Kenig and T. Toro in
Appendix A.1 of [66]. This is not entirely satisfactory since one needs to impose
a “flatness” condition on 2, which is not natural in this context. Our goal is to
present a new approach to proving (2.3.2), which does not require this condition.

Our main result in this regard is the following.

Theorem 2.3.1. Let Q C R"™! be a bounded open set whose boundary is Ahlfors
reqular and satisfies (2.3.1) (hence, in particular, is of finite perimeter). As usual,
set o :=H"™ |0 and denote by v the measure theoretic outward unit normal to 9.
Then Green’s formula (2.3.2) holds for each vector field v € C°(Q) that satisfies
the conditions in (2.5.8), with p € (1,00).

One clarification is in order here. Generally speaking, given a domain  C
R, o > 0 and a function u : Q — R, we set

(2.3.4) ul (Z):= lim u(X), Z € 09,
o0 X—=Z
Xel'a(2)
whenever the limit exists. For this definition to be pointwise o-a.e. meaningful, it
is necessary that

(2.3.5) Z el (Z) for c-ae. Z € SN

We shall call a domain  satisfying (2.3.5) above weakly accessible and our first
order of business is to show that any domain as in the statement of Theorem 2.3.1
is weakly accessible.

To get started, fix « € (0,00) and, for each § > 0, introduce

(2.3.6) O5 = {X € Q: dist (X,00) <5}, V4>0.

Also, for Z € 09, set

°(Z) = To(Z2)N0;s
(23.7) = {X€Q:dist(X,00) <§ and |X — Z| < (1+ «)dist (X,00)},
and define
(2.3.8) I':={Z2eco0:T0(2) =0}, I:=JT"

6>0

Clearly, Z° is relatively closed in 0, so that T is a Borel set. Also, Z° & T as
0 N\ 0. Then Q is weakly accessible provided o(Z) = 0 or, equivalently, provided
o(Z%) = 0 for each 6 > 0.
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Proposition 2.3.2. Let Q C R™*! be an open set with an Ahlfors reqular boundary
00N. Assume that H™ (O 0.Q) = 0 (so that, in particular, Q is of locally finite
perimeter; cf. (2.2.17)). Then Q is a weakly accessible domain.

As a preliminary result, we shall establish an estimate which will also be useful
in several other instances later on. To be definite, for each X € 99 set

(2.3.9) [(X):={Y €Q: |X - Y| < 10dist (V,9Q)}.

Proposition 2.3.3. Let Q C R™! be an open set with Ahlfors reqular boundary.
Then there exists C' > 0 depending only on n and the Ahlfors regularity constant
on Q such that

1
(2.3.10) 5 / lv] dX < ClINY[ L1 (99,d0) 0 < d < diam 2,
Os

for any measurable v : Q — R.

Proof. We first note that it suffices to prove that

1 ~
23.11) 5 [ o]dX < CIWolron,  where Osi= O3\ Osa

Os

since (2.3.10) then follows by applying (2.3.11) with & replaced by 277§ and sum-
ming over j € Zy. We now bring in the following lemma.

Lemma 2.3.4. There exists K = K,, € N with the following property. For each
0 € (0, (diamQ)/10], there exists a covering of O by a collection

(2.3.12) C=CU---UCk

of balls of radius 0, centered in 2, such that for each k € {1,..., K}, if B and B’
are distinct balls in Cy, their centers are separated by a distance > 100.

We postpone the proof of Lemma 2.3.4, and show how it is used to finish the proof
of Proposition 2.3.3.

To begin, take a collection C = C; U --- U Cg of balls of radius § covering 0f2,
with the properties stated above. Then C# = C# u---u Cﬁ, consisting of balls
concentric with those of C with radius 24, covers Os. Furthermore, there exists
A=A, € (0,00) such that one can cover each ball B € C,f’£ by balls By,...,Ba of
radius /8, centered at points in B. Now form collections of balls C,f; 1<k<K,
1 < ¢ < A, with each of the balls By, ..., B4 covering B € C,fé, described above,
put into a different one of the collections C?jz. Throw away some balls from C,f;,
thinning them out to a minimal collection



2.3. Green’s formula on Ahlfors regular domains 23

(2.3.13) C= Cre

covering (55. For each (k,£), any two distinct balls in C~M have centers separated
by a distance > 76. Each ball B € CNM has radius §/8 and each point @ € B has
distance from 0f2 lying between §/4 and 55/4. For each such B, we will compare
J lv] dX with the integral of N'v over a certain set 2A(B) C 09, which we proceed
to define.

Given Y € Q, set d(Y) := dist (Y, 9€2) and consider
(2.3.14) AY) = {X €dQ: Y e D(X)}.
There exists @ € 9N such that |Y — Q| = d(Y), and certainly Q € A(Y). Also, if
(2.3.9) holds, then
(2.3.15) A(Y) D B(Q,9d(Y)) N oA.

Now, for a ball B € 5kg, set

(2.3.16) AB) :={X €990 : BCT(X)}.

If B is centered at Y and @ € 99 is closest to Y, then for each Y’ € B, d(Y') > 6/4
and [Y' — Q| < d(Y) +6/8. Now d(Y) < (9/8)d, so |Y' — Q| < (5/4)6 < 5d(Y")
and, hence,

(2.3.17) A(B) := B(Q,d(Y)) N o0 C A(B).

The use of A(B) in establishing (2.3.11) arises from the estimates

(2.3.18) sup |[v] < inf Nv, and H™(A(B)) > C16",
B A(B)

the latter estimate due to the hypothesis that 02 is Ahlfors regular. Hence

(2.3.19) 1/\v|dY < Cpé" inf No<C / Nuvdo.
5B A(B)

Furthermore, the separation properties established for balls in each collection CNM
yield

(2.3.20) B# B € Cpy = AB)NA(B') =0,
so for each k < K, £ < A,
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1
(2.3.21) 5 Z /|v|dX <C / Nvdo < ClINv| 11(90,d0)-

BeCre B UA(B), BECke
Consequently,
1 1&
(2.3.22)g/|v|dX < EZZ _ /\UIdX < CAK [Nl (90,40,
5, {=1k=1BecC,, B

and Proposition 2.3.3 is established, modulo the proof of Lemma 2.3.4, to which
we now turn. O

Proof of Lemma 2.3.4. This can be proved in several ways. One approach starts
by applying Besicovitch’s Covering Theorem (cf. Theorem 2 on p.30 in [36]) to
the family of balls F := {B(Q,0) : @ € d§2}. This yields some N = N,, € N and
Gi,...,Gn C F such that each G;, j = 1,..., N, is a countable collection of disjoint
balls in F and

N
(2.3.23) oocl) U B

j=1 Beg,

To finish the proof, we need to further subdivide each G; into finitely many sub-
classes, say

N
(2.3.24) g=U U B

k=1 BeG; i

with the property that if B and B’ are distinct balls in G;j then their centers
are separated by a distance > 106. We then relabel {G;; : 1 < j,k < N} as
{€; + 1 < j < K}, where K := N?. To construct such a family {G;x}1<k<n
for each j, we once again apply Besicovitch’s Covering Theorem to the family
{B(Q,50) : B(Q,0) € G;}. This readily yields the desired conclusion. |

Before proceeding further, let us record a byproduct of (2.3.10) which has
intrinsic interest.

Proposition 2.3.5. Assume that Q C R"! is an open set with an Ahlfors reqular
boundary, and fix o > 0. Then there exists C' > 0 depending only on n, o, and the
Ahlfors reqularity constant on 0 such that

1
(2.3.25) 5 / lv|dX < C||N51)||L1(397dc,), 0 <6 < diam (),
Os

for any measurable function v : Q0 — R, where
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(2.3.26)  N°u(X) :=sup{|[v(Y)|: Y € [,(X), | X — Y| <25},

with the convention that N°ov(X) := 0 whenever the supremum in the right-hand
side of (2.83.26) is taken over the empty set. Consequently, there exists C' > 0 with
the property that for any measurable function v : @ — R and any measurable set
ECQ,

(2.3.27) /\v| dX <C§ / N do, 8 := diam E + dist (E, 09),
E U(E)

where U(E) :={X € 00 : T (X)NE # 0}.

Proof. To begin with, (2.3.25) follows from directly from (2.3.10) and a simple
cutoff argument. As for (2.3.27), we use (2.3.25) to write

(2.3.28) /|v|dX:/|1Ev|dX < 05/N5(1Eu) do < C§ / Ny do,
E Os o0

U(E)

as desired. O
Having established (2.3.25), we are now in a position to carry out the

Proof of Proposition 2.3.2. To see this, take §y > 0 and let K C Z% be an arbitrary

compact set. We want to show that o(K) = 0. Fix € > 0 and define

Ke:={Z cR"" . dist (Z,K) < ¢},

2.3.29

( ) K.:=K°noN={ZeoN: dist(Z,K) <e},
so that

(2.3.30) KN K as ¢ \,0.

Let us also take f. € C°(99) such that

(2331) |f5| <1, supp fs C Ks/27

and consider an extension u. of f. satisfying

(2.3.32) u.€CQ), suppuc C K°NQ,  |ue| <1, ucl,, = fe.

In this case, (2.3.25) gives

1
(2.3.33) g/|ue|dX < CNue 21 (99,d0)
Os
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with C' independent of ¢ and §. Note that, for § < dy/4,

(2.3.34) ZeK = Nu.(Z)=0

since '%(Z) (defined as in (2.3.7)) is the empty set in this case. Also, elementary
geometrical considerations (and earlier conventions) entail

(23.35)  Z €00\ Kooy = Ta(Z) N K* =0 = Nu.(Z) = 0.
Hence, (2.3.33)-(2.3.35) imply

1
(2.3.36) lim sup 5 / [ue| dX < Co(K 240y \ K).
6—0
Os
To proceed, for each § > 0 set Q5 := {X € Q : dist (X,90) > 0}, let p5(X) :=
dist (X, 09Q5/2) and introduce

1 if X e Qs,
(2.3.37)  xo(X) =14 2071 ps(X) if X € O5:= 05\ O,
0 if X €05, U(R™\Q).

We have ys — xq in L} _(R"*1) as § — 0, hence

loc

(2.3.38) Vxs — Vxa =vo in D'(R™).

On the other hand, x5 € Lip (R"*!) with ||Vxs| pecrn+1) < 2/8 and supp (Vxs) C

Os. Also, (2.3.25) implies the following bound on the total variation of the measure
Vxs in K¢:

2
||VX5||TV(K€) = sup /UVX5 dX‘ < S/MdX
(2.3.39) [lv]| oo (rey <1 o

< CINv[| 2 o0,00) < C,

uniformly in J. Thus, we see that for each coordinate vector e;,

(2.3.40) e;-Vxs — (ej-v)o, weak” as Radon measures in K¢,

as 6 — 0. Consequently, for each u. as in (2.3.32),

(2.3.41) }1_1}% (ue, €5 - Vxs) = (ug, (ej - v)o) = /fg(ej -v)do.
o0

Since
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2
(23.42) (et Vsl < 5 [ ful ax.
Os

(2.3.36) implies that

(2.3.43) lir;l sup |(ue,ej - Vxs)| < Co(K (24a) \ K).
—

Comparison with (2.3.41) gives

(2.3.44) ’ / fe(ej - v)do| < Co(Koora \ K).
o0

Now the supremum of the left side of (2.3.44) over the set of all f. € C°(99Q)
satisfying (2.3.31) is equal to the total variation of (e; - v)o restricted to K./,
which in turn is > ||(e; - v)o||rv k), so we have

(2.3.45)  |l(ej - v)ollrvx) < Co(Keara) \ K), 1<j<n+l

Taking € \, 0 gives

(2.3.46) o(K) =0,

on account of (2.3.30), since o is a Radon measure (cf. (2.1.2) and Theorem 4 on
p.8 in [36]), proving Proposition 2.3.2. (I

In order to properly set up the proof of Theorem 2.3.1, we continue our discus-
sion of a number of preliminary results. Concretely, let Q C R"*! be a bounded
open set with finite perimeter for which (2.3.1) holds, and let v, o be as stated in
the opening paragraph of §2.3. For p € [1,00), set

£P = {v € C'(Q): Nv € LP(09,do),
(2.3.47)
and 3 nontangential limit U’aﬂ U-a.e.}.

Our strategy is to first establish a Green formula for vector fields v € £P with
divergence in L'(Q2), provided we have the following:

if ve £P, Jw e £ with w|89 and Jwy, € Lip (Q)

=
(2.3.48) oo

such that ||N(w —we)||L1 00,40y — 0 as k — oo.

Then we will show that (2.3.48) holds whenever 92 is Ahlfors regular, and p €
(1, 00).
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Before we state our first result, a comment is in order. In condition (2.3.48)
it would be equivalent to demand merely that w;, € C°(Q), since elements of
C°(9Q) are easily uniformly approximated by Lipschitz functions (e.g., via the Stone-
Weierstrass theorem). Here is our first result.

Proposition 2.3.6. Pick p € [1,00) and assume Q is a bounded open set with
Ablfors regular boundary, satisfying (2.3.1) as well as (2.8.48). Then

(2.3.49) /divvdX = /(V,U|8Q>da,
oN

Q

whenever the vector field v satisfies

(2.3.50) ve Ll and divee LY(Q).

Proof. For each § > 0 let x5 be as in (2.3.37) so that, clearly, xs € Lip (€2). Also,
if v satisfies (2.3.50), then ysv € CJ(Q) and div (xsv) € L1(£2), so it is elementary
that

(2.3.51) div (xsv) dX = 0.
/

Hence,

(2.3.52) /X6 divodX = —/<VX57’U> dX = §/<V57’U> dX,
Q Q Os

where

(2.3.53) vs:= Vs and O; = 05\ Os)s.

The first integral in (2.3.52) converges to the left side of (2.3.49) as § — 0, whenever
divv € L'(Q). Hence (2.3.49) is true provided

2
(2.3.54) 5 /(u(;,v> dX — /<V7v‘89>do as § — 0.
Os o9

Of course, by (2.3.52), the left side of (2.3.54) does converge as 6 — 0, namely
to the left side of (2.3.49). Hence (2.3.54) is true whenever (2.3.49) is true. In

particular, since {2 has finite perimeter, (2.3.54) is true whenever v € Lip (Q).

More generally, if v € £P, take w, wy, as in (2.3.48). Under our hypotheses, we
have (2.3.10), hence
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@355 |3 [ (5,00 = 0)) 4] < CIN (@ = )12 om0

Os

The weak accessibility result (Proposition 2.3.2) implies

(2.3.56) /|v|da §/|Nv|da, Vo e gh

o0 [219]

so we also have

(2.3.57) \/(@, wi) = (0] o) ) do| < IV (i = )1 00,40)-
o0

Thus, since (2.3.54) holds for wy, we have

2
(2.3.58) g/<l/5,w> dX — /<I/,’LU|8Q> do = /<V,U{8Q>d0' as d — 0.
Os o0

o0

Thus, to obtain (2.3.54) for each v € £P, it suffices to show that

(2.3.59) % /(<V§,”U> - <1/5,w>> dX —0 as 6d—0.

Os
Hence, it suffices to show that

(2.3.60) ue gt

2
,u’aQ:O:>g/|u\dX—>O as § — 0.

Os

Recalling that (2.3.10) implies (2.3.25), we see that it suffices to show that

(2.3.61) wue gl “‘,99: 0= ||N5u||L1(39,dJ) —0 as 6§ —0.

Indeed, the hypotheses of (2.3.61) yield (M°u)(X) — 0 for o-a.e. X € 9 and
since AN%u < Nu for each § > 0, (2.3.61) follows from the Dominated Convergence
Theorem. Proposition 2.3.6 is therefore proven. ([

We next show that Ahlfors regularity implies (2.3.48), for p € (1, c0).

Proposition 2.3.7. If Q@ C R"! is a bounded open set satisfying (2.3.1) and
whose boundary is Ahlfors reqular, then (2.3.48) holds for each p € (1,00).



30 2. Finite perimeter domains, Ahlfors regular domains, and BMO; domains

Proof. Fix p € (1,00). For f € LP(9€,do) and X € , set

1
(2.3.62) Uf(X):= V(X)aéw(X, Y)f(Y)do(Y),
where

(2.3.63)  $(X,Y):= (1 - M)+, V(X) = /¢(X, Y)do(Y).
o0

Then U1 = 1. Also, it is readily checked that

(2.3.64) U:C0Q) — C(Q) and \pf’m: £, Ve,

Furthermore, given that 0f) is Ahlfors regular,

(2.3.65) N@f) <CMf, VfeL'(09,do),

where M f is the Hardy-Littlewood maximal function of f. Hence,

(2.3.66) [N (P )| Lro9.d0) < Cpllflizra0,d0), 1 <p < oo.

We now claim that for each p € (1, 00),

(2.3.67) U LP(O0,do) — £P, (Tf) b0 f o-ae.

In light of (2.3.66), only the nontangential convergence of ¥ f to f remains to be jus-
tified (that this issue is meaningful, to begin with, is ensured by Proposition 2.3.2).
However, this follows from the second assertion in (2.3.64), the denseness of C'(92)
in LP(0),0), and the maximal function estimate (2.3.66).

Now, to establish (2.3.48), we argue as follows. Take v € £F and set w :=
\If(v|aﬂ). By (2.3.67), w € £F and w|as2: U’@Q' Then take fi € C°(9€) such that
fr = | 5o in LP(0Q, do) and set @y, := ¥ fy. By (2.3.64), each wy, € C°(Q), and
by (2.3.66),

(23.68) [N (@x — W)l Lr(90,40) < Cpllfi — v 50|l Lr (992,d0) = 0,

which is stronger than the L' estimate demanded in (2.3.48). As mentioned in
the paragraph after (2.3.48), having such continuous functions suffices, since they
are easily approximated by Lipschitz functions. This finishes the proof of Proposi-
tion 2.3.7. (]

At this stage, it is straightforward to present the final arguments in the
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Proof of Theorem 2.3.1. This is a direct consequence of Proposition 2.3.6, Propo-
sition 2.3.7, Proposition 2.3.3 and Proposition 2.3.2. (I

2.4. Analysis on spaces of homogeneous type

Let us first recall the definition of a space of homogeneous type, as introduced by
R. Coifman and G. Weiss in [23]. Assume that ¥ is a set equipped with a quasi-
distance, i.e., a function d : ¥ x ¥ — [0, 00) satisfying

AX,Y)=0&X =Y, dX,Y)=d(Y,X),
2.4.1
@41 AdX,Y) < k(d(X,2)+d(Z,Y)), VX,Y,Z€X,

where k > 1 is a fixed constant. In turn, a choice of a quasi-distance naturally
induced a topology on 3 for which the balls By(X,r) :={Y € ¥ : d(X,Y) < r}
(while not necessarily open when x > 1) form a base.

A space of homogeneous type is a structure (X, d, 1), where d is a quasi-distance
on the set ¥ and p is a measure satisfying the doubling condition

(2.4.2) 0 < p(Ba(X,2r)) < Cou(Ba(X, 1)) < +00, VX €3, Vr >0,

for some C, > 1. The number D := logy, C,, > 0 is called the doubling order of p.
Iterating (2.4.2) then gives

(2.4.3) for all balls By C Bj.

w(By) radius of By\ P
<C ,
/J,(Bg) - ( )

As a consequence, whenever f is a nonnegative, measurable function on X,

radius of Bgy

radius of B;

D
(2.4.4) fdu < c( ) fdu, for all balls By C By.
Bz Bl

radius of By

Let us also point out that

(2.4.5) Y bounded <= pu(X) < +oo,

and denote by L7 (X,du), 0 < p < oo, the class of measurable functions f on
3, having the property that fE |fIPdu < 400 whenever E C ¥ is a bounded,
measurable set.

R.A.Macias and C. Segovia have proved in [74] that, given a space of homo-
geneous type (X, d, u), there exists a quasi-metric d’ which is equivalent with d, in
the sense that C~1d/(X,Y) < d(X,Y) < Cd'(X,Y) for all X,Y € %, and which

satisfies the additional property

(2.4.6)
1-6
d'(X,Y) - d(2,Y) < Cd(X, Z)e(d’(X,Y) +d(z, Y)) . VXY, ZeX,
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for some finite C' > 0 and 6 € (0,1). Using (2.4.6) it can then be verified that there
exists € > 0 such that d’'(X,Y)¢ is a metric on X. Furthermore, the balls By (X, R)
associated with d’ are open. It has also been shown in [74] that

(2.4.7) §(X,Y) :=inf {u(B) : B d-ball containing X and Y}, X, Y €%,

is a quasi-metric yielding the same topology on ¥ as d. In addition, there exist
C1,C5 > 0 such that

(2.4.8) CiR < uw(Bs(X,R)) < CoR, VX €%, u{X})<R<u).

Let us also point out here that

(2.4.9) §(X,Y) = pu(Bg(X,d(X,Y))), uniformly for X, Y € X, R> 0.

The index 6 is indicative of the amount of smoothness, measured on Holder
scales, functions defined on ¥ can display. For example, the Holder space C*(3, d)
defined as the collection of all real-valued functions f on ¥ for which || f|lca(s,q) <
400, where

X)—f(Y .
SUPX£yex %, if p(X) = o0,

(2.4.10) ([ fllca(s.ay =
‘fz fdM’ +sUpxsyes %’ it p(B) < oo,

is non-trivial whenever a € (0, 6). Indeed, if ¢ is a nice bump function on the real
line and X, € ¥ is fixed, then ¢ (d'(-, X,)) belongs to C*(X) for every a € (0,0).

A related smoothness space is C*(3, §), whose significance is apparent from the
following observation. Let 6 € (0,1) be the Holder exponent associated with the

quasi-distance  as in (2.4.6). If {15 <p < land a =1/p—1 € (0,0), we define the

Hardy space HE, (3, du) as the collection of all functionals f in (CO‘(E, 6)) which

*
possess an atomic decomposition f = Zj Ajaj, with convergence in (C“(E,é)) ,

where {);}; € ¢? and each a; is a p-atom, i.e. satisfies

(2.4.11) suppa C Ba(X,,7), |lallr2zau) < M(Bd(Xo,r))l/Q_l/p7 / adp = 0.
N

When 4(X) < 400, the constant function a(X) = u(X)~'/?, X € %, is also consid-
ered to be a p-atom. We then set

(2.4.12)
1/
» := inf AP p:f: Aja;, with each a; a p-atom ;.
I £l e, (s j VAR jap
7 .

J
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The space H., (3, dp) is defined analogously, the sole exception being that the series
f =22, Aja; is assumed to converge in LY(%,dy). Asis well-known ([23]), we have

(24.13)  (H%(S,dp))* =C(2,8), if a=1/p—1¢€ (0,0).

Also, corresponding to p =1,

(2.4.14) (H!, (2, dw))* = BMO(Z, du),

where BMO(X, dy) consists of functions f € Lj, (2, du) for which || f|lgmos,du <
+00. As usual, we have set

Suppso Mi(f;R) if p(X) = +oo,

(2415) ”f”BMO(E,du) = .
’fz fdu‘ +suppso Mi(fi R) i p(X) < +oo,

where, for p € [1,00), we have set

P 1/p
M,(f; R) == sup sup (][ f—][ fdu’ du) ;
XeX re(0,R] Ba(X,r) Ba(X,r)

1
fdp:= 7/ fdu.
][Bd(X,r) w(Ba(X, 7)) Ba(X,r)

Note that Holder’s inequality gives

(2.4.16)

Mi(f; R) < My(f;R)

(2.4.17) ~ s su ) ) »
" XSl <][Bd(X:T)][Bd(X,T)|f(Y) 72) dﬂ(Z)dﬂ(Y)) ’

XES re(0,R]

uniformly for f € BMO(X, du). Also, the John-Nirenberg inequality ensures that,
for each fixed p € [1, 00),

SUPR>0 Mp(f§ R) if u(X) = +oo,
’fz fdﬂ‘ + SUPRr>0 Mp(f, R) if M(E) < +o0,

uniformly for f € BMO(Z, dy).
Moving on, if as in [23] we set

(2.4.18)  [IfllB7mO(m.an) &

VMO (X, du) := the closure in BMO(X, du) of the space of continuous

24.1
( 9) functions with bounded support on X,

then

(2.4.20) (VMO (3, dp))* = HL,(3, du).
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For our purposes, the space VMO (X, du) is inadequate, so we shall consider
a related version of it. Specifically, following [98], if UC(X) stands for the space
of uniformly continuous functions on ¥, we introduce VMO(X, du), the space of
functions of vanishing mean oscillations on 3, as

(2.4.21) VMO(X,dp) := the closure of UC(X) N BMO(X, du) in BMO(X, du).

Note that VMOg (X%, du) = VMO(X, du) if ¥ is compact. In this latter setting, we
also have the following useful equivalent characterization of VMO(X, du).

Proposition 2.4.1. Assume that (X, d, i) is a compact space of homogeneous type.
Then

(2.4.22)  VMO(X,du) is the closure of C*(X,d) in BMO(X, du),
for every o € (0,6).

Proof. This is seen from (2.4.21) and the fact that C*(2,d) — C°(X) densely in
the uniform norm, as a simple application of the Stone-Weierstrass theorem shows.
Indeed, C*(%,d) is a sub-algebra of C°(X) which separates the points on X. The
latter claim is readily checked by observing that, if X1, X, € ¥, X7 # Xo, then
d'(Xy,-) € C*(3,d) satisfies d'(X1,X1) =0 and d’'(X1, X2) # 0. O

Given a space of homogeneous type (X,d,u), call a real-valued function w
defined on X a weight if it is non-negative and measurable. If 1 < p < oo, a weight
w belongs to the Muckenhoupt class A, if

(2.4.23)  [w]a, := Bstll)};ll(u(lB)/deu) (ﬁ/Bw—l/(p—l) du)P*1 < +o0.

Corresponding to p = 1, the class A; is then defined as the collection of all weights
w for which

2.4.24 w]a, := sup |[essinf w —/ wdp) < 4o00.
a2t B ball( B ) (N(B) B )

In particular,

1
2.4.25 —/ wdp < [w]a, w(X) for p-ae. X € B,

for every ball B C X. See, e.g., [110] for a more detailed discussion, including basic
properties. Below we summarize a number of well-known facts which are relevant
for us here. To state them, denote by M the Hardy-Littlewood maximal function
on Y,

1
(2.4.26) MECE) = sup s [ [f1d
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and, for any weight w on X, abbreviate L?(w) := LP(X,w du). Then the following
hold:

(1) f1l<p<ooandwe A, then M : LP(w) — LP(w) is bounded with norm
< O3, [w]a,);

(2) w € A, if and only if w!'™?" € A/, where 1/p+ 1/p/ = 1, and [wl’pl]Ap, =
[w]l/(Pfl).
A,
(3) If w Ay, th 1P ¢ 4, and 1P < Y P [wg] B
1,wa € Ay, then wywy, ¥ € Ay and [wywy "4, < [wl]Al [wg]A1 ;

(4) If w is a weight for which M(w) < Cw on X then w € A; and [w]4, < C.

The following is the weighted, homogeneous space version of the commutator
theorem of Coifman-Rochberg-Weiss [21].

Theorem 2.4.2. Let (X,d, ) be a space of homogeneous type and let poy € (1,00).
Assume that T is a linear operator with the property that for any weight w € Ay, T
maps LP°(w) boundedly into itself, with norm controlled solely in terms of [w]a,, -

Then for every b € BMO(X, du), the commutator [My, T| between T and the op-
erator of multiplication by b is bounded on LP(w), with norm < C(p, [w]a,)||bllBMo(,du) s
for each p € (1,00) and w € A,,.

In essence, this is known, and various related versions can be found in e.g.,
[8], [3]. Given that this result plays an important role in this paper, we chose to
present a proof based on Muckenhoupt theory of weights and Rubio de Francia’s
extrapolation theory, adapted to spaces of homogeneous type. We begin by dis-
cussing the latter, by closely paralleling the approach recently developed in [26]
(we wish to use the opportunity to thank Chema Martell for calling this reference
to our attention).

Proposition 2.4.3. Let f,g be two nonnegative, measurable functions with the
property that there exist py € (1,00) such that for every w € Ay,

(2.4.27) / fPrwdp < C/ gP° wdp,
b by

where the constant C depends only on [w]Apo. Then for each 1 < p < oo and
wE A,

(2.4.28) /fpwdug C/ gPwdp,
b b

where the constant C' depends only on p and [w]a, .
Proof. The proof is divided into several steps, starting with:

Step I. Rubio de Francia’s construction. Assume that 1 < p < oo and that a
weight function w has been fixed. Given a sublinear operator A : LP(w) — LP(w),
with [|Al|Lr(w)—Lrw) = sup {[[AfllLrw) : [[fllzrw) = 1} < +oo, define
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(2.4.29) Taf = Z —— ,  whenever f e LP(w), f>0,
7=0 2j HAHLP(UJ)*)LP(W)

where A7 := Ao---0 A (j factors) if j € N, and A” := I, the identity operator. For
any f € LP(w), f > 0, the following properties are then easily checked:

(2.4.30) f<Taf, |Tafllrw) <20fllerw), ATaf) < 2[AllLrw)»rrw) Taf:

Step II. Construction adapted to M. Thanks to (1) above, the construction in
Step I can be applied to M whenever w € A,. Assuming that this is the case, for
any h € LP(w), h > 0, we then obtain

(i) h < Tph;
(1) [[Tamhlloew) < 2017/ Le(w):
(i) M(Tah) < 2[ Mo (w)—Lr(w) Tath-

In particular, by (4) above, we have

(2.4.31) Tith € A;.

Step III. Construction adapted to M’. Let p’ be such that % + i =1, and

consider the sublinear operator

(2.4.32) M LD (w) — LV (w), M f:=

M(fw)

By (2) above, M’ is bounded provided w € A,. If that is the case, then the
construction in Step I can be applied to M’. This shows that, if w € A,, then for
any nonnegative function h € L?' (w)

()" (1Tt hll Lo oy < 201P0 Lo ()3
(iit)” M (T h) < 20/ Tane || L ()= Lo () T e

The last estimate entails M(w Thph) < CwTah. Hence, as before,

(2.4.33) wTah € Ay.

Step IV. Proof of the extrapolation estimate. Fix (f,g9) € F and 1 < p,p’ < o0
with 1/p + 1/p/ = 1. Then there exists a nonnegative function h € L? (w) with
Al () = 1 and for which || f[|zr) = Js fhwdp. Making also use of (i)’ and
Holder’s inequality (with indices pg, p{, and measure Thyhw du), we can then write
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Il e (w) S/Ef(TMIh)wdu
= /Ef(T/vtg)l/plo (T/vtg)l/pEJ (Tourh) wdp

<( /E 7 (Tug) P Tavhwdn) ' ( /2 Thag Tavrh o i)
=: A B.

(2.4.34)

1/p,

To proceed, set wi := Ty, was := Tamhw and w := w%fp"wg. Then (iii) and (iii)’
ensure that wi,ws € A;. Moreover, w € A, by (3). Using these and (2.4.27), the
first factor in the rightmost side of (2.4.34) can be estimated as follows

A= /Efpo wd,u)l/p0 SC(/EgPO wdu)l/po

(2.4.35) C(/E 9P (Trug) P (T b du>1/p0

<o [ g Tamwdn) "

where the last inequality in (2.4.35) is based on (i). By combining (2.4.34) and
(2.4.35), applying Hélder’s inequality, then using (ii) and (ii)’” we arrive at

1/po+1/p;
£l < O [ TugTawhisdu) = [ TugTawhwdy
> b

(2.4.36) < CUTmgllLe @) ITarbll o ) < Cllglize @Il o ) = CligllLe ),
since ||h|| 1 () = 1. Hence, (2.4.27) is proved. O
Having established Proposition 2.4.3, we are prepared to present the

Proof of Theorem 2.4.2. We shall closely follow [58], [91]. First, from sim-
ple homogeneity considerations, there is no loss of generality in assuming that
lIbllBMO (2,4n) = 1. From Proposition 2.4.3, T' maps any LP(w) boundedly into it-
self, 1 < p < 00, w € Ay, with norm controlled by p and [w]4,. Fix now p € (1,00),
b € BMO (X,du), w € Ay, and let € > 0 be sufficiently small so that, for any
complex number z with |z| < ¢,

(2.4.37) welBeb ¢ 4

with A, norm controlled by C(p,w) uniformly in z (cf., e.g., [58] pp.32-33 for a
proof in the Euclidean setting which easily adapts to spaces of homogeneous type).
The idea is now to observe that, for an eventually smaller €, the analytic mapping

(2438) ®:{zeC: |z|<e} — L(LP(w)), P(z):=MTM,-=
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satisfies

(2.4.39)  [|2(2)||lz(zr(wy) < C for |z] <e, and [T, M) = @'(0).

The estimate ||[T, My)|| v (w)—Lr(w) < C now follows from elementary considerations
involving (2.4.39) and Cauchy’s reproducing formula. O

We next discuss the connection between Theorem 2.4.2 and Calderén-Zygmund
operators. A linear, continuous operator T : C*(X, d) — (C"“(Z, d)) ,a€(0,0),is
said to be associated with the kernel K € L} (¥ x X\ diag) if

loc

24d0)  (Tfg) = [ [ KOELY)FO0900) du(X)du(Y),

whenever f,g € C*(X,d) have bounded, disjoint supports. If, in addition, there
exist a finite C' > 0 and a small € > 0 such that

|K(X,Y)| < u(Bd(XZ(X L VX,Y ey, and
(2.4.41) |K(X,Y) - K(X"Y)| + |K(Y, X) - K(Y, X')|
d(X, X"\ C
<(ix7) (mm o)
(2.4.42) whenever X, X', Y € ¥ satisfy d(X,Y) > rd(X, X'),

then T is called a Calderon-Zygmund type operator.

Corollary 2.4.4. Assume that (3,d,p) is a space of homogeneous type and that
T is a Calderdén-Zygmund type operator which is bounded on L*(3,du). Then the
same conclusions as in Theorem 2.4.2 are valid.

Proof. This is a direct consequence of Theorem 2.4.2 and the fact that Calderén-
Zygmund type operators which are bounded on L2(X,du) are also bounded on
LP(w) whenever 1 < p < oo and w € A,. See [19] for the Euclidean space and, e.g.,
[75] for spaces of homogeneous type. O

Corollary 2.4.4 and the characterization (2.4.22) further entail the following.

Theorem 2.4.5. Suppose that (X,d, ) is a compact space of homogeneous type,
and assume that T is a Calderdn-Zygmund type operator which is bounded on
L2(X,du). Then for every p € (1,00) there exists C > 0 such that, for every
b€ BMO(X, du),

(2.4.43) i%f |[[My, T] — KHL:D(E7dM)_>L:D(E7dM) < Cdist (b, VMO(X, du)),

where the infimum is taken over all compact operators K on LP(X,du), and the
distance is measured in BMO(Z, du).
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As a consequence, if T is as above and b € VMO(X, du), then the commutator
[My, T| between T and the operator of multiplication by b is compact on LP (3, du)
for each p € (1,00).

Proof. Once the compactness of [M;, T for each b € VMO(X, du) has been estab-
lished, estimate (2.4.43) follows readily from the operator bound in Corollary 2.4.4.
In concert with Proposition 2.4.1, Corollary 2.4.4 also allows one to prove compact-
ness of [My, T'] for each b € VMO(X, dy) from such compactness when b € C*(X, d),
for some small & > 0. In such a case, we have

(2.4.44) My, T F(X) = / KX, Y)F(Y) dp(Y),
with
(2.4.45) (X, Y)|<C d(X. ¥)"

i(Ba(X,d(X,Y)))’
and this implies the desired compactness result by virtue of Lemma 2.4.6 below. [

In fact, we give a result in a natural level of generality, which establishes such
asserted compactness and which will also prove useful in Chapter 5.

Lemma 2.4.6. Suppose (X,d, i) is a space of homogeneous type such that u(3) <
oo. Let k(X,Y) be a real-valued, measurable function on ¥ X ¥ satisfying

Pd(X,Y))

(2.4.46) MY Yl < B X ax. V)

where Y(t) is monotone increasing and slowly varying, with

Ly(t)
(2.4.47) /0 4 dt < oc.
Consider
(2.4.48) Kf(X)= /k(X,Y)f(Y) du(Y).

Then K : LP(X,du) — LP(X,dp) is compact, for each p € (1, 00).
Proof. Take ¢ > 0 and set K = K#+ K" with integral kernels k(X,Y) = k#(X,Y )+
k*(X,Y), where
E*(X,Y)=k(X,Y) for d(X,Y)<e
(2.4.49) 0 for d(X,Y) > e.
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If for each integer j we now set

(2.4.50) Aj(X)={YeX: e’ <dX,Y)<e 7},

we may then compute

(2.4.51)/|k#(X7Y)|du(Y) < Cc ) / M(ngfg)é&)i);))) W)
2 j2logl/en (x) a ,
< 0 Y e
j>log1/e
Y L
< C/o £ dt = 5(e).

There is a similar estimate for [y, |k#(X,Y)|du(X), since the doubling hypothesis
allows us to switch the roles of X and Y in (2.4.46). Therefore, if £(LP) denotes
the Banach space of bounded linear operators on LP(X,du), then Schur’s lemma
gives

(2.4.52) | K#(| 2y < 6(e),

and d(g) > 0 as e — 0.

Thus it remains to show that K° is compact on each LP space, for p € (1, 00),
under the hypothesis that k°(X,Y) is bounded. First note that K° is compact on
L?(%,dp), since it is Hilbert-Schmidt, due to the fact that u(¥) < co. The com-
pactness of K on LP(X,du) for each p € (1,00) then follows from an interpolation
theorem of Krasnoselski (see, e.g., [6], Theorem 2.9, p.203). This finishes the proof
of the lemma. a

We now record a result proved by M. Christ in [18] which provides an analogue
of the grid of Euclidean dyadic cubes on a space of homogeneous type.

Proposition 2.4.7. Let (X,d, u) be a space of homogeneous type. Then there exist
a collection Q = {QF : k € Z, o € I} of open subsets of 3, where I is some
(possibly finite) index set, along with constants n € (0,1) and C1,Cy > 0 such that
the following hold:

(i) for each fized k € Z, p(X\ Uaer, QF) = 0 and QF N Q% = 0 whenever o # 3;
(ii) for any k. € Z with £ > k and any o € Iy, B € Iy, either Qf; C QF or
QENQLE =10;
(iii) for each k € Z, a € Iy, and each £ € Z with £ < k, there exists a unique 8 € Iy
such that QF C Q%;

(iv) for each k € Z and o € Iy, the set QF has at least one child, i.e., there exists
some B € Ir11 such that Qg“ CQk;
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(v) for each k € Z and o € Iy, there exists XE € QF (referred to as the center of
Q%) such that

(2.4.53) By(XE Cin®) € QF € Ba(XE, Con).

By a slight abuse of terminology, we shall refer to the sets Q¥ as dyadic cubes on
¥, and call @ = {QF : k € Z, a € I} dyadic grid on . Also, the index k will be
referred to as the generation of the dyadic cube QF. In the context of (iii) above,
the dyadic cube Qg will be referred to as an ancestor of QX. Corresponding to the

case when k = £ + 1, we shall call Q4! the parent of QY. Let us also note here
that there there exists a small constant ¢ > 0 such that

(2.4.54) QZH is a child of Q¥ = M(QEH) > enP u(QF).

Indeed, since the diameter of Q¥ is < C,n*, and if Xg“ € QEH C Q¥ is the center
of QZH, then QF C Bd(XgH,Conk) and, hence, p(QF) < ,u(Bd(XgH,C’Onk)) <
Cn_Du(Bd(Xé”l, CinFt)) < Cn_Du(Q?fl), justifying (2.4.54). In particular,
the number of children of a dyadic cube is always < Cn~P.

Assume next that ¥ C R™"*! is a closed set which is Ahlfors regular (i.e., there
exist two constants 0 < a < b < oo such that condition (2.1.1) is satisfied). When
equipped with the measure p := H™|3¥ and the distance d(X,Y) := |X — Y|, the
set ¥ becomes a space of homogeneous type. In this scenario, 6(X,Y) =~ | X —Y|"
and 6 := 1/n. In particular, the Hardy space HZ,(X) is well-defined whenever

n

Proposition 2.4.8. Let (X,d, i) be as above. Then for each p € [1,0),

dist (f, VMO (%, dp))

1/p
 lim sup sup][ ][ FV) = F2)P du(Y) du(2)
(2.4.55) r—0t+ | XexJ By(x,r)J By(X,r)

» 1/p
~ limsup { sup ][ f 7][ fd/,L’ dp ,
r—0t Xe¥XJ Bg(X,r) Ba(X,r)

uniformly for f € BMO(X,du) (i.e., the constants do not depend on f), where the
distance is measured in the BMO norm. In particular, for each p € [1,00),

(2.4.56)
dist (f, VMO (%,dp)) ~ Rlir%+ My(f;R), uniformly for f € BMO(X, dp),
—

where M, (f; R) is defined as in (2.4.16). Moreover, for each function f € BMO(X, dp)
and each p € [1,00),
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(2.4.57)

v 1/p
f-f  ta du} ~o.
r—0t | Xem Ba(X,r)
Proof. Tt is clear that the two upper-limits in (2.4.55) have comparable sizes,
uniformly for f € BMO(X,du), and that in turn, each is dominated by a fixed
multiple of dist (f, VMO (X, du)). Thus, by Holder’s inequality, (2.4.55) is proved
as soon as we show that there exists C' > 0 such that

f e VMO(2,du) < lim sup][
Bd(X,r)

(24.58)  dist(f, VMO (£,dn) < € lim Mi(fiR), V¥f € BMO(S.dp).

To this end, we shall employ an approximation to the identity adapted to the
scale n intervening in the statement of Proposition 2.4.7. Concretely, it is possible
to construct a sequence of functions {px(X,Y)}rez on ¥ x X for which there exist
C,c > 0 and 6 > 0 such that the following properties hold for every integer k € Z:

(i) pr(X,Y) =0 whenever X,Y € X are such that d(X,Y) > en;

(ii) |pe(X,Y)| < Cn~"k for every X,Y € %;

(i) |pe(X,Y) = pp(X, V)| < O~ (40 q(X, X')? | for every X, X', Y,€ %;

(iv) [spr(X,Y)du(Y) =1 for every X € X.
The construction of the such an approximation to the identity follows closely the
outline in [32]. More specifically, pick a smooth function h : Ry — R, which is
identically 1 on (0,1) and identically zero on (2,00), and let T} be the integral
operator with kernel n~*"h(n~"|X — Y|). Then there exists C > 1 such that
C~! < T1 < C for every k. Let My and Wy be the operators of multiplication
by (Tx1)~! and (T ((Tx1)71)) 7L, respectively, and set Py, := My T, W Ty M. Then
pr(X,Y), the integral kernel of Py, satisfies (i)-(iv) above.

Going further, we note that as a consequence of (i) and (ii) we have

(2.4.59) sup sup / |pe (X, V)| du(Y) < 4o0.
k xexJs

Next, fix f € BMO (X) and a for each positive integer k define

(2.4.60) gr(X) ::/Epk(X, V) du(Y), Xe.

Properties (i) and (iii) of the function py(X,Y") then imply that

6
96(X) = g (X)] < C1 (7" d(X, X)) Ma(f: Can®),
if X,X'ex, dX,X')<Cnp.

(2.4.61)

In particular, g € UC(X) for each k.
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We now claim that C7,Cy > 0 can be chosen, independent of f € BMO(Z, du)
and the integer k, such that

(2.4.62) sup Mi(f — gi; R) < C1y My(f; Can®).
>

To justify this inequality, fix an integer k£ along with an arbitrary point X € ¥ and
number R > 0. In the case when 0 < R < n*, we estimate

][Bd(X,R)‘(f )= ][Bd(X,R)(f ~9¢) dﬂ‘ dp

g][ ]f—][ fdu’dxHJ[ ]gk—][ v du du
Bd(X7R) Bd(XxR) Bd(X7R) Bd(X7R)

=141l

(2.4.63)

On the one hand, from definitions it follows that I < M;(f;n*). On the other
hand,

(2.4.64) Hs][ ]l 6 (Y) — g(2)| du(Y) dp(Z) < Cy My(f: Can®),
Bd(X,R) Bd(X,R)

by (2.4.61) and the assumption on R. In summary,

0<R<yf = Gea—f (=g
(2.4.65) Ba(X.R) Ba(X.R)

< C1 My(f; Can®).

In the case when R > n*, we make the observation that Q% N By(X, R) # 0
forces Q% C B4(X,C,R), for some C, independent of k and R. In particular,

(2.4.66) U @ € Bu(X,C,R).
acJ

Thus, for a sufficiently large constant C' > 0, we may write
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][Bd(m)\(f g - ][Bd<x7R>(f ~ ) dudy

<2 ][Bd(xﬂ)lf(Y) — (V)] du(Y)
<t 2 o 00 )
. - [ mv.2)(12) - ][Bd(xﬁw)f dn) du(2)| dp(Y)

| u(@4) Gk
SCM1(f,Cznk)(;M u(Ba(X, R))

1(Ba(X, Col))
p(Ba(X, R))

) = CMi(f: Can®)

< C My (f;Conf) < CM(f; Con®).

Hence, the implication in (2.4.65) also holds when R > n* and this completes the
proof of (2.4.62).

In turn, when p(3) = 400, the estimate (2.4.62) implies

(2.4.68) dist (f, VMO (X,dp)) < ||f = grllBmo(s,dn) < C1 Mi(f; Con®),

which readily yields (2.4.58).
When p(X) < 400, the same type of argument applies as soon as we show that

(2.4.60) Jim | /Z (f ~ o) du| = 0.

To justify this, by Holder’s inequality it suffices to prove that

Tnf — f in L*(2,du) as k — oo, where

(2.4.70)
TAX) 1= [ (XS du(Y)
b
Since the integral kernel of the operator T} is an approximation to the identity, we
have that

Tef(X) = f(X) as k — oo, whenever f € Lip (3).
(2.4.71)
and [T, f(X)] < CMsf(X), forevery X and k,

where My, denotes the Hardy-Littlewood maximal function on ¥. Hence, the claim
in (2.4.70) follows that (2.4.71), Lebesgue’s Dominated Convergence Theorem, the
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boundedness of My, on L?(3, du), and the density result contained in Lemma 2.4.9
below. This finishes the proof of (2.4.55). Finally, (2.4.56) and (2.4.57) are direct
consequences of (2.4.55) and definitions. O

We now record a density result, already invoked above, and which is also going
to be useful later on.

Lemma 2.4.9. Assume that X is a locally compact metric space and that o is a
locally finite Borel measure on Y. Also, denote by Lip, (X) the space of compactly
supported, Lipschitz functions on X. Then for every p € [1,00) the inclusion

(2.4.72) Lip, (¥) — LP(%,do)
has dense range.

Proof. Pick ¢ € Lip,([0,00)), monotone decreasing, with ¢(0) = 1. Let K C X be
compact, and for large m consider the compactly supported Lipschitz functions

(2.4.73) frm(@) = p(mdist(z, K)).

Let 1x denote the characteristic function of K. For each p € [1,00) one has
| frem(z) — 1 (2)P N\, 0, so by the Monotone Convergence Theorem

(2.4.74) fxm — 1x in LP—norm,

as m — oo, for each p € [1,00). Next, let S C ¥ be a Borel set of finite measure.
Since a locally finite Borel measure on a locally compact metric space is regular,
there is a sequence of compact sets K,,, /Sy C S such that o(S\ K,,) \, 0. Hence
the closure in LP-norm of Lip,(X) contains the space of finite linear combinations
of the characteristic functions of such sets S, i.e., the space of simple functions.
It is standard that the space of simple functions is dense in LP(X,do) for each
p € [1,00), so the proof is done. a

For future purposes, we find it convenient to restate (2.4.56) in a slightly
different form. More specifically, in the context of Proposition 2.4.8, given f €
L? (3,dp), X € ¥ and R > 0, we set

loc

(2475)  [fl(BaX,R) = sup )(][Blf—fBIQdu)l/Q,

BCBd(X,R

where the supremum is taken over all (metric) balls B included in By(X, R), and
fB:=u(B)"! [5 fdp. It is then clear from definitions that

(2.4.76) sup [|f[l«(Ba(X, R)) = Ma(f; R).
Xex

Consequently, (2.4.56) yields:
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Corollary 2.4.10. With the above notation and conventions,

(2.4.77) m [;1;1; 11l (Ba(X, R))} ~ dist (f, VMO (2, dp)),

li
R—0

uniformly for f € BMO(X, du).

2.5. Ahlfors regularity of BMO; domains

Consider a function A € BMO;(R"), i.e., the components of VA are functions of
bounded mean oscillation. More specifically, we assume that

(2.5.1) A:R"™ — R is locally integrable, with VA € L. . and
(2.5.2) IVA|l, := sup ][ ‘VA(Q:) - (][ VA(y) dy) ] dz < oo.
Bball) B B

From this and the John-Nirenberg inequality it follows that

(2.5.3) Aasin (25.1) = (25.2) = Ae [ WiI(R").

loc
1<p<oo

Consequently a function satisfying (2.5.1)—(2.5.2) is continuous. Furthermore, by
the Calderon-Rademacher theorem (cf. [111], Proposition 11.6),

(2.5.4)
A asin (2.5.1) — (2.5.2) = A is differentiable at almost every point in R".

Given such a function A, the domain

(2.5.5) Q:={X=(v,2p11) ER"™: 2 € R, 2,1 > A(2)},

i.e., the domain above the graph of A, is called a BMO; domain. The main result
of this section is the following, on the regularity of surface measure of the boundary
of a BMO; domain.

Proposition 2.5.1. Let A be as in (2.5.1)-(2.5.2). There ezists k = (|| VA|«,n) >
1 such that

(2.5.6) K™ < / V14 |VAW) |2 dy < wr™,
2=y |2 +(A ()~ A(y)2 <r?
ycRn

for every x € R™ and r > 0. Consequently, the domain Q defined by (2.5.5) is
Abhlfors regular.
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Proof. First, we note that the surface area o on 992 defined by (2.5.6) coincides
with n-dimensional Hausdorfl measure on 9. This is a consequence of the fact
that o = H™[ 9.9 (discussed in §2.2) together with Proposition 2.2.2, which gives
H™ (00 0,Q) = 0. Actually, in this case a stronger result holds, namely 99 = 9,.
In fact, as shown in [55], each BMO; domain 2 satisfies the following “corkscrew
condition.” There are constants M, R € (0,1) such that for each € 9Q and each
r € (0, R] there are balls Bys,-(y1) C Q and By, (y2) C R*F1\ Q of radius Mr, with
|z — yr| < r. It remains to prove (2.5.6).

To proceed, fix x € R™, r > 0, B = B(z,r) := {y € R" : |z —y| < r},
n € C§°(B(z,3r)) with n =1 on B(z,2r), and set

m(x,r) = ][BVA(y) dy, Ap:=(A— A(x))n,

Ap(z) := Ap(z) — (m(z,4r),2), z € R™.

(2.5.7)

In particular,

Ap(z) — Ap(y) = A(z) — A(y) for y € B(x,2r),

(2.5.8) i
VAgp(z) = VA(z) — m(x,4r) for z € B(x,2r).

In the sequel, we shall write |F| for the Euclidean measure of a (measurable) set
E CR™

For an arbitrary y € B(z,r) and two fixed parameters, ¢ € (0,1/2) and p > n,
we use the Mary Weiss Lemma (cf. Lemma 1.4 on p.144 in [14]) in concert with
the John-Nirenberg inequality and a well-known property of averages of functions
in BMO in order to estimate

~ 1/
< Cpu( ][ VAp()rdz) "
|z—2]|<2]z—y|
<c (][ IVA(2) — m(x 2|x—y|)|pdz)1/p
(2.5.9) =N asi<oley| ’
+ Cp,n|m(z7 2|'r - y|) - m(il?, 47‘)|
2r

< -
< CpnllVAJL{1+ log(|z ” y‘)}

< ColvAll. ()

|z -yl

where we shall take Cy to be a sufficiently large constant which depends only on
p,n and €.

In order to continue, introduce
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(2.5.10) Afz,r) = {y €R": |z —y* + (A(z) - A(y))* <r*} C B(a,r),

and decompose B(xz,r) as Y7 UYs where

(2.5.11)

Yy = {y € Blx,r) : ‘<ﬁ , m(a:,r)>‘ <4CH(1+ HVAH*)(ﬁ)E}
(2.5.12)

Y, = {y € B(z,r) : ‘<|i : z| , m(x,?")>‘ > 4Co(1 + ||VA||*)(ﬁ)E}
Then, assuming that
(2.5.13) m(z,r) # 0

we may estimate, writing w := (z — y)/|z — y| and p := |z — y|,

Yi| < / Pt / cdw)dp
| : <Kw2&3>8%%ﬂﬂ”@) )
rn
(2.5.14) < 4e, Co(1+ ||VAlL) ——-
[m(z,7)|
Next, since for each y € B(x,r),
A(z) - A Ap(z)— A -
(D=4 Ana) = A0 (T o) )
|z -yl |z -yl |z =yl
r—y
(2.5.15) +< park m(x,r)>7
and, as is well-known,
(2.5.16) |m(z,4r) — m(z,r)| < cn|| VA,

it follows from (2.5.15) and (2.5.16) that

(2.5.17) yeY, —

A(@) — A@)| _ 1]/ z—y
[ — 4] Zsz—y

: m(ac,r)>’ .

As a consequence, since |A(z) — A(y)| < r for each y € A(x,r), we may write

- 2
(2.5.18) ergﬂA(x,r):>’< a:_y ,m(m,r)>’ < _7‘ .
[z =yl |z =yl
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Hence, by once again passing to polar coordinates (w := (x — y)/|z — y| and p :=
‘l‘ - y|)7

(25.19)  [YanA(z,7)| < /pnfl(/ dw)dp
S [ -
* Im(z,m)| plm(z,r)]
n
Im(z, 7|

assuming that n > 2. Thus, altogether, (2.5.14) and (2.5.19) yield

7477,
2.5.21 A < |Y; YoNnA <ep(1 Ally) ———.
(2521) 1A < I Y 0 A < el +IVAL) s

We next seek a similar bound from below. To get started, we note that (2.5.9)

implies the existence of some positive, finite, universal constant C; such that for
any y € B(x,r) we have

o = y? + (A(z) - Ay))?

o — g2 (14 A2 = AsIE
2.5.22) el )
(2.5. < |x_y|2(1+2|AB(T;::U4|§(y)| +2‘<i:z,m(a:,4r)>‘2>

<lo—oP(1+ VAR () +2 (=Y meen)] ).

where in the last step we have used (2.5.16). Thus, for each ¢ € (0, 1),

(2.5.23) y € YiNB(z,6r) = |z—y[>+(A(x)—A(y))? < r2{52+0252(1_5)||VA||3}
where Cy := Cy + 32C¢. In particular,

(2.5.24)

1
e E— YiNB ez — g2+ (A(2) — A(y))2 < 12
S = Tl MY € YN B o) = le o + (A() - Aw)* <,

ie.,

(2.5.25) 0 = Y1 N B(z,r) C Az, 7).

T 1+ G| VAJ2

Thus, for this choice of 4,
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|m(z,7)] < 4Co(1+ | VA|+) = Y1 = B(x,r) = B(z,6r) C A(z,r)

cpr™
2.5.26 = |A(z, )| > et > ——
(2.5.26) A=) T+ [VAR)"

On the other hand, since the set Y7 (introduced in (2.5.11)) is star-like with respect
to the point z, in the case when |m(z,r)| > 4Cy(1 + ||V A||«) we have

|A(z,r)] > |[YinB(x,or)|>d"-r- [surface measure of Y3 N dB(z, r)}

Z cnanrn/
m(z,r 105 (1+| VAl «
<‘“’ \mgw,r;\> <
I C(n) r"
(2.5.27) > 4Chen (14 |[VA)S

(@] = A+ VA [m(an)]

Hence, at this stage we have proved that there exist three finite dimensional con-
stants, Cy, C1,Cs > 0 such that

,rn
5. < ) —
(2.5.28) |A(z,r)| < C1(1+||VA] )|m(£’r)|
C " .
(25.29) 1A@0| 2 v AT ey © M@ > 4G+ IVAlL),
Cor™ .

After this preamble, we shall show that there exists C' = C(||VA||.,n) > 0 such
that

(2.5.31) / (1+|VA(y)|)dy > Cr".
Az,r)

Thanks to (2.5.29)—(2.5.30), it is enough to consider the case when |m(x,r)| is very
large, say

(2.5.32) im(z,r)| > M(1+ |VA[.),

with M > 4Cj to be specified later. Since A(z,r) C B(xz,r), Holder’s and John-
Nirenberg inequalities, along with the estimates (2.5.29), (2.5.32), give that
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[ 17Aw =l < 18603 ( [ 90 <P i)

A(z,r)

1/2 2 1/2
<8 ([ VAW —mie )

rn 1/2
<P IVAL) e (f, VAW e )

m(a,r)['/?

,rn

<enCol* (14 IIVAH*)WIIVAII*W

(25.33) < caCY?|VA| M2,

Consequently,
[ avwawha = [ vawla
Az,r) Alz,r)
> Al - [ L FAG) el dy
Cor™ 1/2 172
> — = . C Al MY 2
Z Az G IVALMT
(2.5.34) > O,
if M is large enough. For instance,
(2.5.35) M > max {Cp, 4c2 CoCy 2} (1 + || VA, )* 2

will do.

The proof of (2.5.6) will therefore be completed as soon as we show that there
exists C' = C(||VA||«,n) > 0 such that

(2.5.36) / (1+|VA(y)) dy < Cr™.
A(z,r)

However, based on the inclusion A(z,r) C B(z,r) and the inequality (2.5.28) we
may write

/ (1+ [VA()]) dy
A(z,r)

(2537) - / dy + / VA@y) — m(e, )| dy + [m(z, )] - |Az,7)]
B(z,r) B(z,r)

< cpr™ + enr|VA|« + C1 (1 + |[VA| )",



52 2. Finite perimeter domains, Ahlfors regular domains, and BMO; domains

as desired. This finishes the proof of the proposition in the case when (2.5.13)
holds.

Finally, if m(z,r) = 0, then (2.5.25) gives B(x,0r) C A(z,r) for some § =
d(||[VA]«,n) > 0 sufficiently small, which in turn readily yields (2.5.31). Also,
(2.5.36) follows much as in (2.5.37), so (2.5.6) holds in this case as well. O

In concert with Proposition 2.2.3, Proposition 2.5.1 yields the following.

Corollary 2.5.2. Let A be as in (2.5.1)-(2.5.2), define Q as in (2.5.5) and set
o :=H"| 00, Then 00 is Ahlfors reqular, with constants depending only on n and
]l

Define VMO, (R™) as the (closed) subspace of BMO;(R™) consisting of func-
tions A : R” — R for which 9;4 € VMO(R") for every j € {1,...,n+1}. The latter
space consists of functions f € BMO(R") for which

(2.5.38) lim sup ][ ‘f(:c) —][ f’ dx | =0.
6—0 QCRrn+1 cube J Q Q
|QI<s

We would now like to discuss a natural sufficient condition guaranteeing that a
BMO; domain € has a unit normal of small BMO-norm. In particular, it is of
interest to know whether v is in VMO whenever © is a VMO; domain. These
issues are addressed in the proposition below, which should be compared with the
(proof of) Corollary 5.4 in [64].

Proposition 2.5.3. Let A be as in (2.5.1)-(2.5.2), and let ¥ be the graph of A.
Also, denote by v and o the outer normal unit and the surface measure on 3,
respectively. Then there exists a finite constant C = C(n) > 0 such that

(2.5.30) Wlssom.de) < CIVAILL+ VAL,

and

(2.5.40)dist (v, VMO (X,do)) < C(1 + [|[VA||.) dist(VA, VMO (R")),

where the distances are measured in BMO(X, do) and BMO(R™), respectively. As
a consequence,

(2.5.41) A € VMO, (R") = v € VMO(X, do).

Proof. As far as (2.5.39) is concerned, we note that by (2.4.17)-(2.4.18) and (2.5.6)
it suffices to prove that

(2.5.42) /A(Z,r) /A(Z,r) [v(X) = v(Y)|do(X) do(Y)

< Cr||VA|L(1 + [VA]L),
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for every r > 0 and Z = (z, A(z)) € X. Using the notation in (2.5.10), we may
estimate the left-hand side of (2.5.42) by

(2.5.43)
x),-1)  (VA(y), -1

/A(zr) A(z ) \/1+|VA( )‘2 \/1+‘VA(
< 2/ / V1+|VA®Y) 2 VA(z) — VA(y)| dz dy
A(z,r) J A(z,r)

<2([ [ |vA@ - VAW dedy) / [ wa D dray)”
A(z,r) JA(zr) A(z,r) JA(z,r)
=:21-1I.

x)|? \/1—|- [VA(y)|? dx dy

Now,

1/2
(2.5.44) I< ( / / IVA(z) — VA(y)|? dz dy) < OV A,
z,7) z,r

by (2.5.10), (2.4.17)-(2.4.18) and the John-Nirenberg inequality. Upon recalling
notation introduced in (2.5.7) and the estimate (2.5.28), the John-Nirenberg in-
equality also gives

1/2
1< Cma e ([ VAP dy)
A(z,r)
1/2
< Cr"+C’|A(z,r)|1/2</ |VA(y)—m(z,r)l2dy)
A(z,r)
+CA(z,7)|Im(z,7)]
1/2
< CT"—}-CT”/Q(/ IVA(y) — m(z,7)? dy)
B(z,r)
+Cr" (1 + [|[VA)
(2.5.45) < Cr*(1+ | VAL,

for some purely dimensional constants. Now, (2.5.42) follows easily from (2.5.44)
and (2.5.45).

Note that the above argument and (2.4.17) also gives that for every r > 0 and

Z=(2A0)es
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/ / (X)) — v(Y)|do(X)do(Y)
A(Z,r) JA(Z,r)
n _ 2 " 1/2
soraevAl(f [ VA - vaw) )

(2.5.46) < Or?"(1+ [|[VA|.) Mo (VA; 7).
Thus, (2.5.40) readily follows from this, (2.4.17) and (2.4.56). O

In order to continue, we make the following definition.

Definition 2.5.1. (i) Let 2 be a nonempty, proper open subset of R"*1. Call Q
a BMO;-domain if for every compact set KK C R" ™1 there exist b,c > 0 such that
the following hold. For every Xo € 0Q N K there exists an n-plane H C R™H!
passing through Xo, a choice N of the unit normal to H, and an open cylinder

Cpe:={X+tN: XeH, |X—-Xo|<b, |t| <c} such that

(2.5.47) Co,eNQ2=0CpcN {X +tN: XeH, t> (p(X)},
(2.5.48) CoeNIV=CheN{X +tN: X € H, t =p(X)},
(2.5.49) CoeNQ =CreN{X+IN: X € H, t <p(X)},

for some function ¢ : H — R satisfying

(2.5.50) © € BMO{(H), ¢(Xo)=0, |p(X)|<c if |2’ —xo| <b.

(i) It is said that the BMO1-domain 2 has constant < ¢ if it is always (i.e.,
for every choice of the compact K and boundary point Xg) possible to ensure that
IVellsmor)y < 6.

(iii) The classes of VMO1-domains and Lipschitz domains in R"*1 are defined
analogously, demanding that ¢ € VMO1(H) and ¢ € Lip (H) in place of ¢ €
BMO, (H).

Parenthetically, we note that conditions (2.5.47)-(2.5.49) are not independent since,
in fact, (2.5.47) implies (2.5.48)-(2.5.49). In this vein, let us also mention that,
(2.5.48) implies (2.5.47), (2.5.49) (up to changing N into —N) if it is known a
priori that

(2.5.51) o0 = 09.
Theorem 2.5.4. If Q C R""! is a bounded BMO:-domain with constant < 6 then

I is Ahlfors regular and

(2.5.52) dist (v, VMO (09, do)) < C'6
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where C' depends only on n, and the distance is measured in BMO(9Q,do). In
particular,
(2.5.53) Q bounded VMO, domain = v € VMO (09, do).

Proof. This is a consequence of Corollary 2.5.2, Proposition 2.5.3 and Defini-
tion 2.5.1. (]
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Chapter 3

Singular integrals on UR
domains

In this chapter we study various layer potentials on an open set Q C R™*! whose
boundary is uniformly rectifiable (a UR domain). In §3.1 we recall the notion of
uniform rectifiability, introduced by G. David and S. Semmes, and discuss several
classes of domains that have the UR property, including Ahlfors regular NTA do-
mains, and more generally Ahlfors regular John domains. In §3.2 we record some
fundamental estimates for a broad class of layer potentials on UR domains. Sections
3.3 and 3.4 establish the existence of nontangential limits a.e. of layer potentials
applied to elements of LP(01,do), first in the case of Newtonian potentials and
then more generally. Tools include nontangential maximal estimates from §3.2, the
Green formula discussed in §2.2 and, in §3.4, some Clifford analysis. In §3.5 we
extend the results of §3.4 to the “variable coefficient” setting, which will be useful
for the treatment of variable coefficient PDE in §5. In §3.6 we obtain boundedness
results on LP-Sobolev spaces.

3.1. Countably rectifiable sets and uniformly rectifiable sets

Let ¥ C R™™! be closed. We say that ¥ is countably rectifiable (of dimension n)
provided it can be written as a countable union

(3.1.1) S=JLyUN, H"(N)=0,
k

where each Ly is the image of a compact subset of R™ under a Lipschitz map. As
is well known, via Rademacher’s theorem and Whitney’s extension theorem we can
then write ¥ = UgMy U N where H"(N) = 0 and each M} is a compact subset
of an n-dimensional C!' submanifold of R"™!. (This characterization was used in
(2.2.7).)
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A countably rectifiable set ¥ C R™*! need not have tangent planes in the
ordinary sense, but it will have approximate tangent planes. By definition, an n-
plane 7 C R™*! passing through X, € ¥ is called the approximate tangent n-plane
to X at Xy provided

(3.1.2) limsup R~ H" (X N Br(Xp)) >0
R\O

and

(3.1.3)

limsup R™"H"({X € £ N Bgr(Xy) : dist(X,7m) > A[X — Xo[}) =0, VA>0.
R\O

The conditions (3.1.2) and (3.1.3) together imply that if such an n-plane 7 exists,
then it is unique. The following result is contained in Theorem 3.2.19 of [41].

Theorem 3.1.1. Assume ¥ C R*"™ is H"-measurable, of locally finite Hausdorff
measure. If ¥ is countably rectifiable then there exists an approximate tangent n-
plane to ¥ at H™-almost every point in 3.

If Q C R™"! is an open set of locally finite perimeter, satisfying H™(92\9,82) =
0, so ¥ = 99Q is countably rectifiable, we denote 0r{2 the set of points X € 9N
with an approximate tangent plane, mx,. We note that

(3.1.4) 9*Q C orQL.

This follows from Theorem 5.6.5 of [118], plus Lemma 5.5.4 of [118], to cover the
property (3.1.2) (as long as H™(9Q \ 9*Q) = 0).

We compare mx, with the exterior normal v(Xy), given Xy € 9*Q C 9y
Recall that for such X

(3.1.5) lim R~ (Br(Xo) N Q* N Hy 1 (X0)) =0,

R—0

when QF :=Q, Q7 :=R""1\ Q, and

(3.1.6) Hj(Xo)(XO) ={Y e R""!: £(1(Xy),Y — Xo) > 0}.

Let us also set

(3.1.7) H)xy(Xo0) == {Y e R™!: (y(Xo),Y — Xo) = 0}.
Results just described plus comparison of (2.2.2) with (3.1.3) yield the following.

Proposition 3.1.2. Let Q C R"*! be an open set with locally finite perimeter,
satisfying H™(0Q\ 0.02) = 0, and suppose X € 0*Q. Then Xo € 0 and v(Xy) L
Tx, or, equivalently,
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(3.1.8) Tx, = Hy(x,)(Xo)-

We record some notation that will be useful later in this section. Given Xy €
0*Q C 07, R € (0,00), set

(3.19)  my, = Hyx, (Xo), 9 Br(Xo) = 0Br(Xo) N7y,
and
(3.1.10) W(X,R) = a*BR(X)A[aBR(X) nal,

where UAV denotes the symmetric difference (U \ V) U (V \ U). The following
result will be useful in §§3.3-3.4.

Proposition 3.1.3. In the setting of Proposition 3.1.2, if Xog € 0*Q, there is a set
O C [0,1] of density 1 at 0 such that

(3.1.11) RT"H™" (W (Xo,R)) — 0
as R — 0 in O.

Proof. We have

R
/0 Hn(W(Xo,T))d’I“ = Hn+1(BR(X0) N (QAT(;(O))

(3.1.12) = H""(Br(Xo)NQ* N7k U Br(Xo)NQ Nmy, )
= o(R™Y),
as R — 0, and this implies (3.1.11). O

For the purposes we have in mind, the purely qualitative concept of countable
rectifiability is too weak and should be replaced by uniform rectifiability. Following
G. David and S. Semmes [33] we make the following.

Definition 3.1.1. Call ¥ C R"™! uniformly rectifiable provided it is Ahlfors
regular and the following holds. There exist €, M € (0,00) (called the UR constants
of 3) such that for each x € ¥, R > 0, there is a Lipschitz map ¢ : Bl — R"H!
(where B is a ball of radius R in R™) with Lipschitz constant < M, such that

(3.1.13) H"(E N Br(z) N@(BE)) > eR™.

If X is compact, this is required only for R € (0,1].
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Any uniformly rectifiable set ¥ is countably rectifiable. To see this, let (z;);en
be a countable, dense subset of X, and consider (Ry)ren an enumeration of Q4 (or
(0,1)N Q4 if ¥ is compact). For each j, k € Nset A, := XN B(x;, Rg) and L :==
gojk(B;lk), where B}’k is an n-dimensional ball of radius Ry and ¢jy, : Bjnk — Rt
is a Lipschitz function for which

(3.1.14) H" (XN B(z, Ry) N o(B}y)) > Ry,

for some ¢ > 0 is a fixed constant, independent of j, k. Put E := Uj’keN(ij nx)
and N := X\ E, so that

(3.1.15) D= ( U (Zjen 2)) UN.
7,keEN

Then, using (3.1.14) and the fact that ¥ is Ahlfors regular, we may write

][ 1p dH" > ][ 110w dH"
Ajk Ajk

(3.1.16) "
> H”(ijﬁAjk) > H (ijﬂAjk) >E/C
ST - omp S0
for every j, k € N which, by density, further entails
(3.1.17) ][ 1g dH" > ¢/C, Vel VR>DO0.
B(z,R)NS

Hence, by Lebesgue-Besicovitch Differentiation Theorem (cf., e.g., Theorem 1 on
p.43 in [36)), 1g(z) > 0 at H™-a.e. point z € ¥ which proves that H"(N) = 0. In
turn, this and (3.1.15) show that (3.1.1) holds, thus ¥ is countably rectifiable (of
dimension n), as claimed earlier.

There are alternative characterizations of uniform rectifiability, discussed at
length in the monographs [33] and [34]. We mention one here. We say a mapping
Y R™ — R is w-regular if |Ve)| < Cw!/™ and

(3.1.18) sup sup R™" / w(y) dy < oo.
z€R+1 R>0
¢ =1(Br(x))
Then, as shown in [33], ¥ is uniformly rectifiable if and only if it is Ahlfors regular
and there exists an A;-weight w and an w-regular mapping ¥ : R® — R"*! whose
image contains X.

An important class of uniformly rectifiable sets was identified in [31], where
G. David and D. Jerison proved the following result.

Proposition 3.1.4. Let ¥ C R"™! be closed and Ahlfors reqular. Assume ¥ satis-
fies the following “two disks” condition. There exists Cy € (0,00) such that for each
x € X andr > 0, there exist two n-dimensional disks, with centers at a distance < r
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from x, radius r/Cy, contained in two different connected components of R\ 3.
(If ¥ is compact, one can pick Ry € (0,00) and restrict attention to r € (0, Ro].)
Then % is uniformly rectifiable.

The somewhat more restrictive case of Proposition 3.1.4 where the disks are
replaced by balls has been established earlier by S.Semmes in [104]. As pointed
out on p. 844 in [31], the same conclusion holds if the two disks can be replaced by
bi-Lipschitz images of disks. What David and Jerison actually prove is that any set
3 as in the statement of Proposition 3.1.4 contains “big pieces of Lipschitz graphs”
(cf. Theorem 1 on p.840 loc. cit.). There is, in fact, a more precise version of this
statement, which is implicit in the discussion following formula (10) on p.842 of
[31]. To state this result, we bring in the notion of the Corkscrew condition, which
is that there are constants M > 1 and R > 0 (called the corkscrew constants of
) such that for each X € 92 and r € (0, R) there exists Y = Y (X, r), called the
corkscrew point relative to X, such that | X — Y| < r and dist(Y,9Q) > r/M. Here
is the result of [31].

Proposition 3.1.5. Let Q C R"*! be an open set, with an Ahlfors reqular boundary
OQ which satisfies the “two disks” condition, for every r € (0, Ry), as in the previous
proposition (here Ry may be infinite in the case that O is unbounded). Suppose
also that ) satisfies the Corkscrew condition for every r € (0, Ry). Then Q contains
“big pieces of Lipschitz domains” that is, there exist c1,co > 1 such that for every
X € 09, and every r € (0,Ry), one can find a Lipschitz domain D C R™! for
which:

(i) D C QN B(X,10r);

(ii) In a new system of coordinates (which is a rigid motion of the original one)
one has X = (', Tpt1)1<j<nt1 € R" xR and

(3.1.19) D =A{Y = (¢, yn+1) : Y(¥) <¥Ynt1 < @Tps1+7/2, [ =y <7/(2c1)},
where ¥ : R" — R is a function satisfying

(3.1.20)
[b(y') = (2 < aly = 2| forall ¢,z € R™ and ||| o @n) < |[@nia| +7/2,
as well as

(3120 ({0 sy €RY o —y/| < r/2e)}N09Q) 21" ea.

Moving on, we make the following

Definition 3.1.2. A nonempty, proper open subset 2 of R"*! is called a UR domain
provided 02 is uniformly rectifiable and also

(3.1.22) H™(0Q\ 8,9) = 0.

‘We impose the last condition to eliminate such cases as a slit disk. Let us emphasize
that, by definition, a UR domain Q has an Ahlfors regular boundary.
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One important class of UR domains is the class of Ahlfors regular domains
with the NTA property, introduced in [55]. We recall the definition here, since
these domains will play a role in subsequent sections.

Definition 3.1.3. A nonempty, proper open subset Q of R**1 is called an NTA
(nontangentially accessible) domain provided

(3.1.23) Q satisfies a two-sided corkscrew condition,
and
(3.1.24) Q satisfies a Harnack chain condition.

As mentioned right above Proposition 3.1.5, the (interior) corkscrew condition
on € is that there are constants M > 1 and R > 0 (called the corkscrew constants of
) such that for each X € 02 and r € (0, R) there exists Y = Y(X,r) € Q, called
corkscrew point relative to X, such that |X — Y| < r and dist(Y,0Q) > M~1r.
Next, we shall say that Q satisfies an exterior corkscrew condition if R**1\ ) has
the (interior) corkscrew condition, and say that  satisfies a two-sided corkscrew
condition if © has both the interior and the exterior corkscrew condition.

The Harnack chain condition is defined as follows (with reference to M and
R as above). First, given X1, Xs € , a Harnack chain from X; to X3 in Q is a
sequence of balls By, ..., Bx C Q such that X; € By, Xy € Bx and B;NBj11 # 0
for 1 < j < K — 1, and such that each B; has a radius r; satisfying M ~'r; <
dist(B;,09Q) < Mr;. The length of the chain is K.

Then the Harnack chain condition on 2 is that if ¢ > 0 and X;,Xy € QN
B,.,4(Q) for some Q € 09, r € (0, R), and if dist(X;,00) > ¢ and |X; — X;| <
2%, then there exists a Harnack chain Bj,...,Bg from X; to X, of length
K < Mk, having the further property that the diameter of each ball B; is >
M~ min(dist(X1, 09), dist(X2, 02)).

If © is unbounded, the NTA condition also requires that R = oo and that
R\ 90 has exactly two connected components, 2 and R**1\ Q.

Finally, call Q@ C R"™! a two-sided NTA domain if both Q and R"™!\ Q) are
nontangentially accessible domains.

Let us remark that

(3.1.25) ) satisfies (3.1.23) = 00 = 0.1,
(3.1.26) Q) satisfies an exterior corkscrew condition = 9§ = 9.

The fact that Ahlfors regular domains satisfying the condition (3.1.23) are UR
domains is a special case of Proposition 3.1.4; this class of domains was also inves-
tigated in [100]. As a consequence of these observations and (2.2.17), we have the
following.

Corollary 3.1.6. If Q C R is a domain satisfying a two-sided corkscrew con-
dition and whose boundary is Ahlfors regular, then Q2 is a UR domain.
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When discussing the boundary behavior of layer potential operators from either
side of the boundary, the following observation (whose simple proof is omitted) will
be important.

Proposition 3.1.7. IfQ C R*"*! is a UR domain for which 0Q = 09 then R"T1\Q
is also a UR domain.

As already pointed out in (3.1.26), 9Q = 9Q is automatically satisfied if  has
the exterior corkscrew property. Parenthetically, we wish to point out that while
being an Ahlfors regular domain does not, generally speaking, imply the corkscrew
condition, the following related result can be established (by arguing as in [10]).

Proposition 3.1.8. If Q C R™"! is an open set with an Ahlfors reqular boundary
then there exists v € (0,1) (depending only on the Ahlfors regularity constants of
Q) with the property that

(3.1.27) VX €0, VR >0, 3Q € R"™ with B(Q,yR) C B(X,R) \ 9.

For later purposes, it is useful to introduce a certain scale invariant local con-
nectivity condition for domains in R**!. To put this in the proper context, recall
that a bounded open set Q C R"*! is called a John domain if there exist X* € ,
called the (global) John center, and C, > 1 such that for every point X €  there
exists a rectifiable curve (called John path) « : [0,4] — €, parametrized by the
arc-length s € [0, ¢], such that v(0) = X, v(¢) = X* and

(3.1.28) dist (y(s),09) > s/C,, Vs e (0,4].

This terminology has been introduced in [77], in homage of F. John who has first
used such a condition in his work in elasticity [57].

Assume that 2 is a John domain with center X* and consider an arbitrary
point @@ € 9Q. Pick a sequence X; € 2 converging to ¢ and denote by 7; :
0,¢;] — R™"! the John path joining X; with X* in . Note that, from (3.1.28),
0 < ¢; < Codist (X*,00) for every j. Thus, by passing to a subsequence, it can be
assumed that ¢; — £ as j — oo. If we now renormalize each 7; to 7; : [0,1] — R™+1,
7;(s) == 7;(¢;s), a simple application of the Arzela-Ascoli compactness criterion
then shows that, by eventually passing to a subsequence, the 7;’s converge uniformly
to a rectifiable path v joining the boundary point @ with the John center X™* in {2
and such that dist (Z,0Q) > 0|Z — Q)| for each Z € g, where § = §(Q2, X*,Q) > 0.
For our purposes, we shall need a local, scale invariant version of this property,
which we term local John condition. This is made precise in the definition below.

Definition 3.1.4. Let Q C R"! be an open set. This is said to satisfy a local
John condition if there exist € (0,1) and R > 0 (required to be oo if O is
unbounded), called the John constants of Q, with the following significance. For
every Q € 0Q and r € (0,R) one can find Q, € B(Q,r) NQ, called John center
relative to A(Q,r) := B(Q,r) NN, such that B(Q,,0r) C Q and with the property
that for each X € A(Q,r) one can find a rectifiable path vx : [0,1] — Q, whose
length is < 0~ 'r and such that
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(8129) 7x(0) = X, 7x(1) = Q. dist (yx (1), 02) > Olyx () — X|, V¢ > 0.

Finally, 2 is said to satisfy a two-sided local John condition if both Q and
R\ Q satisfy a local John condition.

Clearly, any domain satisfying a local John condition also satisfies a corkscrew
condition. In the opposite direction, we wish to point out that any NTA domain
satisfies a local John condition. In fact, the following stronger result holds.

Lemma 3.1.9. Let Q C R*™! be an NTA domain with constants M, R. Suppose
that X € Q, Y € 00 and that r € (0, R), C > 1 are such that B(X,r) C B(Y,Cr)n
Q. Then there exists C, > 1 which depends only on C' and the NTA constants of §2
along with a rectifiable path v(X,Y) of length < Cyr, joining X with Y in Q, and
such that dist(Z,0Q) > C;1|Z — Y| for each point Z € v(X,Y).

In particular, any NTA domain satisfies a local John condition.

Proof. To justify the existence of such a path, set Xy := X and, for j = 1,2, ..., let
X denote a corkscrew point relative to Y at scale ~ 277r. It is then not difficult
to check, with the help of the Harnack chain condition, that there exist a number
N, € N and a constant C; > 1 (both depending only on the NTA constants of
 and the constant C' in the statement of the lemma) with the property that, for
each j € N, one can find a family of balls {By}i<p<n, with N < N,, of radii
~ 277r such that CBy, C Q, X;_1 € By, X; € By, and By N By # 0 for
ke {1,..,N —1}. Consequently, there exists a polygonal path v; from X;_; to X,
which stays roughly at distance 2777 from 052, and has length < C,277r, for some
Cy = Co(M,R,C) > 1. If we now take v(X,Y’) to be the union of the paths ~v;,
j € N, it follows that v(X,Y) is rectifiable, and has length < Cj Z]oil 27 = Csr,
for some geometrical constant C5 > 1. Furthermore, if Z € v(X,Y), say Z € ~;
for some j € N, then on the one hand dist (Z,9Q) > C4277r, while on the other
hand |Z — Y| < |Z — X;| + |X; — Y| < length () + C5 dist (X;,09) < C2 7.
Altogether, |Z — Y| < C,dist (Z,09) for some C, > 1, finishing the proof of the
lemma. (]

From Definition 3.1.4 and Corollary 3.1.6 we also have:

Corollary 3.1.10. Let Q C R"*! be a domain satisfying a two-sided local John
condition and whose boundary is Ahlfors reqular. Then Q is a UR domain, of locally
finite perimeter.

In the last part of this subsection we shall show that any BMO; domain is NTA,
which appears to be folklore. To set the stage, recall that a function ¢ : R® - R
belongs to Zygmund’s A, (R™) class if

z+h)+o(x—h)—20(x
e sup PEER R 2o

3.1.30
(3.1.30) gl i

A typical example of a function in A, (R™) is Weierstrass’ nowhere differentiable
function
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(3.1.31) 3 Sm(;rijx) z€R.

Going further, Zygmund’s A, (R™) class is the collection of functions ¢ € A, (R™)
satisfying

(3.1.32) i [P@ 1) + (e = h) = 2p(x))|

=0
h—0 |h|

uniformly in . The space A.(R™) contains functions which are quite irregular, such
as

2. cos (27x) R
3.1.33 —
which is almost everywhere not differentiable (cf. p.47 in [119]).

For a function ¢ : R™ — R, consider next the following conditions

. HSD*LHLOO(B)
3.1.34 sup ( inf ———— | < oo,
(3159 5 ball \L affine  |B['/"

— Ll 700
(3.1.35) lim sup ( inf W) —o.
=0 | B ball of radius <» \L affine |B|

It is then clear that (3.1.34) implies (3.1.30), and that (3.1.34) together with (3.1.35)
imply (3.1.32). In fact, the opposite implications are also valid. Indeed, a good
affine approximation to the graph of ¢ near (x,p(x)) at scale » > 0 can be con-
structed as follows. Fix n € C3°(R™), nonnegative, even, with f n = 1, and consider
L(z) == p(z) + (V(p *n,)(z),z — ), z € R™. Then, according to Lemma 3.7 on
p.94 in [55] and its proof,

— —h)—2
wp [P ZLEN o et h) ez = h) - 20(:)]
(3.1.36) zeB(a,r) r z€B(z,r) |h|<r |h|
< Cllella, ®n)-

The desired conclusions follow from this double inequality.
For 1 < p < oo, define the local LP-oscillations of a function f € L} (R") as

loc

(3.1.37)  {f}pr = sup (][B‘f(x) - (][Bf) ‘p d:r) 1/p, r >0,

B ball of radius <r

so that, for each fixed p € [1,00), we have ||f|. ~ sup,-¢{f}p, by the John-
Nirenberg inequality. Also, using this and the fact that VMO(R™) is the closure in
BMO(R"™) of the space of uniformly continuous functions belonging to BMO(R™), it
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can be checked that f € VMO(R™) if and only if f € BMO(R") and lim,,o{f},» =
0. Let us also note here a well-known estimate relating integral averages over
concentric balls of different radii in concert with Holder’s inequality imply

(3.1.38) < Cu(1+108(5) ) ()

r

][ jKy)dy—f][ f() dy
B(z,R) B(z,r)

whenever z e R®", 0 <r < R<oocand 1 <p < o0.

Proposition 3.1.11. The following inclusions

(3.1.39) BMO; (R") < A.(R"),
(3.1.40) VMO (R") < A (R"),
are well-defined and continuous.

Proof. Assume that ¢ € BMO;(R") and fix € R™, r > 0, arbitrary. Set

(3.1.41)

mizr)i=  Vol)dy, L) = ele) + (maar)y - 2), yeR".
B(z,r)

Next, fix two parameters, € € (0,1) and p > n. In an analogous fashion to (2.5.9),
for any y € B(z,r) we may then estimate

le(y) =L _ lely) —e(z) = (m(z, 4r),y — )|
[z —yl L/p
< Cpm V(z) —m(x,4r)|P dz
< L V) i anpa:)

IN

T — 1/p
G (f V(2) — m(a, 2l — )P dz)
" |z —2|<2|z—y|

|z -y
"

+Cyon |m(z, 2|z — y|) — m(z,4r)]

< Cpm |z ; yl {(Volpar (1 + log(ﬁ))

lz -y

1—¢
(3.1.42) < CpnelVohnar (=) < Cpncd Vehpar,

by using Mary Weiss’s lemma (cf. [50], Lemma 2.10) and referring (twice) to
(3.1.38). Hence, |p(y) — L(y)| < Cr||Ve||« and, further,

— L~
(3.1.43) sup ( I el 100}
B ball of radius » \L affine r

)<cvw*
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This proves (3.1.39). Since with the help of (3.1.42) one can readily check that
(3.1.35) holds, we may conclude that the inclusion (3.1.40) is also well-defined and
bounded. d

According to Proposition 3.6 on p. 94 in [55], any A.-domain, i.e., a set of the
form

(3.1.44) Q:={X = (z,2001) ER"™: 2,11 > ()}

with ¢ € AL(R™), is NTA. As a result of this and Proposition 3.1.11, any BMO;
domain is NTA.

We conclude this section with a review of sufficient conditions guaranteeing
that the harmonic measure of a domain is absolutely continuous with respect to its
surface measure.

Proposition 3.1.12. Let Q C R"*! be an open set, with an Ahlfors reqular bound-
ary 0L which satisfies the “two disks” condition introduced in Proposition 3.1.4. In
addition, assume that ) satisfies an interior corkscrew condition and the Harnack
chain condition (cf. Definition 3.1.3). Fiz X, € Q and denote by w™° the harmonic
measure on IS) (relative to ) with pole at X,.

Then wXe belongs to the Muckenhoupt class Ao with respect to o := H™[O9.
In particular, wXe and o are mutually absolutely continuous.

With the two disks condition replaced by a two-sided corkscrew condition and
when R™\ 92 has precisely two connected components, this has been first obtained
in [104]. In the current format, the above result appears as Theorem 2 on p. 842 in
[31]. A result of a similar flavor, when the Harnack chain condition is suppressed,
has been established by B. Bennewitz and J. Lewis in [5]. Their Theorem 1 entails
the following:

Proposition 3.1.13. In the context of Proposition 3.1.12, the mutual absolute
continuity of w™e and o remains valid even when the assumption that Q0 satisfies
the Harnack chain condition is dropped.

3.2. First estimates on layer potentials

The purpose of this section is to provide nontangential maximal function estimates
for a class of layer potentials. To be concrete, take a function

(3.2.1) ke CNR™\{0}), k(—X)=—k(X), EOX)=AT"k(X), VA>0,
and define the singular integral operator

(3.2.2) TH(X) = /BQ KX —Y)f(Y)do(Y), XeQ,

as well as
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(3.2.3) TF(X) = sup|TLf(X), X €09, where
e>0

(3.2.4) Tf(X) = / KX —Y)f(Y)do(Y), X €.
XV |>e

The following result was established in Proposition 4 bis of [28].

Proposition 3.2.1. Assume Q C R" ™! is a UR domain. Take p € (1,00). There
exist N € Zy and C € (0,00), each depending only on p along with the Ahlfors
reqularity and UR constants of 092, with the following property. If k satisfies (3.2.1),
then

(3.2.5) 1T fll e 00,d0) < ClIE|sn len 1 fll e 00,d0)
for each f € LP(09Q,do).

Remark. We often refer to “geometrical characteristics” of €2 as the collection of
Ahlfors regularity and UR constants, and use the notation G(2), so C' above has
the form C' = C(G(Q),p). In other settings, G(2) might involve other geometrical
characteristics, such as those appearing to define the John condition or the NTA
condition.

To help put matters into proper perspective it is worth recalling that, with
Ahlfors regularity as a background assumption, the validity of (3.2.5) for all kernels
k as in (3.2.1) is actually equivalent to 9 being uniformly rectifiable. See the
theorem on pp.10-14 in [33]. In this connection, a significant open problem is to
show that, for the left-to-right implication, it suffices to consider only the Riesz
kernels, i.e. k;(X) := z;/|X|"™, 1 < j < n+ 1. Regarding the nature of the
principal value integrals associated with the Riesz kernels, a recent result from
[113] states that if E C R"*! has H"(E) < oo then

E is countably rectifiable (of dimension n) <=

(3.2.6) El_i>r(1)1+ / % dH"(Y) exists for H"-a.e. X € E.
YEE:|Y—X|>e

We will concern ourselves with issues pertaining to the existence of principal value
singular integral operators later on, in § 3.3-§ 3.4.

Moving on, let L1*(9Q,do) stand for the weak-L! space on 99, i.e. the col-
lection of all o-measurable functions f on 0€2 for which the quantity || f||z1. 90,d0)

= SUPysq [)\ o({X € 09 : |f(X)| > A})| is finite. Corresponding to the case p =1
in (3.2.5), we have the following.

Proposition 3.2.2. In the context of Proposition 3.2.1, there also holds
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(3.2.7) | T% fll 1o (00,d0) < C(L K f Nl 21 (0602,d0)
for each f € LY (99, do).

Proof. Essentially, this is a consequence of Proposition 3.2.1 and standard Calderén-
Zygmund theory. For the benefit of the reader, we include a brief sketch. The
departure point is the estimate

(3.2.8) IT=fllzro00,d0) < C( R fllLro0,d0)

uniformly for € > 0, itself a consequence of Proposition 3.2.1 and the Calderén-
Zygmund decomposition lemma (that the latter continues to hold in the context
of spaces of homogeneous type is well-known; see, e.g., [23]). Next, a variant of
the classical Cotlar lemma gives the following. For each v € (0,1) there exists
a constant C, depending only on 02, k and v with the property that, for each
f € LY(99,do) and X € 99,

(32.9) Ty f(X) < CMF(X)+CM, (T, f)(X), Ve, g9, with &> ¢eg >0,

where M is the usual Hardy-Littlewood maximal function,

(3.2.10) T, . f(X) :=sup |T. f(X)], X €09,

e'>e

and

v
(3.2.11) M, f(X) :=St}1%p<][ 117 dor) T Xeon

A(X,R)
With (3.2.8)-(3.2.9) in hand, (3.2.5) follows from the mapping properties of the
Hardy-Littlewood maximal function; see, e.g., pp.250-251 in [82] for a related
discussion. (]

We further complement Proposition 3.2.1 with the following nontangential max-
imal function estimate.

Proposition 3.2.3. In the setting of Proposition 3.2.1, for each o > 0 there exists
a finite constant C' > 0, depending only on p, a, as well as the Ahlfors reqularity
and UR constants of 052, such that

(3.2.12) IN(T PllLe 00,40y < ClIE

sellen | flle (09,do)-

Moreover, corresponding to p =1,

(3.2.13) IN(T F)ll e 90,d0) < C(Q K, ) fll L1 (00,d0) -
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Proof. To begin, assume that X € Q and Z € 09 are fixed points such that

(3.2.14) X — Z| < (1 + ) dist (X, 09).

Set € := | X — Z| and estimate

THO) - Tf(2) = |[HX -V o)~ [ MZ - V) do(y)
oN

Y o
|Z—Y|>2¢

< | [ Hx-viwdow)

Yo

|Z-Y|<2e
+| / (WX =¥) = k(Z =) F (V) dor (V)|
Y €eon
|Z—Y|>2¢
(3.2.15) = I+II
Since
. | X — Z| €
2.1 X-Y|> X, 00 =
(3.2.16) \ | > dist (X,09Q) > T a T+ o
we have

C(a,n)
6774

(3217) |1 < / (V)] do(Y) < Cla, Q)MF(2),

Yeon
|Z-Y|<2¢

by Ahlfors regularity. On the other hand, if X €e I'(Z), Y € 9Q and |Y — Z| > 2¢e =

2|X — Z|, we also have [tX 4+ (1—t)Z-Y| > C|Z-Y]| for t € [0,1], and hence the
Mean Value Theorem gives

k(X =Y) = k(Z =Y)]

IA

|X —Z| sup |[VE(tX+(1—-¢)Z-Y)]
0<t<1
5

2.1 < _
(3.2.18) C‘Z?Y‘nle

Consequently, a familiar argument gives
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e
mo< [ el
Yeo
|Z=Y|>2¢

- oy | ol

) €oQ
2ie<|Z-Y|<2it1e

< ey it [ w)ldo)
= Z-V[<5ite
(3.2.19) < C(Q)iQ‘jMf(Z):C(Q)Mf(Z),

where the next-to-the-last step utilizes Ahlfors regularity.

In summary, the above analysis proves that for any two points, X € Q and
Z € 09, such that (3.2.14) holds we have

(3.2.20) ITHX) = Toc f(Z)] < Cla, YM[(Z),

which further entails

(3.2.21) ITFX)| < |T.F(Z)] + CMS(2).

For each Z € 0N fixed, with the property that I'(Z) # 0, by taking the supre-
mum in X € I'(Z) in (3.2.21) we arrive at

(3.2.22) N(TINZ) T f(Z) + CM[(Z).

Since the above estimate trivially valid when I'(Z) = 0, it follows that (3.2.22)
holds for all Z € €.

Now (3.2.12) is a consequence of this, (3.2.5) and Proposition 2.1.1. Finally,
(3.2.13) follows from (3.2.22), (2.1.4) and Proposition 3.2.2. O

Recall next the Hardy spaces introduced in §2.4.

Proposition 3.2.4. In the context of Proposition 3.2.1, for each p € (HL_H, 1] and
a > 0 there exists a finite constant C = C(p, a, Q) such that

(3.2.23) IN(T F)ll o os2a0) < Cllk

sollen | fllar, (o90,do)-

Proof. Tt suffices to estimate A (7Ta) when a is a p-atom, i.e. it satisfies (2.4.11).
First, for any x > 1, the estimate (3.2.12) with p = 2 gives
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N(Ta)Pdo < |IN(Ta)l7250,40) - 0 (A(Xo, k7)) 727

B(X,,kr)NOQ

IN

C||a‘|i2(ag7dg) o (A(Xo, “7"))172/1)

(3.2.24) < C(p,k,Q) < 400,

by (2.4.11) and Ahlfors regularity.

On the other hand, if X € Q is such that |X — X,| > 2r then, based on the
vanishing moment condition for the atom and the Mean Value Theorem, we may
write

Ta(X)| < /B o X YD) = KX = X)) do ()

r

e A

(3.2.25)

Now, if Y € 09, X € Q are such that

(3.2.26) Y — X, > 22+ a)r and |X —Y]| < (1 + «a)dist (X, 00)

then

(3.227) 224 <|Y =X | <|Y = X|+|X — X,| < 2+ )| X — X,

In particular,

1
(3.2.28) IX —Xo| >2r and |X —X,|>2—|YV —X,|,
24+«

so that (3.2.25) gives

(3.2.29)
N(Ta)(Y)| < C

ﬁam(xo, M)V VY € 90\ A(X,, (2 + a)r).

o

Consequently, if we set R := (2 + «)r then (3.2.29) and the defining condition for
Ahlfors regularity give
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/ N (Ta)(¥)[P do(Y)
HONA(X,R)

= do(Y)
< CrPo(A(X,, )Pt / St S A
(&%) g;) A(X,,2H R\A(X,,20R) [Y = Xo[P(r D)
e . .
< OrPo(AXo, )y ) J@R)" - (P R) 7Y
=0

(3.2.30) < C(p,a, ) < o0,

since p(n+1) > n. If we now choose x := 2+ a, it follows that [|N(Ta)| s (90,d0) <
C for some finite constant C' > 0, independent of the atom. This readily yields
(3.2.23), finishing the proof of the proposition. a

It is also useful to have estimates of the form

(3.2.31) T LP(9, do) — L7(R),

when 7 has the form (3.2.2). We present two ways to do this. One is to combine
Proposition 3.2.3 with a result of the form

(3.2.32) lullLr@) < ClINul|Lr(o0,do)-

We give such an estimate in Proposition 3.2.7 below. First, we tackle (3.2.31) by
interpolating between cases p = 1 and p = oco. This method is elementary and
while not quite as sharp as the result derivable from Proposition 3.2.7, it applies to
a larger class of domains, which will be useful in Sections 5-7.

Proposition 3.2.5. Let Q C R be a bounded, _open, Abhlfors regular domain,
with the property that H™ (0N \ 0.Q) = 0. Let K : Q x 9Q — R be continuous on
the complement of {(X,X) : X € 0Q} and satisfy

(3.2.33) |IK(X,Y)| <C|X-Y|™",

and set

(3.2.34) THX)= /K(X,Y)f(Y) do(Y), XeQ.
o0

Then, forp > 1, (3.2.81) holds for all r < p(n+1)/n.

Proof. 1t is elementary from bounds

n+1
n

(3.2.35) 1KY ) lpa) <Cq, ¢ <
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that

(3.2.36) T L0, do) —s L9(Q), Wg< "L

For this one needs only € bounded and H™(0f2) < co. We will show that

(3.2.37) T : L*®(0Q,do) — L*(Q), Vs < oo.
Then (3.2.31) follows by interpolation from (3.2.36)—(3.2.37).

To prove (3.2.37), we will establish an estimate of the form

(3.2.38) / IK(X,Y)|do(Y) < +(X), ~eL*Q), Vs<o.
o0

Then

(3239) | [ K0 do0)] < L omm 1 (X),
o0

and (3.2.37) follows. Here is part of (3.2.38).
Lemma 3.2.6. In the setting of Proposition 3.2.5,

2M

. . < dist(X. 09Q)
(32.40) JIREEY) do(¥) < Clog g,
o0

with M = diam .

Proof. Given X € Q, § = dist(X,09Q), take P € 992 with |X — P| = J and set

Ao = {X' €0Q: |X' — P| <25},

3.2.41
( ) Ap = {X' €00 : | X' — P| € (2F5,2F16]}, k> 1.

Ahlfors regularity of 99 yields

(3.2.42) H™(Ay) < C(2F6),
S0
(3.2.43) / KX do(v) <2 _ ¢
2. , oY) < oy~ ¢
Ap
Summing (3.2.43) over k > 0 such that 2¥6 < M gives (3.2.40). O

We now present the
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End of proof of Proposition 3.2.5. The fact that v(X) = C log 2M/dist(X, 09)
belongs to L*() for all s < oo follows immediately from the estimate

(3.2.44) vol (05) < C6,
for
(3.2.45) Os = {X € Q: dist (X,090) < 6},

valid when © is bounded and Ahlfors regular. The estimate (3.2.44) has a short,
elementary proof, but rather than give it we note that it follows upon taking v =1
in (2.3.10). O

We now present a sharp estimate of the form (3.2.32). Specifically, we have

Proposition 3.2.7. Let Q C R™™! be an Ahlfors reqular domain which is either
bounded, or has an unbounded boundary. Then for each p € (0,00), (3.2.32) holds
with r = p(n+1)/n, ie.,

(3.2.46) lull Locninsmay < ClINuUll Lo (a9,d0)
for some geometrical constant C, independent of the function u: Q — R.

Proof. To prove the proposition, fix p € (0,00) and assume that « is such that
INullLr 90,40y < 00. We will first show that there exists a geometric constant
C > 0 with the property that

(3.2.47)
HX € Q:|u(X)| > A} <Co({Q € 90 : Nu(Q) > A})FY/m wax >0,

where |E| denotes the (n + 1)-dimensional Euclidean measure of a measurable set
E C R™"L. The strategy for proving (3.2.47) is to work with “tent” regions

(3.2.48) 7(0) ;:Q\[ U ra(P)]

PEdO\O

associated with arbitrary open subsets O of 0). The ingredients going into the
proof of (3.2.46) are the simple inclusion (itself a consequence of (3.2.48))

(3249)  {X e€Q: [u(X)| >\ CTHQ €90 : Nu(@)>A}),  VA>0,

and the geometric estimate

(3.2.50) IT(0)| < Co(O)FtV/" v O proper open subset of 9.

Then (3.2.47) follows writing (3.2.50) for O := {Q € 92 : Nu(Q) > A}, which,
given that Nu € LP(99Q,do), is a proper open set of 92 when 9Q is unbounded.
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When €2 is bounded, we can ensure that (3.2.50) also holds in the case when O = 99
by taking C' > ¢(9Q)~(+1/"|Q].

Our next task is to prove (3.2.50). To do this, fix a proper open subset O of
09 and decompose O into a finite-overlap family of Whitney surface balls {A}
(considering 0N2 as a space of homogeneous type; see Theorem 3.1 and the footnote
on p. 71 of [22] for details). Also, for each surface ball A := Br(Q) N 9N, Q € 09,
0 < R < diam 2, consider the Carleson region

(3.2.51) C(A) == B,r(Q) N Q,

where t > 0 is a large constant, to be specified later. We now claim that ¢ can be
chosen so that

(3.2.52) 7(0) c | e (Ar).
k
In order to justify (3.2.52) we note that the definition (3.2.48) can be rephrased as

(3.2.53) T(0)={X € Q: dist(X,0) < (1+ ) 'dist (X,00\ 0)}.

Let now X be an arbitrary point in T'(O) and, for some small € > 0, pick X* € O
such that

(3.2.54) X — X*| < (1+¢e)dist (X, ).

Then there exists an index k for which X* € Ay and we shall show that € and ¢
can be chosen so as to guarantee that

(3.2.55) X € Ci(Ay).
Indeed, assume Ay = Bg, (Qr) N IQ for some Qf € 9N and Ry € (0,diam ), and

write

X - X*| < (1+5)dist(X,O)§iisdist(X,aQ\O)
«
(3.2.56) < 1+€<|X7X*|+dist(X* 39\0))
- - 14« ’
1+e¢
< —X* .
< 1+a<|X X|+CRk)

Choosing € € (0, a), this now yields

1+¢
a—¢€

so that (3.2.55) holds provided we take t > 1+ C(1+¢)/(a — €) to begin with.

(3.2.57) X - X*| <C

Rkv
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Having established (3.2.52), we can finish the proof of (3.2.50) by estimating

T(O)] < D IC(AW<CY R <Y a(An) Tt
k k k
(n+1)/n
(3.2.58) < C[Z”(Ak)} < Co(O) D/,

k

where the third inequality is based on the Ahlfors regularity of 9€2. This justifies
(3.2.50).

There remains to show how to use (3.2.47) in the derivation of (3.2.46). First,
Chebysheff’s inequality gives

(3.2.59) M o({Q €09 Nu(@) > N)) < [Nulll, pogm:  ¥A> 0.

Second, from (3.2.50) and (3.2.59), for each A > 0 we have

ATIHPAD/M X € @ fu(X)] > A}
< ORI G ((Q € 90 Nu(Q) > AP/
(3.2.60) < CINUB 00 W0 ({Q € 092 Nu(Q) > A}).

At this stage, integrating the extreme sides of (3.2.60) over A € (0,00) yields
(3.2.46). O

Remark. If Q is a smoothly bounded domain in R"*! and u is a harmonic function
with, say Nu € L?(99, do), then the global Sobolev regularity of u in (2 is, generally
speaking, no better than H'/2(Q). This space further embeds into L2(**+1/7(Q).
Similar considerations apply to other values of p # 2, and, in this sense, the result
above is sharp. Given its significance when €2 is bounded and u = 1, the estimate
(3.2.46) can be thought of as a weighted isoperimetric inequality, in which the
functions u, Nu play the role of weights.

Having established Proposition 3.2.7, we can now present a version of Theo-
rem 2.3.1 which applies to domains which are not necessarily bounded.

Theorem 3.2.8. Let Q@ C R™! be an open set which is either bounded or has
an unbounded boundary. Assume that OQ is Ahlfors reqular and satisfies (2.3.1)
(thus, in particular, Q is of locally finite perimeter). As before, set o := H™| O
and denote by v the measure theoretic outward unit normal to 02. Then Green’s
formula (2.5.2) holds for each vector field v € C°(Q) that satisfies

dive € L'(Q), Nwe LY(0Q,do)N LY

loc

00, do) for some p € (1,00),
(3.2.61) o , ( ‘ ) ( )
and the pointwise nontangential trace v‘ag erists o-a.e. on OS).
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Proof. Assume that 0f) is unbounded. As a first step we note that, as is apparent
from a careful inspection of the proof of Theorem 2.3.1, formula (2.3.2) continues
to hold for vector fields v € C%(Q) satisfying

dive € LY(Q), Nwv € LP(99Q,do) for some p € (1,0),
(3.2.62)  the pointwise nontangential trace v|aQ exists o-a.e.
and suppv is a bounded subset of 2.

To continue, pick a function ¢ € C§°(R"H1) satisfying ¢ = 1 on B(0,1), ¢ = 0
outside B(0,2), and for each R > 0 set ¢r(X) := ¢(X/R). Hence, o = 1 on
B(0,R), pr(X) = 0 outside B(0,2R), |pr(X)| < C and |Vpr(X)| < C/R with
C > 0 independent of X and R. Thanks to Proposition 3.2.7 and the fact that, by
Proposition 2.3.2, ) is weakly accessible, if v € C°(Q) is a vector field satisfying
(3.2.61) we have

(3.2.63) V]| Lensry/m ) + IvloallLr (90,d0) < CINVI| L1 (00,d0) < 400

Also, pgrv is as in (3.2.62) so for every R > 0 we may write

(3.2.64) /89(1/, vYprdo = /Qdiv (prv)dX = /Q(ng divo + <V<PR7'U>> dX.

It is then clear from (3.2.63) and hypotheses that

/ (v,v)prdo — (v,v)do
(3.2.65) o0 o

/@RdivvdX%/divvdX as R — oo.
Q Q

Set Qr := QN (B(0,2R) \ B(0, R)) so that supp (Vyg) C Qg and |Qr| < CR"
then estimate

‘/Q<V9"R’“> dX‘ < Z/QR o(X)| dX

c w2 .
(3.2.66) < E(/ o(X)[(n 1/ dX) TR 7E)
Qr

- C(/ o(X)|(+1D/n dX)"Tl —50, as R— oo,
Qr

by (3.2.63). Hence, passing to limit R — oo in (3.2.64) yields (2.3.2). O

For scalar-valued functions, the following version of Theorem 3.2.8 holds.

Corollary 3.2.9. Assume that Q C R™*! is an open set which is either bounded
or has an unbounded boundary. In addition, suppose that 02 is Ahlfors reqular
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and satisfies (2.3.1) Set o := H™| 9 and denote by v = (v1,...,vp41) the measure
theoretic outward unit normal to 0. Then

(0v)(X)u(X)dX + /69 viuwv do

(3.2.67) /Q (O0)(X)0(X) dX = /

Q
for each j € {1,...,n + 1} and each scalar-valued functions u,v € C°(Q) with
dju,0;v € Li, () and which also satisfy

loc

udjv, vo;u € LY(Q), N(w) € L' (0Q,do) and

(uv)|aQ exists o-a.e. on O0f).

(3.2.68)

Proof. Granted the current hypotheses, it can be checked that in the sense of
distributions

(3.2.69) 0;(uwv) = (9ju)v + (Ojv)u  in Q.

See the discussion on p. 210 in [2]. Then (3.2.67) follows as soon as we prove that

(3.2.70) /Q @0)(X)dX = [ vywdo

for each j € {1,...,n+1} and each scalar-valued function w € C°(Q2) which satisfies

(3.271)  owe LYQ), Nwe L'(09,do) and w’aﬂ exists o-a.e. on ON).

Indeed, it suffices to take w := uv and invoke (3.2.69)-(3.2.70). To justify (3.2.70),
pick a function ¢ € C§°((—2,2)) with ¢ =1 on (—1,1), and set 9 (t) := fot v(s)ds,
t € R. Finally, define ¢g(t) := Ry (t/R), R > 0, and consider vg(X) := ¢r(v(X)),
X € Q. Then vg € C°(Q) N L>(Q) and, in the sense of distributions,

(3.2.72) djvp = (Y o) (0jv) € L'(Q).

Then (3.2.71) follows by writing the version of Green’s formula established in The-
orem 3.2.8 for the vector field vge; and then letting R — oo. O

3.3. Boundary behavior of Newtonian layer potentials

We need to complement the estimates of §3.2 with results on the limiting behavior
of Tf(X) as X — Z € 99Q. In this section we accomplish this for the double
layer Newtonian potential and variants, before tackling more general cases in the
following section.

Recall the (harmonic) double layer potential operator associated with

(3.3.1) DF(X) = i /m Wf(Y) do(Y), Xeq
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where w,, is the surface area of the unit sphere in R"*!, as well as its principal-value
version

(332)  Kf(X):= lim K.f(X), X €9Q where

e—0t
(333)  K.f(X) ::wi / medam, X € o9.
\Xy—eﬁs\gs

Here, v(Y') denotes the outward normal to 9Q at Y. In analogy with (3.2.3), we
also set

(3.3.4) K. f(X):=sup|K.f(X)], X €.
e>0

Then Propositions 3.2.1-3.2.3 show that if & > 0, p € (1,00), and if Q is a UR
domain, then there exist C; = C(p, ) and Cy = Cy(p, @, Q) such that

(3.3.5) 1K fllLro0,d0) < CillfllLro0,d0)
and
(3.3.6) IN(D )l e 09,d0) < Coll fllLr(092,d0)

for every function f € LP(91),do). Corresponding to p = 1 we also have

(3.3.7) [ K fllnr o 00,d0) < Cllfll L1 (09,do) s
(3.3.8) IN(D )l L1 (09,d0) < Cllf L1 (00,d0)-

Our next goal is to revisit the issue of a.e. pointwise existence of (3.3.2) and to
prove a jump-formula for the double layer potential (3.3.1) operator of the form

(3.3.9) Df . (AI+K)f, Y f e LP(09,do),

for each p € [1,00), where I is the identity operator and the boundary trace is
taken in the sense of (2.3.4). Note that, in order for this to be pointwise o-a.e.
meaningful, it is required that  is weakly accessible (cf. (2.3.5)). Of course, any
domain satisfying a corkscrew condition is weakly accessible. As an immediate
consequence of Proposition 2.3.2 and Definition 3.1.2 we also obtain the following
useful result.

Proposition 3.3.1. Every UR domain Q C R™"*! is weakly accessible.

We start our boundary analysis by establishing the following.
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Proposition 3.3.2. Let Q be a UR domain. Then for each f € LP(0Q,do),
p € [1,00), the limit in (3.5.2) exists at almost every point X € 0N, and the
operators

(3.3.10) K : LP(0, do) — LP (0%, do), 1<p< oo,
(3.3.11) K : LY (09, do) — L¥>(0%, do),

are well-defined and bounded. Furthermore, the double layer potential (3.3.1) has
the property that

(3.3.12) lim Df(Z)=(3[+K)f(X) foro-a.e X €09,

Z—X
Zer(X)

for every f € LP(0,do), 1 < p < 0.

Proof. Given that, thanks to (3.3.6) and (3.3.7), the maximal operator associated
with the type of limit considered in (3.3.2) is bounded on LP(0€),do) if 1 < p <
oo and from L'(99,do) into L1 (99, do), a familiar argument shows that it is
sufficient to prove to prove the a.e. existence of the limit in (3.3.2) for f in a dense
subspace of LP(0Q,do), say f € Lip,(09) (here, Lemma 2.4.9 is used). In this
scenario, matters can be further reduced to proving that

(3.3.13) lim / Wf(Y)da(Y)

e<|X-Y|<R
Y o2

exists at almost every X € 0€2. Replace f(Y) by [f(Y)— f(X)]+ f(X). Note that,
by Lebesgue’s Dominated Convergence Theorem,

. 1 <Z/(Y)a Y - X>
i o[ S ) - FX0)de(Y)
a<\1)/(€75’5\2<ﬂ’.
(3:3.14) -5 [ e - rdey),

Yean, | X—Y|<R

since [y cp0 IX-Y|<R |X —Y['™"do(Y) < 400 as can be seen by decomposing the
domain of integration in dyadic annuli and using the Ahlfors regularity condition
on 0. Hence, it suffices to show that this limit (3.3.13) exists with f(Y") replaced
by f(X) or, equivalently, with f(Y") replaced by 1.

To proceed, we can use the harmonicity of the kernel and integrate by parts,

based on the Green formula discussed at the end of §2.2, thus obtaining, for almost
all € and R,
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/ <V(Y)7Y_X> dO'(Y)

X -yt

e<|X—-Y|<R

Y eon

<Z/(Y)7Y_X> / <V(Y)’Y_X>
= b 2 de(Y) + 2l 2 e (Y)
(3.3.15) / [ X =Y+t ) |X — Y|+t (
| X-Y|=R | X—Y|=¢
Y ERnH1\Q Y ERnH1\Q

= — [surface measure of 0B(X,¢)N QC} -R™™

+ {Surface measure of 0B(X,e)N QC} e ™

Thus, if we assume that X € 9*Q C 97, it follows from Proposition 3.1.3 that
the limit as ¢ — 07 of the last term above is w, /2, hence the limit in (3.3.13)
exists at each such point X, at least as ¢ — 0 on a set of density 1 at 0. However,
elementary estimates apply to the integral (3.3.13) over a shell 1 < | X — Y| < &9
with €2 — €1 << g1, giving convergence as asserted. This proves a.e. convergence
in (3.3.2). At this point, Proposition 3.2.1 and Proposition 3.2.2 also give (3.3.10)-
(3.3.11).

Turning our attention to jump-formulas, we first note that Proposition 3.3.1
ensures that it is meaningful to consider the limit in (3.3.12). Also, by (3.3.6)
and (3.3.8), the non-tangential maximal operator associated with the type of limit
implicit in (3.3.12) is bounded (on LP(9,do) if 1 < p < oo, and from L'(09,do)
into L1>°(9€2, do)). Since by (3.3.10)-(3.3.11) the operator in the right-hand side
of (3.3.12) is also bounded in the same context, much as before, it is sufficient to
prove (3.3.12) for f € Lip,(99). Assume that this is the case and write

. | w(Y),Y - Z)
Jm Df(Z) = lim lim wn / Wf(l/) do(Y)
Z—X Z—X IX—Y|>e
Y €eoQ
. . w(Y),Y — Z)
lim lim — L LY — f(X)]do(Y
—"—5—1{(1)14r Zelrrg() Wn / ‘Z _ Y‘n+1 [f( ) f( )] da( )
Z—X IX—y|<e
Y eon

. . 1 w(),Y - Z2)
FAX) | tim lim / TZoyp )
Z—=X IX—Y|<e
Y €02

(3.3.16) = L+ I+ Is.

For each fixed € > 0, Lebesgue’s Dominated Convergence Theorem applies to the
limit as I'(X) 5 Z — X in [; and yields
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1 / W(Y),Y — X)

(3.3.17) I = lim — X oy f(YV)do(Y) = Kf(X).

e—01t Wy
| X-Y|>e
Y eo

To handle I, we first observe that for every X, Y € 9Q and Z € I'(X),

X —Y]

IN

Z —Y|+|Z - X| < |Z-Y|+ (1+a)dist (Z,09)

(3.3.18) Z-Y|+(1+a)Z-Y|=@2+a)Z-Y]|

IN

Hence, since f is Lipschitz,

1

()Y - Z)
X vyt

3.1
(3.3.19) Z oY

\ F(Y) — F(X)] < Clo, f)

so that, once again using Lebesgue’s Dominated Convergence Theorem, we obtain
that

(3.3.20) I, =0.

As for I in (3.3.16), for each fixed ¢ > 0 and Z € I'(X), we use the harmonicity of
|Z — |71 in R*T1\ {Z} in order to change the contour of integration as follows:

L[y - 2) L[ ey og
3.21 — —————do(Y) = — ———————do(Y
gaay o [ S e = et
IX—Y|<e |X—Y|=¢
Y €oQ YeQe

for a.e € > 0. This step relies on Green’s formula from 2.2. Consequently,

. . 1 w),Y -2)
L | e
—

|1 X-Y|<e
Y €oQ

. H 1 <V(Y)7Y_X>
= Mmoo / Xy )

| X—Y|=¢
YeR?+H1\Q

(3.3.22) -

)

N[—=

by reasoning as in (3.3.15). Thus, the limit in the left-hand side of (3.3.16) exists
and matches (31 + K)f(X). This finishes the proof of the proposition. O

For 1 <14,k <n+ 1, consider now the operators

(3.3.23)

Riuf(X) = [ [n(M@E)X V)=V )GEX-Y)| 1) do(V). X e,
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where

1 1

— —, if n>2,
(33.24)  B(x)={ “n-n)IX]| X e R™\ {0},

1
%log|X|, if n=1,

is the fundamental solution for the Laplacian in R™*!. Also, for X € 09, set

(3.3.25)

Ruf(X) = lim [ [5()@OE)X -Y) - n(V)@E)X - )| 1Y) do(y),
|X‘:€}§i}>€

(3.3.26)

(B £X) =swp| [ [ (N@E) XY ) (V)@ E)X-Y)] (V) do ()]
e

Then, thanks to Proposition 3.2.1, under the assumptions of Proposition 3.3.2 we
have

(3.3.27) IN(Rjrf)ll e 90,40y < CllfllLea0,do), 1<p <00,
(3.3.28) IN(Rjx f)llro 002,40y < CllfllL1 (002,05

and

(3.3.29) [(Rjk)«fllLr00,d0) < CllflLra0,d0), 1 <p < o0,
(3.3.30) |(Rjr)«fll Lo 902,40y < CllfllLt(00,d0)-

We wish to complement these estimates with the following result.

Proposition 3.3.3. Let 2 be a UR domain. Then for each p € [1,00) and f €
LP(0Q, do), the limit in (3.3.25) exists at almost every X € 0 and

(3.3.31) Rjrf oo ikt

Proof. Essentially, the same argument as in the proof of Proposition 3.3.2 applies.
This time, we only need to observe that for any reasonable domain D C R"*! which
does not contain the point X,

| [0@E)X =) = )@ E)X =) da(v)

(3.3.32) - / [(ajakE)(X ~Y) — (0k0;E)(X — Y)] dy =0
D
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and

(3.3.33) (v (Y)0y, —ve(Y)0,,)E(X —Y)=0 for Y € 0B(X,¢),

since v;0, — v;0; is a tangential derivative and E(X — ) is constant on 0B(X,¢).
O

In order to proceed, introduce the (harmonic) single layer potential operator

(3.3.34) Sf(X):= [ B(X-Y)f(Y)do(Y), XeQ,
o0

and denote by K* the adjoint of the principal value double layer operator introduced
in (3.3.2)-(3.3.3). Also, for further reference, let us also introduce here the boundary
version of (3.3.34), i.e.,

(3.3.35) SfX):= [ EX-Y)f(Y)do(Y), X €.
oN

As a direct consequence of Proposition 3.2.1-Proposition 3.2.2, we have the esti-
mates

(3.3.36) IN(VSH)llzro0.d0) < Cllfllzra0,d0), 1 <p < o0,
(3.3.37) IN(VS )1 00,d0) < CllflIL1 (00,0

for some C > 0 depending only on p, a (entering the definition of N') as well as the
Ahlfors regularity and UR constants of 0f2.

Proposition 3.3.4. Let Q be a UR domain. Then for every f € LP(99,do),
1 <p<oo, and each j € {1,...,n+ 1}, the limit

e—0t
| X=Y|>e
Y eon

(3.3.38) lim / (0;E)(X - Y)f(Y)do(Y),

exists at almost every X € 0N). Furthermore,

(3.3.39)
lim 0,5f(2) = —4v;(X)f(X) + lim / (9,E)(X ~Y)[(Y)do(Y),
ZEeT(X) IX-V|>e

Y €0

at almost every X € 0N2.

Parenthetically, let us note that (3.3.39) implies
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(3.3.40) 8,Sf(X) = <V(X), lim VSf(Z)> = (-LI+ K")f(X),
Zen(X)

at almost every X € 0.

Proof of Proposition 3.3.4. With 9, := (v, V) denoting the normal derivative, the
idea is to write

(GE)X -Y) = —v(Y)o,|E(X -Y)]
(3.3.41) F0 () [ (V)@ E) (X = V) = v;(V)(@RE)(X ~Y)

so Proposition 3.3.3 and Proposition 3.3.2 can be used (with f replaced by —v; f
and vy f, respectively) in order to ensure that (3.3.38) exists a.e. on 9€2. Since the
decomposition (3.3.41) also entails

(3342) 8]Sf = —D(ij) + Rjk(ka),

we can once again invoke Proposition 3.3.3 and Proposition 3.3.2 in order to justify
(3.3.39). O

3.4. General odd, homogeneous layer potentials

Our goal in this section is to extend Proposition 3.3.4 to the setting of operators
T treated in Proposition 3.2.1. One tool used in this extension is Clifford analysis,
which we will review.

To begin, the Clifford algebra with n + 1 imaginary units is the minimal en-
largement of R"*! to a unitary real algebra (C/,,41,+,®), which is not generated
(as an algebra) by any proper subspace of R"*! and such that

(3.4.1) X®X=—|X* forany X € R*.
This identity readily implies that, if {e; ?211 is the standard orthonormal basis in
R™*1, then

(3.4.2) ej@ej=—1 and e;Oey,=—e,Oe; forany 1 <j#k<n+1.

In particular, we identify the canonical basis {e;}; from R"*! with the n + 1
imaginary units generating (¢, 11, so that we have the embedding

n+1
(343) R ! — C€n+1, R >X = (xl, ...,l‘n+1) = Zl‘j@j S an+1.
j=1

Also, any element u € ({1 can be uniquely represented in the form
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n+1
/
(3.4.4) u = E g urer, ur€R.
1=0 |1]=1

Here e stands for the product e;; @ e;, ©® -+ © ey, if T = (i1,42,...,4) and ey :=
eg := 1 is the multiplicative unit. Also, 3" indicates that the sum is performed only
over strictly increasing multi-indices, i.e. I = (i1,142,...,4;) with 1 <7 <ig < -+ <

1/2
i1 <n+1. We endow /1 with the natural Euclidean metric |u| := [ZI |u1\2} ,
if u="73",urer € Clp41. Next, recall the Dirac operator

n+1

(3.4.5) D:=Y"¢;0;.
j=1

In the sequel, we shall use Dy and Dy to denote the action of D on a C! function
u: Q — Clyy1 (where Q is an open subset of R"*1) from the left and from the
right, respectively. For a sufficiently nice domain 2 with outward unit normal
v = (v1,...,vnt1) (identified with the C/,,41-valued function v = Z?;l vje;) and
surface measure o, and for any two reasonable (/,, 1-valued functions u, v in €, the
following integration by parts formula holds:

(3.4.6)
/ w(X) ® ¥(X) © o(X) do(X) = / [(Dru)(X) © o(X) +u(X) © (Dro)(X)] dX.
o0 Q

More detailed accounts of these and related matters can be found in [7] and [88].
Another simple but useful observation in this context is that, for any 1 < p < oo,

(34.7) ve: LP(0Q,do) @ Clyy1 — LP(08),do) @ Clptq  is an isomorphism.

Indeed, by (3.4.1), its inverse is —v©®.

Let [-]; denote the projection onto the j-th Euclidean coordinate, i.e., [X]; := z;
if X = (21,...,xp41) € R"T1. The following lemma of S. Semmes (cf. [100]) will
play an important role for us.

Lemma 3.4.1. For any odd, harmonic, homogeneous polynomial P(X), X € R**!,
of degree | > 3, there exist a family P;;(X), 1 < 4,5 < n+1, of harmonic, ho-
mogeneous polynomials of degree | — 2, as well as family of odd, C*° functions
kij : RPN\ {0} = R™™ — 11, 1 <4, < n+ 1, which are homogeneous of
degree —n, satisfying the following properties:

P(X n+1
(3.4.8) VX e R\ {0} = |X(|n+)l =Cni Y [ki(X)]; and
i,j=1

0 ( Py(X)

(3.4.9) (Drkij)(X) = Ers (|X—|n+12> ;o 1<ij<n+1,
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for some constant C,,; depending only on n and (.
As a consequence of (3.4.9) and (8.4.6), if we set

(3.4.10) EY(X):= Py(X)/|X|"T2 for X e R"TI\{0}, 1<i,j<n+1,

then for any finite perimeter domain @ C R™ 1 such that H"(0Q \ 8.9Q) = 0, with
surface measure o, outward unit normal v = (Vg)1<k<n+1, and such that 0 ¢ Q, we
have

(3.4.11) ki (X)ov(X)do(X)= [ K (X)v(X)do(X), 1<i,j<n+1.
o0 o0

To state one of our main results in this section, we let “hat” denote the Fourier
transform in R™t1.

Theorem 3.4.2. Let Q be a UR domain, and let P(X) be an odd, harmonic,
homogeneous polynomial of degree I > 1 in R"*1. Also, set k(X) := P(X)/|X|**!
for X € R"1\ {0} and recall the operators T and T. associated with this kernel as

Then, for each p € [1,00), f € LP(0R,do), the limit

(3.4.12) TF(X):= lim T.f(X)

e—0+

exists for a.e. X € 0Q2. Also, the induced operators

(3.4.13) T:LP(0,do) — LP(0Q,do), pe€ (1,00),
(3.4.14) T : LY09Q,do) — LY*°(09,do),

are bounded. Finally, the jump-formula

(3.4.15) lim  Tf(Z) = 5=k(v(X))f(X) + Tf(X)
Zel(X)

is valid at a.e. X € 0, whenever f € LP(0Q,do), 1 < p < 0.

Proof. We shall first prove (3.4.12) by induction on I. When I = 1, the existence
of the limit in (3.4.12) is a consequence of Proposition 3.3.4, so we assume [ > 3
and that this limit exists a.e. on 0f2 for any kernel associated with a polynomial of
degree [ — 2 as in the statement of the theorem.

Now, granted the identity (3.4.8), it suffices to treat the case when the operator
(3.3.2) is associated with a kernel k;; of the type specified in Lemma 3.4.1. Given
that, in this scenario, (3.2.5) holds, there is no loss of generality in assuming that

fevo [Lipo(aﬁ) ® C&H_l} (here (3.4.7) is used). Assuming that this is the case,
it is then easy to show that the limit (3.4.12) exists if and only if
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(3.4.16) lim / k(X -Y)ovlY)do(Y)
e—0t
Y ecan
e<|X-Y|<1
exists for a.e. X € 0. To this end, assume that X € 9*Q C 97, and for each
g€ (0,1) set
(3.4.17) D.(X) := [B(X, 1)\ B(X, s)} noe.

We may then compute

lim / kij(X = Y) 0 v(Y)do(Y)

e—0t
Y ean
e<|X-Y|<1
= lim / kij(X —Y) @ u(Y)do(Y)
e—0t
0D (X)

— lim / kij(X =Y)ovY)do(Y)

e—0+
OB(X,e)NQe

dB(X,1)NQe

By (3.4.11) written for the domain D, (X), the first limit in the right-hand side of
(3.4.18) can be expressed as

I = lim / E9(X = Y)(Y)do(Y)
e—0t
dD.(X)

= lim / E9(X —Y)v(Y)do(Y)

e—0t

Yeo
e<|X-Y <1

+ lim / (X - YY) (Y)do(Y)
e—0t
OB(X,e)NQe

+ / E9(X - YY) (Y)do(Y)
dB(X,1)NQe

(3.4.19) =: I+ L+ hLs.
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In turn, the existence of the limit I;; (for a.e. X € 9Q) is a consequence of the
fact that kY(X) = P;;(X)/|X|"*~2 with P;;(X) odd, homogeneous, harmonic
polynomial of degree I — 2 in R”*! and the induction hypothesis. Going further,
we have

Io = lim E9(X =Y (Y)do(Y)
e—=0% Jo-B(X,e)
(3.4.20)
+ lim E9(X =Yy (Y)do(Y).

e—=0t W(X,e)

Now, making use of the fact that the kernel k% is homogeneous of degree —n, the
first limit above is fa—B(X,l) k(X —Y)v;(Y) do(Y) whereas, by Proposition 3.1.3,
the second limit in (3.4.20) is zero, at least as € — 0 on a set of density 1 at 0. This
finishes the treatment of I;. The limit I5 in (3.4.18) is then handled in a similar
manner to I15. Altogether, this justifies the existence of the limit in (3.4.16) for
a.e. X € 09, hence finishing the proof of the fact that the limit in (3.4.12) exists
for a.e. X € 0. (Passing from the limit on a set thick at € = 0 to the general
limit stated in (3.4.12) is elementary.)

The fact that the operators (3.4.13)-(3.4.14) are bounded follows from what we
have proved up to this point and Proposition 3.2.1-Proposition 3.2.2.

As regards (3.4.15), we shall once again proceed by induction on I. The case
I = 1 has been already dealt with in Proposition 3.3.4, so we may assume that [ > 3
and that the corresponding statement is true for any kernel k(X) associated with
a polynomial of degree [ — 2 as in the statement of the theorem. Now, for a given
k(X) as in Lemma 3.4.1 we recall the kernels k;; introduced there and set

(3.4.21) Tif(X) = | k(X —Y)f(Y)do(Y), X eQ.
o0

In particular, the identity (3.4.8) gives

n+1
(3.4.22) Tf=Cni Y [Tiifl;,  Vf€LP(0Qdo),
i,j=1

and, hence, it suffices to show that

(3.4.23)
i T (2) = gk OO0 + lim [ (X - ¥)S) do(y)
Zel'(X) Y coQ
| X-Y|>e

at almost every X € 9Q.

Much as before, it suffices to prove this identity in the case when f =v ® g for
some g € Lip,(0) ® Cl,,+1. We shall also assume that X € 90*Q C 9rQ. In this
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scenario, by paralleling the treatment of the harmonic double layer in (3.3.16), we
decompose

lim T;;(v©g)(Z) =

Zer(x)
Z—

lim lim / kiij(Z-Y)ovY)ogY)do(Y)

e—0t ZeF(X>
|X Y\>5

Y eoQ
1
li lim — ki;(Z =Y Y Y)—g(X)]do(Y
paay  TAmoim o [ o) © ) —g00]dey)
Z—=X IX—Y|<e
Y eon

+| tim lim / kiy(Z —Y) 0 v(Y)do(Y) | © g(X)
e—0t zer(x)
Z—=X |x_yv|<e
Y o2

= Il —|— IQ —|— I3.
As in the case of (3.3.16), we then have
(3.4.25) I, = lim / kij(X —Y)f(Y)do(Y) and I, = 0.
e—0t

Y €09
| X—-Y|>e

There remains to treat I3 and we begin by rewriting the integral there as

/ kiij(Z-Y)ovY)do(Y) = / ki;(Z-Y)ov(Y)do(Y)
|X—Y|<e I(B(X,e)NQ2e)
Y eoQ
(3.4.26) - / kij(Z —Y) @ u(Y)do(Y).
OB(X,e)NQe

As before, based on Proposition 3.1.3 and the homogeneity of the kernel we may
then write

(3.4.27)
lim lim / kij(Z-Y)ov(Y)do(Y) = / kij( X=Y)ov(Y)do(Y).

e—0t zer(x)
Z=X pB(X,e)NQe o- B(X,1)

Now, for the first integral in the right-hand side of (3.4.26) we apply the identity
(3.4.11) (for the domain B(X,e) N Q°) and obtain
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(3.4.28)
kij(Z-Y)ovY)do(Y) = / E9NZ = Y)v(Y)do(Y).

A(B(X,)NQe) A(B(X,e)NQe)

In summary, the above argument gives

lim 7;,;(r©g)(2) =

Zer(X)
Z—X
lim / k(X -Y)ovY)ogl)do(Y)
e—0t
Y €oQ
| X-Y|>e

3.4.29
( ) I / Eij(X =Y)ovY)do(Y) | ®g(X)

9—-B(X,1)

+ | lim lim / E9Z =Y ) (Y)do(Y) | ©g(X).
e—0t zer(x)
Z=X 9(B(X,e)NQe)

Next, we introduce
(3.4.30) TIf(X) = / E9I(X -Y)f(Y)do(Y), Xe€Q,
o0

and note two things about this family of operators. On the one hand, given the

nature of the kernels k%, the induction hypothesis allows us to write that, for every
g € LP(0Q,do),

lim T*(g)(2) = 55k (0(X))n(X)g(X)
ZeT(X)
(3.4.31) +El_i>%1+ / E9(X —Y)v(Y)g(Y)do(Y)
\Xy—e)és\;s

at almost every X € 9Q.
On the other hand, by proceeding analogously as in (3.4.24), we also get
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lim  77%(1;9)(Z2) =
Z—X
ZeT'(X)

lim / E9(X =Y (Y)g(Y)do(Y)

e—0t
Y eon
| X =Y |>e
(3.4.32) N

+ / E9(X = Y)v(Y)do(Y) | 9¢(X)
9~ B(X,1)

4+ | lim lim / kK9 (Z — Y)v,(Y)do(Y) | g(X),
e—0t zer(x)

Z=X 9(B(X,e)NQe)

a.e. on J9, for every g € LP(9Q,do). By comparing (3.4.31) with (3.4.32) we
eventually arrive at the conclusion that

lim lim E9NZ = Y)v(Y)do(Y)
e—0t ZZEL(;?
d(B(X,e)NQe
(3.4.33) | SowtRan
= ﬁkij(l/(X))l/i(X) - / E9(X - YY) (Y)do(Y).

0~ B(X,1)

(Note that, strictly speaking, it is this identity that justifies the existence of the
last double limit in (3.4.29).) Thus, from this and (3.4.29), we may finally deduce
that
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lim Ti;(v © g)(Z)
ZEeT(X)
Z—X

= lim / k(X -Y)ovY)oglY)ds(Y)
e—0t
|X{E;ﬁ>6

O~ B(X,1)
+ 5 B (X)) (X) © g(X)
_ (X —Y)(Y)do(Y) | g(X)
(3.4.34) - Bx.1)
_ 2\/1_71ki1(y(X))yz(X)1/(X)®(VQQ)(X)

9~ B(X,1)

+ / EI(X = Y)w(Y)do(Y) | v(X) ® (v o g)(X)
9~ B(X,1)
+ lim / kij(X —Y)© (v @ g)(Y)do(Y).

e—0t

Y €09
| X-Y|>e

In short, for every f € LP(09,do), 1 < p < oo, we have that at a.e. X € 9Q

(3.4.35)  lim 75, f(Z) = iy (X)f(X)+ lim / ki (X = Y)f(Y)do(Y),

ZET(X) e—0t
Z—X

Y €0Q
| X-Y|>e

where the coefficient a;;(X) is implicitly defined by (3.4.34). Hence, in order to
fully justify (3.4.31), it remains to show that

(3.4.36) aij(X) = 5=k (X).
By carrying out a similar analysis but for the domain Q¢ in place of Q (and
keeping in mind that the outward unit normal for ¢ is —v), we obtain that for

every f € LP(09Q,do), 1 < p < oo, and for a.e. X € 09,
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(3437) lm Tyf(2) = au(0f(0 + lm [ k(X = Y)F¥)da(Y)
Z—X Y €oQ
| X =Y |>e

where I'_(X) stands for the nontangential approach region with vertex at X €
0(£2°) corresponding to the domain Q° (cf. (2.1.5)), and we have retained the
same definition for 7;; f(X) as in (3.4.30) when X € Q°. In particular, for every
ferLroQ,do),1 <p< oo,

(3.4.38)  lim T,f(Z)— lim Ty f(Z) =204 (X)f(X) at ae. X €00
Zel(X) Zell _(X)
Z—X 75X

Another characteristic of a;;(X), visible from (3.4.34), is that this quantity depends
only on the tangent plane to 2 at X and not on €2 itself. Consequently, in order to
compute the actual value of a;;(X) using (3.4.38), it suffices to replace {2 by any
other (reasonable) domain having the same tangent plane at X, such as a suitably
rotated and translated half-space. In this latter scenario, for every f € LP(99,do),
1 < p < o0, the jump-formula

(3.4.39)
. . 1 -
ZZLE%? Ti; f(Z) — Zezlrlr_n;()ﬂjf(Z) = ﬁkij(V(X))f(X) at a.e. X €00

is well-known (see, e.g, the discussion in [91]). All in all, from (3.4.39) and (3.4.38)
we may conclude that (3.4.36) holds. This justifies (3.4.31) and finishes the proof
of the theorem. O

From Theorem 3.4.2 to the general case described by (3.2.1)—(3.2.2) is but a
short step. We take care of this in the more general variable coefficient context in
the next section.

3.5. The variable coefficient case
Our goal in this section is to prove a variable coefficient version of Theorem 3.4.2.

Theorem 3.5.1. If Q C R"™! is a UR domain, there exists a positive integer
N = N(n) such that if the kernel k is as in (3.2.1) then the limit in (3.4.12) exists
and the jump-formula (3.4.15) holds a.e. on 9 for each LP(0§,do), 1 < p < oo.

Actually, a more general result is true. Namely, there exists a positive integer
M = M (n) with the property that if the function b(X, Z) is odd and homogeneous of
degree —n in the variable Z € R", and if D3b(X, Z) is continuous and bounded
on R" 1 x 8™ for |a| < M, then the limit
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(3.5.1) Bf(X):= hr(r)l+ B.f(X), where
(3.5.2) B.f(X) := / (X, X —Y)f(Y)do(Y), X €09,
|XY7€)€|Q>5

exists for every f € LP(0,do), 1 < p < o0, and almost every X € 09, and the
operator B is bounded on LP(0,do) for every p € (1,00), and from L'(99,do)
into LY°°(09Q, do). In fact, if

(3.5.3) B.f(X) :=sup|B.f(X)|, X €09,
e>0

then, for every p € (1,00),

(3.54) || BufllLro0,a0) < C(p, ) ‘ Slli% [DZ6(X, Z)|| Lo mrt1x 5m) 1 f | o (092,d0) -
al>

Also, corresponding to p = 1, (3.5.4) holds if the weak-L* norm is used in the
left-hand side.

Furthermore, if

(3.5.5) Bf(X):= [ bX,X-Y)f(Y)do(Y), XeQ
o

then for every f € LP(0Q,do), 1 < p < o0, at almost every X € 09, there holds

(3.5.6) lim  Bf(Z) = 5= b(X,v(X))f(X) + Bf(X),
ZeT(X)

where, above, “hat” stands for the Fourier transform in the second variable, and

(3.5.7)
IN(Bf)llLro0,d0) < C(p, Q) | S\lgz)vz [ DZ6(X, Z) || Lo mr+1scsm) | || 2 (992,dor) -
Finally, for nL_H <p<l1,

(3.5.8)
[N (B e (90,d0) < C(p, Q) ‘ Sfi% [DZ0(X, Z)|| Lo mrt1xsm) L | 2, (002,dor) -

Proof. Of course, it suffices to treat the second part of the theorem, in which case
we argue as in [91]. For each X € R"™!  we expand
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(3.5.9) (X, 2) =Y an(X) <|Z|)|Z| n

LeN

where {U, : ¢ € N} is an orthonormal basis of L?(S™) consisting of spherical
harmonics. Furthermore, we arrange that each ¥, is real, and either even or odd.
Consequently, since

(3.5.10) a(X) = /b(X,w)\Ilg(w) dw,

Sn

it follows that a; = 0 whenever U, is even. Also, from (3.5.10), integrations by
parts, and our assumptions on b(X, Z), it follows that the sequence of coefficients
{as}y is rapidly decreasing in ¢, i.e.

(3.5.11) VjeN 3C; >0 suchthat |agl|p~ <C;¢77, VLEN.

If for each ¢ € N for which a, is not identically zero we now set

k() = (35 IX]77 X € R {0},

(3.5.12) By f(X / k(X —=Y)f(Y)do(Y), X €09,
Y €0
| X-Y|>e
By f(X) = sup ‘ k(X — Y)f(Y)do(Y)], X €0,
e>0 o0

then for each p € (1, 00) Proposition 3.2.1 gives

(3.5.13) ||B€,*f||Lp(aQ,do) < C(n,p, f)||f||Lv(aQ,da)7 where
- the constant C(n,p,¢) has polynomial growth in £.

Next, for each p € N, write

(35.14)  Bf(X) = au(X)Bref(X)+ > an(X)By.f(X)

<p L>p

and observe that for each j € N there exists C; > 0 such that

< Z||a£||L°°||B£,*f||Lp(aQ,da)
L2

Sup‘Zang ef

e>0

L (0Q,do)

(3.5.15)

IN

Cju £l 002,d0)-
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On the other hand, Theorem 3.4.2 gives that, for each fixed u, the first sum in
(3.5.14) converges at almost every X € 9. Thus, if we consider the disagreement
function

Dy(X) := limsupB.f(X)— lim(i)nfBEf(X)
e—0t e—0*
(3.5.16) - limsup(z ag(X)B&Ef(X)) - liminf(z ag(X)BEf(X)),
e—0+ t>p e—0t =y

where the second equality holds for every 1 € N and almost every X € 912, Chebysh-
eff’s inequality inequality gives that for every j € N, A > 0 and f € LP(95, do)

(3.5.17) a({X €00 Dy(X) > A}) < Ci NN 1 g0

Passing to limit ;4 — oo then shows that D;(X) = 0 for o-a.e. X € 9Q and
this concludes the proof of the fact that the limit in (3.5.1) exists at almost every
boundary point.

All the other remaining claims in the statement of the theorem can be proved
in a similar fashion, using Theorem 3.4.2 and an expansion in spherical harmonics
as above. This finishes the proof of Theorem 3.5.1. (]

It will also be useful to treat the following variant of (3.5.5):

(3.5.18) Bf(X) := /b(KX —Y)f(Y)do(Y), X eQ.
a0
The same sort of analysis works, with X replaced by Y in the spherical harmonic

expansion (3.5.9). We have the following.

Theorem 3.5.2. In the setting of Theorem 3.5.1, with B given by (3.5.18), we
have

(3.5.19) |NBf]|Lr(00.40) < C(p, Q) ‘ SIIEM I DZb(Y, Z) || oo (rrt1x 57y | f Il e (992, d0r)

if 1 < p < oo, plus a similar estimate (involving replaced by weak-LY*° in the
left-hand side) when p = 1.

On the other hand, if ;25 <p <1,7> n(p~! — 1) and, for each |a| < M, the
function D3b(Y, Z) is in C"(R"*1) in the variable Y, uniformly for |Z| = 1, then
for any compact ¥, C 09,

(3.520)  [NBfllLo(s,.do) < C(p:Q) sup  sup [|DZ(Y, Z)lcr s, lIfllne, s,):
lal<M |Z|=1

for [ supported on %,.
Finally, given p € [1,00) and f € LP(9R,do), then for almost all X € 09,
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_ 1
.5.21 li )= ——
(3:5.21) 7o X.Zer(X) B1(2) 2v/-1

where B is as in (3.5.1) and the superscript t indicates transposition.

b(X,v(X))f(X) — B f(X),

In turn, Theorem 3.5.1 and Theorem 3.5.2 apply to the Schwartz kernels of cer-
tain pseudodifferential operators. Recall that a pseudodifferential operator Q(X, D)
with symbol ¢(X, ) in Hérmander’s class ST is given by the oscillatory integral

Q(X,D)u = (277)*(71+1)/2/q(X7£),&(§)ei<X,§> de

(3.5.22) = (2m)~ (D) / / q(X,6)elX =Yy (V) dY de.
We are concerned with a smaller class of symbols, S}, defined by requiring that
(the matrix-valued) function ¢(X, ) has an asymptotic expansion of the form

with ¢; smooth in X and ¢ and homogeneous of degree j in £ (for |£] > 1). Call
gm (X, ), i.e. the leading term in (3.5.23), the principal symbol of ¢(X, D). In fact,
we shall find it convenient to work with classes of symbols which only exhibit a
limited amount of regularity in the spatial variable (while still C*° in the Fourier
variable). Specifically, for each r > 0 we define

(3.5.24) C7S7 = {a(X,€) : [Dga(-O)ller < Ca(l+ €)™, Va}.

The class of pseudodifferential operators associated with such symbols will be
denoted OPC"ST},. As before, we write OPC"S} for the subclass of classical
pseudodifferential operators in OPC"STY, whose symbols can be expanded as in
(3.5.23), where ¢;(X,&) € CTST(;j is homogeneous of degree j in £ for |¢| > 1,
j=m,m—1,.... Finally, we set OPC"S]} for the space of all formal adjoints of
operators in OPC" S}

Given a classical pseudodifferential operator Q(z, D) € OPC"S ! we denote
by kq(X,Y) and Symg (X, §) its Schwartz kernel and its principal symbol, respec-
tively. Next, if 2 C R"*! is a domain with outward unit normal v and boundary
surface measure o, we can introduce integral operators of layer potential type by

formally writing

Kof(X) = P.V. ka(X,Y)f(Y)da(Y)
(3.5.25) = lim ko(X,Y)f(Y)do(Y), X €0,

YEa: | X—Y|>e



100 3. Singular integrals on UR domains

and

(3.5.26) Kof(X) = " ko(X,Y)f(Y)do(Y), X eQ.

In this context, Theorem 3.5.1 and Theorem 3.5.2 yield the following result.

Theorem 3.5.3. Let Q C R""! be a bounded UR domain. Also let Q(z,D) €
OPCS;" be such that Symg (X, €) is odd in & and recall the operators (3.5.25)-
(3.5.26).

Then, for each f € LP(0Q,do), with 1 < p < oo, Kgf(X) makes sense at
almost every boundary point X € 002 and

(3.5.27) Kg : LP(09),do) — LP(09,do), 1<p < oo,
(3.5.28) Kg : LY09Q,do) — LY (0%, do),

are bounded operators. Furthermore,

(3.5.29)
HN(’CQf)”LP(aQ,do‘) < C(Q7Qap)||f||LP(aﬂ,da)7 Vf € Lp(aﬂudo)v 1< p < o0,

plus a similar estimate involving weak-L' in the left-hand side when p = 1.
On the other hand, forn/(n+1) <p <1,

(3.5.30) N (K@ H)llrro0.do) < CllfInr,(00,d0)s Vf € hg, (09, do).

Moreover, if f € LP(08),do) with 1 < p < oo, then Kqf has a nontangential
boundary trace at almost every boundary point. More specifically,

1
(3.5.31) Kof o 20T Symg (-, v)f + Kqf a.e on 09.

Finally, similar results are valid for a pseudodifferential operator Q(X, D) € @PCOSal.
In this setting, for the analogue of (8.5.30) we require that Q@ € OQPC" S, where
r>n(p~t—1) and 5 <p<1.

In fact, since the main claims in Theorem 3.5.3 are local in nature and given
the invariance of the class of domains and pseudodifferential operators (along with
their Schwartz kernels and principal symbols) under smooth diffeomorphisms, these
results can be naturally extended to the setting of domains on manifolds and pseu-
dodifferential operators acting between vector bundles. We shall further elaborate
on this aspect in Chapter 5, where one of the aims is to treat operators with even
rougher kernels.
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3.6. Singular integrals on Sobolev spaces

Let Q C R"*! be an open set, of locally finite perimeter, whose boundary is Ahlfors
regular and satisfies (2.3.1). As in the past, set o := H"|IQ and denote by v =
(V1 ..oy Unt1) the measure theoretic outward unit normal to 9Q. Next, consider
the first-order tangential derivative operators, acting on a compactly supported
function ¢, of class C! in a neighborhood of 952, by

(3.6.1)  0r, 0 :=vj(Orp)|  —vi(0;0)

, 5 k=1,....n+ 1.
o o

We now make the following definition of LP-Sobolev spaces. Given two indices

1 1
(3.6.2) 1<p,p < oo, -+ = =1,
p D
set
LY (09, do) = {f € LP(99Q,do) : F¢ > 0 such that if ¢ € CF(R™H)

n+1

(369 then 3" | [ 700001 do| < lilnoman -
jk=1 o0

In order to get a better understanding of the nature of this space, fix f € L} (99, do),
take j,k € {1,...,n+ 1}, and consider the functional Az, defined as follows.

(36.4)  Ajr:{ploa: o€ CoR™N} — R, Aji(ploa) = /aa [(0r,,.0) do.

We claim that A is unambiguously defined. To justify this claim, assume that
¢ € CH(R™1) and ¢|sq = 0. Use a mollification argument to produce a sequence
Yo € CP(R™1)) o € N, with the property that 87, converges to 97¢ as a — 0o,
uniformly on compact subsets of R"*1, for each multi-index ~ of length < 1. Then,
for each fixed @ € N and each ¢ € C§°(R"*!), based on definitions and repeated
integrations by parts we may write

/asz Y(0r;pa) do /asz w(l’j(ak‘ﬁa)’an - V’f(aj@a”aﬂ) do

/Q{aj (YOkpa) — 816(1/}83'90@)} dx

[ {orvonsa — viygat s

[ {0r(0,000) = 5(@ut) o

(3.6.5) - /8 (1 @0)lan = 2500 on) (Pal) o
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Passing to the limit yields, upon recalling that ¢ = 0 on 09,

(3.6.6) Y(0r,, ) do = 0.
o0

To continue, we remark that thanks to Lemma 2.4.9, the fact that each Lipschitz
function initially defined on a subset of R"*! extends to the entire space (with
control of the Lipschitz constant) and a standard mollification argument, we have

(36.7)  {¢loa ¢ € C°(R")} — LP(09,do) densely, for each p € (1,00).

Granted this, (3.6.6) forces 0,,, ¢ = 0 on 952, which concludes the proof that Aj
is meaningly defined. Having established this, a reference to (3.6.3) allows us to
conclude that Aj extends to a functional in (L¥' (89, do))* = LP(9Q, do). Riesz’s
representation theorem then ensures that there exists gj, € LP(0R,do) with the
property that

(3.6.8) Aji(plon) = /

girpdo, Y€ C&(R”H).
o0

In order to indicate the dependence of g;, on f, from now on we shall denote this
function by 9, , f. A calculation very similar in spirit to (3.6.5) then shows that this
is compatible with (3.6.1). In summary, we have shown that, given f € LY (99, do),
for each j, k, there exists a unique function 0, f € LP(9€, do) with the property
that

(369) [ fOndo= [ @ feds Ve R,
a0 ! o0

In particular, 0, f = =0y, f. If for f € LP(0Q,do) we now define 0., f as
a functional on C§ (R by taking (3.6.9) as a definition, the reasoning above
also shows that

oo

(3.6.10)
L2(9Q, do) = {f € LP(00,do) : Oy, f € LP(00,do), jk=1,...,n+ 1}.

When equipped with the natural norm, i.e.,

n+1

(3.6.11) ”f”L’l’(BQ,do) = || fllr00,d0) + Z 107, fll v (92,0 »
J,k=1

the space LY(09Q,do) is Banach for each 1 < p < oco. Henceforth we assume
that 9 is compact. Then LY (0$,do) is, for each p € (1,00), a module over
{plaa : ¢ € C{(R™™1)}. Moreover, the following Leibnitz rule holds (for each
p€ (1,00) and j, k € {1,....,n+ 1}):
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(3612) aTjk (<)0f) = (aTgk(p)f + so(aTjkf)ﬂ V(,O € C&(RnJrl)a Vf € L?(aQ,dU)

Let us also point out here that, since {p|sq : ¢ € CL(R"*1)} is a dense subspace
of LP (99, do) for every p € (1,00), we have

(3.6.13) LY (09,do) < LP(9,do)  densely, for every p € (1,00).

For each 1 < p < o0, let us now set

' * 1 1
(3.6.14) L2, (09,do) = (LF (00,d0)) , — 4+ =1,
and note that the application

(3.6.15)

1+n(n+1)/2
J: L2(9Q, do) —> [LP(E)Q, do)}

, Jf= (f, (aTjkf)lgj,k§n+1)7

has the property that Range J is closed, and J an isomorphism onto its range. This
shows that L7 (99, do) is a reflexive space, whenever 1 < p < oco. In particular,
from (3.6.13), we obtain

(3.6.16) LP(09Q,do) — LP (09,do)  densely, for every p € (1,00).

Lemma 3.6.1. Let Q C R"™ be a UR domain. Also, assume that u € C1(Q) is
such that N'(Vu), N(u) € LP(9Q,do) for some p € (1,00), and u along with d;u,
1 < j <n+1, have nontangential limits at o-almost every boundary point on OS).
Then

(3.6.17) ul, € LY(09Q,do) and O, (ulsq) = Vj(aku)’ag_yk(aju)’ag'

In particular,

n+1

(3.6.18) Z ||3Tjk(u|8Q)HLP(6Q,do') < C”N(VU)HLP(QQ,da)-
j,k=1

Proof. For two arbitrary indices j,k € {1,..,n + 1} and ¢ € C}(R"*!) we may
write based on Proposition 3.2.5 and Theorem 2.3.1 (or Corollary 3.2.8, if Q is
unbounded) applied twice
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/ u(0r,,p)do = / w(vp0jp — viOkyp) do
o9 a0
- / (akuajcpfajuaw) dX
Q

(3.6.19)

/{m (Vj(akU)|BQ - Vk(ajuﬂan)apda.

Since ¢ is arbitrary, (3.6.19) shows that ul|gpq € LY(0Q,do) and v, (9su)|oa —
vs(0ru)|oq = Oy, u, proving (3.6.17). Then (3.6.18) is a consequence of the second
formula in (3.6.17). O

Consider now a second-order differential operator (here and below we use the
summation convention):

(3.6.20) Lu = (ar(a?fasw))a

with constant (real) coefficients, which is strongly elliptic in the sense that there
exists k > 0 such that the following Legendre-Hadamard condition is satisfied:

(3.6.21)  a2P&.&CaCs > KIEPICR,  YE=(&)r Y= (Ca)a

Also, denote by E € C°°(R"*!\ {0}) a (matrix-valued) fundamental solution for
LT, the adjoint of L, which is even and homogeneous of degree —(n —1), and define
the single layer and its boundary version by setting

(3.6.22) Sf(X) = / E(X -Y)f(Y)do(Y), X e R\ 09,
oQ

(3.6.23) Sf(X):= | EB(X-Y)fY)do(Y), X €.
o0

Also, it E = (Esy)g, and f = (fa)a are defined on 052, introduce the associated
double layer and its principal value version by setting

(3.6.24)
DAY = (= [ nNa @) (X =V falV)do(¥)) . X R\ 00
(3.6.25)
Ki0 = (- tm [ n()e @)X - VL) do(Y)) . X eon
|XY—E§§|Q>6

Finally, if O C R**! is an open set, we define
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(3.6.26) 0y =Q, Q_=R"\ Q.
In particular, whenever 1 < p < o0,

(3.6.27) Sf|, =Sf  VfelP(09.do).

+

Proposition 3.6.2. Let Q C R™*! be a UR domain, and take p € (1,00). Then
for each f € LY (09Q,do) the nontangential trace 0;D f 0 erists o-a.e. on 0S), for
each j € {1,....,n+ 1}, and

(3.6.28) IN(VD)lLr00.d0) < ClIf |22 (002,d0)

for some finite constant C' > 0 depending only on p, «, as well as the Ahlfors
reqularity and UR constants of 0f).

Proof. Assume first that €2 is bounded. Then for each index +, point X € Q and
j€{l,....,n+ 1}, we have

0,(P1) (X) = = [ Va0, =) fulV) do(V)

Y

= — /aﬂ affams(Y)[(arEw)(X — V)] fa(Y)do(Y)

(3.6.29)

/6 2O )(X = V)0, L) (V) do(Y),

where in the second equality we have used the fact that a?®v;(Y) (950, E-5)(X —
Y) =0 for X #Y, and we have integrated by parts on the boundary. Then the
desired conclusions follow easily from this.

When 0f2 is unbounded, more attention should be paid to the third step in
(3.6.29), since (3.6.4) no longer directly applies, as p(Y) := (0, E,g)(X —Y) fails
to have compact support. This issue, nonetheless, can be addressed in a straight-
forward manner, inserting a cut-off factor (Y /R), where ¢ € C§°(R"*!) satisfies
Y =1on B(0,1). Similarly to (3.6.12), we express ¥(Y/R)0,,, (v)[(0rE,5)(X —Y)]
as

(8.6.30)  Ory, o [W(Y/R)(D, Eyp) (X — V)] = (0, B,5)(X — Y)or, o) [0(Y/R)],

J

then send R — oo, and note that residual terms above to converge to zero on
account of |[V[¢(Y/R)]| < C/R. Since (Y/R) — 1 as R — oo, by relying on
Lebesgue’s Dominated Convergence Theorem, this ultimately shows that

3630 0,(Pr) ()= [l OB0)(X ~Y)0r f)(¥) do(V),
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irrespective of whether 0f2 is bounded or not. O

Recall next the (principal value) double layer potential operator K introduced
in (3.6.25), as well as the (boundary version) single layer S from (3.6.23). We have:

Corollary 3.6.3. If Q C R""! is ¢ UR domain, then

(3.6.32) K : L} (09,do) — LY (09, do)

is a well-defined, bounded operator for every p € (1,00). In addition, if OQ is
compact, then so is

(3.6.33) S LP(09Q, do) — LY (09, do).

Proof. From Theorem 3.5.2 we have that

(3.6.34) Df o (31+K)f, V f € LP(0Q,do).

Thus, the fact that the double layer potential operator (3.6.32) is well-defined and
bounded follows from this and Lemma 3.6.1. The same lemma and Theorem 3.5.2
also prove that the operator (3.6.33) is bounded when 952 is compact. O

Proposition 3.6.4. Let Q C R"! be a bounded UR domain. Then for each
1 < p < oo, the single layer S, originally defined as in (3.6.33), extends to a
bounded operator

(3.6.35) S LP [ (09Q,do) — LP(0R,do).

Also, there exists a finite constant C = C(Q,p) > 0 such that

(3.6.36) IN(Sf)llzrd9.d0) < ClfIILr | (592,d0)s VfeL? (09, do).

Finally, for each f € L? (09,do) the nontangential pointwise trace S f 0 exists

at o-a.e. point on 0X), and in fact

(3.6.37) Sf|, =SF  VfeL,(09,do).

Proof. From (3.6.33) and duality (cf. (3.6.14)), we see that

(3.6.38) S* LY (09, do) — LP(09, do)

is well-defined and bounded for every p € (1,00). To justify dropping the star,
we need to show that the action of this operator is compatible with that of §
from (3.6.33). However, this is a consequence of (3.6.16), along with the simple
observation that the adjoint of S : LP(9S, do) — LP(8Q,do) is S : LP' (89, do) —
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LY (09, do), 1/p+ 1/p/ = 1. This proves that S in (3.6.33) extends uniquely to a
bounded, linear operator in the context of (3.6.35).

Next, for 1 < p,p’ < oo with 1/p+ 1/p’ = 1, we shall prove the following
characterization of the space (3.6.14). There exists some C = C(2,p) > 0 such
that

(3.6.39)
For all f € L? (09, do) there exist fo, fjx € LP(0Q,do), 1 <j<k<n-+1,

such that | foll z»(90,d0) + Z I fikllze 00,40y < CllfllLr | (90.d0)
1<j<k<n+1

and (f,g) :/ (fog-I- Z fjkaTjkg) do for every g€ L’l’,(aQ,dU).
o0

1<j<k<n+1

To prove this, recall the mapping J from (3.6.15) and consider the composition

(3.6.40) foJ ':RangeJ — R,

where J~! : Range J — L’f/ (09, do) is an isomorphism, and f is regarded as a func-
, * , 14+n(n+1)/2
tional in (L’f (09, da)) . Since Range J is a closed subspace of [Lp (092, do)} ,

Hahn-Banach’s Extension Theorem in concert with Riesz’s Representation Theo-
rem ensure the existence of fo, fjr € LP(0Q,do), 1 < j < k <n+1, such that the
properties listed in (3.6.39) hold.

For each f € L¥ (09Q,do), 1 < p < oo, and g € (szl(aﬁ,da)) we let f(g) :=

(f,g) denote the obvious dual pairing. For such f, we can now (unequivocally)
define

(3.6.41)
SF(X) = f(E(X . .)) —foJlo J(E(X - .))

- / B(X —Y)fo(Y) do(Y) + / 0., [E(X ~ Y)|f(Y)do(¥), X eQ,
o0 o0

where fo, fjr € LP(0Q,do), 1 < j < k < n+1, are as in (3.6.39). We observe

that even though the functional f o J~!, acting initially on Range J, may not have
:| 14+n(n+1)/2

a unique extension to all of [Li”l (092, do) , the expression in (3.6.41) is

well-defined, since every such extension ( fo, ( fjk)lgj,kgn_i_l) must agree on Range
J. Then (3.6.36) is a consequence of this, (3.6.39) and (3.2.12). Also, the existence
of the nontangential pointwise trace Sf ’aﬂ at o-a.e. point on 9N follows from
(3.6.41) and Theorem 3.5.2.

To justify (3.6.37) we only need to observe that, from what we have proved to
this point, the mappings (3.6.35) and L” ,(9Q,do) > f — Sf‘age LP (09, do) are
well-defined, linear and bounded. Since, by (3.6.27), they coincide on LP(9,do)
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which, by (3.6.16), is a dense subspace in their common domain, (3.6.37) follows.
This finishes the proof of the proposition. (I

Let us now define the tangential gradient operator by setting

(3.642)  Viwf = (”k%f>1<j<n+1’ Y f € LP(99, do).

Lemma 3.6.5. Assume that @ C R"*! is a UR domain. Then for each function

f e L¥0Q,do)

(3643) a‘rjkf:Vj(vtanf)k *Vk(vtanf)ja ]’k: 1,...,77,+].,

o-a.e. on 0. In particular,

n+1

(3.6.44) [VianfllLr00,d0) = Z 10r,, fll e (992,do) 5 Vfe L} (09,do).
jk=1

Also, for every f € L1 (09Q,do),

(3.6.45) W, Vianf) =0 o-a.e. on 0N.

Proof. Let f € LY (09Q,do) be arbitrary and select an operator L as in (3.6.20)-
(3.6.21) (for example, L = A will do). As before, let E be a fundamental solution
of L and construct the double layer D as in (3.6.24), along with its principal value
version (3.6.25). Also, set

(3.6.46) uF(X) :=Df(X) for X € Qy.
Thus, by (3.6.31), Theorem 3.4.2, (3.3.9) and Proposition 3.6.2

there exist i‘ — (4 K
ere exist Vu s’ Y loa (£3I+K)f
and  [|N(Vu®) | r90.d0) < CllfIlL2002,d0)-

Next, for two arbitrary indices j, k € {1,...,n + 1} we decompose

*|
(3.6.47)

Vj(vtanf)k - Vk(vtanf)j
(3.6.48) T Vi (Vtan(%f + K)f)k — Uk (Vtan(él + K>f)j

i (Vean( =T+ K)f) 0 (Vean( =21+ K)f) |

J

50 (3.6.43) is proved as soon as we show that

(3.6.49) v (an(iél n K)f)k A (Vtan(i%l + K)f)j =0, (£1T+ K)f.
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By the trace identity in (3.6.47), this is equivalent to showing that

(3.6.50) v (vmn(uim))k -k (an(ui\ag)) = 0r;,, (u™[o0).

J

Now, by (3.6.42) and Lemma 3.6.1, for each j, k € {1,...,n + 1} we have

Vi (Viant™ loa)k — vk (Viant™lon); = vjundr, (wF[og) — vivadr, (u*on)
= v (0u®) o — viveve(0su™) oo
—kasys(ajui)‘aﬂ + VszVj(asui”aQ

= v (0kuF)|oq — ve(0ju™)|og

(3.6.51) = 0r, (uF|o),
i.e., (3.6.50) holds. This completes the proof of (3.6.43). The identity (3.6.45) is
proved in a similar fashion and this finishes the proof of the lemma. O

We conclude this section with the following useful remark.

Proposition 3.6.6. Assume that Q@ C R"! is a bounded UR domain and that
f € LY(09Q,do) for some p € (1,00). Then

(3.6.52) f = locally constant on 0 <= Vi f = 0.

Proof. The left-to-right implication is a consequence of (3.6.42) and the fact that the
tangential derivatives 0., annihilate constants. In the opposite direction, assume
that f € LY(09Q,do) has Vianf = 0, and denote by D the harmonic double layer
operator associated with 9€Q. Then (3.6.31) and (3.6.43) imply that Df is locally
constant both in Q; :=  and its complement, _, from which we may deduce
that f = Dflaa, — Dflaq_ is locally constant on 0f. O
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Chapter 4

Semmes-Kenig-Toro domains,
Poincaré inequalities, and
singular integrals

In this chapter we discuss a special class of UR domains {2 for which certain im-
portant layer potentials are not merely bounded on L?(99,do) but are actually
compact, extending results of [37] that deal with C! domains. The domains we
identify as having this property are denoted here regular Semmes-Kenig-Toro do-
mains (regular SKT domains for short). We give definitions and basic properties of
this class of domains in §4.1. These domains are special cases of what we call SKT
domains, which in turn are special cases of Reifenberg flat domains, which we also
briefly discuss. We also define the class of e-regular SKT domains, for £ > 0, a class
for which we will show such layer potentials have small norm modulo compacts if
€ is small.

As we have mentioned in the Introduction, SK'T domains have been called chord
arc domains. The notion of chord-arc domains originated in dimension 2, where the
defining condition is that the length of a boundary arc between two points should
not exceed the length of a chord between these points by too great a factor. The
notion in higher dimensions, which is somewhat more sophisticated, originated in
S. Semmes [101] and was further developed in [64]-[66]. In higher dimensions, this
“chord arc” designation is not so successful in describing the essential features of
these domains, so we propose to call them SKT domains. Similarly, we have rela-
beled what in these papers were called chord arc domains with vanishing constant,
calling them regular SKT domains.

In §4.2 we discuss a Poincaré inequality of Semmes and some refinements, define
the Semmes decomposition of an SKT domain, and apply the Poincaré inequality to
obtain further results on this Semmes decomposition. We use this to obtain further
equivalent characterizations of regular SKT domains. In particular we show that

111
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an open bounded set © C R™! is a regular SKT domain if and only if Q is a
two-sided NTA domain that is Ahlfors regular and such that v € VMO(99, do).

In §4.3 we make use of the Poincaré inequality of §4.2 to demonstrate that if
satisfies a two-sided John condition and is Ahlfors regular, then the Sobolev space
L7 (09, do) is isomorphic to the space WP-1(9) defined for general metric measure
spaces by Hajlasz [46]. This has a number of useful consequences, one being the
denseness in LY (09, do) of the space of Lipschitz functions on 9.

§4.5 is the heart of this section. Here we single out a class of layer potentials,
which as we will see are of particular interest in the analysis of elliptic boundary
problems, and show that they are compact on LP(0Q,do) for p € (1,00) when
Q is a regular SKT domain. A quantitative version of this result, involving the
concept of e-regular SKT domain, is also presented. As a preliminary step, in §4.4
we present a treatment of such compactness in the case of VMO; domains, based
on work in [50], which also plays a role in the proof of compactness in §4.5, as does
the Poincaré inequality established in §4.2.

In §4.6 we show that whenever €2 is a UR domain, satisfying a two-sided John
condition, then such compactness (accompanied by compactness of a natural family
of commutators) implies that  is a regular SKT domain, thus completing the
circle of our compactness results. Going further, we estimate the distance from v
to VMO (09, do) in terms of the distance of a selected family of such operators to
the space of compact operators.

In §4.7 we consider “Clifford-Szegd projections”, defined a priori on L?(9€, do)®
Clp+1, and establish LP extensions when (2 is a bounded, regular SKT domain. In
doing so, we bring in analogues of Kerzman-Stein formulas ([68]).

4.1. Reifenberg flat domains, SKT domains, and regular SKT domains

Here we present definitions and basic properties of Reifenberg-flat domains, SKT
domains, and regular SKT domains. Our presentation in this subsection follows
closely that in [64]-[66].

Definition 4.1.1. Let ¥ C R"*! be a nonempty, locally compact set and let & €
(0, ﬁ) We say that X is 6-Reifenberg flat if for each compact set K C R"t1

there exists R = R(K) > 0 such that for every Q € KNX and every r € (0, R] there
exists a n-dimensional plane L(Q,r) which contains Q and such that

(4.1.1) %D[EﬂB(Q,r),L(Q,r) NB(Q,r)] <9

where B(Q,r) := {X e R"" : |X — Q| <} and, for each A, B C R"*!,

(4.1.2)  DI[A,B]:= max{sup{dist (a,B): a€ A}, sup{dist (b,A) : b€ B}}
is the Hausdorff distance between the sets A, B.

As in [65], for each Q € ¥ and r > 0, introduce
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(4.1.3) 9@¢yzgq%DmﬂB@w%LﬂMQﬂ§,

where the infimum is taken over all n-planes containing @, so that condition (4.1.1)
becomes

(4.1.4) VK CR"™ compact, IR >0 such that sup sup 6(Q,r)<§.
0<r<R QEXNK

Definition 4.1.2. We say that X C R""! is aReifenberg flat set with vanishing
constant if it is 6-Reifenberg flat for some 6 € (0, ﬁ) and for each compact set
K C R there holds

(4.1.5) lim sup 6(Q,r)=0.
r—=0T Qexnk

Definition 4.1.3. We say that Q C R"! has the separation property if for
each compact set K C R" 1 there exists R > 0 such that for every Q € 9QNK and
r € (0, R] there exists an n-dimensional plane L(Q,r) containing @ and a choice
of unit normal vector to L(Q,r), fig,r, satisfying

{X—FtﬁQﬂ. S B(Q,’/‘) X e ,ﬁ(C?”/‘)7 t< _i} C Q’
(4.1.6)
{X +tiig, € BQr): X €L(Q.r), t >} CR™I\ Q.

Moreover, if Q is unbounded, we also require that O divides R" 1 into two distinct
connected components and that R"*1\ Q has a non-empty interior.

Note that the separation property clearly implies

(4.1.7) 09 = 0,9,

i.e., the topological boundary and the measure-theoretic boundary of €2 coincide.

The following result is proved in §3 of [64].

Theorem 4.1.1. There exists a dimensional constant &, € (0, ﬁ) with the prop-
erty that any domain Q C R"*! that has the separation property and whose bound-
ary is a 6-Reifenberg flat set, 6 € (0,6,), is an NTA-domain.

Definition 4.1.4. Let Q C R"™! and § € (0,68,). Call Q a j-Reifenberg flat
domain if Q has the separation property and 02 is §-Reifenberg flat. Moreover, if
Q is unbounded, we shall also require that

(4.1.8) sup sup 0(Q,r) < on.
>0 QN

If Q is a 0-Reifenberg flat domain and OS2 is Reifenberg-flat with vanishing constant,
we say ) is a Reifenberg flat domain with vanishing constant.
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As a consequence of Theorem 4.1.1 and the above definition we have the fol-
lowing.

Corollary 4.1.2. If the open set ) C R™! is a §-Reifenberg flat domain with
6 € (0,68,) then Q is a two-sided NTA domain.

Let Q € R™*! be a domain of locally finite perimeter, such that H™(9Q\9,.8) =
0 and 0f) satisfies the Ahlfors-David regularity condition. We denote by v the
measure-theoretic outward unit normal to 02 and refer to o := H" [ 0 as the
surface measure of the boundary of . Then (91, Euclidean distance, o) becomes
a space of homogeneous type, for which the definitions and the results in §2.4
apply. In particular, we define the space BMO(02, do) as the collection of functions
f € L2 _(09Q,do) with the property that || f||. < +oo where

loc

1 1/2
4.1.9 « i= Sup sup 7/ — % do ,
@19 Sl i=sup sup (rrmmss | If = faeol o)

(4.1.10) A(Q,r):=02nB(Q,r), fa@r) = m /A(Q )fda.

As in (2.4.15), the definition of ||f||. is slightly adjusted when 9 is compact, by
adding | [, f do| in the right-hand side of (4.1.9).

Consistent with (2.4.21), we denote by VMO(012, do) the closure in BMO(09, do)
of the space of uniformly continuous real-valued functions belonging to BMO(9%2, do).
Then Proposition 2.4.8 provides an alternative description of VMO(99, do), as the
space of functions f € L2 (99, do) with the property that

loc

(4.1.11) lim sup [|f[l«(A(Q,r)) =0,
r—=0T Qeon

where we have set (compare with (2.4.77))

@i k@@= sw (f 1)

ACA(Q,r)

with the supremum taken over all surface balls A contained in A(Q,r).

As noted in Remark 4.2 on p. 397 of [65], if Q C R™™! is a set of locally finite
perimeter and a d-Reifenberg flat domain for some § € (0, d,,), then as a consequence
of (4.1.7), 99 and the measure-theoretic boundary of Q agree. In particular, the
the measure-theoretic outward unit normal v is well-defined o-a.e. on 9f).

Another observation of interest (cf. Remark 4.1 on pp.396-397 of [65]) is as
follows. If Q C R™*! is a §-Reifenberg flat domain for some 6 € (0,,,) then given
any compact set L C R"! there exists R > 0 with the property that

(4.1.13) o(A(Q, 7)) > (1 +0)tw,r™,  VYQeINK, Vre (0,R)].
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Definition 4.1.5. Let§ € (0,6,,), where 6, is as in Theorem 4.1.1. A set Q C R*H1
of locally finite perimeter is said to be a 6—SKT domain if Q is a d-Reifenberg flat
domain, 0N) satisfies the Ahlfors-David reqularity condition and, for each compact
set I C R*HL, there exists R > 0 such that

(4.1.14) sup [[v[«(A(Q, R)) <4,
QEeINK

where, as before, v is the measure-theoretic outward unit normal to 0S2.

Definition 4.1.6. Call Q C R"*! g regular SKT domain if 2 is a 6-SKT domain
for some § € (0,8,,) and, in addition, v € VMO(0Q, do).

For the goals we have in mind, it is natural to finally make the following.

Definition 4.1.7. An open set Q C R"*! is called an e-regular SKT domain if Q
is a 6-SKT domain for some 6 € (0,8,) and, in addition, dist (1/, VMO(09, do)) <e
where the distance is taken in the BMO(99Q,do) norm.

Definitions 4.1.5 and 4.1.6 are those given in [65] (where the domains were
called, respectively d-chord arc domains and chord arc domains with vanishing
constant). In this connection, it is useful to recall Theorem 4.6 of [65], which says
that if Q C R™*! is a set of locally finite perimeter and also a J-Reifenberg flat
domain for some ¢ € (0,4d,), the following statements are equivalent:

(1) Qis a regular SKT domain;

(2) Q is a Reifenberg-flat domain with vanishing constant, and for each compact
K meeting 092,

A
(4.1.15) lim  sup 2(AQ.1)) =1,
r=0 QesanKk  Wal"
where A(Q,r) = B,(Q) N 0N and w,, is the volume of the unit ball in R™.
(3) For each compact K C R"*! meeting 052,
o(A(Q,r)) o(A(Q,7))

(4.1.16) lim inf —————==1lim sup ——>=1
r—=0 QEIQNK  wpr™ r=0 geoank  Wpt™

From this we also have the following.

Proposition 4.1.3. Assume that Q C R"*! is a reqular SKT domain. Then (Q is
a 0-SKT domain for each § € (0,0,).

Proof. As stated above, € is a Reifenberg flat domain with vanishing constant. In
particular, €2 is d-Reifenberg flat for each § € (0,0,), and the desired conclusion
follows now from definitions. O

Directly from definitions, we also have:

Proposition 4.1.4. An open set Q C R" ™! is a reqular SKT domain if and only
if it is an e-reqular SKT domain for each € > 0.
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The following result is relevant to applying layer potentials.

Proposition 4.1.5. If Q C R*"™ is a 6-SKT domain for some § € (0,6,), then
is an UR domain. In particular, any e-reqular SKT domain is a UR domain.

Proof. The hypotheses imply that OS2 is Ahlfors regular and that 2 is §-Reifenberg
flat for small 0, and hence €2 is an NTA domain. As we saw in §3.1, all Ahlfors
regular NTA domains are UR domains. ]

4.2. A Poincaré type inequality, Semmes decomposition, and
consequences

The following Poincaré inequality will play several important roles, both in further
results in this section on the Semmes decomposition and in the proof of compactness
in §4.5. Recall the local John condition, introduced in Definition 3.1.4.

Proposition 4.2.1. For each open set Q C R™"* ! which satisfies a two-sided local
John condition and whose boundary is Ahlfors reqular there exists R, (which can
be taken +oo if OQ is unbounded) with the following property. Let 1 < p < oo,
f e LY(0,do), Q € 9Q, R € (0,R,), A := B(Q,R) N ON. Then there exists
C =C(Q,p) > 0 such that

1/p 1/p
[][ f = falPdo] " < CR[][ [Vean 17 do]
A 5A
(4.2.1) P / Vianf| d
2. + - an f| do.
= 0(27A) Jaianai-ia ’

In particular, the above estimate holds whenever Q is a two-sided NTA domain with
an Ahlfors regular boundary.

A comment is in order here. In [103] (cf. Lemma 1.1 on p.406), Semmes
derives a Poincaré inequality of the type

(4.2.2) ][A|f ~ faldo < CR [][Mvmfﬁda}m,

in the case when the quantity

(4.2.3) [[v|lsmo (90,d0) + SUp  sup sup RY(X -, VA(X,R))
XedN0<r<RYEA(X,R)

is sufficiently small, and when both f and 99 are smooth (for a constant C' which
is independent of smoothness). There are several aspects of this result which do
not suit the purposes that we have in mind. First, the smallness condition imposed
on (4.2.3) is, in effect, an a priori flatness assumption on 952, a hypothesis which
we wish to avoid making at this stage. Second, the smoothness assumptions on f
and 0f) play a crucial role in Semmes’ proof. Among other things, this ensures that



4.2. A Poincaré type inequality, Semmes decomposition, and consequences 117

(4.2.2) holds, albeit with a ‘bad’ constant C' = A(9Q) (where A(9) depends on
the smoothness of 92), and Semmes’s strategy is to derive an estimate of the form

(4.2.4) A(09) < CLA(DQ) + Cs

where the constants C1,Cs > 0 are independent of smoothness, and C1 is small if
(4.2.3) is small. In particular, arranging that Cq € (0,1/2) forces A(992) < 2C%,
granted that A(0€2) is known to be finite, to begin with. Such an approach clearly
fails if the smoothness assumption on 0f2 is dropped.

We remark that in contrast to situations in which an a priori estimate obtained
under a hypothesis of smoothness may be used to deduce a general result via a
limiting process, in the present setting it is far from clear whether it is possible to
construct suitable smooth approximating surfaces in order to remove the regularity
assumptions in [103].

For these reasons, we present below a conceptually different proof, which re-
lies on the Calderén-Zygmund theory for singular integrals of layer potential type,
developed in earlier chapters.

Proof of Proposition 4.2.1. Assume that Q;, = Q and Q_ = R**!\ Q satisfy a
local John condition with constants 6, R,, and that 02 is Ahlfors regular. Corol-
lary 3.1.10 guarantees that  is a UR domain, of locally finite perimeter. Fix
R € (0,R,), Q € 092, p € (1,0) and f € LY(99,do). Next, let E(X) denote
the standard (radial) fundamental solution for the Laplacian in R?*! and, for each
j=1,...,n4 1, define, using the summation convention,

(4.25)  g;(X) = — /8 OE)X =Y)O, NY)do(¥), X eR o0,

In particular, g;(X) = 0;Df(X) by (3.6.31). Also, set

(426) Fim(hion,  pai= f Xdo(X),  gai= f G0 do(X),

Finally, introduce

(42.7) B(X) == [ (OE)X = Y)(0r Y )15 (V) do(Y),
o0
and
A

With K denoting the principal value version of the harmonic double layer on 02,
we can then write
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(429  f(X) = (S1+K)7(X)+ (31— K)F(X)
B ZGF*(I;H){ Z-X DT - Zerf(licﬂ)l, Z-X D f(X),

where D* is the harmonic double layer mapping functions on 9 into Q4. If we
now define

ut(X) =D F(X) = (X,ha), X €Qy,

(4.2.10) .
u(X) =D f(X) - (X,ha), X€EQ_,

then

(J[A\f - fA|pd0)1/p

- [][A‘<%I+K)f_][A(%I+K>de_ (X — pia, ha)

(4.2.11) +(31-K)f- ][A (37— K)fdo+ (X — pa, fm]”da} v

= [][ ‘u"‘ _][ utdo —u~ +][ u_da‘p dJ:| e
A A A

< [][ ‘u+_][ u+dap }UP—}—[][ ‘u‘—][ u_dap
A A A A

Let Ai € Q. be John centers relative to A(Q, R) and note that for almost every
X €09,

[/ o0~ f ot ao aot
- [f | (w00 - =) o[ dox)]

{1 {uim—ﬁ(Y)\pdo(X)}”pdo(Y)

<1 lf oo

of [ o o)

_ {][ ‘Ui_ui(Ai)‘de} /P+][ ‘ui—ui(Ai)‘dU
A A

]1/1)

}1/13

}1/17

"do(X)| 7 o (v)

do(X)} P ey

do

bl

(4.2.12) < 2[][ ‘ui —u(Ag)|
A
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by Holder’s inequality. Thus, matters are reduced to estimating

(4213) [][A\utu*(Az)\”da}”p, [][A’u_—u_(AA)‘pdo]l/p.

We shall indicate how this is done for the first expression above, as the second one
can be handled in a similar fashion. To proceed, we recall from Definition 3.1.4 that
there exists a rectifiable path vx joining X with AZ, of length < C'R, and such that
vx C ' (X) for some geometrical constant x. Let ds and Z(s) be, respectively,
the arc-length element and arc-length parametrization of vx. Then

{][A‘zﬁfu*(AZ)p r/p - [fA\LX<Z(s),vu+(Z(s))>dspdg(X)]l/p
(4.2.14) < CR[][A’N(WuﬂlB(Q,QRm)pdar/p.
On the other hand,

(4.2.15)
Vut(X) = VDT f(X) - ha
(/m (O E)(X — Y)( Tjkf)(Y)lg,A(Y)da(Y>1§j§n+1
( | OENX = Y)(0, )0 o (¥) dor(Y)
(ORENZ = Y)(0r, )Y NLonsa (Z) do(Y) do(2))
oQ 1<j<n+1
= X) +b(X).

Observe that

1/p
(12.16) [ wara)”" <c[f Vusrao] "
5A

thanks to the estimates on singular integrals from §3.2. Moreover,

(4.2.17)
o= f ([ [y~ 987 0|9t (1)1 do(1) do(2),

so using the Mean Value Theorem we obtain
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- R
sup X)) < C | Vianf (V)| do (Y
XeB(Q,zR)nQ' ) 99\ B(Q,2R) |Q*Y|n+1| waf (V)] )
(4.2.18) < 022—1][ |Vian f]| do.
= 2HIA\2IA
Therefore,
o —
4.2.19) (h1 rd } < f| do.
( ][ |N B(@2R) mg)l 7 - Z: 2J+1A 2j+1A\2JA|Vta f‘ 7

Now (4.2.1) follows by combining (4.2.11), (4.2.12), (4.2.14), (4.2.15), (4.2.16) and
(4.2.19). O

This Poincaré lemma enables us to establish the following, which will be of
great use both in the proof of Semmes’ Decomposition Theorem, to be discussed
shortly, as well as later, in §4.5.

Theorem 4.2.2. Assume that Q C R™! is an open set that satisfies a two-sided

local John condition and whose boundary is Ahlfors regular (in particular, any two-
sided NTA domain with Ahlfors regular boundary will do).

Then there exist R, (which can be taken +oo if Q is unbounded) and C =
C(2) > 0 with the property that for each e € (0,1), X € 9Q and R € (0, R,), there
holds

(4.2.20) sup  RT'X = Y,vax,r)| < Clv][(A(X,857"R)) + Ce,
YEA(X,2R)

where Va(x gy = ]CA(X,R)VdO'.

It is not too hard to show that if @ C R"*! is a set of locally finite perimeter
which satisfies an exterior corkscrew condition then

_ X-v .
(4.2.21) Jim <y( e Y|> 0, VYXeon
Y eoQ

This is implicit in the proof of Lemma A.1.3 of [66]. (Let us recall in this context
that the exterior corkscrew condition on €2 implies 9Q = 9€2.) The usefulness of
(4.2.20) stems from the fact that this estimate gives, at each fixed scale, a quan-
titative control of the inner product between the average of unit normal and the
(normalized) chord in terms of the corresponding local mean oscillations of the unit
normal.

Before presenting the proof of Theorem 4.2.2, we record the following useful
corollary.
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Corollary 4.2.3. Granted the geometrical hypotheses on ) made in the statement
of Theorem 4.2.2, there exists a finite geometrical constant C = C(Q) > 0 such
that

(4.2.22) sup sup  sup R '|(X = Y,vacxr)| < Cllvilsvo 90.d0),
X€0Q R>0YEA(X,2R)

and

(4.2.23)

limsup[ sup sup RYX -, I/A(X,R)H] < Cdist (v, VMO (09, do)).
R0+ LX€QYEA(X,2R)

Proof. First, (4.2.22) follows easily by estimating

vl (A(X, 827 R)) < [[vllBMoO (692.d0)

and then letting e > 0 approach 0 in (4.2.20). As for (4.2.23), we take the supremum
of both sides in (4.2.20) with respect to X € 09, then invoke (2.4.77), before making
e—0F. 0

Estimate (4.2.22) is the main result in [103] and Semmes establishes this in the
case when 0L is a C*° smooth surface using his Poincaré type inequality (Lemma 1.1
on p.406 of [103]). The necessity that 0 is smooth in Semmes’ argument is in-
herited from here (see the comments following the statement of Proposition 4.2.1).
In our situation, we shall employ our version of Poincaré inequality from Proposi-
tion 4.2.1 when dealing with (4.2.20). The appearance of ¢ in (4.2.20) is an artifact
attributed to our Poincaré inequality being weaker than the standard version, due
to the presence of the series in the right-hand side of (4.2.1). As already seen in
the proof of Corollary 4.2.3, this is not a serious impediment.

Proof of Theorem 4.2.2. Let R, be such that the Poincaré inequality from Propo-
sition 4.2.1 applies on surface balls of radius < CR,,, where C' is a large, suitable
geometrical constant.

To justify (4.2.20), fix X € Q, R € (0,R,), € € (0,1) and abbreviate A :=
A(X, R). Consider next

(4.2.24) 9x(Y) = (X = Y,va), Y € 09.

For this function, we claim that the following estimate is valid:

(4.2.25) |gx(Y) —gx(Y")| < C(Q, )R Y — Y’|"{HV||*(A(X, 8c7'R)) + s},

for each Y)Y’ € 2A, o € (0,1). Granted this, choosing Y’ = X yields

(4.2.26) lgx (V)| < CR||v||+(A(X,8'R)) + CRe, VY €2A,
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which readily gives (4.2.20). Therefore, there remains to prove (4.2.25). First note

that

(4.2.27)

Viangx (V)| = [Vgx(¥) = (Vgx (Y), v(Y))r(Y)]

= |va = {va,v(Y)r(Y)|
= |va —v(Y) = (wa —v(Y),v(Y))r(Y)|
< 2lva —v(Y)).

Fix an arbitrary surface ball A, or radius r such that A, C A and set N :=

[~logse] + 1. In particular, 2V ~ e~

!and 27N ~ . Then for each p,q € (1,00),

the estimate (4.2.27), our Poincaré inequality, John-Nirenberg’s inequality and the
fact that |v| =1 yield

(4.2.28)

Given a € (0,

1 1/p
— — p
: (][ATQX (9x)a,|" do)

1/p > ,
<c(f, Fwaxtao) " 0320 Wagxlao
4A,. j=1 2i+1A
1/p
SC’(]Z |V*VA\de> JrC'ZQ J]l lv —valdo
4A, 21+H1A,
s . 1/(pq)
sozﬂf = valrrde)
= 2iH1A,

1/(pq)

n/(pq) & , 1/(pq)
2277(][ ‘ |1/—1/A|pqdcr)

N 1/(pa)

Z2ﬂ (][ |1/—1/A|pqdcr) —|—27N}

, 2i+2 A

(Z 27]') |v)l(A(X, 2V T3 R)) + 271\1}

j=1
BV oo se Ry + €,

1), if p,q € (1,00) are chosen such that & = 1 — n/(pq), then the

above estimate gives

(4.2.29)

o (f, lox =~ ax)a i)

< C(Q,p, )R a{nun( (X,8:7'R)) +¢}.
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Using N. Meyer’s criterion for Holder continuity ([81]) we may then estimate

|9X(Y) - gX(Y/>|

sup B < s ex(v) - (gx)a, | do(Y)
Y,Y'e2A Y —Y/| A.CA A,
Y 1/p
< C sup r (][ |gX(Y)_(gX)AT|de(Y))
A,CA A,
(4.2.30) < ORIy (AX, 87 R)) + <},

Let us remark that while the setting in [81] is that of the ordinary Euclidean space,
Meyer’s argument carries over to the current setting. Indeed, the key ingredients
in the proof are: (i) the classical Calderén-Zygmund lemma, and (ii) the fact that
that the estimate under discussion re-scales naturally under dilations. That the
Calderén-Zygmund lemma continues to be valid in the setting of spaces of homoge-
neous type is well-known; see, e.g., [22]. As for (ii), the feature which is lost when
replacing the Euclidean space R™ by 0f is that, as opposed to the latter, the former
is stable under dilations. One possible remedy is to consider, in place of just one
domain €, the entire class of domains whose boundaries are Ahlfors-regular, with
fixed Ahlfors regularity constants. This class is then stable under dilations and the
same type of argument as in [81] continues to work in this context.

Now, estimate (4.2.30) justifies (4.2.25), thus finishing the proof of the theorem.
O

We now turn our attention to an important tool, Semmes’ decomposition theo-
rem, which originally appeared in Proposition 5.1 on p. 212 of [101]. In [101], this
result was stated for C? surfaces, albeit the constants involved were independent of
smoothness. A more general formulation, in which the C? smoothness assumption
is replaced by Reifenberg flatness, appears in Theorem 4.1 on p.398 of [65] (see
also the comments on p.66 in [15]). Here, however, our goal is to start with a
different set of hypotheses which, a priori, do not specifically require the domain
in question to be Reifenberg flat. More concretely, we shall ask instead that the
domain satisfies a two-sided local John condition, its boundary is Ahlfors regular,
and that its unit normal has a small local BMO norm. Cf. Theorem 4.2.4 below.
As pointed out in Corollary 4.2.5, the class of domains just described include any
two-sided NTA domain with an Ahlfors regular boundary and whose unit normal
has a small local BMO norm.

Once Semmes’ decomposition theorem is established in this context, we can
then show that any domain satisfying the aforementioned hypotheses is necessarily
Reifenberg flat (at an appropriate scale). This is accomplished later, in Theo-
rem 4.2.7.

Theorem 4.2.4. Let Q C R™t! be an open set that satisfies a two-sided local John
condition and whose boundary is Ahlfors regular.
Then there exists a geometrical constant Cy > 1 with the following significance:

suppose that there exists § € (0,1/(10C,)) with the property that for every compact
set IC C R**! there exists R > 0 for which
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(4.2.31) sup ][+ (A(Q, Rk)) < 6.
QeKNON

Then for every compact set IC C R™"* there exist C1,Co,C3,Cy > 0 depending only
on Q and IC, along with R, > 0 depending on Q, K and d, for which the following
holds. If Q € KN OQ and 0 < r < R,, then there exists a unit vector fig,, and a
Lipschitz function

(4.2.32)  h:H(Q,r):= (ig,)" — R, with |Vh|p=~ < C39,

and whose graph

(4.2.33) G={X =Q+(+tig,: ¢€H(Qr), t=h()}

(in the coordinate system X = ((,t) & X =Q+ (+tig,, (€ H(Q,r), t €R) is
a good approximation of O in the cylinder

(4.2.34) C(Q,r):={Q++tig,: C€ HQ,r), [|<r |t|<r}
in the following sense. With C; = C;(Q,K), 1 < j <3, as above,

(4.2.35) J(C(Q,r) n (amg)) < Crownr™ exp (—Cy/9).

Also, there exist two disjoint sets G(Q,r) (‘good’) and E(Q,r) (‘evil’) such that

(4.2.36) C(Q,r)NIN=GQ,r)UE(Q,r) with G(Q,r)CG
(4.2.37) and o(E(Q,r)) < Crw,r"exp (—C3/9).
Moreover, if I1 : R*™1 — H(Q,r) is defined by
I(X) = ¢if X =Q+(+tig, e R",
with ¢ € H(Q,r) and t € R, then

(42:38)  |X = (Q+I(X) + hIL(X))iiq., )| < Caddist (I(X) , I(G(Q.r).

for all X € E(Q,r), and

(4.2.39) CQ,r)NINC{Q+C+tig, : |t| < Csor, ( € HQ,r)},
(4.2.40) IIC(Q,r)NIN) ={C € HQ,r): |¢| <r}.
Finally,

(4.2.41) (1 = Cud)wnr™ < o(A(Q,7)) < (14 Cy0)wpr™.
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Thus, heuristically, the fact that a domain  C R"*! satisfies a two-sided local
John condition, has an Ahlfors regular boundary, and its unit normal has small
local mean oscillations, implies that, at an appropriate scale (within a cylinder) 92
agrees with the graph of a function with small Lipschitz constant except for a small
bad set, while staying close to the this graph even on the bad set.

Before presenting the proof of this result we record a consequence and a related
result, of independent interest. The first one is a direct consequence of Lemma 3.1.9.

Corollary 4.2.5. Assume that Q is a two-sided NTA domain in R™ ™1 with the
property that O is Ahlfors reqular and such that (4.2.31) holds. Then the conclu-
stons in Theorem 4.2.4 remain valid in this context.

The second result is readily seen from definitions.

Proposition 4.2.6. Assume that 2 satisfies a two-sided corkscrew condition and
0 is Ahlfors regular. Also, suppose that O is 0-Semmes decomposable (i.e., the
conclusions in Theorem 4.2.4 hold) for some & > 0 which is small relative to the
corkscrew constant of . Then 9 is d,-Reifenberg flat, with 6, = Cd for some
geometric constant C' > 0.

We now present the

Proof of Theorem 4.2.4. Let 6 > 0 be such that §2 € (0, ﬁ), with C, to be

specified later, and fix an arbitrary compact K € R*T1. Set K := {X e R"t! :
dist (X, K) < 1}. Our hypotheses imply the existence of some Rg > 0 such that

(4.2.42) V]|« (A(X, Rg)) < 6% for each X € KN oQ.

If we now introduce R, := min{0?°Rg/(8C),Rr/8,R,/100, 1}, where R, is the
constant used in the statement of Theorem 4.2.2 and C > 0 is the constant appear-
ing in (4.2.20), Theorem 4.2.2 gives

(4.2.43) sup sup sup (X — Y, vax,m)| < 262,
0<r<R. XcKnon YEA(X,2r)
where, as in the past, va(x,,) = :,CA(X T)ydo. For R > 0 and X € 91}, set
(4.2.44) vy p(Y):= sup ][ ( )|Z/(Z) —Va(x2r)|do(Z), Y € 0N.
A(Y,p

p€(0,R)

It follows that

(4.2.45) vy r(Y) < M<|V - VA(X,QR)‘]-A(XQR))(Y)a VY € A(X, R),

where M is the Hardy-Littlewood maximal function on 9. Thus, by (4.2.45),
the boundedness of M on L?(952, do), John-Nirenberg’s inequality and (4.2.42), we
have
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(4.2.46) s
< c(][ (V) = vaxanl?do(Y)) < O,
A(X,2R)

whenever X € KN9Q and 0 < R < Ry /2.

Next, fix a point @ € K NN and choose C, := max {C, 1}, where C is the
geometrical constant appearing in (4.2.46). If 0 < 62 < (10C,)~' and R € (0, Rg/2)
it follows from this that there exists Y, € A(Q, R) such that vy p(Y,) < 1/10. Since
matters can be arranged so that [v(Y,) — va(q.2r)| < v r(Ys), this forces

(4.2.47) < |vaer| <1, VR e (0,Rg/2).
In particular, for each r € (0, R.),
(4.2.48) fig,y = —AQdr)

VA (Q.ar)l

is a well-defined unit vector in R"*'. Set H(Q,r) := {X € R""': (X #ig,,) =0}
and introduce a new system of coordinates in R**! by setting

(4.249) X = ((,t) <= X =Q+tiig, +(, teR, (€ HQ,r).

Also, define I : R**! — H(Q,r) by I(X) = ¢ if X = (¢, t), and write ((X),(X)
in place of (,t whenever necessary to stress the dependence of the new coordinates
on the point X € R"*!. Finally, consider the cylinder C(Q,r) defined as in (4.2.34)
and introduce

G(Q,r) :={X €C(Q,r)NIN: v, (X) <5},
E(Q,r) = (C(Q,r) n asz) \ G(Q, 7).

Next, we claim that there exist two geometrical constants C' > 0, ¢ > 0 such
that

(4.2.50)

(4.2.51) ]lA(Q , )exp (co72 VG o) do < C.

Granted this, we may then conclude that

o(B@r) _ 1

(4.2.52) exp(c/d) 2(AQ.21) = o (A2 /E(Q)T) exp (c0 vy ,,)do < C,

from which the estimate (4.2.37) follows. To justify (4.2.51), set
f=M(v = va@anlla@an);
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so that 1 ,,.(X) < f(X) if X € A(Q,2r). Expanding the exponential function
into an infinite power series we may then write

][ exp (cd? v ) do < ][ exp (cd? f)do
A(Q,2r) A(Q,27)

_ m /Ooo({X € AQ.2r) s exp (cd72 F(X)) > A}) A
<1+ Q o / o {X e AQ,2r) : exp (c6~2 f(X)) > )\}) A
<1+ Q2r /0000 {XEAQ2r):c(5_2f(X)>s})esds

(4.2.53) <e+ Q o) kz_oli'/l ol{X € A(Q,2r) : f(X)>552/c}>skds.

To continue, note that for every p € [2,00), the LP-boundedness of the Hardy-
Littlewood maximal operator (with bounds independent of p) gives

a({X e AQ,2r): F(X)> 352/0})

o(A(Q,2r))
(4.2.54) < (s;)p][A(Q X a0
- C(S;)pfA(Q 4T)|V(X) Sra Qar |p da( )

and we now claim that

(4.2.55) ][A(Q M) vaqn P do(X) < O+ 1) (Calivl(a(@,ar))",

where I'(t) := [;°A'"'e ™ d\ is the Gamma function. Taking this inequality
for granted for the time being, we combine (4.2.55) and (4.2.54) and recall that
7|« (A(Q, 47)) < 0 to obtain

o({X e AQ.4r): f(X) > 552/0})

(4.2.56) o(A(Q,4r))

<arp+ (),

for each p € [2,00). Utilizing (4.2.56), in which we take p = k+2, k =0, 1, ..., back
into (4.2.53) then yields
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][ exp (c0 2 vy y,) do
A(Q,2r)

(4.2.57) oo - oo
SCO+Clzk3/ sk<@> ds =: C' < 400,
k=0 1

S

if 0 < ¢ < 1/Cy. This finishes the proof of (4.2.51), modulo that of (4.2.55).
As regards the latter, we use the following John-Nirenberg level set estimate with
exponential bound

_CQ)\ )
7]l (A(Q, 47))

(whose validity in the context of spaces of homogeneous type is well-known; see,
e.g., [1], [23], and Theorem 2 on p.33 in [110]), in order to write

(4.2.58) U({X € A(Q,4r) : [U(X) — vagun| > )\}) < Cexp (

][ |V(X) — Z/A(Q74r)|p dG'(X)

A(Q,4r)

= p/ AHJ({X € AQ,4r) : [V(X) — va(gun| > /\}) A
0

4.2.59 = - 2
(4.2.59) < Cip /0 A 1exp(||u||*(A<Qa4T>>)dA

< Clp(02|z/||*(A(Q,4r)))p/Ooo P=Tet gy
= Cupl () (Callv](A(Q. 41))) "

Since pI'(p) =T'(p + 1), this justifies (4.2.55) and concludes the proof of (4.2.51).

We now turn to the task of constructing the Lipschitz function h. As a prelim-
inary matter, we note here that the estimate (4.2.43) gives

(X = Y,vaun)| < X =Y,vax, x—y))| +I1X =Y[va@.ar — Vacx,x—v)l

IN

202 |X —Y|+|X Y| v — va(Qan | do
A(X|X-Y))

(4.2.60)

IN

(202 + v, (X)) 1X — Y,

provided X € KN aQ, r € (0,R,) and Y € B(X,2r). Also, recall from (4.2.49)
that

(4.2.61) HX) = (X - Q,fig,), X eR'.

This, (4.2.47)-(4.2.48) and (4.2.60) then allow us to control
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H(X) —t(Y)] = [(X =Y.iiq,)|
(4.2.62) < BUX =Y, va@un)| 40X =Y
whenever X € G(Q,7), Y € B(X,2r), r € (0,R.). (Note that X € G(Q,r) implies
X € KN oQ.) On the other hand, we may write ((X) —¢(Y)=X -Y — (¢(X) —
t(Y))7lg,r so that
(4.2.63) [¢(X) = (V)| = [X = Y[ = [t(X) —t(Y)[ = (1 - 49)[X — Y],

granted that X,Y are as above. Combining (4.2.62) and (4.2.63) then gives

HX) 1) € T2 JC(X) = C(¥)] < CBIEX) — (V)]
X e G(Q,r), Y € B(X,2r),

(4.2.64)

for some geometrical constant C' > 0. As a consequence, the projection IT is one-
to-one on G(Q,r) and, hence, the mapping

(4.2.65) hI(G(Q, 1) — R, h(C(X)) = t(X),

is well-defined. By (4.2.64), this mapping satisfies a Lipschitz condition with con-
stant C§. It can be therefore extended as a Lipschitz function, which we continue
to denote by h, to the entire hyperplane H(Q,r), with constant < C§. Note that
its graph G (in the ({,¢)-system of coordinates) contains {(¢(X),t(X)) : X €
G(@Q,r)} =G(@Qr).

The inclusion (4.2.39) is a direct consequence of the convention (4.2.49), formula
(4.2.61) and estimate (4.2.43). In turn, this implies that the connected sets

C+(Q7T) = {(Cat) : |C| S r, —r < t < 70357”}’

(4.2.66)
C(Q,r):={(¢t): [¢| <r, C3or <t<r}

do not intersect 9. Thus, Q; := Q and Q_ := R\ Q form a disjoint, open cover
of C*(Q,r) and since the two-sided corkscrew condition guarantees that C*(Q, )N
Q4 # 0, we may finally conclude that

(4.2.67) CH(Q,r)CQy and C(Q,7) CQ_.

Now, clearly, II(C(Q,r) N 9Q) C {¢ € H(Q,r), |{| < r}. The opposite inclusion
fails only when there exists a line segment parallel to 7y, whose two endpoints
belong to CT(Q,r) and to C~(Q, r), respectively, and which does not intersect 9.
However, (4.2.67) and simple connectivity arguments rule out this scenario, hence
(4.2.40) is proved.

Going further, observe that (4.2.40) implies
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(4.2.68) {Ce HQ,r), [¢| <r}\I(G(Q,r) CL(EQ,r))

so that

W ({C € HQm). [c] < 1} \INE(Q.m))
(4.2.69)
<1 (I(EQ.7)) < HM(B(Q.r)) < Cr ™ exp (~Co/d),

using the fact that IT maps balls in R"*! into balls in hyperplane H(Q,r) or the
same radii, and invoking (4.2.37). Now, C(Q,r) N (g \ 89) cgn H_l({C €

H(Q,r), |¢] <r}\ H(G(Q,r))) and since G is the graph of a Lipschitz function,
we may deduce that
' (c@.nn(g\o9))
<HH (G ({C e H@Qu). 6 < r)\TIGQ.r) ) )
<on(u(gnut({ce H@.n), K <\ GQ1)))

(4.2.70) < cyn({g c H(Q,r), |¢] <7}\ H(G(Q,r))) < Oy wnr™ exp (—Ca/8),

by (4.2.69). Keeping in mind that C(Q,r) N (89 \ g) is contained in E(Q,r), the
estimate (4.2.35) now follows from (4.2.70) and (4.2.37).

As for the proximity condition (4.2.38), fix X € (C(Q,T) N 89) \ G(Q,r) and

let X* € G(Q,r) be arbitrary. Since X* € G(Q,r) and X € B(X*,2r), estimate
(4.2.64) gives

(4.2.71) [£(X) = h(II(X*))| = |t(X) — ¢(X")] < CS[II(X) — TI(X")],

for some geometrical constant C' > 0. Consequently,

| X = (IL(X), h(IL(X)))] [1(X) — R(I1(X))]
[1(X) — h(II(X7))| + [A(IL(X™)) = hII(X))|

CHIIX) — (X,

IN

(4.2.72)

IA

by (4.2.71) and the Lipschitz condition on h. Taking the infimum over X* € G(Q, r)
now yields (4.2.38).

There remains to prove (4.2.41). Using (4.2.35), (4.2.40) and (4.2.32), we may
estimate
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o(A@Q,r) = H"(02NBQ,r)) <H"(C(Q,7)NIQ)

< HMNC@Qr)NG) +H(C(Q.r) N (92 9))
< / VIEIVROR AL (C) + Ct wnr™ exp (—Cs/6)
CEH(Q,m): [¢|<r
(4.2.73) < (1 36 + Croxp (—Cs /5))wnr" < (14 Cyb)wpr™

Also, from (4.2.35) and (4.2.32),

war™ = (T € HQ,r): [¢] < 7})) < MM (C(Q,1) N09Q)

< HY(B(Q,r) N Q) + H" ((C(@ r) N o)\ B(Q, r))
< oAQM) +H (€@ NG\ BQ 1)) +H"(C(@r)N (021 9))
< o(A(Q,7)) + Csdwy 1™ + Cpwpr™ exp (—Ca/9)

(4.2.74) < o(A(Q,7)) + Cadwyr™

so that (1-Cy0) wy ™ < o(A(Q,r)). Hence, (4.2.41) follows from this and (4.2.73),
completing the proof of the theorem. O

From Definition 4.1.5 and Corollary 4.1.2, it follows that if Q C R"*! is a 6-
SKT domain for some 6 € (0, d,,), then 2 is a two-sided NTA domain, 0 is Ahlfors
regular, and for each compact set K C R"*1, there exists R > 0 such that (4.1.14)
holds. Remarkably, the converse implication is also valid (up to a multiplicative
geometrical constant). This is made precise in the theorem below.

Theorem 4.2.7. Let Q C R™t! be an open set that satisfies a two-sided local John
condition and whose boundary is Ahlfors reqular. In the case when € is unbounded,
it is also required that O) divides R into two distinct connected components.

Then there exists a geometrical constant C, > 1 with the following significance.
Assume that there exists § > 0, sufficiently small relative to the John and Ahlfors
regularity constants of 1, with the property that for every compact set I C R 1
there exists Rx > 0 such that

(4.2.75) sup [[V[l+(A(Q, Rx)) < 6.

QeEKNIN
Then © is a 6,-SKT domain, with 6, = C,6. In particular, Q is a J,-Reifenberg
flat domain and, hence, a two-sided NTA domain.

Proof. Since Corollary 3.1.10 gives that  has locally finite perimeter, it suffices
to show that Q is J,-Reifenberg flat if §, := C,0 for some geometrical constant
C, > 1. The latter is chosen so that the conditions in Definition 4.1.1 are verified
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(for ¥ := 09 and C,0 in place of §) by the n-plane L(Q,r) := Q + H(Q,r), with
H(Q,r) as in Theorem 4.2.4. That this is possible is ensured by (4.2.39). As can be
seen from (4.2.66)-(4.2.67), choosing C, sufficiently large also guarantees that the
conditions in Definition 4.1.3, with £(Q,r) := Q@+ H(Q,r) and 7, as in (4.2.48),
are verified as well. The desired conclusion follows. O

Theorem 4.2.7 and definitions readily yield the following.

Corollary 4.2.8. Assume that Q C R™*! is an open set with compact, Ahlfors requ-

lar boundary which satisfies a two-sided John condition and such that dist (v, VMO (99, do)) <
€ where v is the unit normal to Q) and the distance is taken in the VMO (99, do)

norm.

Then there exist €, and C,, depending only on n and the John and Ahlfors
reqularity constants of Q, such that if € € (0,e,) then Q is a 6-SKT domain where
6 :=Ce.

Conversely, if the open set Q C R™! with compact boundary, is a §-SKT
domain for some 6 € (0,9,,), then Q is also an e-regular SKT domain with € := §.

Theorem 4.2.7 also implies the following equivalent characterizations of bounded,
regular SKT domains.

Theorem 4.2.9. Let Q C R be an open set with compact boundary and denote
by kx := k(-, X) its Poisson kernel with fixed pole at X € Q. Then the following
statements are equivalent:

(i) Q satisfies a two-sided local John condition, 02 is Ahlfors regular, and the
unit normal v of Q belongs to VMO (09, do);

(ii) Q is a two-sided NTA domain, OS2 is Ahlfors reqular, and v € VMO (09, do);

(iii) Q is a two-sided NTA domain, 9 is Ahlfors regular, logkx € VMO (052, do)
and there exists 6 > 0 sufficiently small (relative to the NTA and Ahlfors
reqularity constants of Q1) with the property that

(4.2.76) dist (v, VMO (99, do)) < 6;

(iv) Q is a regular SKT domain (in particular, Q is a Reifenberg flat domain with
vanishing constant).

Proof. The equivalence (i) < (i) is covered by Theorem 4.2.7 and Lemma 3.1.9.
Next, that (ii) < (iv) is a direct consequence of definitions, Theorem 4.2.7 and
the comments preceding its statement. In concert with Theorem 4.2.7 and Corol-
lary 2.4.10, conditions in (#i7) guarantee that € is Reifenberg flat with a sufficiently
small constant hence, further, Reifenberg flat with a vanishing constant, by virtue
of Theorem 7.36 on p. 139 of [15]. Hence, {2 is a regular SKT domain. That, con-
versely, logkx € VMO (092, do) if Q is a regular SKT domain is part of the main
result in [65]. This shows that (iii) < (iv), finishing the proof. O

Remark I. We wish to point out that the flatness condition (4.2.76) plays the role of
the hypothesis adopted in [65], [66] that © is a sufficiently flat Reifenberg domain.
Either flatness condition precludes domains such as Q = {X € R3*t!: 23 < 2% +
23 + 23} from serving as a counterexample to the claim that:
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a two-sided NTA domain with an Ahlfors regular boundary and
for which log ko, the logarithm of the Poisson kernel with pole at
infinity, has vanishing mean oscillations is necessarily Reifenberg
with vanishing constant.

Indeed, while the boundary of such a domain is the light cone 22 = 2% + 22 + 23

in R3*! and, hence, ko = dw® /do = ¢, constant, by [97] and [64], the domain in
question is not d-Reifenberg and nor is condition (4.2.76) satisfied if § < 1/8.

Remark II. Characterizations such as those in Theorem 4.2.9 have been used in
[53] to show that the class of regular SKT domains is invariant under C! diffeo-
morphisms of the Euclidean space.

4.3. Sobolev spaces revisited

In this section we wish to clarify the relationship between our Sobolev spaces
LY(09Q,do) introduced in § 3.6 and general concept of Sobolev space defined for
abstract abstract measure metric spaces. For the reader’s convenience, we include
a brief review of the latter, based on [46], [48].

Let (X, d, u) be a measure metric space, i.e., a metric space (X, d) equipped with
a doubling, positive Borel measure pu, which is finite on bounded, measurable sets.
Given a p-measurable, real-valued function u on X, denote by D(u) the collection
of all generalized gradients of u, i.e. nonnegative, y-measurable functions g on %
with the property that there exists E C ¥ with u(F) = 0 and such that

(4.3.1)  Ju(X) —u(Y) <d(X,Y)(g(X) +9(Y)), VX,V eX\E

As in [46], for each p € (1,00) then define the Sobolev space

(4.3.2) WP(2) = {u € LP(X,dp) : D(u) N LP(X,du) # 0}

and equip it with the norm

(4.3.3) lullwrrsy = lullLrsaw + f Nglloes,dn-
ge€D(u)

As observed in [46],

(4.3.4) W1LP(X) is a Banach space for each p € (1, 00).

Given g € [1,00) and f € L] (X, dpu), consider the following Calderén-type maximal
operator

f(Y) B fX,r

r

1/aq
q
(4.3.5) Ao f(X) :=sup <]l d,u(Y)) , Xek,
r>0 Bd(X,T)

where By(X,r) :={Y € ¥: d(X,Y) < r} and we have set fx,, := de(X i
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The following is a minor variation of Theorem 3.4 on p. 606 in [48].

Proposition 4.3.1. Let (X,d,p) be a measure metric space of finite diameter.
Then for each p € (1,00) there exist constants with the following significance. First,
the following statements are equivalent:

(i) weWhP(x);

(ii) w € LP(X,du) and there exists a nonnegative function g € LP (X, du) such that
the Poincaré inequality

(43.6) f o) -l <orf  gau
Bd(X,T) Bd(X,r)

holds for every X € ¥ and r > 0;
(iii) w € LP(X,dp) and Ay ju € LP (3, dp).

Second,

Q

lullwr(s) lullr(s.an) +inf {llgllLr(s.an : g satisfies (4.3.6)}

(4.3.7)

Q

1wl (sdpy + 1A 1ull Le(s,dp)-
We shall also make use of the following Lusin-type approximation result from [46].

Proposition 4.3.2. Assume that (X,d, ) is a measure metric space of finite di-
ameter and that 1 < p < oo. Then for each f € WLP(X) and € > 0 there exists
h € Lip () for which

(4.3.8) p({X ex: f(X)#n(X)}) <e and |[f = hllwrrz) <e.

In particular, the collection of Lipschitz functions is dense in each W1P(X), 1 <
p < o0.

This completes our review of Sobolev spaces in abstract metric measure spaces
and we return to the setting when X is the boundary of a sufficiently reasonable
domain Q Cc R**L, If O ¢ R™*! is an open set with an Ahlfors regular boundary,
then 02 equipped with the Euclidean distance and the surface measure o becomes a
measure metric space. Consequently, we can consider the Sobolev space WP (99)
as in (4.3.2)-(4.3.3), for each p € (1, 00).

Proposition 4.3.3. Let Q C R"*! be an open set with an Ahlfors reqular boundary,
which satisfies a two-sided local John condition (which is therefore a UR domain),
and fix p € (1,00). Then the inclusion map

(4.3.9) LY(99, do) — WP(9Q)

is well-defined and continuous.

Proof. Denote by D* the harmonic double layers in .. We shall show that there
exists a finite constant C' = C(2, p) > 0 such that, given f € L¥(09Q, do),
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(4.3.10) g:= C(N(VD+f) +N (VD™ f) + |f|)

is a generalized gradient for f (if 9 is unbounded, |f| can be dropped from the
definition of g).

To prove this claim, fix f € L}(9Q,do) and set u® := D*f in Q.. Then for
a.e. X,Y € 9Q we can write f(X)— f(V) = (u"(X) —ut(Y)) = (v (X) —u"(Y)).
If either 02 is unbounded, or when 9{ is bounded and R := |X — Y| is sufficiently
small (say, 0 < R < R,, with R, as in the definition of the local John condition)
we let A% be the John centers of B(X,2R) N Q4 and estimate

[ (X) —u (V)] < [t (X) = uF(AR)| + [ (V) — u™ (AF)]
< CR (N(wi)(X) + N(vui)(X))
(4.3.11) < I X =Y|(g(X)+g(Y)).

Here, to obtain the second inequality, we can write

(4.3.12) ut(X) —ut(AF) = /o au(zi(s)) ds,

where zf((s) is a unit speed parametrization of the non-tangential path ~yx, con-

necting X to Aﬁ, of length Cx R < C'R, whose existence is guaranteed by definition
of the local John condition (and similarly with ¥ in place of X). Thus,

(4.3.13) If(X)—fY) <|X -Y|(g(X)+g(}Y)) for a.e. X,Y € 0Q.
When 09 is bounded and R > R,,, we trivially have

[F(X) = fFV)] < RINX = Y|([f (O] + IF(V)D),

so that (4.3.13) continues to hold in this case as well. Note that the function g
given in (4.3.10) satisfies ||g|[zr(90.d0) < C||fllzr(90,d0) < +00, by (3.6.31).

Altogether, this shows that g is a generalized gradient for f. Hence, f €
W2 (9Q) and || fllwir@oa) < Ifllzr@.de) + l9llr@0.d0) < CllfllLeo,d0). The
desired conclusion follows. O

We continue with another useful embedding result.

Lemma 4.3.4. If Q is a bounded UR domain then the inclusion

(4.3.14) Lip (89) — LF (89, do)

is well-defined and continuous for each p € (1,00).
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Proof. To fix ideas, assume that p € (1,00) and f € Lip(992). Recall that
Kirszbraun’s Theorem asserts that any Lipschitz function defined on a subset of a
metric space can be extended to a Lipschitz function on the entire space with the
same Lipschitz constant (see, e.g., [117]). Thus, we can assume that f = Flaq,
where F is a Lipschitz function in R**! with

(4.3.15) [VF| oo mnt1y < Cnll fllLip (99)-
Pick a nice bump function 7, set 7. (z) := e~ "+ (z/e) and regularize F* := Fx1,,

e > 0. Then ||[VF?|| oo mn+1) < CnllfllLip (90) and for any ¢ € C=(R"*!) we may
estimate

‘/{m for, do| = il—{%/ag Feo, pdo| = ;1_{%/80 Or, F do
< ClYlro0.d0) 11111351? [VEF[| Lo (mn+1)
e—
(4.3.16) < Ol o9.do) 1 f lILip (902)-

Since C>°(R"1)|yq is a dense subset of L'(9€,do) (which is easily seen with the
help of Lemma 2.4.9), it follows that for each j, k € {1,...,n+1} the assignment ¢ —
Joq fOr,. b do extends to a functional in (L'(8Q, do))* = L>(99,do), of norm <
C||fllLip (9)- Hence, there exists unique bjp € L>(9Q, do), with |[bjx|| Lo (90,d0) <
C”f”Lip (o) for which

(4.3.17) / O, b do = —/ bispdo,  Vip € C° (R,
o o

This proves that 9., f = bj. € L>(0Q,do) satisfies |0, f|l = a0,d0) < CllfllLip (99)-
In particular, the inclusion (4.3.14) is well-defined and continuous. O

Let Q be an open set in R™*! with an Ahlfors regular boundary. In analogy
with (4.3.5), if ¢ € [1,00) and f € L} (99Q,do), in the current setting we define
Calderén’s maximal operator as

f(Y) - fX,r

q 1/q
, dO’y) , X €09,

(4.3.18) A f(X) :==sup <][A(X :

r>0
where we have set fx,; := f 5 (x,f do.

Proposition 4.3.5. Assume that Q C R"*! is an open set with an Ahlfors reqular
boundary, and which satisfies a two-sided local John condition. Also, fix p,q with
1<qg<p. Then

(4.3.19) £l 60,40y = 1 As g fllLr00.d0) + | fllLr (092d0)
uniformly for f € L¥(9Q,do).
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A few comments are in order. The idea of characterizing membership to classi-
cal Sobolev spaces, defined in the Euclidean setting, in terms of maximal operators
(such as (4.3.18)) goes back to Calderén (see [12], [13]). In [105], Semmes has dealt
with the issue of extending Calderén’s theory when the flat Euclidean space is re-
placed by a more general manifold. Semmes’ version of Calderén’s theorem (closely
related to the case p = ¢ = 2 of (4.3.19)) is stated for a smooth surface albeit the
comparability constants do not depend on smoothness (but only on the Ahlfors
regularity constants and the NTA constants). In the same paper, Semmes also
raises the issue of eliminating the a priori smoothness assumption on the surface.
The latter is the main attribute of our result.

Proof of Proposition 4.3.5. Let €, p, ¢ be as above and pick ¢, € (1,p) with ¢, > gq.
Also, select an arbitrary f € LY (0Q,do). Let M denote the Hardy-Littlewood
maximal operator on 0f2. For each X € 992 and r > 0, the Poincaré inequality
(4.2.1) then gives

(4.3.20)

q 1/a do 1/q0
][ doy < ][ doy
A(X,r) A(X,r)

1/40 > )
SC’R[][ Ve f[ dor| +CRZZ_7][ IVianf| do
A(X,5r)

A(X,2i+17)

f(Y) - fX,r

r

f(Y) _fX,r

r

j=1
1/¢0

< C{M“vtan.ﬂqo)(X)} )

provided that either 9 is unbounded or r € (0, R,), with R, as in the statement
of Proposition 4.2.1. If, on the other hand, 02 is bounded and r > R,, we simply
estimate

(4.3.21) <][A(X ’)

Either way, using (4.3.20), (4.3.21) and the boundedness of M on LP/% (99, do) we

arrive at

f(Y) - fX,'r‘

r

1/40

q 1/q
doy> < | Mm(f1#)(x)]

(4322) HA*’qf”LP(aQ,da') S C(HVtaanL”(i?Q,dU) + ||fHLP(397d‘7))'

This justifies the right-pointing inequality in (4.3.19).
Turning to the other direction, recall that

(4.3.23) a.,—.k = Vjak — l/kaj,

J

where v is the outer unit normal to df2, and v; is the j-th component of v. Let S,
D denote, respectively, the single and double layer potentials associated with the
Laplacian in R"*! and set
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(4324) ui = Df 0 where Q+ = Q, Q.= Rn+1 \ Q
+

In the current context, (3.6.31) then gives

(4.3.25) djut = —0,8(0r,, f)los
so that by Proposition 3.6.2, the second formula in (3.6.17) and (3.3.39),

a”'jk (ui‘BQ)
(4.3.26) = vi(Okutlon) — vi(9ju|oq)
— v [i%uram f—pv.0,5(0,,, f)] . [i%yraw f—pv.0,5(0,, f)} ,

where p.v.0,.S is the (convolution-like) principal value integral operator on 02
whose kernel is (0,F)(X —Y) (with E as in (3.3.24)). Thus,

Ory (o) — 0y (W™ loQ) = vjrdr, f — vty 0r,, f
= ijr(vtanf)j - kar(vtanf)k
(4.3.27) — o],

on account of (4.3.26) and (3.6.43). The second formula in (3.6.17) and our earlier
work on the nature of boundary traces allows for the following interpretation of the
leftmost expression above. Given a point X € 99 that is weakly accessible from
Q4 (ie., X € T+(X)), and for which the respective non-tangential limits of Vu*
exist (in particular, a.e. boundary point enjoys these properties), we form two non-
tangential paths in ., terminating at X, with arc-length parametrizations v*(s),
0<s<6x,75(0) = X, dist(y*(s),99) ~ s (cf. Definition 3.1.4), and we interpret
the leftmost side of (4.3.27) evaluated at X as

im ((Vj(X)(akuﬂ(ws)) — (X )(@u*)(w*(s)))

s—0
(4.3.28) = (X)) (9) =k (X)@u) (3 (5))) ) -

Fix a boundary point X along with two non-tangential paths v* as above, and fix
also s € (0,0x). We claim that for each index j € {1,...,n + 1},

(4.3.29) @) (v (9)) = (Q5u7) (v (s))] < CAa f(X).
In turn, this and (3.6.42) entail the pointwise bound

(4.3.30) [Vianf(X)| < CAL 1 f(X) for a.e. X €09,

from which the left-pointing inequality in (4.3.19) follows immediately.
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To prove the above claim, we first note that by (3.6.52), we may replace f by
[ — fx,s, and we write

(4.3.31) f=fxs=>_f

i=0

where

(4.3.32) fo:=(f— fxs)lax.s), [fi=(f = fxs)laxeionaxei-ts), @21

(If 09 is compact, the terms f; may be vacuous for ¢ large). Then

|@5u) (v () = (Q5u7) (v~ ()]
<1@;Dfo)(v* ()| + (9D fo) (v~ ()]

+ Y 10 Dfi) (v () = (9Dfi) (v ()| =1+ I1 + 111

=1

(4.3.33)

Standard estimates for derivatives of the fundamental solution for the Laplacian in
R™*! and the specific nature of the parametric paths 4+ ensure that

1
I+1I < L )l
’ a O/ X,s |'7i(5)—Y|n+1‘f( ) — fxs|doy

of
A(X,s)

Similarly, using also the mean value theorem, we obtain that

f(Y) - fX,s

S

(4.3.34)

IN

dO’y S CA*’lf(X)

(4.3.35)
[(0;Dfi) (v () = (D fi) (v (s))]
<C / (V2E)(v"(s) = Y) = (V2E)(v " (s) = V)|If(Y) = fx,s| doy

A(X,25)\A(X,2i~1s)

A(X,2%s)

2is
since [y (s) =y (s)| < Cs, and if Y € A(X, 2%s) \ A(X,2"1s) and Z € y*(s) then
for i large enough we may write |Z —Y| > | X —Y|—|X — Z| > 2715 — Cs > O2's.
Going further, we estimate

b
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Y) - s
][ FY) = Jx, o
A(X,205) 2's
Y)— i
< ][ M doy
A(X,2is) 2's
- fX 2i—1g
+ ][ T doy
Z A(X,21s 2s
f( ) fX 2is fX 275
do C d
< ‘ 9ig oy + Z][ A 2Js oy
(4.3.36) < Cihi 1 f(X).
In conjunction with (4.3.35), this yields the bound
(4.3.37) HI<CY 27 A1 f(X) < CA f(X).
i=1
This proves (4.3.29) and concludes the proof of Proposition 4.3.5. (I

Recall the space WP(9Q) defined in the first part of this section, in (4.3.2).

Theorem 4.3.6. Suppose that Q C R"*! is an open set satisfying a two-sided local
John condition and whose boundary is compact and Ahlfors regular. Then for each
€ (1,00),

(4.3.38) L1909, do) = WP(0Q)
with equivalence of norms.

Proof. Recall from Proposition 4.3.3 that LY(9%, do) — WP(9€Q) and note that,
as seen from (4.3.7) and Proposition 4.3.5

(4.3.39) 1fllr@0,d0) = [ fllwrran),  uniformly for f € LY(9%, do).

We also know that Lip (0€2) is contained in L¥(99Q,do) (cf. Lemma 4.3.4), and is
dense in WP(9Q) (cf. Proposition 4.3.2). Since, by (4.3.39), the norms in these
two Banach spaces are equivalent, the equality (4.3.38) follows. |

Corollary 4.3.7. Let Q C R™t! be an open set satisfying a two-sided local John
condition and whose boundary is compact and Ahlfors reqular. Then for each p €
(1,00) the following hold:

(i) The inclusion (4.3.14) has dense range, i.e., Lipschitz functions form a dense
subset of the Sobolev space;
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(i) A function f € LP(OS,do) belongs to LY(0Q,do) if and only if A1f €
LP(0Q,do).

Proof. Part (i) is a consequence of (4.3.38) and Proposition 4.3.2. The “if” direction
of part (ii) follows from Proposition 4.3.1 and Theorem 4.3.6, whereas the “only if”
direction is already contained in Proposition 4.3.5. O

Proposition 4.3.8. Assume that Q C R"*! is an open set satisfying a two-sided
local John condition and whose boundary is compact and Ahlfors reqular. Then for
each p € (1,00) the inclusion

(4.3.40) C>®(R™1) o LY (092, do)
is well-defined, with dense range.

Proof. To begin with, Lemma 4.3.4 shows that (4.3.40) is indeed well-defined. The
main issue here is proving the denseness of the range, a task to which we now turn.

By the Hahn-Banach Theorem it suffices to show that if A € <Lf(8(2, do))

vanishes on C’C’o(]R”Jrl)‘aQ then it vanishes on L7 (99, dos). Invoking (3.6.39), this

can be further rephrased as follows: If fo, fjr € LYD,(OQ,CZO')7 1<j<k<n+1,
1/p+1/p’ =1, then

/(SQ (fo(,O + Z fjk&jkgo) do=0 Ve COO(Rn+1)

1<j<k<n+1

(4.341)  — /m(fof+ 3 fjkaTjkf>d0=O Y f e LV (99, do).

1<j<k<n+1
To this end, assume that fo, fjr are as above and note that, by part (i) in Corol-
lary 4.3.7, it suffices to show that the conclusion in (4.3.41) holds if f € Lip (0€2).

Assuming that this is the case, consider f. := F¢|gq, € > 0, where F*¢ are the
functions constructed as in the proof of Lemma 4.3.4, in conjunction with this f. It
is then clear that f. — fin L’ (09Q,do) ase — 0 and, since sup,~ ||0r,,, fll Lo (90,d0) <
C|lfllLip (9, Alaoglu’s Theorem ensures that we can assume that 0., fo — 9, f

weakly in LP' (99, do) as & — 0.

Based on these, we may then write

fof + Y. fir0n, f)do
o9

1<j<k<n+1

=tim [ (fofet Y fudnut)do =0,

e—0
9 1<j<k<n+1

(4.3.42)

granted our hypotheses on fo, f;k, since f- is of the form F¢|sq with F© € C>(R"+1).
This justifies (4.3.42) and finishes the proof of the proposition. O
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Corollary 4.3.9. Let Q C R™! be an open set satisfying a two-sided local John
condition and whose boundary is compact and Ahlfors regular. Then the boundary
integration by parts formula

(4.3.43) | onipado == [ 10,000

holds for each j,k € {1,....,n + 1}, whenever f € L1 (0Q,do) and g € L‘f(@ﬂ,da)
with p,p’ € (1,00), 1/p+1/p = 1.

In particular, for each j,k € {1,..,n+ 1} and 1 < p < oo, the tangential
differential operator O, : LY(0Q,do) — LP(02,do) can be consistently extended
as the bounded mapping

0

Tjk

 LP(00, do) — L2, (09,do) = (17 (89,da)>*,

(4.3.44)

<a‘rjkf7g> = 7/ f(aTgkg) do.
o0

Proof. By Proposition 4.3.8, it suffices to prove (4.3.43) when f = u[po and g =
v|aq, for some u,v € C*(Q). In this setting,

(4.3.45) /a u(Or,0)do = /Q (aju(X)akv(X) - 3ku(X)3jv(X)) dx,

for all 4,k € {1,...,n+ 1}. Since the right-hand side of (4.3.45) is antisymmetric in
u and v, we obtain that

(4.3.46) / u (0r,,v)do = / (Or,,u)vdo,
oN [219]
from which (4.3.43) follows. O

Having clarified the relationship between our Sobolev spaces and those defined
on general measure metric spaces (cf. Proposition 4.3.3 and Theorem 4.3.6), the
properties deduced in the abstract framework carry over to the current setting. As
an example, we have:

Corollary 4.3.10. Assume that Q C R"! is an open set satisfying a two-sided
local John condition and whose boundary is compact and Ahlfors reqular. Then

(4.3.47) L(09,do) = LP" (090, do) if 1 <p <n, where p* := 22,

(4.3.48) LY(09,do) — C%(9Q) if n <p < oo, where a:=1- 7.

Corresponding to p = n, functions in LY (09, do) satisfy a global exponential inte-
grability condition of John-Nirenberg type. If, in addition, 0S) is compact, then

(4.3.49) LY(09Q,do) — LP(99Q,do) compactly, for each p € (1,00).
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Proof. The embeddings (4.3.47)-(4.3.48) are consequences of Proposition 4.3.3 and
Theorem 8.7 on p. 197 in [47] (cf. also Theorem 6 in [46]). The claim in (4.3.49)
follows from Theorem 4.3.6 and Corollary 1 on p. 125 in [60]. O

Corollary 4.3.11. Let Q C R™! be a bounded open set satisfying a two-sided local
John condition and whose boundary is Ahlfors reqular. Also, recall the single layer
potential operator S from (3.6.22). Then

(4.3.50) IN(SH)llLa(o0.d0) < C(2,0,9) 1| Lr(90,d0)

where ¢ :=np/(n—p) if L <p<n, and g < oo if n < p < 0.
Proof. This is a direct consequence of (4.3.47)-(4.3.48), (3.6.14) and (3.6.36). O

We conclude this section with the following global Poincaré inequality.

Proposition 4.3.12. Assume that Q C R™! is an open set satisfying a two-sided
local John condition and whose boundary is Ahlfors reqular, compact and connected.
Then for any p € (1,00),

(4.3.51) ( ][aQ|f — foal? do)l/p <cf ][agw““‘ P da)l/ g

uniformly for f € LY(0Q,do), where faq denotes the integral average of f on 9.

Proof. Seeking a contradiction, assume that there exists a sequence f; € L} (99, do),
J € N, with [|[VianfllLr90,d0) — 0 as j — oo and yet [|f; — (f;)oallLr0,d0) = 1
for each j € N. Based on (4.3.49), there is no loss of generality in assuming that
fi — (fj)ea — g in LP(0Q,do) as j — oo. In particular, this entails

(4.3.52) HgHLp(@Q)dg-) =1 and /aggda =0.

We now claim that g € LY(0Q,do) and, in fact, Viang = 0. Indeed, if ¢ €
C1(R™*1), then for each k,¢ € {1,...,n + 1} we may write

| 90nrdo =t [ (= (£)om)On ) do
(4.3.53) o9 rmeedon
= lim (67'ij)90d0' =0,

1700 J a0
justifying the claim. Going further, this, the connectivity assumption on 92 and
Proposition 3.6.6 further entail that g is constant on 9. With this in hand, the

desired contradiction is evident from (4.3.52). O

4.4. Compactness of double layer-like operators on VMO, domains

Here we discuss the work in [50] and, when 2 is a VMO, domain, use it to estab-
lish the compactness on LP(9S, do) of singular integral operators belonging to a
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distinguished class (which contains the principal value harmonic double layer K).
Prior to presenting this in the form of a theorem, we isolate a key estimate. To
state it, recall next that given p € (1,00), a positive, locally integrable function w
defined in R™ is said to belong to the Muckenhoupt class A, if

(4.4.1) [w]a, == sup (][Qw(x) dx) (f@w(x)l/(pl) dx)P—l -

QCR™, cube

For further reference, we recall that, corresponding to p = 1,

(4.4.2) [w]a, ==  sup <][Qw(a:) dx) (ess igf w)71 < o0,

QCR™, cube

and that, corresponding to p = oo,

(4.4.3) As = 4.

p>1

The relevance of this concept in the current context stems from the following ob-
servation made in [50]:

Aasin (2.5.1)-(2.5.2) = w:=+/1+|VA2e () A4,
(4.4.4) 1<p<oo

and [w]a, < Cpnp(1 + |[VA].) for each p € (1,00).

For p € (1,00) and w € A, define L (R") as the weighted L” space in R™ with
respect to the measure w dx. We then have

Theorem 4.4.1. For each m,n € N there exists N = N(n,m) € N with the
following significance. Let A, Bj, j = 1,...,m, be functions in BMO(R™) and set
B := (By,...,By,). Also, pick an even function F : R™ — R of class CN*t2 with
the property that |F(w)| < C(1+|w|)™! for w € R™, and 0*F € L'(R™) whenever
0 < |a] < N + 2. Finally, for each x € R™ set

T.[A, B]f(x)
— A(x) — Aly) — (VA(y),z —y) ./ B(z) — B(y)
(445) =sup | / o =g F( P— ) fy) dy’-
Syl >e

Then for each p € (1,00) and w € A,, there holds

IT.[A, Bl fl| e, (=)

< Clplwla)( Y 10°Flluee + sup (1+ ul) F(w)])
(4.4.6) ol <N+2 weRn

<Al (14 3 19B,1.) I

j=1

Lﬁ, (Rn) .
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Proof. This is a mild extension of Theorem 1.10 in [50], where the case m = 1
has been treated. The current version can be proved along similar lines, the only
notable difference being that the quantity denoted mp(V A) at the bottom of page

490 in [50] now becomes (:,CBVBj da:) and the ‘dot’ products in Case 2 and

1<j<m
Case 3 on pp.491-492 in [50] should bE]i_nterpreted accordingly. This allows for
the same reduction (via good A-inequalities) to the case when A, B are Lipschitz
functions. The Lipschitz version of Theorem 4.4.1 is well-known; see, for instance,
Theorem 11 on p.108 in [83] for the unweighted version of (4.4.6). The fact that a
Muckenhoupt weight can be allowed is a well-known property of singular integral
operators of Calderén-Zygmund type; cf. [19], [83]. When A is a Lipschitz function,
the special algebraic expression A(x)—A(y)—(VA(y), z—y) no longer plays a crucial
role, in the sense that it can be decoupled into A(x) — A(y) and (VA(y),y — ),
then both pieces can be treated separately, yielding (by linearity and rescaling) the
factor | VAl L in the right hand-side of the estimate (4.4.6). O

Theorem 4.4.2. Retain the same assumptions as in Theorem 4.4.1 and strengthen
the hypothesis on A by requiring that this function belongs to VMO (R™). Also, for
a fixed, arbitrary cube Q in R™, define

(4.4.7)
T(A, BIf(2)
L A(x) — A(y) — (VA(y),z —y) . B(x) — B(y)
=am o =y P ) w

yER™
lz—y[?+(A(x)—A(y))?>e?

where x € Q. Then for each p € (1,00), w € A,, and f € L (Q), the limit in
(4.4.7) exists for a.e. x € Q and the operator

(4.4.8) T[A, B] : Li,(Q) — L7,(Q)
1s compact.

Proof. Once Theorem 4.4.1 has been established, the same proof as in [50] applies.
O

We conclude this section with several remarks.

Remark I. Let L(LP (0N, do)) stand for the Banach space of linear, bounded oper-
ators on LP(0S),do). Theorem 4.4.1 implies that, in the case when 9 is the graph
of a BMO; function A,

(4.4.9) 1K || 2(zr@0,40)) < CIVAL(L+[[VA[L)Y,

for some N = N(n) > 0. In particular, for each p € (1,00), the operator 11 + K
is invertible on LP(9,do) when |[VA||, is small enough. A closely related issue,
namely whether
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(4.4.10) Q bounded VMO; domain = K is compact on LP (952, do),

has been solved in the affirmative in [50] (cf. Theorem 1.17 there). On the other
hand, if Q is a bounded BMO; domain with the property that v € VMO(99, do),
then we may write

(44.11) LI+ K= [%I.’_ (K_KN I (M

B 9 >:2K1+K2

and note that K is accretive on L?(99Q,do) since [, f K1fdo = %||f||%2(697d0),
whereas the integral kernel of K is (VE)(X-Y),v(X)—v(Y)), i.e., of commutator
type (see Theorem 2.4.2 and Theorem 2.4.5). All these can then be used to show
that, in this case, %I + K is Fredholm with index zero on L?(9S, do’). While we shall
consider this point in greater detail later on, here we want to point out that the
above observation invites the natural question whether the harmonic double layer K
itself is actually compact on L2(9€), do) (or, more generally, on LP (95, do) for each
p € (1,00)) whenever  is a bounded BMO; domain for which v € VMO(9£2, do).
Since BMO; domains have been shown in [55] to have the NTA property, the
affirmative answer to this question follows from the results of the next subsection.

Remark II. Recall Zygmund’s A, class defined by (3.1.30), along with its counterpart
A« defined by the requirement (3.1.32). There exist dimensional constants C,, > 0
and 0, > 0 with the property that if 6 € (0,0,) and [[¢[|s, ®r) < Cpd then Q =
{(z,2n4+1) : Tpt1 > p(x)} is 6-Reifenberg flat. Indeed, the separation property
can be checked using the argument starting at the bottom of p. 95 in [55]. To also
establish the estimate

(4.4.12) sup sup 0(Q,r) < Clly|
r>0 QeaN

A (R™)s

fix n € C§°(R™), nonnegative, even, with [ = 1. If, for any Q € 99Q, Q = (z, ¢(x)),
and r > 0, we now introduce the hyperplane

(4.4.13) L(Q,r) := {(z, o) + (V(pxn.)(z),z — a:)) z € R"},

then (4.4.12) follows from (3.1.36). A slight version of the above argument also
shows that Q is a Reifenberg flat domain with vanishing constant whenever ¢ €
A«(R™). This is acknowledged at the beginning of §3 on p.524 in [64]. The same
remark is also made on p.371 of [65]. As a consequence, one can deduce that each
VMO; domain is a regular SKT domain. In particular, the material of the following
subsection will extend the compactness result presented in Theorem 4.4.2.
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4.5. Compactness of double layer-like operators on regular SKT
domains

Here we shall extend the scope of work initiated in §4.4 by proving Theorem 4.5.1,
which is the main result in this subsection. To state it, we find it convenient to
introduce the following piece of notation. Given a Banach space X, set L£(X) for
the Banach space of all bounded linear operators on X and define

(4.5.1) Cp(X):= the space of all linear compact operators on X,

which, as is well-know, is a closed subspace of £(X). An extension of the compact-
ness result below to more general, variable coefficient kernels appears in Theorem
4.5.4.

Theorem 4.5.1. Let Q C R™! be a domain satisfying a two-sided local John
condition and whose boundary is Ahlfors regular and compact. Also, fix an arbitrary
p € (1,00). Then for every € > 0 the following holds.

Given a function k satisfying

(4.5.2) k:R"™\ {0} — R is smooth, even, and homogeneous of degree — (n+1),
consider the operator
(45.3) Tf(X) := lim / (XY, v (Y)W(X—Y)f(Y)do(Y), X €.
7
Yeon,| X-Y|>n

Then there exists 0 > 0, depending only on €, the geometric characteristics G(2) of
Q, n, p and ||k|gn||cn (where the integer N is as in (3.2.5)) with the property that

(4.5.4) dist (v, VMO (09Q,do)) < 6 = dist (T', Cp (LP (09, do)) < €,

where the distance in the right-hand side is measured in L(LP (0}, do)).

As a corollary, granted the initial geometrical assumptions on Q and (4.5.2)-
(4.5.8), then for every p € (1,00) there exists €’ = &' (G(Q), k,p,e) > 0 such that

(4.5.5)2 is a &'-regular SKT domain = dist (T, Cp (LP (09, do)) < €.

In particular, under the same background hypotheses, the following implication is
valid for every p € (1,00):

(4.5.6)
v € VMO (09Q,do) = T : LP(09Q,do) — LP(0Q,do) is a compact operator.

Proof. To set the stage, we first note that, thanks to Proposition 4.1.5 and the
current assumptions, the hypotheses of Theorem 3.5.2 are satisfied. In particular,
the operator (4.5.6) is bounded whenever 1 < p < oo. Throughout the proof,
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C = C(Q) will mean that the C' depends only on n and the John constants of Q
(e.g., the corkscrew constants and the constants appearing in the Ahlfors regularity
conditions for Q).

Next, fix p € (1,00) along with an operator T as in (4.5.2)-(4.5.3). Fix also an
arbitrary threshold € > 0. For § > 0 to be specified later, assume that

(4.5.7) dist (v, VMO (99, do)) < 4.

Then it follows from (2.4.77) that it is possible to select Rs > 0 such that

(45.8)  |V[(A(X,R)) <6, VX €80, VYRe/(0,100CR;),

where C' > 0 is a fixed, sufficiently large large constant, depending on €.

Our goal is to show that if § is sufficiently small (relative to €, the geometrical
constants of Q, n, p and ||k|gn|c~, where the integer N is as in (3.2.5)) then the
distance, measured in £(LP(92,do)), from T to the space of compact operators on
LP (09, do) is < e. To this end, we note that

(4.5.9)

sup sup RY(X -, vax,r))| < Co, provided 0 < R < 10CRs,
X€dQYeA(X,2R)

for some C' = C(2) > 0, by (4.5.7) and (4.2.23). Furthermore, we shall assume that
Rs is small enough so that the conclusions in Theorem 4.2.4 are valid as stated for
the choice R, := 10C' Rgs. Going further, cover

N
(4.5.10) o0c | JB(X;,Rs), X;€00, 1<j<N,

Jj=1

and assume that this has been refined (using the Besicovitch covering theorem —
cf. Theorem 2 on p.30 in [36], or Lemma 11B.1 in [111]), so as to have bounded
overlap, independent of § and N. That is, there is a fixed constant dimensional ¢(n)
such that each each point lies in at most ¢(n) of the balls { B(Xj;, Rs)}1<j<n. Pick
now a family of smooth functions, {¢;}1<j<n, with the property that, for each j,
@;j € C°(B(Xj,Rs)), 0 < ¢; <1,and Y ¢? =1 on a neighborhood of 9. Also,
for each j = 1,..., N, select ¢; € C5°(B(X;, Rs)) satisfying 0 < ¢; < 1 and which
is identically one on the support of ¢;. Finally, generally speaking, denote by My
the operator of multiplication by the function f. We may then write

(4.5.11) T=> M_y, TMgz + > My, TM,

and note that the first sum in the right hand-side of (4.5.11) is a compact operator
on LP(99,do). Thus, for the purpose we have in mind, it suffices to show that
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<e

L(LP (8, do))

N
(4.5.12) HZ My, TM,2
=1

(We note that estimates on the gradients of ¢, and 1, are not used in subsequent
calculations.) With this in mind, for an arbitrary f € LP(9),do) we may write,
using (twice) the bounded overlap property of the family {B(X;, Rs)}i<;<n,

(/m’i%T(@?f)

P 1/p N 2 (p 1/p
i) <03 | wriinra)

N 1/p
<Cpn (Z [ My, TM,, ||Z£(Lp(ag,dg)) /89 los fIP da)
j=1

1/p
. < ) . p p .
(45.13) <y mivs, 1M, T, euronnany ([ 1917 o)

Hence (4.5.12) follows as soon as we show that ¢ can be chosen such that

(4514) ”ijTMg?j ”[,(LP(BQ,da)) < 5/Cp,na Vje {L XS N}

For the remaining of the proof we shall focus on establishing (4.5.14) for a fixed,
arbitrary j. We therefore find it convenient to re-denote X, := Xj, introduce
A, := A(X,, Rs) and drop the dependence on j for ¢;, ¥;. To get started, fix
~ > 0 and, for each locally integrable function f on 92, define

1/(1+)
(45.15) M, f(X) = sup (][ 1 da) T xeon,
ASX A

where the supremum is taken over all surface balls A containing X. Consider now a
grid Q, of dyadic cubes @ on 99 (cf. Proposition 2.4.7) at a fixed scale, comparable
to diam A,. Also, set

(4.5.16) I, = U Q.

QEQ,, QN2A,#0

Let us also fix f € Lip, (092) and A > 0 arbitrary. Also, assume that A > 0 is a
fixed constant, whose actual size is to be specified later. The strategy of the proof
is to deduce a good-\ inequality of the form

a({X €1, Tu(of)(X) >3\ and M,f(X)< AA})

(45.17) <)o ({X € L: T(pf)(X) > A}),

where



150 4. Semmes-Kenig-Toro domains, Poincaré inequalities, and singular integrals

(4.5.18) lim ¢(0) = 0.
6—0

Here we wish to stress that, in contrast to the standard approach (cf. [19]), the
constant A is taken to be large, rather than small. Such a choice is of utmost
importance in the derivation of (4.5.14). The crucial ingredient allowing us to
nonetheless implement the technology associated with good-\ inequalities in this
context is the smallness of the local BMO norm of v, which turns out to be an
adequate counterbalance of the fact that A is large.

Of course, as far as (4.5.17) is concerned, it suffices to consider the case when

(4.5.19) Frn={X€l,: T.(of)(X) >3\ and M, f(X) < AN} #0,

otherwise there is nothing to prove. Fix X, € F) and bring in the decomposition
I, = P\ US) where

(45.20) Pr:={X€el,: T.(of)(X) <A}, Sn:={X€l,: Tu(pf)(X) > A}

Let us first treat the case when Py = 0, i.e., when Sy = I,.

We shall make use of Semmes’s decomposition in the version presented in The-
orem 4.2.4. In particular, (4.2.36)-(4.2.37) induce a splitting I, = G U E into two
disjoint (‘good’ and ‘evil’) pieces satisfying the following two properties. First, in
some suitable local co-ordinate system, G agrees with the graph G of a Lipschitz
function A for which

(4.5.21) [Vh| L~ <0

and, second, there exist C7,Cs > 0, geometrical constants, such that

(4.5.22) o(E) < Cyexp (—Ca/8)o(I,).

Thanks to (4.5.22), in order to establish (4.5.17) in the current case, it is enough
to look at

0({X €G: Tu(pfle)(X) > 23X and M, f(X) < A)\})

(4.5.23) + a({X €G: Tu(pflp)(X) > 32X and M, f(X) < A)\}).

The first piece can be estimated by rewriting it in graph co-ordinates, based on
(4.2.32)-(4.2.33). More specifically, denote by & the surface measure on G, and
by T the operator associated with G much as T in (4.5.3) is associated with 9.
(It is well-known that the measures o and & are compatible on 92 N G. See,
e.g., Proposition 12.9 in [111].) We can then apply Chebysheft’s inequality and
Theorem 4.4.1 in concert with the smallness condition (4.5.21) to estimate
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U<{X €G: Ti(pfle)(X) > %A}) :5({X €G: Tu(pfle)(X) > %A})

C )
< /\1+'y/g|T*(§0f1G)|l+7 do

0 4y g~ o(lo) 1+
N+ /g [[1el 7 de < €0 N ][Iom " do

a(l,)
PN

(4.5.24) < CA™§o(1,).

<C

< s

(M)

As for the second term in (4.5.23), we let ¢ :== /1 + 7 € (1,00) and write

a({X €G: T(oflp)(X) > gx})

C C
el q el a
< N g T (pf1E)|?do < N (/Io|f| lEdU)

o(E)a—1/a 2 1/q
(4.5.25) < CT (/Io L1 dg)

< C')\_qa(lo)(a(E;>(q1)/q (][In|fq2 da) 1/q

o1,

< cixtesp (- =)o) [, 0]

CQ Y )U([ )
SVI+A(WIT+y+1)/ 77
using Holder’s inequality and the estimate (4.5.22). Altogether, the above reasoning
shows that (4.5.17) holds with a constant as in (4.5.18), when P, = 0.

Assume next that Py # (. Perform a decomposition

< CLAVI T exp (f

(4.5.26) Sy=J @

kex

into maximal dyadic subcubes of I,. That is, using a stopping time argument
which involves successive dyadic divisions of I, (in the sense described in Proposi-
tion 2.4.7), we can produce a covering of Sy with mutually disjoint dyadic cubes
Q. which are maximal in the sense that, if ka denotes the dyadic parent of Qy,
then

(4.5.27) IX: e Qrn (IO \ SA> = Qx NP
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To each k € K we associate a surface ball Ay with center in ()5 and of radius
diam Q. We also let Ay be a surface ball with center at some point in @ and
radius 2 diam Q.

Going further, we categorize the collection {A}rex into two classes. Specifi-
cally, denote by KC; the collection of all k € K with the property that Ay contains
a point X;* for which

(4.5.28) M F(XE) < AN,

and set Kg := K\ K;. Tt follows then that

(4.5.29) FraNAg = @, VEk e Ky,

and, since Fy C Sy,

0({X €1, T.(of)(X) > 3A, and M, f(X) < A/\})

4.5.
ke,
If we now denote
(4.5.31) Fp ={X € Ay : Tu(of)(X) > 3\}, ke Ky,

it follows that F) N Ay C F} for each k € K1, and our goal is to prove that

(4.5.32) o(Fr) < c¢(6) o(Ag), VkeKy,
with ¢(d) > 0 as in (4.5.18). Granted this, we may then conclude that

o(Fy) = Z a(FaNAg) < Z o(Fy)

kel ke

«(6) Y o(Ar) < e(6) o (Sh),

ke,

(4.5.33)

IN

which justifies (4.5.17).

Turning to (4.5.32), fix k € K;. In order to lighten notation, in the sequel
we agree to suppress the dependence of Ay, &k, Fy, Xi and X" on k, and just
simply write A, 5, F, X* and X**, respectively. With this convention in mind,
let R stand for the radius of A and denote by A* the surface ball of center X*
and diameter C'diam A, for a constant C' > 0 depending only on €2, chosen so that
2A C A* C C,A,, for a suitably large constant C,, depending on 2. We then
decompose
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(4.5.34) of =g1+g2, where g1:=(¢f)laa-, g2:= (pf)Llaa\2ax,

so that

(4.5.35) o(F) < a({X €A: Tgi(X) > gA}) +U<{X €A Togo(X) > gx}).

Now, the contribution from ¢; is handled as before, applying Semmes’ decomposi-
tion to A* and using the fact that there exists X** € A such that M., f(X**) < AA.
For this, we thus obtain

(4.5.36) a({X EA: Togi(X) > gA}) < e(8)a(A)
with ¢(6) > 0 as in (4.5.18), which is of the right order.

As for go, observe first that since the truncation in the definition of g occurs
at X* € AN Py, we have

(4.5.37)

ngz(X*)’ ST (pf)(X*) <A, Ve>o0.

With & > 0 momentarily fixed, consider now an arbitrary point X € A and bound

(4.5.38) T.go(X) — Tego(X*)| < T+ I1+11,
where
Iom [ YR - Y) — (X = V(X = V)R ()] do ),
OON\2A*
IT  #5.39) / (X =Y, v(Y))|- [k(X =Y)| [(¢f)(Y)]do(Y),
X—Y]Se X —v|<e
I = / (X* =Y, v(Y))|- [k(X" =Y)[ [(¢f)(Y)]do(Y).

Y €a0\2A%
| X*=Y|>e, | X-Y|<e

In preparation for estimating I, we wish to analyze the difference between the
original integrand and a similar expression in which »(Y") has been replaced by
Upax = ch*I/dO'. Let R denotes the radius of A*. Keeping in mind that X € A,
the error which occurs in this fashion can be estimate as follows
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[ () sk )

(X" = YY) = va KX = Y) ) F(¥) do (V)|

IN

R
¢ / (R+|X* —Y]|)n+! v(Y) —va-||f(Y)|do(Y)
Ag\2A*

<c ) z—j][Q W(Y) — va-

JHLA\29 A

fY)|do(Y)
JEN
2+HIA*CC, A,
o]

< (35277 ) I (Cotro) Mo F(X)

j=1
(4.5.40) < CABN,

where we have used the well-known fact that [vas — vgia-| < Cj||v]«(27T71A%).

On the other hand, based on the properties of k(X) and the Mean-Value Theorem
we have

(4.5.41)
‘ / ((X YAV k(X —Y) — (X* Y, uas k(X — Y))f(y) do(Y)‘

A \2A~

(X — X* va-) (X —Y,va-)
<
“ Z /27+1A \zm* | X* — Y|+l +& |X* —Y|nt2 )|f(Y)|dU(Y)

2J+1A*CC A,

X X* VA*)‘
<c / —fY do(Y
Z SN b e T [f(Y)]do(Y)
27+1A*CCA

X — Y, UA* — V2j+1A*>
" cr Z /23+1A *\29 A* |)()k - Y|n+2 |f(Y)| dJ(Y)
27+1A CC A,

X Y Voj+1 Ax >
L CR /
Z gitias\zias [ X* = Y[|nH2

2-7+1A CC A,
=: Il + 12 + I3.

(Y)|do(Y)

Now, much as before, with the help of (4.5.9) we obtain

(1| + 3]

IN

)l (Corrn) 327 ]l F(Y)] do(Y)

= 201 A%\ 27 A

(4.5.42)

IN

Clv||+(CoAp) M, fF(X™) < CAN,
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and
Ll < mwmaAazyzﬂf (V)| do(Y)
= 271 A%\29 A%
(4.5.43) < Ol (Coe) M, F(X*) < CASA.

In summary, the estimates (4.5.40)-(4.5.43) prove that

(4.5.44) I <CAGA
Turning our attention to II and IIT in (4.5.39), let us first note that
X —Y|~|X*-Y|~|X* —Y]|, uniformly for
(4.5.45) ~
X, X" eA, X* €A and Y €00\ 2A*.

In particular, | X — Y|~ | X* — Y| = ¢ in the domain of integration in IT and II1.
Let us also observe that it can be assumed that

(4.5.46) 0<e<CR;s

since otherwise both IT and I'11 vanish, out of simple support considerations. These
considerations allow us to estimate

mo< o [ RO a0y

|X**—Y|<Cqe

|X*Y|<Cg£
. (X — Yir(Y) — vaxo)
< o Ty ) de(Y)
| X** —Y|<Cqe
| X-Y|<C3se
n (X =Y, vaxo)l
s Ty )lde(v)

|X** —Y|<Coe
‘X7Y|<C3E

(4.5.47) = IL +II,.

Using Holder and John-Nirenberg inequalities, (4.5.28), as well as (4.5.46) and the
assumption (4.5.8), we may continue with

(4.5.48) 1) < Cyl|v|| o (A(X, Cse)) M., f(X**) < CAS.

Proceeding in an analogous fashion and invoking (4.5.9) we also obtain
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(4549) IIQ S Cﬁ sup ‘<X - Y, VA(X,E)>‘M’)’f(X**) S CA6.
YeA(X,Cze)

In a similar manner,

(4.5.50) IIT < CAS,

so that, altogether,

(4.5.51)

TEgQ(X)—TEgQ(X*)‘SC’A(S)\, VX EA. Ve>o0,

by (4.5.44) and (4.5.49)-(4.5.50). In particular,

(4.552)  |Tega(X) — ngg(x*)’ <1y  VXe€A Ve,
provided
(4.5.53) 0<<5<L and A—L
5. 10° =75
Note that, by virtue of (4.5.37), (4.5.52) entails
(4.5.54) T.g2(X) < 2, VX €A,

whenever (4.5.53) holds. For this choice, we then write

a({X eA: To(pf)(X) > 3/\}) < a({X eA: Togi(X) > gA})
(4.5.55) +a({X €A Tugo(X) > gA})

and observe that, by (4.5.54), the last term above drops out, as the corresponding
set is empty. Thus, if A and ¢ are as in (4.5.53), estimate (4.5.32) is a consequence
of this and (4.5.36). This finishes the proof of (4.5.17) in the case when A and o
are as in (4.5.53), which we shall assume henceforth.

Having proved (4.5.17), we make use of this inequality to deduce that

(4.5.56)
a({X el,: Tu(of)(X) > 3>\})

< a({x €00 M, f(X) > 5*1/%}) + e(6) a({x el,: Tu(of)(X) > A}).

Multiplying (4.5.56) by A»~! and integrating in A € (0, 00) then yields
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IN

—p 2 /2 2 2
3 /IOT*(wf)I do < 6 /mwm do + c(5) /IGIT*(wf)I do

IN

(4.5.57) Coar.p 672 / |f|P do + ¢(6) / T, (o f)|P do.

a0 I,
Since [, |T.(¢f)|P do < oo, we can absorb the last integral in (4.5.57) in the left
hand-side and obtain

(45.58) | mtenris <) [ irao

with ¢(d) > 0 as in (4.5.18). Consequently,

(4.5.59) /8 TN do < / (o )P do < c(6) /8 P e

where ¢(d) > 0 is, once again, as in (4.5.18). Since f is arbitrary in LP(9,do),
(4.5.14) follows by choosing § > 0 suitably small (relative to Q, p, n, k and 7) to
begin with. This finishes the proof of the theorem. O

The following results illustrate the sharpness of the theorem just established.
For 6 € (0,27), p € (1,00), consider the following (“bow” shaped) closed contour
given by the parametric representation

sin( (r —0)z
(4.5.60) Yo(p) = igi(n(m))) rz€ iR

Proposition 4.5.2. Consider a bounded, simply connected curvilinear polygon 2 C
R? with angles 0;, j = 1,...,N, and let p € (1,00). For each j = 1,...,N, consider
the bow-shaped curve Y, (p) associated with the angle 0; as in (4.5.60), and denote

—

by X, (p) the (closed) two-dimensional region encompassed by g, (p). Let K stand
for the harmonic double layer potential operator on OS). Then the spectrum of K
on LP(09Q,do) has the following structure:

(4.5.61) Spec(K7LP(8Q,dJ)): U =) | U,

1<G<N
where { A}k, the collection of eigenvalues of K on LP(0R), is a finite subset of
(—1,1].
Moreover, for z € Uf;lEgj (p) the operator zI—K is not Fredholm on LP(0%2,do),
whereas for z € C\ (U;-VzlEgj (p)) the operator zI — K is Fredholm on LP(01, do)

and its index is given by
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N
(4.5.62) index (z] K : LP(9Q, do) ) S W(z S, (p
j=1

where W(z,Xg,(p)) denotes the winding number of z with respect to the curve
Z@j (p)

Cf. [99]. Similar results hold, in fact, for double layer potential operators associated
with the Lamé and Stokes systems; see [87].

It is clear from the result just stated that the presence of any angle 6 # =
prevents K from being compact on LP (95, do) when 2 is a curvilinear polygon in
R?, for any p € (1,00). This failure of K to be compact can be quantified in a more
precise fashion. Concretely, consider the case when (2 is a curvilinear polygon with
precisely one angular point located at the origin 0 € R2. Furthermore, assume that,
in a neighborhood of 0, 9 agrees with a sector of aperture 6 € (0, 7) with vertex
at 0. In particular, the outward unit normal v to € is smooth on 9\ {0} and is
piecewise constant near 0, where it assumes two values, say, v and v_. Define

(4.5.63)  {v}osc(v) := hm Sup <sup][ ][ —v(Y) ‘daxday> ,
-NoQ EmaQ

where the supremum is taken over the collection {B.} of disks with centers on 0
and of radius e. We obviously have {v}osc(a0) < 2dist (v, VMO(0Q,do)), where
the distance is taken in BMO(0f2). Furthermore, as a consequence of a Propo-
sition 2.4.8, there exists C' > 0 such that dist (v, VMO(09,do)) < C{v}osc(a9)-
Altogether,

{}os(a) ~ limsup (sup £ - \daxday)
e=0  \ B. JB.noa JB.noo
(4.5.64) ~ vy —v_|| ~V1+cosb,

which shows that there exists a family of domains 2 = Qg as above for which

(4.5.65) dist (v, VMO(99Qp,do)) — 0, as 0 — .
Based on this analysis, we may conclude the following.

Proposition 4.5.3. For each € > 0 there exists a bounded Lipschitz domain 2
(whose Lipschitz character is controlled by a universal constant) with the property
that dist (v, VMO(912, do)) < € and yet for each p € (1,00) the operator K fails to
be compact on LP (09, do).

This shows that the hypotheses of Theorem 4.5.1 cannot be relaxed in a substan-
tiative way.

We conclude this subsection by discussing a variable coefficient version of The-
orem 4.5.1.
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Theorem 4.5.4. If Q is a reqular SKT domain, the compactness result (4.5.6)
of Theorem 4.5.1 holds with the kernel k(X —Y) replaced by k(X,X —Y), where
k(X,Z) is even and homogeneous of degree —(n + 1) in Z, and DYk(X,Z) is
continuous and bounded on R" ™ x S™ for all |o| < M(n). More generally, if Q is
an €'-reqular SKT domain, with ¢’ = &' (G(Q), ||k|lc~,p,€), the result (4.5.5) holds
in this setting.

Proof. In the context of Proposition 3.2.1, we have

(4.5.66) Il ezey < C||k

gnllow

for some C' = C(p,G(©)) >0 and N = N(p,G()) € Z+. An expansion

Z
(4.5.67) k(X,Z) = Zaz(x)\pz(@) 2|~ (D)
¢
works just as in the proof of Theorem 3.5.1 in §3.5. (]

4.6. Characterization of regular SKT domains via compactness

If @ ¢ R*"™! is a UR domain with outward unit normal v = (vy,...,/,41) and
surface measure o := H™| 0, then the Riesz transforms (Ry)1<r<n+1 on 0 are
defined by

.2 Tk — Yk
4.6.1 Rrg(X):= 1 — —————g(Y)do(Y X €09
( ) kg( ) Ei)%lern / |X—Y\"+1g( ) 0'( )a € )
Y €oQ

| X—-Y|>e

where k € {1,...,n+ 1}, and g is a real-valued function on 9. Hence, formally,

(4.6.2) VS =12 (Ri,.; Rus1)

where S is the harmonic single layer potential on 0f). In light of the identification
(4.6.2), it is convenient to abbreviate

(4.6.3) [MV,VS] = %([M”j’Rk}>1<j k<n+1

We are now ready to state the main results in this subsection.
Theorem 4.6.1. Assume that Q C R™"*! is an open set that satisfies a two-sided
local John condition, and for which OS2 is Ahlfors regular and compact. Then § is

a reqular SKT domain if and only if the harmonic double layer K along with the
commutator [M,,VS] are compact on L?(9%,do).

There is also a quantitative version of Theorem 4.6.1. To state it, recall the
definition (4.5.1).
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Theorem 4.6.2. Assume that Q C R"™! is a UR domain and that p € (1,00).
Then there exists C > 0, depending only on n,p, as well as the UR and Ahlfors
reqularity constants of 0X), such that

dist (y , VMO (99, da))

(4.6.4) < C(dist (K, Cp (LP(09, da)))>1/(n+1)
LY (diSt ([MujaRk], Cp (Lp((“)Q?do))))l/(nH).

1<j,k<n+1

As a corollary, the following holds. Assume that Q C R*! is an open set that
satisfies a two-sided local John condition, and for which 0X) is Ahlfors regular and
compact. Then for every 6, > 0 and p € (1,00) there exists 6 > 0, depending only
on 0,, n, p and the geometry of Q such that

dist (K,Cp(LP(amzo—)))Jr 3 dist([M,,j,Rk],Cp(Lp(aﬂ,da)))<6

1<j,k<n+1

(4.6.5) = Qs a 6,-SKT domain.

It is significant that similar results can be phrased purely in terms of the Riesz
transforms Rg, 1 < k < n+ 1, from (4.6.1). In contrast to the harmonic double
layer K, the latter are operators whose kernels are universal (i.e., independent of
the underlying domain). Specifically, we have the following.

Theorem 4.6.3. Assume that Q C R"™! is a UR domain and that p € (1,00).
Then there exists C > 0, depending only on n,p, as well as the UR and Ahlfors
reqularity constants of OS2, such that

dist (v, VMO (992, do) ) < C(dist (I+T§R2’Cp (Lp(897d0))>>1/<n+1>
< >R
(4.6.6) wo Y (dist (R RelCOp (Lr(00,d0) ) .

1<j,k<n+1

As a consequence, the following is true. Suppose that  C R"*1 is an open set
that satisfies a two-sided local John condition, and for which 9) is Ahlfors reqular
and compact. Then for every 6, > 0 and p € (1,00) there exists 6 > 0, depending
only on d,, n, p and the geometry of Q) such that

(4.6.7)
n+1

dist (1 +3 R3,Cp (LP(aQ,da))) + Y dist ([Rj,m], Cp (Lp(ag,da))) <6
j=1 1<), k<n+1

— Qs a 6,-SKT domain.
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Theorem 4.6.4. Assume that Q C R™*! is an open set that satisfies a two-sided
local John condition, and for which 02 is Ahlfors reqular and compact. Then

n+1
I+ ZR? e Cp (Lp(aﬁ,da)) and
(4.6.8) Q regular SKT <— =1

[R;, Ry € Cp (Lp(ag,da)), 1<jk<n+l,
for some (hence all) p € (1,00).

As the above theorem illustrates, there is significant geometric information
encoded in the Riesz transforms associated with a given domain. In this vein, it is
interesting to compare Theorem 4.6.4 with a recent result from [52] to the effect
that, if @ ¢ R"! is a two-sided NTA domain with an Ahlfors regular boundary,
then

0f) is a sphere, or a n-plane <=
n+1
(4.6.9) I+) Ri=0 and [R;,Ri]=0 Vjke{l, ,n+1}.
k=1
The proofs of Theorems 4.6.1-4.6.4, presented at the end of the section, make

use of the Clifford algebra formalism discussed in the first part of §3.4, which

we now revisit. Recall that elements in (¢,,41 can be uniquely written as u =
7:01 Zil|=lu1 er with u; € R, where ey stands for the product e;, - €, ...¢; if

I = (i1,42,...,4) with 1 <143 <ip <--- <14 <n+ 1 and, as before, ¢y := ¢p := 1.
The Clifford conjugation on (¥, 1, denoted by ‘bar’, is defined as the unique real-
linear involution on (/1 for which ere; = eye; = 1 for any multi-index I. We
define the scalar part of u =), ure; € Clyy1 as ug := up, and endow Cl, 41 with
the natural Hilbert space structure

(4.6.10) (u,v) := Zun};, if u= Zulel, v = Z'UI@] € Upta.
I; I I

It follows that
|u|2 =(u®u) = (a0 u), (u,v) = (U T)g = (@O V), Yu,v € lyiq,

X =—-X forany X € R""
u+1a=2uy forany ue R @R
u=u and uOQUV=00u, forany u,v€ Uy,

lu ®v| < eplullv], for any u,v € Clpiq.
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Lemma 4.6.5. Let M} denote the operator of multiplication by b (from the left).
Then, in the above Clifford algebra setting,

(4616) (Mb)* = Mg, Vb e C€n+1.
where star denotes adjunction with respect to the inner product in Clyy1.

Proof. Write b = "+1 ZI 11=¢ brer. By linearity, it suffices to show that for any
multi-indices I, K and any j € {1,...,n}, there holds

(4617) <ej€[,6[(> = —<€[,€j€K>.

In turn, this is seen by analyzing three cases. First, when j ¢ I and j ¢ K, both
sides in (4.6.17) vanish. Second, consider the case when j ¢ I and K = K1 U{j}UK>
(with K1 ={k € K: k <j}, Ko ={k € K: k> j}). On the one hand, if
I # K7 U K5 then once again both sides of (4.6.17) vanish. If, on the other hand,
I = K; U K5 then both sides in (4.6.17) become (—1)/%1/*1. The third (and final)
case, when j € [ and j ¢ K is handled in a similar fashion. O

Let now Q C R"™! be a fixed UR domain. Asusual, denote by v = (v1, ..., Vpy1)
the outward unit normal to 9Q and by o := H"™| 9Q the surface measure on 0f).
The Cauchy-Clifford operator € associated with 92 is given by

. 1 X-Y
Yo
| X-Y|>e
where f is a (f,41-valued function defined on 92. From Theorem 3.4.2, we know
that

(4.6.19) C: LP(0Q,do) @ Clyyy — LP(OQ, do) @ Clyin

is well-defined and bounded for any p € (1,00). Similar considerations apply to the
Riesz transforms (Ri)1<k<n+1 on 02, defined in (4.6.1).

Lemma 4.6.6. Let Q be a UR domain and recall that K stands for the harmonic
double layer potential operator defined in (3.8.2) (with the understanding that K
acts component-wise on Cly11-valued functions). Also, recall that [A, B] := AB —
BA is the usual commutator bracket.

If €* denotes the adjoint of € in (4.6.18), then

n+1 n+1

(4.6.20) €-e)f==2kf-3 3% (M,,J Ri fj)ej Oer Oer,

1=0 |I|=l j,k=1

for each sufficiently nice Clpy1-valued function f = Zn+1 ZIII . f1 defined on 0.
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Proof. With the help of Lemma 4.6.5 it is straightforward to compute

(4.6.21)
EF(X) = — lim — / WX o Y ) do(Y), X €0
= o0t |X _ Y‘n+1 o ’ s
Y €09
| X =Y |>e
ie.,
(4.6.22) ¢* = M,EM,.

Hence, at a.e. X € 99,

(4.6.23)
(€— ") f(X)
= lim. win / [(X ~Y)ouY)+v(X)o (X - Y)} ® Xf_(iy/fnﬂ do(Y).

Y €09
| X-Y|>e

Based on (4.6.13)-(4.6.14) and (4.6.11), we may rewrite the expression in the brack-
ets as

X-Y)ov)+v(X)o(X-Y)
= (X =Y) o)+ X V)0 uY) | + ((X) —v(Y) © (X - )

n+1

=2((X =Y)ou(Y)) + D (5(X) = (¥ (@i~ pe; O e
k=1
n+1
(4.624)  =2X —Yw(Y)+ > ((X) = (V) (@r —yp)e; © ex.
jk=1
Now the identity (4.6.20) readily follows from (4.6.24) and definitions. O

Assume that Q) C R"*! is a domain satisfying a two-sided local John condition
and whose boundary is Ahlfors regular and compact. Also, fix p € (1, 00). It follows
from Corollary 2.4.5, Theorem 4.5.1 and Lemma 4.6.6 that for every € > 0 there
exists § > 0, depending only on €, the geometry of 2, n and p, such that

(4.6.25)
dist (v, VMO (89, do)) < § = dist (et — ¢, Cp (LP(99, do) ® cenH)) <

where the distance in the right-hand side is measured in L£(LP(0f),do)). Thus,
informally, v close to being in VMO (99, do) implies € close to being self-adjoint,
modulo compact operators. Remarkably, the opposite implication in this statement
is also true, and this is made precise in the theorem below.
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Theorem 4.6.7. Let Q C R"*! be a UR domain and assume that p € (1,00).
Then there exists C > 0, depending only on n,p, as well as the UR and Ahlfors
reqularity constants of 0X), such that

(4.6.26)

dist (u, VMO (89, da)) < c[dist (¢ — ¢, Cp (LP(99, do) ® cenﬂ))} o,

As a consequence, if € — €* is a compact operator on LP (00, do) @ Cly, 41 for some
€ (1,00) then v € VMO (09, do).

Proof. As a preliminary step, we establish the following result of general nature:
Assume that T : LP(0Q,do) — LP(99Q,do) is a compact operator for some p €
(1,00). Then for every n > 0 there exists R, > 0 such that

(4.6.27) 118,71 Vre (0,R,),

L?(99,do)) s,

where A, stands for an arbitrary surface ball of radius r.

To justify this, we reason by contradiction and assume that that there exist
a threshold 7, > 0 along with a sequence of surface balls {A;,} en in 0Q, with

4 P : ; .
r; — 07 as j — oo, for which ||1ATJ'THL‘(LP(BQ,dU)) > 1. In particular, there exist

[j € LP(0Q,do), j € N, with || f;|| Lr(90,d40) = 1 for each j, and such that

(4.6.28) 11, Tfillr 00,0y 2 m0/2,  VjEN.

Since T is compact, by eventually passing to a subsequence, we may assume that
there exists g € LP(0Q,do) such that T'f; — ¢ in LP(012,do) as j — oo. Next,
write

(4629) 1A7'j Tfj = 1A7'j (TfJ — g) + 1A1’jg

and observe that [|1a, (T'f; = 9)llLr(o0.d0) < ITf; — gllLr(o0,d0) — 0 as j — oo,
whereas 1A7-j g — 0in LP(99, do) as j — oo, by Lebesgue’s Dominated Convergence
Theorem. Hence, 1, Tf; — 0in LP(0Q,do) as j — oo, contradicting (4.6.28).

After this preamble, assume that T' € Cp (L? (09, do) ® Clp41) is such that

(46.30) l€—e) =T, <n/2

LP(99,d0) @Cly+1 )

for some 1 € (0,1/10). If we now select R,, > 0 such that HlA"THL(
n/2 whenever r € (0, R,), it follows that

LP(992,d0)@Ctp 1) =

(4.6.31) |1, (€ — %) Vr e (0, Ry).

le(ironioracnn) S
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By further decreasing R, if necessary, it can be assumed that
0 < R, < 0™ (diam Q)/100.

We now claim that there exists C' > 0, which depends only on the Ahlfors regularity
constants of 9 and p, such that

(4.6.32)
sup inf (][ (X) — A|pda(X))1/p <Oont™ Y wre (0, Ry).
Qeon AR\ ) A(Q1 - ’ Y

From this and Proposition 2.4.8, we may then conclude that dist (v, VMO (99, do)) <
Cn'/(+1) which readily proves (4.6.26).

To prove this claim, fix Q € 9Q and r € (0, R,)) arbitrary. Then

e

= ||1A(Q,r)(€ - Q:*)]-A(P,r) ||§p(39,dg)®(}€n+1

< —e)|P
< 1a@n(€ ¢)II£(

do (V)| do(X)

/ vX)o(X-Y)+(X-Y)ovY)
A(P,r) | X — Y[+l

1 p
LP(8Q,do)®C€n+1)H 2 llzs 0.1

(4.6.33) < CnPrm.

Next, pick a point P € 9Q with |Q — P| ==/t and observe that

(4.6.34)

e

since the difference between the left-most integrands in (4.6.33) and (4.6.34) can
be pointwise bounded by

vX)o@-Y)+(@Q-Y)ovrY) P b
/A(P,r) |Q — Y|n+L do(Y)| do(X)<Chn

(4.6.35) ClX-Q| sup |Z-Y| ) <cpr,
Ze[X,Q)

on the domain of integration. Using once more the same type of argument shows
that

(4.6.36)
v(X)o(Q-P)  (Q-Y)ovY) P n
/A(Q,r) /A(P,T)( o—Fi oy )da(Y) do(X) < CyPr™.
Selecting

(4.637)  A=|Q— P! (][A(P )W do(¥)) © (@~ P)

and using (4.6.14)-(4.6.15), allows us to estimate
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[ o - ap o)
A(Q,r)

Q-P »

—1/(n n—1
1/( +1)7,)P( ) W ® (Q _ P) dO’(X)

= (n v(X)—A) o

A(Q,r)
‘We have

(e [ () - Ap do(x)

AQr)

A(Q,r) W ;0] @Q;f;l
= Jaan ][ AP CJ(@ s I(DCIQ”;P) ’ (Q|c; - )Y(?ni(ly)) do(Y)’p do(X)
< Clprmyrrn.

<c " dr(x)

da(Y)‘p do(X)

Hence
/ V(X)) — AP do(X) < Co(A(Q,r))n?/ "+,
A(Q,r)

From this (4.6.32) follows, finishing the proof of the theorem. O

To state our next result, recall the Clifford-Cauchy operator from (4.6.18) and
the Riesz transforms from (4.6.1).

Theorem 4.6.8. Assume that Q C R" ! is an open set satisfying a two-sided local
John condition and such that ) is Ahlfors reqular and compact. Also, denote by
v=(v1,....,Unt1) the outward unit normal to Q. Then the following statements are
equivalent:

(i) € — €* is a compact operator on LP(IQ,do) @ Cl,y1 for some (hence all)
p € (1,00);

(ii) [€,€*] is a compact operator on LP(IQ, do) @ Clyy1 for some (hence all) p €
(1,00);

(iii) the harmonic double layer K and the commutators [M,,, Rg], 1 < j, k < n+1,
between the Riesz transforms and multiplication by the components of the unit
normal, are compact operators on LP(0),do) for some (and, hence, all) p €
(17 OO),'

n+1
(iv) I+ ZRE and the commutators [R;,Ri), 1 < j,k < n+ 1, are compact
j=1
operators on LP(0),do) for some (hence, all) p € (1,00);

(v) the commutators [M,;, Ry] and [R;,R¢], 1 < j,k < n+1, are are compact

operators on LP (00, do) for some (and, hence, all) p € (1,00);

(vi) Q is a regular SKT domain.
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Proof. We shall need the fact that, in the context of Theorem 4.6.8, the Cauchy-
Clifford operator satisfies

(4.6.38) =11 on LP(0Q,do) ® Clyyi,

for every p € (1,00). As to do not disrupt the flow of the presentation, the proof
of this identity is postponed for the next subsection. Granted (4.6.38), we obtain
via duality (¢*)? = 11 on LP(09,do) ® Clyi1, 1 < p < co. Hence,

(4.6.39)  [€, €] =(C€—€*)(C€+C€*) on L*0N,do)® .

We now make the observation that

(4.6.40) €+ ¢€* s an invertible operator on  L?(9Q,do) ® Clp 1.

Indeed, on the one hand, € 4+ €* = €(I + 4€¢*) thanks to (4.6.38). On the
other hand, €€* is a nonnegative, self-adjoint operator so I + 4€¢€* is invertible
on L?(09Q,do) ® Cly11. Now, (4.6.40) readily follows from these considerations.

In concert, (4.6.39) and (4.6.40) prove that

[€,¢*] compact on L?(09Q,do) @ Clpyiq
(4.6.41) < ¢ —¢* compact on L?*(99Q,do) @ Cly.1,

which, in turn, justifies the equivalence (i) < (ii).

Moving on, the implication (i%i) = (i) is a consequence of Lemma 4.6.6. If
() holds, then Theorem 4.6.7 gives that v € VMO (99, do). Consequently, Q is a
regular SKT domain by virtue of Theorem 4.2.9. This proves (i) = (vi). Assume
next that (vi) holds. From Theorem 4.5.1 we know that the harmonic double
layer K is a compact operator on LP(0Q,do). Also, since v € VMO (99, do),
Theorem 2.4.5 and Theorem 3.4.2 give that [M,,;, Ry], the commutator between the
operator of multiplication by the j-th component of v and the k-th Riesz transform
on 99 is also compact on LP(952,do), for each j, k € {1,...,n+ 1}. Hence, (vi) =
(iid).

In summary, (i) < (ii) < (i) < (vi). To consider (iv), we first re-write
(4.6.18) in the form

(4.6.42) ¢M, = —

> RiMe.,,

k=1

N

n

so that
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n+1 n+1
M EM, = 1" RRyM M, =-1> Ri+1 > RReM, M,
jik=1 k=1 1<j#k<n+1
n+1
(4643) = —I>"Ri+1 Y (RjRy - RiRj) Moo,
k=1 1<j<k<n+1

Thus, based on (4.6.43) and (4.6.22), we may conclude that

n+1
(4644) €& =-23"Ri+% Y (RjRp—RiRj)Me 0,
k=1 1<j<k<nt1

In turn, this and (4.6.38) imply

n+1
(4.6.45) €(€* —€) = —i(u ZRi) +103 Ry RUM:
k=1 1<j<k<n+1
n+1
(4646)  c—¢ = ¢(I+3RY)+ Y CRRMeo0
k=1 1<j<k<n+l

It is then clear from (4.6.45) that (i) = (iv), and from (4.6.46) that (iv) = (4).
Hence (i) < (iv).
Finally, consider (v). To this end, we use (4.6.22) and (4.6.43) to write

&e = —-M, M, M, M, = —-M,CC*M,

n+1
(4.6.47) = DR+ ). MRReM., M, M,.
k=1 1<j#k<n+1

Note that M, R; Ry M., M, M,, and R; Ry M, M, M., M, differ by expressions con-
taining commutators between the Riesz transforms and multiplication by the com-
ponents of v, and that

(4.6.48) > RyREM,Me Mo M, = > [Rj,Ry|M, M., M, M,.
1<j#k<n+1 1<j<k<n+1

Furthermore

n+1 n+1

(4.6.49) 1, (SO R2 )M, C— M, (S-omi)m,.
k=1 k=1
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These observations readily give that (v) = (#¢). On the other hand, it is clear that
(#3i) — (iv) = (v), completing the proof of the theorem (modulo the justification of
(4.6.38), which is postponed for the next subsection). O

We are now in a position to complete the proofs of our main results in this
subsection:

Proof of Theorem 4.6.1. This is a direct consequence of Theorem 4.6.8. O

Proof of Theorem 4.6.2. This is an immediate consequence of (4.6.26) and (4.6.20).
O

Proof of Theorem 4.6.3. This readily follows from (4.6.46) and (4.6.26). O

Proof of Theorem 4.6.4. This is implied by Theorem 4.6.8.

4.7. Clifford-Szego projections and regular SKT domains

Let Q ¢ R"*! be an NTA domain, with an Ahlfors regular boundary. Retain the
same Clifford algebra formalism as in §4.6, and recall the Dirac operator

n+1

(4.7.1) D:=>" M. 0;.
j=1

In particular,

(4.7.2) —-D? = A,

the Laplacian in R”*!. In analogy with the classical setting of functions of one
complex variable, for each p € (1,00) define the Hardy spaces

(4.7.3) HP(Q) :={u: Q= i1 : N(u) € LP(9Q,do), Du=0 in Q},

with the convention that that if Q is unbounded and 0f2 is bounded, the decay
condition

(4.7.4) u(z) =0(z|™™) as |z| = o0

is also included. Next, consider the boundary version of the Hardy spaces (4.7.3)

(4.7.5) HP(99) = {ulog : u € HP(Q)).

(The existence of the boundary trace will be established in (4.7.13).) Furthermore,
define the Clifford-Szegé projection

(4.7.6) P L2(00,do) @ Clpyy — HA(0Q) — L*(09Q,do) @ Clyiy
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as the orthogonal projection of L?(99, do)®Cl,,+1 onto the closed subspace H2(992).
The issue we wish to study first is whether (4.7.6) extends to

(4.7.7) P LP(0Q, do) @ Clyir — HP(OQ)

in a continuous and onto fashion for other values of p € (1,00). In the classical
setting, when 2 is the unit disk in the complex plane (and D is the Cauchy-Riemann
operator), this holds for 1 < p < oo according to a famous theorem of M. Riesz
which, in fact, is equivalent to the LP-boundedness of the Hilbert transform on the
unit circle. See pp. 151-152 in [50] for more details. Our main result in this respect,
which can be viewed as a higher-dimensional generalization of Theorem 2.1(1)(4)
on p.67 in [72], is Theorem 4.7.2, given below. Before stating it, we mention the
following extension of a theorem of Calderdn, established in [52], Theorem 2.6.

Theorem 4.7.1. Assume that Q@ C R™! s a two-sided NTA domain with an
Ablfors regular boundary (making it a« UR domain). Then the following decompo-
sition is valid for each p € (1,00):

(4.7.8) LP(89),do) @ Clypyq = HY(0) & HP (092),

where HY () are the boundary Hardy spaces corresponding to Q4 := Q and Q_ =
Rn+1 \ﬁ

(In particular, this implies H2(92) in (4.7.6) is closed.) Here is our result.

Theorem 4.7.2. Assume that Q C R"! is an NTA domain with an Ahlfors reqular
boundary. Then there exists € = £(2) > 0 with the property that B extends to a
bounded mapping of LP (0, do) @ Clpi1 onto HP(OQ) for each p € (2 —€,2 + ¢€).
In particular, with p as above, the following decomposition is valid:

(4.7.9) LP(9, do) @ Cly sy = HP(OQ) @ (y © ’Hp(zm)),

where the direct sum is topological (when p = 2 this is an orthogonal decomposition).

Moreover, if O is compact then given any p € (1,00) there exists € > 0
depending only on p, n and the geometrical constants of of Q with the property that
if Q is an e-regular SKT domain then the Clifford-Szego projection can be extended
to a bounded operator from LP (00, do) @ Cly 1 onto HP(OQ). Furthermore, (4.7.9)
holds.

As a corollary, when Q is a regular SKT domain with compact boundary, the
Clifford-Szeqd projection is extendible to a bounded operator from LP(0Q2, do)@Cly, 41
onto HP(0R) for each p € (1,00) and (4.7.9) is valid in this range.

Proof. Consider the Cauchy-Clifford operator

1 X-Y
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where f is a C/,,1-valued function defined on 02. It follows from Theorem 3.4.2
and Proposition 3.2.3 that for each p € (1, )

(4.7.11) IN(CHlLro0,d0) < ClfllLr00.do)@ctnn s
(4.7.12) Cf|, .= (iI+e)f, DECf)=0 in Q,

for every f € LP(0Q,do) @ Clyy1.

We now claim that if p € (1, 00), the following Fatou type theorem and Cauchy
reproducing formula hold:

(4.7.13) Ul g exists, and wu=C(ulgq) in Q, Vue HP(Q).

Indeed, according to Theorem 6.4 on p. 112 of [55],

any function w which is harmonic in an NTA domain {2 and nontangentially
bounded from below on E C 09 has a nontangential limit w¥°-a.e. on F
(where w¥¢ is the harmonic measure with pole at X, € ).

Now, the fact that u|sq exists for every u € HP(2), p € (1,00), is a consequence of
(4.7.2), the above local Fatou theorem applied to Ej, := {X € 0Q : Nu(X) < 2*},
k =1,2..., and the mutual absolute continuity between the surface and harmonic
measures proved in [31]; cf. Proposition 3.1.12.

We shall now establish Cauchy’s reproducing formula in (4.7.13) in the case
when the domain € has an unbounded boundary (the argument when 92 is compact
is similar and simpler). Thus, assume that 92 is unbounded, fix X* € Q and pick
X, € 09 such that | X* — X,| = n, where n := dist (X*,900Q).

Given u € HP(Q24) and 0 < € < 7, the idea now is to employ Theorem 3.2.8 for
the vector field

Xr—-X

(4.7.14) v(X) = (m

06O u(X)) 1<j<n+1

in the domain Q\ B(X*,¢). Since Du = 0 in Q (cf. (4.7.3)), one may readily check
that the vector field v is divergence free. In more detail, a calculation gives

(divv)(X)

n+1 X+

- X
(4.7.15) - ; % (W Oe; O u(X))

n+1 X*_ X X*_ X
= (; 0 [W} ®€j) Ou(X)+ W ©® (Du)(X).

The last term vanishes, since Du = 0 in §2. Also, for any scalar-valued function f
one has the readily verified identity
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(4.7.16) > 0;(Df)©e; = —Af,

J
which, in concert with the observation that (X* — X)/|X* — X|"™! is a constant
times (D f)(X) if f(X) := |X*—X|'~™, shows that the penultimate term in (4.7.15)
also vanishes. Hence v is divergence free in Q2 \ B(X*,¢). Consequently,

1 X*—-X

1 X*—-X Xr—-X
= — ® Ou(X)do(X
Wn JOB(X*,e) |X*_X|n+1 € ( ) ( )

][[ u(X)do(X)
OB(X*.e)

(4.7.17) = u(X*),

by the Mean Value Formula for harmonic functions. Thus, u(X*) = C(u|sq)(X™)
follows, as soon as we show that N.v € L1(99, do) where A, is the nontangential
maximal operator relative to Q \ B(X*,e). (That N.v € LI (9Q,do) is easily

loc

checked using Nv € LP(99Q,do) and the Ahlfors regularity of 99.)
To this end, it suffices to note that MN.v(X) < m(/\/u)(X) for o-a.e.

X € 8 and that, as a function of X, (4 |X, — X|)~" belongs to L? (9, do),
where 1/p + 1/p’ = 1. The latter claim is easily checked by decomposing 9 in
dyadic annuli of the form A(X,, 27 71n)\A(X,, 2/n) and using the Ahlfors regularity
of 9. This concludes the proof of (4.7.13).

Proceeding further, we note from (4.7.11), (4.7.12), and (4.7.13) that the oper-
ator

(4.7.18) C: LP(0Q, do) @ Clysy — HP(Q)

is well-defined, bounded and onto for each p € (1,00). From this and (4.7.11)-
(4.7.13) we then obtain

(4.7.19) =11 on LP(0Q,do)® Clyyii,

which has been already employed in the proof of Theorem 4.6.8.

A careful inspection of the argument reveals that (4.7.19) is valid if Q is merely
a UR domain. We elaborate on this. Strictly speaking, (4.7.19) has been obtained
using (4.7.10)—(4.7.13). While (4.7.10)—(4.7.11) work if © is only UR, the Fatou type
theorem contained in (4.7.13) requires that € is NTA. However, an inspection of the
arguments leading up to (4.7.19) shows that we only need to know that functions
of the type u = Cf, for f € LP(99Q,do) ® Cl,+1, have pointwise nontangential
trace o-a.e. on the boundary, which follows from our previously established jump
formulas, valid for UR domains.
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Next, formula (4.7.19) further entails

Im (%1 e LP(09, do) @ cenH)
(4.7.20)
= HP(Q) = Ker (—%1 L@ LP(09, do) @ ce,m).

We now establish a version of Kerzman-Stein’s formula (cf. [68]) in the Clifford
algebra setting. To get started, note that the identities

(4.721) P(3I+¢)=1il+¢, (=31 4+ )P =0 in L*(0Q,do) ® Clpny1,

can be easily justified in light of (4.7.20). Taking the adjoint of the second equality
and subtracting it from the first yields B(/ + € — €*) = 11 + €. Next, introduce
the bounded operator

(4.7.22) A= — € : LP(0Q,do) @ Clyyy — LP(09,do) @ Clyry, 1< p < oco.

On L2?(99,do) @ Cly, 41, since 2 is a bounded, skew-adjoint operator, the operator
I + 2 is accretive and, hence, invertible. From general stability results it follows
then that there exists € > 0 so that

T+ LP(OQ, do) ® Clysy — LP(09, do) @ Clns

4.7.23
( ) is invertible for 2 —e < p <2+ ¢.

In this fashion, we arrive at the Kerzman-Stein type formula

(4.7.24) P=CEGI+ ) oI +A)!

valid in LP(0Q,do) @ Clpt1, 2 — e < p < 2+ €. This, (4.7.23) and Theorem 3.4.2
then show that 3 extends as a bounded operator in LP(99Q,do) @ Cly, 41 for 2 —e <
p < 2+ ¢ and, in fact,

(4.7.25) P : LP(ON,do) @ Clpt1 — HP(ON) isonto for 2—e <p<2+e.

Consider next £, the complementary orthogonal projection of (4.7.6). Hence,
by (4.6.22),

(4.7260) Qf = (I-P)f=|1- LI+ I+ m)—l]f
(4.7.27) = GI-eI+A) ' f=-MGI+OMI+A)"'f,
since M2 = —I. We therefore arrive at the conclusion that 9 extends as a bounded,

surjective operator

(4.7.28) Q: LP(99,do) @ Clpyr — v © HP(OR)
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whenever 2 — e < p < 2 +¢. From (4.7.25) and (4.7.28), the conclusion regarding
(4.7.9) follows. This finishes the proof of the first part of the theorem.

Consider next the claim made in the second part of the statement of the the-
orem. Fix p € (1,00) and denote by p’ its Holder conjugate exponent. Then
Theorem 4.6.8 implies that

dist (21, Cp (LY(0Q,do) @ ¢ <1,
w729) ist (%, Cp (L1(99, do) © Clyi1))
for every ¢ between p and p/,

if Q is an e-regular SKT domain for a sufficiently small €. Assuming that this is
the case, we may then conclude that the operator I 4+ 2 is Fredholm with index
zero on L1(0Q,do) ® Cl, 11 for every g in between p and p’. Also, from what we
have proved already, this operator is also invertible when ¢ = 2. It is then easy to
show that the operator in question is, in fact, invertible for every ¢ in between p
and p’. Background material on Fredholm operators can be found in the Functional
Analysis appendix in Vol. 1 of [112].

With this in hand and proceeding as in the first part of the proof, we arrive
at the conclusion that (4.7.25) and (4.7.28) actually hold for the given p. As a
consequence, (4.7.9) is also valid for the given p.

Finally, when € is a regular SKT domain then, by Proposition 4.1.4, €2 is an
e-regular SKT domain for every € > and, hence, (4.7.9) is valid for the full range
1 < p < oo in this case. ([l

Denote by P the Clifford-Szegt projections corresponding to €24 :=  and
Q_ =R\ Q, respectively.

Theorem 4.7.3. Let Q C R™! be a two-sided NTA domain, with a compact,
Abhlfors reqular boundary. Then the following statements are equivalent:

(i) 214+€—Py and —11+C+P_ are compact operators on L*(0, do ) @ Clyq1;
(i) VLB (or, equivalently, B_B ) is a compact operator on L?(9Q, do) @Cly41;
(iii) I — P4 —P_ is a compact operator on L*(0Q,do) @ Clyi1;

(iv) Q is a regular SKT domain.

Proof. This will follow from Theorem 4.6.8 as soon as we establish the following
operator identities:
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(4.7.30) +¢—Pp=(EGI+E)(c—)I+A)7",

(4.7.31)  —I+CH+ P = (5 +O)(C—C)(~T+2A)",
I=P —P-=GI+OC€C-C)I+2A)"

(4.7.32) —(—iI+eE)(C—a)(—T+2A)7 ",

(4.7.33) P —Py —P) =PuPo, P P —P) = PPy,

C-¢'=RAI+e-PHUI+2)
(4.7.34) —(=31 +C+P_)(—1 +2),
(4.7.35) € —C* =PLP_(C+¢*) — (€ + )PP

To this end, note that (4.7.30) is a direct consequence of (4.7.24), and that (4.7.31)
is proved similarly. Next, (4.7.32) is obtained by subtracting (4.7.31) from (4.7.30).
The two identities in (4.7.33) are easily verified by multiplying through and using
the fact that 9By are projections. Also, (4.7.34) follows easily from (4.7.30) and

(4.7.31). As for (4.7.35), we start with

(47.36)  Py(-iI+€) =P, ((%I o) - I) =lrte—9p,,

and use it to obtain

(4.7.37) PP (—31+¢)=iI+C—P,.
Dualizing (31 + €)P_ = 0 we also obtain PB_ (31 + €*) =0, so that

(4.7.38) PLP_(31+¢*)=0.
Adding (4.7.38) and (4.7.37) then yields

(4.7.39) I+ C—Py =PLP_(C+€),

so by subtracting (4.7.39) from its dual version we arrive at (4.7.35).
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Chapter 5

Laplace-Beltrami layer
potentials and the Dirichlet
and Neumann problems

In this chapter we study the Dirichlet and Neumann problems for the Laplace
operator A on a regular SKT domain € in a Riemannian manifold M. We consider
more generally operators of the form L = A — V where V € L*(M) is > 0. We
set up the double layer operator D and the single layer operator S in §5.1 and
investigate their basic properties of LP-boundedness and nontangential boundary
limit behavior, when 2 is a UR domain. Compactness results are derived in §5.2
when Q is a regular SKT domain. Results of Chapters 3—4 are crucial for the
work here. In §5.3 we extend Green formulas of §2.3 to the manifold setting. This
extension is used in §5.4 to establish injectivity of certain boundary layer operators,
which in combination with the compactness results of §5.2 then yields invertibility.
Then in §5.5 the Dirichlet and Neumann problems are solved, in terms of D and of S
acting on inverses of appropriate boundary layer operators, applied to the boundary
data. Results here will be complemented in §6 by results on various second order
elliptic systems. In §5.6 we extend the results of §§5.4-5.5 to the setting of e-regular
SKT domains.

5.1. Boundedness and jump-relations

To set the stage, we let M be a compact, connected manifold, of dimension n + 1,
endowed with a Riemannian metric tensor g = > ik gjrdx; ®dxy, perhaps of limited
smoothness, as we will discuss further below. As is customary, we also let g denote
det (g;x) and set dV := /g dX for the volume element on M. Finally, let A denote
the Laplace-Beltrami operator associated to the metric tensor and fix a nonnegative
potential V' € L% (M) which is not identically zero. Then

177
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(5.1.1) L:=A-V,

is a second-order elliptic operator which maps the classical Sobolev space H2(M)
isomorphically onto its dual, H~12(M), and whose inverse can be represented as
an integral operator, say

(5.1.2) L™ 'u(X) = /E(X,Y)u(y) av(y), XeM.
M

The invariance of various classes of rough domains under C'-diffeomorphisms
has been studied in [53]. In the context of Riemannian manifolds, this allows one
to define, in a coordinate invariant fashion, classes of rough domains much as in
the Euclidean setting.

If Q@ € M is a UR domain, then the double layer potential associated with €
in the compact (n + 1)-dimensional Riemannian manifold M has the form

(5.13) DIX) = [ SZ(XY) F(¥)dory (1),

aQ
with E(X,Y) as in (5.1.2), and where o4 stands for the surface measure induced by
the metric on 0f). It is important to point out that, in any local coordinate system,
if o is the surface measure induced by the Euclidean metric (i.e. when g, = d;x)
on 0f), then

5.1.4 do, = pdo, where p, p~te L®(09Q,do).
9

The proof of (5.1.4) can be seen by noting that both surface measures ¢ and o, are
equal to n-dimensional Hausdorff measure, for 9QNU C M, where U is a coordinate
patch with either the Euclidean metric or the Riemannian metric of M, together
with the fact that subsets of U have diameters in these two metrics varying by a
bounded factor. In fact, one has, in local coordinates,

(5.1.5) p(X) = V/9(X) G(X,n(X))2,

where g(X) = det (g;x(X)), G(X,&) = ¢/*(X)&;&, and n = (n;); is the unit
conormal to 0f) in the Euclidean metric. See §5.3 for more on this.

Concerning the nature of the singularity in E(z,y), let us recall here that a
parametrix construction, detailed for progressively rougher metric tensors in [91]-
[93], gives

(5.1.6) VI(X) E(X,Y) = eo(X =Y, X) + e (Y, X),

in local coordinates, where the leading term has the form
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—(n-1)/2
) R Z = (Zz)z S RnJrl,

(.17)  eo(Z.X):=Ch (Z 9i(X) 22
where C,, is a purely dimensional constant and the residue e; (Y, X) satisfies the
following estimates if the metric tensor is Holder continuous, say g, € C* for some
a € (0,1),

(518)  [er(Y, X)| < CIX = Y[7710) [ Wyey(¥, X)| < C|X — V|79,

Cf. Proposition 2.4 of [93], which improves (2.70)—(2.71) of [92]. (Here the dimen-
sion of M is n+ 1 rather than n.) There are related estimates in [93] when g, has
modulus of continuity w(h), satisfying

(5.1.9) /1 il(h) dh < oo.
0

We will return to this matter later in this subsection.

Theorem 3.5.1 treats the contribution to Df(X) due to g(X)~1/20,yyeo(X —
Y, X). Now we examine the behavior of

K f(X) = / B (X, V) (Y ) doy (V).
(5.1.10) 30

k(X Y) = g(X) Y2 0,vyer (Y, X), X €Q,

and
(5.1.11) Kif(X):= /kjl(X, Y)f(Y)doy(Y), X €0
o0

We will estimate NK;f, examine the behavior of (5.1.10) as X approaches the
boundary, and show that K : LP(09Q,do) — LP(9,do), compactly, for p € (1, 00).

Behind this analysis is the following rather general result. Let X be a compact
metric space, with distance function d(X,Y) and positive measure p having the
property that for some 0 < A;, A3 < 0o and n € N,

(5.1.12) Ar™ < p(Br(X)) < Agr”,

for all X € X, r € (0,diam X]. As it follows from (5.1.4) and the discussion in §3,
X = 99 has this property when  is a bounded, (n + 1)-dimensional UR domain
and p is n-dimensional surface area.

Proposition 5.1.1. Assume X is as above and let k1(X,Y") be a measurable func-
tion on X X X satisfying
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(5.1.13) [k (X, V)] < 9(d(X,Y)) d(X,Y) ™",

where ¥ (t) is monotone increasing, slowly varying, with

Ly(t)
(5.1.14) /O —dt < oo,
Consider
(5.1.15) Kif(X) ::/kl(X,Y)f(Y) du(Y).
X

Then K; : LP(X,du) — LP(X,du) is compact, for each p € (1,00).

Proof. Under the hypothesis (5.1.12), this result is a special case of Lemma 2.4.6.
O

To apply Proposition 5.1.1 to K1 and K3, first note that if the metric tensor is
Holder continuous, so (5.1.8) holds, then (5.1.13) holds with ¥(t) = t*, o € (0,1).
Thus K; is compact on LP (012, doy) for each p € (1, 00). Also

(5.1.16) N(K1f)(X) < / KM (X, V) (V)] dog(Y), X €09,
o0

where

(5.1.17) EM(X,Y):= sup |ki(Z,Y)], X,Y €.
Zer(X)

If (5.1.8) holds, then, since dist (Z,X) < Cdist (Z,90) for Z € I'(X), we have the
same sort of estimate (5.1.13) on kM (X,Y). Hence

(5.1.18) IN (K1)l e o9,d0,) < Cpll fllLro9,do,)s 1 <p<oo.
We are ready to establish a result on boundary behavior.

Lemma 5.1.2. Given p € (1,00), f € L?(0R,doy), we have

(5.1.19) lim Kif(Z) = Kif(X), 04— ae X €oQ.
Zer(x)

Proof. Given the bound (5.1.18) on [N(Kf)|lzr(90,d0,), it suffices to show that
convergence in (5.1.19) holds for each f € C°(99). To see this, write
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lim K;f(Z) = lim lim ki (Z,Y)f(Y)doy(Y)
Z—X e—=0 z-oXx | X—Y|>e
Zel'(X) Zel'(X)
(5.1.20) +lim  lim ki (Z,Y)f(Y)dog(Y)
S0 Ry I IX Y I<e
= L+ L.

For each ¢ > 0, the Lebesgue Dominated Convergence Theorem applies to I; twice,
giving

e—0
| X-Y|>e

(5.1.21) I = lim / (X, Y)f(Y)dog(Y) = K1 f(X).
Meanwhile, with kM (X,Y) as in (5.1.17), we have

(5.1.22) B < flonan [ KX Y)doy(V) =0
| X-Yl|<e

by estimates parallel to (2.4.51). O

A useful notational convention is as follows. Fix a smooth background metric
go and denote by d,(X,Y) the geodesic distance between X,Y € M, taken with
respect to g,. We then set

(5.1.23)
P.V. F(X,Y)doy(Y) := lim / F(X,Y)do,(Y), X €0Q.
90 e—0t
Y coQ
do(X,Y)>e

Theorem 5.1.3. Let Q be a UR domain in a compact, connected Riemannian
manifold whose metric tensor is Hélder continuous, let L be given by (5.1.1) with
V >0 andV > 0 on a set of positive measure, and let D be given by (5.1.8). Then,
for p € (1,00), f € LP(09, dor),

(5.1.24) IN(Df)lLro0,do,) < CpllfllLro0,doy)

and

(5.1.25) lim Df(Z)=(31+K)f(X), for o4—ae X €0Q,
Zer(x)

where
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oE

By OV (V) dog(Y)

(5.1.26) Kf(X):=P.V.
/

has the property

(5.1.27) 1K fllze00.d0y) < CollfllLr09,doy,)-

Proof. Most of the claims follow in a straightforward manner by combining Lemma 5.1.2
with the results of §§3-4. In fact, the only remaining task is to verify the limit
(5.1.25). Note that

(5.1.28) Di(2) = [WyE(Z )0 )IY)doy(Y)
o0

EWf)(2),

where we have set

(5.1.29) EN(Z) = / dy E(Z,Y)W(Y) doy(Y).
o

The same arguments as above bound N (Eh) and appeal to results of §4 gives

(5.1.30) lim  Df(Z) = A(X)f(X) + Kf(X),
ZeT(X)

with K as in (5.1.26) and A(X) of the form

1
21

where n(X) is the unit conormal to 9 at the point X (in the Euclidean metric, in
a local coordinate system) and p(X,€) is the principal symbol of the operator on
functions on R"*! with integral kernel dyeq(X — Y, X). This is an (n + 1)-covector
with components

(5.1.31) A(X) = {(p(X,n(X)), v(X)),

(5.1.32)  p;(X,&) =—v—1 p;)(()z,) G(X, )7, G(X,8) = g™ (X)g¢&,

where (g7%) ;1 is the inverse matrix of (g;);x. Now the unit conormal to 9 with
respect to the metric g; is given by

(5.1.33) vi(X) = G(X,n(X))"V?n;(X),  forae X €99,

and the unit normal to 92 with respect to this metric is given by
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(5.1.34) V(X)) =g¢g*(X)(X),  forae X e€0Q.

Thus, we have

(5135  A(X) = ;”;f;)gﬂkm)nk(xmj(xm(x n(X)) /2
_ 1 p(X) n —-1/2
= O n(X))
_ 1
L
the last identity by (5.1.5). O

We now discuss how results of [93] allow one to extend Theorem 5.1.3 to a
class of Riemannian manifolds whose metric tensors have a weaker modulus of
continuity, namely one satisfying (5.1.9). Indeed, according to Proposition 2.4 of
[93], if w satisfies the Dini condition fol w(t)t~tdt < oo, while t~*w(t) \ for some
a € (0,1), then one has these estimates on e (Y, X):

o(|X = Y])

BX —Y])
X Y[

1. Y, X)| <
(5 36) |€1( s )‘ <C |X—Y|n

[Vyel (Y, X)| <C

(given that dim M = n + 1), where

(5.1.37) o(h):= /Oh @ dt,

and B(h) is required to satisfy two conditions. The first is 3(h) > o(h). The second
is that there exists wy(h) satisfying the Dini condition

1 w1 (t)
such that
(5.1.39) w(ph) < B(p)wi(h), VYp,he(0,1].

In such a case, the hypothesis (5.1.13) of Proposition 5.1.1 holds with (t) = 3(¢),
so Proposition 5.1.1 applies provided fol Bt)t~tdt < co.

Now if w(t) = t* with a € (0, 1), then one can take o(t) = B(t) = w1 (t) = t*.
On the other hand, if w(t) = (log1/t)~“ for t << 1, one needs a > 2. For example,
if 0 < @ < b, one can take
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w(h) = (1og %)724}, o(h) = (log %)7176,

(5.1.40) B(h) = <log %)717(: wi(h) = (log %)717({37&).

More generally, if w satisfies (5.1.9), then (5.1.37)—(5.1.39) hold with w; (t) = \/w(?),
o(t) < Cwi(t), and S(t) = wi(t). Thus Proposition 5.1.1 is applicable with v (t) =
B(t) = w1 (t), and all the steps in the proof of Theorem 5.1.3 extend to yield:

Theorem 5.1.4. The results of Theorem 5.1.8 hold whenever the metric tensor on
M has a modulus of continuity satisfying (5.1.9).

We now turn to the single-layer potential
(5.1.41) Sf(X) = /E(X7Y)f(Y) dog(Y), X e€Q,
a0
and its gradient

(5.1.42) VSf(X) = /VXE(X,Y)f(Y) doy(Y), X €Q.
o0

In this case it is convenient to exploit the symmetry E(X,Y) = E(Y, X) and replace
(5.1.6) by

(5.1.43) JYV)EX,)Y)=e(X -Y.Y)+e1(X,Y).

In this scenario, the second estimate in (5.1.36) becomes

BUIX =Y

.1. <oz~
(5.1.44) [Vxe1 (X, V)| <C X Y|

Also, in this case, Theorem 3.5.2 applies to the contribution of g(Y)~/2V xeq(X —
YY) to VSf(X), and the same arguments as used above apply to the analysis of

(5.1.45)

Kif(X) ::/iél(x,Y)f(Y) dog(Y), ki(X,Y):=g(Y) V2Vxe (X,Y).
o0

We obtain the following extension of (3.3.36)—(3.3.39):
Theorem 5.1.5. In the setting of Theorem 5.1.4, we have, for p € (1,00),

(5.1.46) IN(VSH)llLr00.d0,) < CollfllLeo0,do,)-
Also, given p € (1,00) and f € LP(0Q,do,), one has for almost all X € 012,
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(5.1.47) lim (8V<X>Sf)(Z) = (=3I + K*)f(X),
ZeT(X)

where K* is the adjoint of K, given by (5.1.26).

5.2. Compactness of K

We now establish compactness of K on LP(99Q,do) for p € (1,00), when Q is a
regular SKT domain.

Theorem 5.2.1. Retain the hypotheses of Theorem 5.1.3 (or 5.1.4), but this time
assume that Q is a reqgular SKT domain. Then the operator K defined in (5.1.26)
is compact when acting from LP(0Q,do,) into itself, whenever 1 < p < oco.

Proof. To get started, we peel off some pieces that are always compact on LP (052, do,)
and look at what remains. So far we have

(5.2.1) K =K'+ K,

where K, given by (5.1.11), is known to be compact, and (in a local coordinate
patch)

(5.2.2) KYf(X)=P.V. /ay(y)eo(x —Y, X)f(Y)do,(Y).
o0
Now, by (5.1.7), setting

(5.2.3) (X, X -Y) = gjk(X)(xj _yj)(xk —yk), X = (i), Y = (vi)i € Rnﬂ,

it follows that, if C), is as in (5.1.7), we have

(5.2.4) d,vyeo(X —Y, X) = —%(n—l) ay(y)r(X,X—Y)]F(X,X—Y)*”“)/?,

and, via (5.1.33)—(5.1.34),

O,T(X, X -Y)

as OO W) G X0 i) o )
— 2G(Y, n(Y )20 (V) g ™ (V) gt (X) (5 — )

= —2G(Y,n(Y)) ™2 (Y)gju(X)(xr — yn),

with n/ := nyg%. Hence
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(5.2.6)

K'f(X) = (n—1)C, P.V. / LX) ()3(::+_1)Z//§)G(Y,n(Y))—l/Qf(Y) doy(Y).
o0

Next we set

(5.2.7) K’ = K# + K>,

where K is defined by substituting ¢;,(X) —g,x(Y) for ¢g;5(X) in (5.2.6). Thus K,
is compact, by Proposition 5.1.1, and K# has the form (5.2.6) with n’(Y)g;(X)
replaced by n/ (Y)gjx(Y) = ng(Y), so

(5.2.8)

K#*f(X) = (n—1)Cp PV/ XX xi’;_(ffl))/ GYn(Y)) V24 (Y) doy (V).

Compare this formula with (3.3.1). Now K# has the form

(5.2.9) K#f=TMf, Mf(Y)=G(Y,n(Y)) 2f(Y),

and Theorem 4.5.4 is directly applicable to T. Since G(Y,n(Y))~'/2 is bounded,
this yields compactness of K# and completes the proof of Theorem 5.2.1. O

5.3. Green formulas on Riemannian manifolds

Let R™ carry a continuous metric tensor (g, ), in addition to the Euclidean metric
tensor (0;x). A vector field v = v79; has divergence divwv € D'(R™) given by

(5.3.1) (p,divo) = —(9;¢, g"/*v7),

where g = det (g;), and we use the summation convention. If divv is a locally
integrable multiple of Lebesgue measure, or equivalently of dV = g'/2 dx, we iden-
tify div v with the density div v dV. We denote by divgv this quantity associated to
(6;%) rather than (g;x), so dive = g~'/2divg(g'/?v), in the locally integrable case.

Let 2 C R™ be an open set with locally finite perimeter. Assume v belongs to

D = {veCYR™R™): dive € LY(R™)}
(5.3.2) = {ve CYR™,R™): divo(g'/?v) € LYR™)}.
Then
(5.3.3) /divvdV = /divo(gl/Zv)dx.

Q Q
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Hence Green’s theorem from §2.2 gives

(5.3.4) / divedy = / (n,v) g2 do,
Q 0*Q

where n is the outward-pointing unit normal with respect to the metric (d,;) and
o is the (m — 1)-dimensional Hausdorff measure defined by (d;,). We claim that

(5.3.5) /<n,v>gl/2 do = /<V’U>g doy,

9*Q 0*Q

where v is the unit outward-pointing normal determined by (g;x), (, )4 is the inner
product determined by (g,x), and o4 is (m — 1)-dimensional Hausdorff measure
determined by (g;x). The vectors v = 170; and n = n’9; have associated covectors

(5.3.6) Vb= Zuj dr;, nb= an dzj,

where

(5.3.7) v; = g, ny; =0,k
The covectors v* and n® are parallel and both have unit length, with respect to

their associated metric tensors, so

(5.3.8) n; =av;, a®=(nbn,=g"n;n.

Hence

(n,v)g'? = njigt?
= g2’ nt) 2 v
(5.3.9) = g2’ 0"} (v,v),.

Thus (5.3.5) is equivalent to the assertion that

(5.3.10) o, = gt (nt, nb>517/2 o
on measurable subsets of 9*Q. The following result establishes (5.3.10).

Proposition 5.3.1. Let S C R™ be a countably rectifiable (m — 1)-dimensional set
in R™, with measure-theoretic unit normal n determined by the Fuclidean structure.
If o is (m—1)-dimensional Hausdorff measure determined by (d;x) and o4 is (m—1)-
dimensional Hausdorff measure determined by (g;x), then (5.3.10) holds on S.
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Proof. Tt is clear from the definitions that for each compact K C R™ there exists
Ck € (1,00) such that

(5.3.11) Crlo(A) < o,(A) < Cga(A), ACK.

The hypothesis of countable rectifiability implies there is a disjoint union

(5.3.12) S=|JMUN,
k>1

where each M), is a Borel subset of some (m — 1)-dimensional C'' submanifold of
R™, while o(N) = 0, hence o4(N) = 0. It is elementary that (5.3.10) holds on each
C' submanifold of R™, of dimension m — 1, so by (5.3.12) it holds on S. O

Since 0*Q) is countably rectifiable, we have the following variant of Proposi-
tion 2.2.4.

Proposition 5.3.2. Let R™ have a continuous metric tensor (g;i). Let @ C R™
be an open set with locally finite perimeter. Then

(5.3.13) /divvdV: /<V,’U>g dog,

Q o0*Q
for allv € D, defined by (5.3.2).

Similarly we can apply Proposition 2.2.5 to deduce that

(5.3.14) /divo(gl/Qv) dx = / (n,v) g'/? do,

Q 0*Q2

whenever 2 has a tame interior approximation and v belongs to

D = {veC)QR™): dive(gt/?v) € LY(Q)}

(5.3.15) {v e CY(LR™) : dive € L' (Q)}.

We obtain

Proposition 5.3.3. If R™ has a continuous metric tensor (gji) and Q@ C R™ has

a tame interior approrimation, then (5.3.13) holds for all v € D.

Also the results of §2.3 together with Proposition 5.3.1 yield the following.

Proposition 5.3.4. If g = (g;x) is a continuous metric tensor on R™ and Q C R™
is a bounded domain with Ahlfors regular boundary, then (5.3.13) holds whenever

(5.3.16) dive € LY(Q) and v € £P,
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for some p > 1, where

P :={v e C(Q): Nv e LP(0Q,doy) and

5.3.17
( ) Jnontangential limit vy, o4—a.e.}.

Remark. Using partitions of unity, we can extend the scope of these results to
Q C M, where M is a smooth manifold with a continuous metric tensor.

We can apply Proposition 5.3.4 in the following setting. Let M be a com-
pact manifold with a Riemannian metric whose components are continuous with a
modulus of continuity w satisfying

(5.3.18) /01 7'02(75) dt < oo.

Let V € L®°(M) satisfy V> 0 on M and V > 0 on a set of positive measure.
Then let E(z,y) be the integral kernel of (A — V)~1 on L?(M). Let 2 C M be a
connected UR domain. For f € LP(01),doy), set

(5.3.19) Sfx) = /E(x,y)f(y) dog(y), xe€f.
o0

A fundamental result is

(5.3.20)  [IN(VSH)lLr(09,d0,) < CollfllLro0,d0,), 1 <p<oo,
and that nontangential limits of VS f exist 04-a.e. on 02. In addition,

(5.3.21) lim (v(@), V(W) = (=4 + K*) @), ogae,

Y= in Tz

where K* : LP(0Q, doy) — LP(0Q,doy), for 1 < p < co. Also, by Proposition 3.2.5,

(5.3.22) IVSflize) + IS fllLa) < Cllfllz209,d0,)

for some p, ¢ > 2, and elementary estimates give ||N'Sf| Lr(0Q,doy) < C||f||Lz(397dUg)
for some r > 2. Now if we take f € L?(0Q,do,) and set

(5.3.23) u=Sf, v=uVu,
we have
(5.3.24) dive = |Vul|? + uAu = |[Vul? + Vu?, on Q.

Thus Proposition 5.3.4 applies to give
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(5.3.25) /(|vu|2 +Vu2)dy = /u (—%I + K*)fdag.
Q o

5.4. Invertibility of boundary layer potentials

As in §5.1, let 2 be an open subset of a compact, connected manifold M, endowed
with a Riemannian metric tensor g whose components have a modulus of continuity
satisfying the Dini-type condition (5.1.9). We set L = A — V with bounded V' > 0
on M,V >0 on a set of positive measure, and define the double layer potential D
by (5.1.3) and the single layer potential S by (5.1.41). By Theorem 5.1.3, if Q is a
UR domain, then, for a.e. X € 99,

i — (1
(5.4.1) ,Jm D7) = (21 + K)f(X),
and
(5.4.2) K : LP(0Q,do,) — LP(0Q,doy), 1<p < oo.

Similarly, if Z — X € 99 from a nontangential region in Q~ := M \ €2, we have

(5.4.3) Df|,g. = (—%I + K) 7.

Also, by Theorem 5.1.5 and its counterpart for 27,

(5.4.4) 0,Sf | gy = ($%I + K*) f.

We establish invertibility of these operators on LP(9€,doy), under certain condi-
tions. Here is our starting point.

Proposition 5.4.1. Let 2 C M be a connected UR domain. Assume V >0 on a
set of positive measure in each connected component of Q= = M \ . Then

(5.4.5) 11+ K* is injective on L*(0S2, doy).

If V> 0 on a set of positive measure in §, then also —%I + K* is injective on
L2(09,do), while

(54.6) V=0o0nQ= —iI+K":L}(0Q,do,) — L§(09,doy), injectively.

Here and elsewhere, L3(09, do,) consists of functions in L*(0Q,do,) that integrate
to 0 on 02 with respect to og.
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Proof. We have finally assembled all the tools needed to make the standard argu-
ment work. Here it is. Assume f € L?*(052,do,) is annihilated by 37 + K*, and
set

(5.4.7) u:=3Sf.

Then we can apply the Green formula (5.3.25), with Q replaced by Q~ = M \ Q,
and hence with —17 + K* replaced by 11 + K*. We have

(5.4.8) /(|vu|2 +Vu2)dy = /u(%[ +K*)[doy =0,
Q- o0
Hence |Vu| =0 on Q7 so u is constant on each connected component of Q~, and

the hypothesis on V' implies that each such constant must be 0. Thus v = 0 on
M\ Q. Hence u has zero boundary trace on 952 from inside €2, so

(5.4.9) /(\Vu|2+Vu2)dV: /u<f%I+K*)fd0g =0.
Q oN

Hence u is constant on € and since u does not jump across 02, because its
trace from both sides is Sf, the constant must be 0, so u = 0 on M. Thus, by
(5.4.4), (%I—i—K*)f =0= (—%I+K*)f, so f = 0. This proves (5.4.5).

The proof that —37+K* is injective on L2(9Q, doy) if V' > 0 on a set of positive
measure in €2 is the same. As for (5.4.6), given f € L3(9,0,), again define u by
(5.4.7). Applying the Green formula to v = Vu gives, via (5.3.21),

(5.4.10) i1+ K*)fdo, = [ AudV =0,
/( L4 K*)fdo /u

o0

so indeed — 31+ K* maps L3(9Q, 0,) to itself. Next, if f € L§(08, 0,) is annihilated
by —%I—i—K*, then (5.4.9) applies, and we deduce that w is constant on ; say u = a
on Q. Now we have (31 + K*)f = f, so

/(|Vu|2+Vu2)dV - /u(%]—i—K*)fdag

Q- 0
a/fdag =0.
o

This forces u = 0 on Q7. Since u does not jump across 0f2, this forces a = 0, so
u =0 on M. As before, this forces f = 0. (]

(5.4.11)

Now for the invertibility result.
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Proposition 5.4.2. Let Q) C M be a connected, regular SKT domain. Assume as
usual that V' > 0 is bounded on M, and V' > 0 on a set of positive measure on each
connected component of @~ = M \ Q. Then

(5.4.12)
I+ K, 214+ K*: LP(8Q,doy) — LP(09Q,doy), isomorphically , Vp € (1,00).

If V.> 0 on a set of positive measure in 2, then —%I + K and —% + K* are
isomorphisms on LP(0S,dog) for each p € (1,00), while

(5.4.13) V=0o0n Q= —LI+ K" : LE(0Q,0,) — LE(Q,0,), isomorphically,
for each p € (1,00).

Proof. In this setting, Proposition 5.4.1 applies, and we also know that K and K*
are compact on LP (992, do) for each p € (1, 00), so all the operators in (5.4.12) and
(5.4.13) are Fredholm of index zero. By Proposition 5.4.1, %I + K* is injective on
L%(09,doy), hence on LP(9Q,doy) for each p € [2,00). Thus 17+ K* is invertible
on LP(99Q,do) for each p € [2,00), so 31 + K is invertible on LP(0S2, do,) for each
p € (1,2], hence injective on LP(9R,do,) for each p € (1,00), and hence invertible
on LP(99Q,do,) for each p € (1,00), and we have (5.4.12). Similar arguments yield
the rest of Proposition 5.4.2. O

5.5. The Dirichlet and Neumann problems

We can now apply the results of §5.4 to the Dirichlet and Neumann problems. We
make the standing assumption that €2 is a connected regular SKT domain in M, a
compact manifold with a Riemannian metric tensor whose components satisfy the
Dini-type condition (5.1.9). We set L = A —V and assume V € L*°(M) is > 0 and
that V' > 0 on a set of positive measure on each connected component of M \ Q.
Since we are studying Lu = 0 on 2, we can alter V' at will off 2, so there is no loss
of generality in making this last assumption. Here is our result.

Theorem 5.5.1. Given p € (1,00), take

(5.5.1) f.9 € LP(00, do,).

Then the Dirichlet problem

(5.5.2) Lu=0o0nQ, u|,,=/f

has a unique solution u € C(Q) satisfying

(5.5.3) INullLr09,d0,) < CllflILr(00,doy)-

If V> 0 on a set of positive measure on §2, the Neumann problem
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(5.5.4) Lu =0 on ), 8Vu|8Q =g

has a unique solution u € C*(2) satisfying

(5.5.5) [NVl Lr90,d0,) < CllgllLro9,do,)-

If V.= 0 on Q, then, provided g € L{(0,04), (5.5.4) has a solution satisfying
(5.5.5), unique up to an additive constant.

Proof. For existence in (5.5.2), we take

(5.5.6) w= D(%IJrK)_lf,

and for existence in (5.5.4) we take

(5.5.7) u:S(—%I—i-K*)_lg.

The respective properties (5.5.3) and (5.5.5) then follow from the results of §5.1.

As for uniqueness, the argument given in §7.1 applies here with only minor
modifications, so to avoid redundancy we refer the reader to §7.1. (]

5.6. Extensions to ¢-regular SKT domains

We extend the results of §5.2 and §§5.4-5.5 from the setting of regular SKT domains
to the setting of e-regular SKT domains. Take M to be a compact manifold, with

a Riemannian metric tensor g, satisfying a Dini-type condition as in §5.1. Take
L =A—V and K as before. The following replaces Theorem 5.2.1.

Proposition 5.6.1. Let Q2 C M be a domain, satisfying a two-sided John condition,
with Ahlfors regular boundary. Fiz p € (1,00). For each 6 > 0, the following holds.
Let G(2) denote the geometrical characteristics of Q (consisting in this case of
the Ahlfors regularity, UR, and John constants, measured with respect to some
coordinate chart). There exists € = E(G(Q),M,g,p, 5) > 0 such that

(5.6.1) Q is an e-regular SKT domain = dist(K, Cp(LP (09, doy)) < 6.

Proof. As in the proof of Theorem 5.2.1, K = K# + K, + K, where, by Propo-
sition 5.1.1, K; and Ky are compact. Furthermore, K# = TM as in (5.2.9), and
Theorem 4.5.4 applies to T, to yield (5.6.1). O

The injectivity results of Proposition 5.4.1 remain at our disposal. We can now
extend Proposition 5.4.2.
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Proposition 5.6.2. Let 2 C M be as in Proposition 5.6.1 and assume also that
is connected. Assume V' >0 on a set of positive measure on each connected compo-
nent of @~ = M\ Q. Take q € (1,2]. Assume (cf. notation from Proposition 5.6.1)

(5.6.2) g < inf E(G(Q),M,g,p,%>

T q<p<¢

and that Q is an &' -regular SKT domain. Then, for each p € [q,q'],

i1+ K : LP(09Q,doy) — LP(0%), doy),

(5.6.3) ) .
I+ K*: LP(0Q,doy) — LP(0Q, doy),

isomorphically. If V> 0 on a set of positive measure in 2, then —%I + K and
,%] + K* are isomorphisms on LP(0Q, do,), while

(5.64) V=0on Q= —11+ K" : L§(0Q,do,) — L5(9Q,do,), isomorphically.

Proof. The hypotheses yield

(5.6.5) dist (K, Cp (LP(09),doy)) < 3.

Hence the operators +4/+ K and +17+ K* are Fredholm on L?(9, do), of index
zero. The arguments used in Proposition 5.4.2 finish the proof, except that now we
work on p € [g, ¢'] rather than p € (1,00). O

From here, we can extend Theorem 5.5.1, as follows.

Theorem 5.6.3. Take Q as in Proposition 5.6.2, ¢ € (1,2], p € [q,4¢'], and € as in
(5.6.2). Take f,g € LP(0R,do,). Then the Dirichlet problem (5.5.2) has a unique
solution u € C*(Q) satisfying (5.5.3). If V> 0 on a set of positive measure on S,
the Neumann problem (5.5.4) has a unique solution u € C1(Q) satisfying (5.5.5).
If V=0 on Q, then, provided g € L§(0Q,doy), (5.5.4) has a solution satisfying
(5.5.5), unique up to an additive constant.

Proof. We can appeal to Proposition 5.6.2 to write solutions in the form (5.5.6)
and (5.5.7). Uniqueness again follows from arguments that will be given in §7. O



—
Chapter 6

Second order elliptic systems
on regular SKT domains:
set-up

In this chapter we apply the methods of Chapters 2—4 to a variety of second order
elliptic systems: the Lamé system of linear elasticity, the Stokes system for steady
fluid flows, and the Maxwell system for time-harmonic electromagnetic fields. We
also consider various boundary problems for the scalar Laplace operator, comple-
menting and supplementing results of Chapter 5. Unlike in Chapter 5, we restrict
attention to constant-coefficient equations in Euclidean space in this chapter.

Section 6.1 is devoted to a more detailed description of the various boundary
problems to be studied for the Lamé system, Stokes system, and Maxwell sys-
tem, and the various layer potential operators that arise to solve these boundary
problems. Some of these layer potentials conform to the form (4.5.3), yielding com-
pactness for regular SKT domains and small norm modulo compacts for e-regular
SKT domains, and some do not; further techniques will be brought to bear on
these.

Section 6.2 derives compactness results on LP-Sobolev spaces L (99, do), for
regular SKT domains, which complement our compactness results on LP(9€2, do).
In addition, there are Fredholm results on L7 (92, do), obtained when the quantity
dist(v, VMO(99, do)) is small.

Section 6.3 studies the invertibility of various double layer potential operators.
When they have the form A + K with K either compact or of norm modulo
compacts < |)A|, the crux is to establish injectivity, and separate techniques are
involved in the various cases. This yields results for regular SKT domains, of the
form that A\I + K is invertible on L?(91,do) for each p € (1,00). For the more
general class of e-regular SKT domains, we obtain invertibility for a range of p,
depending on how small ¢ is.

195
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Section 6.4 studies the invertibility of single layer potentials, typically from
LP(0Q,do) — LY (0Q,do) or LP (9Q,do) — LP(0R,do), or some variant. Sec-
tion 6.5 studies the invertibility of the magnetostatic layer potential. This is a
double layer potential, but the invertibility results have a significantly different
flavor from those of §6.3.

6.1. Examples

To illustrate the scope of the analysis pertaining to operators of the form (4.5.2)-
(4.5.3), which was carried out in §4.5, here we shall discuss in detail three examples,
namely integral operators arising in the study of linear elasticity, in the study of
the Stokes system for hydrostatics, and in the study of the time-harmonic Maxwell
system.

Our first example comes from linear elasticity problems on domains in R™*1,
Specifically, let

21

6.1.1 0 d A>—7-—
(6.1.1) p>0 and A>T

and, for a fixed, arbitrary parameter r € R, set (using the standard d-Kronecker
formalism)

(6.1.2) ay (r) = pdkbap + (1+ X = 7) 600kp + 7 8;50ka

Then for any vector field @ = (uq)1<a<n+1 and any a = 1,...,n+ 1 we have (using
the repeated index summation convention)

(6.1.3) 0, (a?f(r)@kuB) — 11 Atg + (1 + N) Do (div D),

i.e., the a-component of the Lamé operator u A + (u + A\)V div acting on 4. The
conormal derivative associated with the above choice of coefficients in the writing
of the Lamé operator is then given by

(6.1.4) 7d := (ujajf(r)akuﬂ)a = [p(VD) T+ (VD | v+ (utA=r)(dive)| v,

where the superscript T denotes transposition.

The approach to solving the Dirichlet problem

wAL+ (u+ AN)Vdivi =0 in Q,

(6.1.5) }”“

£

=fe [Lp(ﬁQ,da)
N (@) € LP(3Q, do),

)

via the method of boundary integral operators proceeds as follows. Recall that
w, denotes the surface measure of the unit sphere in R"™! and let E(X) =



6.1. Examples 197

(Ejr(X))1<jk<n+1 be the standard fundamental solution for the Lamé system,

defined at each X = (z;); € R"*1\ {0} by

(6.1.6)
—1 3pt X djk (n+Nzjze| .
fn>2
220 + Nwy, { n—1 |X|*1 xXprt 0 HrES
B = (b4 Nzxjzy
——— Noilog | X| — BENTTRY e
271-#(2”_1_)\) |:(3,u+ ) ik 0g| | ‘X|2 ] , UIn

See, e.g., [71] and (9.2) in Chapter 9 of [70]. Assuming that —p < r < u, we then
define the elastic double layer potential operator D,. by setting

OL7) D)= [ BY - X)TqY)de(Y),  Xeq,
o0

n+1
for each g € [L” (092, da)} . Assuming that the domain €2 is reasonable, we seek

n+1
a solution to (6.1.5) in the form @ = D,.g for a suitable § € [Lp(aﬁda)} , in

which case it is useful to know that

(6.1.8) D,j

1 =
—_— I KT' Pl
[5}9) (2 )g

where I denotes the identity operator, and
(61.9)  K.g(X):= lim / ) B(Y — X)]T(Y)do(Y), X €09.
e—

Y €9Q
[ X-Y|>e

Explicitly, the integral kernel of the operator (6.1.9) is a (n + 1) x (n + 1) matrix
whose (7, k) entry is given by

djk (X =Y, v(Y)) n+1 (X =Y, v(Y))(z; — y;)(@r — vk)

—Ly(r)y2E 2
1(T)wn X — Y|t ( 1) Wn X —y[»t3
L (25 —yj)ve(Y) = (zx — yr)v; (Y)
1.1 — Lo(r)—3L 2 J
(6 0) 2<T) wn, |X _ Y|n+1 )
where

3u+A) —r(p+A)
221+ A) ’

w+A)—r(Bu+A)
2u(2p + A)

(6.1.11)  Ly(r) := 2l Lo(r) = 1

It is here that the usefulness of making a judicious choice for the parameter r is
most apparent. Specifically, for



198 6. Second order elliptic systems on regular SK'T' domains: set-up

oo et A

6.1.12
( ) 3+ A

we have Lo(r) = 0 and, hence, the last term in (6.1.10) drops out. Consequently, the
operator (6.1.10) corresponding to the choice (6.1.12), referred to in the literature
as the pseudo-stress elastic double layer (cf., e.g., [70]), takes the form (4.5.3). We
shall denote this operator by K.

Another particular conormal derivative which has received a lot of attention is
the so-called traction which corresponds to (6.1.4) written for r = p, i.e.,

6.1.13 M = plVit + Vi A(div @ .
( ) i = p[Vi + Vi }EQH (div ) R

The operator (6.1.9)—(6.1.10) written for r = p is called the traction elastic double
layer and is denoted by Kypqc. As is apparent from (6.1.10), Kirqc fails to be of the
form (4.5.3).

Our second example pertains to the Stokes system of hydrostatics. In this
case, for a given, sufficiently nice domain Q C R"*! and 1 < p < oo, the Dirichlet
problem for the velocity field @ and the scalar pressure 7 reads

A —Vr =0 in Q,

divi =0 in Q,
(6.1.14) q

Ul = LP (002

Ci feLr(09,do),

N(@) € LP(9Q, do),

where, for each 1 < p < 0o, we have set

—

(6.1.15) L2(99,do) := {fe [LP(aQ,da)} L /mo/, Fdo = 0}.

In order to implement the method of layer potentials for this problem, for each
fixed parameter v € R, consider the coefficients

(6.1.16) a?,f(v) = jkéaﬁ + véjﬂéka,

and note that for every a =1,...,n+ 1,

(6.1.17) 9, (a;‘,f (y)aku[j) = Atig + 70, (div @).

In particular,

(6.1.18) divii = 0 = 0; (a ()0kug) = (Ao, a=1,.n+ 1.
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For an arbitrary, given pair (@, ), where @ is a divergence-free field and = is a
scalar function, define the conormal derivative associated with (6.1.16), (6.1.17) by

(6.1.19) Y (@, 7) := (V)" +~(ViD)] -

vV — 7'(" V.
o0

Going further, let E(X) = (E;x(X))1<jk<n+1 be the canonical matrix-valued fun-
damental solution for the Stokes system, where

1<1 i +Ijx’“)7 if n>2,

2w, \n—1[X[1 T X
(6.1.20) Ejk(X) = 1
T;jTk .
—— | drlog | X J fn=1
471_(.7k10g| |+|X2>7 I n )
for

X = (x;); € R™1\ {0},

and the corresponding pressure vector

1 X

6.1.21 7X) = ——
( ) q(X) o, X[

X e R™1\ {0}.
For each X € R"™1\ {0}, these functions satisfy

8kEjk(X) =0 for 1<j<n+1,

6.1.22
( ) @-Ejk(X):O for 1§k§n+1,

(6.1.23)  AE;(X) = AEg;(X) = 0pq;(X) = 0jqu(X) for 1<jk<n+1.

Now, assume that —1 < v < 1 and, for each § € L2(9, do) define the hydro-
static double layer potential operator D by

(6.1.24) D,g(X) = /[8Z(Y)(E,@(Y—X)]T§(Y) do(Y), X e,
0

where, in this context, 6‘3(Y) is applied to each pair consisting of the j-th column
in E(Y — X) and the j-th component of ¢(Y — X), i.e.

(6125) (GZ(E, (D)jk = z/oﬁaEkj + ’YVaakEaj — qjVk.

Let us also define the corresponding potential for the pressure by setting

©126)  PGX) = [On@l¥ - X), GV doly),  Xeq,
o
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where the normal derivative is applied component-wise. We seek a solution for
(6.1.14) in the form @ = D, §, = = Pg, for a suitable § € LE(,do). Tt is then of
interest to know that

(6.1.27) Dyg),

Q: (%I + K7)§7
where
(6.1.28) K,g§(X):= sli%l+ / [3;’(Y) (B, ) (Y — X)]Tg'(Y) do(Y), X €99Q.

Y€on
| X-Y|>e

The integral kernel of the operator (6.1.28) is a (n+1) x (n+ 1) matrix whose (4, k)
entry is

n+ 11X - Y, v(Y)) () — y;) (@ — yr)

_(1—7)EW - (147 o X v
(6.1.29) - oa- W)i (2 — yﬂ'/k'g)_}(ﬁl— ye)vi (V)

For v = 1, in which case the operator (6.1.28) is known as the slip hydrostatic double
layer (cf., e.g., [71]), the last term in (6.1.29) vanishes. Thus, for this particular
choice of the parameter ~, the operator (6.1.28) becomes of the type (4.5.3).

Our last example concerns the time-harmonic Maxwell’s equations with wave
number k£ € C, Imk > 0, in a domain Q C R3:

(6.1.30) curl E +ikH =0, and curl H —ikE =0in Q, vxE bo f on 09.

Eliminating H then leads us to considering

(A+k2)E =0 in Q,
divE =0 in Q,

(6.1.31) N(E) € LP(09), do),

tan

E| =felL (09,d
v X Pl o),
where 1 < p < oo and

(6.1.32)
Lfan(a(L dU)

= {f: (f1, far f3) ¢ f; € LP(09,do), j=1,2,3 and (v, f) = 0 a.e. on aﬂ}
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stands for the space of vector fields which are tangential to 02, with p-th power
integrable components. In this setting, the method of layer potentials consists of
looking for a solution E for (6.1.31) in the form

(6.1.33)  E(X):= curl/ (X —Y)G(YV)do(Y), XeQ,
o0
where § € LY (09Q,do) is yet to be determined and ®j is the canonical radial

tan
fundamental solution for the Helmholtz operator A + k2 in R3, i.e.

eV—1k|X| R
6.1.34 Op(X) = ———— X 0}.
(6.1.34) WX) == XERN ()
In particular, ®(X) = —ﬁ is the usual fundamental solution for the Laplacian

in R3. Then, if Q is sufficiently nice, we have the following trace formula

(6.1.35) v x E‘mz (=31 + My)g,
where
(6.1.36)
Mg(X) = lim, / V(X)) x curly {Br(X = V)GV do(Y), X €09,
= Y €9Q
| X-Y|>e

is the so-called magneto-static layer potential (cf., e.g., [24]). The elementary alge-
braic identity
(6.1.37) ax(bxd)=—(abyé+(acb,  Vab, ceR?,
plus the fact that (v(Y),g(Y)) = 0 for a.e. Y € 99, allow us to express the
integrand in M g(X) in the form

v(X) x ((VE(X = V) x §(V)) = —=B,0@(X —Y)F(Y)

+(W(X) —v(Y), gY)(VE)(X —Y),

(6.1.38) = kX, Y)§) + kX, Y)g(Y).

Now, k1(X,Y’) can be decomposed further as

(6139)  k1(X,Y) = =Dyx) @0(X = ¥) + Dyix) | Bo(X —¥) = @(X ~Y)],

where the first term in the right hand-side of (6.1.39) is of the type (4.5.3) (in fact,
up to a sign, this is the kernel of the adjoint harmonic double layer), and the second
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one is a bounded function on 9 x 0f), thus giving rise to a compact operator on
LP(09Q,do). Finally, k2(X,Y)g(Y) can be written as

R(XYV)IY) = (X)) - u(¥),§01)(VB)(X — Y)
(6.1.40) + (X) — V), GO (V) (X —¥) — (VBL)(X ~ V)]

where the structure of the first term is that of a commutator between a nice singular
integral and the operator of multiplication by v, whereas the expression in the
brackets is a bounded function on 9 x 02, hence once again giving rise to a
compact operator on LP(92,do). In particular, for this first term in the right
hand-side of (6.1.40) the homogeneous space version of the commutator theorem of
Coifman-Rochberg-Weiss applies (see Theorem 2.4.2 and Theorem 2.4.5).

6.2. Compactness of layer potential operators on Sobolev spaces

Consider a differential operator L as in (3.6.20)-(3.6.21) and, as before, let E =
(Esy)p,~ be a fundamental solution for L in R"*! which decays at infinity. Given a
bounded domain 2 C R"*1, of finite perimeter, whose boundary is Ahlfors regular
and satisfies (2.3.1), introduce the double layer potential operator and its boundary
version as in (3.6.24), (3.3.3).

The goal is to study the compactness of K on the Sobolev space L7 (99, do), for
1 < p < 0. In the case of the harmonic double layer potential such a compactness
result was established for bounded C! domains in [37], via methods which make
essential use of the local graph structure of the boundary of the domain in question.
Of course, the domains we consider in this paper typically lack this key feature, so
a new approach is required. We nonetheless have:

Theorem 6.2.1. Assume that Q C R"*! is a bounded reqular SKT domain, and let
L, E, K be defined as before. Furthermore, assume that the double layer operator
K has the form (4.5.3). Then the operator K is compact on LY (9, do) for every
p € (1,00).

As a preamble, we first record the following jump formula.

Lemma 6.2.2. Assume that Q C R"*! is a bounded UR domain, and let L, E, be
defined as before. Recall the single layer from (8.6.22) and, for each multi-indices
«a, B, set

(621) Sapg(X):= | Fas(X =Y)9(¥)do(Y), X cR™\00.

Also, consider

(6.2.2) B = {(a?,fyjyk)a ﬁ] o p- (baﬁ)a ,

) )

Then for every r € {1,...,n+ 1}
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(6.2.3)
87"8(16 g (X) = :F%VT (X)ba5 g(X) + lim / (arEaﬁ)(X - Y)g(Y) dO’(Y),
o0+ e—0t
Y €0Q
| X-Y|>e

at a.e. X € 00, whenever g € LP(0,do), 1 < p < co.
Proof. This is a direct consequence of Theorem 3.5.2. (]
We are ready to present the

Proof of Theorem 6.2.1. Recall (6.2.1). By relying on (3.6.43), we may then further
transform formula (3.6.31) into

0,(P1) (%) = [ 5()al2 0B )X = V)(Taanfu)o(V) do(Y)

- /6 . vs(Y)al¥ (0, E,5)(X — V) (Vianfa);(Y) do(Y).
(6.2.4) = 20,8, (v3(Tiana)s ) (X) + (D((vman))V(X ),

where (Vianf)? is a vector whose component of order a is (Vian fa)j. As a conse-
quence of Lemma 3.6.1, (6.2.4) and jump relations, we then have
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Oy (K f)5(X)
= 8TJk(%f + Kf)’Y(X) - %aTka"/(X)

= v,(ODS)s |, (X) =1 (0D, | (X) = $0r,, f5(X)
—lim [ BOORGE OB X V) (Vanfa)(¥) do(Y)
|XY—€}€|Q>5

150 (K (Ve f)") ()
505X (Vaan )i (X) = 505 (X)(X) v (X)ale o (Vean o) (X)

Slm [ 0BG OB (X~ Y)(Vianfu)o (V) do(Y)
R

_ Vk(X)(K(Vtanf)j)v(X)

= 525 (X) (Veanfy)u (X) + 505 (X)vr(X vy (X) a2 by5(Vean fa)s(X)
= 50r,.J5(X)

- sl—i>%l+ / Vk (X)Vj (Y)afg (37"E'YB)(X - Y) (vtanfa)s (Y) dO’(Y)
IX-Vise

tlim [ B CORMEE OB V) (Vi) (V) do(Y)

e—0+

(6.2.5)

XY |>e
+ ([K, ch] (Vtanf)j)’y(X) — ([K, MVJ} (Vtanf)k> (X)

+ (B (T = 1(Vaan ) (X,

where, generally speaking, [A4, B] := AB— BA and M}, is the operator of multiplica-
tion by the function h. Note that the terms in the 5th, 6th and 8th line above cancel.
Also, by (3.6.43), in the last line of (6.2.5) we may write v;(Vian f)* — vk (Vian f)? =
O, f- Thus, if Vi, f is regarded as a matrix-valued function whose (a, s) entry is
the s-th component of Vi, fo, then the above identity can be summarized as

(626) 6le(Kf) = K(aTjk f) + Tjk(vtarlf)

where, if ¢ = (gas)a,s 1S an arbitrary matrix valued function with components in
LP(09Q, do),
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(Trg) (X) 1= = lim [ ) = n (V) (Va2 (0, Ep) (X = ¥ )gas(¥) do(Y)

Y €09
| X =Y |>e

lm [0 < ) 0B (X — V)gau(Y) do(Y)

Y €00
| X-Y|>e

sl [ ) CORL ()0 OB ) (X~ V)gas (V) do(Y)

Y €09
| X-Y|>e

©21) =m0 - OR )0 OB )X - V)gas(Y) da(Y)

| X-Y|>e
for every index v and o-a.e. point X € 92. Upon noticing that, by Theorem 2.4.5,

T;i, is a compact operator on LP(9€), do), the desired conclusion now follows from
(6.2.6) and Theorem 4.5.1. O

Compared to the case of Lebesgue spaces, for Sobolev spaces it is not clear
whether v close to VMO (09, do) implies that K is close to Cp (L} (09, do)).
Nonetheless, the following holds.

Theorem 6.2.3. Assume that Q C R" ! is an open set satisfying a two-sided local
John condition and such that ) is Ahlfors regular and compact. Let L, E, K be
defined as before and suppose that the double layer operator K has the form (4.5.3).
Also, fix p € (1,00) and A € R\ {0}. Then there exists a small 6 > 0, depending
only on L, n, p, A and the geometry of 2, with the property that

dist (v, VMO (09, do)) < &

6.2.8
( ) = M + K is Fredholm with index zero on L} (09, do),

where the distance is measured in BMO(99, do).

Proof. Fix A € R with A # 0 along with p € (1,00). From Theorem 4.5.1 we know
that there exists § > 0 such that

dist (v, VMO (99, do)) < 6 = K = Ko + K,

62.9)
with || Kollz(zr90.d0)) < |Al/2 and Ky € Cp (LP(09,do)).

In particular, [|(A] + Ko) ™| z(Lr(99.d0)) < 2/|A] which further entails

A f1 e (692,d0)

6.2.10
( ) <2|(M + K) flleo0,d0) + 21 K1 fllLr90,d0), Y f € LP(0Q,do).
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Next, introduce T' := (Tji)1<jk<n+1, Where Tj, : LP(0Q,do) — LP(0R,do) is
defined in (6.2.7). For each such operator, Theorem 2.4.5 ensures that there exists
K, € Cp (LP(09Q,do)) with the property that

(6.2.11) | Tjx — Kjkllopr 09,40y < Cdist (v, VMO(98, do)),

where C' depends only on Q, L, p and n. Also, the identity (6.2.6) gives

(6.2.12) 0, [(M +K) f} = A+ K)(0r, /) + Tit(Veanf), VY f € LP(09, do).

Set Ky := (K, i)1<jk<n+1- Together, (6.2.10) and (6.2.12) then prove that

£l 27 (992, d0)
< CIM + E) fllzeo9,do) + 1EK2(Vian )l Lr00.d0ys ¥ f € L7 (09, do),

where C' = C(Q, L, \,n,p) > 0, granted that dist (v, VMO(9, do)) < ¢, with § > 0
sufficiently small. The fact that \I + K is bounded from below, modulo compact
operators, on LY (0§, do) can then be used, in conjunction with the homotopic

invariance of the index, to show that in fact A\ + K is Fredholm with index zero
on LY (99, do). O

(6.2.13)

Our next result can be viewed as a quantitative version of Theorem 6.2.3.

Proposition 6.2.4. Retain the same hypotheses as in Theorem 6.2.3. Then for
every € > 0 there exist a small 6 > 0 and a large N € N such that

1/m
(6.2.14) dist (v, VMO (89, do)) < § => [dist (Kﬂacp (Lf(@Q,do)))] <e

for each m € N satisfying m > N (above, K™ denotes the m-fold composition of
K with itself).

Proof. The same type of argument as in the proof of Theorem 6.2.3 shows that
for every € > 0 there exists § > 0 with the property that the essential spectrum
of K on LY (09Q,do) (i.e., the set of complex numbers A for which A\ — K is not
Fredholm) is included in B(0,¢) if dist (v, VMO (02, do)) < . As is well-known,
the essential spectrum of an operator 7' acting on a Banach space X is just the
ordinary spectrum of [T, the class of T in the Calkin Algebra £(X)/Cp (X). Then
the the spectral radius formula gives

(6.2.15) hmjup "\1/||[K]m||c(L§’(aQ7da))/cp (LP (09,d0)) <
from which the desired conclusion follows. O

Let us now turn our attention to the double layers associated with the Stokes
system (cf. the discussion in §6.1). First, from (6.1.24)-(6.1.25), for each v € R,

n+1
je{l,.,n+1}and g€ [LP(BQ,dU)] , 1 < p < oo, we have
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(0:8) () = [ (@B (X =) + 700 (¥)(0,Fe) (X =)

(6.2.16) (V) qu(X — Y)) g(Y)do(Y), X eR" 1\ aQ.

n+1
Then for each § € [Llf(aﬂdo)} yI<p<oo,rjed{l,..,n+1}, and X € Q we

may write

0.(P.3) () = | (1)@ Ep)(X =) 4500 (¥)(0.0, Eus) (X V)

J

v (V)(0,0) (X =) ) gu(Y) do (¥)
— [ (-0 l(@uE) (X = ¥)] =101, 9 (0, Ear) (X ~ )
0,00 [as(X = Y)])gu(¥) do(Y)
[ (nOAERX = Y) 4y (V) (0,00 Ear) (X )
oQ
1 (¥V)(0j00)(X = Y)) gu(¥) do(¥)
— [ (0 (@uEw) (X = ¥)] =01, 09 (0, Eat) (X~ V)

(62.17) +0r,, ) gk (X = V)] ) gr(Y) dor(Y),

where we have used the fact that, by (6.1.22)-(6.1.23), the integrands in the 5-th
and 6-th lines of (6.2.17) vanish. By further integrating by parts (cf. (3.6.4) the
tangential derivatives in (6.2.17) we arrive at the identity

0.(2,6) () = | {[@0uEw)(X =)+ 70, ot (X =) 0ro0)(¥)

(6.2.18) +qr(X — Y)(ar,,jgk)(Y)} do(Y).

Proposition 6.2.5. Let Q C R™*! be a bounded UR domain. Also, recall the hy-
drostatic double layer potential operator (6.1.24) and the pressure potential (6.1.26).
Then for everyy € R and p € (1,00), there exists a finite constant C = C(,~,p) >
0 such that

(6.2.19) IN(VDyg)l e (09.d0) < ClIG] [

n+1
L (99,do)| "

and
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(6.2.20) IN (PG Lr 90,40y < CllFl [

) n41
L (00,do)] "

n+1
for every g € [L’l’(aQ,do)}

n+1
Furthermore, for each g € [Lﬁ’(aﬁ, da)} , the nontangential boundary traces

P_" ,8-27_" 1<j<n+1, exist at o-a.e. point on Of).
989 5 9897 =7 = s o p

Proof. The estimate (6.2.19) and the well-definiteness of 0,Dg e 1<j<n+1,

are consequences of the identity (6.2.18) and Theorem 3.5.2. The same type of
reasoning applies to (6.2.20) once we notice that, if F is as in (3.3.24),

PIX) = [50)ONE)X —V)gu(¥) do(y)

219}
[0 BEIX = V) (V) do(y)
oQ

(6.2.21) — [@EX - V)@r)(¥)da(Y)
89
n+1
for each § € [L’f(BQ, da)] and each X € Q. O

Corollary 6.2.6. Let Q C R be a bounded UR domain, and recall the principal
value hydrostatic double layer potential operator K., from (6.1.28). Then

n+1 n+1
(6.2.22) K, [Lf;(ag, da)} — [Lf;(aﬂ, da)}

is well-defined and bounded each v € R and p € (1,00).

Proof. This is an immediate consequence of Proposition 6.2.5, Lemma 3.6.1 and
Theorem 3.5.2. O

Theorem 6.2.7. Let Q C R™! be a bounded reqular SKT domain, and let Kip
be slip hydrostatic double layer defined as in (6.1.28) for v =1. Then

n+1 n+1
(6.2.23) Kuip - [L’l’(as),da)} — [L’l’(aﬂ,da)}

is compact for every p € (1,00).

Proof. To begin with, for each v € R, we may use (3.6.43) to further transform
(6.2.18) into
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(6.2.24)
a, (Dyg*)j(X)
— [ {l@uEnx =) 45 @)X )]
o0
X |Val1)(Viangi)e (V) = () (Viangi)a (V)]
+ @(X = Y) [ (V) (Vaangi)s (V) = 15(V) (Viangi)s (V)] } do ()
= (P2 (Vumd)’) (X)
[ ) [@aBa)(X = Y) 43 G Ea)(X = V)] (Tiangi)a(Y) do(¥)
o0
[ 00X = V) (Vaangi) (V) do(Y),
o0
where (Viang)" is the vector whose component of order k is (Viangk)r. By relying

on Lemma 3.6.1, (6.2.24) and Theorem 3.5.2, for any r,s,j € {1,...,n+ 1} we may
then write
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(6.2.25)
Or,. (K,9);(X)

= 0r,. (3 + K9);(X) — 50-,,9;(X)

= v (0D,9);],(X) =0 (0,D,9);],_(X) = 30,,.9,()
= lim / {y,.(Y)ys(X)—ys(Y)y,(X)}
\ny)?\fgs

< [(0n ) (X =¥) 47 (0, Bar) (X = Y)| (Viangi)a(¥) da(¥)

+ Tim / [ (V) = () ()] gk (X = Y)(Trangi); (V) dor (V)

Y €09
| X—-Y|>e

1, () (K5 (Viand)*) ) () = (X (K5 (Viand)') ) (X)

J J

- lm / [ () (X) = (Y (X))
XY |>e

% | OaB)(X = Y) +7 (0, Ear)(X = V)| (Tiange)a(Y) do(Y)

+ Jim, / [ (V) = () ()] gk (X = Y)(Trangi); (V) dor (V)

Y €09
| X—-Y|>e

0 (X0 (Ko (Viand)) () = 2a(X) (K5 (Veand)") (),
where we regard Vi,ng as a matrix-valued function whose (7, k) entry is the k-th
component of the vector Viang;. The last line in (6.2.25) can be further transformed
into

(5 (0 (Veand)" = va(Veand)")) (X)

([0, | (Teand)") () + ([ M | (Teand) ") ()

J J

_ (K7 (amg*))j(x) - ([KV, Myr} (Vtang”)r) (X)

J

(6.2.26) +([KW,MVJ (Vtang')s) (X)

J

since, by (3.6.43), we have v (Vian§)® — Vs(Viang)” = Or..g. Thus, altogether, the
identity (6.2.25) can be summarized in the form

(62-27) 8‘rrs (Kvg) = Kw (aTng) + RQS(Vtaxlﬁ)’
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where, for f = (fag)a,s, we have set

(6.2.28)
(%), £(X)
=t [ [0 =m0 ) = )~ (X ()
\Xy—e)‘gs\;s

< [0aBm) (X = Y) 47 (0, Bai) (X = V)] fra(Y) dor(¥)

tlm [ [0 - )lY) = 000 = ()Y

| X—-Y|>e
X qr(X —Y)fi;(Y)do(Y)
- (|:K'ya Ml/r} (far)1§a§n+1)j(X) + ({K’Y’ leb} (fozs) 1§04Sn+1)j(X).
With (6.2.27) in hand, the fact that the operator (6.2.23) is compact follows from
Theorem 4.5.1, and the observation that, due the commutator structure of the op-

erators R® in (6.2.28), Theorem 2.4.5 shows that these are compact on L? (99, do),
for each vy € R and 1 < p < o0. |

Theorem 6.2.8. Suppose that Q C R"! is a domain satisfying a two-sided local
John condition and whose boundary is Ahlfors reqular and compact. Also, fix p €
(1,00) and A € R\ {0}. Then there exists a small § > 0, depending only on L, n,
p, A and the geometry of 2, with the property that

dist (v, VMO (09, do)) < & M + K, is Fredholm with
(6.2.29) N

and 1—6<y<1 index zero on LY (0Q,do),
where, as usual, the distance is measured in BMO(99Q, do).

Proof. This is justified much as in the proof of Theorem 6.2.3, with the help of
(6.2.27). O

6.3. The invertibility of boundary double layer potentials

One important consequence of Theorem 2.3.1 is the fact that Green’s formula con-
tinues to hold for functions representable in the form of layer potentials. To state
this in a proper form, assume that L is a constant (real) coefficient, second order
operator as in (3.6.20), for which Legendre-Hadamard condition (3.6.21) holds. As
before, denote by E € C*°(R"T1\ {0}) a (matrix-valued) fundamental solution for
L which is even and homogeneous of degree —(n — 1). Let us also set

(6.3.1) A= (a?f)a .

and introduce
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(632)  (ALQ):=aflercl, V&= (E)am Y= (0)p.s-

In particular, (AVu, Vo) = a®P0,us,0sv5. We shall then call A symmetric if
(A, C) = (A(, €) for every &, , i.e., if

(6.3.3) a%P = g Ya,B,r,s.

sr )

Moreover, call A semi-positive definite if

(6.3.4) (A8, §) >0 V¢,

and positive definite if

(6.3.5) (Ag,&) = Kle)? V¢,

for some & > 0. Finally, given a UR domain  C R"*! with outward unit normal
v, call

(6.3.6) ((%‘u)a = 1,a2P O up

the conormal derivative associated with the writing of the operator L as in (3.6.20).
Recall next the single and double layers, as well as their boundary versions from
(3.6.22), and (3.6.24)-(3.6.25). Also, denote by K* the adjoint of K and recall the
convention (3.6.26).

Proposition 6.3.1. In the above context,

(6.3.7) 0S| = (FII+K")f,
o0+
for each f € LP(0Q,do), p € (1,00).

Proof. This is a consequence of (6.2.3) and (6.3.6). O

Proposition 6.3.2. Assume that Q C R"*! is a bounded UR domain. As usual,
set o = H™|0Q and denote by v the (measure theoretic) outward unit normal to
oN. Let L, E, S, S, K, K* be as above. Next, let f be an arbitrary vector-valued
function (with components) in L*(09Q,do) and consider

(6.3.8) uF(X):=Sf(X), XeQ..
Then

(6.3.9) /Q<Avu+,vu+>dX: <Sf,(—§I+K*)f>da,

o0

and, if either [y, fdo =0 orn> 2,
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(6.3.10) / (AVu~™, V") dX = <Sf, (f%IfK*>f>da.

_ o0
Proof. Consider the vector field
6.3.11 ::( +a0B 9, +) o0
( ) v U Qg uﬁ 1<r<n+1 € ( )

which, thanks to Theorem 3.4.2, Proposition 3.2.3 Corollary 4.3.11, and our hy-
potheses, satisfies the conditions listed in (2.3.3). Theorem 2.3.1 applied to v gives

(6.3.12) /Q<AVu+,Vu+>dX: {mug(X) vr(X)agl Ou} (X) do(X).

Then (6.3.9) follows from this and the jump-relations (3.6.27), (6.3.7). Formula
(6.3.10) when n > 2 is proved in a similar manner by working in the domain
Br \ Q, where Bp is the ball centered at the origin and having a sufficiently large
radius R, then passing to the limit R — oco. Given that the outward unit normal
for Q_ is —v and that, from (6.3.8),

(6.3.13) lu™ (X)| + | X||Vu™ (X)] = O(|X|'™™) as |X]| — oo,

the desired conclusion follows. In the case when n = 2 and f o0/ do =0, the proof
follows the same pattern since, this time, we have the improved decay condition

(6.3.14) lu™ (X)|+ | X||Vu™ (X)|=0(X|™) as |X|— oo,
in place of (6.3.13). O

Let WLP(R™1), p € (1,00), denote the local version of the usual scale of
LP-based Sobolev spaces of order one in R™*1.

Proposition 6.3.3. Assume that Q C R"t! is a UR domain. Then for every
p € (1,00), the operator

(6.3.15) S : LP(09, do) —s WhPerHD/m ety

C

is well-defined and bounded.

Proof. This follows from Proposition 3.2.7, Theorem 2.3.1, and the fact that the
single layer ‘does not jump’ across 9 (cf. (3.6.27)) which gives that, in the distri-

butional sense, [0; (Sf)]‘Q = uji for each f € LP(09Q,do) and 1 < j < n+1, where
+

u (X) = (0;8f)(X) for X € Q. 0

To state our next result, define
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(6316)  LYOQ.do) = { € /(0 do) : / fdo=0}, 1<p<oe.
oQ
Proposition 6.3.4. Retain the same notation and hypotheses as in Proposition 6.3.2
and, in addition, assume that the coefficient tensor A (introduced in (6.5.1)) is
semi-positive definite. Then the operator M\ + K* is injective on L*(9S2,do) for
any A € R\ [—%, %} On the other hand, assuming that A is positive definite, it
follows that LI + K* is injective on L?(99,do) if R"1\ Q is connected, and that
—LiI+K* is injective on L3(99, do) when Q is connected, and on L*(9Q,do) when

Q is connected and n > 2.

Proof. Let A € R\ [~3, 1] and f € L?(0Q,do) be such that (A + K*)f = 0. Based

272
on this and Green’s formula we may then write

(6.3.17) / fda:—H%/ (—%I—i—K*)fdo:—H%/ 9}Sfdo =0
N N N

which shows that f € L2(99Q,do). Thus, if u := Sf in Q4 it follows that (6.3.14)
holds. Also, if we set

7.L+ in Q+,
(6.3.18) =
u~ in Q_,

then from Proposition 6.3.3 we may deduce that for all € > 0

(6319) = W1172(n+1)/n—6(Rn+1)'

oc

On the other hand, our current hypotheses and Proposition 6.3.2, allow us to write

0 = /m<(M+K*)f,Sf> do

_ /BQ (X4 DT+ K+ + 5T+ K, 5F ) do

(6.3.20) = (—A+§)/ (AVu, Vu) dX+(—>\—%)/ (AVu, Vu) dX.
Q4 ,
Consequently,
(6.3.21) / (AVu, Vu) dX =0,
Rn+1

since —\ — % and —\ + % have the same sign and the integrands in the last line in
(6.3.20) are nonnegative.

Next, pick a function ¢ € C§°(R™*!) which is identically one in a neighborhood
of the origin and set ¢;(X) := ¢(X/j), 7 € N. We may then write
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lim (AV(pju), V(pju)) dX

J—0 Jrn+1

= lim @} (AVu, Vu) dX

Jj—00 Jrnti
+1im [ Ol Vel ullVul + [V uf?) dX
)0 Jrn+1

(6.3.22) =0,

thanks to (6.3.21) and the decay of u at infinity (cf. (6.3.13)). Since, by (6.3.19),
pju € WH2(R™1), Plancherel’s formula (used twice) and the Legendre-Hadamard
condition (3.6.21) then give

0 = lim (AV(pju), V(pju))dX > k lim IV (pju)* dX

J—00 Jrnt1 Jj—0o0 Jrnt1
(6.3.23) = m/ |Vul|? dX.
Rn+1

Thus, u is a constant in R**! and, ultimately,

(6.3.24) u=0 in R*""!

by (6.3.14). Recall now (6.3.6) and observe that

(6.3.25) Ot = (F5I + K*)f.

In concert with (6.3.24), this gives f = 02'u™ — 9*u™ = 0, proving that A\ + K* is
injective on L2(99, do).

Consider now the case when the coefficient tensor A is positive definite and
f € L*(0, do) is such that (314 K*)f = 0. Now, as before, f = —(—1I+K*)f €
L3(09,do), so that (6.3.14) holds. Thus, we may write

(6.3.26) O:—/(m((%I+K*)f,Sf> do:/ (AVu, Vu) dX ZH/Q |Vu|? dX,

so that u = 0 in Q_, by (6.3.14) and the fact that £_ is connected. In turn, this
entails Sf = u~ ‘E)Q: 0 and, further,

(AVu,Vu)dX > /1/ |Vul?dX.
Q4

(6.3.27) Oz/m((—%leK*)f,Sf}dg:/Q

+

It follows that Vu = 0 in Q,, so once again f = 9/ 'u™ — d2u™ = 0. Hence the
operator 11 + K* is, as claimed, injective when acting on the space L?(0, do).
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Finally, assume that €2 is connected, A is positive definite, that the function
f € L*(0Q, do) satisfies (—41 4+ K*)f = 0 and that either n > 2 or f has vanishing
moment. Then

(6.3.28) 0:/6‘Q<(—%I+K*)f,5f)da:/ﬂ (AVu,Vu)dXzfi/ |Vu|?dX,

+ Q4

hence, since {2 is connected, there exists a constant ¢ such that u = cin Q. We may
thus conclude that Sf = u™| = cand, hence, (%I—i—K*)f = (—%I—i—K*)f—i—f = f.

Consequently, since when either n > 2, or f has vanishing moment, the exterior
Green’s formula holds, we may write

0:—<c,/mfda> :f/m((%IJrK*)f,Sf)da

(6.3.29)
:/ (AVu, Vu)dX > /{/ |Vu|? dX.
_ Q_
Thus, Vu = 0 in Q_ which then gives 92'u~ = 0. The same argument based on
jump relations now shows that f = 0, and the desired conclusion follows. O

Theorem 6.3.5. Let p € (1,00) be given and assume that Q C R"™! is a bounded
domain satisfying a two-sided John condition and whose boundary is Ahlfors reqular.
Also, assume that L is as in (3.6.20)-(3.6.21) and recall the double layer potential
operator K from (3.6.25).

Then there exists € > 0 which depends only on p, n and the John and Ahlfors
reqularity constants of Q, such that if Q is an e-reqular SKT domain then the
following operators are invertible:

(6.3.30) A+ K*: LP(09,do) — LP(0Q,do) VYAER\[-1,1), if A>0,

(6.3.31) —3I+ K*: LE(0Q,do) — LE(0Q, do) if A>0 and Q is connected,

(6.3.32) —3I+K*: LP(0Q,do) — LP(09Q,do) if A> 0, Q is connected, n > 2,
(6.3.33) ,
I+ K*: LP(0Q,do) — LP(0Q,do) if A >0 and R"T1\ Q is connected.

If, in addition, the double layer potential operator K (originally defined in
(8.6.25)) can be represented as in (4.5.3) then the following operators are also
invertible:

(6.3.34) A + K : LY(0Q,do) — LY(0Q,do) VAeR\[-1, 3], if A>0,
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(6.3.35)
—tI+K: Lf(aﬂ,da)/R — Lﬁ’([“)Q?do)/R if A> 0 and Q is connected,

(6.3.36) —iI+ K : LY(00,do) — LY(00,do) if A> 0, Q is connected, n > 2,

(6.3.37) i
I+ K : LY (0Q,do) — LY (99Q,do) if A >0 and R"™\ Q is connected.

Proof. The claims in the first part of the theorem are immediate consequences of
Theorem 4.5.1, Proposition 6.3.4 and classical Fredholm theory (compare the proof
of Proposition 5.4.2). The claims in the second part of the theorem then follow
from this, duality, the extra assumption on K and Theorem 6.2.3. ([l

Theorem 6.3.5 applies directly to the case of the Laplacian. This time, however,
given the explicit nature of the differential operator in question, the results become
more specific. To state them, for an open set  C R"*! and k € N introduce

(6.3.38) Rhg, = {Z cils, : ¢cj € R* and ¥; connected component of 89},
J

(6.3.39)
Rgﬂi = {Z cilpo, : ¢j € R* and O; bounded connected component, of Qi},
J

(6.3.40)
Rgi = {Z cjlo; : ¢j € R* and O; bounded connected component of Qi},
J

with the convention that, when & = 1, we agree to drop it as a superscript. In
particular, we have

(6.3.41) Roa. = (RG,) 00 and  Rfg = Rig, ®REq_,

where the sum is direct (but not orthogonal). Let us also point out here that

dimR, = dimRSq, =k by, dimRy =dimRi, =k - by,

(6.3.42)
dimREq =k - (bo + by),

where the Betti numbers by, b, represent the number of bounded connected com-

ponents of Q4 and Q_, respectively. Therefore, the intuitive interpretation of b,

is the number of (n + 1)-dimensional “holes” of Q. Granted Theorem 4.5.1, by

arguing as in [84] and the proof of Proposition 6.3.4 we then obtain:
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Theorem 6.3.6. Let p € (1,00) be given and assume that Q C R" ! is a bounded
domain satisfying a two-sided John condition and whose boundary is Ahlfors reqular.
Also, let K be as in (3.3.2)-(3.3.3). Then there exists € > 0 which depends only
on p, n and the John and Ahlfors regularity constants of ), such that if Q0 is an
e-reqular SKT domain then the following operators are invertible:

(6:343) AL+ K" : [P(0do) — LP(0R,do) i A€ R\ [}, 3],

(6.3.44) :E%I—FK* : {f € LP(0Q,do) : [,ofvdo =0, Vi € Rag} to itself,
(6.3.45) 31+ K*: {f € LP(Q,do) : [y ferdo =0, Vi € Roq. } to itself,
(6.3.46) +LI+ K : Lp(ﬁﬁ,da)/Rag — Lp(aa,da)/Rm,

(6.3.47) £LI+ K : Lp(afz,dg)/RaQ¥ — LP(99, da)/Ra%,

(6.3.48) Al + K : LX(Q, do) — LE(0Q,do) if A€ R\ [-1, 1],

(6.3.49) 1T+ K : L’l’(aﬂ,da)/Rgg — LP(GQ,da)/Rag,

(6.3.50) +iI+ K : Llf(fm,da)/maQ¥ — LP(99, da)/Ra%.

Below, we record a suitable version of Theorem 6.3.6 which holds in a slightly
different geometrical measure theoretic setting.

Proposition 6.3.7. Assume that @ C R"*! is a bounded UR domain, for which
the outward unit normal v belongs to VMO(0Q,do). Also, recall the harmonic
double layer K introduced in (3.3.2)-(3.53.3). Then there exists € = (1) > 0 such
that the operators (6.3.43)-(6.3.50) are invertible for each p € (2 —¢,2+¢€).

Proof. Consider first the operators (6.3.43)-(6.3.47). That the operators in question
are Fredholm with index zero when p = 2 can be seen as in (4.4.11) and the
subsequent analysis. Then the extension to 2 —e < p < 2+ ¢ follows from this and
well-known stability results (cf. [106] and the discussion in [61]).

Next, we treat the operator in (6.4.2) for some fixed A € R with [A| > 3. From
what we have proved already we know that that there exists ¢ = £(€2) > 0 such
that for each 2 — e < p < 24 ¢ one can find C = C(Q,p) > 0 with the property
that

(6.3.51) 1 fllLr09.d0) < CIIM + K) fllLr 60,40y, ¥ f € LP(09,do).

Next, introduce T' := (Tji)1<jk<n+1, Where Tj, : LP(0Q,do) — LP(0R,do) is
defined in (6.2.7). Given that we are assuming v € VMO(9€, do), these operators
are compact for every p € (1,00). Also, the identity (6.2.6) gives

(6.3.52) 0y, {(M +K) f} = A+ E)(0r f) + Ti(Veanf), YV f € L(99, do).
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Together, (6.3.51) and (6.3.52) prove that

||fHL1;(aQ,do)

6.3.53
G853 ONAL + B) Flluromaer + IT(Vian )l romam: ¥ € L0 do).

The above analysis shows that there exists ¢ = () > 0 with the property
that if 2 — e < p < 2 4 ¢ then the operator AI + K is injective and semi-Fredholm
on the space L} (99, do) for each A € R with |A| > 3. That this operator is in fact
invertible, is now an easy consequence of the homotopic invariance of the index,
along with the simple observation that, if |\| is large, AT + K can be inverted on
L7 (09, do) (via a Neumann series). This completes the proof of the claim made in
the statement of the proposition about the operator (6.4.2).

In a similar fashion, the operators (6.3.49), (6.3.50), can be shown to be injective
and semi-Fredholm if 2 — e < p < 2 + ¢ for some small ¢ = £(Q) > 0. When used
in concert with the fact that, for the same range of p’s, the operator (6.3.48) is, as
a trivial consequence of we have just proved, semi-Fredholm when acting on either
LY(09Q,do) or LY (09, do) /R, the same argument based on index theory can be used
to conclude that (6.3.49)-(6.3.50) are invertible in the present context if p is near
2. O

We wish to prove results analogous to Theorem 6.3.6 for the Stokes system
(6.1.14). To set the stage, we momentarily digress for the purpose of introducing
notation which will facilitate stating this result. Let ¥ be the (n 4+ 1)(n + 2)/2-
dimensional linear space of R"*!-valued functions ¢ = (1;)1<;<n+1 defined in R"**
and satisfying

and note that

\Il:{z/J(X):AX+d’: A (n+1)x (n+1)

(6.3.55)

antisymmetric matrix, and @ € R"H}.
Given an open set  C R"*! define, as usual, Q; = Q, Q_ := R**1\ Q, and
introduce

(6.3.56)  W(Qy):= {Z Yilo, : ¥; € ¥, O; bounded component of Qi}.
J

Then for v € (—1, 1], we can define

(6.3.57) T7(Qy) =
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and
(6.3.58) V(0Q) == {loa : ¥ € ¥7(Qx)},
so that

(n+1)-bo if |y <1,
(6.3.59) dim U7 (9Q4) =

(GESNUES AT |
and

(n+1)-bp if |y] <1,
(6.3.60) dim ¥7(9Q_) =

n+1)(n+2 . _
% -b, if y=1.

Finally, assuming that  C R"*! is bounded domain of finite perimeter and

€ (1,00), set

(6.3.61)
L4, (99, do) := { fe [LP(GQ,do)} L oot fydo =0, Vi e \I/”(@Qi)}

(6.3.62)
17, (09.do) = { [ [Lg’(asmo—)}  Jo (0, [ do =0, Y € vRa, |,

(6.3.63)
17 (09, do) = { [ € |1 (99, do) }  Joalt, [ do =0, ¥ € vRon |,

(6.3.64)
L%, (00, do) = { ] € [17(69, do) ]  Jo (0, [ do =0, Vi € vRq, },

(6.3.65) LE(Q, do) := { fe [Lp(afz do) ] L oot P do =0, Vi € VR@Q}

Recall the hydrostatic double layer potential K, from (6.1.28). For this, we have:

Theorem 6.3.8. Let p € (1,00) be given and assume that Q C R™*! is a bounded
domain satisfying a two-sided John condition and whose boundary is Ahlfors reqular.
Then there exists € > 0 which depends only on p, n and the John and Ahlfors
reqularity constants of Q, such that if Q is an e-regular SKT domain and 1 — e <
v <1 then the following operators are invertible:
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(6.366) 31+ K : Ly, (99) / VRon. — L, (99) / VRoa, |

(6.367) 4L+ K, :LF, (99) / V(00=) — LF,_(99) / T (090),

(6.3.68)  +1I+K,:Lb (09) / V(995) — L2, (90) / T (094),

along with
n+1 n+1
(6.3.69) M+ K, [Lp(ag,da)} — [Lp(aﬂ, da)] :
n+1 n+1
(6.3.70) M+ K, [L’f(@Q,da)} — [Lf;(afz, da)} :

fAeR\ [-1, 1]

Proof. In the case of Lipschitz domains (and p near 2) this has been proved in [94]
and, given Theorem 6.2.8 and the techniques used in the proof of Proposition 6.3.4,
the same type of invertibility results can then be established in the current more
general setting. O

We also have the following analogue of Theorem 6.3.8 for the case of the Lamé
system (6.1.3). Below, K, refers to the elastostatic double layer defined in (6.1.9)
and we set

Rgil7 ‘7"| < s
(6.3.71) \IlT(Qi) =

\II(Q:E)a r= W,
and
(6.3.72) UT(001) = {Ylaa : ¥ € T"(Q1)},

where A,y are as in (6.1.1).

Theorem 6.3.9. Let p € (1,00) be given and assume that Q C R" ! is a bounded
domain satisfying a two-sided John condition and whose boundary is Ahlfors reqular.
Then there exists € > 0 which depends only on p, n and the John and Ahlfors
reqularity constants of 2, such that if  is an e-regular SKT domain and

A
(6.3.73) —u<r<ypu s such that |r— plet ) <k,

3+ A

then the following operators are invertible:

(6.3.74) +iI+ K Lﬁ,; (092) — L{'},% (092),
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(6.3.75) £31+K, : [L7(09, do)] " [ (002) — [17(09, do)| " /v (092),

(6.3.76) £LI+K, : [Lff(ag,da)} n“/\lﬂ”(am) — [L’f(aQ,da)} n“/\pr(am),

along with
n+1 n+1
(6.3.77) 0l + K, - [Lp(ag,da)} — [Lp(ag,dg)]
n+1 n+1
(6.3.78) ol + K, - [L'f(ag, da)} s LP(09, do—)} :

ifneR\[-1, 3.

Proof. This follows along the lines of known results for Lipschitz domains, with the
help of Theorem 6.2.3 and the remarks made in §6.1. O

6.4. The invertibility of boundary single layer potentials

Recall the definitions of the Sobolev spaces of order +1, ie., L}(99Q,do) and
LP (09, do) from (3.6.10)-(3.6.11) and (3.6.14), respectively. Also, for each p €
(1,00), set

(6.4.1) LP, (09, do) == {f € LP (09,do) : (f,1) = 0}-

Theorem 6.4.1. Let p € (1,00) be given and assume that Q C R" ! is a bounded
domain satisfying a two-sided John condition and whose boundary is Ahlfors regular.
Also, recall the (boundary version) harmonic single layer S introduced in (3.3.35).

Then there exists € > 0 which depends only on p, n and the John and Ahlfors
reqularity constants of 0, such that if Q is an e-reqular SKT domain then the
following operators are invertible:

(6.4.2) S LP(0Q,do) — LY (0Q,do) if n > 2,
(6.4.3) S LP (0Q,do) — LP(09Q,do) if n > 2,
(6.4.4) S: LE(09Q, do) — LE(99, do) /R,

(6.4.5) S: L7 ,(0Q,do) — LP(99, do) / R.

As opposed to the operators discussed in § 6.3 which are of the form “identity
+small perturbation of a compact operator” the case of the (boundary version
of the) single layer is different in nature and main difficulty is establishing that
S @ LP(0Q,do) — LY (99Q,do) is Fredholm with index zero. To circumvent this
problem, we find it convenient to work with the acoustic layer potentials associated
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with Q, which we now proceed to define. In order to facilitate the subsequent
exposition, we choose to discuss here a few definitions and preliminary results.
To get started, denote by E,11(X;k) the fundamental solution of the Helmholtz
operator A + k2 in R"*!, n > 1, explicitly given by

(6.4.6)
VA (2nx N\ g gy >1 keC
— Y (2x) W L(kIXD), n>1, ke C\{o},
En+1(X7k) = %ID‘XL n = 17 k:O7

i)wn\XP‘", n>2 k=0,

— =

for Imk > 0 and X € R"*1\{0}, where H,El)(~) denotes the Hankel function of the
first kind with index v > 0 and w,, represents the area of the unit sphere S™ in
R™*1. In particular,

oV —TkIX]|

4. Ey(X; k)= ———
(6 7) 3( ) ) 47T|X‘ )

X e R*\ {0},
is precisely the function ®;(X) introduced in (6.1.34). Next, we record the following
useful lemma which appears in [45].

Lemma 6.4.2. For each fited k € C\{0} and R > 0, the function E,+1(;k)
satisfies the following estimates uniformly for 0 < |X| < R:

C, n=1,2,
(6.4.8) |Epi1 (X5 k) — Bnyr (X;0)| <L C[L+ | X|], n=3,
C[1+ X", n>4,
(6.4.9) 0, ir (X k) — 0y (X0 < 4 neh
<. i En+1 ; — UjLbn+1 ; S
7 7 Cl1+XP™], n>3,
C[1+4 |ln|X]|], n=1,
(6410) |(6i6jEn+1)(X; k) - (8i8jEn+1)(X; 0)| S
C[1+|X]*™"], n>2.

Above C = C(R,n, k) >0, and 9; = 0/0x; for 1 <j<n+1.
After these preparations we are ready to discuss the

Proof of Theorem 6.4.1. For each k € /—1R, define the operators Sy, Dy, Sk, K
as well as its adjoint K, in a similar fashion to (3.3.34), (3.3.1), (3.3.35) and (3.3.2),
respectively, by replacing the fundamental solution for the Laplacian (3.3.24) with
(6.4.6). From (6.4.8)-(6.4.10), we may then conclude that these operators enjoy the
same estimates, trace formulas and compactness properties as their counterparts
for k = 0 do. A significant difference is that, for n > 2, Green’s formulas (6.3.9)-
(6.3.10) now read
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(6.4.11) /Q [|vui|2 - k2|ui|2} dX = i/m(skf)“ (i%[ + K;;)fda,

for every f € L?(09Q,do) and u* := S, f in Q4 (where the superscript ¢ indicates
complex conjugation). When we run the same type of argument as in the proof of
Proposition 6.3.4, the presence of the positive factor —k? ensures that the operators

(6.4.12) +iI+ K, £51 + Ky, : LP(0Q, do) — LP(09, do),
(6.4.13) +11+ Ky LY(9Q,do) — LY (89, do),

are injective when p = 2, without any additional topological restrictions imposed
on the domain. Thus, if Q is as in the statement of the theorem, these operators
in fact are invertible.

Next, for an arbitrary function f € LF(99,do), set u := Dif in Q. Then
(A +Ek*)u = 0in Q, and Nu, N(Vu) € LP(9Q,do). Also, in the nontangential
limit sense, u|aq, Vu|sq exist pointwise o-a.e. on 9. These conditions ensure that
the following Green’s representation formula holds

(6.4.14) u(X) = Di(uloa)(X) — Sp(0,u)(X), X €.

Since ulgn = (%I + Ki)f, letting the point X in (6.4.14) approach nontangentially
the boundary of Q yields (after some trivial algebra)

(6.4.15)  Sp(8,Dyf) = (%1 + Kk> (_%1 + Kk>f, Y f € LP(99, do).

From (6.4.15) and the fact that the operators (6.4.13) are invertible, it follows that

(6.4.16) Sy : LP(0Q,do) — LY (09, do)

is surjective. In a similar fashion (more specifically, by using (6.4.14) with u = Sy f,
f € LP(09,do), and then taking the normal derivatives of both sides), we obtain

6417)  0,Du(Sf) = (—31+ K7) (AT +KD) S, V€ IP(09,do).

In turn, this and the fact that the operators (6.4.12) are invertible ensure that
(6.4.16) is injective. Altogether, Si in (6.4.16) is both surjective and injective,
hence invertible.

Going further, we observe that the estimates in Lemma 6.4.2 imply that

(6.4.18) S — Sy : LP(09Q,do) — LF(99Q,do) is compact.

Writing S = Sy + (S — Si) we see that (6.4.2) is a Fredholm operator, with index
zero if n > 1. Since the same type of argument as for Sy proves that S in (6.4.2)
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is injective when p = 2 and n > 2, we may finally conclude that this operator is
invertible.

The fact that (6.4.3) is invertible is now an immediate corollary of what we
have just proved and duality. Since the operator (6.4.5) is the dual of (6.4.4),
we are finally left with proving that the latter is an isomorphism. From what
we have shown above, it follows that (6.4.3) is Fredholm with index zero, so it
suffices to prove that (6.4.3) is injective when p = 2. To this end, assume that
f € L?(09Q,do) is such that Sf = ¢, a constant, on 9Q. Set u® := Sf in Q.
and note that fQ+ [Vut?dX = ¢ [y, 0,utdo = 0, so that Vut = 0 in Q.
In particular, f = d,u~™ — d,ut = O,u~. Also, since f has mean value zero,
Green’s formula continues to work in the complement of the domain and gives
Jo IVu™]?dX = —c [, 0pu™ do = —c [, f do = 0. Thus Vu~ = 0 in Q_, which
forces f = 0. [l

Similar invertibility results to those contained in Theorem 6.4.1 are valid for
the single layer associated with the Lamé and Stokes systems. More specifically,
define

(6.4.19)  Spamef(X) = /6 . E(X -Y)f(Y)do(Y), X €,

if E(X) = (EJ (X))lgj,k§n+1 with E]k<X) as in (616), and

(6.4.20)  Ssioresf(X):= | BE(X-=Y)f(Y)do(Y), X €0Q,

o0
if B(X) = (Ejp(X))i<jk<nt1 with E;p(X) as in (6.1.20). Also, recall the space
LY (0%, do) from (6.3.63). We then have:

Theorem 6.4.3. Let p € (1,00) be given and assume that Q C R*"L with n > 2,
is a bounded domain satisfying a two-sided John condition and whose boundary is
Ahlfors regular. Then there exists € > 0 which depends only on p, n and the John
and Ablfors regularity constants of Q, such that if Q2 is an e-reqular SKT domain
then

n+1 n+1

(6.4.21) Srame : [Lp(agz,da)} — [Lf‘f(aQ,da)} :

n+1 n+1
(6.4.22) Stame : [Lfi 1(8Q,do—)] — {L”(@Q,do)} ,
as well as

n+1

(6.4.23) Sstoes : [Lp(ﬁQ,da)] / Ry — LV (00, do),

n+1
(6.4.24) Sstones ° [LZ 1(8Q,do)] / vRoq — LE(9Q, do),

are isomorphisms.
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The proof of this theorem relies on the results developed in § 6.3 and proceeds along
the same lines as the proof of Theorem 6.4.1. In the process, we are free to select
any type of conormal derivative and we choose one corresponding to a coefficient
tensor which is positive definite (a slight adaptation is needed in the case of the
Stokes system). We leave the details to the interested reader.

6.5. The invertibility of the magnetostatic layer potential

Here we shall work in the three-dimensional setting. Given k£ € C, playing the
role of the wave number, recall the standard fundamental solution (6.1.34) for the
Helmholtz operator A 4 k2 in R3. Let the scatterer occupy a region 2 C R3 which,
for now, we assume to be a bounded domain of finite perimeter whose boundary
is Ahlfors regular (of dimension 2) and for which (2.3.1) holds. The single layer
acoustic potential operator and its boundary versions are then defined by

Spf(X) = /BQ DX —Y)f(Y)do(Y), X cR*\0Q,

(6.5.1) Spf(X) = /m p(X —Y)F(Y)do(Y), X €.

The action of the operators Sk, Si on vector fields is then defined component-wise.
It follows that for every f € LP(99Q,do), 1 < p < oo,

(6.5.2) S f’aQ(X) — S f(X), X ean,
and
(6.5.3) 0,51f| (X) = (=31 + K7) F(X)

at o-almost any X € 09Q. Above, K; is the formal transpose of the principal-value
integral operator

(6.5.4)
K500 = - Jim [ P o T (1 ST () do ),
R

where X € 99, i.e., the so-called (boundary-version) double layer acoustic potential
operator. As a consequence of the jump relations of §3.4, we have the following.

Proposition 6.5.1. Assume that Q C R? is a bounded UR domain. Then for each
. 3
vector field f in [Lp(aQ,da)} , 1 < p < oo, we have
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(6.5.5)

div (S|, (0 =FH0 70+ lim [ (VB - Y), FlY ) do(v),
|Xy—€}9|9>s

and

(6.5.6)

(el 8|, () =F0 < FX)+ i [ (V)X -Y) x FY) do(v),
R

at o-almost any X € 9Q. In particular, if My, is the magnetostatics (or, magnetic
dipole) layer potential defined in (6.1.36), then

—

(6.5.7) vx (qwlSf)| = (L + M) f, Y fell,(09,do),
+

whenever 1 < p < co.

We shall now define function spaces which are well suited to the Maxwell sys-
tem. To this end, recall the space LY, (02, do) introduced in (6.1.32) and then set

tan

(6.5.8) LPPY (00, do) := {f € LP,, (89, do) : Div f € LP(09,do)}.
For each p € (1, 00), this becomes a Banach space when equipped with the natural
norm,

(6~5~9) Hf”LfavE‘V(aQ,dg) = ||f|| [Lp(aﬂ,da)]3 + ||Din||LP(aQ,do)~

Above, Div is the surface divergence operator which we now proceed to define.
Specifically, if f € L, (09,do), consider the functional Div f acting on {¢|aq :

tan

¢ € C* near 99} according to

(6:5.10) (i F.(plon)) i= = [ (7. Vian(plon)) do.
o0
In particular, whenever JF € Lfégiv(aﬂ,da) and ¢ is a scalar function, of class C!

near 052,

(6511) /é)Q(DlV f) QDdO' = - /aQ<f: vtan@> do.
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Lemma 6.5.2. If i € C1(Q,R3) is a vector field satisfying

(6.5.12)  N(@), N(curl@) € LP(0R,do), 3Tu . 3 (curl @) .

for some p € (1,00), then v x (il]pq) € LD (09, do) and

(6.5.13) Div [V x (ﬁm)] = (v, (curl @)|90).

Proof. For each scalar-valued function ¢ which is of class C! near €, we may use
Proposition 3.2.5 and Theorem 2.3.1 in order to write

/<yx(a|m),vm<p>da - /<yx(a|m),w>do
09 1)
= /(curlﬂ',Vgp)dX
Q
(6.5.14) = /(V,(curlﬁ)\ag>g0da.
o0

This proves (6.5.13). O

Next we study the action of the surface divergence operator in connection with
the boundary integral operators introduced above.

Proposition 6.5.3. Let Q, k, p, be as before. Then for each f € LF:°7V (09, do)
we have

— —

(6.5.15) div (Spf) = Sp(Div f)  in R3\ 09,
and
(6.5.16) Div (M f) = —k*(v, S f) — Kf(Div f) on 9.

In particular, for every k € C, the operator My, is well-defined and bounded on the
space (6.5.8).

Proof. For an arbitrary point X € R\ 99 we may write, based on the tangentiality
of f and (6.5.10),
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(v, f)(X) = — /@ (V)X = V), FY) do(y)
- / (Vean®i) (X — V), F(V)) do(Y)
o0

_ / &5, (X — Y)(Div /)(Y) do(Y)
o0

—

(6.5.17) = Sp(Div f)(X),

=

which proves (6.5.15). As for (6.5.16), if @ := curl (S f) in €2, then

(6.5.18) N (@) € LP(89Q,do) and @ oo exists,

by the jump relations of §3. In fact, by Proposition 6.5.1,

(6.5.19) x| = (31 + M) f.

Next, making use of the identity

(6.5.20) curlcurl = —A + Vdiv

and (6.5.15), we compute

(6.521)  curli = —AS,f+ VdivSyf = k2 Sif + V Si(Div f).

Thus, in addition to (6.5.18), @ also satisfies

(6.5.22) N(curl@) € LP (09, do) and (curl @) . exists.

Let us also note here that, as a consequence of (6.5.21) and (6.5.2)-(6.5.3),

(6.5.23) (v, (curl @)|pq) = k? (v, Sp f) + (=11 + K;)(Div f).

In turn, properties (6.5.18), (6.5.22) allow us to employ Lemma 6.5.2. In concert
with (6.5.19) and (6.5.23), this implies that Mj,f € L2V (99, do) and the identity
(6.5.16) holds. O

Lemma 6.5.4. Let Q and k be as before. Then for each f € L¥(0Q,do), 1 <p <
m)

(6.5.24) curl Sp(fv) = Sp(v x Vianf) in R\ 0.

Furthermore, for any f € LY (9Q,do), 1 < p < oo, we have that
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(6.5.25) VX VianKif = k* v X Sp(fv) + My(v X Vianf).

Proof. It f € LY(09, do) then

VX Vianf = [VQ(vtanf)3 — yg(Vtanf)Q} e1+ [Vg(Vtanf)l - Vl(vtanf)3i| e
+ {Vl(vtanf)2 - VQ(vtanf)l] €3

(65.260) = (Onsaf s DS, Oraf),

where the first equality is the definition of the cross-product in R? (with e;, 1 <
j < 3, the canonical orthonormal basis there), while the second one follows from
(3.6.43). Consequently, for each X € R3\ 99,

(sk(y X Vian f))l(X)

X V)0, (V) oy

Q[1/2(1’)(53<I>k)(X —Y) = (V) (02®)(X = Y)[f(Y) doy,

(Sk(u ¥ Vian f))2(X)

S~

I
S——

. O4(X = Y) (07, /)(Y) doy

Q[Vs(Y)(al‘bk)(X —Y) = (Y)(05®1)(X = Y)|f(Y) doy,

(v % Veanf)) (X)

. (X = Y)(0r,, )(Y) doy

Q[Vl(y)(a2q)k)(X —Y) = 1a(Y)(01®1)(X = Y)|f(Y)doy,

(6.5.27)

S—s—

so that

SV % Veanf)(X) /8 [0 = ¥) 01| () doy

(6.5.28) = cwrlSi(fv)(X),

proving (6.5.24). With this in hand, we may then compute

VDrf = —VdivSi(fr)=—(A+ curlcur]l)Si(fv)
E*Sp(fv) + curl Si(v X Vianf),

(6.5.29)
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where the last equality uses (6.5.24). Going to the boundary and taking vx of both
sides of (6.5.29) yields (6.5.25). O

Proposition 6.5.5. Assume that () C R3 is a bounded UR domain. Then the
operator XI + My, is injective on LED™Y (99, do) granted that either

tan

(6.5.30) k€C has Imk >0 and N€R has | > 3,
or
(6.5.31) keR\{0} and X € (—o0,—3)U(5,00).

Proof. Let f € LEZP™(8Q, do) be such that (M + My,)f = 0. Our goal is to show

that f = 0. We shall prove this by analyzing several cases. Assume first that k € C
has Imk > 0 and that A € (3,00). Set

(6.5.32) E* = cuwlS,f, HT := \/}lkcurlEi in Qi,

so that

(6.5.33) (A+EHE* = (A+EHH* =0 in Qu,

(6531) B = g (K28 + VS(Div /) in Qs
(6.5.35)  N(EF), N(H®) € L2(69,do) and aEi’m, aHi(m,

(6.5.36) curl E¥ = /—1kH* and curl H* = —/—1kET in Q.

In particular, from (6.5.32), (6.5.34), and the fact that Imk > 0, the fields E—,
H~ decay exponentially at infinity, so that Green’s formula works both in Q2 and
Q_. Thus Theorem 2.3.1, whose applicability is ensured by (6.5.33), (6.5.35) and
(6.5.36), then allows us to write

(6.5.37) i/ (v x (Ei)C,curlEima:/ [|curlEi|2—k2|Ei|2} X,
o Q

+

(6.5.38) i/ (v x (Hi)C,cuﬂHi)da:/ [|cur1Hi|2—k2|Hi|2} dXx,
o Q

+

where the superscript ¢ indicates complex conjugation. We continue by noting that
(6.5.34) implies

(6.5.39) vx HY| =ux H*‘ on 9.
o0 oQ

Furthermore, if
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22 —1

6.5.40 —
( ) = ot

€(0,1)

then

(%I+Mk)f— (=31 + M) f

vx ET —uv X B~
o0 H

o9
(6.5.41) = (1—p) M +M)f=0 on 99.
Hence, for the choice (6.5.40),
(6.5.42) v X E+‘ =pvx E_‘ on Of).
a0 a0

Using (6.5.37), (6.5.39), (6.5.42), we may now write
/ [\cur1E+|2 - k2|E+ﬂ dX = / (v x (ET)e, curl B do
QL a0

= /1,/ (v x (E7)% curl E7) do
o9

(6.5.43) —u/ [|cur1E—|2 - k2|E‘|2} dX.

Thus,

(6.5.44) / [|curl B2 - k2\E+|2} dxX = —u/ [|cur1 E]2- k2|E—|2] X,
Q4 Q

and, similarly,

(6.5.45) / {|cur1 H?2 - k2|H+|2] dxX = W/ [|cur1 H ]2 - k2|H*|2] dx.
Q4 Q

Use now (6.5.36) to re-write (6.5.45) in terms of the electric fields E*, obtaining

/ [|k2||E+|2 - %murwﬂ?] dX

(6.5.46) o
2

- —u/ {|k|2\E*|2 - “IzﬁkuﬂE*ﬂ dX.

Finally, combining (6.5.44) with (6.5.46) we arrive at
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k2 U |E+|2dX+u/ |E*|2dx} - / |curlE+|2dX+u/ lcurl 7|2 dX
Q, Q_ 2 Q_
|k‘2 +12 -2
(6.5.47) - F[ EY2dX +p | |E) dX]
Q4 Q_

or, equivalently,

(6.5.48) (k1 — |k|4)[/ \E+\2dX+u/ |E‘\2dX] —0.
Q. Q_

If, on the one hand, the expression in the brackets vanishes then E* = 0 in Q4

and, hence,

6.5.49 0= E+‘ _ E,‘ _ 7
( ) v o0 v o0 f

as desired. If, on the other hand, k* — |k|* = 0, then since Imk > 0 it follows
that k € v/—1Ry. In this scenario, we return to (6.5.37) and denote by A the
right-hand side of this identity. The assumption k& € /—1R, entails AL > 0
and we may also assume that Ay + A_ > 0 (otherwise (6.5.49) holds). Since
v x (E%|oq) = (£41 + M) f = (=A+ %)f, this becomes

(6.5.50) (FA+ %)/ (f.curl E¥)do = AL,
oN

Going further, we note that by (6.5.36) and (6.5.39) the vector fields (curl E™)|aq
and (curl E7)|sq have the same tangential components. Thus, f69<f_: curl ET) do =
fas2<f’ curl E7) do, since fis tangential. If these integrals vanish, then AL = 0 and
we may once again conclude that f = 0 as in (6.5.49). If they are different from
zero, taking the quotient of the two versions of (6.5.50) gives, after some elementary
algebra,

1A_— A,
5.51 e
(6:5.51) AT AL T A

Thus, necessarily, A < %, contradicting our original assumption.

In summary, the above reasoning shows that the operator A\I + M, is injective

on LEPY(9Q, do) whenever A € (3,00). The case A € (—oo0, —3) can be treated

similarly, and we now turn to the task of proving that :I:%I + M, are injective on
LZPY(90, do) while retaining the assumption that Imk > 0. We shall consider

tan

in detail the case of the operator %I + M}, since, again, ,%] + My, is handled
analogously. To this end, if f € L2PY (99, do) is such that (AI+ Mj,) f = 0, define

E*, H* asin (6.5.32) and notice that, this time, v x ET = 0. Then (6.5.37) gives
Jo [\k|2|H+| - k2|E+|2} dX = 0 and by inspecting the real and imaginary parts,
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it follows that either H™ = 0 or BT = 0 in Q. Based on this and (6.5.36), we
then have E* = HT = 0 in Q. Next, (6.5.39) gives v x H~ = 0 in Q_ and by
performing the same type of analysis and before we arrive at the conclusion that

E~ = H =01in Q_. Hence, ultimately, f = 0 from (6.5.42). This finishes the
proof of the proposition under the hypotheses listed in (6.5.30).

Next, assume that the conditions in (6.5.31) hold. In this scenario, the ex-
pression exp (v/—1k|X|) intervening in (6.1.34) is only oscillatory in nature. Hence
the decay of E~, H~ at infinity, far from being exponential, is more subtle and
this prevents us from writing the versions of the identities (6.5.37)-(6.5.38) for the
unbounded domain Q_. Indeed, if k¥ € R\ {0}, then (6.5.32), (6.5.34) only give

(6.5.52) H™(X) x (X/]X]) = [X|E(X) = o(1), as X 5 oo,
E7(X) x (X/|X]) + [X[H™(X) = o(1),

uniformly in all directions in R3. These are the so-called Silver-Miiller radiation
conditions and are known to be equivalent (cf. the discussion on pp.154-156 of
[25]) to

/ |E~ x v+ H |*do = o(1),
(6.5.53) |X|=r
/ |H™ xv—E |*do =o(1) as R — oo,
|X|=R

and even to the seemingly much weaker conditions

(6.5.54) / B 2do = O(1), / \H-2do = O(1), as R — oo,
|X|=R |X|=R

To illustrate the delicate balance between various radiation-type conditions, it is
worth comparing (6.5.54) with the celebrated Rellich lemma (cf., e.g., Lemma 2.11
on p.31 in [25]) according to which

(6.5.55)
(A + k?)u = 0 in a connected, open neighborhood of infinity

M1l
e

U
where k € R\ {0} and / lu|?do = o(1) as R — oo,
|X|=R

Returning to the mainstream discussion, we write
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(6.5.56)

lim [[H™ xv]*+ |E7|*] do

~ Jim (/ |H‘xu—E‘|2dJ+2Re/ (v x (7" H") do)
R—o0 |X|=R | X|=R

= lim 2Re/ (vx (E7) H Ydo
IX|=R

R— o0
= lim 2Re(/ (v x (E*)C,H*>d0+\/—1k/ [|H |~ |E 2] dX)
R—o0 o0 B(0,R)\Q

= 2Re /(39(1/ x (E7), H )do
:2uRe/ (vx (ET),H)do
oN

— zﬂRe<\/f1k*1/ [[curl ET|? — 2| E?] dX)
Q
=0.

The first equality above is obtained by expanding |H~ x v — E~ |2, while the second
one is a consequence of (6.5.53). The third equality is a consequence of (6.5.36)
and the version of (6.5.37) written for the bounded domain B(0,R) \ Q (here,
Theorem 2.3.1 and Proposition 3.2.5 are also implicitly used). The forth equality
rests on the observation that the solid integral, as well as the wave number k are
real. The fifth equality employs the identities (6.5.39) and (6.5.42). The sixth
equality is the version of (6.5.37) corresponding to the sign plus. Finally, the last
equality uses once again the fact that the solid integral, along with the wave number
k, are real numbers.

Having justified (6.5.56), we may now deduce from this and (6.5.55) that E~
vanishes in Q_, at least if Q_ is connected. The general case (i.e., when no topo-
logical assumption is made on _) is proved in a similar manner by working with
the connected components of 2_ and using the unique continuation property for
the Helmholtz operator A + k2. See the proof of Theorem 2.1 in [85] for details in
somewhat similar circumstances.

Altogether, the above reasoning shows that E~ = 0 in Q_. This, (6.5.42)

and (6.5.49) now prove that f = 0, as wanted. This concludes the proof of the
proposition. O

Theorem 6.5.6. Assume that 2 C R3 is a bounded domain satisfying a two-sided
John condition and whose boundary is Ahlfors regular. Then for every k € C with
Imk >0, pe(l,00) and A € R\ {0} there exists a small § > 0, depending only on
A, k, p and the geometry of 2, with the property that

dist (v, VMO (09, do)) < 6 =

(6.5.57) M + M, is Fredholm with index zero on LP:™ (8, do).

tan
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Furthermore, under the same background hypotheses, the following implication is
valid for every p € (1,00):

Q is a regular SKT domain —>

(6.5.58) My : LEPY(9Q, do) — LP:PY (09, do) is a compact operator.

tan tan

Proof. The claim in (6.5.57) is proved much as in Theorem 6.2.3, with the help of the
identity (6.5.16) and Theorem 4.5.1. The claim in (6.5.58) is a direct consequence
of the identity (6.5.16) and Theorem 4.5.1. O

Theorem 6.5.7. Assume that Q C R? is a bounded domain satisfying a two-sided
John condition and whose boundary is Ahlfors regular. Also, fix p € (1,00) along
with some A € (—oo, —1]U[5,00). Then there exist e > 0 and a sequence of complex
numbers {(;}; (depending only on p, A and the geometry of Q) with Im (; <0 and

no finite accumulation points, and such that for each k € C\ {(;}; the operator

(6.5.59) M + My, : LPPY(0Q, do) — LEDY (99, do)

tan tan

is invertible if 0 is an e-reqular SKT domain. Moreover, when A € (—o0,—%) U
(%, 00), then all (;’s satisfy Im(; < 0.

Proof. To begin with, Theorem 6.5.6, Proposition 6.5.5 and standard Fredholm
theory give that the operator (6.5.59) is an isomorphism when p = 2 for every
k € C with Imk > 0. Next, fix k, € C with Imk, > 0, A € R with [A\| > I and, for
each k € C write

M+ My = M + My, + (M, — My,)

6.5.60
( ) = (M 4+ My,,) " T+ (M + My, (My — My,)/|,

regarded as operators on ijr?” (09Q,do). A useful observation is that A\l + My, is
invertible on this space if and only if T+ (A + My, )(My — My,) is. Now, My, — M,
has a weakly singular kernel (since ®, — @y, is, in fact, bounded). Also, from

(6.5.16),

(6.5.61)  Div (M — My,)f = —k*(v, Sp.f) + k2(v, Sy, ) — (K} — K., )(Div f)

for every f e Lfégiv(afl, do). Since S, Sy, and K} — K are also weakly singular

integral operators, it follows that My —Mj, is compact on Lfﬁiv((?(l, do). Hence, so

is (Al + My, ) (M, — My, ). Consider next the operator-valued holomorphic function

(6.5.62) T3k A(k) = (A + My, )(My — My,,) € L(Lz’Di"(aQ, da))

tan

and note that A(k,) = 0. From the Analytic Fredholm Theorem (cf,, e.g., [62]), it
follows that I + A(k) has a bounded inverse on LZ:PY (8, do) except at isolated

tan

points k € C which, in fact, are poles for the meromorphic function (I + A(k))~*.
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By Proposition 6.5.5 (and an observation made earlier in the proof), these poles
belong to the closed lower-half complex plane. Thus, the conclusion in the theorem
corresponding to the case when p = 2 follows.

Finally, having established the theorem in the case p = 2, the general case
p € (1,00) follows from this, Theorem 6.5.6 and standard Fredholm theory. O






—
Chapter 7

Second order elliptic systems:
specific cases

With the material of Chapter 6 in place, we are ready to tackle the various elliptic
boundary problems introduced there. Section 7.1 deals with boundary problems
for the scalar Laplace operator, including the Dirichlet problem and the Neumann
problem. In these cases, existence arguments are special cases of those in §5.5—
§5.6. The major effort here is devoted to uniqueness proofs. Also the regularity
problem, given Dirichlet data in L¥ (99, do), is analyzed. In addition, §7.1 treats
transmission problems.

Section 7.2 is devoted to natural boundary problems for Stokes systems, §7.3 to
boundary problems for Lamé systems, and §7.4 to boundary problems for Maxwell’s
equations. These subsections make heavy use of the material from Chapter 6.

7.1. Boundary value problems for the Laplacian

For a chord-arc domain € in the plane R? = C, Laurentiev [73] has proved, in
effect, that the harmonic measure and the arc-length measure on the boundary are
A, equivalent. This fact, as is well-known, is equivalent to the well-posedness of
the Dirichlet problem

Au =0 in Q,

(7.1.1) N (u) € LP(0, do),

u| = feLP(0N,do), given,
I9)
whenever p is sufficiently large. By further combining this with certain conformal
mapping techniques developed in [63], it has been observed in [54] that one may

also obtain the solvability of the Neumann and Regularity problems for the dual
range of indices.

239
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In the higher dimensional setting, if €2 is a bounded NTA domain whose bound-
ary is Ahlfors regular, by combining the A, equivalence of the surface and har-
monic measures on 9f) (cf. Proposition 3.1.12) with Theorem 5.8 on p. 105 in [55],
it follows that (7.1.1) is well-posed if p is sufficiently large.

The goal of this section is to explore the extent to which such results hold in
the higher dimensional setting. In this context, as a substitute for the conformal
mapping and harmonic measure techniques alluded to above, we shall rely on the
method of boundary layer potentials. Our first result in this regard is as follows.

Theorem 7.1.1. Let p, € (1,00) be given and assume that Q C R™*! is a bounded
domain satisfying a two-sided John condition and whose boundary is Ahlfors regular.
Then there exists € > 0 which depends only on p,, n and the John and Ahlfors
reqularity constants of U, such that if Q is an e-regular SKT domain then the
interior Dirichlet boundary value problem (7.1.1) is well-posed for every p > p,.

Proof. This is a consequence of Theorem 7.1.2 below and interpolation with the
case p = 00, when the Maximum Principle applies. O

Theorem 7.1.2, which is our main result here, treats the interior and exterior
Dirichlet problems with data from LP(99,do) and L (99, do), 1 < p < oo, in the
case when (2 is either a bounded e-regular SKT domain, or the complement of the
closure of such a domain.

Theorem 7.1.2. Assume that p € (1,00) is given and that Q C R"*! is a bounded
domain satisfying a two-sided local John condition and whose boundary is Ahlfors
reqular. Then there exists ¢ > 0 which depends only on p, n and the John and
Ahlfors reqularity constants of Q with the following significance.

If Q0 is an e-reqular SKT domain then the interior Dirichlet boundary value
problem (7.1.1) has a unique solution. In addition, there exists a finite constant
C > 0 such that, for each f € LP(09Q,do), the solution u of (7.1.1) obeys the natural
estimate

(7.1.2) N ()l ro0,d0) < CllfllLr(502,do)

and has the following regularity property:

e P09, do) = N'(Vu) € LP(9Q, do)
and [N (Vu)lzra0.d0) < Cllf 2 (50.d0)-

Similar results are valid for the exterior Dirichlet problem. When n > 2, this
reads as follows. Given a function f € LP(0Q,do) find u € CO(R" 1\ Q) such that

(7.1.3)

Au =0 in R"1\ Q
(7.1.4) N(u) € LP(9Q,do), u . 1.
u(X) =O(X|'™") as | X| — oco.
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In the case when n =1, the above decay condition should be changed to

(7.1.5) w(X) =alog |X|+ O(1) as | X| — oo,

for some a priori given constant a € R. Also, the standard nontangential mazximal
operator N in (7.1.2) should be replaced by its truncated version N (defined as in
(2.3.26) but for the domain Q_ in place of Q), for some arbitrary, fized § > 0, in
which case the constant C in (7.1.2) depends on § as well.

Proof. We divide the proof into several steps, starting with

Step 1. The above interior and exterior Dirichlet problems are formulated in a
meaningful fashion. By combining Theorem 6.4 on p. 81 in [55] with Theorem 2 on
p. 842 in [31], it follows that the nontangential boundary trace ul|gq exists for every
harmonic function » in a domain 2, as in the statement of the theorem, for which
Nu € LP(0Q,do). This shows that (7.1.1) is meaningful as stated. The argument
for (7.1.4) is similar.

Step 2. FEuxistence of a solution for the interior Dirichlet problem obeying the
natural estimate (7.1.2) and the reqularity property (7.1.3), in the case when n > 2.
Relying on the fact that the operator (6.4.3) is invertible, we may take

(7.1.6) u(X) = s(s—lf) (X), Xeq.

The fact that this is a solution of (7.1.1) which satisfies the estimate (7.1.2) is now
a consequence of Proposition 3.6.4. When f € L¥(0Q,do), we may invoke (6.4.2)
and Theorem 3.5.2 in order to conclude that, for the solution (7.1.6), the estimate
(7.1.3) holds.

Step 3. Uniqueness for the interior Dirichlet problem when n > 2. To start the
proof, fix X € Q and consider the following Green function

(7.1.7) G(X,Y) := E(X —Y) — s(s—l(E(X - -)|m)) Y), YeQq

Then

(T18)G(X,) € CZ(Q\{X}), AyG(X,Y)=0x(Y)inQ,  G(X,)| =0,

(71N (Vy G(X, ), NO(G(X, ) € L¥ (9Q,do), if 0<d < Ldist (X,89),

where the truncated nontangential maximal function A® has been introduced in
(2.3.26), and 1/p+1/p’ = 1. Also, asin (2.3.6), for each 0 < § < diam (£2), consider
the (one-sided) é-collar of the boundary, i.e., Os := {Z € Q : dist (Z,09) < ¢}, and
pick a family of functions s, indexed by 0 < § < 1 dist (X, 9€2), with the following
properties
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(7.1.10) s €CE°(Q), 0< s <1, [0%s] < Cud™ 1l Va,
(7.1.11) s =1on Q\Os and s =0 on Os/s.

Such a family can be constructed by, e.g., further regularizing the functions ys
introduced in (2.3.37). Let now u be a solution for the homogeneous version of
(7.1.1). Then, if 0 < § < 1 dist (X, 09), su € C§°(2) and successive integrations
by parts give, for X € Q\ Os,

(7.1.12)
u(X)

= @s)(X) = [ GOLY)AY Wsu)(v) aY
—9 /Q G(X, V) (Vi (V), Va(Y)) dY + /Q GIX, V) (Ats)(Y)u(Y) dY

_ 9 / (Vy G(X,Y), (Vi) (Y )u(Y) dY — / GIX, V) (Dbs) (Y )u(Y) dY
Q Q
— I+ 11,

since Au = 0 in  and s = 0 near 9Q. Next, if 1 < p’ < oo is such that
1/p+1/p’ =1, based on (7.1.10)-(7.1.11) and (2.3.25), we may estimate

i < %/ |VYG(X,Y)||u(Y)|dY§C/ N (VyG(X, ) do
Os o0

IN

C | N(VyG(X,)N(u)do
o0

(7.113) < CIN(VyG(X, )L (00,40 W (W] £ (96,00)

and note that, by (7.1.9) and the same type of reasoning as in the justification of
(2.3.61),

IV (Vy G(X, D Lot (99.40) = O(1),  and

(7.1.14)
[N ()| Lo 002,40y = 0(1) as & — 0T,

This proves that, for each fixed X € Q,

(7.1.15) lim |I] = 0.
§—01

Next, we turn our attention to I7 in (7.1.12). To set the stage, let {I;}; be a
decomposition of €2 into nonoverlapping Whitney cubes and, for each fixed § > 0,
set

(7.1.16) Ts = {k: I := I, NOs # 0}.
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It follows that the side-length of each I is comparable with §. Going further,
since 0 (equipped with the measure o and the Euclidean distance) is a space
of homogeneous type, there exists a decomposition of 92 into a grid of dyadic
boundary “cubes” @Q°, of side-length comparable with 6. For each k € Js, select
one such boundary dyadic cube Qz with the property that

(7.1.17) dist (I9,09) = dist (I2,Q2).

Matters can be arranged so that the concentric dilates of these boundary dyadic
cubes have bounded overlap. That is, for every ¢ > 1 there exists a finite constant
C > 0 such that

(7.1.18) > 1.0:<C on 90
keJs ’

Next, fix X € Q, and assume that § > 0 is much smaller than dist (X, 99Q). We
may then write

5*12 / G| Ju(YV)dY < Y 512/1;2 1G(X,Y)||[u(Y)|dY

. keJs
ggdlst(Y,an>55 °

YeQ

(1119) <Y (; /Ig (IG’(??}’)l)p' dy) 1 (2 /06 |(112u)(Y)|PdY>1/p.

keJs

Using G(X, -)|aq = 0, the fact that there exists ¢ > 1 such that

(7.1.20) supp N (175u) C e Q).

and (2.3.25), we then obtain

1 1
5[ eewinmiar < X 5 [ 6eey)i ey
ggdist(y,an)gé heJs "

YeQ

SHIEY)

keJs

1/p’

1/p
(/ , INulP do) .
cQy,

Note that every point Y € I,‘g is a corkscrew point, relative to any point Z € Qi.
Then Lemma 3.1.9 guarantees the existence of a rectifiable path v(Z,Y) from Z
to Y, of length bounded by C¢ and such that for each point P € y(Z,Y) we have
dist (P, Z) = dist (P, 0Q2). In particular, there exists 5 > 0 such that

ax,y)- 4 ax,) da‘p dY)
Q

(7.1.21) (Z,Y) C Ts(2).



244 7. Second order elliptic systems: specific cases

Fix now Y € I,‘z and, based on the Fundamental Theorem of Calculus and
(7.1.21), write

GX,Y)— 4 G(X,Z)do(Z)
Qs

1
: ‘][Qi (‘5 /W(Z7Y) 0:G(X, F) ds(P)) do(2)

(7.1.22) < ][Q IN3(VG(X,))(Z)|do(Z),

s
k

1
< 5][Q IG(X,Y)—-G(X,Z)|do(Z)

)
k

| =

where ds and 0, denote, respectively, the arc-length measure and tangential deriva-
tive along v(Z,Y") (considered in the second variable of the function G). Returning
with this back in (7.1.21) allows us to estimate

1
5 ey

$ <dist(v,00)<s
Yen

1/p' 1/p
<Y (/Qé INE(VG(X, )P da> (/CQé |N6u|pdo>

keJs k

, 1/p’ 1/p
(7.1.23) go( / NS (VX )P da) ( / N5u|pda> ,
o0 o0

by Hélder’s inequality and (7.1.18). Replacing § by 2776, with j > 0, in (7.1.23)
then yields

1
5/ eEyiumay

2—i-15<dist(v,o0)<2-is
YeQ

1/p’ 1/p
(7.1.24) < ( / |NB(VG(X,-))|p’da) ( / |./\/5upda> .
o0 o0

Thus, summing up (7.1.24) for j = 0,1, ... gives

1
5 [16EY) ()| ay
Os

, l/p' 1/p
gc( / NS (VG(X, )P da) ( / |N5u|pda> ,
o0 o0

which further entails

(7.1.25)
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C

11| 52

IN

/ GX,Y)|[u(Y)] Y,
Os

(7.1.26) < C ( /B . IN3(VG(X, -))|P’da> v ( /a . INOulP da> l/p.

Hence, thanks to (7.1.14), we also have

(7.1.27) lim |II] = 0.
§—0+
Altogether, (7.1.12) and (7.1.14), (7.1.27), prove that u(X) = 0. Since X € Q was

arbitrary, this shows that the problem (7.1.1) has a unique solution.

Step 4. Uniqueness for the exterior Dirichlet problem when n > 2. Fix a point
X* € Q and, for each R > 2diam (), set QF := B(X*,2R) \ Q. Also, much as in
(2.3.26), for an arbitrary function v € C°(Q_), we define the (exterior) truncated
maximal function by

(7.1.28)
N (Q)
= sup{|U(X)| : X €Q_ has | X — Q| <min{R, 2dist (X78§2)}}, Q € 0.

Then, if u solves (7.1.4) written for f =0, it follows that for each R as above

u e CO(QF) with Au =0 in QF,
(7.1.29) NE(u) € LP(0QF, do),

Ul n € Micqeoo L1(0QF, do).

Now, the existence and uniqueness result for bounded domains in R™t!, n > 2, the
regularity statement (7.1.3) and the integral representation (7.1.6), it follows that
(7.1.30) NE(Vu) € L2(0QF, do).

In particular, this suffices to justify Green’s formula

/ |Vul? dX
ar

= —/ uo,udo = —/ uayuda—F/ uo,udo.
o0R o0 dB(X*,2R)

From assumptions, u|aq = 0 and u|gp(x+2r) = O(R'~™) as R — oo. Furthermore,
as is well-known, if a function w, defined in the complement of a compact set in
R"*! is harmonic at infinity then

(7.1.31)
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O(r—™)if n > 2,
(7.1.32)  (Oru)(rw) = as r — 0o, uniformly for w € S™.
O(r=2)ifn=1,

= O(R™™) as R — oo. Thus, from this and (7.1.31),
dB(X*,2R)

we have that faB(X* 2R) ud,udo = O(R'™™) = o(1) as R — oo, since n > 2. In
turn, this implies

Consequently, 0, u

(7.1.33) / |Vu|>dX = lim / |Vul|? dX =0,
R— o0 Q}_Q

hence, u = 0 in the unbounded component of €2_. To finish the proof of uniqueness
in the current case, we therefore need to show that w also vanishes in any other
bounded component of 2_. This, however, is a direct consequence of our uniqueness
result for bounded domains, already proved above.

Step 5. Uniqueness for the interior Dirichlet problem when n = 1. To get started,
we make the claim that, for each p € (1, 00), the operator

(7.1.34) LP(0Q,do) @R 3 (g,¢) — (Sg + c,/ gda) € LY(09,do) ® R
o

is an isomorphism. Indeed, this is can be written as the sum of two operators,
(g,¢) — (Sg,0) and (g,c¢) — (c, Joa gda) which are, respectively, Fredholm with
index zero and compact (in the context of (7.1.34)). Thus, on the one hand, (7.1.34)
is Fredholm with index zero. On the other hand, the fact that (6.4.4) is invertible
ensures that the operator (7.1.34) is injective. Altogether, this proves the claim
made about (7.1.34). As a consequence, given an arbitrary, fixed point X € 2, there
exist (unique) gx € [, ,<o L4(02, do) and ¢(X) € R such that Sgx + ¢(X) =
E(X — ‘)]aq- If, in place of (7.1.7), we now take

(7.1.35)  G(X,Y):= B(X —Y) - ¢(X) — <ng)(Y), Y eq,

then this function continues to satisfy all the properties listed in (7.1.8)-(7.1.9).
Once such a Green function has been constructed, the proof of uniqueness for the
problem (7.1.1) when n = 1 proceeds as in the higher dimensional case (cf. Step 3).

Step 6. FEuxistence of a solution for the exterior Dirichlet problem which satisfying
a natural estimate and regularity property. In the case when n > 2, the function
w(X) :=8(S7Lf), X € Q_, does the job. Assume next that n = 1. The same type
of reasoning as for (7.1.34) shows that the operator

(7.1.36) L (09,do) R > (g, ¢) (Sg +e g, 1>) € LP(09, do) & R
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is an isomorphism whenever 1 < p < oo. Thus, there exists C' > 0 such that for any
given function f € LP(9€,do) and constant a € R one can find g € L” (99, do)
and ¢ € R with

(7.1.37)  lgllzr 00,40y + Il < Cllfllzr00.40) and Sg+c=f, (g,1) =2ma.

If we now set u(X) := (Sg)(X) + ¢ for X € Q_, it follows that u is a harmonic
function for which [N ul|rs(00,40) < C(€%0)[|f |l 20 (800.d0), for every 6 > 0, and

1
(7.1.38) u(X) = %Qq, 1)log | X|+c=alog|X|+O0(1) as |X|— oo.

Since, by virtue of (7.1.34) being invertible and compatible with (7.1.36), f €
L7 (09, do) implies g € LP(99, do), this function also satisfies (7.1.3).

Step 7. Uniqueness for the exterior Dirichlet problem when n = 1. Let u solve
(7.1.4) for f = 0 and @ = 0. In particular, u(X) = O(1) as |X| — oo so u is

harmonic at infinity. Thus, from (7.1.32), d,u(X) =0(R %) as R—
OB(X* 2R)

and, hence, faB(X* o) UOyudo = O(R™1) = 0o(1) as R — oo. These are the only
alterations needed for the reasoning in Step 4 to go through in the current setting.

This concludes the proof of Theorem 7.1.2. O

Theorem 7.1.3. Let p € (1,00) be given and assume that Q C R™*! is a bounded
domain satisfying a two-sided John condition and whose boundary is Ahlfors reqular.
Then there exists € > 0 which depends only on p, n and the John and Ahlfors
regularity constants of Q0 having the following role.

If Q is an e-regular SKT domain then the Neumann boundary value problem,
which asks to find a function u € C°(Q) satisfying

Au =0 in Q,
(7.1.39) N(Vu) € LP(9Q, do),
Oyu = f € LP(99Q,do),

has a solution if and only if the datum f satisfies the necessary compatibility con-
ditions

(7.1.40) / fdo=0, Y D connected component of €.
aD

Moreover, this solution is unique modulo functions which are locally constant in €,
and there exists a finite constant C > 0 such that if f € LP(0,do) is as in (7.1.40)
then any solution u of (7.1.39) satisfies

(7.1.41) IN(Vu) |l o0,y < CllfllLr00,d0)-
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Finally, similar results are valid for the exterior Neumann problem, i.e., when
Q is replaced by Q_ = R\ Q in (7.1.40)-(7.1.89), provided this time D in
(7.1.40) stands for arbitrary bounded connected components of Q_, and a decay
condition of the form

a+O(|X|'™") as | X| — oo, for somea €R, if n>2,
(7.142)  u(X) = ) .
g(faDmfd0)10g|X|+O(l) as | X| = o0, if n=1,

where Do, is the unbounded component of 1, is incorporated into the statement
of the problem.

Proof. For the sake of clarity, we once again choose to divide the treatment of
(7.1.39) into a series of steps. To state our first preliminary result, recall the
definition of the truncated nontangential maximal function from (2.3.26).

Step 1. Ifwu is a harmonic function in ) which satisfies

(7.1.43) N(Vu) € LP(9Q,do) for some p € (1,00),

then

Ju| € L¥(09Q,do), 3IVu| € LP(0Q,do), and
(7.1.44) 09 89

w(X) = D(ulgn)(X) — S(0u)(X) for every X € Q.

The existence of boundary traces is justified by the same type of argument as in
Step 1 of the proof of Theorem 7.1.2. With this in hand, the integral represen-
tation formula (7.1.44) can be established in an analogous fashion to the Cauchy
reproducing formula (4.7.13), by using Theorem 2.3.1.

Step 2. Let u be a solution for the homogeneous version of (7.1.89). If Q is
connected, then u is constant in ). From Step 1, we know that

(7.1.45) u = D(uloq) — S(,u) = D(ulpn) in £,

since J,u = 0. Going nontangentially to the boundary, this now gives (—%I +
K)(uloa) = 0. Hence, from the claim made in Theorem 6.4.1 about the operator
(6.3.49), we may conclude that u|sq is a constant function. Now, D maps constants
on 0N to constants in €, so (7.1.45) shows that u is a constant in .

Step 3. Assume that f € LE(0,do) and that Q2 is connected. Then the problem
(7.1.39) has a solution u which obeys the estimate (7.1.41). Given f € L (99, do),
we may take

(7.1.46) u(X) = S((—%I + K*)—lf) (X), XeqQ.
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From the claim made in Theorem 6.3.6 about the operator (6.3.44) we know that
this is meaningful. Also, (7.1.41) holds. Finally, (3.3.40) shows that d,u = f so
that u solves (7.1.39).

Step 4. Let Q C R™"™! be a domain as in the statement of the theorem, with
arbitrary topology. Then for each f € LP(0RQ,do) satisfying (7.1.40) the problem
(7.1.39) admits a solution which obeys the estimate (7.1.41). Furthermore, this
solution is unique modulo functions which are locally constant in Q. Based on
Steps 1-3, this is readily seen by working in each connected component 2, of .

Steps 1-4 conclude the treatment of the interior Neumann problem (7.1.39).

The argument for the exterior Neumann problem starts by observing that, in
the same spirit as before, matters can be reduced to working in each connected com-
ponent of £_ separately. For each such component which happens to be bounded,
our earlier reasoning applies. The only remaining case is when the bounded chord
arch domain @ C R"*! is such that R"*!\ Q is connected. In this scenario,
Dy = Q_ and the compatibility conditions (7.1.40) are void. Also, in place of
(7.1.46) we now take

(7.1.47) u(X)=(Sg)(X), X eR"'\Q, where g:=(3I+K*)"'f.

This gives a solution for which the estimate (7.1.41) holds. Also, clearly, u(X) =
O(|X|*=™) as | X| — oo, if n > 2. Let us also observe that, if v := Sg in Q :=
R\ Q_, then

/ gdo = / (%I—FK*)gda—/ (=31 + K*)gdo
o9 a0 a0

(7.1.48) = fdo— Oyvdo = / f do,
a0_ a0 dD..

since v is harmonic in 4 and satisfies N'(Vv) € L?(09,do). Hence, when n = 1,
we have

u(X) = (S = 5=( [ gdo)lox|x| + 00X

1
21

(7.1.49) (/ fdo) log|X| + O(X|™) as [X] = oo,

0D o
which shows that this particular solution satisfies an even stronger decay condition
than the one specified in the statement of the theorem.

Therefore, we are left with the task of proving uniqueness (modulo locally
constant functions) for the exterior Neumann problem. Let then u be a function
which which decays as in (7.1.42) and solves the version of (7.1.39) in which f =0
and € has been replaced by _ = R"*!\ Q. By reasoning as before, there is
no loss of generality is assuming that the latter is a connected domain. Also, by
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subtracting a constant from w if necessary, it can be assumed that u is harmonic
at infinity, in which case (7.1.32) holds. When n > 2, this suffices to prove the
following integral representation formula

(7.1.50) u(X) = —D(ulpa)(X) + S(O,u)(X), X eQ_.

Using d,u = 0, then going nontangentially to the boundary, we arrive at (%I +
K)(ulgn) = 0. Hence, since the operator (6.3.47) in Theorem 6.4.1 is invertible in
our setting, this gives ulspq = 0. Returning with this back in (7.1.50) we obtain
u=01in Q_.

When n = 1, the decay exhibited by u does not, generally speaking, permit us
to write (7.1.50). However, writing (7.1.50) with Q_ replaced by B(R, X*) N Q_,
with X* as before and R large, then for each j € {1,...,n + 1} taking 9; of both
sides (in order to enhance the decay) and, finally, passing to the limit R — oo yields
(keeping in mind that d,u = 0 on 0f2) the weaker version

(7.1.51) v [u n D(um)} (X)=0 VXeQ_.

Consequently, since 2_ is connected,

(7.1.52) u=—D(ulpa) +¢ in Q_,

for some constant ¢. Once again, going to the nontangentially to the boundary
in (7.1.52) gives (31 + K)(ulsn) = ¢, hence zero in L}(9Q,do)/R. Invoking the
fact that (6.3.50) is invertible, now allows us to conclude that u|oq is a constant.
Utilizing this back in (7.1.52) ultimately gives u = constant in )_, as desired. This
finishes the proof of the Theorem 7.1.3. O

Theorem 7.1.4. Letp € (1,00) and p € (0,1) be given and assume that Q2 C R* 1
is a bounded domain satisfying a two-sided John condition and whose boundary is
Ahlfors regular. As usual, set Q4 :=Q, Q_ =R 1\ Q.

Then there exists € > 0 which depends only on p, p, n and the John and Ahlfors
regularity constants of Q having the following role. If Q is an e-reqular SKT domain
then the transmission boundary value problem, concerned with finding two functions
ut € CY(Q) satisfying

Aut =0 in Qy,
N(Vut) € LP(09Q, do),

u*‘ _
20

dyut —pd,u~ =g e LP(0Q,do), given,

(7.1.53)
u”BQ: fe Ll (0Q,do), given,

and the decay condition
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O(X|'™™) as |X| — 00, if n>2,

L (Jon 9o ) log |X| + O(1X| ™) as [X| 00, if n=1,

T 2w

has a unique solution. In addition, there exists C' > 0 such that

(7.1.55)
IN(Vu™) | e 00,0y + IV (VU ) Lr90.d0) < Cllf Lz 002,d0) + CllgllLr00,d0)-

Proof. To begin with, we would like to point out that, from the proof of Theo-
rem 7.1.3, the nontangential traces u*|sq, (Vu®)|sq exist. Hence, the formulation
of the transmission problem is meaningful. Next, given that under our current as-
sumptions on Q, the operator (6.3.43) is invertible and that A := %l’j—ﬂ (—00,3)
whenever p € (0,1), a solution for (7.1.53)-(7.1.54) can be written explicitly in the
form

(7.1.56) 1 B

ut ;:D+f+ms+[(§gf}1+1<*) (gfawafuam*f)] in Q.
(7.1.57)

u = D‘f+ﬁ8‘[(%ﬁ—j[+[(*)i (g—awa—ua,,p—f)] in Q.

Here, for an arbitrary h € LP(0€2,do), we have denoted by D*h and S*h, respec-
tively, the double and single layer potentials associated with 2 viewed as functions
defined in Q4. Then a direct calculation shows that the conditions in (7.1.53)
are satisfied and that the estimate (7.1.55) holds. Furthermore, it is clear that
u™ (X) = O(|X|*™") as | X| — oo, when n > 2. To compute the decay at infinity
for v~ in the case n = 1, we first note that, much as in (7.1.48), the following
general implication is valid

AER, hi,hy € LP(09,do), (A + K*)hy = hs
(7.1.58)

— hgd(f:()\—l-%)/ hldO'.
o0 o0

—1
Set now hy := (%Z—ﬂ] + K*) (g - 0,Df — ué),,D*f) and hg == g—90,DT f —
10, D~ f so that (%”—}I + K*)hl = hy. Also, observe that

—
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/hgdo’ = /gda+/ BVD+fda—u/ 0, D™ fdo
o o0 oN o0

= / gdo+ (1 —p) 0, Dt fdo
20 o0

(7.1.59) = / gdo,
o

since a calculation based on (3.6.31) shows that

(7.1.60) 0, DY f =0,D f, V f e LY (09, do).

Hence, [,ohi1do = %faggda, by (7.1.58) and (7.1.60). Consequently, when
n=1,

W (X) = D‘f(X)—kﬁS‘hl(X):m(/mhldo)log|X|+O(|X|_l)
1 _
(7.1.61) = —m(/wgda) log |X| + O(IX|™Y), as |X] - oo,

in agreement with the case n =1 of (7.1.54).

There remains the issue of proving uniqueness for (7.1.53)-(7.1.54). To this
end, assume that u® solve the homogeneous version of (7.1.53) and that

(7.1.62) u (X)=

O(|X|'™") as | X| — oo, if n>2,
O(|X|71) as |X| = oo, if n=1.

+

This shows that the harmonic functions u™ are sufficiently well-behaved so that the

following Green’s formulas hold

+ _ + + + + .
(7.1.63) ut = +D <u ’89>:|:S @ut) i Q.

Taking the normal derivatives of both sides of (7.1.63), then adding the two versions
corresponding to choice plus or minus for the sign, gives, keeping in mind that

ut|on = u” |oq and d,u™ = pd,u~, that (%Z—EI+K*)(8VU*) =0. Thus, d,u” =0

and, further, d,u™ = 0. In particular, by Proposition 3.2.5, the function

’LL+ in Q+,
(7.1.64) U= )
u” in Q_,

belongs to L} (R™*!) and, in the distributional sense, satisfies Au = 0 in R"*1.

loc
Furthermore, u decays at infinity. Hence, u = 0 in R™*!, as wanted. (|
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7.2. Boundary value problems for the Stokes system

In this section we present our main well-posedness results for the Stokes system
of hydrostatics in e-regular SKT domains. They include the three basic types
of boundary conditions: Dirichlet and its regular version (cf. Theorem 7.2.1),
Neumann (Theorem 7.2.2), and transmission (Theorem 7.2.3).

The proof of Theorem 7.2.1 largely parallels that of its harmonic counterpart,
Theorem 7.1.2; and relies in an essential fashion on the invertibility results from
Theorem 6.4.3, Theorem 6.3.8. A similar set of comments apply to Theorem 7.2.2,
Theorem 7.2.3, in which we follow strategies similar to those utilized in the course
of the proofs of Theorem 7.1.3, Theorem 7.1.4, as well as [94] where these prob-
lems have been treated in Lipschitz domains. We shall therefore omit including
further details and, instead, confine ourselves to providing the statements of the
aforementioned theorems.

Theorem 7.2.1. Let p € (1,00) be given and assume that Q C R"™1 n > 1,
is a bounded domain satisfying a two-sided John condition and whose boundary
is Ahlfors reqular. Then there exists € > 0 which depends only on p, n and the
John and Ahlfors reqularity constants of Q with the following property. If Q is an
e-reqular SKT domain then the interior Dirichlet boundary value problem

AU =Vr, divi=0 in Q,
(7.2.1) N (@) € LP(9Q, do),

@ =7feLp (00.do),

has a solution, which is unique modulo adding functions which are locally constant
in Q to the pressure term. In addition, there ezists a finite constant C > 0 such
that

(7.2.2) IN(@) Lo (992,40) < CIIF [Lr(omam] "

and the solution satisfies the following regularity property:

fery, (09,do) = N(Vi), N(r) € LP(09, do)
(7.2.3) B .
and ||N(vu)||LP(8Q,da) + ||N(7T)HLp(aQ,da) < C||f\|[

n+1.
L2 (09,do) |

Similar results (including (7.2.3)) are valid for the exterior Dirichlet problem,
formulated much as (7.2.1) but for R" ™1\ Q, with the additional decay conditions
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{ O(|X*7") as | X| = o0, if n>2,
(7.2.4) w(X) =

E(X)A+0(1) as |X| = o0, if n=1,

{ O(X|™) as | X| = 00, if n>2,
(7.2.5) 0;u(X) =

E(X)A+O(1X|72) as |X| = o0, if n=1,

O(X|™) as | X| =00, if n>2,
(7.2.6) (X —{

| (VEA(X), A+ O(1X]72) as |X| = 00, if n=1,

where Ea is the fundamental solution for the Laplacian from (3.8.24), E(X) =
(Ejk(X))1<jh<nt1 with Ej(X) as in (6.1.20), for some a priori given constant
A € R2. Also, the standard nontangential mazimal operator in (7.2.2), (7.2.3)
should be replaced by its truncated version.

Theorem 7.2.2. Let p € (1,00) be given and assume that Q C R*" ™1 n > 1,
is a bounded domain satisfying a two-sided John condition and whose boundary is
Ahlfors regular. Then there exists € > 0 which depends only on p, n and the John
and Ahlfors regularity constants of Q0 with the following property. If 1 —e <~y <1
and Q is an e-reqular SKT domain then the interior Neumann boundary value
problem

At =V, divi=0 in Q,
(7.2.7) N(Vi), N(r) € LP(09,do),

— n+1
o (@)= fe [Lp(aQ,da)} 7

has a solution if and only if the datum fsatisﬁes finitely many (necessary) linear
compatibility conditions; more precisely, if and only if

(7.2.8) femm (—%I + K+ L, (00, do) = L, (02, da)).

Moreover, this solution is unique modulo adding to the velocity field functions from
UY(Q). In addition, there exists a finite constant C > 0 such that

(7.2.9)  [IN(VA)| Lr09,d0) + IN (7)) Lr (890,d0) < C||f||[

Lr,de)]"
Finally, a similar result holds for the exterior domain R"*1\ Q granted that
one includes the decay conditions

O(IXI*™™) as |X| =00, if n>2,
(7.2.10)  d(x) = .
E(X)(faQ fda)—&-O(\Xrl) as |X| — o0, if n=1,
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(7.2.11)
0,7(X) = (ajE)(X)(/ fdo) + O(X|"") as [X| 500, 1<j<ntL,
o0
(7.2.12)
o(X|™) as |X|—o00, if n>2,
m(X) =

(=VEA)(X) - (fBQ fda) +0(X|72) as |X|— o0, ifn=1,

where Ea is the fundamental solution for the Laplacian from (3.8.24), E(X) =
(Ejk(X))1<jh<nt1 with E;jp(X) as in (6.1.20). More precisely, a solution to the
exterior problem satisfying the above decay conditions exists if and only if

—

(7.2.13) femm (%1 + K Ih (09,do) — IF, (99, da)),

and solutions are unique modulo adding to the velocity field functions from U7 (R™H1\
Q).

Theorem 7.2.3. Let p € (1,00) and p € (0,1) be given and assume that Q C
R 0 > 1, is a bounded domain satisfying a two-sided John condition and whose
boundary is Ahlfors regular. Set Q4 :=Q and Q_ :=R"™\ Q.

Then there exists € > 0 which depends only on p, n, i and the John and Ahlfors
reqularity constants of Q with the following property. If 1 —e <~ <1 and Q is an
e-reqular SKT domain then the transmission problem, concerned with finding two
pairs of functions (dy,my) in Qi satisfying

Aﬁi = Vﬂi, divﬁi =0 Qi,
N(Viy), N(ry) € LP(09,do),

(7.2.14) -

R [Lf(aQ, da)}nﬂ,

,ﬁ_‘

o0

= n+1
@y, me) — pdY(a-m) = f € [L7(09, do)]

and the decay conditions
(7.2.15)

i (X) =

O(X'™™) as |X|— o0, if n>2,

—iE(X)(faQ fda)+0(\x|_1) as |z| = oo, if n=2,

(7.2.16)  0ji_(X) = ﬁ(@-E)(X)(/m fda) +0(X™"Y) as |X] — oo,
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o(X|™) as |X|—o0, if n>2,
L(VEA)(X) - (faﬂ fda) +O(X]72) as |X| oo, ifn=1,

where Ea is the fundamental solution for the Laplacian from (3.8.24), E(X) =
(Ejr(X))1<jk<n+1 with Ejp(X) as in (6.1.20), has a unique solution. In addition,
there exists C > 0 such that

IN (VL) Lra0,do) + N (7£) | Lr (09,40

(7.2.18) < C”g‘H[ n+1 +CHJF||[

nt1.

L7 (99,do) | LP(99,do) |

7.3. Boundary value problems for the Lamé system

Here we collect results for the Lamé system of elastostatics in e-regular SKT do-
mains in R™*! which are analogous in spirit to those in §7.2. Theorem 7.3.1, The-
orem 7.3.2, Theorem 7.3.3 below deal, respectively, with Dirichlet (and regularity),
Neumann and transmission problems for the Lamé system (6.1.5). Their proofs
are analogous to their counterparts in § 7.2 (relying essentially on the invertibility
results from Theorems 6.3.9, 6.4.3) and we omit the routine details.

Theorem 7.3.1. Let A\, p, as in (6.1.1), and p € (1,00) be given and assume that
Q C R, n > 1, is a bounded domain satisfying a two-sided John condition and
whose boundary is Ahlfors reqular. Then there exists € > 0 which depends only on
p, n, A, i and the John and Ahlfors reqularity constants of Q with the following
property. If Q is an e-reqgular SKT domain then the interior Dirichlet boundary
value problem

wAL+ (u+NVdivi =0 in Q,

(7.3.1) @ }”H

mTe [LP(@Q, do)

N (@) € LP(99, do),

has a unique solution. In addition, there exists a finite constant C > 0 such that

(7.3.2) IN(@) Lo (992,40) < CIIF [Lr(om] "

and the solution satisfies the following regularity property:

fe [Lff(aﬂ, da)]"+1 — N(Vii) € LP(89, do)
(7.3.3) .
and [N (V@) Lr(90,d0) < C|\f||[

n+1l.
L7 (99,do) |
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Similar results (including (7.3.3)) are valid for the exterior Dirichlet problem,
formulated much as (7.5.1) but for R" 1\ Q, with the additional decay conditions

O(X|*™") as | X| = 00, if n>2,
(7.3.4) u(X) = .
E(X)A+0(1) as | X| = o0, if n=1,
O(X|™) as | X| = 00, if n>2,
(7.3.5) 0i(X) = .
O;E(X)A+O0(1X|7?) as | X| = oo, if n=1,

where E(X) = (Eji(X))1<jk<nt1 with E;p(X) as in (6.1.6), for some a priori
given constant A € R2. Also, the standard nontangential maximal operator in
(7.3.2), (7.3.3) should be replaced by its truncated version.

Theorem 7.3.2. Let A\, pu, as in (6.1.1), and p € (1,00) be given and assume that
Q Cc R n > 1, is a bounded domain satisfying a two-sided John condition and
whose boundary is Ahlfors regular. Then there exists € > 0 which depends only on
p, n, A\, p and the John and Ahlfors reqularity constants of Q with the following
property. If Q is an e-reqular SKT domain and

AR

(7.3.6) —pu<r<p issuch that |r Y

<e,

then the interior Neumann boundary value problem

AT+ (p+ NVdivi =0 in Q,
(7.3.7) N (Vi) € LP(8%, do),
i = f e LP(09,do),

has a solution if and only if the datum fsatisﬁes finitely many (necessary) linear
compatibility conditions. Moreover, this solution is unique modulo functions from
UT(2). In addition, there exists a finite constant C' > 0 such that

n+1l.

(7.3.8) IN V) r o) < O 00

Finally, a similar result holds for the exterior domain R\ Q granted that
one includes the decay conditions

O(X|*™™) as |X|—= o0, if n>2,

E(X)(faQ fd0)+0(|X|71) as |X| = o0, if n=1,

(7.3.10)
ajﬁ(X):(ajE)(X)(/mfda)+0(|Xr"*1) as |X| = o0, 1<j<n+1,
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where E(X) = (Eji(X))1<j k<nt1 with E;j,(X) as in (6.1.6).

Theorem 7.3.3. Let A\, p, as in (6.1.1), and p € (1,00) be given and assume that
Q C R, n > 1, is a bounded domain satisfying a two-sided John condition and
whose boundary is Ahlfors regular. Set Q, := Q and Q_ = R"\ Q.

Then there exists € > 0 which depends only on p, n, A\, u and the John and
Ahlfors regularity constants of  with the following property. If Q is an e-regular
SKT domain and (7.3.6) holds then the transmission problem, concerned with find-
ing two pairs of functions (x4, mx) in Qi satisfying

AUy + (p+N)Vdivig =0 in Q,
N (Viy) € LP(09, do),
(7.3.11) )

—

—U_

—ge {L’{(@Q, da)rH,

o0

N n+1
ity —ndli_ =fe [Lp(aﬁ,da)} :

and the decay conditions
(7.3.12)

i (X)=

O(X* ™) as |X|—=o00, if n>2,

—%E(X) (f(m fdo) +O(|lz|7Y)  as || = 00, if n=2,

(7.3.13)  9;i_(X) = —%(@E)(X)( /

o0

where E(X) = (E;i(X))1<jk<n+1 with Ej(X) as in (6.1.6), has a unique solution.
In addition, there exists C' > 0 such that

fda)+0(\X|‘”‘1) as | X| = oo,

(7.3.14) IN(Viid) || e (90,d0) < C||£7||[ Lo (8,d0)

w1 4+ C| f||[

L} (09,d0)] [

7.4. Boundary value problems for Maxwell’s equations

For a given wave number k € C\ {0} with Im & > 0, call a vector field E defined in
a neighborhood of infinity in R? and satisfying (A + k?)E = 0 there, radiating at
infinity if

(7.4.1)

(curl E)(X) x X

e (div B)(X) e — VZIRE(X) = o(|X|"1) as |X]| - oo,

| X
uniformly for all directions X/|X| in R3.

Theorem 7.4.1. Let p € (1,00) be given and assume that Q C R3 is a bounded
domain satisfying a two-sided John condition and whose boundary is Ahlfors regular.
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Then there exists € > 0 which depends only on p, n and the John and Ahlfors
regularity constants of Q having the following role. If Q is an e-regular SKT domain
and k € C\ {0} with Imk > 0 the exterior Mazwell boundary value problem

curl E — /—1kH =0 in R3\ Q,
curl H +/=1kE =0 in R3\Q,
E,H radiate at infinity,

(7.4.2) N(B), N(H) € LP(9Q, do) and EIE‘BQ, aﬂ(aﬂ,

v x E)m: ge [Lp(aﬂ,da)r’,

<V,H‘m> = h e LP(89, do),

is solvable if and only if
(7.4.3) g e LPPY(00,do) and Divg= —v/—1kh.

Granted (7.4.3), the solution is unique, depends analytically on k in Ri and con-
tinuously on k in R% \ {0} (the principle of limiting absorption), and satisfies

(7.4.4) IN(E) e 99,d0) + IN(H)| Lr(902,d0) < C||J?||L§£W(ag,dg)

for some positive constant C' depending only on k, p and ). Furthermore, there
ezists a sequence of real numbers {k;};, with no finite accumulation point, with the

property that if k € @\ {k;}; then a similar result is valid for the interior Mazwell
boundary value problem

curl E —/—1kH =0 in Q,
curl H ++/—1kE =0 in €,

N(E), N(H) € LP(99, do) and HE‘m, HH(

(7.4.5) 00’

v X E‘m: je [Lp(ag,da)r,

<y,H‘BQ> — h e LP(Q, do),

In the case in which k € {k;}; is a nonzero number, the problem (7.4.5) is solvable
if and only (7.4.8) holds and the data g, h satisfy finitely many linear conditions
(in which case the solution is unique modulo a finite dimensional space).

Proof. Let us first deal with the exterior boundary value problem (7.4.2). The
necessity of (7.4.3) from (7.4.2) and Lemma 6.5.2, so we turn to the sufficiency part.
To show existence, we first remark that when either Im k£ > 0, or when k is not of
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the exceptional values {¢;}; from Theorem 6.5.7 corresponding to A = i%, then the

operator —31 + Mj, is invertible on LPOY(90, do), so we may take E := curl Sy f,

tan

H := —_ curl E where we have set f := (=3I + M)~ 'ge LPPY (90, do).

1k tan

The treatment of the case when k is one of the exceptional values described
above requires an appropriate modification of this approach on which we now elab-
orate. The new difficulty is that we have to show that the problem (7.4.2) remains
well-posed even when the integral operator —%I + Mj, is no longer invertible. Since
this is, nonetheless, Fredholm with index zero, the idea is to add further source
terms (of compact nature) in order to ensure that the resulting perturbed oper-
ator has trivial kernel. More specifically, assume that k& € R\ {0}, and for each

f e LPPY (09, do) consider

tan

—

E = curl S f + v—1 curl curl S (v x So(So(f)),

H:= _11kcur1E in R3\ Q.

(7.4.6)

It is then not difficult to check that that (E,H) is a radiating solution of the
Maxwell system in R3 \ Q, for which N'(E), N (H) € LP(99, do), the traces E .

H . exist, and such that v x E = (=31 4+ M, + v/—=1Nj o (v x Sg))f, where

—

(7.4.7) Nkf:: v X (CurlcurlSkﬂBQ) = kv x Skar v x VSi(Div f).

Hence, matters are reduced to proving the invertibility of the operator

(74.8) =3I+ My+V=INyo (v x S3): LV (09, do) — LYY (09, do).
To this end, we note from Theorem 6.5.6 that the operator —%I + Mj, is Fred-

holm with index zero on L2 (99, do). Since, by Lemma 6.5.2, v x S2 also maps

LY (90, do) compactly into itself, it follows that that the operator in (7.4.8) is

tan
Fredholm with index zero. Consequently, we are left with showing that the operator

(7.4.8) is injective on LD (€, do). For p = 2 this has been proved in [25] p. 167
(there it is assumed that 9Q € C? but for this particular purpose the reasoning in

[25] can be adapted to the current setting, given the results we have proved so far.
Consider now f € LPPV(09, do) such that (=3I + My +v/=1INgo (v x SZ)f =0

tan

and fix k, € C with Imk, > 0. It follows that

(7.4.9) f= (=314 My,) " [(My, — My)f + V—1IN(v x So(So(F))].

Recall next that the fractional integration theorem remains valid on spaces of ho-
mogeneous type. For example, a rather general version (as well as references to
earlier work) can be found in [76]. In the context of (7.4.9), this gives that
f e LEEPY (90, do) for some & > 0. Tterating this sufficiently many times we

tan

finally arrive at f € LQ’DiV([?Q,dJ) and, therefore, by the L?-theory alluded to

tan
above, f = 0. Thus, the existence part is proved.



7.4. Boundary value problems for Maxwell’s equations 261

To address the uniqueness issue, assume first that p > 2. The case Imk > 0,
when E, H have exponential decay at infinity, is easier and can be handled much
as in [89], so we restrict attention to k € R\ {0}. First, the radiation condition
(6.5.53) implies

0 = lim |H x v — E|” do

(7.4.10) — lim (|H x v|* 4+ |E|> — 2Re (v x E, H)) do.
R—o0 |X|=R

Since v x E =0 on 90 and k € R, integrating by parts gives

(7.4.11) Re /

|X|=R

(vx E,H°) do = Re (ﬁk/B( {|H|2 - |E|2] dX) = 0.

0,R)\Q

Next, from this and (7.4.10) we may now deduce that f\X|=R |E|?do = o(1) as
R — oco. Rellich’s lemma (cf. (6.5.55)) then gives that E and, hence, also H,
vanishes in R3 \ Q, at least if this domain in connected. Nonetheless, much as
in the proof of Proposition 6.5.5, this argument can be further refined as to treat
domains with arbitrary topology.

We now consider the remaining case, i.e., when 1 < p < 2. First, from the
Stratton-Chu formula (cf. Theorem 6.6 on p. 153 in [25]), which continues to hold
in the current setting, we have that

(7.4.12) E=VS.((v,E)) —vV-1kSp(v x H) in R*\Q.

Thus, after applying curl to both sides of (7.4.12), we arrive at

(7.4.13) H=—cwlS,(v x H) in R*\Q.

Going nontangentially to the boundary and applying vx to both sides of (7.4.13),
then yields (37 + Mj)(v x H) = 0. Hence, with k, as before,

(74.14) v x H=—(=51+ M) [(My — My,)(v x H)] € LVESPY (99)

tan

for some positive €. Iterating finitely many times then gives v x H € Lfﬁiv(iﬂﬁ, do),

so that N(H) € L*(99Q,do), by (7.4.13). Finally, since (v, E) = —%MDiV (v x
H) € L*(09,do), it follows from (7.4.12) that N(E) € L?(99Q,dc). At this point,

the conclusion follows from the case p = 2.

For the interior boundary value problem (7.4.5), Theorem 6.5.7 shows that there
exists a sequence of real numbers {k;};, with no finite accumulation points, such

that the operator 31 + Mj, is invertible on LDV (90, do) whenever k € @\ {k;};.
In this situation, the well-posedness of (7.4.5) is handled as before. Assume now

that k € {k;}; is a nonzero number and denote by Uj, the collection of all vector
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fields of the form v x FE where (F, H) satisfies the first three conditions in (7.4.5).
Since Uj, contains (31 + M) [Lp’DiV(aQ, do)|, it follows that U, is a closed, finite

tan

co-dimensional subspace of LZDY(9Q, do). Clearly, the problem (7.4.5) is solvable

tan
for the boundary datum g, if and only if § € Uj.

Finally, if £ € {k;}; is a nonzero number and (E, H) is a null-solution of
(7.4.5), then writing the version of (7.4.12) for 2 and performing the same type of
manipulations as before, we arrive at (—3I+M;)(vx H) = 0. Now, the application
(E,H) — v x H is injective and takes values in a finite dimensional space, namely
the null-space of the Fredholm operator —11 + M}, on LPDY (90, do). Hence, the
space of null-solutions for (7.4.5) is finite dimensional. The proof of the theorem is
therefore finished. O

Our last results in this subsection deal with the the transmission problem for
the Maxwell equations. This amounts to finding two pairs of vector fields (E*, H)
satisfying the following boundary value problem:

curl E¥ —/=1kH* =0 in Qg,
curl H* + /—1kE* =0 in Q4,

N(E*), N(H*) € LP(99, do) and HEi’6 EIHi‘

Q’ o’
(7.4.15) N .

E ‘ . E" — G e LPPY(90, do),
v X g MY X 0o 9 ( o)

tan

v X H'*" —U X H_)BQ: he Lp’DiV(aﬂ,da)’

20 tan

E~, H™ radiate at infinity.

The above problem models the scattering of electro-magnetic waves by a penetrable
bounded obstacle Q. See, e.g., [4], [78], [85], [96] for a more extensive discussion
in this regard. Here we only wish to point out that physical considerations dictate
that the transmission parameter p belongs to the interval (0, 1).

Theorem 7.4.2. Let Q C R3 be a bounded reqular SKT domain. Then for every
ke C\ {0}, p € (0,1) and p € (1,00), the transmission boundary value problem
(7.4.15) is well-posed.

Proof. Using the well-posedness of (7.4.2), it is easy to see that (7.4.15) has a
solution if and only if the problem
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curl B — /=1kH* =0 in Qi,
curl H* + /=1kE* =0 in Qq,

N(E*), N(H*) € LP(99, do) and HEi‘aQ, HHi‘m,
(7.4.16) N .

E} - E—‘ = §e LMY (90, do),
v X oq MY X 0o~ 9 € ( o)

tan

I/XH+‘ :VXH*‘ ,
a0 P

E~, H™ radiate at infinity

has a solution. In turn, thanks to Theorem 6.5.7, a solution for (7.4.16) can be
found in the form

(7417)  E* = {LowlSy(A\[ + My)™'g,  H = AgcwlE* in Qy,

where \ := 1174 Finally, uniqueness for (7.4.15) can be shown by proceeding

oof of Proposition 6.5.5. O

ES

much as in the p

=
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